
LOCALIZA TIONS

W. G. DWYER

1. Intr oduction

The aim of this paper is to describe the conceptof localization, as it
usually comesup in topology, and give someexamplesof it. Many of
the results we will describe are due to Bous¯eld.

1.1. Lo calization. We start with the following very simple situation:
² C is a category, and
² E ½ C is a subcategory.

The morphismsin E are called equivalences, and they are mapswhich
for onereasonor another we want to treat as honorary isomorphisms.
The pair (C; E) is called a localization context.

1.2. De¯nition. An object X of C is said to be E-local (or just local if
E is understood) if any morphism f : A ! B in E inducesa bijection

f ¤ : HomC(B ; X )
»=¡! HomC(A; X ) :

Roughly speaking, X is local if equivalent objects of C cannot be
distinguishedby mapping them into X .

1.3. De¯nition. A map ² : A ! X in C is said to be an E-localization
of A (or just a localization of A) if X is local and ² is an equivalence.
The pair (C; E) is said to have good localizations if every object of C
hasa localization.

Usually we refer to X as the localization of A, and leave the map
A ! X understood. Suppose that X is a localization of A, Y is a
localization of B , and f : A ! B is a map. It is easyto seethat there
is a unique map f 0 : X ! Y such that the diagram

A
²A¡ ¡ ¡ ! X

f

?
?
y f 0

?
?
y

B
²B¡ ¡ ¡ ! Y
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commutes. With a little argument, this shows that any two localiza-
tions of A are canonically isomorphic; it also shows that if (C; E) has
good localizations, there is a localization functor L E which assignsto
every object A a functorial localization L E(A). If f is a morphism in
E, then LE(f ) is an isomorphism, and it is easy to seethat the re-
verseimplication holds if E satis¯es the two out of three property, i.e.,
if whenever f and g are composablemorphismsof C and two of f , g,
and gf belongsto E, then the third belongsto E aswell. The intuition
is that LE(A) capturesexactly the information in A which is invariant
under the notion of equivalenceprovided by E.

That's the generalmachinery. There is onemain theorem. Let E¡ 1C
be the categoryobtained from C by formally inverting the arrows of E;
the functor C ! E¡ 1C is universalamongfunctors C ! D which send
all of the arrows of E to isomorphisms. (There may be set theoretic
di±culties in forming E¡ 1C, but the following theorem can be inter-
preted as saying that thesedi±culties don't comeup in the caseswe
consider.)

1.4. Theorem. Supposethat (C; E) hasgood localizations. Let LocE(C)
denote the full subcategory of C given by the local objects. Then the
composite functor

LocE(C) ! C ! E¡ 1C
is an equivalence of categories.

Proof. Sincethe localization functor L E : C ! LocE(C) sendsall of the
morphisms in E to isomorphismsin LocE(C), it extends to a functor
L0

E : E¡ 1C ! LocE(C). We leave it to the reader to verify that, up to
natural equivalence,the functor L 0

E is inverseto the functor appearing
in the statement of the theorem. ¤

1.5. A slight twist. Sometimesthe localization context (C; E) is de-
scribed by specifying the collection of local objects. In this casethe
equivalencesE are determinedby working backwards from 1.2: a map
f : A ! B is an equivalence if for each local object X , the map
f ¤ : Hom(B; X ) ! Hom(A; X ) is a bijection.

Next we brie°y discussa variant of the localization idea.

1.6. Colo calization. Colocalization is localization in the oppositecat-
egory, but it's worthwhile to be a little more explicit than this, if only
to establishsomenotation. Supposethat (C; E) is a pair of categories
asabove; again, the morphismsin E arecalledequivalences..An object
X of C is said to be colocal if any equivalencef : A ! B inducesa
bijection

f ¤ : HomC(X ; A)
»=¡! HomC(X ; B) :
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Roughly speaking, X is colocal if equivalent objects of C cannot be
distinguishedby mapping X into them. If A is an object of C, a map
´ : X ! A is said to be a colocalization of A if X is colocal and ´ is an
equivalence.The pair (C; E) is said to havegood colocalizations if every
object of C has a colocalization. As before,any two colocalizations of
A are canonically isomorphic, and, if (C; E) has good colocalizations,
there is a colocalization functor CE which assignsto every A a functorial
colocalization CE(A) ! A. If f in C is an equivalencethen CE(f ) is an
isomorphism,and the converseholds if E satis¯es the two-out-of-three
condition. Let ColocE(C) denotethe full subcategoryof C given by the
colocal objects; if (C; E) has good colocalizations, then the composite
functor

ColocE(C) ! C ! E¡ 1C

is an equivalenceof categories.

1.7. Remark. Note that if (C; E) hasboth good localizationsand good
colocalizations, then the category ColocE(C) of E-colocal objects is
equivalent to the category LocE(C) of E-local objects, since both are
equivalent to E¡ 1C [12, 2.6]. The equivalencesin questionare given by
the restricting the localization functor to ColocE(C) and restricting the
colocalization functor to LocE(C).

1.8. Organization of the pap er. Section2 describessomealgebraic
(co-)localization constructions, including local homologyand local co-
homologyfor commutativ e rings. Section3 discusseshomologicallocal-
ization for spacesand spectra, while x4 treats the more generalidea of
localization with respect to a map. In a diagramsetting, this kind of lo-
calization leadsto Goodwillie calculus(4.10) and to motivic homotopy
theory (4.13). The next section describes colocalization with respect
to an object, and mentions a classof pairs (C; E) which have both good
localizationsand good colocalizations(5.6). Section6 investigatesthe
higher order structure of E¡ 1C when (C; E) hasgood localizations,and
x7 concludeswith someremarks on how localizations and colocaliza-
tions are constructed.

1.9. On (not) working up to homotop y. In most of the examples
below, the ambient category C is the homotopy category associated
to somemodel category M . For instance, M might be the category
of spaces,the categoryof spectra, or the categoryof chain complexes
over a ring R, in which cases(given the right weakequivalencesin M )
C = Ho(M ) is the homotopy categoryof CW-complexes,the homotopy
category of spectra, or the derived category of R (2.2). Suppose in
general that M is a model category and that E is somesubcategory
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of Ho(M ), so that the localization functor L E, if it exists, assignsto
each object X of M a local object L E(X ) in Ho(M ) together with an
E-equivalenceX ! L E(X ) in Ho(M ). In most of the interesting cases,
the localization functor L E : Ho(M ) ! Ho(M ) can be covered by a
morerigid functor L̂E de¯ned on M or at leaston the subcategoryM c

of co¯brant objects in M . The functor L̂E takes values in M itself,
and lies in a commutativ e diagram

M c
L̂ E¡ ¡ ¡ ! M

?
?
y

?
?
y

Ho(M )
L E¡ ¡ ¡ ! Ho(M )

in which the vertical arrows are given by the natural map M !
Ho(M ). In addition, for each co¯brant object X of M there is a
natural map X ! L̂E(X ) which projects in Ho(M ) to the localization
map X ! LE(X ). There are many reasonsto seeksuch a functor L̂E.
For instance, if M is the category of spacesthere are ways to apply
L̂E ¯brewise in a ¯bration [18, x1], while there is no good way to do
this with a functor like L E taking values in the homotopy category.
Strictly speaking,having a rigid localization functor is even necessary
to discusssomethinglike the arithmetic square(3.6), sincethe homo-
topy pullback of a diagram in the homotopy categoryisn't functorially
determined.

