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1 Trading Desk’s Problem

The portfolio manager’s problem (30) subject to (31) is solved by specifying the HJB equation
when the change in the lifetime utility is found using (30) and (3) in the paper. After choosing
the optimal portfolio the manager’s problem boils down to the solution of a Partial Differential
Equation (PDE) for the lifetime utility h(7, X). Here h(7, X) is J(7, X) in equation (32) of
our paper. This lifetime utility under the optimal behavior must be the solution to the PDE.

Oh(r,X) 1 ,0%h(1, X) Oh(t, X)\'
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subject to
h0, X) = h(X). (2)

h(X) is some given terminal lifetime utility of the investor.

The coefficients are given by
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In the text we use four treasury securities so that by, is used for the generic b,.
G = 0 when the trading desk does not consider periodic withdrawals from the portfolio.
The coefficients in the PDE (1) are in Table 1 for the parameters from the term structure

model and the preference parameters 7/ = 10, 8 = 0.05,& = 1.
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Table 1: Estimates of Parameters for PDE (1).

| A [ B | 0| D | B | F |H]
| 0.0313 | 0.2716 | 0.0119 | 57.5221 | 3.2240 | 0.0828 [ 0 |

Sangvinatsos and Wachter (2005, p. 192 JF) guess the solution when the trading desk

does not make periodic withdrawals between ALC meetings.
1
h(7, X) = exp {—§X/83(T)X + By (1) X + By (T)} : (4)

where 7 =T — ¢.

This may be written as

(X — (Bs(7)) ™" Bao(7)) Ba(r) (X — (Bs(7)) ™" Ba(7))

N | —

h(r, X) :exp{ —
+Bi(r) + %32(7)’ (Bs(r))"! 32<7>} (5)

so that (Bs(7))”' By() is the mean and Bs(r)™" is the variance of the expected utility of
terminal wealth. We call these terms p;(7) and o;(7) in equation (32) of the paper.
If one takes the derivatives of the guess and substitute into the linear PDE, then one gets

the Ricatti ordinary differential equations. The quadratic form matrix satisfies the ODE

%T(T) — By(r)A[I — H] A'Bs(r) — 2By(r)B + D (6)

subject to

83(0) — 63.

The first line uses the symmetry of A so that A" = A. In addition, the matrix B3(7) must
be positive definite, which is true when A [l — H| A" and D are positive definite.

The ODE for the linear coefficients is

%TW — By(r) Al — H] A'By(7) + C'Bs(7) — Bo(r)B — E (7)

subject to

BQ(O) - BQ.
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The ODE for the constant coefficients yields

Bi(r) = B1(0) + % /OT {Bg(s)’A [I — H] A'By(s) — Trace (AA'Bs(s)) — 2Bs(s)'C — 2F | ds

(8)
with
Bl (O) - Bl .

These expressions are similar to Sangvinatsos and Wachter (2005, p. 222 and 223). The
solutions to these ODEs under the affine term structure estimates are given in Table 2. The
results are reported in Table 2 for v = 10 and g = 0.05 at a one year time horizon. Figure 1
provides a graph for this solution versus the level of the yield curve in the left hand graph.
The domain is plus and minus 3 standard deviation of the lifetime utility relative to its mean.
The right hand graph has the hedging demand for 5 year bonds, and the total demand for 3
Months and 5 Year government bonds following (8).

Table 2: . Solution to the ODEs (6), (7), and (8)

Bi(1) | Ba(1) | Bs(1) | (Bs(r))™ Ba(r) | exp (51(7) + 5 Ba(7) (53(7))_152(7))
| -0.0770 | -2.5239 | 43.7308 |  -0.0593 | 0.9757 |

Figure 1: . The Expected Lifetime Utility of the trading desk and Portfolio Weights
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Table 11 in the paper comes from Table 2 and Figure 6 in the paper corresponds to 1.
We want to find the stochastic process for the lifetime utility given the solution to the
PDE (1) for h(X,t) and the optimal portfolio rule (33) in the paper.



