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§1. INTRODUCTION

Suppose that F' is a number field (i.e. a finite algebraic extension of the field
Q of rational numbers) and that O is the ring of algebraic integers in F. One of
the most fascinating and apparently difficult problems in algebraic K-theory is to
compute the groups K;Op. These groups were shown to be finitely generated by
Quillen [36] and their ranks were calculated by Borel [7]. Lichtenbaum and Quillen
have formulated a very explicit conjecture about what the groups should be [37].
Nevertheless, there is not a single number field F' for which K;OF is known for any
t > 5. For most fields F', these groups are unknown for ¢ > 3.

The groups K;Op are the homotopy groups of a spectrum KOp (“spectrum” in
the sense of algebraic topology [1]). In this paper, rather than concentrating on the
individual groups K;Op, we study the entire spectrum KOp from the viewpoint
of stable homotopy theory. For technical reasons, it is actually more convenient
to single out a rational prime number ¢ and study instead the spectrum KRp,
where Rp = Op[1/{] is the ring of algebraic f-integers in F'. “At ¢”, that is, after
localizing or completing at ¢, the spectra KOp and K Rp are almost the same (cf.
[34] and [35, p. 113]).

The main results. We will begin by describing the two basic results in this paper.
Assume that ¢ is an odd prime. If X is a space or spectrum, let X or X" denote
its ¢-adic completion (for spaces see [13] and for spectra [8, 2.5]). If the homotopy
groups of X are finitely generated (and X is simple if X is a space) then there
are isomorphisms ;X =~ Z, ® m; X, where Z, is the ring of /-adic integers. Let K
denote the topological complex K-theory spectrum and K* the cohomology theory
determined by its completion l@, so that (by definition) for a spectrum X and
integer 1, I@’(X ) is the abelian group of homotopy classes of maps from X to the
i-fold suspension of K.

1.1 Topological K-theory of K Rr. We compute I@*(KRF), the f-adic complex K-
theory of K Rp, as a module over the ring of operations in K*. What emerges is a
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startling formula for K*(K Rr) in terms of classical number theoretic invariants of
the ring Rp (1.7).

Associated to the cohomology theory K* is a Bousfield localization functor L
(see §4). This is a functor on the category of spectra that assigns to each X a
spectrum L(X) which, in a certain natural sense [8], captures the fragment of X
visible to K*.

1.2 K-localization of KRp. Starting from the cohomology calculation 1.1, we give
an explicit determination of L(K Rp).

Explanation of the results. The reader may wonder why, aside from the alpha-
betical coincidence, we would choose to apply functors associated with topological
K-theory (e.g., K*, ﬁ) to an algebraic K-theory spectrum. One reason is that we
come up with an unexpectedly simple and interesting formula. Another is that
the Lichtenbaum-Quillen conjecture (1.4), in one of its many interpretations, states
that the K*-localization map KRp — fL(K Rp) should be close to an equivalence.
In other words, when we compute E(K Rp) we are, if the Lichtenbaum-Quillen
conjecture is true, essentially computing the algebraic K-theory spectrum KRp
itself.

The spectrum fL(K Rp) is woven out of topological K-theory according to a
pattern provided by R in the same general way as Quillen’s spectrum “FW¥?” is
woven according to a pattern provided by the Galois theory of a finite field [34].
What comes out is more complicated than F'W? because R is arithmetically more
complicated than a finite field. One thing that we do in this paper is to identify
exactly how the classical arithmetic invariants of R govern the construction of an
analogue (for R) of what Quillen constructed by hand in the finite-field case.

Some further consequences. There are a number of additional results we ob-
tain as consequences of the ones above. If X is a spectrum, let (25°X denote the
basepoint component of the zero’th space in the corresponding {2-spectrum.

1.3 Calculation of K BGL(Rp). The localization map K Rp — fL(KRF) induces
an isomorphism on K*, and it follows from arguments of Bousfield [9] that the
induced map QF°(KRr) — Q¥ L(KRyr) of spaces also induces an isomorphism on
K*. There is a natural map BGL(Ryp) — Q°(K Ry) which induces an isomorphism
on mod ¢ cohomology and therefore also on K*. This implies that the composite
map

K*BGL(Rp) — K*QP(KRp) — K*Q° L(KRp)

is an isomorphism. The groups on the far right here can in principle be calculated
from 1.2. In some cases we can carry out this calculation (with the help of [12])
and end up with an explicit formula for £* BGL(RF).

If S is a ring let K S denote the {-completion of the spectrum KS.

1.4 Conjectural determination of KRp. The Lichtenbaum-Quillen conjecture for
KOp amounts (1.11) to the conjecture that the localization map

KRy — L(KRp) ~ L(KRp)
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is an equivalence on 0-connective covers (i.e., gives an isomorphism on homotopy
groups in dimensions > 1). In this way, taking the 0-connective cover of the com-
putation in 1.2 gives an explicit conjectural formula for the O-connective cover
of KRp. (The only thing lost in passing from KRp to its 0-connective cover is
mo(KRp) = Z; ® KoRp.) In some cases we are able to show that a factor of
Q3 (LK Ry) related to the Borel classes [7] is a retract of Q3° (K Rp); this could be
taken as evidence for the Lichtenbaum-Quillen conjecture.

If X is a space or a spectrum, let H*(X) denote H*(X;Z/¢).

1.5 Conjectural calculation of H* BGL(Rp). As in 1.3, there is a natural map
BGL(Rp) — Q&° K Ry which gives an isomorphism H* Q3° (K Rp) =2 H* BGL(Rp).
With the help of 1.2 we are able to calculate H* Q¢° L(K Ry ). Since H* Q°L(KRp)
is isomorphic to H* Q5° (K Rp) if the Lichtenbaum-Quillen conjecture is true, this
gives an explicit conjectural formula for H* BGL(Rp).

1.6 Harmonic localization of KRp. Let K(i) denote the i’th Morava K-theory [38]
with respect to the prime ¢. The harmonic approach to stable homotopy theory
suggests studying the localizations L, (K Rp), where L, is Bousfield localization
(§4) with respect to the wedge VI (K(i), 0 < n < oo. The spectrum Lo(KRp)
is just the rationalization of K Rr and is completely determined by its rational
homotopy groups, which were computed by Borel [7]. The spectrum L, (K Rp) lies
in a homotopy fibre square

l l

A

Lo(KRp) —2— LoL(KRp)

in which the two spaces on the right are known by 1.2. It follows from [31] that
K(n).K Rp vanishes for n > 2, which implies that L, (K Rr) = L1(KRp) for n > 2.
Up to determining the map b in the above fibre square, then, we have completed
the harmonic analysis of K Rp.

There are results analogous to 1.1-1.6 if Rp is replaced by an f-adic local field.

As mentioned above, we assume throughout the paper that £ is odd. If / = 2 and
V/—1 € F, the results (except for the homological calculations in §10) hold with at
worst notational changes that will be left to the reader. However, for a general F
and ¢ = 2, our methods break down at several points, principally because the ring
Rp can have infinite mod 2 étale cohomological dimension. See [16] for a way to
deal with this in some particular cases.

More details. To state our basic results (1.1, 1.2) in more detail we need some
notation. On the algebraic side, let F, be the cyclotomic extension of F' obtained
by adjoining all /-power roots of unity. Let I, denote the Galois group of F, over
F and A’ the completed group ring Z,[[I'z]] (see §2). The Iwasawa module Mg is
the Galois group of the maximal abelian /-extension of Fi, that is unramified away
from /; it is a profinite A%z-module. Since I, acts faithfully on the multiplicative
group g of ¢-power roots of unity, there is a canonical monomorphism cg : I'y, —
Aut(p) =2
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On the topological side, let A’ = K°K be the ring of degree 0 operations in K* and
I" ¢ (K°K)* the group of self-equivalences of K which preserve the ring spectrum
structure (I is the group under composition of ¢-adic Adams operations). There
is an isomorphism A’ 2 Z[[I"]]. The action of IV on mK = Z, gives a canonical
isomorphism ¢ : I 2 Aut(Z,) = Z;, and so the composite homomorphism (¢) ™t cp
provides canonical embeddings I', C IV and A% C A’. Note that the cohomology

theory K* is periodic of period 2.

1.7 Theorem. For any number field F' there are isomorphisms

K_lKRF >~ A’ QAL Mg
K'KRp = N @x,, Z

of modules over the ring A’ of degree 0 operations in K*. The spectrum I:(KRF)
is uniquely determined up to homotopy by K*(KRp).

In the second formula of 1.7, the ring A’ acts on Z; by the augmentation map
Z4[[T%]] — Zg, so that KK Rp is actually isomorphic to Z[I”/T’]. The last
assertion of the theorem follows ultimately from a splitting result (9.7) and the fact
that Mp is known to have projective dimension at most one as a Az-module. It is
sometimes possible to give an explicit realization of L(K Rr) as the fibre of a map
between finite wedges of copies of suspensions of retracts of K.

The result analogous to 1.7 for local fields runs as follows. If E is an ¢-adic local
field, i.e., a finite extension of the field Qy of /-adic numbers, define E, I'y, Al as
before, and, also as before, let Mg denote the Galois group over E, of the maximal
abelian /-extension of E.,. Then

1.8 Theorem. For any (-adic local field E there are isomorphisms

K'KE = N ®,, Mg
K'KE = A/ QAL Zy

of modules over the ring A’ of degree 0 operations in K*. The spectrum I:(KE) s
uniquely determined up to homotopy by K*(KE).

Remark. Theorem 1.8 can be made very concrete, in the sense that the “Iwasawa
module” Mg (and hence the localization L(K E)) can be described entirely in terms
of the degrees of certain field extensions (13.3). There is no simple general expres-
sion like this for the Iwasawa module Mg of a number field F'.

1.9 Motivation. We will now describe a point of view from which the formulas in
1.7 are almost obvious, although making this point of view precise would involve
technicalities we do not want to treat here. If X is a space let X, denote the
unreduced suspension spectrum of X. If U and V are spectra, let Map(U, V)
denote the spectrum of maps between them, so that in particular

A . A

K'(U) =m_;Map(U,K).
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If X is a finite CW-complex, a straightforward argument with Spanier-Whitehead
duality shows that there are natural isomorphisms

K Map(X,K) = m_;(X, AMap(K, K)).

Note here that Map(/@, I@) is a K-module spectrum whose even homotopy groups
are isomorphic to A’ and whose odd homotopy groups are zero. More generally,
suppose that X is connected, let 0 : m; X — IV C (A’)* be a homomorphism with
image G, let X% be the cover of X corresponding to the kernel of #, and define the
f-twisted K-theory Kj(X) of X by

Ki(X) =m_; MapG(Xff_,lC) .

Here the mapping spectrum on the right is an equivariant one; in order to define
it easily the action of IV on K must be given rigidly and not just up to homotopy.
An equivariant duality argument gives the formula

K Mapg(X?,K) = n_;(X? Ag Map(K, K)).

Now let F' be a number field and X the étale homotopy type Xst(Rp) of Rp [19];
by definition X is a connected pro-space whose fundamental group is the Galois
group over F' of the maximal extension of F' which is unramified away from ¢. It
turns out (3.1) that the pro-space X has the mod ¢ cohomological properties of a
2-dimensional CW-complex. The action of 71 X on e gives a homomorphism

0:mX »TrcTl’

and it is more or less clear from Thomason’s étale descent spectral sequence [43]
that there should be natural isomorphisms

mL(KRp) = Kj(X) 2 m Mapp, (X9,K).
As above, then
K'L(KRp) = K' Mapp, (X{,K)
~ 7_;i(X% Ar, Map(K,K)) .

To calculate this it is necessary to know something about X?, a pro-space which
is X¢t(Rp,_ ) for the ring Rp_ of algebraic f-integers in F,. To begin with,
H;(X?%7Z;) = 0 for i > 2, essentially because X has mod ¢ (co-)homological di-
mension at most 2 and X? is tantamount to an infinite cyclic cover of X. The
pro-space X is connected and so Ho(X?,Z,) = Z,. Finally, almost by definition
Hi (X% Zy) = Mp, since X% = X¢(Rr..) and Mp is the Galois group of the maxi-
mal abelian /-extension of F,, which is unramified away from ¢. It follows that X ﬂ
is an unreduced Moore spectrum of type (Mp,1). With a little technical good will,
the calculation

A/®A’FMF 1=1

0 C ) o
m (X Ary Map( 0 = {0
F
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is immediate.

1.10 Method of Proof. Our technique for proving 1.7 is to start with Thomason’s
spectral sequence for 7, L(K Rr) and work backwards to K*(KRp). What makes
this unlikely project successful is the fact (5.2) that some spectra which arise are
module spectra over K. For such module spectra X there is a very close relationship
between m, X and K*X (see the proof of 6.11). We conjecture (8.6) that related
module spectrum structures exist on unlocalized algebraic K-theory spectra.

The tools we use involve basic étale cohomology theory (§3), Thomason’s spectral
sequence (6.1), and a theorem of Iwasawa (8.1). In working out the consequences of
1.7 we develop additional parts of Iwasawa theory (8.10, 12.1). This paper could not
have been written without the benefit of Bousfield’s extensive work on topological
K-theory.

1.11 Relationship to étale K-theory. Let KRy denote the étale K-theory spec-
trum of Ry constructed in [15]. By comparing the spectral sequence of [15, 5.2] with
Thomason’s spectral sequence, it is possible to show that the map KRp — I:(K Rp)
is equivalent to the map KRr — K®Rp of [15], at least after passing to 0-
connective covers [43, 4.11]. Thus the present paper can be interpreted as giving
a calculation both of K*(K*Rp) (cf. 4.9) and of the homotopy type of the 0-
connective cover of K* Rp. This generalizes results of [16] and [17] which describe
the space QP K R for some special fields F'.

The remark in [15, 8.8] is the basis for the statement that the Lichtenbaum-
Quillen conjecture is true for Rp if and only if the map KRp — L(KRp) is an
equivalence on O-connective covers.

1.12 Organization of the paper. The first four sections are preparatory. Section 2
establishes number-theoretic notation, and §3 contains a discussion of étale coho-
mology. Section 4 sketches Bousfield’s theory of K*-localization and derives some
properties of K*-local spectra. In §5 there is a construction of the key module
spectrum structures mentioned in 1.10. Section 6 has a proof of Theorem 1.7 and
a description of the functoriality properties of the isomorphisms this theorem pro-
vides. In §7 we derive some homological properties of modules over the Iwasawa
algebra, and then use these properties in §8 and §9 to study the wedge summand
L(K™Rp) of L(KRp) (see 9.7) and to show that in some situations wedge fac-
tors of L(K™Rp) give cartesian factors of BGL(R)". Our conjectural formula for
H* BGL(Ry) is in §10 and our (non-conjectural) calculations of K* BGL(Rp) are
in §11. Finally, §12 works out explicit examples of the theory for particular fields
F'; and §13 sketches the extension to /-adic local fields.

1.13 Notation and terminology. In general we will used K for topological variants
of K-theory and K for algebraic K-theory. Our algebraic notation is described
in §2; note also the definition of reduced K-theory spectra K™4Rp and K™ Rp
in 2.1. We assume that all spectra in this paper have been localized at ¢ (4.2).
Except in special cases all maps between spectra are in the homotopy category, so
that diagrams of spectra commute up to homotopy, groups act on spectra up to
homotopy, etc. If X is a space, then X, is the unreduced suspension spectrum
of X. If G is a (topological) group, then BG is the ¢-completion of BG and EG+ the
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¢-completion of the unreduced suspension spectrum of BG. For a spectrum X, P*X
is the k-connective cover of X, so that m; P*X is zero for i < k and there is a map
P*X — X inducing isomorphisms m; P* X = m; X for i > k. For an abelian group N
and integer k, M(N, k) is a Moore spectrum of type (N, k), so that H;(M (N, k); Z)
is N if i = k and 0 otherwise. The symbol M denotes M (Z/¢*, 0). Topological
K-theory Moore spectra Myc(N, k) are defined for suitable N in 4.17. Unless
otherwise indicated, homology and cohomology groups have coefficients Z//.

Acknowledgments. The second author would like to thank Ralph Greenberg for
many enlightening discussions of Iwasawa theory, and in particular for pointing out
some of the examples in §12. He would also like to thank Barry Mazur for some
helpful remarks. The authors are grateful to an anonymous correspondent for a
vigorous critique of an earlier draft.

§2. NUMBER FIELDS AND RINGS OF INTEGERS

In this section we will describe the notation we use for various objects associated
to a number field.

Let F be a fixed algebraic number field, in other words, a finite extension field of
Q. For concreteness, we will assume that F' is contained in the field C of complex
numbers. Recall from §1 that ¢ is a fixed odd prime. Let Fy = F'(ue), where in
general pup C C* is the multiplicative group of £¥’th roots of unity, let d = dp be
the degree of Fyy over F, and let a = ap denote the maximal value of v such that
per C Fo. If Foo = Fo(pe), then Foo = J,,5¢ Fn, where F,, = Fy(ppa+n) and F,
is a cyclic Galois extension of degree /" over Fy. For notational purposes it will
sometimes be convenient to refer to F' as F_;. Let I'; denote the Galois group
Gal(F/F), T'p the group Gal(Fx/Fp), and Ap the quotient group I'/T'p =
Gal(Fy/F). We let Ap denote the completed group ring Z,[[I'r]]; this is defined
to be the inverse limit over n of the rings Z,[I',,], where I',, = Gal(F,,/Fy). The
symbol A% will denote the slightly larger but similarly defined ring Z,[[I'z]]. The
Iwasawa module M = My is the Galois group of the maximal abelian /-extension
of Fi, which is unramified away from ¢ [44, §13.5]; there is a natural action of I'}
on M which makes M into a profinite module over A% [25, p. 145].