1.10. Localized model categories. Evenmoreis usually true [31] [12, 9.9]
[9, 4.6]. Write M = (M ; W), whereW is the categoryof weak equiv-
alencesin M , so that Ho(M ) = W ¡ 1M . (Seex6 for an explanation
of why the pair (M ; W) itself almost never has good localizations or
colocalizations.) Let p : M ! Ho(M ) be the projection, E the subcat-
egoryof Ho(M ) that is providing the localization context, and W + E
the subcategory of M consistingof all maps f in M with p(f ) 2 E.
If E contains all of the isomorphismsof Ho(M ), which in practice is
always the case,then W ½ W + E. Usually it is possibleto producea
model categorystructure on (M ; W + E) with the sameco¯brations as
in the original structure on (M ; W), but with fewer ¯brations. The ho-
motopy categoryHo(M ; W + E) = (W + E)¡ 1M is then isomorphicto
E¡ 1 Ho(M ; W), and the rigid localization L̂E(X ) is obtained by work-
ing in this new model structure and factoring the map X ! ¤ into an
acyclic co¯bration X ! L̂E(X ) followed by a ¯bration L̂E(X ) ! ¤.
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2. Algebra

In this section we discusssomelocalization and colocalization con-
structions in algebraand in homologicalalgebra.

2.1. Classical localization for mo dules. Supposethat R is a com-
mutativ e ring and that S ½ R is a multiplicativ e subset,i.e., a subset
of R which is closedunder taking products. Let C be the categoryof
R-modules,and say that an R-module M is S-torsion if for each x 2 M
there is an element s 2 S such that sx = 0. Let E be the subcategory
of C containing all the objects of C as well as thosemaps f such that
ker(f ) and coker(f ) are S-torsion; it is easyto arguethat the classof
maps of this sort is closedunder composition. The local objects are
the modules M which are uniquely S-divisible, in the sensethat for
each x 2 M and s 2 S there is a unique y 2 M with sy = x. The pair
(C; E) hasgood localizations,and the localization of a module M is its
classicalalgebraiclocalization S¡ 1M .

In general,the pair (C; E) doesnot have good colocalizations. Con-
sider for examplethe casein which R = Z and S is the multiplicativ e
set of nonzerointegers. If T is a torsion abelian group, then the unique
map T ! 0 is an E-equivalence,and it follows that if M is a colocal
abelian group then Hom(M ; T) = 0 for every torsion abelian group T.
It is easyto check that this holds only if M = 0. But there are special
cases;if S contains only the unit in R, for instance,then every module
is colocal and the colocalization functor is the identit y.

2.2. An aside on deriv ed categories. Suppose that R is a ring.
Recall that the bounded derived category Db(R) is the categorywhose
objects are chain complexesof R-moduleswhich vanish in su±ciently
low degreesand whosemorphismsare derived chain homotopyclasses
of maps. If X and Y are two chain complexes,HomD b (R)(X ; Y) is com-
puted by ¯nding a projectiveresolutionX 0of X (a boundedbelow chain
complex of projective modules which maps to X by an isomorphism
on homology) and then computing ordinary chain homotopy classes
of maps X 0 ! Y . The (unbounded) derived category D(R) is de¯ned
similarly, except that the chain complexesinvolved are not bounded
below, and it is necessaryto take someextra carewith the de¯nition of
projective resolution [44]. If f : X ! Y is a map in the derived cate-
gory, we let Cone(f ) denotethe chain complexmapping cone(co¯bre)
of f [46, 1.2.8].

2.3. Classical localization for D(R). Supposethat R is a commuta-
tiv ering and that S ½ R is a multiplicativ esubset.Let Cbethe derived
categoryD(R), and E the subcategorycontaining all mapsf such that
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H¤ Cone(f ) is S-torsion. Then a chain complexX is E-local if and only
if the homologygroupsH i (X ) areuniquely S-divisible. The pair (C; E)
hasgood localizations;the localization of X is the chain complexS¡ 1X
obtained by algebraically localizing X dimensionby dimension. Since
the algebraic localization processis exact, H i LE(X ) = S¡ 1H i (X ). In
general,(C; E) doesnot have good colocalizations.

In contrast to the caseabove of classicallocalization, mod p local-
ization for modulesis very di®erent from mod p localization for objects
of the derived category.

2.4. Mo d p localization for mo dules. Let C be the category of
abelian groups,p a prime number, and E the subcategoryof C contain-
ing all mapsf such that Z=p­ f is an isomorphism. Then an abelian
group is local if and only if it is a module over Z=p. The pair (C; E)
has good localizations, and the localization of an abelian group X is
Z=p­ X . The only colocal object is the trivial abelian group, and so
(C; E) doesnot have good colocalizations..

2.5. Mo d p localization for D(Z). Let C = D(Z) be the derived
categoryof abelian groups,p a prime number, and E the subcategory
of maps X ! Y with the property that Z=p­ h X ! Z=p­ h Y is an
isomorphism. Here Z=p­ h X is the derived tensor product, i.e., the
gradedtensor product of X with a projective resolution P of Z=p. To
be very explicit, a map X ! Y is in E if there is a projective resolution
X 0 of X and a chain complex map X 0 ! Y representing f such that
the inducedmap P ­ X 0 ! P ­ Y givesan isomorphismon homology.
It turns out that the pair (C; E) has both good localizationsand good
colocalizations. We will describe thesein turn.

For any abelian group M , the connectinghomomorphismfrom the
exact sequence

(2.6) 0 ! Z ! Z[1=p] ! Z=p1 ! 0

inducesa mapM ! Ext( Z=p1 ; M ), andM is saidto beExt-p-complete
if this map is an isomorphism[13, VI]. It turns out that a chain complex
is E-local if and only if each of its homologygroupsis Ext-p-complete.
Let Homh(X ; Y) denotethe derived chain complexof mapsfrom X to
Y, constructed by taking a projective resolution of X or an injective
resolution of Y and forming the usual mapping chain complex [46,
2.7.4]. The exact sequence2.6 gives a map § ¡ 1Z=p1 ! Z in the
derived category, and the localization of an object X is the induced
map

X »= Homh(Z; X ) ! Homh(§ ¡ 1Z=p1 ; X ):
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In particular, for each i there is an exact sequence

0 ! Ext( Z=p1 ; H i X ) ! H i LE(X ) ! Hom(Z=p1 ; H i ¡ 1X ) ! 0:

If the homology groups of X are ¯nitely generated,then H i LE(X ) is
the ordinary p-completion of H i X , i.e.

H i LE(X ) »= Zp ­ H i X ;

whereZp is the ring of p-adic integers.
A chain complexis colocal if and only if each of its homologygroups

is a p-primary torsion group. The colocalization of X is given by the
map

§ ¡ 1Z=p1 ­ h X ! Z ­ h X »= X
induced as above by 2.6. In particular, there are exact sequences

0 ! Z=p1 ­ H i +1 X ! H i CE(X ) ! Tor(Z=p1 ; H i X ) ! 0:

Theseresultscan be proved with relatively simple formal arguments
[20]. The samearguments cover the following more generalsituation.

