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x1. Introduction

Suppose thatF is a number eld (i.e. a nite algebraic extension of the eld
Q of rational numbers) and that O is the ring of algebraic integers inF. One of
the most fascinating and apparently di cult problems in algebraic K -theory is to
compute the groupsK;Or. These groups were shown to be nitely generated by
Quillen [36] and their ranks were calculated by Borel [7]. Lichtenbaum and Quillen
have formulated a very explicit conjecture about what the groups should be [37].
Nevertheless, there is not a single number eldF for which K;Og is known for any
i 5. For most elds F, these groups are unknown fon 3.

The groups KO are the homotopy groups of a spectrunK O (\spectrum™ in
the sense of algebraic topology [1]). In this paper, rather than concentrating orthe
individual groups K;Of, we study the entire spectrum K O from the viewpoint
of stable homotopy theory. For technical reasons, it is actually more convenient
to single out a rational prime number ° and study instead the spectrum KR ¢,
where Rg = Og[1=7] is the ring of algebraic "-integers in F. \At ", that is, after
localizing or completing at *, the spectraK O and KR ¢ are almost the same (cf.
[34] and [35, p. 113]).

The main results.  We will begin by describing the two basic results in this paper.
Assume that * is an odd prime. If X is a space or spectrum, let or X~ denote
its “-adic completion (for spaces see [13] and for spectra [8, 2.5]). If the homotopy
groups of X are nitely generated (and X is simple if X is a space) then there
are isomorphisms i)@ =27 i X, where Z- is the ring of "-adic integers. LetK
denote the topological complexK -theory spectrum and K the cohomology theory
determined by its completion K, so that (by de nition) for a spectrum X and
integer i, R'(X) is the abelian group of homotopy classes of maps frorX to the
i-fold suspension ofK.

1.1 Topological K -theory of KR . We compute K (KR ¢), the “-adic complexK -
theory of KR ¢, as a module over the ring of operations ink . What emerges is a
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startling formula for K (KR g) in terms of classical number theoretic invariants of
the ring Rg (1.7).

Associated to the cohomology theoryK is a Bous eld localization functor [
(seex4). This is a functor on the category of spectra that assigns to eactX a
spectrum (X ) which, in a certain natural sense [8], captures the fragment ofX
visible to K .

1.2 K-localization of KRk . Starting from the cohomology calculation 1.1, we give
an explicit determination of ['(KR ).

Explanation of the results. The reader may wonder why, aside from the alpha-
betical coincidence, we would choose to apply functors associated wittopological
K -theory (e.g., K , ') to an algebraic K -theory spectrum. One reason is that we
come up with an unexpectedly simple and interesting formula. Another is that
the Lichtenbaum-Quillen conjecture (1.4), in one of its many interpretations, states
that the K -localization map KR!  [(KR ) should be close to an equivalence
In other words, when we compute'(KR ) we are, if the Lichtenbaum-Quillen
conjecture is true, essentially computing the algebraicK -theory spectrum KR
itself.

The spectrum (KR g) is woven out of topological K -theory according to a
pattern provided by R in the same general way as Quillen's spectrumfk 9" is
woven according to a pattern provided by the Galois theory of a nite eld [34].
What comes out is more complicated thanF 9, becauseR is arithmetically more
complicated than a nite eld. One thing that we do in this paper is to identify
exactly how the classical arithmetic invariants of R govern the construction of an
analogue (forR) of what Quillen constructed by hand in the nite- eld case.

Some further consequences. There are a number of additional results we ob-
tain as consequences of the ones above. Xf is a spectrum, let § X denote the
basepoint component of the zero'th space in the corresponding -spectrum.

1.3 Calculation of K BGL(Rg). The localization map KRg ! [(KRg) induces
an isomorphism onK , and it follows from arguments of Bous eld [9] that the
induced map § (KRg)! 5 ((KR ) of spaces also induces an isomorphism on
K . There is a natural map BGL(REg )! § (KR g) which induces an isomorphism
on mod * cohomology and therefore also orR . This implies that the composite
map

K BGL(RE) KR 3 (KRg) R 3} [L(KRp)

is an isomorphism. The groups on the far right here can in principle be calculated
from 1.2. In some cases we can carry out this calculation (with the help of [12])
and end up with an explicit formula for K BGL(Rg).

If Sis a ring let KS denote the -completion of the spectrumKS .

1.4 Conjectural determination of KR . The Lichtenbaum-Quillen conjecture for
K Og amounts (1.11) to the conjecture that the localization map

KRe! C(KRg)' C(KREg)
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is an equivalence on 0-connective covers (i.e., gives an isomorphism on homotopy
groups in dimensions 1). In this way, taking the 0-connective cover of the com-
putation in 1.2 gives an explicit conjectural formula for the 0-connective cover
of KRe. (The only thing lost in passing from KR ¢ to its 0-connective cover is
oKRE) = Z- KoRe.) In some cases we are able to show that a factor of
5 (CKR ¢ ) related to the Borel classes [7] is a retract of 5 (KR ¢ ); this could be
taken as evidence for the Lichtenbaum-Quillen conjecture.

If X is a space or a spectrum, let H(X ) denote H (X ;Z=").

1.5 Conjectural calculation of H BGL(Rg). As in 1.3, there is a natural map
BGL(Rg) 5 KR g which gives an isomorphism H § (KRg) = H BGL(RE).
With the help of 1.2 we are able to calculate H § ['(KR¢). SinceH 3 [(KRE)
is isomorphic to H  § (KR ) if the Lichtenbaum-Quillen conjecture is true, this
gives an explicit conjectural formula for H BGL(RE).

1.6 Harmonic localization of KR g. Let K(i) denote thei'th Morava K -theory [38]
with respect to the prime *. The harmonic approach to stable homotopy theory
suggests studying the localizationsL, (KR ¢), where L, is Bous eld localization
(x4) with respect to the wedge [, K(i), 0 n 1 . The spectrum Lo(KRE)
is just the rationalization of KR ¢ and is completely determined by its rational
homotopy groups, which were computed by Borel [7]. The spectrunL ;(KR ) lies
in a homotopy bre square

Li(KRF) ! C(K,)RF)
? ?
y y
Lo(KRE) ! °  Lol'(KRE)

in which the two spaces on the right are known by 1.2. It follows from [31] that
K(n) KR g vanishes forn 2, which impliesthat L,(KRg) = L1(KRg)forn 2.

Up to determining the map b in the above bre square, then, we have completed
the harmonic analysis ofKR .

There are results analogous to 1.1-1.6 iRg is replaced by an™-adic local eld.

D _As mentioned above, we assume throughout the paper that is odd. If * =2 and
12 F, the results (except for the homological calculations inx10) hold with at

worst notational changes that will be left to the reader. However, for a geneal F

and ° = 2, our methods break down at several points, principally because the ring

Re can have in nite mod 2etale cohomological dimension. See [16] for a way to

deal with this in some particular cases.

More details. To state our basic results (1.1, 1.2) in more detail we need some
notation. On the algebraic side, letF; be the cyclotomic extension ofF obtained
by adjoining all *-power roots of unity. Let 2 denote the Galois group ofF; over
F and ¢ the completed group ringZ-[[ 2]] (seex2). The lwasawa moduleMg is
the Galois group of the maximal abelian™-extension ofF; that is unrami ed away
from *; it is a pronite  2-module. Since 2 acts faithfully on the multiplicative
group -1 of “-power roots of unity, there is a canonical monomorphisnce : 2!

Aut( -1 )= Z. .
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On the topological side, let °= K°K be the ring of degree 0 operations il and

(R°R) the group of self-equivalences oR which preserve the ring spectrum
structure ( °is the group under composition of -adic Adams operations). There
is an isomorphism °= Z-[[ 9]. The action of ®°on ,K = Z- gives a canonical
isomorphismc: %= Aut(Z )= Z. , and so the composite homomorphismd) * cr
provides canonical embeddings ¢ and ¢ 9 Note that the cohomology
theory R is periodic of period 2.

0

1.7 Theorem. For any number eld F there are isomorphisms

R KRE 0 M
ROKR ¢ 0 Z

0
E

I
mo

of modules over the ring ° of degree0 operations in K . The spectrum ['(KR ¢)
is uniquely determined up to homotopy bk (KR ).

In the second formula of 1.7, the ring ¢ acts onZ- by the augmentation map
Z-[[ 21! Z-, so that K°KR ¢ is actually isomorphic to Z-[ & 2]. The last
assertion of the theorem follows ultimately from a splitting result (9.7) and the fact
that Mg is known to have projective dimension at most one as a ¢ -module. It is
sometimes possible to give an explicit realization of' (KR ¢ ) as the bre of a map
between nite wedges of copies of suspensions of retracts &.

The result analogous to 1.7 for local elds runs as follows. IfE is an "-adic local
eld, i.e., a nite extension of the eld Q- of “-adic numbers, denekE; , ¢, ¢ as
before, and, also as before, leM g denote the Galois group overE; of the maximal
abelian “-extension ofE; . Then

1.8 Theorem. For any -adic local eld E there are isomorphisms

R IKE = © M g
ROKE = © Z

0
E

mo

of modules over the ring © of degree0 operations in K . The spectrum C(KE ) is
uniquely determined up to homotopy byR (KE ).

Remark. Theorem 1.8 can be made very concrete, in the sense that the \lwasawa
module” Mg (and hence the localizationl (KE )) can be described entirely in terms
of the degrees of certain eld extensions (13.3). There is no simple general expres-
sion like this for the Iwasawa moduleM g of a number eld F.

1.9 Motivation. We will now describe a point of view from which the formulas in
1.7 are almost obvious, although making this point of view precise would involve
technicalities we do not want to treat here. If X is a space letX, denote the
unreduced suspension spectrum oK. If U and V are spectra, let MapU; V)

denote the spectrum of maps between them, so that in particular

R'(U)= i Map(U;K):
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If X is a nite CW-complex, a straightforward argument with Spanier-Whitehead
duality shows that there are natural isomorphisms

RiMap(X:;KR)= i(X+ » Map(K;R)):

Note here that Map(K;K) is a K-module spectrum whose even homotopy groups
are isomorphic to ° and whose odd homotopy groups are zero. More generally,
suppose thatX is connected, let : X ! % (9 be a homomorphism with
image G, let X be the cover ofX corresponding to the kernel of , and de ne the
-twisted K -theory K (X) of X by

R'(X)=  iMapg(X,;R):

Here the mapping spectrum on the right is an equivariant one; in order to de ne
it easily the action of °on K must be given rigidly and not just up to homotopy.
An equivariant duality argument gives the formula

R'Mapg (X, ;R) = (X, "c Map(K;K)):

Now let F be a number eld and X theetale homotopy type X (Rr) of R [19];
by de nition X is a connected pro-space whose fundamental group is the Galois
group over F of the maximal extension of F which is unrami ed away from ". It
turns out (3.1) that the pro-space X has the mod™ cohomological properties of a
2-dimensional CW-complex. The action of ;X on -1 gives a homomorphism

0 0
1X F

and it is more or less clear from Thomason's etale descent spectral sequence [43]
that there should be natural isomorphisms

L(KRE) = RN (X) = i Map o (X, ;R):
As above, then

R'C(KRg) = K'Map o (X, ;K)
= i(X. " o Map(R;R)):

To calculate this it is necessary to know something aboutX , a pro-space which
is Xet (Rg, ) for the ring Rg, of algebraic "-integers in F; . To begin with,
Hi(X ;Z')=0for i 2, essentially becauseX has mod " (co-)homological di-
mension at most 2 andX is tantamount to an in nite cyclic cover of X. The
pro-spaceX is connected and so (X ;Z-) = Z-. Finally, almost by de nition
Hi(X ;Z') = Mg, sinceX = X (Rg, ) and Mg is the Galois group of the maxi-
mal abelian "-extension ofF; which is unrami ed away from ". It follows that X
is an unreduced Moore spectrum of type Mg ; 1). With a little technical good will,
the calculation

0 o Mg i
0 o Z

(X, ™ o Map(R;R)) =

mo mo

1
0
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is immediate.

1.10 Method of Proof. Our technique for proving 1.7 is to start with Thomason's
spectral sequence for [ (KR g) and work backwards to K (KR g). What makes
this unlikely project successful is the fact (5.2) that some spectra which arise are
module spectra overk. For such module spectraX there is a very close relationship
between X and K X (see the proof of 6.11). We conjecture (8.6) that related
module spectrum structures exist on unlocalized algebraid -theory spectra.

The tools we use involve basicetale cohomology theoryx3), Thomason's spectral
sequence (6.1), and a theorem of Iwasawa (8.1). In working out the consequenaas
1.7 we develop additional parts of Iwasawa theory (8.10, 12.1). This paper could o
have been written without the bene t of Bous eld's extensive work on topological
K -theory.

1.11 Relationship toetale K -theory. Let K® Rr denote the etale K -theory spec-
trum of Rg constructed in [15]. By comparing the spectral sequence of [15, 5.2] with
Thomason's spectral sequence, it is possible to show thatthe maR ¢! [(KRg)
is equivalent to the map KR ! K® R of [15], at least after passing to O-
connective covers [43, 4.11]. Thus the present paper can be interpreted as/ipg
a calculation both of K (K® Rg) (cf. 4.9) and of the homotopy type of the O-
connective cover ofK® Rg. This generalizes results of [16] and [17] which describe
the space } K® Rg for some special eldsF.

The remark in [15, 8.8] is the basis for the statement that the Lichtenbaum-
Quillen conjecture is true for Re if and only if the map KRe! C(KRg) is an
equivalence on 0-connective covers.

1.12 Organization of the paper. The rst four sections are preparatory. Section 2
establishes number-theoretic notation, andx3 contains a discussion ofetale coho-
mology. Section 4 sketches Bous eld's theory oK -localization and derives some
properties of K -local spectra. In x5 there is a construction of the key module
spectrum structures mentioned in 1.10. Section 6 has a proof of Theorem 1.7 and
a description of the functoriality properties of the isomorphisms this theorem pro-
vides. In x7 we derive some homological properties of modules over the lwasawa
algebra, and then use these properties ix8 and x9 to study the wedge summand
L(K™Rg) of [(KRg) (see 9.7) and to show that in some situations wedge fac-
tors of (K "9 Rg) give cartesian factors of BGLR)". Our conjectural formula for

H BGL(Rg) is in x10 and our (non-conjectural) calculations of K BGL(Rg) are
in x11. Finally, x12 works out explicit examples of the theory for particular elds
F, and x13 sketches the extension to-adic local elds.

1.13 Notation and terminology. In general we will usedK for topological variants
of K -theory and K for algebraic K -theory. Our algebraic notation is described
in x2; note also the de nition of reduced K -theory spectra K 4R and Kred Re
in 2.1. We assume that all spectra in this paper have been localized at (4.2).
Except in special cases all maps between spectra are in tHemotopy category, so
that diagrams of spectra commute up to homotopy, groups act on spectra up to
homotopy, etc. If X is a space, thenX, is the unreduced suspension spectrum
of X . If G is a (topological) group, then BG is the *-completion of BG and BG, the
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*-completion of the unreduced suspension spectrum of 8. For a spectrumX , PkX

is the k-connective cover ofX , so that ;PXX is zero fori  k and there is a map
PkX! X inducing isomorphisms ;PkKX = ;X fori>k . For an abelian groupN

and integerk, M (N; k) is a Moore spectrum of type (N; k), so that H; (M (N; k); Z)

is N if i = k and O otherwise. The symbolM -« denotesM (Z="¥;0). Topological
K -theory Moore spectra M ¢ (N; k) are de ned for suitable N in 4.17. Unless
otherwise indicated, homology and cohomology groups have coe cientZ=".

Acknowledgments. The second author would like to thank Ralph Greenberg for

many enlightening discussions of lwasawa theory, and in particular for pointing out

some of the examples inx12. He would also like to thank Barry Mazur for some

helpful remarks. The authors are grateful to an anonymous correspondent for a
vigorous critique of an earlier draft.

x2. Number fields and rings of integers

In this section we will describe the notation we use for various objects associated
to a number eld.

Let F be a xed algebraic number eld, in other words, a nite extension eld of
Q. For concreteness, we will assume thaF is contained in the eld C of complex
numbers. Recall fromx1 that " is a xed odd prime. Let Fo = F( -), where in
general - C is the multiplicative group of * 'th roots of unity, let d = de be
the degree ofFp over F, and let a = af %enote the maximal value of such that

Fo. f F1 = Fo( ~1),thenFy = | ,Fn, whereF, = Fo( -a+n) and Fj
is a cyclic Galois extension of degree" over Fy. For notational purposes it will
sometimes be convenient to refer toF asF ;. Let 2 denote the Galois group
Gal(F; =F), ¢ the group Gal(F; =Fp), and ¢ the quotient group 8= ¢ =
Gal(Fo=F). We let ¢ denote the completed group ringZ-[[ ¢]]; this is de ned
to be the inverse limit over n of the rings Z-[ ], where , = Gal(F,=F). The
symbol 2 will denote the slightly larger but similarly de ned ring Z-[[ 2]]. The
lwasawa moduleM = Mg is the Galois group of the maximal abelian-extension
of F1  which is unrami ed away from ° [44, x13.5]; there is a natural action of @
on M which makesM into a pro nite module over ¢ [25, p. 145].

