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Conjectural calculations of general linear group homology

W.G. Dwyer* and E.M. Friedlander*

ABSTRACT. We use etale homotopy theory together with the work of Artin
and Verdier to translate some of the K-theory conjectures of Quillen
and Lichtenbaum into explicit conjectures about general linear group
homology.

§1. INTRODUCTION. Let F be an algebraic number field (a finite extension of
tho rotdianal numhorae ), let ( be the ring of algebraic integers in F,
and let £ be an ordinary prime number. Quillen [12] and Lichtenbaum [8]
have offered some remarkable conjectures relating the (R-adic) algebraic K-
theory of 0 to more classical invariants of the field F. The most dramatic
statement posits a connection between orders of various K-groups which are
known to be finite and values of the zeta-function of F:

CONJECTURE 1.1. [8, 2.4] If F is totally real and m is an odd positive
integer, then, up to powers of two,

K, (0)/#K, . (0) = |5(F, - m)].

2mtl

Another formulation, which is tied to 1.1 by known and suspected
connections between values of the zeta-function and orders of etale cohomology
groups, gives an explicit description of f-adic K-theory in terms of etale
cohomology:

CONJECTURE 1.2. [12, §9] If % 41is odd or F 1is totally imaginary, there are
isomorphisms

K (0[1/2]) @ 2z, « Hzont(Spec 011/2] s Z,(1))

where n=2i-3j; =1, 23 and n> 1,

As in [6] (generalized according to §3 below if £ = 2 and F has a real

embedding) let ﬁﬁt(O[llﬂ,]) denote the %-adic etale K-theory of 0[1/%2], which
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is defined in terms of the etale homotopy theory of Spec 0[1/2]. There is a

natural map ¢, : K, (0[1/R]) & Z, + ﬁit(OIIIL]). The following conjecture

L
inciudes 1.2 [6, 8.8]:
CONJECTURE 1.3. ([6, §8] and §3 below) The map

¢, * K (0[1/2]) @ Z, » RE“(0[1/2))

L
is an isomorphism if n > 1.

The main technical attraction of 1.3 is that the map ¢* is geometric,
that is, it can be identified with the homotopy map w, U+ 7 .V induced by a
certainmap ¢ : U+ V between connected pointed spaces (see §3). In [6] we
exploited this geometric quality to show that the map ¢, is often surjective.
In this paper we observe that ¢, is an isomorphism iff ¢ dinduces a homology
isomorphism H,(U,Z/2) + H,(V,Z/%). By construction H,(U,Z/2) is exactly
the Eilenberg-Maclane group homology of the infinite general linear group
GL(0[1/2)), and in some situations we can explicitly compute H (V,Z/%) . This

[

to some gpecific conjectures about general linear group homology (4.3,

Ch
w

4.6). These conjectures would be implied by the truth of 1.3.

Our main technique in computing H,(V,Z/%) 1s to combine the etale
homotopy theoretic methods of [6] with the etale cohomology calculations of
Artin and Verdier [3] (cf. [9], [14]). The expert will appreciate that we can
work only in those number-theoretic contexts in which class group considcrations

(e.g. numerators of Bernoulli numbers) do not come into play.
NOTATION. Throughout the paper, £ denotes a fixed prime, R the ring

Z[1/L), F an algebraic number field, and 0 the ring of algebraic integers
in F.

§2. ETALE HOMOLOGY OF NUMBER RINGS.

The Artin-Verdier duality theorem for the etale cohomology of rings of
integers in number fields [3] enables us to compute the etale homology of 0.
This computztien is just a re-interpretation of the duvality theorem and re-
lated results as presented by Mazur [9] and Zink [14].

If A 1is a noetherian ring, the '1'th etale homology group of A with
trivial Z/k coefficients is the pro-abelian-group Hi(Spec Aet,ZZ/k) de-

scribed in [7, p. 68].
DEFINITION. The i'th etale homology group of A with trivial (pro-finite)
integral coefficients, denoted Hi(Spec Aét)’ is the composite pro-abelianr

group {Hi(Spec A Z/k)} in which the additional structure maps are in-

duced by the natural surjections 2Z/k + Z/k' for k' | k.
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The pro-groups Hi(Spec Aet) are the analogues, for the etale topology

v Cpee &y oI tho crlinary homology groups of a space with trivial (i.e.
untwvisted® integral coefficients. Describing these pro-groups for a ring of

algebraic integers 0 requires some notation. Let T denote the number of

real embeddings of (0. A non-zero element of 0 1is said to be totally posi-
tive if its image under any real embedding of 0 1is a positive real number.
Let 0;08 denote the multiplicative group of totally positive units of 0,

and CIPOS(O) the ray class group of 0 (i.e. the group of fractional {deals

nan

modulo principal fractional ideals with totally positive generators). Let
denote profinite completion.

