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1.1. Summary. This paper is essentially a continuation of [3], where we introduced a
(standard) simplicial localization functor, which assigned to every category C and
subcategory W < C, a simplicial category LC with in each dimension the same objects
as C (i.e. for every two objects X, Y € C, the maps X - Y € LC form a simplicial set
LC(X, Y)). This simplicial localization has all kinds of nice general properties, but,
except in a few extreme cases [3, Section §], it is difficult to get a hold on the
homotopy type of the simplicial sets LC(X, Y). In this paper we therefore consider a
homotopy variation on the standard simplicial localization LC, the hammock
localization L™C (Section 2), which (Section 3) has some of the nice properties of the
standard localization only up to homotopy, but is in other respects considerably
better behaved. In particular (Sections 4 and 5) the simplicial sets LPC(X, Y) are
much more accessible; each simplicial set LBC(X, Y) is the direct limit of adiagram of
simplicial sets which are nerves of categories and (Section 6) if the pair (C, W) admits a
“homotopy calculus of fractions,” then several of these nerves already have the
kamatany one of I HC(X, V). When W satisfies a mild closure condition this happens,
for instance, if (Section 7) the pair (C, W) admits a calculus of left fractions in the
sense of Gabriel-Zisman [5] or if (Section 8) W is closed under push outs, in which
case LHC(X, Y) has the homotopy type of the nerve of the category which has as
objects the sequences X - C « Y in C for which the second map is in W and which
has as maps the commutative diagrams
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between twe such sequences in which the vertical map is also in W. It also happens
(Section 8, if C is a model category in the sense of Quillen [8] and W< C its
subcategory of weak equivalences, in which case L'C(X,, Y) has the homotopy type
of the nerve of the category which has as objects the sequences X « C; > Co« YinC
for which the outside maps are in W and which has as maps the commutative

diagrams
/ T T \
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between two such sequences in which the vertical maps are also in W.

In an annendiv (Sec!ic:is 0 and 10) we develop a two-sided version of the
Grothendieck construcion [10], which we need in order to prove that the simplicial
sets LC(X, Y) and LPC(X, Y) have the same homotopy type and which also seems
to be of interest in its own right.

1.2. Notation, terminology, etc. These will be as in [3, 1.4], with the following
additions.

(i) The category sO-Gr. Let O be an arbitrary but fixed set. Then we denote by
O-Gr the category of O-graphs [6, p. 48] and by sO-Gr the category of simplicial
O-graphs, i.e. simplicial objects over O-Gr. If O consists of only one element, then
sO-Gr is just the category s Sets of simplicial sets.

(ii) The forgetful functor sO-Cat- sO-Gr. By forgetting composition, every cate-
gory in sO-Cat gives rise to a simplicial O-graph, which we usually denote by the
same symbol.

(iii) Weak equivalences in sO-Gr. These are the maps A - B € sO-Gr which, for
every two chiects X, Y € O, induce a weak homotopy equivalence of simplicial sets
A(X,Y)~B(X, Y). This terminology clearly is compatible with (i) above and [3,
1.4(v)).

(iv) The cateenry Cat. This is [6, p. 12] the category of all small categories.

2. The hammock localization

Given a category Ce O-Cat and a subcategory W< C (1.2) we construct a
simplicial category L*C, W) (for short L"C)€ sO-Cat, the hammock localization of
C with respect to W, and observe that this hammock localization is a homotopy
vasativis Gn B staudasd stmpiiciai localization of [3).
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2.1. The hammock localization. Let Ce O-Cat be a category and W< C a sub-
category (1.2). The hammock localization of C with respect to W then is the
simplicial category L"C, W) (or short LYC) e sO-Cat (1.2) defined as follows: for
every two objects X, Y € C, the k-simplices of the simplicial set LYC(X, Y) will be
the “reduced hammocks of width k and any length” between X and Y, i.e. the
commutative diagrams in C of the form

Co.x Co.z M CO.n-l

v l Jr

Cia Ci2 e oo —— Cyn-

N
/

X ! | Y ®
\ . . .
\ . . o
Ck.l Cg,z ¢ C&.n—l
in which

(1) n, the length of the hammock, is any integer =0,
(ii) all vertical maps are in W,
(iii) in each column, all maps go in the same direction; if they go to the left, then
they are in W,
(iv) the maps in adjacent columns go in different directions, and
(v) no column contains only identity maps.
Faces, degeneracies and compositions are defined in the obvious manner, i.e. the
i-face ic obtained by omitting the i-row and the i-degeneracy by repeating the i-row;
if the resulting hammock is not reduced (i.e. does not satisfy (iv) and (v)), then it can
easily be made so by repeatedly
(iv)’ composing two adjacent columns whenever their maps go in the same
direction, and
(v)' omitting any column which contains only identity maps.
This hammock localization is a homotopy variation on the standard simplicial
localization L of [3]. More precisely

2.2. Proposition. The obvious functidns [3, Section 4]
LPC «diag L¥F,C~» F,C[F,W']1=LC

are both weak equivalences (1.2).



20 W.G. Dwyer, D.M. Kan

This follows readily from [3, 1.4(vii) and 2.6] and the following two lemmas which
will be proved in Section 5.

2.3. Comparison lemma. Let Ce O-Cat be such that C =D » W [3, 1.4), where D
and W are free [3, 2.1]. Then the obvious functor LPC-»C[W™'] is a weak
equivalence.

2.4. Homotopy lemma. Let A, BesO-Cat, let U< A and V< B be subcategories
andletS: A > B e sO-Cat be a functor which sends all of U into V. IfS: A > B and its
restriction S:U->V are both weak equivalences, then so is the induced function
diag LYA » diag LYB.