The action of ¢ on -: de nes a canonical embeddingcr : 8! Aut( 1) =
Z. which restricts to an isomorphism between ¢ and the multiplicative group of
“-adic units congruent to 1 mod 2. It follows that ¢ is abstractly isomorphic to
the topologically cyclic group Z-. The quotient group ¢ of ¢ acts faithfully on

- and so has order dividing the order of Aut( -), which is (" 1). In particular
(J rJ;7) =1, so the extension

flg gl 9 elf 1g

splits uniquely, and cs restricts to a canonical embedding! : ¢ erz.,
called the \Teichmuller character". The group 2 is also topologically cyclic, and
? will denote a chosen generator. LetZ-(m) be the abelian group Z- with the
9 -action for which g2 2 acts by multiplication by cr(g)™. If N is a Z--module
with an action of 2, the m-fold Tate twist N (m) is the tensor product Z-(m) z N
with the diagonal 2 -action.
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Let R, ( 1 n < 1) denote the ring of algebraic "-integers in F,, that is,
Rn = Ok, [1=7], where O, is the ring of algebraic integers inF,. The "-torsion
subgroup of the class group ofOg, is denoted A, the "-completion of the unit
group of Of, is denote E,,, and the corresponding groups forR, are denoted A°®
and E? respectively. Let S, denote the set of primes over in R, and s, = jS]
its cardinality. The primes of R ; over ~ are eventually totally ramied in the
cyclotomic tower (cf. [44, 13.3]), scs, eventually stabilizesto a nite value s; = s,,
n> 0. Dene B, to be Hom(Z="! ;Br(R,)), where Br(R,) is the Brauer group;
as a module over 2, B, is just the reduced permutation module B, = ker(

Z [S,]' Z), where is the natural augmentation. The number ry(F,) is the

number of embeddings ofF in R, and r,(F,)) the number of complex conjugate
pairs of non-real embeddings ofF, in C (note that ri(F,) = 0 unlessn = 1).

Finally, A; =lim,A,, A? =lim,A% E? =lim,E? andB; =Ilim,B,, where
the inverse limits are taken with respect to the norm or transfer maps. These
inverse limits are all pro nite ¢ -modules, and in the case oB; the inverse system
stabilizes, so thatB; = B,, n> 0.

Symbols without subscripts (A°, EC etc.) stand for the corresponding objects
associated toF = F 1; in particular, R is the ring of algebraic "-integers in F.

Fix once and for all a prime P of R such that P remains prime inR, foralln 0.
This property of P is equivalent to the condition that the number q = jR=Pj be
a topological generator ofce ( 2)  Z. . An in nite number of such primes exist
by the Cebotarev density theorem. LetF = R=P, F, = R,=P and F; = R; =P,
where R; = [ ,R, is the ring of algebraic "-integers in F; . The choice of P
implies that Gal(F; =F) is isomorphic to ¢. It also implies the natural maps
KiRn!  KiF, are split epimorphisms for alli 0 and n 1 (see [22], [18], or
the proof of 5.8).

2.1 De nition. The reduced K -theory spectrum of R,, denoted K ®“R,,, is the
homotopy bre of the map KR! K Fn induced by the ring homomorphism
Rn!  Fn. The spectrum KredR, is the *-completion of K "®9R,,. The reduced unit
group E, (red) is the kernel of the reduction mapE,! (F,)" and E?(red) is the
kernel of the reduction mapE?2  (F,)* The 2-modulesE; (red) and EY (red)
are de ned respectively as lim, E,(red) and lim, E2(red), where the limits are
taken with respect to norm maps.

Note that there are isomorphisms ;K™Or = E,(red) and ;K™R, =
El(red). By 9.7 there is a splitting C(KR,) * C(KF,) _ L(K™R,), and we
conjecture (8.6) that there is such a splitting of KR .

x3. Etale cohomology

In this section we recall some facts frometale cohomology theory and draw some
consequences (3.5, 3.8) which we will need later oriztale cohomology theory plays
arole in the paper because of Thomason's theorem (6.1), which gives a relationship
between [(KR) andetale cohomology groups.

The part ofetale cohomology theory which we will use has a strong topological
avor. Associated to any commutative noetherian ring S is an etale topological
type Xet (S) [19, 4.4], which is apro-space i.e., an inverse system in the category of
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spaces. The fundamental group ;1 Xt (S) is ordinarily a pro nite group [19, 7.3] (we
are suppressing here the need to choose a basepoint).Sfis a eld then 1 Xg (S)
is the Galois group overS of the separable closure ofS, while if S is the ring of
“-integers in a number eld E, then 1Xg (S) is the Galois group over E of the
maximal extension of E which is unrami ed away from ~ [19, 5.6]. The assignment
S 7! Xt (S) is contravariant and can be thought of as a topological enrichment of
Galois theory, in that it associates to S a pro-space whose fundamental group is
typically a Galois group.

If S= RorS = F(ormore generally if 1=" 2 S) then adjoining an "-primary root
of unity gives anetale extension of S [14, p. 21]. This implies that there is a natural
map 1Xet (S)!  Aut( -1 )= 0 sothata %“module such asz="%(m)= z="¥
Z-(m) gives a local coe cient system [15,x5] [19,x5] on X (S). The local coe cient
cohomology groups H(Xe: (S); Z="%(m)) are the basic objects we are interested in;
these can be identi ed with theetale cohomology groupsl—[ait (S;Z="%(m)) of S [19,
5.9, 2.4]. For a eld S,etale conomology agrees with Galois cohomology [14, p. 24].
We need three main properties of these groups.

3.1 Theorem. [5] [39, 3.3,x5] [40, 111.1] Suppose thatN is a nite “-torsion &
module. If S is a local eld or the ring of "-integers in a number eld, the group
H.; (S;N) vanishes fori 3 and is nite otherwise. If S is a nite eld F, the
group H;; (S;N) vanishes fori 2 and is nite otherwise.

We will use the following theorem only for eld extensions and for the ring
extensionsR,=R,, m>n.

3.2 Theorem. Suppose thatl="2 S, and that S=Sis a nite Galois extension of
rings with group G = Gal( S=S5). Then there is a natural action of G on the groups
H, (S;Z="%(m)) and a rst quadrant spectral sequence of cohomological type

EY =H'GH, (Siz=*m)) H(Siz="(m)):
Proof. This amounts to the local coe cient Serre spectral sequence of the bration
Xet (S} Xet (S} BG

associated to the regular coveringXe; (S)! Xt (S) with group G [19, 5.3, 5.6]. See
[39, | 2.6] for the special case of a eld extension and [3, VIII, 8.5] in general.

If 1=" 2 S, we let H, (S;Z-(m)) denote the continuous etale cohomology of S
with coe cients in Z-(m) constructed by Jannsen [24].

3.3 Remark. For any S andi 0, the cohomology maps induced by the natural
surjectionsZ="K*1 (m)l  Z="(m) give an inverse systenf H,, (S;Z="%(m))gk. The
niteness statements in 3.1 imply that if S is a nite eld or the ring of -integers
in a global eld, then for each i O this inverse system is Mittag-Le er. By [24],
then, for eachi 0 the group H, (S;Z:(m)) is isomorphic to limy H, (S;Z="K(m)).
The continuous etale cohomology groups have usual exactness properties. For
instance, there is a long exact sequence involving ordinary and continuous etale
cohomology groups corresponding to the short exact coe cient sequence

a zm)! z(my z=Xm) o:
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3.4 Theorem. [40, I1.1.4] [41] Suppose thatl=" 2 S and consider the groupH! =
Hy (S;Z-(m)). If Sis a local eld, then H/ is zero fori 3 and nite for i =2
unlessm = 1. If S is the ring of "-integers in a number eld, the groupH/, is zero

fori 3and nite for i=2if m 2 If Sisa nite eld, HI is zero fori 2
and nite for i =1 unlessm = 0. In all three casesH/, is zero fori = 0 unless
m=0.

Remark. The di cult part of 3.4 for aring S of "-integers in a number eld is the
statement that Hezt (S;Z-(m)) is nite for m 2. To prove this using the etale
K -theory of [15], note that by [15] there is a surjective map

om 2KS! K% ,S=H2(S;Z:(m))

while by theorems of Quillen and Borel the group »m LKS is nite.

If 1= 2 S, de ne
Hy (S;Z="1 (m)) = colim  H,, (S;Z="%(m))

where the colimit is taken with respect to the cohomology maps induced by the
usual inclusionsZ="¥(m)  Z="%*1(m). By [3, VII, 5.7] there are isomorphisms

H; (R1 ;Z="%(m)) = colimy H,; (Rn; Z="(m))
and so taking another colimit give isomorphisms
Hy (Ry ;Z="1 (m)) = colim, Hy (Ry;Z="1 (m)) :

Let A* denote the Pontriagin dual Homgn (A; Q=Z) of the pro nite abelian
group A.

3.5 Lemma. The group H} (Ry ;Z="1 (m)) is naturally isomorphic as a module
over ¢ to the twisted Pontriagin dual M * (m) of the Iwasawa moduleM .

Proof. Note rst that for any m the local coe cient system Z="1 (m) on Xe (R1 )
is trivial; the only role played by m in the lemma is to determine the action of

9 on the cohomology group involved. LetG be the Galois group overF; of the
maximal extension of F; which is unrami ed away from . The pro-space version
of the universal coe cient theorem in dimension 1 gives isomorphisms

l_klt (Ry; =1 (m)) = HoMeont ( 1Xet (R1 );Z:‘l ) = Homcone (G;Z:‘l (m)) :

However, the group on the right here is isomorphic toM # , because by de nition
M is the maximal abelian "-pro nite quotient of G. Under this isomorphism, the
action of g2 2 on a homomorphismf : M!  Z=1 (m) sendsf to f° where
fAx) = ¢ (g)"f (g 1x). This gives the desired result.
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3.6 Lemma. If Sis the ring of "-integers in a number eld and m 2, then the
group H, (S;Z="1 (m)) vanishes fori 2. If Sis a nite eld of characteristic
prime to * and m 6 0, then the groupH,, (S;Z="t (m)) vanishes fori 1.

3.7 Remark. By taking colimits it is possible to prove parallel vanishing theorems
for H, (Ry1 ;Z="1 (m)) and H., (F1 ;Z="t (m)). In fact, for these rings the question
of whether the cohomology groups vanish is independent ofn (cf. proof of 3.5)
and so we can conclude that the groups vanish (uniformly inm) for i 2 in the
case ofR; and fori 1 in the case ofF; .

Proof of 3.6. We will treat the case in which S is the ring of "-integers in a number
eld; the other case is similar. By 3.4 we have only to check the vanishing for
i = 2. Again by 3.4 the group He?; (S;Z-(m)) vanishes, and so by the long exact
cohomology sequence mentioned in 3.3 there are isomorphism§ KB; Z="K(m)) =
H2 (S;Z-(m)) Z="%forany k. Taking a colimit over k shows that H (S;Z="1 (m))
is isomorphic to I—ft (S;Z-(m)) ="1 | which vanishes because e%I(S;Z‘(m)) IS
nite (3.4).

We will make use of the following theorem, which is certainly not new. Recall
that 2 is a topological generator of the pro nite topologically cyclic group 2.

3.8 Theorem. For each m 2if i =1 and for m 1if i = 0 the natural
sequences

0 H (Riz=t () Hy Ry ;2= (m) 1Y F HE Ry ;2= () 0
0 H(Fz=t ) H Rzt )T H Rzt ) 0

are exact.
Remark. By 3.6, the groups in 3.8 vanish ifi 2.

The following lemma is a special case of the standard formula for the continuous
cohomology of a topologically cyclic pro nite group with coe cients in a discrete
module. The proof comes down to a routine calculation with the cohomology of
cyclic groups.

3.9 Lemma. Suppose that
Co Cif Co

is a direct system of "-torsion abelian groups, whereC,, is a module over ¢ = (F’n
and C,!'  Cy.1 is equivariant with respect to 2= 2 . Let C = colim, Cy, so
that 2 acts onC. Then there are natural isomorphisms

8 . .

> ker(id 2):C C i=0
colimy H'( 2= 2 ;Cn) = _ coker(id ?):Ct C i=1

) i 2
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Proof of 3.8. We will only treat the case of the number ring R; the case of the nite
eld F is simpler. According to 3.2, for each pair f; k) of positive integers there is
a spectral sequence

E =H'( 2= 2 H, Rn;Z=%(Mm)) ) H(Riz="*(m)):

Take a directed colimit of these spectral sequences (ovar and k) to get a new
spectral sequence

EY =colimn H( 2= 2 iH, (Re;z=1 (M) ) HY(Riz=" (m)):

Lemma 3.9 shows that theE, term of this spectral sequence vanishes unless; | g
f0; 1g, and moreover that the statement we are trying to prove is equivalent to the
statement that E;° =0 = E,'*. Again by 3.9, E;° is isomorphic to the cokernel
of id ) acting on HJ (R; ;Z="1 (m)) = z="1 (m). This cokernel is zero if
m 6 0, since any nontrivial endomorphism of Z="1 has a trivial cokernel. Given
the sparseness of theée,-term, the spectral sequence itself computes thaEzl;1 is
isomorphic to Hft (R;Z="1 (m)), and so vanishes by 3.6.

We will also need the following calculation. The notation is from x2.

3.10 Proposition.  For each n there is a natural isomorphism Hx (Rn;Z- (1)) =
EQ, as well as a natural short exact sequence

a A% HZ(R,;Z (1) B, O:

Proof. (see [29]) The multiplicative group G, is a sheaf in the etale topology on
Rn. Since " 2 Ry, there are short exact sequences

a z=%1) Gn! Gn O

of sheaves. The proposition results from examining the associated long exact coho-
mology sequences, using the standard formulas

8 .

2 Ry '

Hi (Rn;Gm) = _ CI(Rn) |
Br(Rn) i

0
1
2

and passing to an inverse limit (3.3). Here CIR,) is the ideal class group ofR,.
By class eld theory, the Brauer group Br(Ry) is isomorphic to the kernel of the
augmentation map p2s, Q=2 Q=Z.

This argument yields a short exact sequence like the one claimed, but witi\2
replaced by the "-adic completion of CI(R,). However, because the class group
CI(R,) is nite, its -adic completion is isomorphic to A9,
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x4. Stable homotopy theory

In this section we recall some facts from stable homotopy theory that are needed
for the rest of the paper. We will concentrate on the theory of Bous eld localizaion
with respect to a homology theory, and in particular with respect to mod * K -
homology.

Suppose thatE is a homology theory, or equivalently, that E is a spectrum with
associated homology theorfg X = (E~X). Amapf : X! Y of spectra is said
to be an E -equivalence if the induced mapE f : E X! E Y is anisomorphism.
A spectrum Z is said to be E -local if any E -equivalencef : X! Y induces
a bijection [Y; Z]! [X;Z]. (Here [{;{] denotes the group of homotopy classes
of maps between two spectra.) Bous eld has proved the following fundamental
theorem.

4.1 Theorem. [8] Let E be a homology theory. Then there exists arE -
localization functor Lg, which assigns to a spectrunX an E -local spectrumLg (X))
together with anE -equivalenceX! Lg(X).

4.2 Remark. If E is the homology theory given by the mod™ Moore spectrum
M- = M (Z=";0), in other words, if E is mod ~ stable homotopy, then Lg is the
*-adic completion functor X 7! X. If E is the homology theory given byM (Z¢y;0),
where Z - is the localization of the integers at ", then Lg is the usual arithmetic

localization functor with  Lg (X) = Z( i X.
Note that a spectrum X is E -local if and only if the map X! LeX is an
equivalence.

4.3 Remark. It is easy to see that for any homology theoryE and any spectraX
and Y there is a natural homotopy equivalenceLg (Le X *LgY)"' Le(X " Y). It
follows that if X is a ring spectrum then Lg (X) is a ring spectrum and the map
X1 Lg(X) is a map of ring spectra. Similarly, if Y is a module spectrum over
X then Lg(Y) is a module spectrum overLg (X). The localization functor Lg
preserves bration sequences and behaves well with respect to colimits in the sense
that if X; is a Itered direct system of spectra, then there is a natural homotopy
equivalenceL g (colim; Lg (X)) = Lg (colim; Xj).

We will be particularly interested in localizations associated to topological com-
plex K -theory. Let K denote the ordinary periodic complexK -theory ring spectrum
and K its “-adic completion. Then K= Z-[; 1], where 2 ,R and multipli-
cation by de nes an equivalenceS2~ R' K. The ring K°K of degree 0 stable
operations in K is naturally a pro nite Z--algebra; the pro nite structure results
from expressing this ring as limxk K°X where X ranges through the nite subspec-
tra of K. The closed subgroup © (K K) of ring spectrum self-equivalences acts
on ,K = Z-, and the resulting homomorphismc: 9 Aut(Z:) = Z. is an iso-
morphism. Let denote the kernel of the composite surjection ¢ z.1 (Z=)
and = (Z=") the quotient group % . Then is abstractly isomorphic to the
additive group of "-adic integers, and there is a uniquely split extension

flig ! q 'f 1g:
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Let °denote Z-[[ 9] (this is isomorphic to lim, Z-[(Z="") ]). According to [26]
or [33] there are isomorphisms
. 0 i=0
RI(R) = |
®)="0 i=1

We let Z- (1) denote the “module ,K and Z-(m) the m-fold tensor power ofZ- (1)
(which for any m 2 Z is isomorphic as a “module to ,,K). If N isa “module,
we denote byN (m) the \ m-fold Tate twist" Z-(m) z A of N. If F is a number
eld as in x2, we will use the canonical embeddingc ! cr to identify 2 with a
subgroup of % ¢ with a subgroup of , and ¢ with a subring of °and ¢
with a subring of . It is clear that under these identi cations the notion of Tate
twisting from x2 agrees with the one here.

