Noncommtative localizationin homotopy theory

William G. Dwyer

1 Intro duction

In a sensenoncomrutativ e localization is at the certer of homotopy theory,
or even more accurately, oneform of it is homotopy theory. After all, Gabriel
and Zisman [9] and later Quillen [18] obsened that the homotopy category
of CW-complexescan be obtained from the category of topological spaceshy
formally inverting the maps which are weak homotopy equivalences. More
generally, the homotopy category of any Quillen model category [6] [11] can
be built by formally inverting maps. In a slightly di®erert direction, the
processof localization with respect to a map (x2) hasrecenly developed into
a powerful tool for making homotopy-theoretic constructions [2, x4]; roughly
speaking, localizing with respect to f involves cornverting an object X into
a new one, L; (X), with the property that, asfar as mapping into L (X)
goes,f looks like an equivalence.

In this paper we will shov how the Cohn noncomnutativ e localization
describedin [19] canbeinterpreted asan instanceof localization with respect
to amap (3.2). Actually, we producea derived form of the Cohn localization,
and show that the circumstancesin which the Cohn localization is most
useful are exactly those in which the higher derived information vanishes
(3.3). Finally, we sketch how the derived Cohn localization can sometimesbe
computed by using a derived form of the categoricallocalization construction
from Gabriel and Zisman (x4).

1.1 The context. It is necessaryto choosewhat to work with: algebraic
objects, such as rings, chain complexes, and di®erertial graded algebras
(DGAs), or geometric ones, sud as ring spectra and module spectra [7]
[12]. Since this paper focusesmostly on Cohn localization, we've picked
the algebraic option. If R is a ring, the term R-module will refer to an
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(unbounded) chain complex over R. See[21], [1], or [22, x10] for algebraic
accourts of how to work with these complexes,and [13] for a topological
approadh. The di®ereriials in our complexesalways lower degreeby one,
and all unspeci ed modules are left modules. To maintain at least a little
topological standing, we denote the i‘th homology group of an R-module
X by ¥%4X; this is in fact isomorphic to the i'th homotopy group of the
Eilenberg-MacLane spectrum corresponding to X [7]. A map between R-
modules which inducesan isomorphismon % is called a quasi-isomorphism
or equivalen@; the homotopy category of R-modules (also knows as the de-
rived category of R) is obtained from the category of R-modules by formally
inverting the equivalences.A co bration seqguene of R-modulesis onewhich
becomesa distinguished triangle in the derived category. If f : X ! Y is
a map of R-modules, the co bre C of f is the chain complex mapping cone
of f [22,1.2.8],and there is a co bration sequenceX ! Y ! C. Weuse§
for the shift or suspensionoperator.

An ordinary module M over R givesrise to an R-module in our sense
by treating M asa chain complex concerirated in degreeO; we refer to such
an M as a discrete module over R, and we do not distinguish in notation
betweenM and its assaiated complex.

We will sometimeswork in a corntext which includes di®erenial graded
algebras (DGAs) [22, 4.5.2]. In this setting a ring is identi ed with the
assciated DGA concerirated in degree0.

1.2 Tensor and Hom. The symbol - r refersto the tensor product of
two R-modules, and Homg to the complex of homomorphismsbetweentwo
R-modules (for this last, see[22, 2.7.4], but reindex so that all of the dif-
ferentials reducedegreeby one). For our purposes,both - g and Homg are
always taken in the derived sense,so that modules are to be replaced by
suitable resolutions before the tensor product or function object is formed.
Along the samelines, Endgr (X ) denotesthe DGA given by the derived en-
domorphism complex of the R-module X .

Thesecornventions are suc that if R isaring, M adiscreteright module
over R, and N a discrete left module, then M - g N is a complex with

(ToriR(M;N) i, 0

Ya(M - rN) 2 0 i< 0:

Similarly, if M and N arediscreteleft R-modules,Homg (M ; N) is a complex
with '
Exth'(M;N) i- 0

ViHomg (M;N) 2 o
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In particular, % Endgr(M) 2 ExtL'(M;M).

2 Localization with respect to a map

Supposethat R isaring andthat f : A! B is a map of R-modules.