First we find the stochastic process for the trading desk’s utility from her bank capital,
since the lifetime utility follows (32) in the paper.

1
=1

J(7, K, X) (K3)"7 W' (7, X) (9)

The stochastic process for the trading desk’s utility from capital is

% _ (cl(T) _ %(;((s)'cg(T)X(s) - QCQ(T)X(s))>dt + <c4<7) + X(s)/C5(T)) des.
(10)

, 1 . 1.
Ci(r) =(1 - 73){60 +EV, (v =19) - 5735%472)(2’)({)2” T KWK, + 5y K K

+ 97 (K, — K'Y wy (b— tby) Ex X Ba(T)

]‘ ] / / / / /
-3 (v)? Bao(7) Sx S (b — bl,) wy (b — tby) ZXZXBQ(T)},

Co(T) =(1 — 77) {51 —EV, (AP — A°) — (K|, + (1 — v K") wi (b — b, ) (AT — A°)

+ '7] (Kw — K) w1 (b — Lbn) Exzing(T)
+ By (T) Bx Xy (b — 1B )y (b — tby,) (AT — A9)

- (’yj)Q Ba(1)Sx X (b — b)) wy (b— thy) EXE’XBg(T)] , (11)

Calr) =(1 = 7/) [P = A2 o (b= i) (A7 49
—299 (AP — A (Y — b))y (b — 1by) Lx X5 Bs(7)

+ (’yj)2 Bs(1)Sx X (W — b)) wy (b — iby,) EXE’XB;),(T)] ,
Ca(1) =(1 —47) lK + 4By (1) Bx By (V) — b)) } wi(b—th,)Sx + (1 —47)Eb, X x

Cs(1) =(1 —+7) l — (AP — AY (Y — b)) + 47 Bs(7)Sx Xy (b — b)) ] wi(b—1h)Xx,
Ky = (¥ =ib,)(v" = 7%) =7 (b2xTxby, — b Zx Txb)' €.
Table 3 gives the values of the coefficients C;(7) for 7 = 1 given by (11). In this case the

discounted future wealth is positively related to the future factor for low values of the level
factor, i.e. X, < — (Cs(1)) "' Co(7) <0 .



Table 3: Estimates of Parameters for Equation (11) with 7/ = 0.

[ C(r) | Clr) | G(r) | Culr) | Cs(7) |
1 0.0725 | -11.5339 [ 244.3535 | -0.1512 | -2.2074 |

By using Ito’s Lemma again one finds:

J(w, X, 7) = J(w, X,0) exp { /0 ' <J1(0) _ %(X(s)’Jg(O)X(s) _ 2J2(o>)>ds

] (12)
- /O <j4(0) +X(s)’j5(0))des}.
The coefficients
J1(0) =C1(0) — M&;(O)Q(O)’ + 4 F + %jb’g(r)’ (7 + 1) ZxEy + H] Ba(7)
— ¥ Ba(7) (1 = +7)SxCs(0) +2C —~7)
J2(0) =C5(0) = 7 (1 = +7)Ca(0)C5(0) + v E + v’ Bo(7) [(v? + 1) x Ty + H] Bs(7)
— 9 Ba(7) ((1 =) ZxC5(0) — 2B + A7) (13)

J3(0) =C3(0) +17(1 = 7))C5(0)C5(0) — 29/ D + 4 By(7)" [(77 + 1) ExEx + H] By(7)
—29/By(1) ((1 — 47)2xC5(0) — 2B + A7),

J4(0) =C4(0) + v/ By(7)', and

J5(0) =C5(0) + v/ B3 (1)’

We want J(w, X, 7) to be a uniformly integrable martingale. We recognize that it is a

stochastic exponential (Doléans-Dade exponential). See Protter (pp. 84-89). In our case, we

have a continuous stochastic process for the factor. As a result, we have

1

E(X,) = exp {Xt -3 [X,X]t} ,

where [X, X], is the quadratic variation of J(w, X, 7).