4.4 Remark. For any spectrum X, multiplication with 12 R2(8%9 = LR

induces isomorphisms RK'X)( 1) = Ki*2 X ; the twisting comes from the formula
=c¢)?r, 2 9% Thegroup ° ( 9 isisomorphic to the multiplicative

group of classical -adic Adams operations under the correspondence 7! (),

Let N be the Moore spectrumM (Z="t; 1)=colimy M .. For any spec-
trum X, X "N is the homotopy bre of the map from X to its rationalization,
andso X AN )** X andR (X *N )= K (X). Itis clear that X N is atorsion
spectrum in the sense that its homotopy groups are torsion groups.

Recall that ({) # denotes Pontriagin duality. The following lemma shows that
R is dual to an associated homology theory.

4.5 Lemma. For any spectrum X there are natural isomorphisms
RIX = (Ri 1X AN ) :

Proof. Let Y denote X *N and C the co bre of the spectrum completion map
K! K. The homotopy groups of C vanish in odd dimensions and in each even
dimension are isomorphic to the rational vector spaceZ-=Z(;y. Since the homotopy
groups of Y are torsion, it follows that C ~ Y is contractible and that every map
from a suspension ofY to C is null homotopic. Long exact sequences, then, show
that the natural maps K Y! K Y and K Y! K Y are isomorphisms. As
remarked above, the restriction mapK X! K Y is also an isomorphism.

By the universal coe cient theorem for topological K -cohomology [1, 13.6], there
are isomorphisms

KI(Y) = Ext3(K; 1Y;Z) = (K; 1Y)* :
Composing the various isomorphisms above gives the result.
4.6 Proposition.  For any spectrum X there are isomorphisms
R'X = limR(X ) i22z:
where the limit is taken over all nite subspectraX of X.

Proof. Clearly K; 1(X ~N ) is isomorphic to colim K; 1(X ~N ). The Pontriagin
dual K'X of this group (4.5) is then given by the corresponding limit.
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4.7 Lemma. Letf be a map of spectra. Therf is an equivalence with respect to
E =(K~AM -) ifandonlyif K (f) is an isomorphism.

Proof. Let C be the co bre of f, and note that KAM - is equivalent to KAM -
If C is acyclic with respectto (R~M -) , then by an inductive argument using the
co bration sequences

MM  «'M ko1

the spectrum C is acyclic with respect to R~M ) (k 1). By passing to the
limit, C is acyclic with respect to KA N ) . Therefore (4.5), K X is zero.

Suppose thatk (X) is zero. By 4.5,KAN ~ X is contractible. The desired
result follows from smashing the co bration sequence

IMJIN IN

with K and X..

Let Lk denote Bous eld's localization functor with respect to K and (' the
localization functor with respect K*M . In view of the above lemma we will refer
to the functor [* as \localization with respect to K ". The following proposition
describesLk and gives the relationship betweenLx and (.

4.8 Proposition.  [8, 4.7] [8, 2.11]For any spectrum X there are canonical homo-
topy equivalences

L X ' Lk (S%~ X
(X ' Lw . LkX " Lum. (Lk(S%) ™ X)

There is a description of Lk (S°) in [8, x4]. The localization C(X) has the
surprising property that it is determined by the \germ of the spectrum X atin nity"
in the following sense. Recall (1.13) thatP¥X denotes the k-connective cover of
X.

4.9 Proposition.  For any spectrum X and integer k, the natural map PKX! X
induces an equivalencd' (PkX ) [(X).

Proof. The bre F of the mapPXX! X has homotopy groups which vanish above
dimension k, and soF is equivalent to the colimit colim«x P;jF of its Postnikov
stages. Each Postnikov stageP;F is built up from a nite number of brations
involving Eilenberg-MacLane spectra, and soK*M -~ P;F is contractible [2]. It
follows from a colimit argument that KM - ~ F is contractible, and hence that

CF

The category ofK -local spectra is by now extremely well understood, thanks to
work of Bous eld [10] [11]. We will be dealing for the most part with exceptionally
well behaved objects of this category.

4.10 De nition. A module N over aringS (e.g. S= %, 2, :::)is said to
be excellent if it is nitely generated and has projective dimension at most 1. A



16 W. DWYER AND S. MITCHELL

spectrum X is said to beexcellentif X is K -local and either KX = 0 and K°X
is an excellent %module or vice versa.

4.11 Remark. The ring ©has global dimension 2, so the condition that a module
N over 9be excellent is not extremely restrictive. Since °= z:[] - and
Z-[] is isomorphic as a ring to a direct product of copies of Z-, the projective
dimension of a moduleN over Cis the same as its projective dimension over .
Excellent modules over are characterized in 7.7.

If X is the spectrum (K)" (n  0) then for any spectrum Y the natural map
RO(Y)" = [Y;X]  Hom o(R°X; R°Y) = Hom of( 9";:R°Y)

is an isomorphism. The same holds iX is a retract of (K)". Suppose now thatP is
a nitely generated projective module over ° The module P can be expressed as
the image of an idempotent mape: ( 9" ( 9" for somen. The remark above
shows that e can be realized by a mape< (K)"  (K)" which is idempotent up to
homotopy. By an elementary argument (cf. 9.4), the in nite mapping telescopeX
of eis a spectrum which is a retract of ({)" and has the property that K°X = P.
The spectrum X is K -local (because the class ok -local spectra is closed under
retracts ) and consequently excellent. This reasoning leads to the following lemma.

4.12 Lemma. If P is a nitely generated projective module over ©, then there
exists up to homotopy a unique excellent spectruid = M k (P;0) such thatK°X =
P. Moreover, for any spectrumY the natural map

[Y:X]! Hom o(R°X; R°Y)

is an isomorphism.

Suppose now thatX is an excellent spectrum, say withK1X =0 and K°X = N.
By 4.12, any nitely generated projective resolution

(4.13) N  Po P:
of N can be realized by a co bre sequence
(4.14) XIM  k(Po;00M ¢ (P1;0)

(in the sense that the original resolution can be recovered by applyinR® to the
co bre sequence). A short calculation with 4.14, 4.13 and 4.12 leads to the following
proposition.

4.15 Proposition.  Let X be an excellent spectrum with, sayRX = 0. Then for
any spectrumY with K1Y =0 there are natural isomorphisms

Hom o(K°X; (R°Y)(m)) i=2m

LYaXTI= ok (RoyY(m))  i=2m 1
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4.16 Remark. Taking Y = X in 4.15 gives K;X ] = End o(K°X). Since ©%is
commutative, it follows that an excellent spectrum X has an \internal" action
of 9 in the sense that there is a homomorphism : ©°  [X;X ] such that

() :ROX! ROX is multiplication by . Taking Y to be an appropriate sphere
in 4.10 gives the formulas

Hom o(R°X; Z-(m)) i=2m
Extlo(ROX; Z:(m)) i=2m 1

Given an excellent %module N, it is clearly possible to realize a free resolution
(4.13) of N by a co bration sequence (4.14). Taking suspensions and using 4.15 for
uniqueness gives the following result.

4.17 Proposition. If N is an excellent ° module, then for any integeri there
exists up to homotopy a unique excellent spectrugd = M « (N;i) such thatR' (X )
is isomorphic to N as a module over °

Remark. The spectrum M g (N;i) is a \Moore spectrum” with respect to R .
Let F be the nite eld from x2, so that Gal(F; =F) = 2.

4.18 Proposition.  Let N denote the %module °© o Z:(0)= Z:[ % ?]. Then
C(K F) is the excellent spectrumM ¢ (N; 0).

Proof. Let jFj = g and x an embedding F C which, after restricting to
<1 corresponds under the reduction mapR; ! F, to the one obtained by
the inclusion R; C. Quillen's Brauer lift [34] de nes an "-equivalence
BGL(F)*! F 49, whereF 9isthe breof ( 9 id):BU' BU After "-adic
completion is an in nite loop map [28] and there results a co bre sequence

PORR PRI " poR
which by 4.9 is the 0-connective cover of itsK -localization
(4.19) CKFy R TR

Since by choice ofF the operation 9 is a topological generator of 2 0(4.4),

an inspection of the K -cohomology sequence associated to 4.19 proves the propo-
sition.

4.20 Remark. A calculation with 4.15 shows that the maps (K F,)! K con-
structed as above are compatible for variousn and are %equivariant, where ©
acts on (K F,) via the internal action of ©(4.16). It is easy to see from the de -
nition of Brauer lift that the internal action of 2 %on (K Fn) agrees with the
Galois action induced by the operation of 2 on F, by ring automorphisms. The
mapsC(K F,) R are maps of ring spectra, and passing to the limit inn gives a
map of ring spectralC(colim, C(K F,)) = C(KF, ) K which is an equivalence.
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4.21 Module spectra overl (K F). The map
[ P= °=R°R  ROR~AR)= %=z ° 9

given by the ring spectrum multiplicaton K~ KI K is induced by the diagonal
map 4 0 0 It follows from the above and naturality that the comultiplication

z:[ = R1=RUCKAY  ROUCKRANEKR)=Z[( =§) (%=¢D

given by the ring structure of [(K F) is induced by the diagonal map % 91

0= 0y ( % 9). This comultiplication gives a coalgebra structure to K°(( (K F)).
The counit map : RO(L(KF))!  Z- can be identi ed with the augmentation
Z[ =291 z.

4.22 Proposition.  Suppose thatX is an excellent spectrum, with, sayK1X = 0.
Then the following three sets are in natural bijective correspondete:

(1) (K F)-module structures onX,

(2) °“module mapsf : ROX! RO(L(KF)) z KO(X) which satisfy the obvious
coassociativity identity as well as the corresponding counit idetity, and

(3) isomorphism classes of pairs(N;j), where N is a module over 2 and

j: © o NI ROX is an isomorphism.

Proof of 4.22. A bijection between (1) and (2) arises by 4.15 from taking induced
maps onKP. Giving a pair (N;j ) as in (3), then there is an evident %module map

ROX = @ oNl Z[%2] 2 (% oN)=RYCKF) 2z RX

induced by the diagonal 4 ( % 2 O This map satis es the coassociativity
and counit identities necessary for (2). Suppose on the other hand that there is
given a mapf asin (2). LetN = fx 2 ROX j f(x)= e xg, wheree2 % 0 isthe
identity coset. Then N is a 2-module and it is straightforward to check using the
coassociativity of f that the naturalmap ° o N! KOX is an isomorphism.

x5. A module spectrum structure.

In this section we will prove the existence of ak-module structure on a spectrum
closely related to [(K™R; ). This is crucial for the arguments in x6. We also
obtain wedge decompositions (5.5) for the spectrd’ (KR p)

Two maps f;g : X! Y of spectra are said to agreeup to weak homotopy
(or sometimes up to visible homotopy) if they agree up to homotopy on any nite
subspectrum of X, or equivalently if the di erence (f ) is a phantom map. A
square weakly commutesif the two composite maps involved agree up to weak
homotopy.

Recall the Moore spectrumN = M (Z="!; 1)=colim, M -« introduced in
X4.
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5.1 Theorem. ForeachO n 1 the spectruml(K™¥R,)"N can be given the
structure of a module spectrum overl* (K F,,). Furthermore, these structures can be
chosen so that for eacm, eachm n and each 2 2 the diagrams

C(K Fp) A I'_\()Krean)’\N ! C(K Fr) A C()K edR ) AN
J 'y’
(K™ R,) "N ! C(K™R,) AN

C(KFm)AC(?KredRm)"N " C(KFm)AC()KredRm)"N
? ?

y y
C(K™®R,)AN ! C(K™®R,)AN
commute form < 1 and weakly commute form = 1 .

5.2 Remark. Later on (9.7) we will extend 5.1 to the casen = 1. By 4.20,
Theorem 5.1 implies that (K ™9R; ) AN is a module spectrum overK.

5.3 Remark. In light of 4.3 (with Lg taken to be "-completion), Theorem 5.1 pro-
vides each spectrunl (K "®9R,) (n  0) with a structure of module spectrum over
C(K Fn). The diagrams in 5.1 commute afterK is applied, even ifm = 1 or the
smash factors ofN are removed (4.6).

The proof of 5.1 depends on a localized stable version of the basic splitting
theorem from [18]. Suppose thatA is a commutative ring and let (A) denote the
group of “-primary roots of unity in A. Recall that there is a natural map of ring
spectra

f(A):B (A):! KA

such that 3} f (A) is induced by the usual map B (A)) BA ! BGL(A). Let
rn = f(Rn), fn = f(F,). Note that (R,) = (F,). Let ,:KR, KF, bethe
map induced by the quotient map R,,! Fj.

5.4 Theorem. For n O there is a unique maph, : C(KF,)! C(KR,) such
that the compositeh, [f , is [r,. Moreover
(1) The compositel' ,, h, is the identity map of (K Fy).
(2) h, is a map of ring spectra.
(3) h, is equivariant with respect to the actions of the group ¢ on C(K Fn)
and C(KR ,,).
(4) The following diagrams, in which the vertical maps are induced byhe ob-
vious ring inclusions, commute:

hn
C(Kan) ! C(Kan)
y y
LKFraa) ! ™ L(KR pa1)
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5.5 Remark. Theorem 5.4 implies that there is a wedge decomposition df (KR )
asC(KF,) _ C(K™IR,).

5.6 Remark. By Suslin [42] there is a natural homotopy equivalence (K C) * K.
Letin : L(KR,)! [(KC)' R be the map induced by the inclusionR, C. A
character calculation which depends on the de nition of Brauer lift shows that the
compositei, hn is the usual Brauer liting map C(K F,) K (4.19).

One of the main ingredients in the proof of 5.4 is the following remarkable result
of Bous eld.

5.7 Proposition. [11, 2.3]There is a functor - from the homotopy category of
spaces to the homotopy category of spectra such that, for any speesh X, there is
a natural homotopy equivalence -( 3 X X .

5.8 Proposition. For n O there exist mapss, : L(KF,)! [(B (Fn)) such
that in the diagram

C(KF) ™ LB (Fn)) o C(KF) ™ LB (Fn)) (o (KR 1)

the following two conditions hold.
(1) The composite((f ,) s, is the identity map of (K F,), and
(2) the composite(l'r,) sn ((f ») is homotopic to the mapCr,.

Proof. Fix n,let = (F,) and let S denote the ring Z( ) of cyclotomic integers.
Let E denote the residue eld of S which is the image of the compositeS!
Rn! Fnh,sothat (S)= (E)= (Rn) = (Fn). By [18, 4.1] there is a map
s: § KE! § (B +) such that in the diagram

1§ (E)

s f(S
LKEIS 1B .)!° ®)

KEI® 1@ ) ° KS

the following two conditions hold.
(1) The composite } f (E) sis homotopic to the identity map of § KE , and
(2) the composite 3 f(S) s § f(E)is homotopicto § f(S).
The inclusion E!'  F, induces an equivalenc&KE! K F, (use [34], note that the
spectra by convention are localized at , and recall that the prime P was chosen in

x2 so that q= jF 1j is a topological generator ofce ( 2) Z. ). The desired map
Sn can be obtained by applying Bous eld's functor - to the map s.

Proof of 5.4. Let s, be the map of 5.8 and chooséd,, = Crn Sh. The identity
hn Cfn, = Cr, is then 5.8(2). By 5.8(1) ['f , is a retraction (i.e. has a right
inverse s, ), so h, is actually determined uniquely by this identity. The remaining
statements follow routinely (compare [18, 4.9]) from the fact that(f , is a retraction.
To prove (1), for instance compute

., h, Cfo=°0C, Cr,=70f,

and compose on the right with's,. For (2) observe in addition that ['f , and Cr,
are maps of ring spectra, and for (3) that(’f , and [r , are equivariant with respect
to the actions of 2 on the spectra involved.



K -THEORY SPECTRUM 21

Let S be a ring spectrum with multiplication m : S*SI' Sanduniti:S% S.
Let X be a spectrum. Aweak S-module structure on X is a multiplication map
my :S” X! X such that the diagrams

SASAX'idAmX SA X SOA X 1 inid SA X
2 ) 2 2 2
? ? ? ?
m~idy mxy ny mxy
sAx 1M X x 1 v X

commute up to weak homotopy. Arigidi cation of such a weak module structure
is a genuineS-module structure m§ : S~ X! X such that m% agrees withmy
up to weak homotopy.

5.9 Lemma. Any weak K-module spectrum structure on a torsion spectrumX can
be rigidi ed.

Proof. Let M g andM ; be Moore spectra of type (oX; 0) and ( 1 X; 1) respectively,
andletM =M y_M ;. The Hurewicz map ;M i(K"M ) is an isomorphism
in dimensions 0 and 1, and there exists a map : Ml X inducing an isomorphism
on homotopy in dimensions 0 and 1. A weakK-module structure on X allows j

to be extended to a mapj®: K" M! X, which is again an isomorphism on g
and ; and hence an equivalence, since the homotopy groups involved are 2-fold
periodic. The smash producti M has an obviousKk -module structure, which can
be transported to X by the equivalencej ® and gives the desired rigidi cation.

5.10 Lemma. The functors Lk ({) and C({)*N commute with Itered colimits of
spectra.

Proof. It follows from 4.8 that there are homotopy equivalences
COXO)AM =" Lek(X)AM -~ X ALg(SHAM -

An inductive argument gives similar equivalences withM - replaced by M -«, and
passing to the colimit gives an equivalencd (X )*N ' X A Lk (S°)~N . The lemma
follows from the fact that smash product commutes with Itered colimits.