The action of ', on py defines a canonical embedding cp : Iy — Aut(pp=) =
Z; which restricts to an isomorphism between I'p and the multiplicative group of
(-adic units congruent to 1 mod ¢¢. It follows that I'x is abstractly isomorphic to
the topologically cyclic group Z,. The quotient group Ag of I'. acts faithfully on
we and so has order dividing the order of Aut(us), which is (¢ — 1). In particular
(|Afr|, ) =1, so the extension

{1} = Tp =Ty — Ap — {1}

splits uniquely, and cp restricts to a canonical embedding w : Ap C Iy — Z/,
called the “Teichmuller character”. The group I'%; is also topologically cyclic, and
v will denote a chosen generator. Let Zy(m) be the abelian group Z, with the
I'--action for which g € Iz acts by multiplication by c¢p(g)™. If N is a Z;-module
with an action of I}, the m-fold Tate twist N (m) is the tensor product Z;(m)®z, N
with the diagonal I'-action.
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Let R, (—1 < n < oo) denote the ring of algebraic {-integers in F),, that is,
R, = Op,[1/{], where Op, is the ring of algebraic integers in F,,. The (-torsion
subgroup of the class group of Op, is denoted A,,, the ¢-completion of the unit
group of Op, is denote E,, and the corresponding groups for R,, are denoted A/,
and E/, respectively. Let S,, denote the set of primes over ¢ in R,, and s, = |S,,]|
its cardinality. The primes of R_; over ¢ are eventually totally ramified in the
cyclotomic tower (cf. [44, 13.3]), so s, eventually stabilizes to a finite value so, = s,
n >> 0. Define B,, to be Hom(Z/¢>°,Br(R,,)), where Br(R,,) is the Brauer group;
as a module over Iz, B,, is just the reduced permutation module B,, = ker(e :
Z¢|Sn] — Z¢), where € is the natural augmentation. The number 7 (F},) is the
number of embeddings of F' in R, and r9(F},)) the number of complex conjugate
pairs of non-real embeddings of F,, in C (note that ri(F,,) = 0 unless n = —1).
Finally, Ao = lim, A,,, A, = lim, A}, E/_ = lim,, FE/, and B = lim,, B,,, where
the inverse limits are taken with respect to the norm or transfer maps. These
inverse limits are all profinite A’z-modules, and in the case of B, the inverse system
stabilizes, so that B, = B, n >> 0.

Symbols without subscripts (A’, E’, etc.) stand for the corresponding objects
associated to F' = F_1; in particular, R is the ring of algebraic ¢-integers in F'.

Fix once and for all a prime P of R such that P remains prime in R,, for all n > 0.
This property of P is equivalent to the condition that the number ¢ = |R/P| be
a topological generator of cp(I'y) C Z,. An infinite number of such primes exist
by the Cebotarev density theorem. Let F = R/P, F, = R,,/P and F, = R /P,
where R, = U,R, is the ring of algebraic f-integers in F,,. The choice of P
implies that Gal(F/F) is isomorphic to I'z. It also implies the natural maps
K;R, — K, are split epimorphisms for all ¢ > 0 and n > —1 (see [22], [18], or
the proof of 5.8).

2.1 Definition. The reduced K-theory spectrum of R,,, denoted K™I4R,,, is the
homotopy fibre of the map KR, — KT, induced by the ring homomorphism
R, — F,. The spectrum K red R is the f-completion of K™ R,,. The reduced unit
group E, (red) is the kernel of the reduction map E,, — (F,X)", and E/,(red) is the
kernel of the reduction map E;, — (FX)". The A’z-modules E (red) and E’_(red)
are defined respectively as lim,, E,(red) and lim,, E/ (red), where the limits are
taken with respect to norm maps.

Note that there are isomorphisms m K™0p = E,(red) and m K™IR, =
E! (red). By 9.7 there is a splitting L(KR,) ~ L(KF,)V L(K*™R,), and we
conjecture (8.6) that there is such a splitting of KR,,.

§3. ETALE COHOMOLOGY

In this section we recall some facts from étale cohomology theory and draw some
consequences (3.5, 3.8) which we will need later on. Etale cohomology theory plays
a role in the paper because of Thomason’s theorem (6.1), which gives a relationship
between W*f/(K R) and étale cohomology groups.

The part of étale cohomology theory which we will use has a strong topological
flavor. Associated to any commutative noetherian ring S is an étale topological

type Xet(S) [19, 4.4], which is a pro-space, i.e., an inverse system in the category of
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spaces. The fundamental group 71 X (.S) is ordinarily a profinite group [19, 7.3] (we
are suppressing here the need to choose a basepoint). If S is a field then m; X¢(.5)
is the Galois group over S of the separable closure of S, while if S is the ring of
(-integers in a number field E, then 7 X (S) is the Galois group over E of the
maximal extension of E which is unramified away from ¢ [19, 5.6]. The assignment
S +— X¢t () is contravariant and can be thought of as a topological enrichment of
Galois theory, in that it associates to S a pro-space whose fundamental group is
typically a Galois group.

If S = Ror S =T (or more generally if 1/¢ € S) then adjoining an ¢-primary root
of unity gives an étale extension of S [14, p. 21]. This implies that there is a natural
map 71 Xt (S) — Aut(pe=) =2 I7, so that a I"-module such as Z/¢*(m) = Z/(* @
Zy(m) gives a local coefficient system [15, §5] [19, §5] on X¢;(S). The local coefficient
cohomology groups H*(X¢(S); Z/£*(m)) are the basic objects we are interested in;
these can be identified with the étale cohomology groups H, (S;Z/¢*(m)) of S [19,
5.9, 2.4]. For a field S, étale cohomology agrees with Galois cohomology [14, p. 24].
We need three main properties of these groups.

3.1 Theorem. [5] [39, 3.3, §5] [40, IIL.1] Suppose that N is a finite {-torsion I''-
module. If S is a local field or the ring of £-integers in a number field, the group
Hét(S; N) vanishes for i > 3 and is finite otherwise. If S is a finite field F, the
group H%, (S; N) vanishes for i > 2 and is finite otherwise.

We will use the following theorem only for field extensions and for the ring
extensions R,,/R,, m > n.

3.2 Theorem. Suppose that 1/¢ €S, and that S’/S 18 a finite Galois extension of
rings with group G = Gal(S/S). Then there is a natural action of G on the groups
HZ, (S,Z/¢%(m)) and a first quadrant spectral sequence of cohomological type

Ey? = H(G;HL (S, 2/¢8(m)) = Hg (S, 2/¢"(m)) .
Proof. This amounts to the local coefficient Serre spectral sequence of the fibration
X (S) — Xeo(S) — BG

associated to the regular covering Xe; (S) — Xg(S) with group G [19, 5.3, 5.6]. See
[39, I 2.6] for the special case of a field extension and [3, VIII, 8.5] in general. [

If 1/¢ € S, we let H; (S;Z¢(m)) denote the continuous étale cohomology of S
with coefficients in Zy(m) constructed by Jannsen [24].

3.3 Remark. For any S and 7 > 0, the cohomology maps induced by the natural
surjections Z /¢t (m) — Z/*(m) give an inverse system {H%, (S; Z/¢*(m))}x. The
finiteness statements in 3.1 imply that if S is a finite field or the ring of /-integers
in a global field, then for each i > 0 this inverse system is Mittag-Leffler. By [24],
then, for each i > 0 the group HY, (S;Z,(m)) is isomorphic to limy, H, (S; Z /% (m)).
The continuous étale cohomology groups have usual exactness properties. For
instance, there is a long exact sequence involving ordinary and continuous étale
cohomology groups corresponding to the short exact coefficient sequence

0 — Ze(m) £, Zo(m) — Z/0F(m) — 0.
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3.4 Theorem. [40, I1.1.4] [41] Suppose that 1/¢ € S and consider the group HY, =
H., (S, Ze(m)). If S is a local field, then H! is zero for i > 3 and finite for i = 2
unless m = 1. If S is the ring of £-integers in a number field, the group H' is zero
for i > 3 and finite for i = 2 if m > 2. If S is a finite field, H' is zero for i > 2
and finite for i = 1 unless m = 0. In all three cases H! is zero for i = 0 unless
m = 0.

Remark. The difficult part of 3.4 for a ring S of /-integers in a number field is the
statement that HZ,(S;Z¢(m)) is finite for m > 2. To prove this using the étale
K-theory of [15], note that by [15] there is a surjective map

Tom—2 K8 — K55, 58 = H, (81 Ze(m))

while by theorems of Quillen and Borel the group Tom_oK S is finite.
If 1/¢ € S, define

H;, (S, Z/0>°(m)) = colimy, H, (S, Z/¢* (m))

where the colimit is taken with respect to the cohomology maps induced by the
usual inclusions Z/¢*(m) — Z/¢5+1(m). By [3, VII, 5.7] there are isomorphisms

H, (Roo; Z/0%(m)) 2 colim,, H, (R,; Z/0% (m))
and so taking another colimit give isomorphisms
HZ (Roo; Z/0°°(m)) = colim,, H, (Ry,; Z/0°°(m)) .

Let A% denote the Pontriagin dual Homeon(A4,Q/Z) of the profinite abelian
group A.

3.5 Lemma. The group H} (Roo; Z/0>(m)) is naturally isomorphic as a module
over I, to the twisted Pontriagin dual M7 (m) of the Iwasawa module M.

Proof. Note first that for any m the local coefficient system Z/¢°°(m) on X (Roo)
is trivial; the only role played by m in the lemma is to determine the action of
Iz on the cohomology group involved. Let G be the Galois group over F, of the
maximal extension of F, which is unramified away from ¢. The pro-space version
of the universal coefficient theorem in dimension 1 gives isomorphisms

Hét(Roo; Z./0°(m)) = Homeont (71 X6t (Roo ), Z/0°°) = Homeont (G, Z/0°°(m)) .

However, the group on the right here is isomorphic to M7, because by definition
M is the maximal abelian ¢-profinite quotient of G. Under this isomorphism, the
action of g € I'z on a homomorphism f : M — Z/¢>°(m) sends f to f’, where
f'(x) = cr(g9)™ f(g~tx). This gives the desired result. [
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3.6 Lemma. If S is the ring of {-integers in a number field and m > 2, then the
group Hg (S;Z/0>°(m)) vanishes for i > 2. If S is a finite field of characteristic
prime to £ and m # 0, then the group Hg, (S;Z/¢>°(m)) vanishes fori > 1.

3.7 Remark. By taking colimits it is possible to prove parallel vanishing theorems
for H, (Roo; Z/€> (m)) and H, (Foo; Z /€% (m)). In fact, for these rings the question
of whether the cohomology groups vanish is independent of m (cf. proof of 3.5)
and so we can conclude that the groups vanish (uniformly in m) for ¢ > 2 in the
case of R, and for 7 > 1 in the case of F.

Proof of 3.6. We will treat the case in which S is the ring of /-integers in a number
field; the other case is similar. By 3.4 we have only to check the vanishing for
i = 2. Again by 3.4 the group H,(S;Z¢(m)) vanishes, and so by the long exact
cohomology sequence mentioned in 3.3 there are isomorphisms HZ,(S; Z/¢*(m)) =
HZ,(S; Z¢(m))RZ/L* for any k. Taking a colimit over k shows that HZ, (S; Z /£ (m))
is isomorphic to HZ (S;Z¢(m)) @ Z/¢>, which vanishes because HZ, (S;Z¢(m)) is
finite (3.4). O

We will make use of the following theorem, which is certainly not new. Recall
that 7% is a topological generator of the profinite topologically cyclic group I'%.

3.8 Theorem. For each m > 2 if i = 1 and for m > 1 if i = 0 the natural
sequences

0 — Hiy (B 2/ (m)) — Hiy (Roo; Z/6(m)) ~—— Hiy (Roo; Z/£% (m)) — 0
id —'y%‘

0 — He (F; Z/0%°(m)) — Hi (Foo; Z/0%°(m)) —— Hiy (Foos Z/0>°(m)) — 0

are ezxact.
Remark. By 3.6, the groups in 3.8 vanish if ¢ > 2.

The following lemma is a special case of the standard formula for the continuous
cohomology of a topologically cyclic profinite group with coefficients in a discrete
module. The proof comes down to a routine calculation with the cohomology of
cyclic groups.

3.9 Lemma. Suppose that
Co—>01—>02—>“'

is a direct system of £-torsion abelian groups, where C,, is a module over I'n /T
and Cp, — Chi1 is equivariant with respect to I”F/F%nﬂ. Let C = colim,, C,,, so
that Tz acts on C. Then there are natural isomorphisms

ker (id =) : C — C i=0
colim, H' (I /T ;Cn) 2 ¢ coker (id =) : C — C i=1
0 i>2
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Proof of 3.8. We will only treat the case of the number ring R; the case of the finite
field F is simpler. According to 3.2, for each pair (n, k) of positive integers there is
a spectral sequence

Ey’ = H'(Tp /T, ; By (Ra; Z/ 05 (m))) = H (R Z/¢*(m)).

Take a directed colimit of these spectral sequences (over n and k) to get a new
spectral sequence

Ey? = colim, H' (M /Ty, ; HY, (Ra; Z/0°(m))) = HL (R 2/6 (m)) .

Lemma 3.9 shows that the F5 term of this spectral sequence vanishes unless {4, j} C
{0,1}, and moreover that the statement we are trying to prove is equivalent to the
statement that Egl’O =0= E21’1. Again by 3.9, E%’O is isomorphic to the cokernel
of (id —v4) acting on HY, (Roo; Z/°(m)) = Z/¢>°(m). This cokernel is zero if
m # 0, since any nontrivial endomorphism of Z/¢>° has a trivial cokernel. Given
the sparseness of the Fs-term, the spectral sequence itself computes that E21 s
isomorphic to HZ, (R;Z/¢>(m)), and so vanishes by 3.6. [

We will also need the following calculation. The notation is from §2.

o~

3.10 Proposition. For each n there is a natural isomorphism Hy, (Ry; Ze(1))

E! ., as well as a natural short exact sequence

0— A — H3(R,;Z(1)) — B, —0.

Proof. (see [29]) The multiplicative group Gy, is a sheaf in the étale topology on
R,,. Since 1/¢ € R,,, there are short exact sequences

k o*
0—72/"1) = Gy — Gy — 0

of sheaves. The proposition results from examining the associated long exact coho-
mology sequences, using the standard formulas

RX i=0
H. (Rn;Gy) =<{ CIR,) i=1
Br(R,) i=2

and passing to an inverse limit (3.3). Here CI(R,) is the ideal class group of R,,.
By class field theory, the Brauer group Br(R,,) is isomorphic to the kernel of the
augmentation map ®pes, Q/Z — Q/Z.

This argument yields a short exact sequence like the one claimed, but with A/,
replaced by the f-adic completion of CI(R,). However, because the class group
CI(R,,) is finite, its ¢-adic completion is isomorphic to A/,. O
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§4. STABLE HOMOTOPY THEORY

In this section we recall some facts from stable homotopy theory that are needed
for the rest of the paper. We will concentrate on the theory of Bousfield localization
with respect to a homology theory, and in particular with respect to mod ¢ K-
homology.

Suppose that F is a homology theory, or equivalently, that E is a spectrum with
associated homology theory E, X = m,(EAX). Amap f: X — Y of spectra is said
to be an E,-equivalence if the induced map F.f : F.X — E.Y is an isomorphism.
A spectrum Z is said to be F.-local if any F,-equivalence f : X — Y induces
a bijection [Y, Z] — [X,Z]. (Here [-,-] denotes the group of homotopy classes
of maps between two spectra.) Bousfield has proved the following fundamental
theorem.

4.1 Theorem. [8] Let E be a homology theory. Then there exists an E,-
localization functor L, which assigns to a spectrum X an E,-local spectrum Lg(X)
together with an E.-equivalence X — Lg(X).

4.2 Remark. If E is the homology theory given by the mod ¢ Moore spectrum
My = M(Z/¢,0), in other words, if E is mod ¢ stable homotopy, then L is the
f-adic completion functor X — X. If E is the homology theory given by M(Z,0),
where Zy) is the localization of the integers at ¢, then Lg is the usual arithmetic
localization functor with m;Lg(X) = Zy @ mX.

Note that a spectrum X is F,-local if and only if the map X — LgX is an
equivalence.

4.3 Remark. It is easy to see that for any homology theory E and any spectra X
and Y there is a natural homotopy equivalence Ly(LgX ANLgY) ~ Lg(X AY). It
follows that if X is a ring spectrum then Lg(X) is a ring spectrum and the map
X — Lg(X) is a map of ring spectra. Similarly, if Y is a module spectrum over
X then Lg(Y) is a module spectrum over Lg(X). The localization functor Lg
preserves fibration sequences and behaves well with respect to colimits in the sense
that if X; is a filtered direct system of spectra, then there is a natural homotopy
equivalence Lg(colim; Lg(X;)) = Lg(colim; X;).

We will be particularly interested in localizations associated to topological com-
plex K-theory. Let K denote the ordinary periodic complex K-theory ring spectrum
and K its f-adic completion. Then 7, K = Z, [8,871], where 3 € 7K and multipli-
cation by 3 defines an equivalence S? A K ~ K. The ring K°K of degree 0 stable
operations in K is naturally a profinite Zy-algebra; the profinite structure results
from expressing this ring as lim x KX where X ranges through the finite subspec-
tra of K. The closed subgroup I C (K*K)* of ring spectrum self-equivalences acts
on moK = Z;, and the resulting homomorphism ¢ : TV — Aut(Z) = Z; is an iso-
morphism. Let I' denote the kernel of the composite surjection IV — Z,; — (Z/£)*
and A = (Z/¢)* the quotient group IV /T". Then I is abstractly isomorphic to the
additive group of f-adic integers, and there is a uniquely split extension

{1} T —-T"— A — {1}.
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Let A’ denote Z[[I']] (this is isomorphic to lim,, Z;[(Z/¢™)*]). According to [26]
or [33] there are isomorphisms
{ A i=0
0 =1

We let Z¢(1) denote the A’-module w5k and Z;(m) the m-fold tensor power of Z;(1)
(which for any m € Z is isomorphic as a A’-module to m9,,K). If N is a A’-module,
we denote by N(m) the “m-fold Tate twist” Zy(m) ®z, A of N. If F is a number
field as in §2, we will use the canonical embedding ¢™! - cp to identify I' with a
subgroup of IV, I'p with a subgroup of I', and A% with a subring of A’ and Ap
with a subring of A. It is clear that under these identifications the notion of Tate
twisting from §2 agrees with the one here.

A .

K (K)

I

4.4 Remark. For any spectrum X, multiplication with =1 € K2(S°) = n_oK
induces isomorphisms (K'X)(—1) = K*2X; the twisting comes from the formula
v-B=c(y)71B, v € I'. The group I C (A’)* is isomorphic to the multiplicative
group of classical ¢-adic Adams operations under the correspondence ~ — 1),

Let N be the Moore spectrum M(Z/£>°, —1) = colimj ¥~ M. For any spec-
trum X, X AN is the homotopy fibre of the map from X to its rationalization,
and so (X AN) ~ X and K*(X AN) = K*(X). It is clear that X AN is a torsion
spectrum in the sense that its homotopy groups are torsion groups.