2.7. Lo cal homology and cohomology . Supposethat R is a com-
mutativ e ring and that I ½ R is an ideal generatedby a ¯nite number
r1; : : : ; r n of elements. Let C = D(R) be the derived category of R-
modules, and E the subcategory of maps X ! Y with the property
that R=I ­ h X ! R=I ­ h Y is an isomorphism(2.5). Then the pair
(C; E) hasboth good localizationsand good colocalizations.

We will now describe these explicitly. Given a map M ! N of
R-modules, let hM ! N i denote the chain complex which is trivial
except for M in degree0 and N in degree¡ 1, with the indicated map
as di®erential, and let K denotethe tensor product chain complex

K = ­ i hR ! R[1=ri ] i :

Note that if R = Z and I = (p), then K is isomorphic in D(Z) to
§ ¡ 1Z=p1 . There is an obvious map K ! R which sendsall the nega-
tiv e degreecomponents of K to zero(here we are thinking of R as the
chain complex consistingof the module R concentrated in degree0).
Then the localization of a chain complexX is the induced map

X ! Homh(K ; X )

and the colocalization is the induced map

K ­ h X ! X :

The localization functor amounts to local homologyat the ideal I [28]
[29] [1], and the colocalization functor to local cohomologyat I [30].
For instance, if X is the chain complex consisting of the module M
concentrated in degree0, then H i LE(X ) is the local homology group
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H I
i (M ), and H ¡ i CE(X ) is the local cohomologygroup H i

I (M ). If R
is noetherian and the homology groups of X are ¯nitely generated
over R, then H i LE(X ) is the I -adic completion of H i X [28]. A chain
complex X is local if and only if for each integer i , the natural map
H i X ! H I

0 (H i X ) is an isomorphism;X is colocal if and only if for each
i and each element x 2 H i (X ), there exists an integer k with I kx = 0
[20, x6].

3. Homological localiza tion in topology

In this sectionwe describe homologicallocalization constructionsfor
spacesand spectra, someof them parallel to the algebraic construc-
tions from x2. The basic existencetheorem is due to Bous¯eld [4],
[6]. In the following statement, the homotopycategory of spaces means
W ¡ 1M , where M is the category of topological spacesand W is the
subcategoryof weak homotopy equivalences.This is equivalent to the
ordinary (geometric) homotopy category of CW-complexes,or to the
usual homotopy categoryobatainedfrom simplicial sets.

3.1. Theorem. Supposethat C is the homotopycategory of spaces or
the homotopycategory of spectra. Let A be a spectrum, and E­ (A) the
collection of maps f in C such that A¤(f ) = ¼¤(A ^ f ) is an isomor-
phism. Then (C; E­ ) hasgood localizations.

3.2. Remark. The notation E­ (A) is explained by the fact that the
smashproduct ^ is a kind of tensor product of spectra.

In the above situation, we write L A for the localization functor; if
A is the Eilenberg-MacLanespectrum H R, so that A¤ = H¤({; R) is
ordinary homology with coe±cients in R, we write L R . Two spectra
A, B are said to be Bous¯eld equivalent if they give rise to the same
localization functor on the categoryof spectra; this happensif and only
if E­ (A) = E­ (B ).

3.3. Classical localization for spaces. HereC is the homotopy cat-
egory of spaces,R is a subring of Q (i.e., a ring obtained from Z by
inverting someset of primes), A is the Eilenberg-MacLanespectrum
H R, and A¤ = H¤({; R). If X is one-connectedthere are isomorphisms
¼i LR(X ) »= R ­ ¼i (X ), so that X is local if and only the homotopy
groups of X are modules over R. The sameprinciple works if X is
nilpotent, as long as R ­ ¼1(X ) is interpreted correctly [4] [13].

For non-simply connectedspaces,L R(X ) can be mysterious even if
R = Z; for instance, L Z(S1 _ S1) is unknown. If the commutator
subgroupof ¼1X is perfect and X satis¯essomeother mild conditions,
then LZX is equivalent to the Quillen plus construction on X .
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3.4. Mo d p localization for spaces. HereCis the homotopy category
of spaces,p is a prime, A = H Z=p, and A¤ = H¤({; Z=p). If X is one-
connected,then X is local if and only if the homotopy groupsof X are
Ext-p-complete(2.5). More generally, if X is one-connectedthere are
short exact sequences[4] [13]
(3.5)

0 ! Ext (Z=p1 ; ¼i X ) ! ¼i LZ=p(X ) ! Hom(Z=p1 ; ¼i ¡ 1X ) ! 0:

There are similar formulas for nilpotent spaces.In particular, if X is
one-connectedand the homotopy groups of X are ¯nitely generated,
there are isomorphisms¼i LZ=p(X ) »= Zp ­ ¼i (X ). For this reason,the
localization L Z=p is sometimesreferredto as p-completion.

3.6. The arithmetic square. A good feature of the arithmetic lo-
calization functors described above is that there is a way to rebuild a
spaceX , at least if X is nilpotent, from its various localizations. This
is provided by the arithmetic square (cf. 1.9).

3.7. Theorem. [45] [16] Suppose that X is a nilpotent space. Then
there is a homotopy¯br e square

X ¡ ¡ ¡ !
Q

p LZ=p(X )
?
?
y

?
?
y

LQ(X ) ¡ ¡ ¡ ! LQ(
Q

p LZ=pX )

The bottom row is obtained by applying L Q to the top row. This
squarecanbe viewedasdescribinghow X is determinedby p-adic data
for each prime p (upper right), rational data (lower left), and coherence
information over the rationals (arrows terminating at lower right).

3.8. Arithmetic localizations of spectra. Let C be the homotopy
categoryof spectra, R a subring of Q, and p a prime. If X is bounded
below in the sensethat ¼i X = 0 for i << 0, then ¼i LR(X ) is isomorphic
to R ­ ¼i X , and ¼i LZ=p(X ) lies in an exact sequenceof the form 3.5,
so the above results apply as stated to the subcategory of C consist-
ing of objects which are bounded below. For spectra which are not
boundedbelow, theseordinary homology localizations are more com-
plicated. For instance,let K U be the periodic complexK -theory spec-
trum. Then the map H¤(K U; Z) ! H¤(K U; Q) is an isomorphism,and
it follows that the map L Z(K U) ! LQ(K U) =

Q
i § 2i H Q is an equiv-

alence.In particular, ¼¤LZ(K U) 6= Z ­ ¼¤(K U). The situation can be
repairedby replacingthe coe±cient Eilenberg-MacLanespectrum H R
by the Moorespectrum M (R) = L R(S0), and similarly replacingH Z=p
by the Moore spectrum M (p) = S0 [ p e1. Then for any spectrum X ,
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¼i LM (R)(X ) is isomorphicto R ­ ¼i X , and ¼i LM (p)(X ) lies in an exact
sequenceof the form 3.5.