5.11 Lemma. Let X3! X! be a direct system of spectra indexed by the
positive integers (the maps here are genuine maps of spectra, not jusiaps taken
up to homotopy). Then for any spectrumY the natural map [colim; X;; Y]!
lim;[X;;Y] is a surjection.

Proof. This is the spectral version of the Milnor sequence [13, 1X, 3.3]; the kernel
of the surjection is lim![ X;;Y]. Let W be the coproduct (wedge) of the spectra
Xi ands:W! W the map which shifts each wedge factor into the next with the
bonding map from the direct system. It is possible (by calculation of homotopy
groups) to identify colim; X; as the cobre of s id: W! W, and then to derive
the Milnor sequence from the long exact homotopy sequence obtained by mapping
this co bration sequence to Y.

Proof of 5.1. It follows from 5.4(2) thatforany 0 n< 1 the spectrumC(KR )"
N is a module spectrum over' (K F,). From 5.4(1) it follows that [(K ™®9R,)"N



22 W. DWYER AND S. MITCHELL

is also a module spectrum ovef (K F,). Let Y denote colim, [(K™¥R,)~N and
let X denote colimy C(KF,). Then Y ' [(K™R; )~AN (5.10), and passing to
the limit over n with 5.4(4) and 5.11 shows thatY is a weak module spectrum
over X. As in 4.3, this implies that Y = LxY (5.10) is a weak module spectrum
over Ly X. The map Lk X! [X = (LxX)*is a mod" equivalence and so has
a rational co bre; it follows that for any torsion spectrum such as Y the natural
map Lk X A Y!  [X 7Y is an equivalence. This implies thatY is a weak module
spectrum over (X ' R (4.20) and hence by 5.9 a module spectrum oveK. The
commutativity of the diagrams in 5.1 forO0 n m< 1 follows from 5.4(3), and
the weak commutativity for m = 1 by passing to the limit.

x6. Proof of the main theorem.

In this section we give a proof of 1.7, and point out some functoriality properties
(6.12 .) of the isomorphisms it gives. The starting point is the following deep
theorem of Thomason. Recall thatM -« denotes a Moore spectrum of typeZ="¥; 0).
We adopt the convention that Z="¥(j=2) is the trivial %module if j is odd (x3).

6.1 Theorem. [43, 4.1, A.14]Suppose thatS is a regular ring containing 1=" and
satisfying certain mildetale cohomological conditions; for instance, S could be the
ring of “-integers in a number eld, a union (e.g. Ry ) of such rings, a nite eld
of characteristic di erent from °, or a union (e.g. F; ) of such nite elds. Then
there are natural left half plane spectral sequences of homologidsipe

E2 =Hy ' (S;2=%(=2) )  i+j LKS)AM

In the cases we are interested in, Thomason's spectral sequence collapses.
6.2 Proposition. If S is one of the ringsR; , F or F; , then there are natural
isomorphisms

am 2L(KS) AN = H; (S;Z2=" (m))
om 3L(KS)AN = H(S;Z2="1 (m 1))

for all m. If S is the ring R there are similar natural isomorphisms for allm 2.

6.3 Remark. By 3.6, if S is F or F; the groups above involving K (S;Z="1 (m))
vanish for m 6 0.

Proof of 6.2. By 3.1, the groups H, (S;Z="%(m)) vanish for i > 2. Thomason's
spectral sequence therefore gives isomorphisms

2m 10(KS) M -« = Hy (S;Z="(m))
and short exact sequences
a HI(S:z=*m)!  om 2L(KS)AM Wl HR(S;Z=%(m 1) O

Now by 3.6 and 3.7, for the allowed values ofn (.,e. m 2 if S = R) the groups
I—lezt (S;Z="1 (m)) vanish. The desired formula thus results from taking a colimit
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over k of the above and introducing a shift to compensate for the fact thatN is
the desuspension of the colimit of theM -«.
6.4 Remark. Taking a limit over k with 6.1 and using 3.4 shows that ifS is the
ring of “-integers in a number eld then there are natural isomorphisms

2m 10(KS) = H;i (S;Z-(m)

2m 2L(KS) = HE (S;Z-(m))
for all m in the case of the rst formula and for m 6 1 in the case of the second.
Fori 1 these are the formulas for ;KS predicted by the Lichtenbaum-Quillen

conjecture, and in fact (1.11) the conjecture is equivalent to the conjecturehat the
natural map

(6.5) iKst  iL((KRs)= [(KS)

is an isomorphism fori 1. This map is known to be an isomorphism fori = 1
and i =2 [15, 8.2]. However by 6.1 there is a short exact sequence

a H2(S;Z@)  of(ksy HI(S;z(O) O

(where I—Q (S;Z°(0)) = Z+)) so that, in view of 3.10, if S has more than one prime
above ~ the map in 6.5 is de nitely not an isomorphism for i = 0. A naturality
argument with 3.10 shows that in the caseS = R, there are isomorphisms

E(red) i=1

) red —
CRTRO= e Rz a) =0

Recall that ¢ is a chosen topological generator of 2.

6.6 Proposition.  For any integer m there are 2-module isomorphisms

om 2L(K™R; )AN
om 3C(K™®R; )AN

Hi (Ry ;2= (m))
. :

Moreover there is a natural bration sequence

d

L(KR)AN!I  [(K™R; )AN ! i C(K™'R;, )AN :

6.7 Remark. Taking the “-completion of the bration sequence in 6.6 gives a bra-
tion sequence

CK™IR) C(K™R, )1 F C(K™R, ):

This is a re ection in a special case of Thomason's theorem thak -localized alge-
braic K -theory satis esetale descent.
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Proof of 6.6. There is a natural strictly commutative diagram of spectra (i.e., a
diagram not just commutative up to homotopy) which is homotopy equivalent to
the following diagram

((KR)AN ! CKR,)AN 19 7 L(KR,)AN
2 2 3
y y y
L(KF)AN ! CKEL)AN 19 7 O(KF ) AN

and in which the horizontal composites are strictly trivial. Since the natural re-
striction maps

HY (R ;Z="t (m))!  HY (Fy;Z="t (m))
HY (R;z="1 (m))!  HY (F;z="" (m))

are isomorphisms for allm, it follows from 6.2 and 6.3 that the vertical homotopy
group maps induced by the above diagram are isomorphisms in dimension for
i odd and have zero target in dimensioni for i even, where for the column on the
far left we have to add the condition i > 1. Taking vertical bres then gives a
bration diagram (cf. [4, Lemma 1.2])

(6.8) CKR)ANI  C(K™R; JAN 19 7 O(K™IR, )AN

in which the homotopy groups of the spectra involved are easy to compute by long
exact sequences.

A module A over a pro nite group G is said to bediscreteif every element of A
is xed by a closed subgroup inG of nite index. Let U denote the right adjoint of
the forgetful functor from discrete "-torsion %modules to " -torsion abelian groups.
Explicitly, U(A) is the group of continuousA-valued functions on © with ®acting
by (f )(x)= f(x ). Let Ur denote the right adjoint of the forgetful functor from
discrete *-torsion ®“modules to discrete’-torsion 2-modules. Explicitly, Ur (A) is
the group of continuous 2 -equivariant A-valued functions on ©. If A is a discrete
“-torsion 2 module, then there is a natural action of 2 on U(A) given by the
formula ( f)(x) = (f( *x)), wherex 2 Candf : 9% A is a continuous
function.

6.9 Lemma. For any discrete "-torsion 2 -module A there is a natural short exact
sequence of “modules:

0

au AruU At F oAy o

Proof. For a function f 2 U(A) to be in the kernel of id 2, it must be true that,

forall x 2 9 f(x)= 2(f((2) ) or( Q) H(x)=f( 2) x). Sincef is
continuous and ¢ is a topological generator of 2, these equalities hold if and
only if f is 2-equivariant, i.e., f 2 Ug (A).
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It remains to show that (id 2) is surjective. Let V(A) denote the abelian
group U(A) furnished with the action of 2 given by ( f)(x)= f( 1x), where
x2 %andf : 9 A s a continuous function. Choose a ( nite) setY of coset
representatives of ¢ in % There is an isomorphismU(A) V  (A) of 2-modules
which sends a functionf 2 U(A) to f5 wheref{y)= f(y), y2Y, 2 2.
The fact that (id 2):V(A)YV (A)is onto follows from combining 3.9 with the
following two observations:

(1) for eachn the xed point set of the action of En on V(A) is a module over
2= 2 induced from a module over the trivial group, and
(2) by Shapiro's lemma, the higher conomology of a nite group with coe cients
in a module induced from the trivial group is zero.

Remark. The ¢-module isomorphismU(A)V  (A) in the preceding proof might
be more familiar in its dual form, which, if G is a discrete group,F a free module
over the ring of Z[G], and A a G-module, gives an isomorphism betweerr 7 A
provided with the diagonal G-action and F 7 A provided with the G action induced
by the action of G on F.

Recall that ({) # denotes Pontriagin duality.

6.10 Lemma. If A is a discrete “-torsion 2 -module, then there is a natural
module isomorphism(Ur (A))* = © o (A%).

Proof. Thereisa 2-module mapU(A) A which sends a 2 -equivariant function
f: 9 Atof(e) (eis the identity element). Taking duals gives a 2 -module map
A*1 (Us(A))* and thus a “module maph: ©° o (A*)! (U (A)*. Let
Y be as in the proof of 6.9. The ring %is a free module over ¢ with generators
from Y. The fact that h is an isomorphism now follows on passing to the dual from
the fact that Cis free as a 2-set on the coset representatived’, so that the map
f 7! fjy gives an isomorphism fromU(A) to a product of copies of A indexed by
the setY.

6.11 Proposition.  There are natural isomorphisms of “modules

}Qi(KredR): 0 EM( m) f=2m 1

0 I even

Proof. Let X denote [(K™4R; )AN . SinceX is a torsion spectrum which is a
module spectrum overK (5.1), it follows from [10, 6.6] that there are isomorphisms
KiX = K~ X = U( iX) for all integers i. (Note that our de nition of U({),
although not identical to the one given by Bous eld, is equivalent to it). Under
these isomorphisms the maps ;(K” X)! i X induced by the module structure
correspond to the mapsuU(  X)! i X given by evaluation of functions 9 i X
at the identity element of © By 6.6 and 3.5, this implies that K; X vanishes for
odd i and that for any m, Koy, X is isomorphic to U(M# (m)), where M # is the
Pontriagin dual of the Iwasawa moduleM . We can now computeK (L (K 4R)”N )
using the bration sequence from 6.6; it is only necessary to compute the map on
homotopy induced by (id~ 2): R~ X! K~ X. By the commutative diagram
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in 5.1 and naturality of the isomorphisms KiX = U( iX), the self map (id" 9)
of (K™ X) = U( iX) is the unique map of ®modules such that the following
diagram commutes:

2 id” P)
. 1 .
U(?'X) U (?.X)

7? 7

ley ley

x 1t X
where je is evaluation at the identity e2 %and 2 ({) refers to multiplication by
®inthe %module U( iX). By inspection, then, if f : ¢ i X is a continuous
function and x 2 O (id~ 2) f is the function fOwith f9x) = 2f(( 2) x),

x 2 9 It now follows from a long exact homotopy sequence argument using 3.5,
6.6, and 6.9 that there are isomorphisms

UF(M#) i = 2

Ri(C(K™®R)AN ) = 0 = s

The desired formulas are consequences of 4.5, 6.10 and 4.4.

Proof of 1.7. If R contains -, i.e., R = Ry, this follows from 6.11, 4.18, and
the splitting formula (5.5) for C(KR). To jump ahead a bit, the proof of the
general case is the same with 9.7 replacing 5.5. Alternatively, one can observe
that K [(KR) = (R [(KRy)) F and compute this g-xed submodule by 6.12
below.

6.12 Remark. The formulas in 1.7 are functorial in a slightly peculiar way. Suppose
that is an automorphism of R or what is the same thing an automorphism ofF .
Let E be the xed eld of and , alift of to the group Gal(F; =E), so that by
conjugation ; acts on the lwasawa moduleM . Let , be the image of ; under the
map Gal(F; =E)! 9 O given by the action of Gal(F; =E) on -primary roots
of unity. Under the isomorphism of 1.7, the action of on K (KR) is composed
of the action of ; on M and multiplication on the left by 12 0 The action
of onRY(KR) is multiplication by ,%2 O These statements are proved using
the arguments at the end of the proof of 6.11.

There are a few other naturality properties of the isomorphisms from 6.11 which
we need. Some of them depend on the factx) that ° o M is an excellent

(4.10) “module.

6.13 Proposition.  The ['(K Fn)-module structure on((K "®@R,) (n  0) provided
by 5.3 corresponds via 4.223) to the pair (M;f ), where M is the Iwasawa module
considered as a module over 2 , andf : © o M = R 1IL(K™R,) is the
isomorphism given by 6.11.

Proof. The result follows from a naturality argument using 5.3 and the proof of 6.11.
The key point is that the isomorphism betweenk 1[(K ™®R,)and ©° 0 M from

6.11 depends ultimately upon the choice oK -module structure on (K "Ry )AN ,
and by 5.1 the choice we have made is compatible (up to \weak homotopy") with

the [(K Fn)-module structure on [(K ™ R,) AN .
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We will give the bulk of the argument in more detail than the casual reader
might want, since there is at least one tricky point. It is enough to work in the
casen = 0. If A is an “-torsion abelian group, let Ut (A) denote the %module
Ur (A" ), where A" is A considered as a trivial £ -module. The module Ut (A)
is just the abelian group of set maps % 2! A with a suitable action of © and
by a slight abuse of notation we will denote by Ut (Z+) the corresponding module
of set maps & 2! Z.. By 6.9, for any "-torsion abelian group A there is a short
exact sequence

0

(6.14) au tAyu AU T oAy o:

Suppose now thatX is a torsion spectrum with a module spectrum structure
map m : K~ X! X. By 4.19 there is a co bration sequence

CKE)A X! RAX [ (A7 pay.

The result of Bous eld quoted in the proof of 6.11 gives natural isomorphisms
iR~ X = U( iX); combining these isomorphisms with 6.14 and the above
co bration sequence gives natural isomorphisms o : C(KFo) A X = UL (iX).
The module multiplication map m restricts to a module multiplication map mg :
C(KFo) A X! X. Under the above isomorphisms the map on homotopy groups
induced by mg sends a functionf 2 Ut( {X) to the value of f on the identity
coset of %= 2. It follows easily that for x 2 ;L(KFq)~ X, o(x) is the function
= 0 iX which assigns to 2 % 2 the image of x under the map on
homotopy induced by the composite

Ia;
LKF)A X1 T PKF)AXT™ X

(Here the action of () * on [(K Fo) is the \internal” one (4.20); it depends up to
homotopy only on the image of in % 2). There is a similar description of the
map
Let \ ~-" denote the "-completion of the smash product of two spectra. Explicit
calculation gives a isomorphism $ : (R~ L(KFo)! U t(Z), where for x 2
oR "~ (K Fp) the function J(x) assigns to the image ofx under the map on
o induced by the composite

RA-LKEN™M " RAL(KE) ™ R

Here mPis derived from the multiplication map for K as a right module spectrum
over L (K Fo).
Applying Bous eld's result to [(K Fo) ~ X gives natural isomorphisms

(RA B(KFo) A X) = (((RA C(KFo) A X)ITU  (UE( iX)) :

Observe that U(UL ( X)) can be identied in a natural way with the space of
continuous functions ° ( % 2) i X . Under this identi cation the map on
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homotopy groups induced by (id*mg) : K» L(K Fg)» X! K~ X corresponds by
functoriality to the U(UL( iX))'U ( {X) induced by the map 9 ° (%D

which sendsx to (x; €). The image under of an elementx 2 K~ [(K Fg) » X

is the function °© o= Oy i X which assigns to (1; 2) the image ofx under
the map on homotopy induced by the composite

RACKE)AX 1 2 RALKEAX 1 Mo Rax 1™ x .

Let
o(RA L(KFo)) z Ri(X)IU (UL( iX))

be the composite of with the K -Kunneth isomorphism. As above, the image
under  of an elementx vy is the function © ( % Q) i X which assigns to
( 1; 2) the image ofx y under the composite

(21" () *

o(R" L(KF)) z Ri(X)! o R L(KF)) 2 Ri(X)

(MR (mo)
! X

Here we have used the fact that the action of , * on the \coe cient spectrum” R
induces a diagonal action of ; * on the Kunneth factors (4.21). The diagram

RAL(KFg) A X 197M0 Rax
3 3

mo idy my
RA X P X

evidently commutes. Examining the above recipe for in this light shows that
the image under of x y is the function which assigns to a pair (1; 2) the
product of 3(x)( 1 2) with (y)( 1). Unraveling the constructions leads to the
conclusion that the map

(o * !

Ut(Z) 2 U(iX)! o(RA L(KFo)) 2z Ri(X)

 Ri(mo) RiX!  U(iX)

sends a tensor productf; f, of functions to a function f3, where f3( ) =
fa( )f2( ).

One applies these observations tX = [(K™¥R; )AN and then uses the fact
that the natural map from Y = C(K™¥Rg) AN to X is a map of weak module
spectra overl’ (K Fo) which induces an injection onK to obtain an explicit formula
forthe map o(K™ - C(KFg)) 2 K (Y) R (Y)induced by the module spectrum
multiplication. Taking Pontriagin duals then gives the expected formula for the
comodule mapR (Y)!  RO(L(KFg) 2z K (Y). Further details are left to the
reader.
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6.15 Remark. By 4.22, the formula K [(KR) = © o M provides a (K F)-
module structure on (K "9 R). This extends 5.1 to the casen = 1.