Theorem 45 of Protter (2005, p.141) demonstrates J(w, X, 7) to be a uniformly integrable

martingale as long as

< 00.

B {emp {% X, X]t}

>




In this case, the quadratic variation includes all the terms associated with the variance-

covariance matrix Xy >'y. In this case the quadratic variation is

E{ exp [(34(0) + X(s)’j5(0)>/(J4(0) + X(s)’%(O))] } < 00. (14)

This is called the Novikov’s Criterion. Below we show these expectations are bounded for the

investor’s problem.

If this is true, then the lifetime utility of the investor is given by

exp { /0 ' <.71(0) - % (X(s)’jg,(O)X(s) - 2@(0)) ) ds}] |

(15)
To solve the COO’s problem (42) in the paper, we need to find the probability distribution

of expressions like (12). In the next section this is accomplished by finding the solution to

J(w, X,7) = J(w, X,0)E,

the stochastic process (3) in the paper. This allows us to separate formulas like (12) between
an expected and random part. We then use the Komogorov Forward equation to find the

explicit formula for the probability distribution for the unanticipated component.

2 Probability Distribution for Exponential Functions of
an Ornstein-Uhlembeck Process

In this section we find the probability distribution for terms like (12), so that we can evaluate
the value at risk and the call option value of capital. As shown in the previous section the
marginal value of capital is related to the interest rate factors. These factors follow the

Ornstein-Uhlembeck process (3) in the paper.
dX(s) = (vF — AP X (s)) ds + Sxde,. (16)
Following Arnold (1974) Theorem 8.2.2, the fundamental solution is
D(s) = e AT,
The solution to (16) is

t+71
X(7) = e AT0DX (1) + (I - e_AP(T_t)) (A7) 797 + / e AN e, (17)
t
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Here 7 > t.
Following Arnold (1974) Theorem 8.2.12 the integral

t+7
Y, = / e AT v de, ~ N(Y;0, K(7)). (18)
t

Here, N(Y;0, K(7)) represents a normal distribution with mean zero.

Its variance-covariance matrix is given by
T P P
K(r)= / e A TR e AT T gy,
t
By exercise (1.2.11) of Hijab (1987)
K(t) =Ky — e_APTKooe_APIT.
Here, the matrix K, solves the Lyapunov equation
—APK, —K A" =YY

As the time horizon tends to infinity, K (7) — K. The solution to this equation is a positive

definite symmetric matrix, which is easily calculated using lyap.m in Matlab.

We have encountered several stochastic processes for lifetime utility and the trading desk’s

capital stock. They all have the form

7, = exp{ _ % /t : {X;Dg(s)Xs _ 2192(5))(8} ds + /t " (Du(s) + XDy (s)) des}. (19)

In particular, see (10), and (12) in which D;(s) are replaced by C;(s) and J;(s) for i =
1,2,3,4,5, respectively. We use the notation X rather than X(s), used in the text, to
indicate that X is a stochastic process. In addition, the calculations are for a given terminal
time T'.

For this stochastic process to have a solution, the Novikov condition (14) must be satisfied.
In this case, the quadratic variation is dependent on the convergence of the stochastic process
for X;. Its solution is given by (17). The deterministic part of this solution is convergent,
as long as A" has all positive roots. The stochastic part Y includes all the terms associated

with the variance-covariance matrix which is bounded by
K(T)=Ke—e " "Ke """ <K witht=T—1t.
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This together with the convergence of the solution X (17) assures the quadratic variation
(14) exists.
We will now explain how the Backward and Forward Kolmogorov Equations apply to our

problem. We then find the solution to these Kolmogorov equations.

2.1 The Backward Kolmogorov Equation

To solve for the expectation of the stochastic process (19) we use the backward Kolmogorov
equation. We represent the transition probability from state X at time ¢ to the state Y at time
T by p(t, X, T,Y). Subsequently, we will derive the transition probability using the forward
Kolmogorov equation. In the text X is the vector of interest rate factors at the current time

and Y is the random component of these factors at time 7" given by (18).

