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Abstract

Dwyer, W.G., D.M. Kan and C.R. Stover, An E2 model category structure for pointed
simplicial spaces, Journal of Pure and Applied Algebra 90 (1993) 137-152.

We find settings in which it is possible to resolve a topological space by simplicial spaces
or cosimplicial spaces. We determine what such a resolution consists of, and study the
sense in which any two resolutions are equivalent. As in ordinary homological algebra, these
resolutions are useful for constructing spectral sequences.

1. Introduction

1.1. Summary. This paper is concerned with the construction and study of
homotopy-theoretic resolutions.

The notion of a resolution is a basic one in several areas of algebra. It first
arose in the “abelian” context of homological algebra [4], where (projective
and injective) resolutions of a module by chain complexes were used to define
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and compute derived functors. The notion has also come up in “non-abelian”
situations. For instance, Quillen [11] and André [1] used resolutions of a
commutative ring by simplicial commutative rings to define and compute the
cotangent complex. In fact, Quillen [9] developed a general mechanism to
organize the study of resolutions. He showed that if C is any category of a
particular algebraic nature the category sC of simplicial objects over C satisfies
the axioms for a closed model category (1.5). An object X of C can then
be treated as a constant simplicial object over C, and resolving X amounts
to using the model category axioms to find a “cofibrant” (or, depending on
the circumstances, “fibrant”) object of sC weakly equivalent to X. The model
category axioms imply that any two such resolutions are themselves weakly
equivalent.

Our aim in this paper is to extend Quillen’s result by obtaining a reasonable
closed model category structure on sC for categories C of a particular homotopy-
theoretic nature. There are two useful special cases:

(1) Let T, denote the category of pointed topological spaces. We construct
a closed model category structure on the category sT, of simplicial objects over
T.. In this model category structure, every cofibrant resolution of an object
X € T. consists of spaces which have the homotopy type of a wedge of spheres
of dimensions > 1.

(ii) Let S, denote the category of pointed simplicial sets. We construct,
for every prime p, a closed model category structure on the category cS, of
cosimplicial objects over S,. In this model category structure, every fibrant
resolution of an object X € S, consists of simplicial sets which have the
homotopy type of a product of K(Z/p,n)’s. '

Certain model category structures on sT, [12] and ¢S, [3] have appeared in
previous work, but these other structures, which we will refer to as Reedy model
category structures (see Section 2), are too rigid for our purposes. Each Reedy
weak equivalence in sT, or ¢S, is termwise a weak homotopy equivalence. It
follows, for instance, that in the Reedy model category structure on sT, any
cofibrant resolution of a CW-complex X € T, is a simplicial space which in each
simplicial dimension has the same homotopy type as X itself. Our new model
category structures specify a larger class of weak equivalences than the Reedy
structures do, and for this reason give rise to more interesting resolutions.
In fact, for us a map between simplicial objects is a weak equivalence iff
it induces an isomorphism on E2Z-terms of a certain spectral sequence (3.6)
and for this reason we will call our new model category structures E2 model
category structures.

1.2. Motivation. Resolutions as in 1.1(i) have already appeared in [14], where
they were used to construct a van Kampen spectral sequence. Resolutions as in
1.1(ii) are familiar from the treatment of unstable Adams spectral sequences
in [3]. However, both [14] and [3] used specific functorial resolutions of
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the appropriate type and did not address the possibility of working with other
resolutions. This is like doing homological algebra by constructing a fixed
functorial (projective or injective) resolution for each module and sidestepping
(for instance) the question of what it would mean for two resolutions to be
chain homotopy equivalent. The present paper is meant to provide, in the
settings of [14] and [3], the same sort of flexibility in choosing “homotopy-
theoretic” resolutions that one has always had available in the setting of [4]
for constructing algebraic ones.