6.16 De nition. Choose integershn and m, with 1 n m, and let f¢;g be a set
of coset representatlves of 2 in 2 . If N is amodule over ? , the algebraic
transfer map is the module map ° o N! O o N given by the formula

X
x x%=  (¢) x cx%

6.17 Proposition. Let 1 n m be integers and lett : [(KRm)! [(KR,)
be theK -theory transfer map. Thent induces a natural mapt™® : (K ®R,,)!

((K™¥R,). Under the isomorphisms of 6.11, the map orK ! induced byt™d is
the algebraic transfer .

Proof. By checking the de nition of t in terms of module categories, it is not hard
to see that there is a (strictly) commutative diagram of spectra

|
KR m ! K Em
? ?
ty ty
KR, ! KF,

in which the right hand map is transfer for the ring extension F,,  F,; the main
fact to check is that there is an isomorphismF, r, Rm = Fn, and this follows
from the choice of prime determiningF,,. Taking horizontal bres gives the induced
map t. To compute the map induced byt™ on K ! it is enough to compute
the map induced byt. TensoringR,! R over R, with R; gives a commutative
diagram of rings and an associated commutative transfer diagram

Ku

% % 3 3
(6.18) ? v7? try t2y
Rnp ! R1 KRy ! KR
Let Map( 2 = 2 ;R1 ) be the collection of set maps 2 =2 | Ry ;thisisa

ring under pointwise addition and multiplication. By Galois theory there is a ring
isomorphism

i:R1 g, Rm!” Map( 2 =2 Ry)

which sendsx  x°to the function f given by f ( ) = x (x9. This isomorphism
is equivariant with respect to the actions of 2 onthe leftand 2 = 2 on the
right of the objects involved, where these actions are given by the formulas

1(x x9 2= 1x) 2x9Y
(1f ()= 1(F( L")



30 W. DWYER AND S. MITCHELL

for 12 2 and ,; 2 2 =2 . After composing with i the map v in 6.18
sendsx to the constant function with value x, and the map u sendsx® 2 R, to
the function f with f( )= (x9. It is clear that the transfer map t, amounts to
the direct sum of copies of the identity map of KR ; . It is now possible to apply
the functor R »(C({) ~N ) to the transfer diagram in 6.18 and compute the map
induced on the right hand column; the key observation is that after applying the
functor the horizontal arrows become injections (see the proof of 6.11; obsesvhat
R (X AN )=0for X = KF,, X = KFy or X = KF; , so the distinction
betweenK -theory and reducedK -theory does not matter here). The argument is
completed by dualizing as at the end of the proof of 6.11.

This last proposition has the following curious consequence, which we will use
later on. If X andY are module spectra over aring spectruns, let[X;Y ]Js [X;Y ]
denote the set of homotopy classes of map&! Y which are maps ofS-module
spectra.

6.19 Proposition. Let n and m be integers with 1 n m 1 . Then the
transfer map t : C(K™®R,)!  [(K™R,,) is a map of (K F,)-module spectra,
and induces a bijection

[ CKFm)i CK™Rm)lp ke, )t [ CKFm) C(K™R)]p k) :

Proof of 6.19. Let C; denote the coalgebrak®(K F;). Proving that t is a map of
(K Fn)-module spectra amounts (4.15) to observing with the help of 6.17 that
K1(t) is a map of comodules ovelC,. To prove the second statement it is enough,
again by 4.15 and 6.17, to show that the algebraic transfer induces a bijection

Hom o( © o M;Cm)c,! Hom o ° o M;Cpn)c,;

where Hom({; {) ¢, denotes maps of comodules oveZ;. The simplest way to do this
is by direct calculation; the bijection does not depend upon any special properties
of M. Note that 6.13 gives an explicit description of the comodules in question.

X7. Finitely generated modules over

In this section we will describe some results from the structure theory of nitely
generated left modules over the ring (this ring is usually called the Iwasawa alge-
bra). This structure theory also applies to modules over ¢, since ¢ isisomorphic
to , and with some adjustments to modules over °or 2, since these rings are
isomorphic to direct products of copies of (4.11).

Recall [44, p. 113] [25, p. 124] that choosing a topological generatorfor gives
an isomorphism = Z-[[T]] sending to 1+ T. We will choose such a generator

, and from now on treat elements of as power series inT.

7.1 Example. Let u 2 Z. denotec( ). If N is the cyclic -module =(f (T)),
then the Tate twisted module N( m) is isomorphic to =(g(T)), where g(T) =
f(um(@+ T) 1). (This expression for g(T) does in fact give an element of
becauseu is congruent to 1 mod".)
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7.2 Remark. The isomorphism = Z-[[T]] shows that is a regular local ring of
global dimension 2. In particular, the functor Ext' ({;{) vanishes fori 3, and if
N! NUYis an injection of -modules, the induced map Ext>(N%{)! Ext?(N;{)
IS surjective.

De nition. A polynomial f (T) 2 is said to be distinguished if it is monic and all
coe cients except for the leading one are divisible by ". A cyclic module over
is said to bedistinguished if it is free, isomorphic to =("*) for some integerk, or
isomorphic to =(f (T)) for a distinguished polynomial f (T).

7.3 Proposition.  [44, p. 271] [25, p. 132] Suppose thatN is a nitely generated
-module. Then there exists some nite direct sumN° of distinguished modules
and a mapf :N!'  NOsuch thatker(f ) and coker(f) are nite.

Note that Z="has a unique -module structure, namely, the one in which T acts
as the zero endomorphism.

7.4 Lemma. Any nite -module N has a composition series in which the com-
position factors are isomorphic to Z=".

Proof. SinceT is contained in the maximal ideal of the local ring , by Nakayama's
lemma [44, p. 279]T must act on a nite module N as a nilpotent endomor-
phism.

7.5 Lemma. The -moduleExt' (Z=") is isomorphic to Z="if i =2 and is zero
otherwise. If N is a nite -module, thenExt' (N; )=0 unlessi =2, Ext2(N; )
is nite, and Ext>(N;) 60 if N 60.

7.6 Remark. We will frequently use -modules of the form Ext' (N; ) for a -
module N . It is important to use the correct left -module structure on these Ext
groups. In its state of nature Ext' (N; ) is a right -module, essentially because
the left action of on itself is used in forming Ext and it is the right action that
survives to give the module structure. We convert Ext (N; ) into a left -module
by using the antiautomorphism of which sends g2 to g 1.

Proof of 7.5. The rst statement is easy to prove using the short exact sequences

a e
a =)' =y z=1 o0

The second follows from 7.4.

7.7 Proposition. A nitely generated -module N is excellent (4.10) if and only
if N has no nite submodules.

Proof. Suppose thatN has no nite submodules. It is necessary to show that
Ext?(N:{) is zero. By 7.3 there is an injection N!' N °© where N%is a direct sum
of distinguished modules. By inspectionN © has projective dimension 1, and the
desired result follows from 7.2. If on the other handN contains a nite submodule,

then by 7.4 it contains a submodule isomorphic toZ=", and so Ext? (N; ) 6 0 by

7.5 and 7.2.
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7.8 Proposition. If N is a nitely-generated -module, then its dualHom (N; )
is a free -module.

Proof. We can clearly assume thatN has no nite submodules. By 7.3, then,

there is an embeddingN!  N°with nite cokernel, such that N%is a direct sum

of distinguished -modules. It follows from 7.5 that the map Hom (N ) !

Hom (N; ) is an isomorphism, and the proof is completed by noticing that since
is a domain, the dual of a distinguished module is free.

7.9 Proposition. Let N be a nitely generated -module andN® N its maxi-
mal nite submodule. Then the restriction map Ext?(N; ) ! Ext?(N%) is an
isomorphism.

Proof. By 7.7 the quotient N=Nis excellent.

7.10 Proposition. If N is a nitely generated -module, then Ext!(N; ) is a
torsion  module.

Proof. This is clear if N is a direct sum of distinguished modules. It follows in the
general case from 7.3 and 7.5.

7.11 Proposition.  Suppose thatN is a nitely generated excellent -module. Let

N, =Ext' (N; ) for i =0, 1. Then there is an exact sequence of -modules

Q@ Ext'(N;;)! NI Hom (Ng;)! Ext?(Ng;)! O:

Proof. Construct a nitely generated free resolution R = (Fy!  Fgp) of N, in which
eachF;, i =0, 1is a nitely generated free -module. Let R be the -dual of R,
sothat H'R = N, ,i =0, 1. Since all the modules involved are nitely generated,
the double dual Hom (R ;) is just the original free resolution, and so has as its
only homology group the moduleN in dimension 0. The exact sequence of the
proposition then comes from the standard Universal Coe cient spectral sequence

EZ =BExt' H'R ;) ) Hj iHom (R ;)
which in this special case is very sparse.

7.12 Example. Let N be the -module =(f (T)) for a nonzero elementf (T) 2 .
A calculation with the free resolution

!({) f(T) ! N
shows that Ext' (N; ) is zero for i 6 1 and is isomorphic for i = 1 to N, =

=(g(T)), where g(T) = f((1+ T) ' 1) (see 7.6). By 7.11 or another direct
calculation, there is a \double duality" isomorphism N = Ext?! (N5 ).

x8. The spectrum [(K ™9Ry)

In this section we will study the spectrum (K "9 Rg), and show that sometimes
certain cartesian factors of } (K ™9 R,) are also factors of 5 KrdR,. The next
section will extend these results tol (K @ R). Note that 20 = = fF (X2),s0

that 6.11 gives an isomorphismk 1[{(K™Rg)= ° _ M.
The starting point is the following theorem of lwasawa.
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8.1 Theorem. [23, Thm. 18] The lwasawa moduleM has no nite ¢ -submodules.

8.2 Corollary.  The lwasawa moduleM is an excellent g-module, and © _ M
is an excellent “module.

Proof. By [23, Thm. 4], the module M is nitely generated over ¢, so the fact
that it is excellent follows from 8.1 and 7.7. The nal statement is immediate, since,
as a module over ¢, Cis free on a nite number of generators.

Proposition 4.17 now gives a determination ofl* (K "9 Ry).

8.3 Theorem. The spectrum (K ™ Ry) is of type M « ( ©
alently of typeM ( © . M( 1);1).

Remark. The two Moore spectra in 8.3 are the same by 4.4. Note that © _ ({)
commutes with Tate twisting, so the notation ° _ M ( 1) is unambiguous.

M; 1) or equiv-

F

Because of 8.3, any algebraic property of the lwasawa module will be re ected
in a geometric property of [ (K ™4 Ry); for example a direct sum decomposition of
M corresponds to a wedge decomposition dt (K ™®@Ry). In the remainder of this
section we will use the property ofM described in 8.10 below to prove the following
two theorems. These theorems amount to a study of the way in which the Borel
classes [7] split o from KR or [(KR o).

The g-module A9 is a quotient of A; (x2) and is thus nitely generated by
[44, 13.18]. Since ¢ is noetherian (x7), it follows that A has a unique maximal
nite submodule.

8.4 Theorem. Let "¢ be the exponent of the maximal nite g-submodule ong .
Then there are mapsuyp : L(K™Rp)!  ( K)"2(Fo) and vy @ ( R)r2(Fo)t
(K "9 Rg) of module spectra overl* (K Fo) such that the compositeliop Vigp IS Mul-
tiplication by “©. In particular, if A9 contains no nite submodules thenl (K 9Ry)
has ( K)"2(Fo) as a wedge summand.

8.5 Theorem. Let *® be asin 8.4 and letO = } ( K) denote the -completion
of the in nite Unitary group. Then there are maps of spacesug,, : § (RredRo)!
(0)z(Fo) and vg, : (O)rz(Fo 1 (K'*Rp) such that the compositeud, Vg,
is multiplication by “© with respect to the usual loop space structure of(0)"2(Fo).
In particular, if A? has no nite -submodules then(0)"2(Fo) is a retract of
1 (KredR )
0 0)-
Remark. In many interesting casesAy has no nite ¢ -submodules, but not in all
cases (cf. 12.4).

8.6 A Conjecture. In the Introduction of [18] there is a conjecture which in the con-
text of this paper can be strengthened to state that there should be ring spectrum
maps mapsh? : KF,! KR, which tinto commutative diagrams

hO
KF, ! "
2" B
? ?
y y
hn

C(K Fp) ! C(KR )
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with the maps of 5.4. For discussions related to this conjecture see [32]. If we could
prove the strengthened conjecture, we could show that the maj,, of 8.4 lifts to a
map v2, : (P? R)rz(Foll  KedR, and consequently in some cases get a splitting
of the algebraicK -theory spectrum. As things stand, though, we have to settle in
8.5 for something weaker than a spectrum map/f(’)p .

Let L, denote lim, ol'_\(K edR,) where the limit is taken with respect to the
norm or transfer map. Note that by 6.4 there is an isomorphismE? (red) =
limpg 1['_\(Kred Rp). Passing to the limit with 6.4 and 3.10 shows that there are
short exact sequences of 2 -modules

0! A(l) ! Ly ! B1 ! 0
(8.7) :
0! E? (red) ! E{ ! lim, (F, )™ ! 0

The 2-module lim,(F, )" in the lower sequence is isomorphic taZ-(1) and the
surjection in the lower sequence is split by the inclusiorz- (1) = lim,, (Rn) EJ.
As will become clear from the proof of 8.10, both i and E{ (red) are nitely
generated as modules over ¢ or equivalently over .

8.8 Lemma. Forn Oandi=0, 1 there are natural isomorphisms
(K™ Ry) = Ext* '(M( 1); ¢ ., Z:(0):

If m n, then under these isomorphisms the transfer map C(K™IR ) !
L(K™R,) (i =0, 1) corresponds to the map onExt® ' induced by the natu-
ral surjection ¢ . Z-(O) F VA(OF

Proof. We will look at the casei = 1; the other case is similar. Write Z- = Z-(0).
There are isomorphisms

1C(K™R)! T Hom o( © o M( 1);2Z))
(8.9) = Hom . (M( 1);Z")
= Hom . (M( 1);Hom . ( ;Z"))

where the rst isomorphism comes from 8.3 and 4.15, and the other two from stan-
dard adjunctions (note that En = Ff, forn 0). By calculationHom . ( ¢;Z)
is canonically isomorphic as a module over ¢ to ¢, Z-. (The calcula-
tion comes down to observing that for the nite group G = g= g, , the nat-
ural basis of Z-[G] given by group elements provides a canonical isomorphism
Z-[G] = Homz. (Z'[G]; Z*) of Z-[G]-modules.) The statement about the transfer
reduces, via the rst isomorphism in 8.9, to a calculation with the algebraic trans-
fer (6.17).

8.10 Theorem. There is an exact sequence of g -modules

a ExtlF(Ll; FY M( 1) Hom _(E? (red); r) EthF(Ll; ) O:
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8.11 Remark. This is also an exact sequence of -modules if ¢ acts from
the left on the Ext' groups in the natural way (cf. 7.6); for instance, forf 2
Hom . (E? (red); r)andg2 £, (g f)(x)=f(g *x).
Proof of 8.10. Passing to the inverse limit with 8.8 shows thatL; (resp. E? (red))
is isomorphic to Ext' _ (M ( 1);lim,( ¢ . Z+))for i =1 (resp. i =0). Since
limp( ¢ Z)isisomorphic to f, the exact sequence follows from 7.11.
The rst exact sequence of 8.7 described ; pretty well in terms of familiar
objects; our immediate goal now is to get a corresponding description dE? (red),

or equivalently, given the second exact sequence of 8.7, BY . We will work up to
this description, which is provided by 8.17, in stages.

8.12 Lemma. As in x2, let Eq(red) denote the -completion of the kernel of the
reduction map O ! F,. Then rankz=(Z=" Eo(red)) = rz(Fo) 1.

Proof. This is a consequence of the Dirichlet unit theorem. Note that by the choice
of Fo, Ep(red) is "-torsion free.

8.13 Lemma. The g-rank of M( 1) is ra(Fo).

Proof. Choose a minimal resolution ofM ( 1) = RI1[(K™®¥R) over ¢

(8.14) a () ()2 M1 o0
and tensor with %to obtain a %resolution:

a (9% (9% ° L M( 1):

The symbol C denotes ab a matrix with coe cients in = 0 It is clear that
rank . M( 1)=b a. Asin x4, there is a co bre sequence

(8.15) CK™Ro)  ( R)-21T (R)-2

where C! is a matrix corresponding under the isomorphism © = [K;K] to the
transpose ofC. Since the resolution 8.14 is a minimal one, the elements & lie in
the maximal ideal of %and soC! induces the zero map on mod homotopy groups.
The co bration sequence 8.15 therefore shows that th&Z="-rank of L (K edR) A
M-isbifj=1and aifj =0.

If N is an abelian group write rank;-- N for the rank over Z=" of Z=" N, and
corankz-- N for the Z="-rank of ker(" : N!  N). The universal coe cient theorem
for mod ° homotopy groups shows that for any appropriately nite spectrum X
there are formulas

(8.16) rankz—-( i X *M -)=rank z—- ;X +corankz-- ;i 1X:

The number of primes inverted in passing fromOg, to Ry is Sg, SO rank,-- EJ(red)
is sptrank ;- Eg(red). By 6.4, the proof of 3.10 and 8.12, then, there are equalities

b= ry(Fo) 1+ s+ corankz— AJ

a=rank ;- AJ+ sy 1+corankz—(  1L(K™Rp))’
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Now corank,-- A$ = rank z-- AS becauseAd is nite. The group  ;[(K™R,)
is a summand of C(KR,) = I—[jt (Rn;Z-(0)) this latter is torsion free because
it can be identi ed with the group of continuous homomorphisms from the etale
fundamental group of R, to Z- (3.3, [14, II, 2.1]).. It follows immediately that
(b @) = rz(Fo).