2.1 De nition. An R-module Y is saidto bef -local if f inducesan equiv-
alenceHomg(B;Y) ! Homg(A;Y).

In other words, Y is f -local if, asfar asmapping into Y is concerned,f
looks like an equivalence.

2.2 Denition. A map X ! X9 of R-modules is said to be an f -local
equivalene if it induces an equivalence Homg(X%Y) ! Homg(X;Y) for
ewvery f -local R-module Y. An f -localization of X isamap2:X ! L (X),
such that L (X) is f -local and 2 is an f -local equivalence.

2.3 Remark. It is not hard to seethat any two f -localizations of X are
equivalent, so that we can speak loosely of the f -localization of X . For
any map f and R-module X, the f -localization L¢ (X) of X exists, and the
construction of Lt (X) can be madefunctorial in X (see[10], or 2.12below).
The functor L; presenesequivalences,s idempotent up to equivalence,and
presenesco bration sequencesip to equivalence. An R-module X isf -local
if and only if X I L;(X) is an equivalence. A map g of R-modulesis an
f -local equivalenceif and only if Lt (g) is an equivalence.

2.4 Remark. Let C be the co bre of f. For any R-module Y there is a
co bration sequence

Homgr(C;Y)! Homg(B;Y)! Homg(A;Y):

This shawns that Y is f -local if and only Homg(C;Y) is contractible, i.e, if
andonly if Y islocal with respectto 0! C. This last condition is sometimes
expressedby saying that Y is C-null [8, 1.A.4]. The f -localization functor
Ls canalsobe interpreted asa C-nulli cation functor.

2.5 Prop osition. Up to equivalene, the R-module L (R) is a DGA, in
such a way that the localization map R! L (R) is a morphism of DGAs.

Proof. Let Y = L;(R) and E be the endomorphism DGA Endg(Y). Since
Y isf-local, the map R! Y inducesan equivalence

E= Endgr(Y)if Homg(R:Y)=Y:



26 Noncommutativ e localization in homotopy theory

The action of R on Y then givesa double commutator map
R! Endg(Y)» Endg(E) » E» Y :

It is easyto seethat this is essetially the localization map R! Y. Identi-
fying Y with Endg(Y) givesthe required DGA structure. O

From now on we will treat L¢(R) asa DGA and R'! Lf(R) asa
homomorphism of DGAs.

2.6 De nition. The localization functor L; is smashingif for every R-
module X the map X » R- g X I Lf(R)- r X is anf -localization map.

2.7 Remark. For any R-module X, the natural map X ! L (R)- r X isan
f -local equivalence;one way to seethis is to pick an f -local Y and consider
the chain of equivalences

Homgr (Lt (R) - r X;Y) » Homg(X; Homg(L¢ (R);Y)) » Homg(X;Y):

The question of whether L is smashing, then, is the question of whether
for every X the R-module L (R) - g X is f -local.

2.8 Remark. If L; is smashing then the category of f-local R-modules
is equivalent, from a homotopy point of view, to the category of Lt (R)-
modules. In particular, the homotopy category of f -local R-modules is
equivalent to the homotopy category of L; (R)-modules.

2.9 Examples. Let R = Z, pick a prime p, and let f be the map Z A
Then L¢ is smashing,and L; (X) » Z[1=p]- z X .

On the other hand, if f is the map Z[1=p] ! O, then L¢ is the Ext-
p-completion functor [2, 2.5], which is the total left derived functor of the
p-completion functor. In particular, L¢(Z) » Zp and Li (Z=p' ) » 8§ Zp.
Since§ Z, is not equivalent to Z,- 7 Z=p' , Lt is not smashingin this case.

The main positive result about smashinglocalizations is due to Miller.
Recall that an R-module A is said to be small if Homgr(A;{) commutes up
to equivalencewith arbitrary coproducts. This is the sameas saying that A
is nitely built from R, or that A is equivalent to a chain complex of "nite
length made up of nitely generatedprojective R-modules.

2.10 Prop osition. [15] Letf : A! B beamapof R-modules. If A and B
are small, or more geneally if the co bre C of f is equivalentto a coproduct
of small R-modules, then L; is smashing.
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2.11 Lemma. If thecobre C of f : A! B is equivalent to a coproduct
of small R-modules, then the class of f -local R-modules is closed under
arbitrary coproducts.