We now consider the conditional expectation of (19). As long as the Novikov’s Criterion
(14) holds, the conditional expectation of (19) is

T
£t X) = /R ) exp{ _ % /t {X;Dg(s)Xs _ QDQ(S)XS} ds} o0
% f(T,Y)p(t, X, T,Y)dY.
We will show f(t, X) for any t € [0, 7] is the solution to the backward Kolmogorov equation
of(t, X) 1

=5 5 (X'Dy()X = 2Da(1)X) f (1, X)

- (M)/ (77 — APX) + %T?“ace (zxz/ M) 0 (21)

0X X 0X0X

under the stochastic process (16).! We will be using in the subsequent argument the operator
Kx defined by

Kx = (8%)/ (773 — APX) + %Trace (ZXZ’X%) (22)
so that
O L (xDy(0) — 2Du()X) £(1.X) + K 0. ). (23)
The Kolmogorov backward PDE is solved subject to the terminal condition
13%1 ft,X)=f(X), XeR" (24)

!This is a variation on the argument for Theorem 8.4.1 of Calin et. al. Also see Duffee (1992) Appendix
E, and Karatzas and Shreve (1988, pp. 366-369).



Proof. Define the integrating factor

(t, s) = exp { - % /t S {X{)Dg,(U)XU - 21)2(@))(4 dv}.

Let

Y =0(t,s)f(s,Xs) s€t,T]
which is a function of the solution to the stochastic differential equation for X (17). As a
result, we can apply Theorem 6.3.1 of Shreve (2006). For a Borel measurable function h(y)
on t € [0,7T], we have

E(X(T)) [ F(#)] = g(t, X(2)).
Under these conditions, Lemma 6.4.2 of Shreve (2006), the stochastic process g(t, X(t)) is a

martingale. Now introduce the discount process

D(t) = ¢(0,1).
Define
Y(t, X) = Efo(t, T)MX(T)) | F()],
then
Y(t, X) = ¢(0,1)f (¢, X)
is a martingale and satisfies the PDE (23). However, f(¢,X) is not a martingale.
To see the reason for the PDE (23), apply Ito’s lemma to Y, under the stochastic process
(16) to yield

0f(s, X

dy, =— % {XéDg(S)XS - 2D2(S>Xs} o(t, 8)f (s, X )ds + 6(t, ) == as

+ ¢(t, s) <%> (77 — AP Xg) ds + %(b(t, s)Trace (EXE

+6(t,5) (M> S xde,

/ 82f(S7XS)
XTOX0X )ds

0X

For Y, to be a martingale the drift term must be zero. This property is satisfied by the PDE
(23).

Since Y is a martingale we can integrate from ¢ to T’

T
of(s, X, 1
00TV, Xr) = ott.07(0, X0 = [ o) L5 - L (xipuo)x, - 2mu(o)x)
t

T /
< f(s,X,) + fcxsf<s,xs>] s+ [ ot (%) e,



We impose (21) subject to the terminal condition (24). In addition we can use the martingale

property to take expectations, since Novikov’s Criterion (14) is true.

fie. @) = B[ o.71500)| + 8 ot) (L52) we

The second term is zero which leads to the result: Thus, solving the backward Kolmogorov
equation (21) for f(¢,X) yields the expectation (20). .

2.2 Solving the Backward Kolmogorov Equation.

We set the terminal condition for the backward Kolmogorov equation
1
f(X) = exXp {EX/DSX + DQX + Dl} N

where D; are constants for the terminal condition.
Guess the solution of (21) has the form

F(£,X) = exp { - % [X’]-“g(t)X —OFRX + F (t)] } (25)

o1 (t, X)
X
— [(6.X) (Fs ()X X Fy(t) — 2F5(1) X Fo(t) + Fo(t) Folr) = Fal7) ).

of(t, X) 1 _0F(t) . 0F(t) . 10F()
ot _f(T’X>l_§X T s S " ]

Now substitute these results into the Kolmogorov backward equation (21).