8.17 Proposition.  There are isomorphisms of g -modules

Hom _ (EY (red); g) = ( g)"2(Fo
EY (red) = ( g)"2(Fo)

Proof. By 8.10 and 7.10 and 7.9, the g -rank of Hom _ (E (red); ) is the same
as the g-rank of M (' 1), which by 8.13 isr,(Fp). The rst isomorphism follows
from the fact (7.8) that Hom _ (E¢ (red); ¢) is free. The second is proved using
the rst, 8.10, and the isomorphism E? (red) = Hom _ (M ( 1); ¢)from the proof
of 8.10.

Proof of 8.4. Observe that B, is torsion free and so has no nite submodules
(x2, proof of 3.10). By 8.7 and 7.9, € is an exponent for Ext2F (L1 ; f). Let
N denote the module Hom . (E? (red); ), which by 8.17 is a free -module of
rank r(Fo). By 8.10, there are mapsuag : N ! M( 1) andvag :M( 1)! N
such that the compositevag Uayg is multiplication by “¢. Applying M «( © . {;1)
to these maps gives the mapsiop and viop . These are maps of module spectra over
(K Fo) by 4.22 and 6.13.

The proof of 8.5 depends on a construction of Souk [41] which was promoted to
homotopy theory in [6]. We will use the notation of 6.19. Consider the homomor-
phism

jn s a0K™R) [ C(KF); E(K™ Rk k)
which sendsf : sS4  [(K™R,) to the composite

CKF)A ST CKF) A LK™IR,)T™ C(K™R,) Y C(K ™®Rp)
where m is the module structure map (5.1) andt is the transfer.

8.18 Proposition. The map |, is a bijection. For m > n the following diagram
commutes

1C(KgredRm)! N (S Fm):ﬁ(gre"Ro)lmKFo)
yt iy
LR T [ EKFR) LK™ Ry ¢ o)

where the left hand map is the transfer (6.17) and the right hand nyais induced
by the inclusionF,! Fq,.

Proof. The fact that j, is a bijection comes from combining 6.19 with the fact that
the map sendingf to m (f ” id) gives a bijection

[SHCK™R)IT [ CKF) LK™ Ra)lp iy -
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The commutativity of the diagram is a consequence of the fact that the transfer is
a map of module spectra overl’ (K F,) (6.19).

SinceK°K = lim, K°['(K F,,) (4.18), it follows from 4.15 that there is a bijection
[ K; C(K red RO)]C(K Fo) 1= Iirr]n[ C(K Fn); C(K red RO)][‘(K Fo) -

Recall that E{ (red) = lim , 1L(K™R,), and let
(8.19) j1 tED (red) [ K;E(K™Ro)lpkr,)

be the homomorphism which sends an element = (::: ;X,;:::) 2 E? (red), where
eachx, 2 [(K™R,), to the unique map ji (x) which for each n restricts to
jn(xn) on C(KF,). We have proved the following proposition.

8.20 Proposition. The mapj, displayed in 8.19 is a bijection.

We can now do something similar to the above with algebraiK -theory, rather
than with K -localized algebraicK -theory. Recall that B (R,)+ is the suspension
spectrum of the space B (F,). As discussed inx5, for each integern the spectrum
KR, is a module spectrum over B (Ry): . Let

kr? o R™IR [B (Rn)+;|€R o]

be the map which assigns tax 2 ;K ™R, the composite

id " x

B (Rn)s "~ S*! B (Rn)+ "KR,!™ KRR, ' KRy
wherex is the image ofx in ;KR ,, m is the module multiplication map and t is the
transfer. Note that K™R, = ;[ (K™R,) (6.4) so that E (red) is isomorphic
to the limit lim , 1K™ R,. Dene k? : E? (red)! [B (R1)+;KRy] to be
the homomorphism which assigns tox = (:::;Xp;:::) 2 E? (red), where x, 2

Kredr, = 1 0(K™R,), the unique map k? (x) which for each n restricts to
k%xn) on B (Rn)+. (The map k? (x) here is unique becauseKR is an -
complete spectrum of nite "-adic type.)

Recall the notation 8G and BG, from 1.13.

8.21 Lemma. For each x 2 E{ (red) there is a mapj? (x) : BSI1 KredR,
such that the following diagram commutes

L0
%i_ IJl(X) KredRo
3 3
v y

R 11t pkredRy)
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Here the mapi is induced by the usual maBS! = Bu(1)} BU= } K.

Proof. The methods of 4.18 produce a commutative diagram

B (%1 )+ ! égSi
y iy
CKFy) ! R

in which the horizontal arrows, which are equivalences, are given by Brauer lifting
(Note in particular that there is a natural homomorphism (F; ) = (Ry)!

(C) S!=U(1).) Use the upper arrow to identify B (R; ). with BS!. For each
x 2 E? (red), let k; (x) denote the composite of ; (x) with the map [(K "9 Ry)!
[(KR ). It follows from the naturality of the above constructions that for each
x 2 E{ (red) there is a commutative diagram

st 1K pry K Fo
2 2 2
» 5 5
y y fy
R 1™ KR! (' (K Fo)

in which the lower map is null. Since BS! is a 0-connected spectrum and the com-
pletion map f is an equivalence on 0-connective covers (4.18), the upper composite
is also null and K, (x)? lifts to a map j? (x) with range KdR,. An elementary
argument which again uses the fact thatP°f is an equivalence shows that this lift
can be chosen so that the diagram in 8.21 commutes.

Remark. The above arguments are complicated slightly by the fact that we want
to dodge the technical question of whetherK @R, is a module spectrum over
B (Rn)+.

8.22 Lemma. Leti: BS!I K be the map of 8.21. Then }i: 3 ( BSl)
5 R' 0 has a right inverse.

Proof. In this proof all homology and cohomology groups have integral coe cients.
We begin by making two observations.

(1) Any graded algebramapH Ul H U which induces a split monomorphism
QH U)X Q(H U) of multiplicative indecomposables is an isomorphism.
(2) Letig: (B S pt)! U be the map which is adjoint to the usual map BS![
pt! U ' Z BU. Then ig induces a split monomorphismQ(H U)!
H (BS![ pt).
The rst observation follows from the fact that H U is nitely generated in each
dimension. The second follows from calculation in dimension 1 and in other dimen-
sionsk > 1 from the fact that, say by the Eilenberg-Moore spectral sequence, the
cohomology suspension map HSU)! H¥ (BU) ' H¥ BU carries Q HX(SU)
isomorphically onto the group of primitive elements in H* ! BU. These group of
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primitive elements in turn restricts isomorphically to H ¥ BS?, since (dually) the
image of H BS! in H BU generates H BU as a Pontriagin ring.

Leti®: B Si! K be the natural map which gives rise toi after *-completion.
It is enough to prove that 3 i®has a right inverse. Consider the diagram

® sty pytuw i Bsitou

where is some map such that ig is adjoint to the identity map of (B S*[ pt)
(see [27] or [30, p. 412] for the construction of such a). It is clear that the three-
fold compositei® ip is equal toig, thus by (2) above that i® induces an injection
on cohomology indecomposables, and then by (1) above thaf is a homotopy
equivalence. The map gives the desired right inverse toi°

Proof of 8.5. By 8.4, 8.20, and 8.21, we can construct a commutative diagram of
spectra

1 I’z(Fo) | red | rz(Fo)
( Bs%) ! K SRo ! ( R)?

? ? ?
ir2(Fo)y y =y
( Ryrz(Fo) 1 Y f(KredRg) 1 Y R)ra(Fo)

where i is the map of 8.21. The theorem follows from applying § ({) to this
diagram and noticing (8.22) that the map § (i"2(F°)) has a right inverse.

x9. Descending to [(K™IR).

Our goal here is to extend the results inx8 to the spectrum ' (K ™®R). The fact
that the Iwasawa module M is an excellent g-module (8.2) implies (4.11) that
it is an excellent 2-module, and so by 4.17 the following generalization of 8.3 is
immediate.

9.1 Theorem. The spectrum (K ™®R) is of type M « ( °© o M; 1) or equiva-
lently of typeM ( © o M( 1);1).

The analogues of 8.4 and 8.5 look slightly dierent. Let KR denote the "-
completion of the periodic real K -theory spectrum. Recall from 6.15 that there is
a (K F)-module structure on C(K "4 R).

9.2 Theorem. Let ¢ be the exponent of the maximal nite ¢ -submodule ofA? ,

and let X be the spectrum( KR)"(F) _ ( R)r2(F), Then there are mapsuyyp :

C(K™R) X andvyp : X! C(K™R) of module spectra overl’ (K F) such that

the compositeuyp Vigp is multiplication by “©. In particular, if A% has no nite
£ -submodules therl (K ™®R) contains X as a wedge summand.

9.3 Theorem. Let *®andX be as in 8.4. Then there are mapsi}, : § K™R!

%_X and vt%p_ i xt 3 KR such that the compositw?of Vi IS multipli-
cation by "¢ with respect to the natural loop space structure on X . In particular,
if A has no nite f-submodules then } X is a retract of } KR,

The proof of these depends in part on studying the relationship between the
spectra KRy and K™IR. To begin with we will make a few remarks about
certain group actions.



40 W. DWYER AND S. MITCHELL

9.4 Splittings arising from group actions. Let G be a subgroup of , which in
practice will almost always be (. It will be very important in what follows that
G is nite and of order prime to ". Recall from x2 that the Teichmuller character
I of G is the embeddingG 9 © 7. . According to elementary representation
theory there are jGj basic idempotents i, i =0;:::;jG] 1in Z-[G], where ; is
given by the formula X

i =(156G) ! 9)9;

g2G

and any Z-[G]-module N is isomorphic to the direct sum ; N. If X is an -
complete spectrum with an action of G, then X is a module spectrum over the
ring spectrum (G )" and so elements ofZ-[G] = (G: )" give self-maps ofX . In
this situation de ne ;X to be the telescope of the sequenc¥ ! ' X! ' X .
There is a mapt; : (X! X obtained by mapping each term of the telescope
to X by ;. Because the homotopy groups of a telescope are the direct limit of
the homotopy groups of its constituents, it is clear that t; induces an isomorphism

(iX) =i X and hence that _t; : ; X! X is an equivalence. For each
elementg 2 G there is a diagram

ti

X 15X X
(9.5) ay gy L (g)y
XS xrhoox
where s; is inclusion of the rst term of the telescope, so thatsit; = ;, and ! '(g)

is multiplication by the -adic unit ! '(g) = (! (g))'. The large outer square in 9.5
commutes by the de nition of ; and the right hand square trivially commutes. It
then follows from the fact that t; is the inclusion of a wedge summand that the
left-hand square in 9.5 commutes, and thus that_s; : X! i X is an equivari-
ant equivalence, whereG acts on each ;X by multiplication by the "-adic unit
I'1(g). It is not hard to show that an equivariant map X! Y induces equivariant
maps X! i Y with the appropriate naturality properties; in particular, every
equivariant map ;X! Y fori 6 j is null homotopic.

We will denote ¢X by X and call it the \homotopy xed point set" of the
action of G on X ; note that (X©) = ( X)C.

The Galois actionof g on KR g is the action derived from the action of ¢ on
Ro by ring automorphisms.

9.6 Proposition. The Galois action of ¢ on KR induces actions of ¢ on
KRo, KRy, C(K™Ry), K Fo, and [(K Fg). With these actions there are nat-
ural homotopy equivalence®R ' (KRg) 7, KR "' (K™®Ry) *, [(K™®R)"
L(K™Rg) F, KF' (KFp) F and [(KF)' [(KFg) F.

9.7 Example. Applying (f) F to the composite

L(KE) 1™ C(KR) FC 2 L(KFy)
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from 5.4 gives both a ring spectrum mapl (K F)  [(KR) and a wedge decompo-
siton [(KR) ' C(KF) _[(K™R).

Proof of 9.6. The group ¢ acts onKR and K Fy by functoriality. The natural
map KR! KRy is equivariant with respect to the trivial action of ¢ on KR,
and the induced mapKR ' (KR) *! (KRy) * is an equivalence by a standard
argument using homotopy group calculations (9.4) and the transfer. (In brief, let
f : KR! KRy be the usual map andt : KRy KR the transfer [35, p. 103]. A
calculation shows thatf tisj gj o andthatt f is multiplication by the element
[Ro] in KoR represented by the R-module Rq. It is straightforward to see that
[Ro] di ers from [ R% ] by a nilpotent element of K R, and thus becomes invertible
in oKR becaused: = j gj is relatively prime to *. The desired result follows
easily.) For similar reasons the mapK\ H (l@ Fo) F is an equivalence. The map
KRy KFgis g-equivariant and so induces maps;KRy K Fo with bres,
say Xj. The action of g2 ¢ on iI@Ro or iK\Fo is multiplication by the "-adic
integer ! '(g), and so these maps easily lift to an action of ¢ on X;. Taking wedges
gives an action of ¢ on _;X; = KR, with respect to which (K™@Rg) * is
Xo = K™R. The equivalencel’(K™R) ' [(K"™Ry) F and the corresponding
nite eld statement follow from the fact that [ ({) (like any localization functor)
preserves nite wedges, and the fact that multiplication by an "-adic unit on a
spectrum X induces multiplication by the same unit on X (this property can be
derived from the description of ['’X in 5.10).

In order to exploit 9.6, we need a r -equivariant description of E? (red) analo-
gous to 8.17. We will gradually work our way up to giving this description in 9.10
below. The next proposition is a re nement of 8.12.

98 Lemma. ForO i de 1=# ¢ 1there are equalities

8
2 ri(F)+ra(F) 1 i=0
rankz- i(Z= Ep(red)) = S ri{(F)+ ro(F) i even,i 60 :
ra(F) i odd

Proof. Let U be the quotient of O by its torsion subgroup. By choice ofF, there

is a natural -isomorphismZ=" U = Z=" Eg(red), so we can prove the lemma
by working with U. Let X denote the set of equivalence classes under complex
conjugation of embeddings ofFg in C. (Note that there are no embeddings off¢ in
R.) The usual proof of the Dirichlet unit theorem produces a short exact sequence

a R ;U (RX*R 0

in which a is the obvious sum map. This exact sequence is g -equivariant, where
r acts on the middle group by permuting embeddings among themselves and
r acts trivially on the right-hand group. This makes it possible to use the exact
sequence to compute the character of the action of r on R 7 U, or equivalently
the character of the action of ¢ onC U oron Q- 7 U. SinceU is torsion
free, ranky i(Q- zU) =rankz-— i(Z=" U). The lemma now follows from a



42 W. DWYER AND S. MITCHELL

straightforward calculation; the important point is that the embeddings of F in C
correspond to the orbits of ¢ on X and that such an embedding is real if and
only if the isotropy subgroup of the corresponding orbit in X contains an element
of order 2.

99 Lemma. For0O i de 1=# ¢ 1there are equalities

rank . (M( 1)) = ri(F)+ ra(F) ieven

ro(F) i odd
Proof. Choose a projective resolutionR = (Ny! No) of M over 2 so that
for each idempotent j, ;R is a minimal resolution of ;M over (. Let g =

rank . N; andb =rank _ iNo. Thenrank . ;M = B &, and for reasons
discussed in the proof of 8.13 the&Z="-rank of ; ; (K™ Rg)AM - ish ifj =1 and

a if j =0. Recall from 6.4 that (K "™@Ry) is EJ(red). The long exact K -theory

sequence associated to the localization formul®o, = Og,[1="] therefore gives in
low dimensions an exact sequence of  -modules

Q Z Eo(ed) ( iL(K™Rg)= EJ(red))! Z:[Se] Ad AY o0:
By 6.4 and 3.10 there is an exact sequence ofr -modules
a AY  JL(K™®ReN Z[So} z (O O:

(Recall from x2 that Sy is the set of primes above‘_ in Rg.) If N is aZ--module
with an action of g, write rank,_. N (resp. corank,_. N) for the Z="-rank (resp.
corank) of ;N (see the proof of 8.13). Since the class groufg is nite and Z-[Sp]
is torsion-free for eachi, the rst exact sequence above gives

rank,_( 1L(K™Rg)) =rank L_.(Z-  Eo(red)) + rank L. (Z-[So]) :
The second exact sequence above gives equalities
corank,_ ( o['(K ®9Ryg)) = corank ,_. (A9)
rank,_ ( oL (K ®?Ro)) = rank 5. (A%) +rank ,_ (Z:[So]) ¢

where | is Kronecker delta. Formula 8.16 gives equalities

b =rank,_.(Z- Eg(red)) +rank L. (Z:[So]) + corank,_. (A9)
a = rank ,_.(A9) +rank L_ (Z°[So])

where we refer to the remark at the end of the proof of 8.13 for the fact that
corank_- ( 1L (KR o)) does not appear on the second line. Lemma 9.8determines
the number rank,_. (Z- Eo(red)). Since A is nite, corank L. (A3) = rank ,_. (A9).
The proof is completed by computingly  a;.

Recall(x2)that @ = ([ ] Supposethat ¢ contains anelement of order 2
(necessarily unique). Given a moduleN over g, let Ng, (resp. Nogq) denote the
submodule ofN on which t acts trivially (resp. acts by multiplication by ( 1)). If

+

r has odd order, setNey =0 and Nogg = N. Let £ =( 2)ev.
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9.10 Proposition.  There are isomorphisms of 2-modules

Hom . (EY (red); )= ( £)™  ( 2)r=(F)
EQ (red) = ( £)(F)  ( Q)ra(F)’

Proof. Given the above two lemmas, this is very similar to the proof of 8.17.

