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1. Introduction

1.1 The arithmetic square. The aim of this paper is to generalize Sullivan’s
observation ([6, 3.58] and [4, p. 192]) that the homotopy type of a simply con-
nected finite complex is determined by primary information, rational information
and certain coherence data.

If X is a connected space and 4 and B are abelian groups, denote (see 3.1) by
X, and A-localization of X and by X, p the B-localization of X, in the sense of
Bousfield. One can then (see again 3.1) form the commutative arithmetic square

Xz - Xp
! |

Xo ~ Xz.0— Xp o

in which Z denotes the integers, Q the rationals, P = @ Z/p (where the direct
sum is taken over all primes p) and the bottom map is induced by the top map.
Our main result now states (see 4.1) that this arithmetic square is, up to homotopy,
a fibre square if X is a virtually nilpotent space, i.e., (see Section 2) if

(i) each Postnikov stage P,X has a finite covering space which is nilpotent,
or equivalently

(i1) 7w, X has a nilpotent subgroup of finite index and, for every integer
n > 1, n,X has a subgroup of finite index which acts nilpotently on =, X.

Obvious examples of virtually nilpotent spaces are spaces with a finite (or even
trivial) fundamental group and nilpotent spaces, but the Klein bottle, for instance,
which has neither of these properties, is also virtually nilpotent. Other examples
are discussed in Section 2.

1.2 Application. 1If X is a nilpotent space, then (1.5 and 3.3) X; ~ X and
the above result thus implies that, up to homotopy, every nilpotent space X can
be reconstructed from its primary localization (the nilpotent space Xp), its
rational localization (the nilpotent space X,) and its coherence map (the map
X, — Xp,o); in particular no further finiteness conditions on X are necessary,
so that the alleged counter example of [4, p. 195] is incorrect. This also suggests
the question when spaces U and V and a map V — U, are, up to homotopy,
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the primary and rational localizations and the coherence map of a nilpotent
space. It turns out (see 4.4) that this is the case if and only if

(i) the space U is P-Bousfield (i.e., Up ~ U) and nilpotent,

(i1) the space V is Q-Bousfield and nilpotent, and

(iii) the homotopy inverse limit [4, Chapter X] of the diagram V — U, « U
is connected, i.e., every element y € m; U, can be written in the form y = wo,
where u and v are in the image of n, U and =,V respectively. One can make
similar statements (see also 4.4) for spaces which are Z-Bousfield and virtually
nilpotent.

1.3 Application. Another manner in which the arithmetic square can be
used is due to the fact that we prove more than was mentioned in 1.1, namely
that (see 3.3) for a virtually nilpotent space X, all the spaces in the arithmetic
square (except possibly X;) can, up to homotopy, be obtained with the use of
the completion functors of [4]. Thus in this case the arithmetic square provides
a way of getting a hold on X, by means of spaces which are often easier to
understand than X7 itself. For instance, use of the arithmetic square facilitates
Bousfield’s calculations [1] of 7,X, when X = RP?Z the real projective plane.
In fact this paper is the result of our attempts at understanding these calculations
of Bousfield.

1.4 A generalization. One can generalize the above results by replacing
everywhere Z by an arbitrary subring R < Q and P by P ® R. Note that
P ® R = @ Z/p, where the direct sum is taken over the primes p for which
1/p is not in R.

1.5 Organization of the paper. We start in Section 2 and Section 3 with a
brief discussion of (virtually) nilpotent spaces, localizations and completions.
At the end of Section 3 we formulate our first results on localizations of virtually
nilpotent spaces, Section 4 deals extensively with the arithmetic square and
Section 5 contains two lemmas which seem to be of some interest in their own
right. The rest of the paper is devoted to the various proofs.

1.6 Notation and terminology. Throughout the paper we will mean by a
space a simplicial set with base point. If the reader prefers he can, of course, use
CW-complexes with base point instead, but then he may have to take some extra
care whenever infinite products come in.

The symbol ~ will, as usually, mean has the same homotopy type as and a
space X will be called A-Bousfield if X, ~ X.

2. Virtually nilpotent spaces

We start our brief discussion of virtually nilpotent spaces with a review of a
definition [4, p. 59].
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2.1 Nilpotent spaces. A space X is called nilpotent if it is connected and

(1) m,X is a nilpotent group, and
(i) for every integer n > 1, n,X is a nilpotent n,X-module, i.e., n,X has a
finite 7, X-filtration for which 7, X acts trivially on the successive quotients.

This is equivalent to requiring that each map P,X — P,_,X (n > 1) in the
Postnikov decomposition of X is, up to homotopy, a finite composition of
principal fibrations.

We now define in a similar manner:

2.2 Virtually nilpotent spaces. A space X is called virtually nilpotent if it is
connected and

(i) =, X is a virtually nilpotent group, i.e., T, X has a nilpotent normal sub-
group of finite index, and

(i) for every integer n > 1, n, X is a virtually nilpotent m,X-module, i..,
71X has a normal subgroup of finite index which acts nilpotently on r, X.

This implies that, for every integer & > 1, there is a nilpotent normal sub-
group of 7, X of finite index which acts nilpotently on n, X for | < i < k. It
may however not be possible to find a nilpotent normal subgroup of =, X of
finite index which acts nilpotently on all n,.X (n > 1).

An immediate consequence is:

2.3 PROPOSITION. A space X is virtually nilpotent if and only if each Postnikov
stage P, X has a finite regular covering space which is nilpotent.

2.4 Remark. The words normal in 2.2 and regular in 2.3 could have been
omitted, because of the algebraic fact that every subgroup of finite index contains
a normal subgroup of finite index.

2.5 Remark. Virtually nilpotent groups and n-modules (which were
implicitly defined in 2.2) behave a lot like nilpotent groups and n-modules. For
instance

(1) every subgroup, quotient group and central extension of a virtually nilpotent
group is virtually nilpotent, and

(i1) in a short exact sequence 0 - M' - M — M" — 0 of n-modules, the
module M is virtually nilpotent if and only if M' and M" are so.

This follows immediately from the corresponding properties of nilpotent groups
and n-modules.

2.6 Examples. (1) Simply connected spaces.
More generally,

(i1) nilpotent spaces, and

(ii1) spaces with a finite fundamental group, such as, for instance, the real
projective spaces RP".

