3.9. Chromatic localizations of spectra. Wewill refer to ideasfrom
[40]. Again, C is the homotopy categoryof spectra. Pick a prime p, and
take all objects of C to be localized at p in the sense(3.8) that their
homotopy groupsare modulesover Z(p) . Let K (n) be the n'th Morava
K -theory. The n'th chromatic localization functor L n is de¯ned to be
localization with respect to the wedgeK (0) _ ¢¢¢_ K (n). It is easyto
seethat for any spectrum X there is a tower

¢¢¢! L n (X ) ! L n¡ 1(X ) ! ¢¢¢! L 0(X ) ;

and the chromatic convergencetheorem [40, 7.5.7] guarantees that if
X is a ¯nite suspensionspectrum the homotopy limit of this tower is
X . The chromatic approach to ¼¤S0 involvesstudying how the stable
homotopy ring is built up in the tower f ¼¤Ln (S0)g. Closely related to
Ln is the localization functor L K (n) ; in fact, LK (n)(X ) determinesthe
di®erencebetween L n (X ) and L n¡ 1(X ), in the sensethat there is a
homotopy ¯bre square

Ln (X ) ¡ ¡ ¡ ! LK (n)(X )
?
?
y

?
?
y

Ln¡ 1(X ) ¡ ¡ ¡ ! L n¡ 1LK (n)(X )

rather parallel to 3.6. The spectrum K (0) is Bous¯eld equivalent to
H Q, and so a spectrum X is K (0)-local if and only if the homotopy
groupsof X are uniquely p-divisible, or, in other words, if and only if
the degreep map dp : S0 ! S0 inducesbijections [Si ; X ] ! [Si ; X ],
i 2 Z. The telescope conjecture can be interpreted as assertingthat
there is a similar characterizationof spectrawhich arelocalwith respect
to K (0) _ ¢¢¢_ K (n).

3.10. Conjecture. (Telescope Conjecture) Supposethat F = F (n) is a
¯nite complexof type n, and that v : § aF ! F is a vn -self-map. Then
a spectrum X is local with respect to L n (i.e., L n (X ) » X ) if and only
if composition with v induces bijections

[§ i F; X ] ! [§ a+ i F; X ]; i 2 Z:

This is true for n = 0 (above) and n = 1, but the best current
evidencesuggeststhat it is falsein general[35].

There are a few calculations. For any X , L n (X ) is equivalent to
Ln (S0) ^ X . The spectrum L 0(S0) is the Eilenberg-MacLanespectrum
H Q; L 1(S0) is a periodic version of the im J spectrum [6] [39]. The
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spectrum L 2(S0) is in a senseknown for p > 3 [43], and partially known
for p = 2 or p = 3 [42] [25].

3.11. Chromatic localizations of spaces. All of the above chro-
matic localization functors can be applied to spacesaswell as to spec-
tra. Again, there are somecalculations. Mahowald and Thompson
have computedL 1(X ) whenX is an odd sphere[36], and Bous¯eld has
donethe samewhen X is an in¯nite loop space[7] or a ¯nite H -space
[10]. If X is an in¯nite loop spacewith associated spectrum B 1 X ,
Bous¯eld has shown that in many casesL nX agreesexcept in low di-
mensionswith ­ 1 Ln (B 1 X ) [12]. Kuhn has found a way to construct
LK (n)(B 1 X ) in terms of X [34], but there's no closerelationship be-
tweenLK (n)(X ) and ­ 1 LK (n)(B 1 X ). In fact, surprisingly enough,for
most spacesthe functor L K (n) agreesup to ordinary p-completionwith
the functor L n [11].

4. Localiza tion with respect to a map

Supposethat C is a category with somenotion of mapping object
Map(X ; Y) for any two objects X , Y in C. Here are someexamples:

² Cis the homotopy categoryof spaces,andMap(X ; Y) = Maph(X ; Y),
the derived spaceof mapsfrom X to Y, i.e. the spaceobtained
by replacingX by a weakly equivalenceCW-complex and tak-
ing the usual mapping space.

² C is the homotopy category of spectra, and Map(X ; Y) is the
derived mapping spectrum.

² Cis the derivedcategoryof a ring R, andMap(X ; Y) = Homh(X ; Y)
is the derived chain complexof mapsX ! Y (2.5).

Given f : A ! B in C, say that an object X of C is f -local if compo-
sition with f inducesan equivalence

f ¤ : Map(B ; X ) » Map(A; X ) :

The meaning of \equivalence" depends on the category in which the
mapping objects lie; for spacesor spectra, equivalencewould usually
mean weak homotopy equivalence,and for chain complexesit would
mean homology isomorphism. Let E(f ) be the category of all maps
g : U ! V in C such that g induces an equivalenceMap(V; X ) !
Map(U; X ) for every f -local object X .

4.1. De¯nition. In the above situation, if (C; E(f )) has good local-
izations, the localization functor is denotedL f , and called localization
with respect to f .
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4.2. Remark. This is a caseof working backwards (1.5): we ¯rst de¯ne
the local objects, and then usethem to get the equivalencesE(f ). The
classE(f ) is the smallestclassof mapsin C which contains the map f
and hasa closureproperty which we leave it to the readerto formulate.

The following theorem of Bous¯eld and Dror Farjoun is parallel to
3.1

4.3. Theorem. [5] [18] If C is the homotopy category of spaces, the
homotopycategory of spectra, or the derived category of a ring R, then
for any map f the pair (C; E(f )) hasgood localizations.

Theorem4.3 appliesin much greatergenerality [5] [31]; for instance,
it applies if C is a homotopy category of diagrams of spaces(4.8).
Virtually all of the localization functors we have looked at so far can
be expressedas localization L f with respect to some appropriately
chosenmap f . In fact, in the category of spacesany homotopically
idempotent functor E with a natural transformation Id ! E can be
expressedas L f for somemap, if you are willing to adopt someexotic
axiomsfor set theory [14].

4.4. Remark. If C is the homotopy categoryof spectra, there is another
possibleinterpretation for the mapping object Map(X ; Y); rather than
the derived mapping spectrum, one could take the zero spacein the
corresponding in¯nite loop spectrum, or, more or lessequivalently, the
(¡ 1)-connective cover of the derived mapping spectrum. Theorem4.3
remainstrue with this interpretation of mapping object, but the local-
ization functors changesigni¯cantly and have more in common with
their unstable counterparts. Bous¯eld usesthis notion of localization
in [11, 2.2]. Colocalization functors also changeunder the connective
interpretation of \Map": the phrase \and its desuspensions" would
have to be deleted from 5.3, and 5.4 would ceasein general to be a
¯bration sequence.For us, though, \Map" in the context of spectra
will always meanthe entire derived mapping spectrum.

4.5. Postnik ov sections. Supposethat C is the homotopy category
of spacesand that f is the unique map Sn ! ¤. Then a spaceX
is f -local if and only if for each basepoint x 2 X and each i ¸ n,
¼i (X ; x) is trivial. The classE(f ) is the classof all maps g : X ! Y
which for each basepoint x 2 X and each i < n induce a bijection
¼i (X ; x) ! ¼i (Y; g(x)). The localizationL f (X ) is the Postnikov section
Pn¡ 1X .