Proof. Write C »  Cge, Whereead Ce is small. Then Y is f -local if and
only if Y is C-null (2.4), which is the caseif and only if Y is Ce-null for
ead ®. The lemma now follows from the fact that Homg (Ce;{) commutes
up to equivalencewith coproducts. O

Proof of 2.10. Considerthe classof R-modulesX for which Lt (R)- r X isf -
local. We haveto shaw that this is the classof all R-modules(2.7). However,
the class contains R itself, is closed under co bration sequenceg2.3), is
closedunder arbitrary coproducts (2.11), and is closedunder equivalences.
The usual method for constructing resolutions shows that this is enoughto
give the desiredresult. O

2.12 Construction of L (X). We will sketch an explicit description of
Lt (X), at least up to equivalence,in the casein which the co bre C of f
is equivalent to a coproduct of small R-modules. Actually, we will assume
that C itself is small, sincethe adjustments to handle the general caseare
mostly notational.

Recall that the homotopy colimit of a sequenceXg ia/!0 X1 iaf“ ¢ee of
R-modules is the co bre of the map %:  X; ! Xi given by ¥{x;) =
%(X;) i Xj. The description of L; (X ) dependson two obsenations.

1. Homgr(C;{) commutes up to equivalence with sequerial homotopy
colimits.

2. If U is a coproduct of copiesof suspensionsof C, g: U! X isa map
of R-modules, and X % is the co bre of g, then X ! XCis an f -local
equivalence.

Item (1) is clear from the description above of sequetial homotopy colimits.
For (2), pick an f -local Y, considerthe co bre sequence

Homg(X%Y) ! Homg(X;Y)! Homg(U;Y);

and obsene that the term on the right is trivial (2.4).

Consider a set of represettativesge : §8"®C ! X for all nontrivial ho-
motopy classesof maps from suspensionsof C to X. Let U =  o8"®C, let
g:U! X bethe sum of the mapsfgeg, and let ©(X) denote the co bre
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of g. Thereis anatural map X ! ©(X). Iterate the processto construct a
sequettial diagram

X1 ©X)! ©(X)! ¢! O"(X)! e (2.13)

and let ©' (X) = hocolim, ©"(X). We claim that X ! ©! (X) isanf-
localization map, sothat ©* (X) » L¢(X). The fact that ©* (X) is f -local
follows from 2.4 and (1) above, sinceevery map from a suspensionof C into
©! (X) factors up to homotopy through ©"(X) for somen, and so is null
homotopic, sinceit becomesnull homotopic by construction in ©"*1 (X ). To
seethat X | ©! (X) is an f -local equivalence, obsene that by (2) above
and induction the map X ! ©"(X) is anf -local equivalencefor eath n , 1.
For an f -local Y it is now possibleto compute

Homg (©! (X);Y) » holim, Homg(©"(X);Y)
» holimy Homg (X;Y)
» Homg(X;Y):

2.14 Remark. The standard construction of L (X) is similar to the above,
but slightly more complicated[10, 4.3]. To make the construction functorial,
and not just functorial up to equivalence,it is necessaryto build ©(X) by
usingall mapsfrom suspensionsof C to X, not just a setof represenativ esof
nontrivial homotopy classes.We neglectedto mention above that C should
have been replaced up to equivalence by a projective complex (co brant
model); in the general setting there's also a slight adjustment [10, 4.2.2]
to deal with the fact that X might not be brant, in other words, to deal
with the fact that not every map §8"C ! X in the homotopy category is
necessarilyrepreseried by an actual map §"C ! X. Finally, if C is not
small the countable homotopy colimit in 2.13hasto bereplacedby a parallel
trans nite construction [10, 10.5].

2.15 Other structure. There is more that can be said if the co bre C of
f is small. Let C¥ = Homgr(C;R). There is a \nomology theory" on the
category of R-modules determined by the functor X 7! ¥%(C* - g X); let
X 1 X denote Bous eld localization with respect to this theory [8, 1.E.4]
[10, xi]. Then for any X there is a homotopy bre square

X iiil >,’§‘
% %
y y

Le(X) qiii! Le(X):
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In the casein which R = Z and f is the map Z P’ Z, this is the arithmetic
square

X il X3

? ?

y y
Z[1=p - z X diii' Z[1=p - 7 (Xp):

See[3] for other results along theselines and for some(mostly commutativ e)
examples.

