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Abstract A quantum algorithm for solving the classical NP-complete problem | the Hamilton circuit is presented.

The algorithm employs the quantum SAT and the quantum search algorithms. The algorithm is square-root faster than

classical algorithm, and becomes exponentially faster than classical algorithm if nonlinear quantum mechanical computer

is used.
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1 Introduction

NP and NP-complete problems are one of the impor-

tant themes of research in quantum computing. It is well

known that all NP-complete problems are equivalent in

classical computation theory. Whether there exists an

algorithm to solve NP-complete problems in polynomial

time is an essential question. In 1971, Cook proved that

all other NP problems can be converted to the \satis�abil-

ity" problem (Usually it is abbreviated to SAT problem)

in polynomial time. So, if the SAT problem can be solved

in polynomial time then all other NP problems can also be.

But in classical computational theory no polynomial algo-

rithm has been found for the SAT problem yet. Recently,

a quantum algorithm is given by Masanori and Masuda[1]

to solve it in polynomial time under the assumption that

any superposition of orthogonal vectors in space C2n can

be physically detected e�ciently. However this assump-

tion is di�cult to be realized in practice.

In this paper, we present a quantum algorithm for solv-

ing the famous NP-complete problem that whether there

exist Hamilton circuits in a speci�c graph by using a part

of the method that solves the SAT problem and Grover's

searching algorithm. Our algorithm can solve the prob-

lem in time bounded by logn �
p
n on any input of length

n, and this is much faster than classical algorithm. And

it can even be �nished in polynomial time if a nonlinear

quantum \searching" machine put forward by Abrams and

Lloyd[2] is employed.

2 Notation and Analysis

The SAT problem plays an important role in compu-

tational complexity research. Before we state the SAT

problem, we �rst introduce some basic notions.

Assume that X = fx1; x2; : : : ; xng be a Boolean set.

Then x
k
and its negation �x

k
(k = 1; 2; : : : ; n) are called

literals and the set of all such literals are denoted by

X 0 = fx1; �x1; x2; �x2; : : : ; xn; �xng :

A subset of elements of X 0 can form a clause, for example

C 0 = fx1; �x2; x3g. The truth value of clause C 0, t(C 0), is

de�ned as

t(C 0)� _
x2C0 t(x) ;

that is, if one or more of the literals in a clause is true, the

truth value of the clause is true, and it is false if all the

literals are false. These clauses can form a set of clauses

O = fC1; C2; : : : ; Cm
g. The truth value of set O is de�ned

as

t(O) = ^m
i=1t(Cj

) ;

that is, the truth value of set O is true if every clause in

the set is true, and otherwise it is false. We say a clause
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C 0 is satis�able if and only if t(C 0) = 1. Similarly, satis-

faction is de�ned for O as t(O) = 1, that is to say O is

satis�able if and only if all clauses in O is satis�able.

The SAT problem is given below.

Given a set

X = fx1; : : : ; xng

and a set

O = fC1; C2; : : : ; Cm
g

of clauses, the problem is whether there exists a truth as-

signment of all the x's to make O satis�able. To evaluate

the truth value of O for a given assignment of the liter-

als is easy and it can be carried out in polynomial time.

However it is di�cult to check if a Boolean set O is satis�-

able or not. It generally involves by exhaustive searching:

one inputs every combination of the assignments of literals

into the expression to check if O is satis�able. Since they

are 2n literals, the number of trials is the order of 22n.

In graph theory, one is interested in problems such

as if a graph has a certain property. A linear graph, or

simply called a graph hereafter, G = (V;E) consists of

a set of vertices V = fv1; v2; : : :g, and another edge set

E = fe1; e2; : : :g. Each edge e
k
is identi�ed with an un-

ordered pair (v
i
; v

j
) of vertices if the vertices v

i
and v

j

are both incident on the edge e
k
. We can also use (e

i
; e

j
)

to identify a vertex at which the pair of edges intersects.

A graph G is said to be connected if there is at least one

path between every pair of vertices. A Hamilton circuit

in a connected graph is de�ned as a closed path that tra-

verses every vertex of G exactly once, except of course the

starting vertex, at which the path also terminates. Hence

a Hamilton circuit in a graph of n vertices consists of ex-

actly n edges.