THEOREM 2.1. ([3], [9], [14]) As above, let O be the ring of algebraic in-
tegers in a number field. Then there are natural isomorphisms

Hi(Spec oet) ~ Z i=0
c1pos(0) i=1
* ~ -
(opos) i=2
1
(z/2) iodd, 1> 3
0 ieven, 1> 3

SKETCH OF PROOF. If 0 is totally imaginary (r1 = 0), Theorem 3.1 of [3]

gives isomorphisms

3-q .
Hq(Spec oet’ZZ/k) + Ext~ ‘(Spec Oet,ZZ/k,Gm)

(see also [9, 2.4) and [14, 3.2.1]). The Ext-groups on the right-hand-side
ren ha ralrulated easily using [3, Cor. 1.5) (see also [9, p. 539]) and the
theorem follows by passing to the limit in k. If 0 has a real embedding
(r1 > 0) the theorem is proved by combining the more delicate duality theorem

of [1l4, 3.2.1) with several long-exact sequence arguments.
From the calculation it is easy to derive information more directly rele-

vant to K-theory about Spec 0[1/£]et . For each prime a of 0 above £,
let Oa denote the completion of (¢ at o and F& the completion of the

quotient field F of 0 at a. According to the decomposition lemna [9]) [1]
there is a homotopy pushout diagram
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lpespec 5, + (spec 02D

+ ¥

alle(Spec oa)et -+ (Spec 0)et

of etale homotopy types. According to local class field theory [9], [13] the
%)~ =
relative homology group Hi((Spec Oa)et,(Spec Fa)et) is (Oa) if 4 =2 and

and zero otherwise. Calculating with the long exact homology sequence of the
right-hand vertical map above then gives the following theorem. To simplify
4

notation, let Aﬁos(O) and Bpos(O) denote the kernel and cokernel respec-

tively of the natural map

0x > T Tom"

pos G:‘E a

THFOREM 2.2. There are natural isomorphisms

Hi(Spec Olllﬂlet) ~ Z i=0
£
Apos(O) i=2
1
(z/2) 1 odd, 1> 3
0 i even, i> 3

as well as a short exact sequence

L
0~ Bpos(O) - Hl(Spec 0[1/Z]et) > Clpos(O) >0

REMARK. By global class field theory it is possible to identify
Hl(Spec 0[1/£]et) as a more or less evident quotient of the group of idéles

nf .

§3. REFORMULATION OF THE QUILLEN-LICHTENBAUM CONJECTURE.

The purposc of this section is to reformulate the Quillen-Lichtenbaum
conjecture into an assertion that the mod £ cohomology of the infinite gen-
eral linear group over ( can be éalculated in terms of the mod £ cohomolog)
of the reduced etale K-theory space. This observation, implicit in [6], be-

------------------ 4 1T e s=ilave the iruvnriance nranertv of Corcllarr 3.3.
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As usual, R is the ring Z[1/€]. For each n > 0 1let GLn denote the

rank n general linear group scheme over R. According to [6, 2.5], for any

noetherian R-algebra A there exists a natural map

¢n : BGLn(A) = Hom(A,BGLn)R-* Hoqt(A,BGLn)R .
The maps ¢n pass to a limit map

¢ : BGL(A) * lim Hom (A,BGL )., .
. n'R

n

If A has finite mod-£ etale cohomological dimension, we will let iet(A)
denote the component of %im Homz(A,BGLn)R which contains the image of ¢.

n
PROPOSITION 3.1. Suppose that 0 is the ring of algebraic integers in a num-

ber field, and that £ is odd or that £ = 2 and V-I < 0. Then the £L-adic

Quillen Lichienbaum conjecture for O is true iff the above map

¢ : BGL(O[1/2)) » kK5 (0[2/L])

induces an isomorphism on mod £ cohomology.

PROOF. This follows immediately from [6; 4.5, 8.8] and the appropriate
Whitehead theorem.

REMARK. I1f £ 1is odd or 0 has no real embeddings (i.e., if 0 has finite

mod £ etale cohomological dimension) we will refer to the conjecture that the

map ¢ of 3.1 induces an isomorphism on mod £ cohomology as the L-adic
Quillen-Lichtenbaum conjecture for 0, even in cases to which 3.1 does not

apply.
Let f : X -+ Spec Ret be a map of pro-spaces. If X has finite mod £

cohomological dimension, let itoP(X) denote the identity component of the
direct limit

lim Homl(x,(BGL ).)