4.6. Homology localization. If C is the homotopy categoryof spaces
or spectra and A is a chosenspectrum, then the homologylocalization
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functor LA (x3) is equivalent to L f for somehuge non-canonicalA¤-
equivalencef : U ! V. For instance,if A = H Z=p, then f canbetaken
to be the disjoint union

`
f ®, wheref ® runs over all mod p homology

isomorphismsU® ! V® betweencountable CW-complexes(take them
to be subspacesof R1 , so that the collection f f ®g forms a set). In
fact, Bous¯eld essentially constructs L A by implicitly identifying it as
L f [6]. It was oneof Bous¯eld's great insights that is possibleto work
with this idea without having a particularly explicit hold on the map
f associated to A.

4.7. Nulli¯cation. Let C be the homotopy category of spectra, W
an object of C, and f : W ! ¤ the unique map from W to the con-
tractible spectrum. The localization functor L f is called nulli¯c ation
with respect to W and assignsto X a universalmap X ! PW (X ) with
Map(W; PW (X )) » ¤. Localization with respect to f : U ! V is the
sameasnulli¯cation with respect to the co¯bre of f . In particular, the
homologylocalization functor L A (4.6) canbeexpressedasnulli¯cation
PW with respect to somehugespectrum W with A¤(W) = 0. The n'th
¯nite localization functor or telescopic localization functor functor L f

n
is nulli¯cation with respect a ¯nite spectrum F (n + 1) of type n + 1
[37]. The telescope conjecture (3.10) is equivalent to the conjecture
that L n = L f

n , or to the conjecture that a spectrum X is L n -local if
and only if Map(F (n + 1); X ) » ¤. This is clear from 3.10, sincethe
co¯bre of a vn -self-mapof F (n) is a ¯nite complexof type n + 1.

Unstably, the situation is morecomplicated. Let C be the homotopy
categoryof spaces,W an object of C, and f : W ! ¤ the unique map
from W to a point. Again the localization L f is callednulli¯cation with
respect to W and denotedPW . The notation PW comesboth from the
fact that nulli¯cation was originally called periodization [8], and from
the fact that for W = Sn , PW is the Postnikov functor Pn (4.5). It
is no longer true that localization with respect to a map f is nulli¯-
cation with respect to the co¯bre W of f , although there is a natural
transformation PW ! L f [9, 4.3]. In particular, unstable homology
localization functors can not in general be identi¯ed as nulli¯cation
functors. Bous¯eld and Dror-Farjoun have studied PW extensively [8],
[18]. One of the main results is that the nulli¯cation functors pre-
serve ¯brations up to an error term which is frequently quite small.
Bous¯eld hasusedthis to prove the remarkable theorem[8, 11.5] that
nulli¯cation with respect to an ¯nite complex of type n + 1 preserves
the (unstable) vi -periodic homotopy for i · n.

4.8. An aside on diagrams. Supposethat D is a small category. A
D-space, or diagram of spaceswith the shape of D, is a functor from D
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to spaces.Thesefunctors form a category, in which the morphismsare
the natural transformations. Say that a morphism X ! Y is a weak
equivalenceif for each object d 2 D the induced map X (d) ! Y(d)
is a weak homotopy equivalenceof spaces.There is a model category
structure on D-spaceswith theseweak equivalences[23] [17] [19, x2];
in the simplest structure like this, the ¯brations are the mapsX ! Y
which for each d 2 D give a Serre ¯bration X (d) ! Y(d). We will
refer to the associated homotopy category as the homotopy category
of D-spaces.

For each d 2 D there is a \free D-spacebasedat d" denotedF hdi and
given by F hdi (x) = Hom(d;x); herewe are treating the set Hom(d;x)
as a discrete space. Essentially by Yoneda'slemma, for any D-space
X the derived mapping spaceMaph(F hdi ; X ) is canonically weakly
equivalent to X (d). Note that f : d ! d0 gives a morphism f ¤ :
F hd0i ! F hdi , such that Maph(f ¤; X ) can be identi¯ed up to weak
equivalencewith X (f ) : X (d) ! X (d0).

4.9. In verting morphisms. Let C be the homotopy category of D-
spaces,where D is a small category, and supposethat u : d ! d0 is
a map in D. Let f denote u¤ : F hd0i ! F hdi . Then a D-spaceX
is f -local if and only if X (u) : X (d) ! X (d0) is a weak homotopy
equivalence.It is hard to describe the localization functor L f in simple
terms.

Here'sa related example,which we o®erwithout proof, in which it is
possibleto describe L f . Let f be the disjoint union

`
u u¤ indexedby

all of the morphismsu of D. Then a D-spaceX is f -local if and only
if for each morphism u of D, X (u) is a weak homotopy equivalence.
The category of f -local objects is in a homotopical senseequivalent
to the category of ¯brations over the classifying spaceBD. For an
arbitrary D-spaceX , L f (X ) is a D-spacewhosevalue at each object
d is equivalent to the homotopy ¯bre, over the vertex corresponding to
d, of the natural map

hocolimD X ! hocolimD ¤ = BD :

In this caseL f is a kind of averagingor integration functor.

4.10. Go odwillie calculus. We begin with somethingalong the lines
of 4.9 but a little more general. Supposethat D is a small category,
P another (usually much smaller) category, and j : P ! D a functor.
Assumethat P hasan initial object Á, and let P nÁ be the subcategory
obtained by deleting the initial object. Given a D-spaceX , we can
composewith j to get a P-spaceX 0 and ask whether the natural map

(4.11) X 0(Á) ! holimP nÁ X 0
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is a weak equivalence. It is easyto construct a map L(j ) of D-spaces
such that the answer to this questionis \y es" if and only if X is L(j )-
local. To be explicit, there is a functor F 0 from P op to D-spaceswhich
sendsx 2 P to the free diagram F hj (x)i . Then L(j ) is the natural
map

L(j ) : hocolimP nÁ F 0 ! F 0(Á) :

The homotopy colimit hereis calculatedin the categoryof D-spaces,in
other words, objectwise in the categoryof functors from D to spaces.
The point to keepin mind is that Maph converts homotopy colimits in
the ¯rst variable into homotopy limits of mapping spaces.

Now let D be the categoryof ¯nite complexes;we choosesomesmall
model for this which contains all ¯nite complexesup to homotopy, and
is big enoughto contain products, homotopy pushouts,etc. Let C be
the homotopy categoryof D-spaces.A D-spaceX is said to bea homo-
topy functor if X (f ) is a weakequivalenceof spaceswhenever f : d ! d0

is a weak equivalenceof CW-complexes.Let f 1 be the obvious map of
D-spaceswith the property that X is a homotopy functor if and only
if X is f 1-local (4.9). Let P be the poset of subsetsof f 1; : : : ; ng, so
that P is a categorywith the empty set as initial object. An n-cube of
¯nite complexesis a functor j : P ! D, and such an n-cube is said to
be strongly homotopycocartesian if each of its two-dimensionalfacesis
a homotopy pushout diagram (see[27]). Let f 2 be the map

`
j L(j ),

where j rangesover all strongly homotopy cocartesiann-cubes. A D-
spaceX is f 2-local if and only if it carries each strongly homotopy
cartesiann-cube into a homotopy cartesiandiagram, or, in the termi-
nology of [27], if and only if X is n-excisive. Let f = f 1

`
f 2. Then X

is f -local if and only if X is an n-excisive homotopy functor. The con-
struction which assignsto a homotopy functor X the n-excisive functor
L f (X ) givesthe n'th stagePnX in the Goodwillie tower for X [26].