The Hamilton circuit problem is to �nd the Hamilton

circuits for a given graph. It is easy to check if a given

path is a Hamilton circuit or not. However, it is di�cult

to check if a given graph has Hamilton circuits and to �nd

them. According to the de�nition of a Hamilton circuit,

the problem can be phrased as: given a graph G = fV;Eg
with n vertices, does there exist a permutation f of the

vertices, such that the rearranged vertex set

V 0 = fv
f(1); vf(2); : : : ; vf(n)g

gives an edge set E0 which is formed by connecting every

pair of successive vertices,

E0 = f(v
f(1); vf(2)); (vf(2); vf(3)); : : : ; (vf(n�1); vf(n)); (vf(n); vf(1))g ;

which is just the edge set E or a subset of E of the graph?

Here f(1), f(2), : : :, f(n) is a permutation of the n ver-

tices, (v
f(1); vf(2)) indicates the edge from vertex v

f(1) to

vertex v
f(2). Apparently, the edge formed by the rear-

ranged vertex set V 0 is a Hamilton path if all the elements

of its edge set E0 belong to the edge set of the graph. If

some of the edges formed by the rearranged vertices do

not belong to the edge set of the graph, the circuit formed

by these vertices is not a valid path of the graph, hence

not a circuit of the graph.

To solve the Hamilton circuit problem, we need the

properties of a Hamilton circuit. In a given graph G =

(V;E), a subset g of the edge set E is said to cover graph

G if every vertex in G is incident on at least one edge in g,

in other words, every vertex in G is connected to at least

one edge in g. We say g is the edge covering set of G.

If G has a Hamilton circuit H, let E0 be the set of the

edges of H, then according to the de�nition of a Hamilton

circuit, E0 must be the edge covering set of G. It is easy

to verify that H has the following properties:

(i) jE0j = jV j, namely the number of the edges of H is

equal to the number of the vertices of graph G.

(ii) Each vertex is incident on just two edges of E0.

Conversely, we can see that an edge covering set with the

properties mentioned above must be a Hamilton circuit of

G. Thus if G has no edge covering sets, it has no Hamil-

ton circuits. The algorithm that we present in the next

section uses these properties.

3 Quantum Algorithm of Finding Hamilton

Circuits

Let the vectors

j0i �
�
1

0

�
and j1i �

�
0

1

�

in the Hilbert space C2 denote the truth values 0 and 1 of

the Boolean lattice L respectively, so an element x 2 X

can be denoted by j0i and j1i. In order to describe a clause
C with at most n elements, we need the n-tuple Hilbert

space H = 
n

1C
2. In fact, the truth value of a set O of

clauses can be looked upon as a Boolean function f(x) on

the set X of n Boolean variables. The essential part of the

SAT algorithm given in Ref. [2] is to construct a quantum

network to exploit the function f by using the fundamen-

tal quantum gates such as Not gate and Controlled-Not

gates. Beginning with a quantum computer and prepar-

ing it in a uniform weighted superposition of all possi-

ble inputs. Then performing the unitary transformation
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corresponding function f on the inputs, and then we get

a superposed state of all possible output because of the

quantum parallelism, which is the well-known advantage

of quantum computation. Having obtained all the pos-

sible outputs, Ohya and Masuda algorithm assumes the

distinguishability of 0 and 1 to get the �nal results.

In our Hamilton circuit algorithm, we also use quan-

tum network to implement the clauses. After this, one

needs to �nd whether there exists an input value x for

which f(x) = 1. We can use the nonlinear quantum

\searching" algorithm[2�4] which �nds the marked state

in polynomial steps, or the Grover algorithm[5] which

achieves only quadratic speedup over classical algorithms.

Nonlinear quantum computer involves nonlinear quantum

mechanics, and its realization is even more di�cult than

the linear quantum computers that are being extensively

studied.

Now we give the method to solve Hamilton circuit

problem. Let G = (V;E) be a given graph, and m = jEj
is the number of edges in the edge set E. We de-

�ne m in \edge" Boolean variables x1, x2; : : : ; xm cor-

responding to the m edges of G. In other words, the

edge set of G, which is denoted as E, can be written as

E = fx1; x2; : : : ; xmg. For a vertex v
i
2E, we de�ne a

\vertex" clause C
i
= fx

i1; xi2; : : : ; xikg, in which Boolean

variables x
i1; xi2; : : : ; xik are the k edges that connect to

vertex v
i
.