[_ LOF(t) o OFs(t)  10F(1)

= f(t, X) [-Fs(t)X + Fa(7)].

0*f(t, X)
dX0X

2 ot ot X_§ ot

+ [-X'F5(t) + Fo(7)] (F — ATX)

} - % (X'Ds(t)X — 2D (1) X)

4 %Tmce (xS (FOX X Fo(t) = 2F(1)XFo(t) + Folt) Fal7) = Fo(7) ) ) = 0

1 ,0F(t) . 0F(t) . 10F(t)
{_QX AR R Rt

1
— X' Fs(t)Y’ + X' Fs() AT X + Fo(m)y" — Fa(1)AT X + §X’]-"3(t)EXE’X}"3(t)X

} - %X’Dg(t)X + Dy(t) X

1 1
— fg(t)EXz/X.Fg(t)X -+ 5?2(15)2)(2/)(]?2@)/ — §TTCLC€ (Elexfg(t)) =0
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Now equate quadratic, linear, and constant terms to obtain three ODEs.

OF3(t ,
W70 _ (0D Folt) — Dalt) + 25(1) 47 (26)
subject to
.Fg(O) - Dg.
This is the Lyapunov equation.
OF5(t , ,
070 _ 7o(1) (Sx S Fl1) + A7)~ Dalt) + 47 Fo) (27)
subject to
.FQ(O) - DQ.

This ODE is linear so that we can use integrating factor to solve for F,(t). The Final ODE is

0Fi(t)
ot

= 2F(T)Y" + Fo(t)Sx Xy Fa(t) — Trace (Sx Xy Fa(t)) (28)

subject to
Fl(O) — Dl-

This initial value problem is the simplest since everything on the right hand side of the ODE

is known.

2.3 The Forward Kolmogorov Equation

Following Karatzas and Shreve (1988) the solution to the backward Kolmogorov equation
(21) f(t,X) for fixed (T,Y) is

f(t, X)=p(t, X, T.Y). (29)
In addition, for fixed (¢, X) the function
g9(r,Y) = o(t, T)p(t, X, 7,Y) (30)
solves the forward Kolmogorov equation.?

39%7;5/) — Kig(r,Y) - % (Y'Ds(1)Y — 2Dy(7)Y) g(7,Y). (31)

2See Karatzas and Shreve (1988, p. 369) equation (7.24). Also see Theorem 8.7.1. of Calin et. al (2011),
and Chirikjian (2009, p.118-121)
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Here, the dual of Kx given by?

, AN R, 1L 92 ,
ICX:_ZaXZ, (7 —4 X)i+§ZaXian2ik2kj
i=1 ij=1

0 0 1 0?
="' = + X' AP — + Trace(A”) + =T N : 2
Tax T ax T race( )—|—2 mce( 8X8X> (32)

Remark: Notice that only the distribution of the factors enters (32). The preferences of

the investor only influences the discount factor ¢(¢,7) in (31).

To find the initial condition, let the Dirac distribution centered at X € RY be f(X) = 6x
such that

Sx(8) = /R S(V)B(YV)AY = 0(X).

For a given X; = X € RY,
g(1, X) = / Ix(Y)o(t, )p(t, X, ,Y)dY = o(t, 7)p(t, X, 1, X).
RN

Consequently, if the initial condition for the Kolmogorov forward equation (31) is

lim g(7, X(7)) = 0y, (33)

70t
then the solution to (31) is ¢(t, 7)p(t, X, 7,Y) = g(7,Y).

Thus, we have

Theorem 2.1. The discounted transition probability ¢(t, )p(t, X, 7,Y) for a given X; = X €
RY s the solution to the Kolmogorov Forward equation (31) with (32) subject to the initial
condition (33).