4.12. Lo op spaces and theories. Let ¢ denote the categoryof the
¯nite orderedsetsf 0; : : : ; mg, m ¸ 0, and weakly monotonemaps,so
that a ¢ op-spaceis a simplicial object in the categoryof spaces.Given
such a simplicial spaceX , write X m = X (f 0; : : : ; mg), and say that X
is very special if for each m the natural map

½1 £ ¢¢¢£ ½m : X m ! X 1 £ ¢¢¢£ X 1

is a weak homotopy equivalence,where½i : X m ! X 1 is the map cor-
responding to the function f 0; 1g ! f 0; : : : ; mg with ½i (0) = 0 and
½i (1) = i . (When m = 0 the right hand side is the empty prod-
uct, which is the one-point space,and the condition readsthat X 0 is
weakly contractible.) This de¯nition is due to Bous¯eld [8, 3.3]. As
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in 4.10, there is an evident map f of ¢ op-spacessuch that X is very
special if and only if X is f -local. It follows from ideasof Segal[41,
App. B] that the homotopy theory of very special ¢ op-spacesis equiv-
alent to the homotopy theory of loop spaces. The equivalencetakes
a very special ¢ op-spaceX to a loop spacecanonically weakly equiv-
alent to X 1. In particular, the homotopy category of loop spacescan
be obtained as the localization of a diagram category. There is one
immediate consequence.If © is a functor from spacesto spaceswhich
respectshomotopy andpreservesproductsup to weakequivalence,then
dimensionwise application of © preserves the category of very special
¢ op-spaces.It follows that if U is a loop space,the F (U) is canonically
weakly equivalent to a loop space[18, x3]. It is possibleto treat the
theory of n-fold loop spaces,2 · n · 1 , in a similar way [3].

It is also possible to go a bit further. For the rest of this para-
graph, take \space" to mean \simplicial set". Let A be the category
of algebraicobjects of some¯xed equational type, e.g., the categoryof
groups,abelian groups,groupsof nilpotencyclass· n, monoids,rings,
commutativ e rings, Lie algebras,: : : Let Fm be the freeobject of A on
m generators,and let TA be the opposite of the full subcategoryof A
generatedby the Fm . The category TA is the \theory" of the objects
in A , in the sensethat the morphismsof TA determineall of the ways
of combining elements of such an object by algebraicoperations. If X
is a TA -space,write X m = X (Fm ), and say that X is special if for each
m the natural map

½1 £ ¢¢¢£ ½m : X m ! X 1 £ ¢¢¢£ X 1

is a weak homotopy equivalence, where ½i : X m ! X 1 is the map
corresponding to the A-morphism F1 ! Fm which sendsthe generator
of F1 to the i 'th generatorof Fm . Again, there is an evident map f of
TA -spacessuch that X is special if and only if X is f -local. Starting
with this observation, Badzioch [2] hasshown that the homotopy theory
of special TA -spacesis equivalent to the homotopy theory of simplicial
objects in A ; the equivalencetakesa specialTA -spaceX to a simplicial
object which is canonically weakly equivalent, as a simplicial set, to
X (F1). In particular, the homotopy category of simplicial objects in
A can be obtained as the localization of a diagram category. Again, it
followsthat if © is a functor from spacesto spaceswhich preservesweak
equivalencesand preservesproducts up to weak equivalence,and U is
a simplicial object in A , then F (U) is canonicallyweakly equivalent to
a simplicial object in A .

If A is the categoryof groups,then the categoryof specialTA -spaces
is closelyrelated to the categoryof very special ¢ op-spaces[2, 1.6 ®].



LOCALIZA TIONS 17

Rather than explain this in detail, we give the following examplefrom
[2]. Consider the T op

A -spaceB which assignsto a free group F the
pointed classifyingspaceBF , whereBF is constructed in somefunc-
torial way from F . Note that BFm is equivalent to a wedgeof m circles.
Now for any pointed spaceY there is a special TA -space­ Y given by
letting ­ Y (F ) bethe spaceof basepoint-preservingmapsMap¤(BF; Y);
the \special" property amounts to the observation that Map¤(BFm ; Y)
is equivalent to Map¤(BF1; Y)m . Since­ Y (F1) is the loop space­ Y,
we concludefrom the main theoremof [2] that ­ Y is naturally weakly
equivalent to a simplicial group.

4.13. Motivic homotop y theory . In this paragraph,\space" means
simplicial set. We follow [24]. Supposethat S is a noetherian scheme
of ¯nite dimension,and D the categoryof smooth schemesover S. A
simplicial presheaf on D is just a Dop-space;the categoryof theseis de-
noted Pre(D). Any schemeM over S givesan object of Pre(D), which
we will denote ½M, according to the formula ½M(U) = Hom(U; M ).
The category Pre(D) has a homotopy theory as in 4.8 in which the
weak equivalencesare the maps X ! Y which induce weak equiva-
lencesX (U) ! Y(U) for each object U 2 D. Call this the sectionwise
homotopytheory; it turns out to be too rigid for most algebraicpur-
poses. If D is furnished with a Grothendieck topology T, then there
is a more °exible T-local homotopytheory [33] on Pre(D) in which a
weak equivalenceis a map X ! Y which inducesan isomorphismon
associated sheaves of homotopy groups for all appropriate choicesof
basepoints. See[19] for a nice account of how, in a fashionreminiscent
of 4.10above, this canbeobtainedasthe localization of the sectionwise
theory with respect to a map f 0. The map f 0 is easyto describe. In
the languageof [19, x1], for each T-hypercover U of an object X in D
there is a map

f U : hocolimn ½Un ! ½X;
and f 0 is just the disjoint union

`
U f U , whereU runs through a large

enoughset of hypercovers [19, x6]. Now specializeto the casein which
T is the Nisnevich topology (a choiceexplainedby the desireto acco-
modate algebraicK -theory, which hascertain patching propertieswith
respect to the Nisnevich topology), and further localizethe T-local ho-
motopy theory on Pre(D) with respect to a map f 00derived as in [24,
4.1] from ½A1 ! ¤, where A1 is the a±ne line and ¤ is the constant
one-point presheaf.What results is the A1-homotopytheory or motivic
homotopytheory of Voevodsky and Morel [24, 4.11][38]. Thus motivic
homotopy theory over S is the localization of the ordinary homotopy
theory of Dop-spaceswith respect to the map f = f 0

`
f 00.
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5. Colocaliza tion with respect to an object

Supposeagain that C is a category with somenotion of mapping
object (x4), and that W is an object of C. Say that a map X ! Y
is a W-cellular equivalence if it inducesan equivalenceMap(W; X ) !
Map(W; Y), and let EMap (W) denotethe categoryof W-cellular equiv-
alences.

5.1. De¯nition. In the above situation, if the pair (C; EMap (W)) has
good colocalizations, the colocalization functor is written CellW and
called cellularization with respect to W.

The basic existencetheorem is again due to Bous¯eld [5] and Dror
Farjoun [18].