Recall that (—)# denotes Pontriagin duality. The following lemma shows that
K* is dual to an associated homology theory.

4.5 Lemma. For any spectrum X there are natural isomorphisms

KX = (Ki1 X AN)#

Proof. Let Y denote X AN and C the cofibre of the spectrum completion map
K — K. The homotopy groups of C' vanish in odd dimensions and in each even
dimension are isomorphic to the rational vector space Z¢/Z. Since the homotopy
groups of Y are torsion, it follows that C' AY is contractible and that every map
from a suspension of Y to C is null homotopic. Long exact sequences, then, show
that the natural maps K.Y — K.Y and K*Y — K*Y are isomorphisms. As
remarked above, the restriction map K*X — K*Y is also an isomorphism.

By the universal coefficient theorem for topological K-cohomology [1, 13.6], there
are isomorphisms

KU(Y) = Bxty (K1Y, Z) = (K;_1Y)*
Composing the various isomorphisms above gives the result. [
4.6 Proposition. For any spectrum X there are isomorphisms
KiX = 113116;1'()(&) i€,
where the limit is taken over all finite subspectra X, of X.

Proof. Clearly K;_1(X AN is isomorphic to colimg K;_1 (X4 AN). The Pontriagin
dual K?X of this group (4.5) is then given by the corresponding limit. [
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4.7 Lemma. Let f be a map of spectra. Then f is an equivalence with respect to
E. = (KANMy) if and only if K*(f) is an isomorphism.

Proof. Let C be the cofibre of f, and note that K A M, is equivalent to K A M.
If C is acyclic with respect to (K A My),, then by an inductive argument using the
cofibration sequences

./Vlg - Mgk - Mgk—l

the spectrum C' is acyclic with respect to (K A M), (k> 1). By passing to the
limit, C' is acyclic with respect to K A N),. Therefore (4.5), K*X is zero.

Suppose that l@*(X) is zero. By 4.5, K AN A X is contractible. The desired
result follows from smashing the cofibration sequence

SIM, N EN

with K and X. O

Let Lx denote Bousfield’s localization functor with respect to K and L the
localization functor with respect C A My. In view of the above lemma we will refer
to the functor L as “localization with respect to K*”. The following proposition
describes Lx and gives the relationship between Lx and L.

4.8 Proposition. [8, 4.7] [8, 2.11] For any spectrum X there are canonical homo-
topy equivalences

LcX ~ L(SYANX
LX ~ La,LicX ~ L, (Lic(S°) A X)

There is a description of Lk (S°) in [8, §4]. The localization L(X) has the
surprising property that it is determined by the “germ of the spectrum X at infinity”

in the following sense. Recall (1.13) that P*X denotes the k-connective cover of
X.

4.9 Proposition. For any spectrum X and integer k, the natural map P*X — X
induces an equivalence L(P*X) — L(X).

Proof. The fibre F of the map P*X — X has homotopy groups which vanish above
dimension k, and so F' is equivalent to the colimit colim;.; P;F' of its Postnikov
stages. Each Postnikov stage P;F' is built up from a finite number of fibrations
involving Eilenberg-MacLane spectra, and so X A My A P, F is contractible [2]. It
follows from a colimit argument that X A M, A F' is contractible, and hence that
LF ~x O

The category of K*-local spectra is by now extremely well understood, thanks to
work of Bousfield [10] [11]. We will be dealing for the most part with exceptionally
well behaved objects of this category.

4.10 Definition. A module N over a ring S (e.g. S = A’, A, A%, ...) is said to
be excellent if it is finitely generated and has projective dimension at most 1. A
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spectrum X is said to be excellent if X is K*-local and either KX = 0 and K°X
is an excellent A’-module or vice versa.

4.11 Remark. The ring A’ has global dimension 2, so the condition that a module
N over A’ be excellent is not extremely restrictive. Since A’ 2 Zy[A] ®z, A and
Zy[A] is isomorphic as a ring to a direct product of copies of Z,, the projective
dimension of a module N over A’ is the same as its projective dimension over A.
Excellent modules over A are characterized in 7.7.

If X is the spectrum (K)™ (n > 0) then for any spectrum Y the natural map

KO(Y)" 2 [V, X] — Homy/ (K°X, K°Y) = Homy, ((A)", K°Y)

~

is an isomorphism. The same holds if X is a retract of (). Suppose now that P is
a finitely generated projective module over A’. The module P can be expressed as
the image of an idempotent map e : (A’)" — (A’)™ for some n. The remark above
shows that e can be realized by a map € : (I@)" — (l@)” which is idempotent up to
homotopy. By an elementary argument (cf. 9.4), the infinite mapping telescope X
of € is a spectrum which is a retract of (I@)" and has the property that KX =~ P.

The spectrum X is K*-local (because the class of K*-local spectra is closed under
retracts ) and consequently excellent. This reasoning leads to the following lemma.

4.12 Lemma. If P is a finitely generated projective module over A', then there
exists up to homotopy a unique excellent spectrum X = My (P,0) such that K°X =
P. Moreover, for any spectrum Y the natural map

[V, X] — Hom,/ (K°X, K°Y)

18 an isomorphism.

Suppose now that X is an excellent spectrum, say with KX =0and K°X = N.
By 4.12, any finitely generated projective resolution

(4.13) N — Py — P,
of N can be realized by a cofibre sequence

(4.14) X — Mi(Po,0) — My(P1,0)

(in the sense that the original resolution can be recovered by applying KO to the
cofibre sequence). A short calculation with 4.14, 4.13 and 4.12 leads to the following
proposition.

4.15 Proposition. Let X be an excellent spectrum with, say, K'X = 0. Then for
any spectrum Y with K'Y = 0 there are natural isomorphisms

Homy/ (K°X, (K°Y)(m)) i=2m

[yqu%{Emkﬁ?XJﬁWﬂmD i=2m—1
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4.16 Remark. Taking Y = X in 4.15 gives [X, X] = Enda/(K°X). Since A’ is
commutative, it follows that an excellent spectrum X has an “internal” action
of A’, in the sense that there is a homomorphism ¢ : A’ — [X, X] such that
d(A)* : KOX — K°X is multiplication by A. Taking Y to be an appropriate sphere
in 4.10 gives the formulas

7T1‘X =

Homy/ (KX, Z¢(m)) i=2m
Exth, (KX, Ze(m)) i=2m—1

Given an excellent A’-module N, it is clearly possible to realize a free resolution
(4.13) of N by a cofibration sequence (4.14). Taking suspensions and using 4.15 for
uniqueness gives the following result.

4.17 Proposition. If N is an excellent A’ module, then for any integer i there
exists up to homotopy a unique excellent spectrum X = My (N, i) such that K'(X)
is isomorphic to N as a module over A’.

Remark. The spectrum M (N, i) is a “Moore spectrum” with respect to K.
Let F be the finite field from §2, so that Gal(Fo /F) = I'.
4.18 Proposition. Let N denote the A'-module A" @y, Z(0) = Z[I" /T%]. Then

A

L(KTF) is the excellent spectrum My (N, 0).

Proof. Let |F| = ¢ and fix an embedding F* C C* which, after restricting to
fe= corresponds under the reduction map R, — [F, to the one obtained by
the inclusion Ro, C C. Quillen’s Brauer lift [34] defines an f-equivalence © :
BGL(F)*™ — FW?, where FWY is the fibre of (¢ —id) : BU — BU. After (-adic
completion © is an infinite loop map [28] and there results a cofibre sequence

- pi—id
—_

P°KTF — PK PK

which by 4.9 is the 0-connective cover of its K*-localization

A A

(4.19) L(KF) — £ Y79 R

Since by choice of F the operation 17 is a topological generator of I', C IV (4.4),

an inspection of the K*—cohomology sequence associated to 4.19 proves the propo-
sition. [

4.20 Remark. A calculation with 4.15 shows that the maps L(KF,) — K con-
structed as above are compatible for various n and are I'-equivariant, where I
acts on L(KT,) via the internal action of A’ (4.16). It is easy to see from the defi-
nition of Brauer lift that the internal action of I, € T on L(KT,) agrees with the
Galois action induced by the operation of I' on F,, by ring automorphisms. The
maps E(K F,) — K are maps of ring spectra, and passing to the limit in n gives a
map of ring spectra L(colim, L(KF,)) = L(KF) — K which is an equivalence.
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4.21 Module spectra over i}(KF) The map

A A ~

Zy[[I]] = N =K'k — KX K AK) = AN = Z[[T’ x T']]

given by the ring spectrum multiplication K AK — K is induced by the diagonal
map IV — IV xI". It follows from the above and naturality that the comultiplication

Zo[U' ] = K*(L(KF)) — K°(L(KF) A L(KF)) = Z[(I"/Tp) x (I'/T])

given by the ring structure of L(KTF) is induced by the diagonal map /T, —
(I /T%,) x (I /T%,). This comultiplication gives a coalgebra structure to K°(L(KTF)).

The counit map e : KO(L(KF)) — Z; can be identified with the augmentation
Zo[U'JT5] — Zy.

4.22 Proposition. Suppose that X is an excellent spectrum, with, say, KX =0.
Then the following three sets are in natural bijective correspondence:

A

(1) L(KTF)-module structures on X,

(2) A-module maps f : KX — KO(L(KTF))®z,K°(X) which satisfy the obvious
coassociativity identity as well as the corresponding counit identity, and

(3) isomorphism clasAses of pairs (N,j), where N is a module over A% and
jiN @y, N— K°X is an isomorphism.

Proof of 4.22. A bijection between (1) and (2) arises by 4.15 from taking induced
maps on KY. Giving a pair (NN, j) as in (3), then there is an evident A’-module map

KOX 2 N @y, N — Zy[I' )T @z, (N @4, N) = K°(L(KF)) @z, K°X

induced by the diagonal I'' — (I''/I'%) x I'V. This map satisfies the coassociativity
and counit identities necessary for (2). Suppose on the other hand that there is
given amap f asin (2). Let N = {z € K°X | f(z) = e®x}, where e € I"/I"}, is the
identity coset. Then N is a I'z-module and it is straightforward to check using the
coassociativity of f that the natural map A’ ® AN — K°X is an isomorphism. []

§5. A MODULE SPECTRUM STRUCTURE.

In this section we will prove the existence of a K-module structure on a spectrum
closely related to fL(K redR o). This is crucial for the arguments in §6. We also
obtain wedge decompositions (5.5) for the spectra L(KR,,)

Two maps f,g : X — Y of spectra are said to agree up to weak homotopy
(or sometimes up to visible homotopy) if they agree up to homotopy on any finite
subspectrum of X, or equivalently if the difference (f — ¢) is a phantom map. A
square weakly commutes if the two composite maps involved agree up to weak
homotopy.

Recall the Moore spectrum N = M(Z/{>°, —1) = colimy ¥~ M introduced in
84.
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5.1 Theorem. For each 0 < n < oo the spectrum I:(Krean) AN can be given the
structure of a module spectrum over L(KTF, ). Furthermore, these structures can be
chosen so that for each n, each m > n and each vy € I'x the diagrams

L(KF,) A L(K™R,) AN —— L(KF,)AL(K™R,,) AN

l |

L(K™R,) AN — LK™ R,) AN

L(KFp) A LK™ R, ) AN 220 L(KF,,) A L(K™4R,,) AN

| l

LK™ R, AN —r, L(K™R,) AN
commute for m < oo and weakly commute for m = oco.
5.2 Remark. Later on (9.7) we will extend 5.1 to the case n = —1. By 4.20,

Theorem 5.1 implies that f)(K redR ) AN is a module spectrum over K.

5.8 Remark. In light of 4.3 (with Lg taken to be ¢-completion), Theorem 5.1 pro-
vides each spectrum L(K*4R,,) (n > 0) with a structure of module spectrum over
ﬁ(KIE‘n) The diagrams in 5.1 commute after K* is applied, even if m = co or the
smash factors of A/ are removed (4.6).

The proof of 5.1 depends on a localized stable version of the basic splitting
theorem from [18]. Suppose that A is a commutative ring and let u(A) denote the
group of /-primary roots of unity in A. Recall that there is a natural map of ring
spectra

F(A) : Bu(A)y — KA
such that Q&°f(A) is induced by the usual map Bu(A) — BA* — BGL(A). Let
rn = f(Ry), fn = f(F,). Note that u(R,) = u(F,). Let 7, : KR, — KF, be the
map induced by the quotient map R, — [F,.
5.4 Theorem. For n > 0 there is a unique map h,, : jL(KFn) — ﬁ(KRn) such
that the composite h,, - ﬁfn 18 j}rn. Moreover
(1) The composite Lr, - hy, is the identity map of L(KT,,).
(2) hy, is a map of ring spectra.
(3) hy is equivariant with respect to the actions of the group I'n on fL(KIFn)
and L(KR,,).
(4) The following diagrams, in which the vertical maps are induced by the ob-
vious ring inclusions, commute:

L(KF,) —t— L(KR,)

| l

~ hn 1 ~
L(KFni1) 0 L(KRpp)
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5.5 Remark. Theorem 5.4 implies that there is a wedge decomposition of f}(K R,)
as L(KF,) VvV L(K*™R,).

5.6 Remark. By Suslin [42] there is a natural homotopy equivalence L(KC) ~ K.
Let i, : L(KR,) — L(KC) ~ K be the map induced by the inclusion R, c C. A
character calculation which depends on the definition of Brauer lift shows that the
composite i, - hy, is the usual Brauer lifting map L(KF,) — K (4.19).

One of the main ingredients in the proof of 5.4 is the following remarkable result
of Bousfield.

5.7 Proposition. [11, 2.3] There is a functor ®, from the homotopy category of
spaces to the homotopy category of spectra such that, for any spectrum X, there is
a natural homotopy equivalence ®,(Q5°X) — LX.

5.8 Proposition. For n > 0 there exist maps s, : L(KF,) — L(Bu(F,)) such
that in the diagram

L(KTF,) 25 E(Bu(Fn)) LI L(KF,) <2 LBu(F,)) 2o L(KR,)

the following two conditions hold.
(1) The composite (Lfy,) - s, is the identity map of L(KF,), and
(2) the composite (Lry) - s, - (Lf,) is homotopic to the map Lr,,.

Proof. Fix n, let u = u(F, ) and let S denote the ring Z(u) of cyclotomic integers.
Let E denote the residue field of S which is the image of the composite S —
R, — F,, so that u(S) = p(E) = p(R,) = p(F,). By [18, 4.1] there is a map
s: QFKE — QF (Buy) such that in the diagram

Q5" f(E) Q5°f(5)

QOCKE = O (Buy) QOFKE = QF (Bus) KS

the following two conditions hold.
(1) The composite §° f(E) - s is homotopic to the identity map of QF K E, and
(2) the composite Q5°f(S) - s - Q5° f(E) is homotopic to QF f(S).
The inclusion £ — [F,, induces an equivalence K E — KT, (use [34], note that the
spectra by convention are localized at ¢, and recall that the prime P was chosen in
§2 so that ¢ = |[F_1] is a topological generator of ¢y (I') C Z,°). The desired map
sn can be obtained by applying Bousfield’s functor ®, to the map s. [J

Proof of 5.4. Let s, be the map of 5.8 and choose h,, = Lry, - sn. The identity
hy, - Lfn, = Lry, is then 5.8(2). By 5.8(1) Lf, is a retraction (i.e. has a right
inverse s, ), so h, is actually determined uniquely by this identity. The remaining

statements follow routinely (compare [18, 4.9]) from the fact that L f,, is a retraction.
To prove (1), for instance compute

Lwy - hy - Lf, =Ly - Lrp, = L,

and compose on the right with s,. For (2) observe in addition that Lf, and Lr,
are maps of ring spectra, and for (3) that Lf, and Lr, are equivariant with respect
to the actions of I’ on the spectra involved. [J
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Let S be a ring spectrum with multiplication m : SAS — S and unit i : S° — S.
Let X be a spectrum. A weak S-module structure on X is a multiplication map
mx : S N X — X such that the diagrams

iAid

SASAX JdAmx gy SOAXx ML gAX

m/\idl mx J/ Zl mx l
SAX I, X x 4. X
commute up to weak homotopy. A rigidification of such a weak module structure
is a genuine S-module structure m'’y : S A X — X such that m’y agrees with mx
up to weak homotopy.

5.9 Lemma. Any weak K-module spectrum structure on a torsion spectrum X can
be rigidified.

Proof. Let My and M; be Moore spectra of type (mp X, 0) and (71 X, 1) respectively,
and let M = MgV M;. The Hurewicz map m;M — m;(KX A M) is an isomorphism
in dimensions 0 and 1, and there exists a map j : M — X inducing an isomorphism
on homotopy in dimensions 0 and 1. A weak K-module structure on X allows J
to be extended to a map j’ : KA M — X, which is again an isomorphism on g
and m; and hence an equwalence since the homotopy groups involved are 2-fold
periodic. The smash product KA M has an obvious K-module structure, which can
be transported to X by the equivalence j and gives the desired rigidification. [J

5.10 Lemma. The functors Li(-) and L(-) AN commute with filtered colimits of
spectra.

Proof. Tt follows from 4.8 that there are homotopy equivalences

A

L(X)AMg~ Lic(X) AMy~ X A Lic(S°) A M,.

An inductive argument gives similar equivalences with M, replaced by Mx, and
passing to the colimit gives an equivalence L(X)AN ~ X ALk (S°)AN. The lemma
follows from the fact that smash product commutes with filtered colimits. [J

5.11 Lemma. Let X1 — X5 — --- be a direct system of spectra indexed by the
positive integers (the maps here are genuine maps of spectra, not just maps taken
up to homotopy). Then for any spectrum Y the natural map [colim; X;,Y] —
lim; [ X;, Y] is a surjection.