The following proposition results from identifying the action of complex conjuga-
tion on K with the action of the element of order 2 in OonK. Letf 1g
denote the subgroup of order 2.

9.11 Proposition.  The spectrumKR is the wedge summand of given by(K)f 19
(see 9.4). Consequently, if ¢ contains an element of order 2 there is an equivalence
KR'M «(° o £;0).

Proof of 9.2. By 8.7 and 7.9, € is an exponent for Ex12F (L1 ; f). Let N denote
the 2-module Hom . (EJ (red); ¢)describedin9.10. SinceN is a projective 2 -
module, it follows from 8.10 that there are 2-module mapsuag : N!' M ( 1)
and vag : M( 1)! N such that vag Uag is multiplication by “©. Applying
Mg(© o ;1) to these maps (and using 9.11 if fj is even) nishes the proof;
the module spectrum statement comes from 4.22 and 6.13

The discussion preceding 8.20 can be combined with a naturality argument to
give the following proposition.

9.12 Proposition.  The transfer construction of x8 gives a bijection
Jp (ED (red)! T [ RiC(K™R)pkp:

This bijection is 2 -equivariant, in the sense thatif 2 ¢ andx 2 E? (red), then
Ji(x)=Jd1(x) L

Remark. The action of 2 on R implicit in 9.12 is of course the one that results
from the canonical embedding 2! 0 (x4).

Proof of 9.3. We will only sketch the argument, since it is very similar to the
arguments at the end of x8. Suppose that ¢ has an element of order 2; the
other case is simpler. The map °© o M( 1) © o Hom . (E? (red); f)
obtained from 8.10 gives by 9.10 a set of maps; : ° o M( 1)! R°KR
(i=1;:::;ry(F))andasetofmapsy; : © oM( 1) R R =1;:::;r2(F)).
Letx?: © o M( 1) KOK be the composite ofx; with the summand (9.11)
inclusion K°KR  K°K. Each mapx? is equivariant with respect to the subgroup
f 1g ,where f 1gactson ° o M (" 1) trivially and on KO(R) via the natural
action on the \inner" K. Denote the mapsl (K ™®@R) K corresponding (4.15) to
x? and y; again by the symbolsx? and y;. Each mapx?: [(K™R)! K is again
equivariant with respect to f 1g, wheref 1g acts trivially on (K ™¥R) and in

the natural way on K. The mapsx®andy; are maps of module spectra ovet (K F)
by 4.22. By 9.12, each mapy; corresponds to an elementy of E{ (red), and each
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map x? to an elementa, 2 (E (red))” 9. The construction in the proof of 8.21
shows that for eacha;, say, there is a mapJ? (a;): BS!! K™ R whichisf 1g
equivariant (with respect to the trivial action of f 1g on K™ R and the complex
conjugation action of f 1g on BS!: as in 8.21 these maps t into commutative
diagrams

sl |‘]f (ai) RredR

2 2

? ?

y y

R 17 B iy redpy

Taking \homotopy xed points" (9.4) with respect to f 1g gives commutative
diagrams

( gsjl_))f 1g I (Kred R)f ;g = KredR
? ?
y y
( R)f 1g — RR | C(K red R)f 1g — C(Kred R)

There are similar mapsJ{ () : B8S!! KR, butno action of f 1gto take into

account in this case. For notational simplicity let Y = (BS2)f 19. The argument
is completed by assembling all of the maps into a diagram of spectra

ri(F) 1yr2(F) | redR | ri(F) ra(F)
(Y) _{ BsLyra(F) K‘OR ! ( KR) T(R)z
? ? ?
y y =y

( RR) () Ryz(F) 1 Y fgredry 1 " RR)(F)  ( R)r2(F)

and arguing from 8.22 that the vertical arrow on the left gains a right inverse when
the functor § ({) is applied.

x10. Homology calculations

The Lichtenbaum-Quillen conjecture for R is equivalent to the conjecture that
the natural map BGL(R)! L C(KR) is an isomorphism on H = H ({; Z=).
Since this conjecture is true for a nite eld (cf. proof of 4.18), the splitting
described in 9.7 leads to the following result.

10.1 Proposition.  If the Lichtenbaum-Quillen conjecture is true for R, then there
is an isomorphism of Hopf algebras

(10.2) H BGL(R)= H } [(K™R) H BGL(F):

Quillen computed H BGL(F) in [34]. In this section we will concentrate on
computing the other factor on the right hand side of 10.2. This gives an explicit
conjectural calculation of H BGL(R) which extends similar conjectural calculations
from [16] and [17].

10.3 The case ofRy. We will treat this case to begin with; it is a little simpler
than the general one. IfX and Y are spectra, write X - Y for the “-completion of
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X MY, Leti be either O or 1, and letN be a nitely generated Z--module which
is free ifi = 1; recall that M (N;i) is a Moore spectrum of type (N;i). De ne the
Hopf algebraH (N;i) by the formula

HN;i)=H 3 (M (N;i)~ K):

10.4 Theorem. There is an isomorphism of Hopf algebras

H LK™ Rg) = H(EJ(red);1) H(AS;0) H(Bo;0):

Remark. The homology tensor product formula in 10.4 and the corresponding for-
mula in 10.11 below do not usually re ect cartesian product decompositions of the
spaces in question.

10.5 Remark. The Hopf algebrasH (N;i) can be described very explicitly. The
algebraH (N; 1) is H (U"), where U is the in nite Unitary group and r is the Z--
rank of N (recall that we restrict to free Z--modules N in considering H (N; 1)).
For the casei = 0, write N as a sum of )" and various cyclic groupsZ="%i .
Then H (N; 0) is the tensor product of H (BU") with the algebras H (Z="i ; 0). For
any integer k, H(Z="%;0) is the cohomology of the rst delooping of the bre of
the “K'th power map BU  BU. To understand this algebra, let P (k) be the Hopf
algebra dual to (H BU)=Ily, wherely ~H BUis the ideal generated by elements of
the form x *, jxj > 0. In the notation of [33, x3], P (k) is isomorphic to the tensor
product (n-)=1 Ank 1, WhereAnx 1 is acertain polynomial algebra on generators
an; of degree 2", 0 i k. Let PYk) denote the exterior algebra which is the
\delooping" of P(k), so that PYk) is an exterior algebra on (primitive) generators

ni of degree 2" +1, where (n;’) =1 and 0 i< k. Then H(Z=%;1) =
P(k) PYKk).

10.6 Remark. There are alternate ways to present 10.4 which exploit the isomor-
phism H(N  N%i) = H(N;i) H(N%i). For example, E3(red) is isomorphic
as aZ--module to (Z-)"2(Fo)* so 1 (see the proof of 8.13), andB, is isomorphic to
(Z-)% 1. This gives

H § C(K™Rg) = H (U2Foars 1) H BU® ') H(AJ;0):

For the next two lemmas, suppose thatX is a spectrum which lies in a co bration
sequence

(10.7) R)P1C (Rya X

where C is ana b matrix with coe cients in = Z-[[T]]. Write C(0) for the
a b matrix over Z- obtained by applying to C the augmentation homomorphism
I Z-.
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10.8 Lemma. De ne Z--modulesU, and U; by the exact sequence

C(0)

a U! (Z) (z)d Uy O

Then U; = ;X,i=0,1. If C= C(0), ie, if C is itself a matrix over Z-, then

X'M (U)K T M (U0~ R:

Proof. The rst statement results from the fact that oK is isomorphic to Z- (0) as
a module over , so that C(0) gives the homomorphism oK  (KP induced by
C. The second statement is obvious.

10.9 Lemma. The Hopf algebraH } X depends only onC(0).
Proof. Applying 3 ({) to 10.7 gives a bre sequence

(10.10) F' X Buh BdBur  §x

where 1X is the nitely generated free Z--module denotedU; in Lemma 10.8. To
compute H } X we can use the Rothenberg-Steenrod spectral sequence. L&t
denote the induced map °H BU! a4 BU. The category of bicommutative
Hopf algebras is abelian, and soC is an a b matrix over the ring E of Hopf
algebra endomorphisms of HBU. However, as noted in [33, 3.9], the endomorphism
of H BU induced by a power series X7) in is just the Hopf power given by
f(0) 2 Z- E . After a suitable change of basis, then,C can be transformed
to a block matrix (D jO) whereD is ana a diagonal matrix and O denotes the
a (b a) zero matrix. The list of diagonal entries of D can be adjusted by a
further change of basis to be of the form (*+;:::; k;0;:::;0), wherer a'is
some integer, thek;'s are appropriate exponents, and there ared r) terminal
zero entries. It is then clear from [33, 3.10] that the Rothenberg-Steenrd spectral
sequence of 10.10 collapses with no Hopf algebra extensions and gives a formula
forH J X. Observe in making the calculation that, becauseF is an in nite loop
space and hence homotopy abelian, there is an isomorphism of Hopf algebras

H F=2=[1X] 2= ( "H BU):

Moreover, the action of the factorZ="[ ;X]on 2H BUis trivial, and the resulting

contribution Tor 2= 1 1X1(Z=";7Z=") to the E,-term is a primitively generated exterior

algebra onn generators in bidegree (91), wheren is the rank of ;X over Z-.
The formula for H  § X visibly depends only onC(0).

Proof of 10.4. Delooping the co bration sequence of 8.15 gives a co bration se-
quence like 10.7 forl (K "9 Ry). It then follows from a combination of 10.8 and
10.9 that there is an isomorphism of Hopf algebras

H IC(K™®Rg) = H( 1L(K™Rg);1) H( oL(K™IRg);0):
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The proof is completed by computing the indicated homotopy groups with 6.4 and
3.10.

The general case.If X andY are two spectra with an action of ¢,dene X~ _Y

to be (X *-Y) F (see 9.4), whereg2 ¢ actsonX Y by g”-g ! Leti be
either 0 or 1, and let N be a nitely generated Z-[ ¢]-module which is free as a
Z--module if i = 1. De ne the Hopf algebra H _ (N;i) by the formula

H _(N;i)=H }M(N;i)» . R):

The action of ¢ onK in this formula comes from the usual inclusion ¢ 0

10.11 Theorem. There is an isomorphism of Hopf algebras

H JC0K®R)=H ,(EJred);1) H ,(AS;0) H . (Bo;0):

Remark. By 9.4 the Hopf algebraH _ (N;i) is a tensor factor of H(N;i). These
algebras can be described very explicitly in terms of the algebrag, and A; of
[33]. Letd = gj. Then H . (Z-(m);0) is the polynomial Hopf algebra which
is the tensor product of the algebrasA, with (n;") =1 and n congruentto m
mod d. The algebraH _ (Z-(m); 1) is the exterior algebra which is the \delooping"
of H _(Z-(m);0). Finally, H _ (Z="¥(m);0) can be described in much the same
way as H(Z="%;0) is described in 10.5, but with the role of P(k) played by the
tensor product of the algebrasA,x 1 for (n; ) =1 and n congruentto m mod d.
For further details see [33].

10.12 Remark. The method of 10.6 also gives alternate formulations of 10.11. In
applying the method it is useful to observe that a short exact sequence oZ-[ ]
modules splits overZ-[ ¢] if it splits over Z-. For example, combining 9.8, the
proof of 9.9, and some elementary algebra shows that there is an isomorphism of
r -modules
Egtred) = [ ¢J{™) Z[ ] Bo:

SinceM (Z'[ rlev;1)” . Ris KR (9.11), andM (Z:[ ;)" . Ris K, the
following formula results:
H §LC(K™R)=H (U=0)1F) yra(F))
H .(Bo;1) H _(AJ;00 H _(Bo;0):

Here U=O appears because thé-completion of U=O is ] KR.

We need to set up some notation for the next two lemmas. Suppose thaX is a
spectrum which lies in a co bration sequence

(10.13) Ryr € Ry X

whereC isana b matrix with coe cients in [ Fl O Write C(0) forthe a b
matrix over Z-[ g] obtained by applying to C the augmentation homomorphism
I Z-. Letd=| gj,andlet C be thead bdmatrix over obtained from C
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by identifying [ ¢] with () ¢ via the basis consisting of group elementsC(0) is
then an ad bd matrix over Z-. For notational simplicity write Map( ¢ ;K) for
a product of copies ofK indexed by elements of ¢, and observe that this has a
conjugation action of ¢, i.e., g f(h) = gf(hg !). De ne a spectrum X by the
co bration sequence

Map( ¢;R)1S Map( ¢;R)™ X
so that X inherits an action of ¢ (see the proof of 9.6).
10.14 Lemma. Dene Z-[ g]-modulesUy and U; by the exact sequence

a Ul z[ P9 z[ e ud o
Then U; is isomorphic as aZ[ g]-module to iX,i =0, 1. If C = C(0), then
X'M (U1~ . R~ M(U;0)" | R:

Proof. Both statements are elementary calculations.
10.15 Lemma. The Hopf algebraH § X depends only onC(0).

Proof. This is very similar to the proof of 10.9. Let C denote the map °H BU

@ H BUobtained when the functor 3 ({) is applied to C. By [33, 3.9] the mapC
depends only onC(0). SinceZ-[ g]is a direct product of principal ideal domains,
the matrix C(0) and hence the mapC can be diagonalized. It follows from the
spectral sequence argument of [33, 3.10] that the ma@ determines H } X.

Proof of 10.11. Let X be the spectrum (K "®@R). By 8.3, X lies in a co bration
sequence of the form 10.13 (cf. 8.14, 8.15). It follows from the two lemmas alkie
that there is an isomorphism of Hopf algebras

H $C0K™R)=H .(1X;1) H .(oX;0):

The proof is completed by using 8.3 and 6.12 to identifyX" in this case with
C(K 9 Ry).

x11. Topological K -theory of BGL(R)

In this section we show how to use 8.3 to compute the -adic topological K -
theory groupsK BGL(R), or equivalently the groupsK ( 3 KR), at least in some
cases. The rst step is to reduce the problem to something involving the spectrum
C(KR).

11.1 Theorem. The natural map
YRR I L(KR)
induces an isomorphism onK .

This will be proved below. Since (9.7) the spectruml((KR ) is a wedge product
C(KF) _ C(K™R) in which the rst factor is completely determined (4.18) by
0 9and the second (9.1) by the Iwasawa modulé/l , Theorem 11.1 in principle
gives an approach to computingk } KR . In practice it is not necessarily easy to
carry this approach through. There is one case, though, in which Bous eld makes
this work unnecessary.
Recall the following conjecture of lwasawa.
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11.2 Conjecture. [23] The lwasawa moduleM is "-torsion free.

Remark. lwasawa proved (8.1) that M contains no nite g -submodules. This
conjecture goes further and for example rules out =" ¢ as a submodule. By
work of Ferrero and Washington [44, p. 130] the conjecture, which is sometimes
expressed in the equivalent form \ = 0", is known to be true for all abelian
extensions ofQ.

Now let X be the spectrum(*(KR ). We are interested in two ways of associating
to X an object in the category Pa of pairs of pronite ®modules. The rst
construction takes X to K X, given by

R X=HMHK%R IXi=h?© 0 Z:; O & Mi

F

and the second takesX to H (X; Z+), given by
H (X;Z:(1)= H*(P°X;Z:(1)); H'(P°X;Z:(1))

The action of °on H (P°X;Z-(1)) (i = 1, 2) is the one induced by the usual
action of %on Z-(1). The edge homomorphism in the Atiyah-Hirzebruch spectral
sequence folk X gives a homomorphism of pairs

x K1 HX:;ZQ):

(In checking this it helps to remember that the °%module Z- (1) is isomorphic to

R or equivalently to K 1(pt).) In [12, x7] Bous eld has constructed an algebraic
functor W- from a certain category of maps inPa to a category in which R Z lies
if Z is an in nite loop space. There is a natural mapW- ! K 3§ X. The
following theorem is a special case of [12, 8.3].

11.3 Theorem. Let X be the spectrunl (KR ). Suppose that lwasawa's conjecture
(11.2) is satis ed for F. Then the map

W xt R O3 X

is an isomorphism

Using this theorem requires having an algebraic description of x for X =
(KR ). We will sketch such a description and leave the veri cations to the reader.
Since X splits as [(K™¥R) _[(KF), x also splits. LetN = R 1[(K™R) =

0 o M, and let N° = Hom o(N;Z-(1)). The group R°C(K™R) is zero, so
£ (k ¢ gy @MOUNts to a map

NI HYPOL(K™R); Z- (1)) = Homz ( 1L(K™¥R);Z-(1)) = Homz (N Z- (1))

where we have computed (['(K™R) from 4.16. It is clear from a naturality
argument what this map is. Now let N = R°((KF) = © o Z-(0) and let
NO=Ext *o(N; Z-(1)). The group K *L(KF) is zero, so p (, amounts to a map

N!'  H2(P°L(KF); 2 (1) = Ext: ( 1L(KF);Z- (1)) = Ext3 (N% Z2-(1))
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where we have used that ,[ (K F) = Hom o(N; Z- (1)) is zero. Again by a naturality
argument, this map can be described as follows. Pick a nitely generated free
resolution R = (F{  Fg) of N, so that R®=Hom o(R;Z: (1)) is a (short) cochain
complex with N © as its only cohomology group. LetR%= Homz (R%Z-). By the
ordinary universal coe cient theorem there is a natural isomorphism

HoR%= Ext1 (N%Z- (1)) :

The homomorphismsF;!  Homz (Hom o(Fi;Z-(1)); Z- (1)) give a homomorphism
RIR  %of chain complexes, and the induced map HR!  HgR%is the one we
are looking for.