Proof. We will use the property of the dual for the Kolmogorov operator, Ky given by

[ Koy = [ ey (34)

3See Oksendal (2005, p. 169). Also follow the derivation in Chirikjian (2009, p. 121)
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We know from (20) that

ft, X) exp{ 1 ' X Ds(s)Xs — 2D2<S)XS:| ds}

Fp(t, X, 7, Z)p(7, Z,T,Y)dZdY
/¢ 2)plt, X, 7, 2)dZ

The next to last step uses the Chapman-Kolmogorov equation for a Markov process* and the

last step uses the definition of f(¢, X). As a result, we know for any t <7 < T

f(t, X)= - f(mY)o(t, T)p(t, X, 7,Y)dY. (35)

Next differentiate in 7

0= A [ Do mpte, Xom vy + [ gy 2T gy
RN

or or RN or
_ [ par)2ep XY by / Ky f(7, V) (t, 7)p(t, X, 7,Y)dY
RN T RN
+ % / (Y'Dy(7)Y — 2Do(7)Y) f(r, X)(t, 7)p(t, X, 7,Y)dY
RN

(36)

The second step uses the backward Kolmogorov equation (21).

Now apply the property (34) to find
{acb(t, Tpt, X, 7,Y)

or

— Ky (o(t, T)p(t, X, 7, Y))

0= f(r,Y)
RN

+ (VDY (r)Y — 2Do(r)Y) o1, TIp(t, X, 7.Y) | 4V

This means we want to define g(7,Y") = ¢(t, 7)p(t, X, 7,Y) for (31).to hold.

4See Chirikjian (2009, p. 108) equation (4.16).
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2.4 Solving the Forward Kolmogorov Equation

It is difficult to impose the initial condition (33), since there is no explicit form for it. However,
the Fourier transform of dx is 1. As a result, we will take the Fourier transform of the
Kolmogorov equation (31) and find its solution. We will then apply the inverse Fourier

transform to find the solution to the Kolmogorov forward equation given the initial condition.

Suppose that f(X) € S(RY), on RY. This functional space refers to all functions which
rapidly decrease, so that f(X) is absolutely integrable over RY.%> This allows one to move

between Fourier transforms and its inverse. The Fourier transform of f(X) is
FUACOL= O = [ F00e ¥ ax

Here (e RY and €- X =& X =X + -+ + v Xy,

The inverse Fourier transform of f(¢) is

—1r7 _ _ 1 * 2 ei X
60 =500 = o IRGE

If the Fourier transforms of f(X) exists, then

re |08 g et = e |28 = it
v g | = - GaFx 0] = B | ) = R0l @
The subscript X is added to keep track of the integration over X not t.
Fel-ix (0] = 228 o () - 8225). (39)
oot O 0 [ ex gy [ i e X dX — Pl iX
Proot: ZE |0 ax = [T e S X = Byl (0]
= Fx[—i X f(X)] :%?X)].
of afry | OFx [(—;’2) ]
Fy { <8X) APX] = Trace (APFX [X (8_X> }) = Trace Apa—g
=i*Trace (ApagF)é—[g(X)]) = —Trace (AP%];(X)%' + AT Fy [f(X)]) :

SThese results from Alex Himonas’s Topics in PDE notes. Also see Evans (2002, pp. 182-186).
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The first result applies the Trace to a quadratic form. The second step uses (38) for the
function (ﬁ)/. In the third equality we use the first result in (37). Finally, we use the

0X

product rule of differentiation and i? = —1.

We also have to consider Fx[X'X f(X)].
: _Pf(©)
C o) o [ —ig X I R —ig-X _ B '
Proof: = iX;f(X)e dX = iXpiX;f(X)e dX = Fx[- X X; f(X)].
0808, 0& J oo
PRy [f(X)

Notice

Fx [X'Ds(1)X f(7, X)] =Fx [Trace (X'"D3(7)X) f(1,X)] = Fx [Trace (Ds(1) X X' f(7, X))]

= Trace (Fx [D3(7)X X' f(7, X)]) = Trace (Dg(T) 82f(§)>
2323
The first step is true since X'D3(7)X € R . The second step uses the property Trace (ABC') =
Trace (BCA). The third step takes advantage of the trace being a linear operator so that
the additive property of integrals can be used. Since X’X is symmetric the last step uses the
last property of Fourier transforms.