Proof. This is the spectral version of the Milnor sequence [13, IX, 3.3]; the kernel
of the surjection is lim }[¥X;,Y]. Let W be the coproduct (wedge) of the spectra
X;ands: W — W the map which shifts each wedge factor into the next with the
bonding map from the direct system. It is possible (by calculation of homotopy
groups) to identify colim; X; as the cofibre of s —id : W — W and then to derive
the Milnor sequence from the long exact homotopy sequence obtained by mapping
this cofibration sequence to Y. [

Proof of 5.1. 1t follows from 5.4(2) that for any 0 < n < oo the spectrum fj(KRn) A
N is a module spectrum over L(KT,). From 5.4(1) it follows that L(K™R,)) AN



22 W. DWYER AND S. MITCHELL

is also a module spectrum over L(KTF,). Let Y denote colim,, L(K™4R,,) AN and
let X denote colim, L(KF,). Then Y ~ L(K™R,) AN (5.10), and passing to
the limit over n with 5.4(4) and 5.11 shows that Y is a weak module spectrum
over X. As in 4.3, this implies that Y = LY (5.10) is a weak module spectrum
over LixX. The map LxX — LX = (LX) is a mod ¢ equivalence and so has
a rational cofibre; it follows that for any torsion spectrum such as Y the natural
map L X NY — LX AY is an equivalence. This implies that Y is a weak module
spectrum over LX ~ K (4.20) and hence by 5.9 a module spectrum over K. The
commutativity of the diagrams in 5.1 for 0 < n < m < oo follows from 5.4(3), and
the weak commutativity for m = oo by passing to the limit. [J

§6. PROOF OF THE MAIN THEOREM.

In this section we give a proof of 1.7, and point out some functoriality properties
(6.12 ff.) of the isomorphisms it gives. The starting point is the following deep
theorem of Thomason. Recall that M denotes a Moore spectrum of type (Z/£*,0).
We adopt the convention that Z/¢*(j/2) is the trivial [-module if j is odd (§3).

6.1 Theorem. [43, 4.1, A.14] Suppose that S is a regular ring containing 1/¢ and
satisfying certain mild étale cohomological conditions; for instance, S could be the
ring of {-integers in a number field, a union (e.g. Roo) of such rings, a finite field
of characteristic different from ¢, or a union (e.g. F ) of such finite fields. Then
there are natural left half plane spectral sequences of homological type

B2 = M3 (S;Z2/6°(j/2)) = mis  L(KS) A Mk .

In the cases we are interested in, Thomason’s spectral sequence collapses.

6.2 Proposition. If S is one of the rings R, F or Fo,, then there are natural
1somorphisms

Tom—oL(KS) AN = HL (S;Z,/0%°(m))
Tom—3L(KS) AN = HY(S;Z/6°(m — 1))

for all m. If S is the ring R there are similar natural isomorphisms for all m > 2.

6.3 Remark. By 3.6, if S is F or F, the groups above involving Hj (S; Z/¢>°(m))
vanish for m # 0.

Proof of 6.2. By 3.1, the groups H., (S;Z/¢*(m)) vanish for i > 2. Thomason’s
spectral sequence therefore gives isomorphisms

Tom—1L(KS) A My = HL (S;Z/0*(m))
and short exact sequences
0 — H2,(S;Z/0*(m)) — mom_oL(KS) A My — HY(S;Z/0F(m —1)) — 0.

Now by 3.6 and 3.7, for the allowed values of m (i.e. m > 2 if § = R) the groups
HZ,(S;Z/0>°(m)) vanish. The desired formula thus results from taking a colimit
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over k of the above and introducing a shift to compensate for the fact that A is
the desuspension of the colimit of the Myx. [
6.4 Remark. Taking a limit over k with 6.1 and using 3.4 shows that if S is the
ring of /-integers in a number field then there are natural isomorphisms

Tom—1 L(KS) 2= H (S; Ze(m))

Tom—2 L(KS) 2 H2,(S; Z¢(m))
for all m in the case of the first formula and for m # 1 in the case of the second.
For ¢ > 1 these are the formulas for 7; K.S predicted by the Lichtenbaum-Quillen

conjecture, and in fact (1.11) the conjecture is equivalent to the conjecture that the
natural map

(6.5) mKS — mL(KS) = L(KS)

is an isomorphism for ¢ > 1. This map is known to be an isomorphism for i = 1
and ¢ = 2 [15, 8.2]. However by 6.1 there is a short exact sequence

0 — HZ (53 Ze(1)) — moL(KS) — HE (S5 Z4(0)) — 0

(where HY, (S;Z¢(0)) = Z;)) so that, in view of 3.10, if S has more than one prime
above £ the map in 6.5 is definitely not an isomorphism for ¢ = 0. A naturality
argument with 3.10 shows that in the case S = R,, there are isomorphisms

E/ (red) i=1

m L(K™R,,) = { :
( ) HZ, (Rn; Ze(1)) i=0

Recall that 7% is a chosen topological generator of I'.

6.6 Proposition. For any integer m there are I'p-module isomorphisms

Tom—2 L(K™Ro) AN = HY, (Roo; Z/%°(m))
Tom—3 (K™ Re) AN 20 '

Moreover there is a natural fibration sequence
LK™R) AN — LK™ R ) AN 207 [(KR AN

6.7 Remark. Taking the ¢-completion of the fibration sequence in 6.6 gives a fibra-
tion sequence

L(K™R) — L(K™R.) 277 [(K™IR.).

This is a reflection in a special case of Thomason’s theorem that K*-localized alge-
braic K-theory satisfies étale descent.
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Proof of 6.6. There is a natural strictly commutative diagram of spectra (i.e., a
diagram not just commutative up to homotopy) which is homotopy equivalent to
the following diagram

’

LIKR)AN —— L(KR) AN 2% L(KRu) AN

l l l

LKF) AN —— L(KF) AN 205 B(KFL) AN

and in which the horizontal composites are strictly trivial. Since the natural re-
striction maps

He (Roo3 2/ (m)) — Hey(Foo; 2/ (m))
Hee (R Z/ 0 (m) — ey (F; Z/€>° (m)

are isomorphisms for all m, it follows from 6.2 and 6.3 that the vertical homotopy
group maps induced by the above diagram are isomorphisms in dimension i for
1 odd and have zero target in dimension ¢ for ¢ even, where for the column on the
far left we have to add the condition ¢ > 1. Taking vertical fibres then gives a
fibration diagram (cf. [4, Lemma 1.2])

(6.8) LK™ R) AN — LK™ R ) AN 207, f(KTR. ) AN

in which the homotopy groups of the spectra involved are easy to compute by long
exact sequences. [l

A module A over a profinite group G is said to be discrete if every element of A
is fixed by a closed subgroup in G of finite index. Let & denote the right adjoint of
the forgetful functor from discrete /-torsion I''-modules to /-torsion abelian groups.
Explicitly, U(A) is the group of continuous A-valued functions on IV, with I acting
by (vf)(z) = f(zv). Let Up denote the right adjoint of the forgetful functor from
discrete (-torsion I'V-modules to discrete ¢-torsion I'z-modules. Explicitly, Up(A) is
the group of continuous I'z-equivariant A-valued functions on I'". If A is a discrete
(-torsion Iz module, then there is a natural action of I on U(A) given by the
formula (v - f)(z) = v(f(y 'x)), where z € TV and f : I” — A is a continuous
function.

6.9 Lemma. For any discrete {-torsion I''z-module A there is a natural short exact
sequence of I'-modules:

. /
id —vE
——

0 —Ur(A) — UA) UA) — 0.

Proof. For a function f € U(A) to be in the kernel of id —7}, it must be true that,
for all @ € TV, f(2) = vp(F(7p)~12)) or (4) "1 f(@) = F((7p)~1a). Since f is
continuous and % is a topological generator of I'%., these equalities hold if and
only if f is ['z-equivariant, i.e., f € Up(A).
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It remains to show that (id —v}) is surjective. Let V(A) denote the abelian
group U(A) furnished with the action of I given by (v - f)(z) = f(y '), where
x €IV and f: IV — A is a continuous function. Choose a (finite) set ) of coset
representatives of ' in I'. There is an isomorphism U(A) — V(A) of I'z-modules
which sends a function f € U(A) to f, where f(yy) =~ f(yy), y € V, v € T%.
The fact that (id —%) : V(A) — V(A) is onto follows from combining 3.9 with the
following two observations:

(1) for each n the fixed point set of the action of I'y, on V(A) is a module over
[y /T induced from a module over the trivial group, and

(2) by Shapiro’s lemma, the higher cohomology of a finite group with coefficients
in a module induced from the trivial group is zero. [

Remark. The I'z-module isomorphism U (A) — V(A) in the preceding proof might
be more familiar in its dual form, which, if G is a discrete group, F' a free module
over the ring of Z[G], and A a G-module, gives an isomorphism between F' ®7 A
provided with the diagonal G-action and F'®z A provided with the G action induced
by the action of G on F.

Recall that (—)# denotes Pontriagin duality.

6.10 Lemma. If A is a discrete (-torsion I'm-module, then there is a natural A’-
module isomorphism (Up(A))# = A/ A, (A#).

Proof. There is a I'p-module map U (A) — A which sends a I'z-equivariant function
f:I" — Ato f(e) (eis the identity element). Taking duals gives a I"z-module map
A#* — (Urp(A))# and thus a A’-module map h : A’ ®A7, (A#) — (Up(A))#. Let
Y be as in the proof of 6.9. The ring A’ is a free module over A% with generators
from )). The fact that h is an isomorphism now follows on passing to the dual from
the fact that I is free as a I'%;-set on the coset representatives ), so that the map
f — fly gives an isomorphism from U(A) to a product of copies of A indexed by
theset ). O

6.11 Proposition. There are natural isomorphisms of A'-modules

0 1 even
Proof. Let X denote L(K™9R,) AN. Since X is a torsion spectrum which is a
module spectrum over K (5.1), it follows from [10, 6.6] that there are isomorphisms
KiX = mK A X = U(mX) for all integers i. (Note that our definition of U/(-),
although not identical to the one given by Bousfield, is equivalent to it). Under
these isomorphisms the maps 7TZ(I€ A X) — m; X induced by the module structure
correspond to the maps U(m; X) — m; X given by evaluation of functions IV — m; X
at the identity element of I'V. By 6.6 and 3.5, this implies that K;X vanishes for
odd i and that for any m, Kay_o2X is isomorphic to U(M#(m)), where M7# is the
Pontriagin dual of the Iwasawa module M. We can now compute K, (L(K™IR)AN)
using the fibration sequence from 6.6; it is only necessary to compute the map on
homotopy induced by (idAyy) : KA X — K A X. By the commutative diagram
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in 5.1 and naturality of the isomorphisms K; X 2 U (m; X), the self map (id Av).
of m(K A X) = U(m; X) is the unique map of I"-modules such that the following

diagram commutes:
(id AYp)

UmXx) = U(T; X)
| -]
7TZ'X m 7'('1'X

where |, is evaluation at the identity e € IV and % - (-) refers to multiplication by
v in the A’-module U (m; X). By inspection, then, if f: IV — m; X is a continuous
function and z € I”, (id AvR)«f is the function f' with f/'(z) = v f((vk) '2),
x € TV, Tt now follows from a long exact homotopy sequence argument using 3.5,
6.6, and 6.9 that there are isomorphisms

Up(M#) i= -2

Ki(L(K™R) AN) = { 0 i

The desired formulas are consequences of 4.5, 6.10 and 4.4. [

Proof of 1.7. If R contains pue, i.e., R = Ry, this follows from 6.11, 4.18, and
the splitting formula (5.5) for L(KR). To jump ahead a bit, the proof of the
general case is the same with 9.7 replacing 5.5. Alternatively, one can observe
that K*L(KR) = (K*L(KRy))2* and compute this Ap-fixed submodule by 6.12
below. [

6.12 Remark. The formulas in 1.7 are functorial in a slightly peculiar way. Suppose
that « is an automorphism of R or what is the same thing an automorphism of F'.
Let E be the fixed field of a and oy a lift of a to the group Gal(F,/E), so that by
conjugation «ay acts on the Iwasawa module M. Let as be the image of a; under the
map Gal(F/E) — Iy C IV given by the action of Gal(F,/F) on ¢-primary roots
of unity. Under the isomorphism of 1.7, the action of a on l@fl(K R) is composed
of the action of a; on M and multiplication on the left by a, ' € A’. The action
of a on I@O(K R) is multiplication by a; ' € A’. These statements are proved using
the arguments at the end of the proof of 6.11.

There are a few other naturality properties of the isomorphisms from 6.11 which
we need. Some of them depend on the fact (§9) that A’ ®a, M is an excellent

(4.10) A’-module.

6.13 Proposition. The L(KTF,,)-module structure on L(K™R,) (n > 0) provided
by 5.8 corresponds via 4.22(3) to the pair (M, f), where M is the Twasawa module
considered as a module over Ay , and f : A ®p, M = K=1L(K™R,) is the
isomorphism given by 6.11.

Proof. The result follows from a naturality argument using 5.3 and the proof of 6.11.
The key point is that the isomorphism between K~ L(K™R,) and A’® Ay, M from

6.11 depends ultimately upon the choice of K-module structure on ﬁ(K red R VAN,
and by 5.1 the choice we have made is compatible (up to “weak homotopy”) with
the L(KT,)-module structure on L(K™R,) AN
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We will give the bulk of the argument in more detail than the casual reader
might want, since there is at least one tricky point. It is enough to work in the
case n = 0. If A is an (-torsion abelian group, let U} (A) denote the I'-module
Ur(A™Y), where AV is A considered as a trivial I/,-module. The module Ut (A)
is just the abelian group of set maps I''/I'; — A with a suitable action of I, and
by a slight abuse of notation we will denote by U} (Z¢) the corresponding module
of set maps I'' /Iy, — Zy. By 6.9, for any ¢-torsion abelian group A there is a short
exact sequence

. ’
id =g
e

(6.14) 0— U};(A) — U(A) UA) — 0.
Supposg now that X is a torsion spectrum with a module spectrum structure
map m: A X — X. By 4.19 there is a cofibration sequence

LKF) A X — KA X 242000

The result of Bousfield quoted in the proof of 6.11 gives natural isomorphisms
o : 7K A X = U(mX); combining these isomorphisms with 6.14 and the above
cofibration sequence gives natural isomorphisms aq : mL(KFo) A X = UL (m; X).
The module multiplication map m restricts to a module multiplication map mg :
fL(K Fop) AN X — X. Under the above isomorphisms the map on homotopy groups
induced by mg sends a function f € Uk (m;X) to the value of f on the identity
coset of T'/T".. Tt follows easily that for z € m; L(KF,) A X, ap(z) is the function
I'V/T". — m;X which assigns to 7 € I"/T’ the image of x under the map on
homotopy induced by the composite

~ —1Ai
L(KFy) A x 219

L(KFo) A X % X

(Here the action of (7)~! on L(KTF) is the “internal” one (4.20); it depends up to
homotopy only on the image 4 of y in IV /T). There is a similar description of the
map .

Let “Ay” denote the f-completion of the smash product of two spectra. Explicit
calculation gives a isomorphism «f : moK Ay L(KFy) — UL (Zs), where for = €
molC Ae L(KTFg) the function af(x) assigns to 4 the image of  under the map on
7o induced by the composite
id Ayt

K Ae L(KT,) K Ao L(KF) ™5 K

Here m/’ is derived from the multiplication map for K as a right module spectrum
over L(KTFy).
Applying Bousfield’s result to L(KTFy) A X gives natural isomorphisms

B:m(KALKF) AX) = (K Ay L(KFo)) A X) = UUL (X))

Observe that U(UL(m; X)) can be identified in a natural way with the space of
continuous functions IV x (I''/I') — m;X. Under this identification the map on
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homotopy groups induced by (id Amy) : KA f}(K Fo)AX — K A X corresponds by
functoriality to the U (U (m; X)) — U(m; X ) induced by the map IV — T x (I /T%)
which sends z to (z,€). The image under 8 of an element = € mK A L(KFo) A X
is the function I'' x (I'"/T’z) — m; X which assigns to (y1,%2) the image of x under
the map on homotopy induced by the composite

~ Y1 /\'y2 TAid A

KALKFo) A X 2202 25 R AL(KFo) A X 2270 RAX 25 X

Let
B2 mo(K Ay L(KTFy)) @z, Ki(X) — UUL(m: X))

be the composite of § with the K .-Kunneth isomorphism. As above, the image
under 5% of an element z ® y is the function I x (I'V/T",) — m; X which assigns to
(71,%2) the image of  ® y under the composite

~ ~ ~ 271 *_1® 1 *_1 ~ ~ ~
10(K Ao L(KFo)) @z, Ks(X) 0200 €00 2@ n, L(KTy)) ©2, Ka(X)

i (m)Ki(mo) X

Here we have used the fact that the action of v, ! on the “coefficient spectrum” K
induces a diagonal action of ;' on the Kunneth factors (4.21). The diagram

id /\mo
—_—

KA L(KFo) A X KAX

m’/\idl ml

KAX _m ., X

evidently commutes. Examining the above recipe for 3% in this light shows that
the image under 3% of x ® y is the function which assigns to a pair (y1,72) the
product of af(x)(192) with a(y)(71). Unraveling the constructions leads to the
conclusion that the map

(o) T @a™!

UL (Zy) @z, U(T: X) o(K A L(KTFy)) @z, Ki(X)

S

sends a tensor product f; ® fo of functions to a function f3, where f3(y) =
A £0). A

One applies these observations to X = L(K™R,) AN and then uses the fact
that the natural map from ¥ = L(KredRo) AN to X is a map of weak module
spectra over L(K IFO) which induces an injection on K. to obtain an explicit formula
for the map mo(K A L(KFy)) ®z, K. (Y) — K,(Y) induced by the module spectrum
multiplication. Taking Pontriagin duals then gives the expected formula for the
comodule map K*(Y) — K°(L(KTFy)) ®z, K*(Y). Further details are left to the
reader. [
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6.15 Remark. By 4.22, the formula l@‘lf/(KR) >~ A’ ®as, M provides a fj(KF)-
module structure on L(K*R). This extends 5.1 to the case n = —1.

6.16 Definition. Choose integers n and m, with —1 < n < m, and let {¢;} be a set
of coset representatives of I, in I, . If N is a module over A% , the algebraic
transfer map 7 is the A’-module map A’®y, N — A'®y; N given by the formula

T(z®@a') = Z(ci)_lx ® ¢z’

i

6.17 Proposition. Let —1 < n < m be integers and let t : L(KR,,) — L(KR,,)
be the K-theory transfer map. Then t induces a natural map t*°9 : i(KredRm) —
E(Krean). Under the isomorphisms of 6.11, the map on K= induced by ted s
the algebraic transfer .