1.3. Applications. An application of the E? model category structure of 1.1 (i)
will be given in [6], where, for simplicial pointed topological spaces, we
obtain a Postnikov decomposition “in the simplicial direction”. This Postnikov
decomposition has the property that, for a cofibrant resolution of a space
X € T,, the associated Eilenberg-Mac Lane objects depend (up to E? weak
equivalence) only on n, X as a I7T-algebra (i.e. as a > 1 graded group, together
with an action of the primary homotopy operations), and thus gives rise to a
sequence of obstructions to realizing a IT-algebra.

In a similar way one can use the E2 model category structures of 1.1(ii) to
attack the realizability problem for unstable algebras over the Steenrod algebra.

1.4. Organization of the paper and further details. After a brief review of Reedy
model category structures (in Section 2), we formulate (in Section 3) and prove
(in Section 4) our key result, the existence of the E2 model category structure
(mentioned in 1.1(i)) on the category sT, of simplicial pointed topological
spaces. We also show that the simplicial structure on sT, which results from
the fact that sT, is a “category of simplicial objects over a category with finite
limits” is compatible with this E2 model category structure; in other words, the
model category structure extends to a closed simplicial model category structure
[9, Chapter II, Section 2].

In the remaining section (Section 5) we note that the E2 model category
structure on sT, was obtained using only

(1) the fact that the category T, is a pointed closed model category w1th
arbitrary colimits, in which all objects are fibrant, and '

(i1) the choice of a cofibrant co-grouplike object in T, (namely the 1-sphere

S).

We therefore conclude that for any closed model category C. w1th the
properties listed in (i) and every choice of a cofibrant co-grouplike object of
C., there is an associated E2 model category structure on the category sC, of
simplicial objects over C,. An obvious example is obtained by taking C, = T.
and choosing, instead of S!, any Moore space which is a suspension. One can,
however, also take the category S, of pointed simplicial sets (whose opposite
has the desired properties) and choose a fibrant loop object in this category.
In this case one gets an EZ model category structure on the category ¢S, of



140 W.G. Dwyer et al.

cosimplicial objects over S,. In particular, one obtains the model category
structures on ¢S, mentioned in 1.1(ii) by choosing, for every prime p, the
product of the K(Z/p,n)’s. We end Section 5 with the observation that every
E? model category structure on sT, induces a corresponding E2 model category
structure on sS, (in spite of the fact that some objects of S, are not fibrant).

1.5. Notation, terminology, etc. We will freely use notation, terminology and
results of [2], [9], and [12]. In particular, a closed model category structure on
a category C consists of three classes of maps in C, called fibrations, cofibrations
and weak equivalences, satisfying axioms CM1-CM5 below. Note that axiom
CM1 implies that C has an initial object as well as a terminal object. An object
U € C is called fibrant if the map U — (terminal object) € C is a fibration and
cofibrant if the map (initial object) — U € C is a cofibration. A map is called
a trivial (co-)fibration if it is a weak equivalence as well as a (co)-fibration.
A map i : A — B € C is said to have the left lifting property with respect to a
map p: X — Y € C (and the map p is said to have the right lifting property
with respect to the map i) if in every commutative solid arrow square in C of
the shape

—_
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’

Sye—
~e—
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’
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—_

there exists a broken diagonal arrow such that the two resulting triangles are
also commutative.

CM1 The category C has finite limits and colimits.
CM2 If f and g are maps such that gf is defined and two of f, g and gf
are weak equivalences, then so is the third.
CM3 If f is a retract of g and g is a fibration, a cofibration or a weak
equivalence, then so is f.
CM4 (i) Every cofibration has the left lifting property with respect to every
trivial fibration.
(ii) Every fibration has the right lifting property with respect to every
trivial cofibration.
CMS5 Every map f can be factored
(i) f = qj, where j is a cofibration and q is a trivial fibration, and
(ii) f = qj, where q is a fibration and j is a trivial cofibration.

Of course if C is a closed model category, then so is its opposite C® with
as weak equivalences, cofibrations and fibrations the opposites of the weak
equivalences, the fibrations and the cofibrations (respectively) of C itself.







