Recall the Kolmogorov forward equation

dg(r.Y) 77>,89(7‘, Y) N (69(7, Y)

) APY + Trace (A7) g(1,Y)

ot oY Yy
1 Pg(r,Y 1
+ 5Trace (22’%) — 5 (YDy()Y = 2D5(r)Y) g(r, V). (39)
subject to the initial condition
g<07 Yb) = 6Y‘

Apply the Fourier transform to the forward Kolmogorov equation.

OFy [¢(r,Y)] _ g, [ag(T, Y)} LR { (89(7, Y)>/ APY}

or oY o
1 D?g(1,Y)
P 1 / R S 40
+ Trace(A”)Fy [g(1,Y)] + 2T7’ace (EZ Fy [ VY }) (40)

_ % Fy [(Y'Ds(r)Y —2Ds(7)Y) g(7,Y)
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subject to the initial condition

Next use the rules for Fourier transform to obtain

OFy [g(7,Y)]
or

OFy[g(7,Y)]

= —iy"'€Fy [g(1,Y)] — Trace (AP o¢

€+ AP Fylg(r, Y)])

+ Trace( APy o7, )] - 5 Trace (SS'6€ Flg(r V) - 3Trace (D) S5 )
(OFylg(r,Y)
+1 ( o€

é% + %g’EZfFY [g(T. V)] +in""EFy [g(7,Y)]

_ (—WY [ga? Y)]>/ (iDy(7) — AP'€) + %Tmce (Dg(f)agfé?) =0

subject to the initial condition

>, Do(t, 7)

(41)

Fy [9(0,Yy)] = 1.

Now that the initial value problem is defined we can use a guess and verify procedure to

find its solution.
Fy [g(r,Y)] = exp { - 3 [¢utme - 26rve + 610 } (42)

We do not assume the matrix is symmetric, since $&' (G5(7) + G3(7)") € = £'Gs(1)€ .

%@T’Y” = Iy [9(1,Y)] [=G3(7)§ — G3(7)'€ +1iGa(7)] -
% = Fy [g(7,Y)] ( — [G(7) + Ga(1)] €€ [G() + Ga(1)]
— 20 [G3(7) + Ga(7)1£G2(7)" — Ga(7)Ga(7)" — [Gs(T) + G3(7)] >

OFy [g(1,Y)] 10G5(1) ., ,0G:(7) _}391(7)1
or or or 2 or |

1
2

— By [g(r.Y) [ g9) ¢
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Now substitute these results into the Fourier transform (41) of the forward Kolmogorov

equation (31).

{_15/393(7) 092(7)g _196,(7)
2 or "or 2 0r

— (=€'[G5(7) + Gs(7)'] +iGa(7)) (iDa(7)" — A'E)

1
£+ + §§’EX2’X§ +i&'yP

+ %TTCLC@ (93(7)( [Gs(7) + Gs(7)'] £ [Gs(T) + Gs(T)]
— 20 [G3(7) + G3(7)1£Ga2(T) — Ga(7)'Ga(7) — [G3(7) + Ga(7)] )) =0

1 ,8g3<7'> agg(T)
= {—55 “or ST,

+ Do (7)G5(7)i€ — £'G3(T)AT'E + Go(7)Da(7) + Go(7) A™"i + %5'93(7)93(7)93(7)5

106,07
2 0T

: |+ jemxmie 4 7

~ Galr)Dy(r)Ga(r)it — 5 Ga(r)Dy()Ga(r) — 5 Trace (Dy(r)Gs(r)) = 0.

Now equate quadratic, linear (i€), and constant terms to obtain three ODEs.

893 (T)
or

= G3(7)D5(7)G3(1) — 2Gs(T) AT’ + 25X (43)

subject to
G3(0) = Oyxn.

Again this is the Lyapunov equation.