Proof. By checking the definition of ¢ in terms of module categories, it is not hard
to see that there is a (strictly) commutative diagram of spectra

KR,, —— KF,,

| |

KR, —— KF,

in which the right hand map is transfer for the ring extension F,, C F,,; the main
fact to check is that there is an isomorphism F,, ®r, R,, = F,,, and this follows
from the choice of prime determining I,,. Taking horizontal fibres gives the induced
map t°4. To compute the map induced by t**? on K1 it is enough to compute
the map induced by t. Tensoring R,, — R,, over R, with R, gives a commutative
diagram of rings and an associated commutative transfer diagram

Ry —%— Reo ®pr, Rum KRy —2 K(Roo ®p, Ru)
(6.18) T T tll Ql
R, —— Reo KR, —— KRy

Let Map(I' /T’ , Roo) be the collection of set maps Iy, /T~ — Ry; this is a
ring under pointwise addition and multiplication. By Galois theory there is a ring
isomorphism

i : Roo @R, R — Map(T /T Ro)

which sends z ® z’ to the function f given by f(v) = x+y(2’). This isomorphism
is equivariant with respect to the actions of I', on the left and T, /I'z ~on the
right of the objects involved, where these actions are given by the formulas

Y1(z @ 2 )ye = y1(z) ®@ Yo ()
(1 fr2)(7) =n(f(a ')
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for 1 € Iy and v, v € Iy /Iy . After composing with i the map v in 6.18
sends z to the constant function with value x, and the map u sends 2’ € R,, to
the function f with f(y) = ~v(«). It is clear that the transfer map ¢5 amounts to
the direct sum of copies of the identity map of K R.,. It is now possible to apply
the functor K_5(L(-) A N) to the transfer diagram in 6.18 and compute the map
induced on the right hand column; the key observation is that after applying the
functor the horizontal arrows become injections (see the proof of 6.11; observe that
IC_Q(IA;X AN) =0 for X = KF,,, X = KF,, or X = KF, so the distinction
between K-theory and reduced K-theory does not matter here). The argument is
completed by dualizing as at the end of the proof of 6.11. [

This last proposition has the following curious consequence, which we will use
later on. If X and Y are module spectra over a ring spectrum S, let [ X,Y]s C [X, Y]
denote the set of homotopy classes of maps X — Y which are maps of S-module
spectra.

6.19 Proposition. Let n and m be integers with —1 < n < m < oo. Then the
transfer map t : L(K™R,,) — L(K"4R,,) is a map of L(KF,)-module spectra,
and induces a bijection

[SL(KF), LK™ Ry e,y — [SLOKF)s L R)] e, -

Proof of 6.19. Let C; denote the coalgebra ICO(KIFZ-). Proving that ¢ is a map of
L(KT,)-module spectra amounts (4.15) to observing with the help of 6.17 that
K(t) is a map of comodules over C,,. To prove the second statement it is enough,

again by 4.15 and 6.17, to show that the algebraic transfer 7 induces a bijection

HomA/(A/ ®A/F7n M, Cm)cm — HOIIIA/(A/ ®A/Fn M, Cm)cn ,
where Hom(—, )¢, denotes maps of comodules over C;. The simplest way to do this
is by direct calculation; the bijection does not depend upon any special properties
of M. Note that 6.13 gives an explicit description of the comodules in question. [

§7. FINITELY GENERATED MODULES OVER A.

In this section we will describe some results from the structure theory of finitely
generated left modules over the ring A (this ring is usually called the Iwasawa alge-
bra). This structure theory also applies to modules over A, since A is isomorphic
to A, and with some adjustments to modules over A’ or A, since these rings are
isomorphic to direct products of copies of A (4.11).

Recall [44, p. 113] [25, p. 124] that choosing a topological generator «y for I" gives
an isomorphism A = Z,[[T]] sending v to 1 + 7. We will choose such a generator
v, and from now on treat elements of A as power series in T

7.1 Example. Let u € Z, denote c(y). If N is the cyclic A-module A/(f(T)),
then the Tate twisted module N(—m) is isomorphic to A/(g(T")), where g(T") =
f(w™(1 +T)—1). (This expression for g(T') does in fact give an element of A
because u is congruent to 1 mod .)
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7.2 Remark. The isomorphism A 2 Z,[[T]] shows that A is a regular local ring of
global dimension 2. In particular, the functor Ext’ (-, ) vanishes for i > 3, and if
N — N’ is an injection of A-modules, the induced map Ext3 (N’,~) — Ext3 (N, )
is surjective.

Definition. A polynomial f(T') € A is said to be distinguished if it is monic and all
coefficients except for the leading one are divisible by £. A cyclic module over A
is said to be distinguished if it is free, isomorphic to A/(¢¥) for some integer k, or
isomorphic to A/(f(T)) for a distinguished polynomial f(T').

7.3 Proposition. [44, p. 271] [25, p. 132]. Suppose that N is a finitely generated
A-module. Then there exists some finite direct sum N’ of distinguished modules
and a map f: N — N’ such that ker(f) and coker(f) are finite.

Note that Z/¢ has a unique A-module structure, namely, the one in which 7" acts
as the zero endomorphism.

7.4 Lemma. Any finite A-module N has a composition series in which the com-
position factors are isomorphic to Z./¢.

Proof. Since T is contained in the maximal ideal of the local ring A, by Nakayama’s
lemma [44, p. 279] T must act on a finite module N as a nilpotent endomor-
phism. [

7.5 Lemma. The A-module Ext’\(Z/¢, A) is isomorphic to Z/{ if i = 2 and is zero
otherwise. If N is a finite A-module, then Ext’ (N, A) = 0 unless i = 2, Ext3 (N, A)
is finite, and Ext3 (N,A) # 0 if N # 0.

7.6 Remark. We will frequently use A-modules of the form Ext(N,A) for a A-
module N. It is important to use the correct left A-module structure on these Ext
groups. In its state of nature Ext’ (IV, A) is a right A-module, essentially because
the left action of A on itself is used in forming Ext and it is the right action that
survives to give the module structure. We convert Ext’ (N, A) into a left A-module

by using the antiautomorphism of A which sends g € T to g !.

Proof of 7.5. The first statement is easy to prove using the short exact sequences

00— A —£—> A —>A/(€)—>O
0— A/(0) LA/ — 2/t —0

The second follows from 7.4. O

7.7 Proposition. A finitely generated A-module N is excellent (4.10) if and only
if N has no finite submodules.

Proof. Suppose that N has no finite submodules. It is necessary to show that
Ext3 (N,-) is zero. By 7.3 there is an injection N — N’, where N’ is a direct sum
of distinguished modules. By inspection N’ has projective dimension < 1, and the
desired result follows from 7.2. If on the other hand N contains a finite submodule,
then by 7.4 it contains a submodule isomorphic to Z/¢, and so Ext3 (N, A) # 0 by
75and 7.2. O
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7.8 Proposition. If N is a finitely-generated A-module, then its dual Homy (N, A)
is a free A-module.

Proof. We can clearly assume that N has no finite submodules. By 7.3, then,
there is an embedding N — N’ with finite cokernel, such that N’ is a direct sum
of distinguished A-modules. It follows from 7.5 that the map Homy(N',A) —
Homp (N, A) is an isomorphism, and the proof is completed by noticing that since
A is a domain, the dual of a distinguished module is free. [J

7.9 Proposition. Let N be a finitely generated A-module and N’ C N its maxi-
mal finite submodule. Then the restriction map Ext3 (N, A) — Exti(N’,A) is an
1somorphism.

Proof. By 7.7 the quotient N/N’ is excellent. [

7.10 Proposition. If N is a finitely generated A-module, then Exty(N,A) is a
torsion A module.

Proof. This is clear if N is a direct sum of distinguished modules. It follows in the
general case from 7.3 and 7.5. [

7.11 Proposition. Suppose that N is a finitely generated excellent A-module. Let
N} = Exty (N,A) for i =0, 1. Then there is an exact sequence of A-modules

0 — Exty(N;,A) — N — Homp (N}, A) — Ext3 (N7, A) — 0.

Proof. Construct a finitely generated free resolution R = (F} — Fp) of N, in which
each F;, i = 0, 1 is a finitely generated free A-module. Let R* be the A-dual of R,
so that H' R* = N7,i =0, 1. Since all the modules involved are finitely generated,
the double dual Homy (R*, A) is just the original free resolution, and so has as its
only homology group the module N in dimension 0. The exact sequence of the
proposition then comes from the standard Universal Coefficient spectral sequence

E}; = Exty (H R*,A) = H;_; Hom (R*, A)
which in this special case is very sparse. [

7.12 Exzample. Let N be the A-module A/(f(T)) for a nonzero element f(7T) € A.
A calculation with the free resolution

shows that Ext’ (N, A) is zero for i # 1 and is isomorphic for i = 1 to Ni =
A/(g(T)), where g(T) = f(1+T)"! —1) (see 7.6). By 7.11 or another direct

calculation, there is a “double duality” isomorphism N = Ext} (N}, A).

§8. THE SPECTRUM L(K™Ry)

In this section we will study the spectrum L(K™4Ry), and show that sometimes
certain cartesian factors of Q5°L(K™4Ry) are also factors of Q° K4 Ry. The next
section will extend these results to L(K™9R). Note that Ap, = AR, = Ar (82), s0
that 6.11 gives an isomorphism K~ 'L(K™Ry) = A’ @4, M.

The starting point is the following theorem of Iwasawa.
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8.1 Theorem. [23, Thm. 18] The Iwasawa module M has no finite A p-submodules.

8.2 Corollary. The Iwasawa module M is an excellent Ap-module, and N @z, M
is an excellent A'-module.

Proof. By [23, Thm. 4], the module M is finitely generated over A%, so the fact
that it is excellent follows from 8.1 and 7.7. The final statement is immediate, since,
as a module over Ap, A’ is free on a finite number of generators. [J

Proposition 4.17 now gives a determination of fL(K red Ro).

8.3 Theorem. The spectrum E(KredRo) is of type My (AN ®a, M,—1) or equiv-
alently of type Myc(A' @4, M(—1),1).

Remark. The two Moore spectra in 8.3 are the same by 4.4. Note that A’ @4, ()
commutes with Tate twisting, so the notation A’ ®,,. M(—1) is unambiguous.

Because of 8.3, any algebraic property of the Iwasawa module will be reflected
in a geometric property of IA/(K red Ry); for example a direct sum decomposition of
M corresponds to a wedge decomposition of f}(K red Rg). In the remainder of this
section we will use the property of M described in 8.10 below to prove the following
two theorems. These theorems amount to a study of the way in which the Borel
classes [7] split off from KRy or L(K Ry).

The Ap-module A/ is a quotient of A, (§2) and is thus finitely generated by
[44, 13.18]. Since Ap is noetherian (§7), it follows that AL has a unique maximal
finite submodule.

8.4 Theorem. Let (¢ be the exponent of the mazimal finite A p-submodule of AL, .
Then there are maps uop : LK™ Ry) — (2K)200) and vy @ (2K)200) —
ﬁ(KredRo) of module spectra over i}(KIE‘O) such that the composite Uiop - Vgop 15 Mul-
tiplication by £¢. In particular, if AL contains no finite submodules then ﬁ(KredRO)
has (ZK)"2(F0) a5 a wedge summand.

8.5 Theorem. Let (¢ be as in 8.4 and let U= Q3°(2K) denote the {-completion
of the infinite Unitary group. Then there are maps of spaces ug,, : 5° (KredRo) —
()=o) and Viop (0)r2(Fo) — Qo (K4 Ry) such that the composite Utop * Viop
is multiplication by £¢ with respect to the usual loop space structure on (U)TQ(FO).

In particular, if AL, has no finite Ap-submodules then (f])”(FO) is a retract of
O (K™ 4Ry).

Remark. In many interesting cases A’ has no finite A p-submodules, but not in all
cases (cf. 12.4).

8.6 A Conjecture. In the Introduction of [18] there is a conjecture which in the con-
text of this paper can be strengthened to state that there should be ring spectrum
maps maps hl : KF,, — KR, which fit into commutative diagrams

hO
KF, —— KR,

| l

L(KF,) —l»— L(KR,)
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with the maps of 5.4. For discussions related to this conjecture see [32]. If we could
prove the strengthened conjecture, we could show that the map v, of 8.4 lifts to a
map v,?op : (POZIC)TQ(F o) — KRy and consequently in some cases get a splitting
of the algebraic K-theory spectrum. As things stand, though, we have to settle in
8.5 for something weaker than a spectrum map vgop.

Let Lo, denote lim,, WOfL(K red ) where the limit is taken with respect to the
norm or transfer map. Note that by 6.4 there is an isomorphism FE/_(red) =
lim,, 71 L(K™R,,). Passing to the limit with 6.4 and 3.10 shows that there are
short exact sequences of A’z-modules

0 —— A, —— Lo —— B — 0
(8.7)

0 —— FE/ (red) —— E/, —— lim,(F})" —— 0

The Az-module lim, (F))" in the lower sequence is isomorphic to Z,(1) and the
surjection in the lower sequence is split by the inclusion Z,(1) = lim,, u(R,,) — EL.
As will become clear from the proof of 8.10, both L. and E’_(red) are finitely
generated as modules over A or equivalently over Ap.

8.8 Lemma. Forn >0 and ¢ =0, 1 there are natural isomorphisms
mL(K™R,) =2 Ext) /(M (—1), Ar ®a,, Ze(0)).

If m > n, then under these isomorphisms the transfer map WifL(KredRm) —
m L(K*™R,) (i = 0, 1) corresponds to the map on Ext'™" induced by the natu-
ral surjection Ap @n,  Ze(0) — Ap @a, Ze(0).

Proof. We will look at the case ¢ = 1; the other case is similar. Write Z; = Z;(0).
There are isomorphisms

mL(K™R,) = Homa (A ®y, M(—1),Z)
(8.9) =~ Homp,, (M(—1),Z)
= Hompy,. (M(—l),HomAFn (Ap,Zy))

where the first isomorphism comes from 8.3 and 4.15, and the other two from stan-
dard adjunctions (note that A’z = Ap, for n > 0). By calculation Homy,, (Ar,Z)
is canonically isomorphic as a module over Agp to Ap @np, Lo (The calcula-
tion comes down to observing that for the finite group G = I'rp/T'p,, the nat-
ural basis of Z¢[G] given by group elements provides a canonical isomorphism
74|G) = Homy, (Z¢|G],Z¢) of Zy|G]-modules.) The statement about the transfer
reduces, via the first isomorphism in 8.9, to a calculation with the algebraic trans-
fer (6.17). O

8.10 Theorem. There is an exact sequence of Ap-modules

0 — Exty, (Leo, Ap) — M(—1) — Homy,, (E’(red), Ap) — Ext}, (Lo, Ap) — 0.
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8.11 Remark. This is also an exact sequence of Ap-modules if Ar acts from
the left on the Ext’ groups in the natural way (cf. 7.6); for instance, for f €

Homy . (EL, (red), Ap) and g € Ap, (- f)(z) = f(g~"@).

Proof of 8.10. Passing to the inverse limit with 8.8 shows that Lo (resp. E7(red))
is isomorphic to Ext} (M (—1),lim,(Ar ®a, Z¢)) for i =1 (resp. i = 0). Since
lim,,(Ar ®ay, Z¢) is isomorphic to A, the exact sequence follows from 7.11. [

The first exact sequence of 8.7 describes L., pretty well in terms of familiar
objects; our immediate goal now is to get a corresponding description of E’_(red),
or equivalently, given the second exact sequence of 8.7, of E/_. We will work up to
this description, which is provided by 8.17, in stages.

8.12 Lemma. As in §2, let Eg(red) denote the (-completion of the kernel of the
reduction map Op, — Fg. Then ranky)(Z/¢ ® Eo(red)) = r2(Fp) — 1.

Proof. This is a consequence of the Dirichlet unit theorem. Note that by the choice
of Fy, Ep(red) is ¢-torsion free. [

8.13 Lemma. The Ap-rank of M(—1) is ro(Fp).
Proof. Choose a minimal resolution of M(—1) = K*L(K™4Ry) over Ap

(8.14) 0— (Ap)* S (Ap)? — M(=1) =0
and tensor with A’ to obtain a A’-resolution:
0— (M) S (M) — N @y, M(~1).

The symbol C' denotes a b X a matrix with coefficients in A C A’. It is clear that
rankp . M(—1) =b — a. As in §4, there is a cofibre sequence

(8.15) LK™ Ry) — (5£)V <5 (u£)Ve

where C? is a matrix corresponding under the isomorphism A’ = [K,K] to the
transpose of C. Since the resolution 8.14 is a minimal one, the elements of C' lie in
the maximal ideal of A’ and so C* induces the zero map on mod ¢ homotopy groups.
The cofibration sequence 8.15 therefore shows that the Z/f-rank of 7; L(K**4Ry) A
Myisbif j=1andaif j =0.

If N is an abelian group write rankz,, N for the rank over Z/¢ of Z/{ ® N, and
corankz, N for the Z/{-rank of ker(¢ : N — N). The universal coefficient theorem
for mod ¢ homotopy groups shows that for any appropriately finite spectrum X
there are formulas

(8.16) rankz, /o (m; X A My) = ranky, m; X + corankyz/, m;_1.X .

The number of primes inverted in passing from Op, to Ry is so, so ranky, Eq(red)
is so +ranky e Eo(red). By 6.4, the proof of 3.10 and 8.12, then, there are equalities

b =ry(Fy) — 1+ so + coranky, Aj
a =rankg Ay +so — 1+ Corankz/g(ﬂ_lf)(KredRo)) .
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Now corankyz/, A = ranky . Aj because Aj is finite. The group ﬂ',lfz(K redp )
is a summand of 7_y L(KR,,) = H}, (Ry; Ze(0)) this latter is torsion free because
it can be identified with the group of continuous homomorphisms from the étale
fundamental group of R, to Z, (3.3, [14, II, 2.1]).. It follows immediately that
(b—a) :TQ(F()). ]

8.17 Proposition. There are isomorphisms of Ap-modules
Homy . (B (red), AF) = (AF)rz(Fo)
Bl (red) = (A )27

I

Proof. By 8.10 and 7.10 and 7.9, the Ap-rank of Homp , (E._(red), Ap) is the same
as the Ap-rank of M (—1), which by 8.13 is 72(Fp). The first isomorphism follows
from the fact (7.8) that Hompy ,.(E’ (red), Ar) is free. The second is proved using
the first, 8.10, and the isomorphism E’_(red) = Homy . (M (—1), Ap) from the proof
of 8.10. O

Proof of 8.4. Observe that B, is torsion free and so has no finite submodules
(§2, proof of 3.10). By 8.7 and 7.9, £¢ is an exponent for Ext}, (Lo, Ar). Let
N denote the module Homy . (E’_(red), Ar), which by 8.17 is a free A p-module of
rank ro(Fp). By 8.10, there are maps uas : N — M(—1) and vae : M(—1) = N
such that the composite va1g - Ualg is multiplication by £¢. Applying Mc(A'®a, -, 1)
to these maps gives the maps uop and viop. These are maps of module spectra over

A

L(KFy) by 4.22 and 6.13. O

The proof of 8.5 depends on a construction of Soulé [41] which was promoted to
homotopy theory in [6]. We will use the notation of 6.19. Consider the homomor-
phism

Jn t M LK™ Ry) — [SL(KF,), LK™ Ro)l 1 i,

which sends f : ST — L(K™4R,,) to the composite

L(KF,) A8 9N, F(KF,) A LK™ R,) ™ L(K™R,) 5 L(K™Ry)
where m is the module structure map (5.1) and ¢ is the transfer.