; n’et Ret
(See [6, 2.3]. The identity component of Hoqz(x,(BGL ) ) is the compo-

n’et Ret
nent which contains the composite map X + Spec Ret -> (BGLn)et induced by the

section Spec R+ BGL ~ corresponding to the identity matrix in GL_(R)).
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Observe that if A is a noetherian R-algebra of finite mod £ etale cohomolo-
240»1 dimension, X a pro-space of finite mod £ cohomological dimension, and

X =+ Spec Aet a map, the commutative diagram

X - (Spec A)et

N/

(Spec R)et

induces a map Ret(A) > itoP(X).
Let Cz denote a primitive £'th root of unity. If X =+ (Spec R.)et is a

map of pro-spaces, let X denote the pullback to X of the (£ - 1l)-fold
Galois covering Spec R[Cllet -+ Spec R, -

PROPOSITION 3.2. Suppose that A is a noetherian R-algebra of finite mod £

etale cohomological dimension, X a pro-space of finite mod £ cohomological

-

aimension, aué i : X * (Spec A.)et a map. Then if f : X+ (Spec A);t

induces an isomorphism on mod £ cohomology, the induced map k%t » kP (x)

is a homotopy equivalence.
PROOF. Let Z;Z(i) (1 > 0) denote the coefficient system of [6, §5]. It

follows from the hypotheses, together with a limit argument [6, 2.9], that f
induces isomorphisms
i

i
Hcont(SPec Aet’nl(i)) > Hcont(x’zi(i))

for any 41 > 0. The result now follows from [6, Proof of 5.1] and the obstruc-
tion theory spectral sequences [6, Proof of 2.11].

Assume for the moment that £ = 2. In this case none of the above discus-
sion applies to 0[1/£] if the number ring 0 has a real embedding, since
then ({1/£) has infinite mod £ etale cohomological dimension. However, there
does exist a finite etale cover of Spec 0[1/£], namely Srec 0[1/2, /-1],
which does have finite mod £ etale cohomological dimension. With this in mind
we will extend the above machinery as follows.

A noetherian R-algebra A is said to have virtually finite mod £ etale

cohomological dimension if there is a finite etale Galois covering

P : Spec A' + Spec A with the property that Spec A' has finite mod £ etale

cohomological dimension. For such an A, define iet(A) to be the "identity

component” of the function space
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Hom! (ET,k%5(A'))

where T' is the Galois group of A' over A, EI is a contractible space on
which T acts freely, f(et(A') is as defined above, and the action of T on
iet(A') is through maps induced by the action of T on A'. It is easy to
construct a map ¢ : BGL(A) + f(et(A) and to check, using [6, 7.1], that

neither iet(A) nor the map ¢ depend up to homotopy on the choice of A';
in particular, if A already has finite mod £ etale cohomological dimension,

this more general definition of K%t agrees with the earlier one. For any
number ring 0, we will now call the conjecture that the map

¢ : BGL(O[1/£)) -~ E""(o [1/£])) 1induces an isomorphism on mod £ cohomology the
£-adic Quillen-Lichtenbaum conjecture for 0. It is easy to define what it
means for a pro-space X to have virtually finite mod £ cohomological dimen-
8i0a, and o fczwulate and prove a generalization of Proposition 3.2. We will
content ourselves with stating the following corollary of this genmeralization.
COROLLARY 3.3. Let A be a noetherian R-algebra of virtually finite mod £

etale cohomological dimension, X a pro-space of virtually finite mod £ coho~

mological dimension, and f : X + Spec A, 2map which induces an isomorphism

on mod £ cohomology. Then if A contains a primitive £'th root of unity the

natural map f(et(A) -+ itoP(X) induced by f is a homotopy equivalence.

PROOF. This follows easily from the fact that the structure map
Spec A+ Spec R factors through Spec R[CL], where ;11 is a primitive £'th

root of unity.

§4. SPECIFIC CALCULATIONS
In this section we will use the results of §2 - §3 to calculate the space

;tet(.ﬂ.) explicitly for particular R-algebras A.

We will use BU to denote the topological classifying space of the in-
finite unitary group and BO the topological classifying space of the infinite
orthcgonal group. TFor any number k  which is relatively prime to £,

npk will stand for the space of [10], i.e., the homotopy fibre of the map

\bk - 1 : BU+ BU. The symbol "2" will stand for £-adic homotopy equivalence.