2.5. Remark. One can extend the definition of the hammock localization to sO-Cat,
i.e., given B € sO-Cat and a subcategory V < B, define the hammock localization of B
with respect to V as diag L"B. The above two lemmas then imply that the obvious
functors below [3, 6.1] are also weak equivalences

diag L¥B « diag L"F,B - diag F,B[F,V']=LB.

3. Properties of the hammock localization

We now list some properties of the hammock localization LY, which show that the
hammock localization has disadvantages as well as advantages over the standard
simplicial localization L of [3].

Definition 2.1 immediately implies

3.1. Proposition. For every two objects X, Y € C, the components of L'C(X, Y) are
in 1-1 correspondence with the maps X » Y € C[W™'][3, Section 3}, i.e.
mLPC=C[W™].

Unlike the standard localization, the hammock localization comes with an obvious
functor p: C-» L"Ce sO-Cat. It has the convenient property

3.2. Proposition. If C=D*W [3, 1.4], then the following natural diagram in
sO-Cat is a pushout

+ LHw

incl. l . incl.
C

D*W= -+ [HC=D* L'W
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Prooi. This follows readily from the fact that every non-identity map of C admits a
unique factorization into non-identity maps of D and W, in which no two adjacent
maps are either both in D or both in W.

That the simplicial sets in the hammock localization are more accessible than those
in the standard localization is, roughly speaking, due to the fact that

(i) the hammock localization is defined more directly in terms of C and W, and

(ii) cancellation in any given dimension is achieved not by “imposing relations’ in
that same dimension, but by ‘‘imposing homotopy relations”, i.e. adding maps, in the
next higher dimension.

As a result one has, in contrast to [3, 4.4],

3.3. Proposition. Let u: X > Y € W. Then u induces, for every object V € C, weak
homotopy equivalences

LEC(V,X) = L8C(V,Y) and LYC(Y,V) = LBCX, V).

We end with discussing the behavior of the simplicial localizations under functors
and natural transformations. First we note the existence of

3.4. Induced simplicial functors. Let Ce O-Cat and C' € O’-Cat be categories and
Wc C and W' c C' subcategories. A functor S: C- C' which sends all of W into W’
then induces a simplicial functor L"S: L¥C- LPC', i.e. S induces, for every pair of
objects X, Y €C, a simplicial map L*C(X, Y)- L"C'(SX, SY).

Also not hard to prove is

3.5. Proposition. Let Ce O-Cat and C' € O'-Cat be categories and W< C and
W'c C' subcategories, let Sy, S2: C- C’ be functors which send all of W into W' and let
5:81- 82 be a natural transformation such that sX € W' for every object X € C. Then,
for every pair of objects X, Y € C, the following diagram commutes up to homotopy

L¥C(S:X, S,Y)

LHS sy*
H / \ Hv
L'C(XY) L°C'($:X,8S,Y)
LN, s

LY¢'(5:X, S.Y)

3.6. Corollary. Let S:C - C’ and T: C' > C be a pair of adjoint functors such that
(i) S maps all of W into W' and-T maps all of W' into W, and
(ii) for every object X € C, the adjunction map X -» TSX is in W, and, for every
obiect Y'e€ C', the adjunction map STY'> Y' isin W'.
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Then wolPS:molBC=moL™C' is an equivalence of categories which has the
equivalence woLPT: o L"C' = o, LPC as an inverse, and, for every pair of objects
X, Y € C and every pair of objects X', Y'€ C', the induced maps

LPC(X, Y)- LPC'(SX,SY) and LPC(X', Y')-LYC(TX', TY")

are weak homotopy equivalences.

3.7. Remark. Of course 3.4 also holds for the standard simplicial localization L, and
sodo 3.5 and 3.6 (in view of 2.2). However it is rather difficult to prove the analog of
3.5 for L directly.

4. The indexing category II

The proofs of the lemmas 2.3 and 2.4 (in Section 5) will use the fact that the
hammock localization is the direct limit of a diagram of simplicial graphs (1.2),
mdcacd Ly a category II. We therefore briefly discuss here this indexing category and
the Penavior ot Iimits over it.

4.1. The indexing category II. Let J denote the ordered set of the integers =1 and,
for every finite subset S < J, let |S| denote its number of elements. The objects of II
then will be the ordered pairs (S, T) of disjoint finite subsets of J such that

SuT={1,...,|SuT}},

and the maps (S', T')- (S, T) will be the weakly order preserving functions f:S' v
T'->SuTsuchthat f(S')cS and f(T")<T.

To get a hold on the direct limits over I, it is convenient to consider, for every
integer n =0, the full subcategory Il,, < Il generated by the objects (S, T') for which
|S U Ti=<n, and to denote, for a functor o:I1 s Sets (1.2), its restriction to the
subcategories II,, by o,:1l, -+ s Sets. Then one clearly has

4.2. Proposition. For every functor o: Il s Sets
lim" o = lim" im™ o,.

Next one can deal as follows with the direct limits over the II,. Let IS = J (resp.
I' = 1) consist of the even (resp. odd) integers =1 and <n, and, for a functor

— - FF .~ Chee 1he
U .aa 23UV, AL

bdoUn I )coln 1) £=0,1
be the ““boundary”’, i.e. the union of the images of the maps o, f, where f runs though

ail proper injections (S, T) = (I, I™*) € I1,. Then it is not difficult to verify

4.3. Proposition. For every functor o: M- s Sets and every integer n =0, the induced
diacram










