8.18 Proposition. The map j, is a bijection. For m > n the following diagram
commutes .
m L(K™R,,) —"— [SL(KF,), LK™ Ro)l} xr,)

| |
Wlf/(Krean) LN [Ef/(KFn),i(KredRo)]i(K]Fo)

where the left hand map is the transfer (6.17) and the right hand map is induced
by the inclusion F,, — F,,.

Proof. The fact that j,, is a bijection comes from combining 6.19 with the fact that
the map sending f to m - (f Aid) gives a bijection

[SY, L(K™R,)] — [SL(KTF,), L(K™R,)] L(KF.) -
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The commutativity of the diagram is a consequence of the fact that the transfer is
a map of module spectra over L(KF,,) (6.19). O

Since K°K = lim,, K°L(KT,) (4.18), it follows from 4.15 that there is a bijection

oY

[ZK, ﬁ(KredRo)]i(mo) — liTan[Zf)(KFn), ﬁ(KredRo)]ﬁ(mo) :

Recall that E/_(red) = lim,, m L(K™4R,,), and let
(8.19) Joo + Bl (red) — [SK, LK™ Ro)] j (s,

be the homomorphism which sends an element z = (... ,z,,...) € E.(red), where
each x, € m L(K™R,), to the unique map joo(x) which for each n restricts to
Jn(zy) on XL(KTF,). We have proved the following proposition.

8.20 Proposition. The map jo, displayed in 8.19 is a bijection.

We can now do something similar to the above with algebraic K-theory, rather
than with K*-localized algebraic K-theory. Recall that Bu(Ry,)4 is the suspension
spectrum of the space Bu(F,,). As discussed in §5, for each integer n the spectrum
KR, is a module spectrum over Bu(R,, ). Let

ko m KR, — [SBu(R,)4, KRy)
be the map which assigns to x € m KR, the composite
Bu(Rn)s AS* 2% Bu(R,) 4 AKR, 2 KR, % KR,

where Z is the image of x in 7 K R,,, m is the module multiplication map and ¢ is the
transfer. Note that m K™ R, 2 7 L(K™4R,,) (6.4) so that E’_(red) is isomorphic
to the limit lim, 71 K*9R,. Define k' : E'_(red) — [ZBu(Rso)+, KRo] to be
the homomorphism which assigns to x = (... ,z,,...) € E/ (red), where x,, €
m KR, = 1 L(K™R,), the unique map k’_(z) which for each n restricts to
k! (z,) on ©Bu(Ry,)4. (The map k. (x) here is unique because KRy is an /-
complete spectrum of finite ¢-adic type.)
Recall the notation BG and BG. from 1.13.

8.21 Lemma. For each x € E!_(red) there is a map j. (x) : EBSi — KredR,
such that the following diagram commutes

d !

A~

s 2= f(KredRy)
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Here the map i is induced by the usual map BS = BU(l) — BU~ QSOIC
Proof. The methods of 4.18 produce a commutative diagram

A

Bl"L(IFOO)—f— :—> Bg_l,'_

l d

A ~

L(KF,) —— K

in which the horizontal arrows, which are equivalences, are given by Brauer lifting.
(Note in particular that there is a natural homomorphism p(Fo) = u(Rs) —
1(C) € ST = U(1).) Use the upper arrow to identify Bu(Roso )4 with BS& For each
z € E'_(red), let koo () denote the composite of joo () with the map L(K™Ry) —

A

L(KRy). It follows from the naturality of the above constructions that for each
x € E/_(red) there is a commutative diagram

al | 1|
sk =" fKRy) —— L(KTy)

in which the lower map is null. Since EBSi is a O-connected spectrum and the com-
pletion map f is an equivalence on 0-connective covers (4.18), the upper composite
is also null and ks (z)’ lifts to a map j'_(z) with range K™R;. An elementary
argument which again uses the fact that P°f is an equivalence shows that this lift
can be chosen so that the diagram in 8.21 commutes. [J

Remark. The above arguments are complicated slightly by the fact that we want
to dodge the technical question of whether K™R, is a module spectrum over

Bu(Ry,)+.

8.22 Lemma. Leti: XBSL — YK be the map of 8.21. Then Qg% : Q3°(XBSL) —
QFEK ~ U has a right inverse.

Proof. In this proof all homology and cohomology groups have integral coefficients.
We begin by making two observations.

(1) Any graded algebra map H* U — H* U which induces a split monomorphism

Q(H*U) — Q(H" U) of multiplicative indecomposables is an isomorphism.

(2) Letig : X(BS'Upt) — U be the map which is adjoint to the usual map BS*U

pt — QU ~ Z x BU. Then iy induces a split monomorphism Q(H* U) —
H*(BS! U pt).

The first observation follows from the fact that H* U is finitely generated in each

dimension. The second follows from calculation in dimension 1 and in other dimen-

sions k£ > 1 from the fact that, say by the Eilenberg-Moore spectral sequence, the

cohomology suspension map H*(SU) — H* 2(BU) ~ H* ! BU carries Q H*(SU)

isomorphically onto the group of primitive elements in H*~' BU. These group of
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primitive elements in turn restricts isomorphically to H* BS?, since (dually) the
image of H, BS! in H, BU generates H, BU as a Pontriagin ring.

Leti : X BSi — XK be the natural map which gives rise to ¢ after /~-completion.
It is enough to prove that g%’ has a right inverse. Consider the diagram

-/

S(BS' Upt) 2% U % Qs BSL L U,

where r is some map such that & -ig is adjoint to the identity map of X(BS! U pt)
(see [27] or [30, p. 412] for the construction of such a k). It is clear that the three-
fold composite i’ - k-4 is equal to ig, thus by (2) above that i’ -k induces an injection
on cohomology indecomposables, and then by (1) above that ' - k is a homotopy
equivalence. The map « gives the desired right inverse to /. [

Proof of 8.5. By 8.4, 8.20, and 8.21, we can construct a commutative diagram of
spectra
(EBS—l’_)rg(Fo) - KredRO - (ZI&)TQ(FO)

iTz(Fo)J( l :l
(BR)r2(Fo)  or f(pered oy Mer, (Ryra(Fo)

where ¢ is the map of 8.21. The theorem follows from applying Q5°(-) to this
diagram and noticing (8.22) that the map Q5°(i"2(¥0)) has a right inverse. [J

§9. DESCENDING TO L(K™IR).

Our goal here is to extend the results in §8 to the spectrum L(K*4R). The fact
that the Iwasawa module M is an excellent Ap-module (8.2) implies (4.11) that
it is an excellent A’z-module, and so by 4.17 the following generalization of 8.3 is
immediate.

9.1 Theorem. The spectrum L(K™R) is of type My (A’ ®ar, M, —1) or equiva-
lently of type My (A" @p, M(-1),1).

The analogues of 8.4 and 8.5 look slightly different. Let KR denote the ¢-
completion of the periodic real K-theory spectrum. Recall from 6.15 that there is
a L(KTF)-module structure on L(K*™4R).

9.2 Theorem. Let (¢ be the exponent of the mazimal finite Ap-submodule of AL,
and let X be the spectrum (SKR) ) v (SK)2F). Then there are maps usop :
L(K™R) — X and viop : X — L(K™R) of module spectra over L(KTF) such that
the composite Uiop - Viop @5 multiplication by €. In particular, if AL, has no finite
A p-submodules then fL(KredR) contains X as a wedge summand.

9.3 Theorem. Let (¢ and X be as in 8.4. Then there are maps uy,, : QX K™ R —
Q5°X and vy, : QX — QF KR such that the composite Utop * Vtop 18 multipli-
cation by ¢¢ with respect to the natural loop space structure on Q5°X . In particular,
if AL has no finite Ap-submodules then Q5°X is a retract of ngf(redR.

The proof of these depends in part on studying the relationship between the
spectra K™ Ry and K™R. To begin with we will make a few remarks about
certain group actions.
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9.4 Splittings arising from group actions. Let G be a subgroup of A, which in
practice will almost always be Ap. It will be very important in what follows that
G is finite and of order prime to /. Recall from §2 that the Teichmuller character
w of G is the embedding G c IV 5 Z) . According to elementary representation
theory there are |G| basic idempotents €;, i = 0,...,|G| — 1 in Z¢[G], where ¢; is
given by the formula

e = (1/1G)) > _w(9)g,

geqG

and any Z¢|G]-module N is isomorphic to the direct sum @;e; N. If X is an /-
complete spectrum with an action of GG, then X is a module spectrum over the
ring spectrum (G4 )" and so elements of Z/[G] = mo(G4)" give self-maps of X. In
this situation define €, X to be the telescope of the sequence X =% X =5 X ...,
There is a map t; : ¢, X — X obtained by mapping each term of the telescope
to X by €;. Because the homotopy groups of a telescope are the direct limit of
the homotopy groups of its constituents, it is clear that ¢; induces an isomorphism
(€, X) = ¢m X and hence that Vt; : V;e;,X — X is an equivalence. For each
element g € G there is a diagram

X %L gx X

(9.5) gl w(g@ w%g)l

X 2 56X — X

where s; is inclusion of the first term of the telescope, so that s;t; = ¢;, and w*(g)
is multiplication by the f-adic unit w’(g) = (w(g))’. The large outer square in 9.5
commutes by the definition of ¢; and the right hand square trivially commutes. It
then follows from the fact that ¢; is the inclusion of a wedge summand that the
left-hand square in 9.5 commutes, and thus that Vs; : X — €,X is an equivari-
ant equivalence, where G acts on each ¢; X by multiplication by the /-adic unit
w'(g). It is not hard to show that an equivariant map X — Y induces equivariant
maps €, X — ¢;Y with the appropriate naturality properties; in particular, every
equivariant map €; X — ¢€;Y for ¢ # j is null homotopic.

We will denote €gX by X and call it the “homotopy fixed point set” of the
action of G on X note that 7, (X%) = (m,X)C.

The Galois action of Ay on K Ry is the action derived from the action of Ar on
Ry by ring automorphisms.

9.6 Proposition. The Galois action of Arp on KRy induces actions of Ar on
KRy, K™ Ry, f/(KredRO), KFy, and I:(KIFO). With these actions there are nat-
wral homotopy equivalences KR ~ (KRy)®F, K™ R ~ (K™ Ry)2F, L(K™R) ~
L(K™9Ry)Ar | KF ~ (KFo)2F and L(KF) ~ L(KF)2*.

9.7 Example. Applying (-)2F to the composite

LIKFo) 12 L(KRo) 2L 1(KTFy)



K-THEORY SPECTRUM 41

from 5.4 gives both a ring spectrum map ﬁ(K F) — ﬁ(K R) and a wedge decompo-
sition L(KR) ~ L(KF) Vv L(K™R).

Proof of 9.6. The group Ap acts on KRy and KT, by functoriality. The natural
map KR — KRy is equivariant with respect to the trivial action of Agp on K R,
and the induced map KR ~ (KR)2F — (K Ry)2* is an equivalence by a standard
argument using homotopy group calculations (9.4) and the transfer. (In brief, let
f: KR — KRy be the usual map and t : KRy — KR the transfer (35, p. 103]. A
calculation shows that f -t is |Ap|eo and that ¢ - f is multiplication by the element
[Ro] in KoR represented by the R-module Ry. It is straightforward to see that
[Ro] differs from [R?F] by a nilpotent element of KoR, and thus becomes invertible
in moK R because dp = |Ap| is relatively prime to £. The desired result follows
easily) For similar reasons the map KF — (KTFy)2F is an equivalence. The map
K Ry — K Fo is Apg-equivariant and so induces maps ezK Ry — ezK Fo with fibres,
say X;. The action of g € Ar on eZKRO or eZK]FO is multiplication by the /f-adic
integer w'(g), and so these maps easily lift to an action of Ar on X;. Taking wedges
gives an action of Ap on V;X; = K red Ry, with respect to which (K red Ro)AF s
Xo = K™4R. The equivalence L(K™R) ~ L(K"™Ry)2F and the corresponding
finite field statement follow from the fact that L(-) (like any localization functor)
preserves finite wedges, and the fact that multiplication by an f-adic unit on a
spectrum X induces multiplication by the same unit on LX (this property can be
derived from the description of LX in 5.10). [

In order to exploit 9.6, we need a Ap-equivariant description of E_(red) analo-
gous to 8.17. We will gradually work our way up to giving this description in 9.10
below. The next proposition is a refinement of 8.12.

9.8 Lemma. For0<i<dp —1=#Ar — 1 there are equalities

ri(F)+re(F)—1 i=0
ranky ¢ €;(Z/{ @ Eo(red)) = § r1(F) + ro(F) v even, 1 # 0 .
ro(F) i odd

Proof. Let U be the quotient of (9;0 by its torsion subgroup. By choice of Fy there
is a natural Ap-isomorphism Z/{ @ U = Z/{ ® Ey(red), so we can prove the lemma
by working with U. Let X denote the set of equivalence classes under complex
conjugation of embeddings of Fj in C. (Note that there are no embeddings of Fj in
R.) The usual proof of the Dirichlet unit theorem produces a short exact sequence

0—-RazU — (R)* HR -0

in which a is the obvious sum map. This exact sequence is A p-equivariant, where
Ap acts on the middle group by permuting embeddings among themselves and
A acts trivially on the right-hand group. This makes it possible to use the exact
sequence to compute the character of the action of Ar on R ®yz U, or equivalently
the character of the action of Ar on C ®z U or on Q; ®z U. Since U is torsion
free, rankeq; €;(Q¢ ®z U) = rankg s €;(Z/¢ @ U). The lemma now follows from a
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straightforward calculation; the important point is that the embeddings of F' in C
correspond to the orbits of Ar on X and that such an embedding is real if and
only if the isotropy subgroup of the corresponding orbit in X contains an element
of order 2. [J

9.9 Lemma. For0<i<dp —1=#Ar —1 there are equalities

r1(F) +ro(F) i even

ranky . ;(M(—1)) = { ro(F) 1 odd

Proof. Choose a projective resolution R = (N3 — Ny) of M over A% so that
for each idempotent €;, ¢;R is a minimal resolution of ;M over Ap. Let a; =
rankp, ;N7 and b; = rankp, €;Ng. Then ranky, ¢,M = b, — a;, and for reasons
discussed in the proof of 8.13 the Z/¢-rank of eiwjf}(KredRo) AMyisb;if j =1 and
a; if j = 0. Recall from 6.4 that m L(K™Ry) is Ej(red). The long exact K-theory
sequence associated to the localization formula Ry = Op,[1//] therefore gives in
low dimensions an exact sequence of Ap-modules

0 — Zy @ Ey(red) — (m L(K™Ry) = E/(red)) — Z¢[So] — Ay — A — 0.
By 6.4 and 3.10 there is an exact sequence of A p-modules
0 — Al — moL(K™ Ry) — Z[So] — Ze(0) — 0.

(Recall from §2 that Sy is the set of primes above ¢ in Ry.) If N is a Zy-module
with an action of Ap, write rank}, /¢ N (resp. corank, /¢ N) for the Z/t-rank (resp.
corank) of €; N (see the proof of 8.13). Since the class group Ay is finite and €;Z;[So]
is torsion-free for each i, the first exact sequence above gives

rank%/g(mﬁ(KredRo)) = rankiZ/g(Zg ® Ey(red)) + rank%/e(Zg[So]) .
The second exact sequence above gives equalities
corank%/e (moL(K™4Ry)) = COT&Hk%/z(AG)
rank%/e(woj}(Kdeo)) = rank%/Z(Ag) + rank%/e(Zg [So]) — 64

where 8} is Kronecker delta. Formula 8.16 gives equalities

b; = rank%/z(Zg ® Ep(red)) + rank%/e(Zg [So]) + corank%/e(Af))
a; = rank%/g(A{)) + rankz/g(Zg [So]) — 64

where we refer to the remark at the end of the proof of 8.13 for the fact that
corank, /e (m_1L(K Ry)) does not appear on the second line. Lemma 9.8determines
the number rank%/g(ZgQ{)Eo (red)). Since A} is finite, corank%/g(Ag) = rank%/g(A{)).
The proof is completed by computing b; — a;. [

Recall (§2) that A%z =2 Ap[Ap]. Suppose that Ap contains an element ¢ of order 2
(necessarily unique). Given a module N over Ap, let Ney (resp. Noqq) denote the
submodule of N on which ¢ acts trivially (resp. acts by multiplication by (—1)). If
Ar has odd order, set No, = 0 and Nygq = N. Let A; = (A%)ev-
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9.10 Proposition. There are isomorphisms of A'm-modules

Homy . (Bl (red), Ap) = ()" @ (M)
EL(red) = (A7) @ (M)

Proof. Given the above two lemmas, this is very similar to the proof of 8.17. [J

The followmg proposition results from identifying the action of complex conjuga-
tion on K with the action of the element of order 2in A € IV on K. Let {+1} C A
denote the subgroup of order 2.

9.11 Proposition. The spectrum KR is the wedge summand 0fl€ given by (I@){il}

(see 9.4). Consequently, if A contains an element of order 2 there is an equivalence

KR ~ Mic(N @y, AT, 0).