5.2. Theorem. If C is the homotopycategory of spaces, the homotopy
category of spectra, or the derived category of a ring R, then for any
object W in C the pair (C; EMap (W)) hasgood colocalizations.

Again, the theorem applies in much greater generality [31], and in
particular appliesto any homotopy categoryof diagramsof spaces.

5.3. Stable Cellularization. Supposethat C is the homotopy cate-
gory of spectra or the derived categoryD(R), and that W 2 C. Then
for any X , CellW (X ) lies in the smallest subcategory of spectra con-
taining W and its desuspensionsand closedunder weak equivalence
and homotopy colimit; this subcategory is called the localizing subcat-
egory generatedby W, and the objects in it are said to be built from
W. In fact, CellW (X ) is characterizedby the fact that it is built from
W and admits a map CellW (X ) ! X which lies in EMap (W). There is
a co¯bration sequence(4.7)

(5.4) CellW (X ) ! X ! PW (X )

which indicatesthat cellularization and nulli¯cation with respect to W
capture complementary parts of X . The notation CellW (X ) is meant
to suggestthat this spectrum is built from W and its conesin the same
way a cell complex is built from disks and spheres.

5.5. Unstable cellularization. If C is the homotopy categoryof un-
pointed spaces,then for any nonempty W and any X , CellW (X ) ! X
is an isomorphism[18, 2.A.4]. Supposethat Cis the homotopy category
of pointed spacesand that W 2 C. Then for any X , CellW (X ) belongs
to the smallest classof spaceswhich contains W and is closedunder
weakequivalenceandpointed homotopy colimits; this is the closed class
of spacesdeterminedby W [18, 2.D], and againthe objects in it aresaid
to be built from W. The spaceCellW (X ) is characterizedby the fact
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that it is built from W and admits a map CellW (X ) ! X which lies
in EMap (W). (Here EMap (W) is de¯ned using pointed mapping spaces
Map(X ; Y).) In the sequence

CellW (X ) ! X ! PW (X )

the composite of the two maps is null, but this is not in generala ¯-
bration sequence.Chach¶olski [15] hasstudied the relationship between
CellW and PW in detail.

5.6. Lo calization/colo calization for the same E. In practice, it
is unusual for a pair (C; E) to have both good localizations and good
colocalizations. Supposefor instancethat C is the homotopy category
of spectra. Then in localizing with respect to a map f , the equiva-
lencesE(f ) are detectedby Map({ ; L) for f -local objects L, while in
colocalizingwith respect to an object W, the equivalencesEMap (W) are
detectedby Map(W; { ). It would appear to be hard to ¯nd f and W
such that E(f ) = EMap (W). But there is one casein which this does
happen. If W is a ¯nite spectrum, then for any X

Map(W; X ) » DW ^ X ;

whereDW = Map(W; S0) is the Spanier-Whiteheaddual of W. Thus
EMap (W) = E­ (DW) = E(f ) for some huge f (4.6), and, if E de-
notesthis classof equivalences,(C; E) hasboth good localizationsand
colocalizations. This is particularly useful in chromatic situations [32].
Supposethat Cis the L n -local homotopy categoryof spectra, let W bea
¯nite complexof typen, and let E = EMap (W) = E­ (DW). Then (C; E)
hasboth good localizationsand good colocalizations;the colocalization
functor is the monochromatic functor M n , and the localization functor
is localization L K (n) with respect to the Morava K -theory K (n). As
always in this situation (1.7) the categoriesof local and colocal ob-
jects are equivalent [32, 6.19]. There is a parallel phenomenonin the
telescopiccase,whereL n is replacedL f

n [12, 3.3].
Suppose that R is a commutativ e ring and that C = D(R) is its

derived category. Given W in C, let E­ (W) denotethe categoryof all
mapsX ! Y with the property that W ­ h

R X ! W ­ h
R Y is an isomor-

phism in C. Bous¯eld's arguments [6] show that (C; E­ (W)) has good
localizations. Similarly, (C; EMap (W)) has good colocalizations. Sup-
posethat I = hr 1; : : : ; r n i is a ¯nitely generatedideal in R. The fact
that (C; E­ (R=I )) hasgood colocalizationsaswell asgood localizations
(see2.7) is explainedby the surprising fact that E­ (R=I ) = EMap (R=I )
[20, 6.5]. This is related to the example involving ¯nite spectra de-
scribed above. In the notation of 2.7, let W be the chain complex
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given by
W = ­ i hR

r i¡! R i :

Then R=I and W can be built from one another, so that E­ (R=I ) =
E­ (W) and EMap (R=I ) = EMap (W). Since W is built from a ¯nite
number of copiesof R, for any X there is an equivalence

Map(W; X ) » DW ­ h X ;

where DW = Map(W; R) is the Spanier-Whiteheaddual of W. This
givesEMap (W) = E­ (DW). But by inspection,DW is just a suspension
of W itself, so that E­ (DW) = E­ (W).

6. Higher inv ariants of localiza tion

Supposethat (C; E) is a localization context. Theorem1.4 indicates
that the processof localizing individual objects X of C, say by con-
structing LE(X ), is closelyconnectedto the processof \lo calizing" C
itself by forming E¡ 1C. But forming E¡ 1C createsin generala lot of
higher order structure, and the question we want to ask here is how
this higher order structure is related to the localization functors.

The nature of this higher order structure is easyto understand. Sup-
posethat C has a singleobject, and that E consistsof all of the mor-
phisms in C. Then C amounts to a monoid M , and forming E¡ 1C
involvesforming the group completion M ¡ 1M . In this casethe higher
structure is the topologicalspace­ BM ; the component group ¼0­ BM
is M ¡ 1M , but the other homotopy groups¼i ­ BM , i > 0, and indeed
the whole homotopy type of the space­ BM , are higher invariants of
the group completion process.Another way to obtain theseinvariants
is to form a resolution R of M by a simplicial monoid which is free
in each degree,and apply the group completion processdegreewiseto
obtain a simplicial group R¡ 1R. The geometricrealization of R¡ 1R is
then weakly equivalent to ­ BM . This exhibits ­ BM or R¡ 1R as the
result of applying to M a kind of total derivedfunctor of the groupcom-
pletion process.Given a generalpair (C; E) of categoriesit is not hard
to construct a simplicial resolution(R C; R E) of (C; E) by freecategories
(in this context, each category is free on a directed graph with vertex
set Obj(C)) and form the simplicial localization L (C; E) = R ¡ 1

E R C [22].
For objects X , Y of C, HomL (C;E)(X ; Y) is then a simplicial set with

¼0 HomL (C;E)(X ; Y) »= HomE¡ 1C(X ; Y)

The homotopy typesof thesesimplicial function complexes,taken to-
gether with the composition maps betweenthem, embody the higher
order structure createdin forming E¡ 1C.
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6.1. Prop osition. Let (C; E) be a localization context. If (C; E) has
either good localizations or good colocalizations, then the function com-
plexesin the simplicially enriched category L (C; E) are homotopically
discrete, in the sensethat each component is weakly contractible.