11.4 Examples. Rather than give a complete description of the functor W-, we
will treat a special case. Suppose thatS = ( S%; S?) is a Z=2-graded, augmented,
graded-commutative, pro nite algebra over Z- with augmentation ideal S, and that

: SIS is a continuous operation which preserves the grading. Suppose that
satis es the additivity relation

(a+ b= (@+ (b < | ab ' if jaj = jh

as well as the multiplicativity relation

(ab) = (@) (B if jaj = jo=1
(@b +a (b+ (a) (b otherwise
for homogeneous elements, b2 S of degreesjaj and jlj respectively. Assume in
addition that (1) =0 and that lim ,; a" =lim "(@)=0for a2 S. In this
case we will callS a\ -algebra”; in [12, 7.5] this is called a connectiveZ=2-graded,
“-adic -ring. An action of a pro nite group G on a -algebra S is a continuous
action of G on S, via ring automorphisms that commute with the operation of
Bous eld shows [12] that if X is a connected space with X ;Z-) =0 for i =1
and i = 2, then the Z=2-graded ring K X is in a natural way a -algebra with an
action of 9 This is in e ect an alternative way of presenting the conventional -
algebra structure onR X . For instance, to obtain ordinary Adams operations from
Bous eld's point of view, note (4.4) that the action of ©gives X for (k;*) = 1,
while " (x), for x 2 R X, is determined by the formula " (x) = x +° (x) [12, x2].
Let denote the functor from the category of -algebras to the category of
pro nite Z--modules given by (S) = S, and let T* be the left adjoint of . The
functor T~ can be understood as follows. IfA is a Z=2-graded nitely generated
free Z--module with basisfx;g, let S (A) denote the graded symmetric algebra on
A over Z-, and S (A) the |-adic completion of S:(A) with respect to the kernel
| S (A)ofthe map S (A)! Z  sendingA to 0. For eachn 1 let A" be the
n-fold cartesian power ofA and f, : A"**1 A" the map which is projection on
the rst n factors; de ne & (AN) to be lim, & (A"), where the limit is taken with
respect to ring homomorphisms induced by the maps,. The ring & (AN) is a
completion of the polynomial algebra overZ- generated by elementsx;,, n 1.
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There is a -algebra structure on S (AN) obtained by setting (Xin ) = Xin+1 and
using the identities which hold in a -algebra to extend to the rest of the ring.
Bous eld shows that there is an isomorphism of -algebras between$: (AN) and
T-(A) (in particular, up to isomorphism the -algebra structure on & (AN) does
not depend on the choice of basi$x;g). If A is aZ=2-graded pro nite Z--module
which is an inverse limit lim A of nitely generated free Z--modules, T (A) is
isomorphic to lim T (A ).

If a pro nite group G acts continuously on A, then naturality gives an induced
action of G on T (A). In particular, if A = K X for some spectrumX, then
the usual action of °on A makes T (A) into a -algebra with an action of ©.
Bous eld shows that if X is a spectrum such thatk X is “-torsion free and such
that H'(P°X:;Z:) = 0 for i =1 and i = 2, then there is a natural isomorphism
R ( §X)=T(R X)of -algebras with an action of °. This leads to the following
result.

11.5 Proposition.  (Bous eld) Suppose that X is a spectrum such thatk X is
“-torsion free. Assume that ,X is torsion, and that J X splits as a product
B X 3 (P1X). Then there is a natural isomorphism of Z=2-graded algebras

R(IX)=R (B 1X)"T(R X):

Remark. It is possible to show (cf. [12]) that the isomorphism of 11.5 respects
Adams operations and appropriate -operations. However, unlike the isomorphism
of 11.3, it does not respect completed Hopf algebra structures.

It is not hard to check that Proposition 11.5 applies if X is one of the spectra
R, C(KF), C(KF), or (if wasawa's conjecture 11.2 is satis ed) (KR ); in the
last case, for instance, the necessary splitting of 3 X is provided by the natural
map

BR )= BGLi(R) BGL(R)' I KR! PL(KR):

What remains is to give a proof of 11.1. Given the remarks in 6.4, this theorem
is a consequence of the following proposition.

11.6 Proposition. Let X be an -complete spectrum,Y = [X , and f : X! Y
the natural map. Suppose thatf induces isomorphisms | X = ;Y fori =1, 2
Then f induces an isomorphismK Y =R } X.

Proof. Recall from 4.8 that there is an equivalenceﬁ " Lu.Lk. Consider the
commutative diagram

I g
X ! LiX
2 ?
fy LKfy
Y1 o LY

where the lower arrow is an equivalence because ar{ -local spectrum isa fortiori
K -local. Let F be the bre of f. SinceX and Y are local at " (i.e., g times the
identity map is a self-equivalence ofX or of Y if (q; ") = 1), the spectra F and L« F
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are local at*. Sincelf = Ly . Lkf is an equivalence, the spectrumiy, . (L F) is
contractible, and soLk F is local away from " in the sense that™ times the identity
map is a self-equivalence oL F. It follows that Lk F is a rational spectrum. For
any spectrumZ there are isomorphismsQ ;(LkZ)=Q ;Z [8, 4.11(b)], which
in this case give isomorphisms jLxF = Q jLkF = Q ;F. In particular,
1|—K F =0.

The map ;Lkf is surjective because its composite with ;g is an isomorphism.
It is clear then that the map 3 Lxf is a map of spaces with a connected rational
bre, and so induces an isomorphism onK . To complete the proof it is only
necessary to show that } g induces an isomorphism ork . By [9, 3.2] there is a
commutative diagram

EX LT Lk(FX) " 5 (LkX)
? ?
y y

5 (P2X) ! 3 (P2LkX)

in which the compositee, e; is § g, the map e induces an isomorphism ok ,
and the square is a homotopy bre square. Here for a space or spectru@, P,Z is
the variant of the second Postnikov section ofZ with ;P,Z = ;Z forj< 2 and
2P2Z = ,Z=(tors ,Z). Since Lkf is a leftinverse for ;g,j =1, 2, it follows
from the above that ;L X isisomorphicto ;X andthat ,Lk X isisomorphic to
2oX D, whereD, as a quotient of the rational vector space ,LkF, is a divisible
abelian group. Let D be the rational vector space obtained by dividingD by its
torsion subgroup. Then there are isomorphisms
8 :
2 1§ (P2X) j=1
i o (PolkX) = o 28(PX) D j=2:
Cj §(PX)=0 j>2
From this it is easy to see that the bre of the map e, is a connected rational space,
and soe, induces an isomorphism on mod homology and consequently ork .
x12. Examples

We will give ve examples to illustrate what the theory of the previous sections
looks like in special cases. As irx8, let L; denote lim, OC(K ®dR,). In working
out these examples it is useful to keep in mind that there is a short exact sequence
of 2-modules (8.7)

a A Ly;! B! O:

Combining 8.10, 9.10, and 7.9 gives another exact sequence of -modules
a Ext' (Li; g} M( 1)

12.1 :
(2 Lo e Ext® (AY e) O

in which by 7.7 the group Ext2F (A? ; F) vanishes as long asA9 has no nite
r -submodules. The ¢-module structure on these Ext groups is described in 7.6
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and 8.11; there is also an explicit calculation in 7.12. Keep in mind the standard
idempotents ; 2 Z-[ ], 1 =0;:::;" 2 from 9.4; these are useful in splitting
A? or M into simpler pieces. We sometimes use a topological generator2 ¢ to
identify ¢ with Z-[[T]] (x7), and in this case we letcy denotec( ) 2 Z. .

In the rst three examples ¢ = and g = . In all ve cases the lwa-
sawa moduleM is -torsion free, and so 11.1 and 11.3 give explicit formulas for
R 3 (KR)=R BGL(R) (cf. 11.4).

12.2 Example. Suppose thatF = Q and that " is an odd prime for which Vandiver's
conjecture is true [44, p. 78]. There is only one prime above in F, (n 1) and
this prime is principal, so the groups B, are trivial and A% = A,. Recall that !
is the Teichmuller character (x2). The groups ;A$ vanish for i even (this is the
Vandiver conjecture itself) and, for i odd, ;A is a cyclic group of order” i, where
" 1 is the exact power of " dividing the generalized Bernoulli number By, i [44,
10.15]. From 10.12 we read o

H PC0(K®R)=H U=O ( iH ,(Z=(i);0))

wherei in the tensor product ranges over odd integers between 0 and ( 2). The
summand ;A9 is zero fori even and isomorphic fori odd to the cyclic -module
=(fi(T)), where f;(T) 2 satises fij(§ 1)=L-(s;!* "), L being the -adic L-
function [44, p. 199]. The Iwasawa conjecture is true in this case [447.5], SO none
of the power seriesf; are divisible by * and A? is Z--torsion free. From 12.1 there
is a direct sum decompositionM ( 1) = £ N in which for i even {N vanishes
and fori odd ;N is isomorphic to =(gi(T)) with g(T)=f- 1 i(L+ T) 1 1).
It follows that C(KR) is equivalent to KR _ (_i oaa Ci), Where C; is the co bre of
the self-map of ;K represented byg;(T). We also conclude that (U=O)" is a retract

of BGL(R).

12.3 Example. Let F be an imaginary quadratic extension ofQ, and ~ an odd prime
that satis es the two conditions
(1) Ap=0, and
(2) " splits as a product  in Og, and is not an 'th power in the completion
of F at

One example for =5is F = Q[p ~ 1]. The lwasawa theory of such elds is studied
by Gold[20]. One nds that A% =0 for all n, although A, 6 0 for n 1. Thus
A? =0, and since the primes over" are totally ramied in F; =F, s; = 2 and
By = Z:(0). From 12.1 there is a direct sum decompositorM ( 1)= 2 Z-(0).
SinceM ¢ ( ° 0 Z:(0);1)" (K F) (4.18), this gives a wedge decomposition

C(KR)' R_ C(KF) _L((KF):

We also have that O is a retract of BGL(R). From 10.12 there is an isomorphism
of Hopf algebras

H §C0(KR)=H@U) H _(Z(0;0) H ,(Z(0);1):
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12.4 Example. Let F = Q[IO 257] and” = 3. This case has been studied by Green-
berg [21]. Heres; =1 and for each n the unique prime above™ in F, is principal,
sothatB; =0and A, = Al forall n. Thegroup f isZ=2,andifNisaz-[ r]-
module we write ¢N = N* and ;N = N . Itis known that Aj = Z="= A,.
Hence from 10.12 we can read o

H 5 CK™R)=H (U=0) H .(Ag;0)=H (U=0) H(Z="0)

where the isomorphismH _ (Ap;0) = H _(Z=[ ¢];0) = H(Z=";0) is a form of
Shapiro's lemma. Greenberg shows that there are isomorphisms

A, = Ext'( =T 27);)(1)

P =22
for some "-adic unit u. It follows from 12.1 that M * is isomorphic as a module
over = ¢ to =T 27u)andthat M is asubmodule of index 3 in 2. Given
this it is easy to show that M is isomorphic to | , wherel is the maximal

ideal of . In particular, the quotient M of M by its -torsion submodule is not
a free -module. We have

C(K®Ry)=Mk(°® M; 1)=R_w_WwW°

whereW isthe breof (;T): L(K_R) K andW?is the bre of the self-map
(T 27u) of 1R. A similar decomposition for [(K "9 R) results from taking
homotopy xed points (9.6) of .

12.5 Example. Let ~ be an odd prime andF the maximal real sub eld of Q( -).
Here ¢ = Z=2. In order to make this example explicit we will assume that"
satis es not only Vandiver's conjecture but also the hypotheses of [44, 10.17] (these
hypotheses hold for’ < 4 1(P). As in 12.2, for eachn there is one prime above
" in F, and this prime is principal, so that s; =1, B; =0, and A, = A?, for

1 n 1 .If kisan -adic integer let -(k) denote the exponent of the largest
power of ~ that divides k. Washington [44, 10.17] shows that fori even the group
iA1 Is zero, and fori odd jA; is either zero or isomorphic to =(T i) where

i is some -adic integer with -( ) = 1. Let iy;:::;iq denote the set ofi such
that {A; 6 0. From 10.12 we read o an isomorphism of Hopf algebras

H 3 0K™R)=H (U=0)" %) H (z=(2);0)

By 12.1 there is a direct sum decomposition

M( D=(e)b Y2 g, (T) =(gi,(T))
with g, (T)=(1+ T) 11 i, - This gives a wedge decomposition
C(K™R)' (RR)C D=2_C;_:::_Cq4

where C; is the co bre of the self-map of KR given by g, . The space (U=0)( =2
is a retract of BGL(R).
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12.6 Example. Choose the same as in 12.5, but instead work with the maximal real
subeld F of Q[ ‘m+1 ]. Again g = Z=2. The modulesA; and M are abstractly
the same as in 12.5but are now considered modules ovef = Z-[ ¢] ¢, where

£ =Z[Tml] Z[T]l= and Tm =@+ T)" 1. Choosei 2 fiq;::: 110
As a module over ¢, the summand =(T i) of Ap isisomorphicto ¢=(Tn
i), where ; = (1 + ;)" 1 andin particular -( i) = m+1. We obtain an

isomorphism of algebras
H C(K™R)=H (U=0)"F) H (Z=""(1);0)
with ry(F)= ""( 1)=2, and a wedge decomposition

C(K™eR)" (RR)*F) _cf_ :::_C?

where C is the co bre of the self-map of KR givenby (1+Tm) * 1 . The
space (U=0)":(F) is a retract of BGL(R).

x13. Local Fields

In this section we sketch how to extend the theory of the previous sections to
“-adic local elds. Let F = E be a nite extension of Q-; up to isomorphism, we
can considerF a sub eld of C. Most of the notation from x2 carries though toF,
e.g0.,F1 = F( ‘1), O, is the integral closure ofZ- in F, etc. Note that R, = F,
(becauseOk, is a local ring) and the class groupsA, and A% are trivial. For each n
the module B, is Z-, and B; is Z-(0) [39, Il 5.2]. The Iwasawa moduleM is the
Galois group of the maximal abelian’-extension ofF; .

There are no residue elds quali ed to play the role of F = R=P (x2), but there
are substitutes for them. By Dirichlet's theorem it is possible to choose a rational
prime p which is a topological generator ofcc( ) Z.. Let F = F ; denote
the nite eld of order pand F, (n Q) its extension eld of degreed™ ", where
as usuald = dr =) gj. Let F be the algebraic closure ofF and g an element of
Gal(F=F) such that the imageg®of gin 2 = Gal(F; =F) hasce (g% = p. We will
letg 1=gand, forn 0,g,=g"".

Let F, denote the homotopy bre of the self-map of (K F) given by (id g,).
Since the eld F, is xed by g, there is a natural map [(KF . F , of spectra.
For n 0, denote by S, the subring Z[1="; (F,)] of F,. Recall that Theorem 5.4
describes certain ring spectrum maps, : C(KF,)  [(KS,).

13.1 Proposition.  For eachn 1 the composite map
C(KF) ™ C(KSy)!  CKFXF
is a homotopy equivalence.

Proof. By [42], the map KF! K C induces a homotopy equivalence’ (K F) °
(K C)' K. The result then follows relatively easily from 5.6 and 4.18.

We can now de ne K™F, to be the homotopy bre of the map KF,!
P F, ' KF, (see the proof of 4.18). The results o&5 and x6 go through with
the appropriate minor change to 5.4(1), and in particular we obtain 1.8 together
with a splitting C(KF) ' C(K™F)_ C(KF).

It is interesting to use the techniques ofx8 and x9 to compute the lwasawa
module M . Let r be the degree ofF over Q-.
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13.2 Proposition.  There is an isomorphismM = Z-(1) ( 2)".

Proof. This is in three steps. Let Eq(red) be the kernel of the map

Op =

0

1K OFo! 1KF ¢ 1Fo:
The rststepistoshowthatforO i (de 1) there are equalities
rankz-: (Z=" Eg(red)) = r:

By choice of Fg, Z=" Eg(red) is isomorphic as a g-module to Z=" U, where
U is the quotient of O by its torsion subgroup. However, the "-adic logarithm
[44, x5.1] shows thatU is isomorphic as a g-module to the additive group Ok,,
so that there are equalities

rankz= i(Z=" U)=rankz jU=rankg i(Q O g)=17r

for eachi between 0 and (l 1), where the last equality comes from the normal
basis theorem. The second step is to show that for 0 i (dr 1) there are
equalities

rank . M( 1)=r:

This follows immediately from the arguments in the proof of 9.9, since there are
isomorphisms (6.4, 3.10) of r-modules

1L(K™Fo) = E§(red) = Z-(0) Eo(red)
oL (K™ Fo) = H2 (Fo;Z(1)) = Bo= Z:(0)

Finally, using the argument of 8.17 we calculate that Hom _ (E{ (red); ¢) is iso-
morphic over 2 to ( 2)9, and obtain the desired formula from 8.10.

This immediately gives
13.3 Theorem. There are wedge decompositions

C(K™IF) ( R)' _ [(KF)
CKF)' ( R)'_ C(KF)_L(KF)

The method of x9 extends immediately to give an unstable splitting theorem.

13.4 Theorem. The space(0)" is a retract of BGL(F).

The homology of § C(K ™ F) is easy to read o from x10. SinceM is *-torsion
free, 11.1 and 11.3 give a formula foR } (KF )= K BGL(F) (see 11.4).
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