PROPOSITION 4.1. There is an equivalence

-

85 (m -~ Bo.
£
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f n‘q is a field with q elements, (q,f) =1, then there is an

equivaience
set q
K IF ) ~
( q) I3 Fy

PROOF. By definition (§3) K°(R) is HonZ/2 (Ez/2 , R®%(C)). Since
Spec Cet ~ %, it follows from the remark in [6, proof of 5.1] and from the

comparison theorem [2] that iet(c) is £-equivalent, as a Z/2-space, to BU
with the standard action of complex conjugation. The first part of the propo-
sition is therefore a consequence of [4]. The second part is a consequence of
[6, 8.6] together with Quillen's calculations [10].

Now we are ready to work out a more substantial example. Set £ = 2 and

observe that the image of the prime 3, say, in the quotient group Z;_‘/{_-t 1}

18 a tuopuiupicai generatcr. It follows easily from Theorem 2.2 and a

cohcmology ring argument that the natural map

(Spec met) v (Spec IF3)et <+ Spec Z[l/2]et

is a mod 2 (co-)homology equivalence. By Corollary 3.3 and the fact that a
fibre square of mapping spaces arises from a wedge decomposition of the domain,

there is a homotopy fibre square

K (z/2y -+ *Y(mw)
‘ +
RNy > RPw

Iz 1ight of Preoposition 4.1, this gives the following result.
PROPOSITION 4.2. There is a 2~-adic homotopy fibre square

kY (z[1/2]) + BO

+ +

r> + BU

COROLLARY 4.3. Suppose that the 2=adic Quillen-Lichtenbaum conjecture is true

for the ring Z. Then

(1) there is a natural isomorphism
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H*(CL*°P(R) /6L(Z) ,2/2) ~ BA(sU, 2/2)

and

(ii) there is a natural filtration of H*(BGL(Z) ,2/2) together with an
isomorphism B

GrH*(BGL(Z), Z/2) = H*(BO,Z/2) © H*(SU,Zz/2)

to

REMARK. Here GL 1:'(IR) /GL(Z) denotes the direct limit over n of the homo-
to

geneous spaces GI.n P(R) /GLn(Z) » and SU denotes the infinite special

unitary group.

REMARK. It appears from Proposition 4.2 that 1~(et(2[1/2]) is essentially

& JK(Z) which appears in the remarkable work of

Q{TSr OF %+.3. (Under the stated hypothesis, BGL(Z[l/Z])+ is equivalent at 2

et
to K€ (Z[1/2]). Since the composite of the map (§3) BGL(Z[1/21)+ +

Re:(Z[I/Z]) with the map (4.2) iet(Z[IIZ]) + BO is induced by the natural
map GL(Z[1/2]) =+ GLtOP(IR) , it follows from Proposition 4.2 that the homo-
topy fibre of BGL(Z[1/21)+ -+ BGLtoP(IR) is equivalent, at the prime 2, to

the homotopy fibre of N)3 + BU, i.e., to U. By the localization theorem
[11] and Quillen's calculations [10], the space BGL(E[I/Z])+ is equivalent,

at 2, to the product BGL(Z)+ x Sl. One concludes that the homotopy fibre of

BGL(zZ)t + BGL®™P(R), which can be identified with [GLY°P(R) /6L(z)]T,

is equivalent at 2 to SU. This gives (i). The map BGL(Z)"’ > BGLtop(m)

is a map of infinite loop spaces; moreover, this map induces an injection on

mod 2 cohomology, since H*(BGLtOP(lR) ,2Z/2) can be detected on the group of

Too T aa.leso Io CL{Z) . 1t follows that the Serre spectral seguence of

this map collapses. This proves (ii).
Using the above ideas, it is possible to make a whole family of calcula-

tions at the prime 2 with little additional effort. Let ]RPm(.. BZ/2) denote
infinite real projective space and S} the circle. Observe that there is a

map RP V S1 + (Spec ]R)et v (Spec ]F3)et which induces an isomorphism on

- AN

. P - Ve e =
- G whiy dallp 2 diddll, Cladse, &b LEiLLS VYLD wisr~yy

and Solums Laail wuee Galuis group of A over Z{1/2] is a 2-group. Then if
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X 1o 2:fined by che homotopy pullback diagram

> Spec Aet:
}
1

IRP v 8§ + (Spec '.IR)et v (Spec ]F3)et-* Spec Z[l/2]et

8 € ¢

the map X + Spec Aet induces an isomorphism on mod 2 (co-) homology, and the

consequent equivalence f(et(A) -+ f(”"(x) allows as above an explicit calcula-
tion of REt(A). Here are some examples of the spaces X that can arise

(% n denotes a primitive 2"'¢th root of unity, and T n its complex conjugate):

2 2
Ring A Space X
Z[1/2,¢ ), n> 2 stv...vsl 2% 41 sumands
2
77 v o _j,n> 2 stves®v ... v RF, 2" 2RF cummands
2“ 25-
1 1 n-3

v
w
7]
<

z[1/2,§n-in].n vea VST, 2 + 1 summands
2

2

In fact, rings A of the specified type are in bijective correspondence, via

X, with suitable finite covering spaces of ]RP” v Sl.