3 The Cohn localization

In this sectionwe construct the Cohn localization from the point of view of
x2. Let R bearing and let ffg : Pp! Qeg be someset of maps between
discrete (1.1) nitely generatedprojective R-modules. Let f denote fe.
The main results are as follows.

3.1 Prop osition. The DGA L;(R) is (j 1)-connected, i.e., %Lt (R) van-
ishesfor i < 0.

If P is a discrete R-module, let P# = Ext%(P;R) denoteits usual dual,
and note that P# is a discrete right R-module. For eath fe : Pe! Qa, let
f& : Q% ! P& bethe dual of fe, and let S denotethe setff&g. Recall
that a ring homomorphismR ! R?is said to be S-inverting if for eadh ®
the map Torff(f% 'RY is an isomorphism. A Cohn localization of R with
respect to S is an initial object R ! Si 'R in the category of S-inverting
ring homomorphismsR ! RC[19, Part 1].

The map R ! L;(R) of DGAs (2.5) induces a ring homomorphism
R=1%R! %lL:(R).

3.2 Prop osition. The mapR ! %L (R) is a Cohn localization of R with
respect to S.

From now on we will denote %L (R) by L. In light of 3.2, we think of
the DGA L¢ (R) asa derived Cohn localization of R with respect to S.

Recall [17] that the ring homomorphismR ! L issaidto be stably °at if
TorR(L;L) = Ofori > 0. It isin the stably °at casethat Cohn localization
leadsto K -theory localization sequences.

3.3 Prop osition. The map R ! L is stably °at if and only if the groups
YL+ (R) vanishfor i > 0.
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In other words, R'! L is stably °at if and only if L (R) is equivalent
as a DGA to L, or if and only if the \higher derived functors" of Cohn
localization, given by %Lt (R), i > 0, vanish.

The rest of this sectionis taken up with proofs. Obsene to begin with
that the objects Pg and Qg are small (x2) as R-modules, and sothe co bre
of f is acoproduct of small objects. It followsthat L; is smashing(2.10) and
that up to equivalencethere is a relatively simple construction for L (X)
(2.12).

3.4 Prop osition. An R-module X is f -local if and only if each group %X
is f -local.

3.5 Remark. It might be usefulto spell out the meaning of this. The object
R is an ordinary ring and the object X is a chain complex over R. Each
group ¥%4X is a discrete R-module, which can be treated as a chain complex
over R concerrrated in degree0. The proposition statesthat X is f -local if
and only if, for eadh i 2 Z, the R-module obtained from %X is f -local.

Proof of 3.4. If P is a discrete projective module over R, it is not hard to
seethat there are natural isomorphisms

YaHomg (P; X) 2 ExtQ(P;%X):

This is clearly true if P is free, and follows in generalfrom a retract argu-
ment. The proposition then follows from de nition 2.1. O

3.6 Lemma. Supmsethath:P ! Q is a map of discrete nitely geneated
projective R-modules, W is the co bre of h, X is an R-module whichis (j 1)-
connected, g: §"W | X is a map which is not null homotopic, and X %is
the co bre of g. Then X %is (j 1)-connected.

Proof. By aretract argumert, we canassumethat P and Q are free, sothat
P2R and Q2 R!. In view of the de nition of W, there is a co bration
sequence

Homg(W;X)! X1 1 X':

The corresponding long exacthomotopy sequenceshowsthat ¥4 Homg (W; X)
vanishesfor k < j 1. Sinceg: 8"W ! X isessetial, it followsthat n, j 1.
This givesa co bration sequence

X1 X0 gntlw (3.7)
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with n+ 1, 0. It is clearthat there are isomorphisms

8

2 coker(h) k=0
YaW = S ker(h) k=1

"0 otherwise

and so in particular that %W = 0 for k < 0. The proof is completed by
looking at the long exact homotopy sequenceof 3.7. O

Proof of 3.1. This follows from 3.6 and the construction of L (R) sketched
in 2.12. O

Proof of 3.2. If P is a discrete nitely generatedprojective R-module, then
for any discrete R-module M, there is a natural isomorphism

Tor§(P* ;M) 2 Ext%(P;M):

In particular, asin the proof of 3.4, the map Torf}(f% ;M) is anisomorphism
for all ®if and only if M isf -local. By 3.4,L isf -local, and it follows that
R! L is S-inverting.