Now we will �nd an edge covering set of G. Denoting

n = jV j, the number of elements in V . Let D denote a

subset of E, D = fx
k1; xk2; : : :g. We assume the truth

value t(x
i
) = 1 if and only if x

i
2D, that is to say, giving a

speci�c subset D has actually given the truth assignment

of all edge Boolean variables in E. Then the truth value

of a clause C
i
is

t(C
i
) = _

x2Ci
t(x) :

If t(C
i
) = 1, at least one x

i
is nonzero in clause C

i
, or

to say that vertex v
i
is incident on at least one edge con-

tained in D. It is easy to see that D is an edge covering

set of G if

^n
j=1 _x2Cj

t(x) = 1 :

Let X = fC1; C2; : : : ; Cn
g, we call X a set of \vertex"

clause. Thus the problem to �nd an edge covering set D

of G is equivalent to �nding a truth assignment of E which

makes

^n
j=1 _x2Cj

t(x) = 1 :

The algorithm to �nd a Hamilton circuit of graph G is

given below.

Step 1 For a speci�c graph G, we use the \edge" Boolean

variables and \vertex" clauses to �nd an edge

covering set D of G, using the �rst part of the

algorithm of SAT problem given in Ref. [1]. In

this step we need to construct a quantum net-

work to implement the functions. The number of

steps needed for this purpose is polynomial in m

and n, and we denote this by p(m;n). Masanori

and Masuda gave the exact expression of p(m;n)

which is 11mn� 3m, where m and n denote the

number of E and V respectively.

Step 2 In this step we must check the output from step

1 and determine which input makes the output

equal 1. By �nding the cases which give 1 in

the output, we get the edge covering set of the

graph. As has been discussed before, we can

use Grover's quantum search algorithm[5] or its

generalizations. This step needs
p
2m steps. In

nonlinear quantum computer, this can be further

accelerated.

Step 3 Verify if the set D satis�es the two properties of

Hamilton circuit which we gave in Sec. 2. If it

satis�es the properties, then D is a Hamilton cir-

cuit of G, otherwise it is not. Obviously this step

can be completed in polynomial steps.

The total number of steps is the order of (11mn �
3m)

p
2m if we use Grover's algorithm in searching the

solution, and can be polynomial if nonlinear quantum

searching is used.

It is worth while discussing the Grover algorithm. In

Grover's original algorithm, there is only one marked

state. Here the number of marked states may be greater

than 1, and the generalized algorithm that applies to cases

with more than 1 marked state.[6] If the dimension of prob-

lem is not too big, we need also to use a generalization

that replaces the phase inversions with arbitrary phase

rotations.[7�10] If we use nonlinear quantum searching al-

gorithm given in Ref. [2] instead of Grover's searching in

step 2, we may �nish the work in polynomial steps. In

fact nonlinear quantum search can be thought of as an

extension of Grover's database search algorithm.

It is stressed that without nonlinear quantum mechan-

ics, present quantum computers cannot speed up unsorted

database search exponentially. Zalka has shown[11] that

Grover algorithm is optimal. In other words, square-root

speed-up is the best one in searching a marked state in

an unsorted database. Shor[12] algorithm can factorize a

large number in polynomial steps. However, it still re-

mains unresolved if the factorization of a large number is

NP complete or not. The exponential speed-up is achieved

in the simulation of a quantum system.[13] It is still an
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open question that if quantum computer can solve NP-

complete problems other than the simulation of quantum

systems in polynomial steps.

To summarize, we have given an quantum algorithm

for solving the Hamilton's circuit problem by using the

SAT quantum algorithm and a quantum searching algo-

rithm. If the Grover's quantum search algorithm is used,

the algorithm solves the problem in O(
p
n) where n is

the size of the problem. If a nonlinear quantum search-

ing algorithm is used, the Hamilton's algorithm becomes

polynomial (It will be an interesting problem to study the

structure of nonlinear quantum searching in terms of non-

linear algebra[14]). If linear quantum computer is used,

quadratic speed-up will be achieved.
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