Suppose now that £ 4is an odd prime and let 0 = Z[C£] , where CZ is

a primitive £'th root of unity. Assume in addition that O is regular in the
sense of number theory, i.e., that the ideal class group of 0 contains no
£-torsion.

LEMMA 4.4. There are isomorphisms

Bi(Spec 0[1/!,]“. z/R)Yy =( z/k i=0
(ziy &2y Ly
0 1> 2

PROOF. Let o be the unique prime of 0 above £, Oa the completion of 0
at o, and f : (0%)" » 0; the natural map. By Theorem 2.2 and a counting

argument, it is enough to show that
(i) ker £ 4s uniquely £-divisible, and
(ii) coker f has no £-torsion.
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By & diagram chase (i) and (ii) together are implied by
(1) £ induces an isomorphism on £-torsion subgroups, and
(223" £ e zZ/L 1is injective
Condition (i)' is obvious, since the £-torsion subgroups of (0*)" and 0&

are each generated by a primitive £'th root of unity. For (ii)', let u be a
unit of 0 which represents a non-zero element of ker(f @ Z/£), so that u
is not an £'th power in 0 but becomes an £'th power in oc . Adjoining an

£'th root of u to the quotient field F of 0 then produces a degree £
abelian extension of F which is clearly unramified away from o and is split
and therefore unramified at a i1itself. This contradicts the assumption that
the class group of 0 contains no £-torsion.

By Lemma 4.4, it is possible to choose a map g from the wedge of
(£ +1)/2 circles to Spec 0[l/£]et which induces an isomorphism on mod £

(co-) homology. Let 6 : ™ Spec z[l/l]et + (Z*)" be the homomorphism given

Iy the action of the Galois group of the maximal unramified extension of
TP znoslz 2oorsizmary roots of unity. It is clear that the map g can be

chosen so that under the composite

'nl( v sl) g_f n
241
2

1 Spec 0[1/Z]et

<]
>y Spec Z[l/l]et + (ZE)"

all of the circle generators except the first, say, map trivially and the
generator of the fundamental group of the first circle maps to a topological

generator of

ket(zz + (zZ/(L - 1)%)" ~ (ZL)A

Find a rational prime q whose image in Zz is a topological generator of
ker(zz + (z/f - 1)*), choose a map Spec ]I-‘q -+ Spec 0[1/£], and replace

the first circle summand in the domain of g above by (Spec qu)et; this

gives a mod £ (co-) homology isomorphism

(Spec ]Fq)et v La‘-‘ll S:l g, Spec 0[1/2]‘2t

2
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One can calculate using the machinery of [6, §5] that if h : S:l -+ Spec Eu/“et

iz o mnp with the property that the composite Bh# Ty S:l -+ (ZE)’" is trivial,

then ;(r.op(sl)’ computed with respect to the map h, is £-equivalent to the

unpointed function space BUsl. Along the lines of Proposition 4.2 this leads
to the following conclusion.

PROPOSITION 4.5. Let £ be an odd regular prime, 0 = ZICZ] », and q a ra-
tional prime whose image in Zz is a topological generator of

ker(zz + (z/2 - 1)%) . Then there is an £-adic homotopy fibre square

ket /ey + s¥

¥ +
e + BU

- .- . * w
where W is the wedge of (£ - 1)/2 circles, BU denotes the function space

of (unpointed) maps from W to BU, and the right-hand vertical map is

evaluation at the basepoint.

Since BU 1is an infinite loop space, the function space BUN, W as in

Proposition 4.5, is equivalent to a product BU x ( || )]
£-1
2

COROLLARY 4.6. In the setting of Proposition 4.5 there is an £-adic equivalence

k€tonsen ~ i x (7T w
£ £-1

2

Consequently, if the £-adic Quillen-Lichtenbaum conjecture is true for 0 there

is a cohcmology isomorphism

H*(BCL(0),z/£) ~ ux(FI x su x (T v),z/0)
£-3

2

REMARK. It would be interesting to obtain similar results without the assump-
tion that £ is regular. There are strong reasons to believe that this would
be difficult. .
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