Now, supposethat R ! RCis an arbitrary S-inverting ring homomor-
phism. As above, the ring R%is f -local as an R-module, and this implies
that the map R! L;(R) inducesan equivalence

Homg(L: (R);RY ! Homg(R;RY » R: (3.8)
In conjunction with 3.1, the universal coetcient spectral sequence
Extr(%Lt (R);RY) % j Homr(L¢ (R);RY

shows that ¥ Homg (Lt (R); RY is isomorphic to Ext&(L;R9. Applying Y
to the equivalence 3.8 thus shaws that every homomorphismR | R of
discrete modules over R extends uniquely to a homomorphismL ! RC
In particular, the given ring homomorphismu : R ! R?extends uniquely
tov:L! RC® Toshaw that v is a ring homomorphism, it is enough to
show that for ead elemen , of L, the two mapsa;b: L ! RCgiven by
a(x) = v(x, ) and b(x) = v(x)v(, ) are the same. Both a and b are maps of
discrete R-modules, and soit is in fact enoughto show that a and b agree
when composedwith the map R! L. But this is just the statemert that v
is a map of discrete R-modules. O
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3.9 Lemma. Supmsethat X andY are respectively right and left R-modules
such that %X and ¥%Y vanish for i < 0. Then there are natural isomor-
phisms (

TorR (YeX;%Y) i=0

WX -rY)2 0 i<o:

Proof. This follows from the Kénneth spectral sequences

B(%X)-rY)) %X -RY)
TorR(M;%Y)) Y%uj(M -RrY):

In the secondspectral sequenceM is a discrete right R-module (e.g., %X
for somek , 0). O

3.10 Lemma. The natural map
Li(R)» R-grL;(R)! Lf(R)- rLf(R)

is an equivalen@. The natural map L 2 Tor§(R;L) ! TorJ(L;L) is an
isomorphism.

Proof. SincelL¢(Ls(R)) » L¢(R), the rst statemert follows from the fact
that L¢ is smashing(2.10). The secondthen follows from 3.1and 3.9. O

Proof of 3.3. Supposethat ¥%L¢(R) = 0 for i > 0, or in other words (3.1),
that L¢(R) » L. It follows from 3.10that L - g L » L; applying ¥ then
givesisomorphisms

TorR(L;L) 2 %(L-rL)2 L1=0 _
0 otherwise
Supposeon the other hand that %(L - r L) 2 TorR(L;L) vanishesfor
i > 0. Considerthe classof all L-modules X with the property that the
natural map
X»R-gX! L-gX

is an equivalence. This classincludesL (3.9, 3.10), is closedunder equiva-
lences,is closedunder co bration sequencesand is closedunder arbitrary

coproducts. As in the proof of 2.10, this is enoughto show that the class
contains all L-modules. In particular, for any discrete L-module M there
are isomorphisms (

M i=0

TorR(L;M) 2 o iso
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Each group %L+ (R) is a module over L = YLt (R), and soit follows from
the Kinneth spectral sequence

Torf(L; %Lt (R)) ) Yej(L - rL¢(R))

that the natural mapLs(R)! L- rL¢(R) isanequivalence,andin particu-
lar that the R-module structure on L (R) extendsto an L-module structure.
This structure can be usedto factor the natural mapR! L¢(R) asacom-
positeR! L ! L¢(R). Applying Lt to this composite givesa diagram

Li(R)! L! L?R)

in which we have used 3.4 to identify L¢(L) » L. The composite map
Lt (R) ! LZ(R) is an equivalence,sinceR ! L (R) is an f -local equiva-
lence. Applying ¥ shows that %L (R) 2 0 fori > O. O

4 Localization of categories

In this section we sketch without proof a connection between the Cohn
localization of a ring and the processof forming the derived localization of
a category. The connectinglink betweenthe two is the notion of ring with
sevenl objects.