This can be interpreted as saying that if the localization functor L E

exists, then the higher order structure associated to E¡ 1C is trivial. As
will becomeclearbelow (seethe proof of 6.1) this follows from the fact
that if LE exists then each map u : X ! Y in E¡ 1C, represented (1.4)
by u0 : LE(X ) ! LE(Y), hasa canonical zigzag

X
²X¡! LE(X ) u0

¡! LE(Y)
²YÃ¡ Y

of morphisms in C which represent it. Any other representing zigzag
can be naturally deformedto this canonicalone, and so the spaceof
representing zigzagsis contractible.

What can be done with a localization context (C; E) which does
not have good localizationsor good colocalizations? This is really the
purview of homotopy theory, which in practice relies on the theory of
model categoriesto obtain accessto the homotopy typesof the func-
tion complexesin L (C; E) in casesin which thesefunction complexes
are not homotopically discrete.

6.2. Example.Supposethat C is the categoryof topologicalspaces,and
E is the subcategoryof weakhomotopy equivalences.Then (C; E) does
not have good localizationsor colocalizations; in fact, the only colocal
object is the empty space,and the only local objects are the empty
spaceand the one-point space.This is consistent with 6.1, sinceif X is
a CW-complex and Y is an arbitrary spacethe simplicial set of maps
X ! Y in L (C; W) is not usually homotopically discrete: its geometric
realization has the weak homotopy type of the ordinary topological
function spaceof mapsX ! Y.

6.3. Remark. In most of the localization contexts (C; E) discussedin
this paper, C = Ho(M ) = W ¡ 1M , where (M ; W) is the localization
context provided by a model category M and its subcategory W of
weak equivalences. If L E exists in this situation, then by 6.1 no in-
teresting higher order structure is created in passingfrom W ¡ 1M to
(W + E)¡ 1M (see1.10for the notation). This suggeststhat the higher
structure involved in (W + E)¡ 1M should be the sameas the higher
structure involved in W ¡ 1M . In fact, in the situation sketched in 1.10
this is the case:the function complexesin L (M ; W + E) are equivalent
to the function complexesin L (M ; W) which involveobjectsof M that
are E-local in W ¡ 1M .
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Proof of 6.1. We sketch a proof basedon [21]. Assumethat (C; E) has
good localizations, let C0 be the full subcategoryof C given by the E-
local objects, and E0 = E \ C0. Let H = L H (C; E) be the hammock
localization of (C; E) and H 0 = L H (C0; E0). By [21, 2.2], it is enough
to show that HomH (X ; Y) is homotopically discrete, and in fact [21,
3.3] it is enoughto do this when X and Y are E-local objects. Note
that the complexHomH 0(X ; Y) is homotopically discrete,sinceall the
morphisms in E0 are invertible and localizing a category by inverting
morphismswhich already have inversesdoesnot introduceany higher
structure [22, 5.3]. By [21, 5.5], the complexHomH (X ; Y) is the colimit
of simplicial setsm(X ; Y), wherem is a word fC; E¡ 1g and m(X ; Y)
is the nerve of a category[21, 5.1] whoseobjects are zigzagsof pattern
m connectingX to Y in C. Similarly, HomH 0(X ; Y) = colimm0(X ; Y).
There are inclusionsm 0(X ; Y) ! m(X ; Y). Applying the functor L E

to the zigzagsand using the natural transformation Id ! L E gives a
deformation retraction m(X ; Y) ! m 0(X ; Y), and so by [21, 4.5, 5.4],
the colimit map

HomH 0(X ; Y) = colimm0(X ; Y) »¡! colimm(X ; Y) = HomH (X ; Y)

is a weak equivalence. ¤

7. Constr ucting localiza tions and colocaliza tions

The localization map ²A : A ! LEA has two universal properties:
it is initial among maps A ! X with X local, and terminal among
equivalencesA ! A0. To check the ¯rst statement, supposethat f :
A ! X is a map with X local. Since²A is an equivalence,it inducesa
bijection

HomC(LE(A); X )
»=¡! HomC(A; X )

and so there is a unique map f 0 : LE(A) ! X such that f 0 ¢²A = f .
This can be expressedby saying that ²A is an initial element of the
category in which an object is a map A ! X with X local, and a
morphism from A ! X to A ! X 0 is a map X ! X 0 which makesthe
evident diagram commute. Similarly, ²A is a terminal element of the
analogouscategory in which an object is an equivalenceA ! A0.

An initial element in a category is the limit of all of the objects
in the category (more precisely, the limit of the identit y functor from
the categoryto itself), and a terminal element is the colimit of all the
objects. In the present situation this gives two parallel, more or less
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tautological, formulas for the localization L E(A).

LE(A) =

8
<

:

lim
A! X

X (X local)

colim
A! A 0

A0 (A ! A0 an equivalence)

wherein each casethe limit or colimit is taken over the indicated cate-
gory of maps. In generaltheseformulas are not useful for constructing
LE(A); they just translate the problemof building L E(A) into the more
or lessequivalent problemof whether the corresponding limit or colimit
exists. However, this analysisdoessuggesttwo approachesto obtain-
ing LE(A), which we will label the Bous¯eld-Kan approach and the
Bous¯eld approach.

7.1. The Bous¯eld-Kan approach. Find somenatural collectionof maps
f ® : A ! X ® with each X ® is local, and hope that lim f ® X ® computes
LE(A).

7.2. The Bous¯eld approach. Find somenatural collection of equiva-
lencesḡ : A ! A ¯ , and hope that colimg¯ A ¯ computesLE(A).

In situations with a topological°avor, it's natural to adjust the above
constructions to use homotopy limits and homotopy colimits instead
of limits and colimits. The Bous¯eld-Kan approach is used in [13]
to construct homologylocalizationsof spaceswith respect to ordinary
homologytheories;the approach succeedsin many cases,but not in all.
The advantage of this approach is that the homotopy limit diagram
involved is very small (just a cosimplicial space)and easyto calculate
with. Mahowald and Thompson [36] and Bous¯eld [10] implicitly use
something like this approach to compute unstable L 1-localizations of
odd spheresand H -spaces.Bous¯eld usesthe secondapproach in [4],
[5], and [6] to construct arbitrary homology localizations as well as
localizationswith respect to arbitrary maps. The techniquefor building
the nulli¯cation (4.7) PW (X ) of a spectrum X with respect to a ¯nite
spectrum W is especially simple. Let N (X ) be the result of attaching
a coneC(§ i W) to X for each map § i W ! X , i 2 Z; PW (X ) is then
the homotopy colimit of the sequence

X ! N (X ) ! N 2(X ) ! N 3(X ) ! ¢¢¢:

For largerW it would benecessaryto continuethe processtrans¯nitely .
Dually, the colocalization map CE(A) ! A has two universal prop-

erties; it is terminal amongmaps X ! A with X colocal, and initial
among equivalencesA0 ! A. This leadsto two tautological formulas
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for CE(A):

CE(A) =

8
<

:

colim
X ! A

X (X colocal)

lim
A 0! A

A0 (A0 ! A an equivalence)

As above, this suggeststwo approachesto constructing colocalizations.
The (homotopy) colimit approach is the one that is usually used[18]
[8]. We do not know of any e®ective way to build colocalizationswith
limits, short of constructing a localization in terms of colimits, and
then expressingthis in the opposite category!
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