Proof of 9.2. By 8.7 and 7.9, £¢ is an exponent for ExtiF (Loo, Ar). Let N denote
the A%z-module Homp ,, (E’_(red), Ap) described in 9.10. Since N is a projective A’-
module, it follows from 8.10 that there are A’zp-module maps uae : N — M(—1)
and vag 1 M(—1) — N such that v, - uae is multiplication by ¢¢. Applying
M (A ®4pr, —, 1) to these maps (and using 9.11 if [Ax| is even) finishes the proof;
the module spectrum statement comes from 4.22 and 6.13 [

The discussion preceding 8.20 can be combined with a naturality argument to
give the following proposition.

9.12 Proposition. The transfer construction of §8 gives a bijection
oo+ B (red) = [SK, LK™ R)]z 1z, -

This bijection is I'-equivariant, in the sense that if v € I'y and x € E!_(red), then
Joo () = Joo () - 771

Remark. The action of I'; on K implicit in 9.12 is of course the one that results
from the canonical embedding I, — I (§4).

Proof of 9.3. We will only sketch the argument, since it is very similar to the
arguments at the end of §8. Suppose that Apr has an element of order 2; the
other case is simpler. The map A’ ®,, M(-1) — A’ ®,, Homy . (E (red), Ar)
obtained from 8.10 gives by 9.10 a set of maps z; : A" @, M(-1) — K°KR
(i=1,...,r(F)) and aset of maps y; : A'®@p; M(—1) — K*K (j=1,... ,r2(F)).
Let x} : A @5, M(-1) — KK be the composite of z; with the summand (9.11)
inclusion KOKR — K°K. Each map x; is equivariant with respect to the subgroup
{£1} C A, where {£1} acts on A'®,, M (—1) trivially and on K°(K) via the natural
action on the “inner” K. Denote the maps L(K™4R) — K corresponding (4.15) to
x; and y; again by the symbols 2 and y;. Each map  : L(K™4R) — K is again
equivariant with respect to {£1}, where {£1} acts trivially on L(K™4R) and in

the natural way on K. The maps x} and y; are maps of module spectra over f)(K F)
by 4.22. By 9.12, each map y; corresponds to an element b; of E’_(red), and each
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map z} to an element a; € (E’_(red))i*'}. The construction in the proof of 8.21
shows that for each a;, say, there is a map J(a;) : ¥BS} — K™4R which is {+1}
equivariant (with respect to the trivial action of {£1} on K™4R and the complex

conjugation action of {£1} on BSEL, as in 8.21 these maps fit into commutative
diagrams

shet T2 fredp
v Ll=le) ) fered py

Taking “homotopy fixed points” (9.4) with respect to {£1} gives commutative
diagrams
(EBSi){il} (KredR){:l:l} — f(redR

| |

(ZIC){:H} = ]€R N i(KredR){il} — ﬁ(KredR)

There are similar maps J/ (b;) : ©BSL — K4 R, but no action of {£1} to take into

account in this case. For notational simplicity let ¥ = (BS}_){il}. The argument
is completed by assembling all of the maps into a diagram of spectra

(ZY) ) v (2BSL)=(F) ——  KrdR s (BER)) v (K72 ()

l l -

(E;@R)n(F)\/(E;@)rz(F) _ Ytop ﬁ(KredR) _ Utop | (E/@R)m(ﬁ“)\/(g;@)rz(F)

and arguing from 8.22 that the vertical arrow on the left gains a right inverse when
the functor §°(—) is applied. O

§10. HOMOLOGY CALCULATIONS

The Lichtenbaum-Quillen conjecture for R is equivalent to the conjecture that
the natural map BGL(R) — Q°L(KR) is an isomorphism on H* = H*(—Z/¢).
Since this conjecture is true for a finite field (cf. proof of 4.18), the splitting
described in 9.7 leads to the following result.

10.1 Proposition. If the Lichtenbaum-Quillen conjecture is true for R, then there
18 an isomorphism of Hopf algebras

(10.2) H* BGL(R) = H* O L(K™R) ® H* BGL(F).

Quillen computed H* BGL(F) in [34]. In this section we will concentrate on
computing the other factor on the right hand side of 10.2. This gives an explicit
conjectural calculation of H* BGL(R) which extends similar conjectural calculations
from [16] and [17].

10.3 The case of Ry. We will treat this case to begin with; it is a little simpler
than the general one. If X and Y are spectra, write X A, Y for the ¢-completion of
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X ANY. Let i be either 0 or 1, and let N be a finitely generated Z,-module which
is free if i = 1; recall that M(N,i) is a Moore spectrum of type (N, ). Define the
Hopf algebra H(N,i) by the formula

A

H(N,i) = H* QF(M(N,i) A K).

10.4 Theorem. There is an isomorphism of Hopf algebras

H* QP L(K™ Ry) = H(E}(red),1) ® H(A),0) ® H(By,0).

Remark. The homology tensor product formula in 10.4 and the corresponding for-
mula in 10.11 below do not usually reflect cartesian product decompositions of the
spaces in question.

10.5 Remark. The Hopf algebras H(N,i) can be described very explicitly. The
algebra H(N,1) is H*(U"), where U is the infinite Unitary group and r is the Z,-
rank of N (recall that we restrict to free Zy-modules N in considering H(N,1)).
For the case i = 0, write N as a sum of (Z;)" and various cyclic groups Z/¢*s.
Then H(N,0) is the tensor product of H*(BU") with the algebras H(Z/¢%i0). For
any integer k, H(Z/¢*,0) is the cohomology of the first delooping of the fibre of
the ¢/#’th power map BU — BU. To understand this algebra, let P(k) be the Hopf
algebra dual to (H, BU) /Iy, where I}, C H, BUis the ideal generated by elements of
the form 2¢", |z| > 0. In the notation of [33, §3], P(k) is isomorphic to the tensor
product @, ¢)—1 An k-1, where A, 1 is a certain polynomial algebra on generators
an,; of degree 2nf’, 0 < i < k. Let P’(k) denote the exterior algebra which is the
“delooping” of P(k), so that P’(k) is an exterior algebra on (primitive) generators
oni of degree 2nf' + 1, where (n,f) = 1 and 0 < i < k. Then H(Z/{*,1) =
P(k)® P'(k).

10.6 Remark. There are alternate ways to present 10.4 which exploit the isomor-
phism H(N x N’,i) & H(N,i) ® H(N',i). For example, E{(red) is isomorphic
as a Zg-module to (Zg) 2(Fo)+50=1 (see the proof of 8.13), and By is isomorphic to
(Zg)*0~t. This gives

H* Q° L(K™ Ry) = H* (U Fo) 01y @ H*(BU* 1) @ H(A},0).

For the next two lemmas, suppose that X is a spectrum which lies in a cofibration
sequence

(10.7) KPS (K)* — X.

where C' is an a x b matrix with coefficients in A = Z,[[T]]. Write C(0) for the
a X b matrix over Z, obtained by applying to C the augmentation homomorphism
A — Zg.
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10.8 Lemma. Define Zy-modules Uy and Uy by the exact sequence

0— Uy, — (Z)® ©0), (Zp)* — Uy — 0.
Then U; 2 mX,i=0, 1. If C = C(0), i.e, if C is itself a matriz over Z,, then

X~ MU, 1) A K\ MU, 0) A K

Proof. The first statement results from the fact that 7oK is isomorphic to Z;(0) as
a module over A, so that C'(0) gives the homomorphism moK* — moK? induced by
C'. The second statement is obvious. [

10.9 Lemma. The Hopf algebra H, QF X depends only on C(0).

Proof. Applying 5°(-) to 10.7 gives a fibre sequence
(10.10) (F ~mX x (BU)®) — (BU)* - QFX

where 7 X is the finitely generated free Zy-module denoted U; in Lemma 10.8. To
compute H, QX we can use the Rothenberg-Steenrod spectral sequence. Let C
denote the induced map ®°H, BU — ®*H, BU. The category of bicommutative
Hopf algebras is abelian, and so C is an a x b matrix over the ring £ of Hopf
algebra endomorphisms of H, BU. However, as noted in [33, 3.9], the endomorphism
of H, BU induced by a power series (§7) in A is just the Hopf power given by
f(0) € Z, C E. After a suitable change of basis, then, C' can be transformed
to a block matrix (D |0) where D is an a X a diagonal matrix and 0 denotes the
a X (b — a) zero matrix. The list of diagonal entries of D can be adjusted by a
further change of basis to be of the form (¢k ... ¢ 0,...,0), where r < a is
some integer, the k;’s are appropriate exponents, and there are (a — r) terminal
zero entries. It is then clear from [33, 3.10] that the Rothenberg-Steenrod spectral
sequence of 10.10 collapses with no Hopf algebra extensions and gives a formula
for H, 23°X. Observe in making the calculation that, because F' is an infinite loop
space and hence homotopy abelian, there is an isomorphism of Hopf algebras

H. F =7/l X] ®z (2" H.BU).

Moreover, the action of the factor Z/f[r X] on ®* H, BU is trivial, and the resulting
contribution TorZ//"X1(7,/¢,7./¢) to the Ey-term is a primitively generated exterior

algebra on n generators in bidegree (0, 1), where n is the rank of m X over Z;.
The formula for H, 25°X visibly depends only on C(0). O

Proof of 10.4. Delooping the cofibration sequence of 8.15 gives a cofibration se-
quence like 10.7 for L(K™Ry). It then follows from a combination of 10.8 and
10.9 that there is an isomorphism of Hopf algebras

H* QFL(K™Ry) = H(m L(K™Ry),1) ® H(moL(K™Ry),0) .
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The proof is completed by computing the indicated homotopy groups with 6.4 and
3.10. O

The general case. If X and Y are two spectra with an action of Ap, define X Ap, Y
to be (X Ag Y)AF (see 9.4), where g € Ap acts on X Ay Y by g Ay g~ ! Let i be
either 0 or 1, and let N be a finitely generated Z;[Ar]-module which is free as a
Zy-module if i = 1. Define the Hopf algebra Ha .. (N, ) by the formula

A

HAF(N,i) =H" QSO(M(NJ) NAp IC)

The action of A on K in this formula comes from the usual inclusion A € A C I".

10.11 Theorem. There is an isomorphism of Hopf algebras

H* QP L(K™R) = Hn . (Ej(red),1) ® Ha,(A},0) @ Ha,(Bo,0).

Remark. By 9.4 the Hopf algebra Ha . (IN,i) is a tensor factor of H(N,i). These
algebras can be described very explicitly in terms of the algebras A, and A, ; of
[33]. Let d = |Ap|. Then Ha,(Z¢(m),0) is the polynomial Hopf algebra which
is the tensor product of the algebras A, with (n,¢) = 1 and n congruent to —m
mod d. The algebra Ha . (Z¢(m), 1) is the exterior algebra which is the “delooping”
of Ha,.(Z¢(m),0). Finally, Ha,(Z/¢*(m),0) can be described in much the same
way as H(Z/¢*,0) is described in 10.5, but with the role of P(k) played by the
tensor product of the algebras A,, _; for (n,f) =1 and n congruent to —m mod d.
For further details see [33].

10.12 Remark. The method of 10.6 also gives alternate formulations of 10.11. In
applying the method it is useful to observe that a short exact sequence of Zy[Ap]
modules splits over Zy[Ap]| if it splits over Zy. For example, combining 9.8, the
proof of 9.9, and some elementary algebra shows that there is an isomorphism of

A p-modules
El(red) = Zg[Ap]2 ) @ Zy[Ap])2F) @ By .

Since M(Zg[AF]ev,1) Aa, K is BER (9.11), and M(Zg[AFr],1) Aa, K is K, the
following formula results:
H* QP L(K™R) = H*((U/0)" () x Ur2()
® HAF (BOv 1) ® HAF (A67 O) ® HAF (BO7 0) .

Here U/O appears because the ¢-completion of U/O is Q§° YKR.
We need to set up some notation for the next two lemmas. Suppose that X is a
spectrum which lies in a cofibration sequence

(10.13) Kp —C— K —— X

where C'is an a X b matrix with coefficients in A[Ar] C A’. Write C(0) for the a x b
matrix over Z;[Ap] obtained by 9pplying to C the augmentation homomorphism
A — Zy. Let d = |Ap|, and let C be the ad x bd matrix over A obtained from C
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by identifying A[Ar] with (A)? via the basis consisting of group elements; C(0) is
then an ad x bd matrix over Z,. For notational simplicity write Map(Ap, K) for
a product of copies of K indexed by elements of A, and observe that this has a
conjugation action of Ap, ie., g- f(h) = gf(hg™"'). Define a spectrum X by the

cofibration sequence

Map(Ap, K)? 5 Map(Ap, K)* — X .
so that X inherits an action of Ar (see the proof of 9.6).
10.14 Lemma. Define Zy[Ar|-modules Uy and Uy by the exact sequence

0— U — Ze[Ar® CU 7A8]" — Uy — 0.

Then Uj; is isomorphic as a Z[Ap]-module to m;X, i =0, 1. If C = C(0), then
X ~ M(U1,1) Aap K\ M(Uo,0) Aa, K.

Proof. Both statements are elementary calculations.

10.15 Lemma. The Hopf algebra H* QP X depends only on C(0).

Proof. This is very similar to the proof of 10.9. Let C denote the map ®°H, BU —
®? H, BUobtained when the functor §°(-) is applied to C. By [33, 3.9] the map C
depends only on C'(0). Since Zy[AFp]| is a direct product of principal ideal domains,
the matrix C(0) and hence the map C can be diagonalized. It follows from the
spectral sequence argument of [33, 3.10] that the map C determines H, Q5°X. O

Proof of 10.11. Let X be the spectrum E(KredR). By 8.3, X lies in a cofibration
sequence of the form 10.13 (cf. 8.14, 8.15). It follows from the two lemmas above
that there is an isomorphism of Hopf algebras

H, Q°L(K™R) ~ Ha, (mX,1) ® Ha, (70X, 0).

The proof is completed by using 8.3 and 6.12 to identify X in this case with
L(K™Ry). O

§11. ToPOLOGICAL K-THEORY OF BGL(R)

In this section we show how to use 8.3 to compute the ¢-adic topological K-
theory groups K* BGL(R), or equivalently the groups K*(Q5° K R), at least in some
cases. The first step is to reduce the problem to something involving the spectrum

A

L(KR).
11.1 Theorem. The natural map

QFKR — QFL(KR)
duces an isomorphism on K*.

This will be proved below. Since (9.7) the spectrum L(KR) is a wedge product
L(KF) vV L(K™R) in which the first factor is completely determined (4.18) by
I, € T and the second (9.1) by the Iwasawa module M, Theorem 11.1 in principle
gives an approach to computing l@*QSOIA( R. In practice it is not necessarily easy to
carry this approach through. There is one case, though, in which Bousfield makes
this work unnecessary.

Recall the following conjecture of Iwasawa.
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11.2 Conjecture. [23] The Iwasawa module M is {-torsion free.

Remark. Iwasawa proved (8.1) that M contains no finite Ap-submodules. This
conjecture goes further and for example rules out Ap/¢ - Ap as a submodule. By
work of Ferrero and Washington [44, p. 130] the conjecture, which is sometimes
expressed in the equivalent form “u = 07, is known to be true for all abelian
extensions of Q.

Now let X be the spectrum L(K R). We are interested in two ways of associating
to X an object in the category Pa of pairs of profinite A’-modules. The first
construction takes X to K®*X, given by

e %0 > —1 _
KX =(K°X, K" X) = (N Qpr, Ly, A QAL M)
and the second takes X to H*(X,Z,), given by
H®(X;Z(1)) = (H*(P'X;Zo(1)), H (P°X;Z(1))) .

The action of A’ on H'(P°X;Z(1)) (i = 1, 2) is the one induced by the usual
action of A’ on Zy(1). The edge homomorphism in the Atiyah-Hirzebruch spectral
sequence for * X gives a homomorphism of pairs

Uy : K* — H*(X;Z(1)).

(In checking this it helps to remember that the A’-module Z,(1) is isomorphic to
mK or equivalently to K~ (pt).) In [12, §7] Bousfield has constructed an algebraic
functor W, from a certain category of maps in Pa to a category in which K*Z lies
if Z is an infinite loop space. There is a natural map Wl x — I@*QSOX . The
following theorem is a special case of [12, 8.3].

11.3 Theorem. Let X be the spectrum fL(KR). Suppose that Iwasawa’s conjecture
(11.2) is satisfied for F'. Then the map

WU x — K*QPX
1s an 1somorphism

Using this theorem requires having an algebraic description of Wy for X =
L(KR). We will sketch such a description and leave the verifications to the reader.
Since X splits as L(K™R) v L(KTF), Ux also splits. Let N = K~ 'L(K™IR) =
A" ®@p, M, and let N' = Homa/(NV,Z,(1)). The group KOL(K™R) is zero, so
v L(KrdR) amounts to a map

N — HY(PYL(K™R); Z(1)) = Homg, (1 L(K™R), Z(1)) = Homg, (N’, Z(1))

where we have computed wlf)(K redR) from 4.16. It is clear from a naturality
argument what this map is. Now let N = K'L(KF) = A’ ®j; Z¢(0) and let
N’ = Ext}, (N, Z¢(1)). The group K~'L(KTF) is zero, so ¥; xw) amounts to a map

N — H*(PYL(KT); Zy(1)) = Exty, (m1 L(KTF), Ze(1)) = Extg, (N, Z(1))
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where we have used that o L(KF) = Homu/ (N, Z¢(1)) is zero. Again by a naturality
argument, this map can be described as follows. Pick a finitely generated free
resolution R = (Fy — Fy) of N, so that R’ = Homy/(R,Z¢(1)) is a (short) cochain
complex with N’ as its only cohomology group. Let R” = Homy, (R',Z;). By the
ordinary universal coefficient theorem there is a natural isomorphism

HoR" = Exty, (N, Ze(1)) .

The homomorphisms F; — Homg, (Homy (F;, Z¢(1)), Ze(1)) give a homomorphism
R — R of chain complexes, and the induced map Hy R — HyR” is the one we
are looking for.