4.1 Deriv ed localization of categories. Supposethat C is a small cat-
egory and W a subcategory which cortains all the objects of C. The lo-
calization of C with resgect to W is a functor C'! W i 1C which is initial

in the category of all functors with domain C which take the arrows in W

into isomorphisms. A derived form of this localization can be constructed
by forming a free simplicial resolution (FC;FW ) of the pair (C;W) and
taking the dimensiorwise localization (FW )i 1F C [5]. This resultsin a cat-
egory L(C; W) with the same objects as C, but enriched over simplicial
sets. Up to an enriched analog of categorical equivalence,L(C; W) is the
sameasthe hammaock localization of [4], and from this point of view there is
a natural functor C! L(C;W). This functor is universal,in an appropri-
ate senseamong functors from C to categoriesenriched over simplicial sets
which sendthe arrows of W into mapswhich are invertible up to homotopy.

4.2 Examples. The following examplesdo not involve small categories,but it
is still possibleto make senseof them. Let C be the category of topological
spacesand W the subcategory of weak homotopy equivalences.Let X and
Y be spaceswith CW-approximations X ®and Y® Then the set of maps
X 1 Y in WilC is isomorphic to the set of homotopy classesof maps
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X 01 YO the simplicial setof mapsX ! Y in L(C;W) is equivalert to the
singular complex of the mapping spaceMap(X & Y9.

Let R be a ring, C the category of unbounded chain complexesover
R, i.e., the category of R-modules, and W %2 C the subcategory of quasi-
isomorphisms. Then W i 1C is the derived category of R. If X and Y are
R-modules, then the homotopy groups of the simplicial setof mapsX ! Y
in L(C;W) areY4Homg(X;Y), i, O.

4.3 Rings with several objects. A ring T with severl objects is a small
additiv e category [16]; a discrete T-module is an additive functor from T
to abelian groups. There is a category of discrete T-modulesin which the
morphismsare natural transformations betweenfunctors. De ne a T-module
to be a chain complex of discrete T-modules, i.e., an additiv e functor from T
to the category of chain complexesover Z. One canbuild a homotopy theory
of T-modules in which the weak equivalencesare natural transformations
which are objectwise quasi-isomorphisms(see[20] for geometric versionsof
this). We use the notation Homt (X ;Y) for the derived chain complex of
maps betweentwo T-modules X, Y.

Every object x 2 T givesrise to a discrete small projective T-module
Px, where Py assignsto y the group of mapsx ! y in T. Suppose that
ffe : Pxs ! Pye0 is a set of maps between suc projectives, and let f =

of®. The ideasin x2 give for any T-module X an f -local module Lt (X)
and an f -local equivalenceX ! L¢(X). There is an assaiated category
L¢ (T) enriched over chain complexes(in other words, L (T) is\a DGA with
seweral objects"); this hasthe sameobjects as T, and the function complex
of mapsx toy in L (T) is givenby Homt (L (y); Lt (X)). Thereis a functor
i : T ! L¢(T) and by the samesmallnessargument usedin the proof of
2.10,the functor Lt canbeidenti ed as(derived) left Kan extensionalongi.

If C is a simplicial category, let ZC denote the simplicial additiv e cate-
gory obtained by applying the free abelian group functor dimensiorwise to
the morphism setsof C. There is an assaiated category N ZC enriched over
chain complexes,formed by normalizing the simplicial abelian groupswhich
appear as morphism objects in ZC and using the Eilenberg-Zilber formula
[22, 6.5.11]to de ne composition. If C is an ordinary category treated as a
simplicial category with discrete morphism sets,then N ZC is the additive
category obtained by taking free abelian groups on the morphism setsof C,
so at what we hope is minimal risk of confusionwe will just denoteit ZC.

If (C;W) is a pair of categoriesas above (4.1), then for ead morphism
w:x! yinW letfy, : Py ! Py Dbethe corresppnding map between
projective ZC-modulesand let fyy =  fy.
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4.4 Prop osition. Let (C;W) andf = f\ be as atove. Then in an ap-
propriate enriched sensethe two categories NZL(C;W ) and L; (ZC) are
equivalent.

\Equiv alence" here meansthat the two categoriesare related by a zigzag
of morphisms betweenenriched categorieswith the property that thesemor-
phisms give the identit y map on object setsand induce quasi-isomorphisms
on function complexes.