11.4 Examples. Rather than give a complete description of the functor Wy, we
will treat a special case. Suppose that S = (SY,S1) is a Z/2-graded, augmented,
graded-commutative, profinite algebra over Z; with augmentation ideal S, and that
0 : S — S is a continuous operation which preserves the grading. Suppose that 6
satisfies the additivity relation

-1
O(a+b) = 6(a) + 0(b) — (f) Wt if Ja| = ||

1

|

7

as well as the multiplicativity relation

0(a)d(b) if a| =1b| =1
O(adb) = ,
{ 0(a)b’ + a’0(b) + £0(a)f(b)  otherwise

for homogeneous elements a, b € S of degrees |a| and |b| respectively. Assume in
addition that (1) = 0 and that lim,_ . a™ = lim,_ 0™(a) = 0 for a € S. In this
case we will call S a “f-algebra”; in [12, 7.5] this is called a connective, Z/2-graded,
(-adic #%-ring. An action of a profinite group G on a f-algebra S is a continuous
action of G on S, via ring automorphisms that commute with the operation of 6.
Bousfield shows [12] that if X is a connected space with H*(X;Z,) = 0 for i = 1
and ¢ = 2, then the Z/2-graded ring K*X is in a natural way a f-algebra with an
action of I'. This is in effect an alternative way of presenting the conventional A-
algebra structure on K*X. For instance, to obtain ordinary Adams operations from
Bousfield’s point of view, note (4.4) that the action of I” gives ¥* for (k,£) = 1,
while ¢ (), for z € K*X, is determined by the formula ¥ (z) = z¢ + 00 (x) [12, §2].

Let ® denote the functor from the category of f-algebras to the category of
profinite Zg-modules given by ®(S) = S, and let T; be the left adjoint of ®. The
functor Ty can be understood as follows. If A is a 7./2-graded finitely generated
free Z¢-module with basis {x;}, let S¢(A) denote the graded symmetric algebra on
A over Z;, and Sy(A) the I-adic completion of Sy(A) with respect to the kernel
I C S¢(A) of the map S¢(A) — Z; sending A to 0. For each n > 1 let A™ be the
n-fold cartesian power of A and f,, : A" — A" the map which is projection on
the first n factors; define Sy(AY) to be lim,, Sy(A™), where the limit is taken with
respect to ring homomorphisms induced by the maps f,. The ring Sg(AN) is a
completion of the polynomial algebra over Z, generated by elements x; ,, n > 1.
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There is a #-algebra structure on Sg(AN) obtained by setting 0(x; ») = x; 41 and
using the identities which hold in a #-algebra to extend 6 to the rest of the ring.
Bousfield shows that there is an isomorphism of f-algebras between S;(AY) and
Ty(A) (in particular, up to isomorphism the f-algebra structure on S¢(AN) does
not depend on the choice of basis {x;}). If A is a Z/2-graded profinite Z,-module
which is an inverse limit lim, A, of finitely generated free Zg,-modules, Ty(A) is
isomorphic to lim,, Ty (Ay).

If a profinite group G acts continuously on A, then naturality gives an induced
action of G on T, 7(A). In particular, if A = K*X for some spectrum X, then
the usual action of I' on A makes Ty(A) into a f-algebra with an action of I".
Bousfield shows that if X is a spectrum such that K*X is (-torsion free and such
that H(P°X;Z;) = 0 for i = 1 and i = 2, then there is a natural isomorphism
K*(Q5°X) 2 T)(K*X) of f-algebras with an action of I". This leads to the following
result.

11.5 Proposition. (Bousfield) Suppose that X is a spectrum such that K*X is
l-torsion free. Assume that maX is torsion, and that Qg°X splits as a product
Bmi X x Q3°(P1X). Then there is a natural isomorphism of 7./2-graded algebras

K*(Q°X) = K*(Bm X)QTy(K* X) .

Remark. 1t is possible to show (cf. [12]) that the isomorphism of 11.5 respects
Adams operations and appropriate A-operations. However, unlike the isomorphism
of 11.3, it does not respect completed Hopf algebra structures.

It is not hard to check that Proposition 11.5 applies if X is one of the spectra
YK, XL(KF), L(KTF), or (if Iwasawa’s conjecture 11.2 is satisfied) L(K R); in the
last case, for instance, the necessary splitting of (25°X is provided by the natural
map

B(R*) = BGLi(R) — BGL(R) ~ QFKR — QFL(KR).

What remains is to give a proof of 11.1. Given the remarks in 6.4, this theorem
is a consequence of the following proposition.

11.6 Proposition. Let X be an f-complete spectrum, ¥ = I:X, and f: X =Y
the natural map. Suppose that f induces isomorphisms m; X = m;Y fori =1, 2.
Then f induces an isomorphism K*Qg°Y = K*Qg° X.

Proof. Recall from 4.8 that there is an equivalence L~ Lpm ,Lic. Consider the
commutative diagram

X —2 5 LeX
fl mel
Y —=— LgY

where the lower arrow is an equivalence because any K*-local spectrum is a fortiori
K,-local. Let F be the fibre of f. Since X and Y are local at ¢ (i.e., ¢ times the
identity map is a self-equivalence of X or of Y if (¢,¢) = 1), the spectra F and L F'
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are local at ¢. Since Lf = L, Li f is an equivalence, the spectrum L, (LicF) is
contractible, and so Li F' is local away from ¢ in the sense that ¢ times the identity
map is a self-equivalence of L F. It follows that LiF' is a rational spectrum. For
any spectrum Z there are isomorphisms Q®;(LxZ) = Q®m;Z [8, 4.11(b)], which
in this case give isomorphisms 7; L F' = Q ® mjLcF = Q ® 7;F. In particular,
mLiF = 0.

The map 7 L f is surjective because its composite with 7 g is an isomorphism.
It is clear then that the map Q3°Lx f is a map of spaces with a connected rational
fibre, and so induces an isomorphism on K*. To complete the proof it is only
necessary to show that Q°¢g induces an isomorphism on K*. By [9, 3.2] there is a
commutative diagram

QX —2 s LX) —2— QP (LX)

l l

02 (PX) — QF(PyLiX)

in which the composite es - €1 is €25°¢g, the map e; induces an isomorphism on K*,
and the square is a homotopy fibre square. Here for a space or spectrum Z, P»Z is
the variant of the second Postnikov section of Z with 7;P2Z = 7;Z for j < 2 and
TPy Z 2 myZ/(torsmaZ). Since mjLi f is a left inverse for 7;g, j =1, 2, it follows
from the above that m Lx X is isomorphic to 71 X and that mo L X is isomorphic to
mo X @ D, where D, as a quotient of the rational vector space mo L F, is a divisible
abelian group. Let D be the rational vector space obtained by dividing D by its
torsion subgroup. Then there are isomorphisms

7'('1980(]32)() j =1
T (P LX) 2§ mOF(PX)eD j=2.
W]QSO(PQX):O j>2

From this it is easy to see that the fibre of the map e5 is a connected rational space,
and so ey induces an isomorphism on mod ¢ homology and consequently on £*. [

§12. EXAMPLES

We will give five examples to illustrate what the theory of the previous sections
looks like in special cases. As in §8, let L., denote lim,, 7T()IA/<K red R.). In working
out these examples it is useful to keep in mind that there is a short exact sequence
of Az-modules (8.7)

0— A — Ly — Bs — 0.
Combining 8.10, 9.10, and 7.9 gives another exact sequence of Alz-modules

0 — Exty, (Loo, Ap) — M(-1)

12.1 |
(12.1) — (AH) ) @ (Mp)™2 ) — Ext} (AL, Ap) — 0

in which by 7.7 the group Ext}, (AL, Ar) vanishes as long as A, has no finite
A p-submodules. The A%z-module structure on these Ext groups is described in 7.6
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and 8.11; there is also an explicit calculation in 7.12. Keep in mind the standard
idempotents €; € Zy[Ap], i = 0,... ,f — 2 from 9.4; these are useful in splitting
Al or M into simpler pieces. We sometimes use a topological generator v € ' to
identify Ap with Z[[T]] (§7), and in this case we let ¢y denote cp () € Z;.

In the first three examples ' = I' and Arp = A. In all five cases the Iwa-
sawa module M is ¢-torsion free, and so 11.1 and 11.3 give explicit formulas for
K*QP(KR) = K* BGL(R) (cf. 11.4).

12.2 Example. Suppose that F' = QQ and that ¢ is an odd prime for which Vandiver’s
conjecture is true [44, p. 78]. There is only one prime above ¢ in F,, (n > —1) and
this prime is principal, so the groups B, are trivial and A] = A,. Recall that w
is the Teichmuller character (§2). The groups €;Aj vanish for i even (this is the
Vandiver conjecture itself) and, for ¢ odd, €; Aj is a cyclic group of order i, where
¢¥i is the exact power of ¢ dividing the generalized Bernoulli number By ,-: [44,
10.15]. From 10.12 we read off

H* QFL(K™R) =2 H*U/O ® (®;Ha, (Z/1"(i),0))

where ¢ in the tensor product ranges over odd integers between 0 and (¢ — 2). The
summand €; A’ is zero for ¢ even and isomorphic for ¢ odd to the cyclic A-module
A/ (fi(T)), where f;(T) € A satisfies fi(c§—1) = L¢(s,w! ™), Ly being the f-adic L-
function [44, p. 199]. The Iwasawa conjecture is true in this case [44, §7.5], so none
of the power series f; are divisible by ¢ and A’ _ is Zs-torsion free. From 12.1 there
is a direct sum decomposition M(—1) = AL @ N in which for i even ¢; N vanishes
and for 7 odd €; N is isomorphic to A/(g;(T)) with g;(T) = fo_1_((1+T)"1 = 1).
It follows that IA/(K R) is equivalent to KRV (Vi 0adCi), where C; is the cofibre of
the self-map of ¢;K represented by ¢;(T). We also conclude that (U/O)" is a retract
of BGL(R).

12.3 Example. Let F be an imaginary quadratic extension of Q, and ¢ an odd prime
that satisfies the two conditions
(1) Ao =0, and
(2) ¢ splits as a product 77 in Op, and 7 is not an ¢’th power in the completion
of F at 7.

One example for £ = 5 is F' = Q[y/—1]. The Iwasawa theory of such fields is studied
by Gold[20]. One finds that A = 0 for all n, although A,, # 0 for n > 1. Thus
Al = 0, and since the primes over ¢ are totally ramified in F/F, soo = 2 and
Bo = Z¢(0). From 12.1 there is a direct sum decomposition M (—1) = Al & Z,(0).
Since Mic (A" ®nr, Z¢(0),1) ~ S L(KTF) (4.18), this gives a wedge decomposition

L(KR) ~ XKV SL(KF) Vv L(KF).

We also have that U is a retract of BGL(R). From 10.12 there is an isomorphism
of Hopf algebras

H* Q° L(KR) 2 H*(U) ® Ha,.(Z¢(0),0) ® Ha,(Z(0),1).
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12.4 Ezample. Let F' = Q[v/257] and ¢ = 3. This case has been studied by Green-
berg [21]. Here s, = 1 and for each n the unique prime above ¢ in F,, is principal,
so that Bo, = 0 and A,, = A/, for all n. The group A is Z/2, and if N is a Z;[Ap]-
module we write egN = NT and ¢, N = N~. It is known that A = Z/l = A;.
Hence from 10.12 we can read off

H* QP L(K™R) = H*(U/O) ® Ha,(A0,0) = H*(U/O) ® H(Z/,0)

where the isomorphism Ha,(Ao,0) = Ha,(Z/l[AF],0) = H(Z/!,0) is a form of
Shapiro’s lemma. Greenberg shows that there are isomorphisms

AZ = Exty (A/(T —27u),A)(1)
AL =7/t

for some f-adic unit u. It follows from 12.1 that M is isomorphic as a module
over A = Ap to A/(T — 27u) and that M~ is a submodule of index 3 in A?. Given
this it is easy to show that M~ is isomorphic to A & Z, where 7 is the maximal
ideal of A. In particular, the quotient M~ of M by its A-torsion submodule is not
a free A-module. We have

LK™ Ry) = My (N @y M, ~1)=KVW VW

where W is the fibre of (¢,T) : "1 (KVK) — K and W’ is the fibre of the self-map
(T — 27u) of ¥71K. A similar decomposition for L(K*™R) results from taking
homotopy fixed points (9.6) of Ap.

12.5 Example. Let ¢ be an odd prime and F' the maximal real subfield of Q(uy).
Here Ap = 7Z/2. In order to make this example explicit we will assume that ¢
satisfies not only Vandiver’s conjecture but also the hypotheses of [44, 10.17] (these
hypotheses hold for £ < 4 x 10%). As in 12.2, for each n there is one prime above
¢ in F,, and this prime is principal, so that soc = 1, B = 0, and A,, = A/, for
—1 <n < oco. If k is an f-adic integer let vy(k) denote the exponent of the largest
power of ¢ that divides k. Washington [44, 10.17] shows that for i even the group
€; A is zero, and for i odd €; A is either zero or isomorphic to A/(T — «;) where
«; is some (-adic integer with vy(a;) = 1. Let iy,...,4, denote the set of i such
that €; Ao # 0. From 10.12 we read off an isomorphism of Hopf algebras

H* Qf° L(K™!R) = H*((U/O)“"1/2) @ Ha, (Z/0(1),0)%7.
By 12.1 there is a direct sum decomposition
M(=1) = (Ap) V28 A /(9 (T)) @ - © A/ (9:,(T))
with g; (T) = (1+T)~' —1 — o;,. This gives a wedge decomposition
L(K™R) ~ (KR)“V/2v oy v... v,

where Cj is the cofibre of the self-map of KR given by gi;- The space (U/ 0)-1)/2
is a retract of BGL(R).
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12.6 Example. Choose the same ¢ as in 12.5, but instead work with the maximal real
subfield F' of Q[upm+1]. Again Ap = Z/2. The modules A, and M are abstractly
the same as in 12.5 but are now considered modules over A, = Zy[Ar] ® Ap, where
Ar = Zy[[Tn]] C Z[[T)] = A and T,,, = (1 +T)"" — 1. Choose i € {iy,... ,i4}-
As a module over A, the summand A/(T — «;) of Ay is isomorphic to Ag/(T,, —
Bi), where 3; = (1 + ;)" — 1 and in particular v,(3;) = m + 1. We obtain an
isomorphism of algebras

H* L(K™'R) = H*((U/O)"") @ Ha, (Z/0"(1),0)
with 1 (F) = £"™(¢ —1)/2, and a wedge decomposition
L(K™R) ~ (KR)") v Civ...vC)
where C7 is the cofibre of the self-map of KR given by (1 +T,,) ' —1— Bi;. The
space (U/0)" () is a retract of BGL(R).

§13. LocAL FIELDS

In this section we sketch how to extend the theory of the previous sections to
l-adic local fields. Let F' = E be a finite extension of Qy; up to isomorphism, we
can consider F' a subfield of C. Most of the notation from §2 carries though to F,
e.g., Fso = F(up), OF, is the integral closure of Z; in F', etc. Note that R,, = F,
(because O, is a local ring) and the class groups A,, and A/, are trivial. For each n
the module B,, is Zy, and By is Z¢(0) [39, II 5.2]. The Iwasawa module M is the
Galois group of the maximal abelian /-extension of F.

There are no residue fields qualified to play the role of F = R/P (§2), but there
are substitutes for them. By Dirichlet’s theorem it is possible to choose a rational
prime p which is a topological generator of cp(I'y) C Z,. Let F = F_; denote
the finite field of order p and F,, (n > 0) its extension field of degree d¢™, where
as usual d = dp = |Ap|. Let F be the algebraic closure of F' and g an element of
Gal(F/F) such that the image ¢’ of g in 'y, = Gal(F/F) has cr(g') = p. We will
let g_1 = g and, for n >0, g, = g%".

Let F,, denote the homotopy fibre of the self-map of i(K F) given by (id —g,,).
Since the field F;, is fixed by g,, there is a natural map I:(KFn) — F,, of spectra.
For n > 0, denote by S,, the subring Z[1/¢, u(F},)] of F,,. Recall that Theorem 5.4

describes certain ring spectrum maps h,, : fL(K F,) — fL(K Sn)-

13.1 Proposition. For each n > —1 the composite map

A

L(KF,) 1= [(KS,) — L(KF,) — F»
18 a homotopy equivalence.

Proof. By [42], the map KF — KC induces a homotopy equivalence L(KF) ~
L(KC) ~ K. The result then follows relatively easily from 5.6 and 4.18. [

We can now define K™F, to be the homotopy fibre of the map KF, —
P~1F, ~ KF, (see the proof of 4.18). The results of §5 and §6 go through with
the appropriate minor change to 5.4(1), and in particular we obtain 1.8 together
with a splitting L(KF) ~ L(K™F) Vv L(KTF).

It is interesting to use the techniques of §8 and §9 to compute the Iwasawa
module M. Let r be the degree of I’ over Q.
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13.2 Proposition. There is an isomorphism M = Z,(1) & (Ax)".

Proof. This is in three steps. Let Fy(red) be the kernel of the map
(9;0 =mKOp, — mKFy — mFy.
The first step is to show that for 0 <i < (dp — 1) there are equalities
ranky ¢ €;(Z/{ @ Eo(red)) = 1.

By choice of Fy, Z/¢ @ Ey(red) is isomorphic as a Ap-module to Z/¢ ® U, where
U is the quotient of (9;30 by its torsion subgroup. However, the f-adic logarithm
[44, §5.1] shows that U is isomorphic as a Ap-module to the additive group Op,,
so that there are equalities

ranky, g €;,(Z/¢ ® U) = rankz, ;U = rankg, ¢,(Q® OF,) =7

for each i between 0 and (dp — 1), where the last equality comes from the normal
basis theorem. The second step is to show that for 0 < i < (dp — 1) there are
equalities

rankp,, M(—1) =r.

This follows immediately from the arguments in the proof of 9.9, since there are
isomorphisms (6.4, 3.10) of Ap-modules

~—

red)

ﬂlf/(KredFo) = E{)(red) = Ze(O) S EO
& By = Z((O)

moL (K™ Fy) = HZ, (Fo; Ze(1))
Finally, using the argument of 8.17 we calculate that Homy . (E’_(red), Ar) is iso-
morphic over A to (A’;)4, and obtain the desired formula from 8.10. [J
This immediately gives

13.3 Theorem. There are wedge decompositions

L(K™F) ~ (2K)" vV SL(KTF)

L(KF)~ (2K)" vV SL(KF) V L(KTF)

The method of §9 extends immediately to give an unstable splitting theorem.

13.4 Theorem. The space (U)" is a retract of BGL(F).

The homology of 2g° IA/(K red 7 is easy to read off from §10. Since M is (-torsion
free, 11.1 and 11.3 give a formula for *Qg° (K F) = K* BGL(F) (see 11.4).
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