4.5 Rings. Supposethat T isaring with a nite number of objects, in other
words, a small additive category with a "nite number of objects. Let P =

« Px, where the coproduct runs through all of the objectsin T and Py is
the projectivefrom 4.3. Let E bethe endomorphismring of P in the category
of discrete T-modules, and P (T) the ring E°P. The notation P(T) is meart
to suggestthat this is a kind of path algebraof T. As an abelian group,
P(T) is isomorphicto the sum Xy T(x;y) of all of the morphism groups of
T; products are de ned by using the composition in T to the extent possible
and otherwise setting the products equalto 0. SinceP is a small projective
generator for the category of discrete T-modules, ordinary Morita theory
shaws that Ext?(P; {) givesan equivalencebetweenthe category of discrete
T-modules and the category of discrete P(T)-modules. Not surprisingly,
this extends to a homotopy-theoretic equivalence betweenthe category of
T-modules and the category of P(T)-modules.

The construction P ({) can be extendedto categoriesenriched over chain

complexes;if T%is suc a category, then P(T9 is a DGA.

4.6 Prop osition. Suppsethat T is a ring with a nite number of objects,
f : P! Q is amap between discrete small projective T-modules, and g :
PO1 QO the correspnding map between discrete Tnitely-generated P (T)-
modules. Then the DGA P(L¢(T)) is, in an appropriate sense,equivalent
to the DGA Lg(P(T)).

4.7 Remark. The word \equivalert" in the proposition signi es that the
DGA Lg4(P(T)) is related to P(L¢(T)) by a zigzag of quasi-isomorphisms
between DGAs.

4.8 An example. This is alongthe linesof [19, 2.4]. Let H A G! K be
a two-sourceof groups. Form a category C with three objects, x, y, and z
and the following pattern of morphisms

A x f z

J
G K

<

Te—.
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This signi es, for instance, that H is the set of mapsx ! vy, and G is the
monoid of endomorphismsof x. The action of G on H by composition is
then the translation action determined by the givenhomomorphismG! H.

Let » denote the pushout of the diagramH A G! K of groupsand X
the homotopy pushout of the diagram BH A BG! BK of spaces.By the
van Kampen theorem, %3 X 2 ».

4.9 Lemma. The nerve of C is equivalentto X .

Let W % C be the subcategory whose nonidentit y morphisms are the
mapsx ! y and x ! z corresponding to the identity elemens of H and
K, respectively. Note that all of the morphismsin W i 1C are invertible; in
fact, Wi 1C is isomorphic to a connectedgroupoid with three objects x, y,
and z and vertex groupsisomorphicto ». Let - X denotethe simplicial loop
group of X.

4.10 Prop osition. [5] The simplicial category L (C; W) is weakly equivalent
to a connected simplicial groupoid with three objects x, y, and z and vertex
group - X.

Letf = fyw bemap betweenprojective ZC modulesdetermined asabove
by W, and g the corresponding map between projective P (ZC)-modules.
Note that P(ZC) is the matrix ring assiated in [19, 2.4] to the amalga-
mated product ZH ©;c ZK and that g is the sum of the two maps % and
¥ described there. Concatenating 4.4 with 4.6 givesthe following result.

4.11 Prop osition. The DGA Lg4P(ZC) is equivalent in an appropriate
senseto the 3£ 3-matrix algeba on the chain algeba Cu(- X;Z). In par-
ticular, for i , O there are natural isomorphisms

V4L gP(ZC) 2 Hi(- X;Z) © GO H;(- X;Z) (9 times):

This Cohn localization is stably °at (3.3) if and only if the universalcover
of X is acyclic and X itself is equivalert to B »; this occurs, for instance, if
the mapsG! H and G! K areinjective. It doesnot occur if G = Z and
H and K are the trivial group.

Here's another example, which can be treated along the samelines. Let
X beaconnectedspaceand M the monoid constructed by McDu® [14] with
BM weakly equivalent to X . Let R be the monoid ring ZM , and for eadh
m2M letf,:R! R begiven by right multiplication by m. Denote the
sum  fm by f. Thenfori B O there are natural isomorphisms

Vil (R) 2 Hi(- X;2Z):
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