892 (7')

5 = G2(7) (D3(1)Ga(1) — A™') =~ = Do (7)Gs(7) (44)
subject to
QQ(O) - ON.
This ODE is linear so that we can use integrating factor to solve for G(7). The integrating
factor is
int = ¢~ (Ds(MGs(n)=A7")7.
Consequently,

ae*(D3(S)g3(S)*AP/)5g2(S>

B ds = —e (Ps()Gs(s)=A7")s (7" = Ds(s,X)G5(s)) ds.
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Now integrate from 7 to 0

Go(7, X) = e(Ps(G(=47" )75 ) / " o (Pa(e)Gs () -A7") (5) (V"' = Da(s,X)G5(s)) ds.
0

The Final ODE is

891 (7’)
or

= 2G5(7)D2(1)" — Go(7)D3(7)Ga (1) — Trace (Ds(7)Gs(7)) (45)

subject to

G1(0) = 0.

This initial value problem is the simplest since everything on the right hand side of the ODE
is known.
Solving these three ODEs leads to the solution (42) to the Fourier transform of the Kol-

mogorov equation (41). The final step is to take the inverse Fourier transform to (42)

1
(2m)"

oY) = [ ew { -3 |eane -2 - V) ig + 610 } d& (4)

o0

To calculate this integral we use the following Lemma following Strauss (2008, p. 345)
and Strichartz (2008, pp. 41-43).

Lemma 2.2. Let o be a positive number and let xoy and yo be real numbers.

/OO efa(z+aco+iyo)2 dr = \/E (47)
oo o

We also need the multiple dimension version of Lemma 2.2.

Lemma 2.3. Let A be a N x N symmetric matriz with all positive eigenvalues and let Z € CV.

/ o3 (X+AT1Z) A(X+A71Z) gy (2m)" (48)
RN detA

To apply the Lemma 2.3 to the inverse Fourier transform (46) we have to multiply out

the quadratic exponent
(X+A'2) A(X+AZ) = X'AX +22'X + Z/(A)Z (49)
Now match up the coefficients in (46) to yield

18



A = Gs(r) and Z = (Go(r) — X)i (50)

As a result, we can complete the square in the exponent of (46) to find

1 e 11, " -
g(1,Y) = (2W>N/OOGXP{—5{593(7)5—2(92(7)—Y)Zé”rgl(T)}}dﬁ

X (2711_)]\, /OO exp { - % (Y + g3(7')_1 (92(7')’ -Y) @')’g3(7-) (Y + gg(T)_l (gg(T)/ ) l) } dé

= ! exp { B %gl(ﬂ - % (Ga(T) = Y) Ga(7) ™ (Ga(7) = Y) } (51)
V@)Y det(Ga(r))

By applying this solution to the forward Kolmogorov equation for the stochastic process
(19), we can find the probability distribution for the trading desk’s utility from bank capital
(10) and her overall utility (12).

These random terms are probability densities of a normal distribution. We denote these

probabilities densities by

1 1
N(z;pu, X)) = exp{ — =(z — )Xz — p) (52)
g @2r)N det (%) ! { 2 f g }

for r € R™.

By (51) the discounted transition probability can be written as

60,7l X, ¥) = exp { = 561(7) b (V3 Ga(r)' Gal). (53

Note that

6(t,5) = exp { _ % /t s [X;D3(U)XU _ 2D2(U)XU] dv}

does not include the constant term
1
Do(1) = exp{ — 51)1(7')7}
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so it has to be added back in. The same is true for the backward Kolmogorov equation (21).
In the analysis of option values and VaR we will use various rules for Gaussian probability
distributions which we recall from Petersen and Pedersen (2008). First we use the rule for

the product of two normal distributions.

N (25 a1, 20) X N (5 p1, 81) = IN (5 pae, 2
1 1 _
where 0 = exp { - 5(/11 — p2) (B4 + D) (1 — Mz)}7
2m)N det (21 + )
—_ —1\—1 —_ _
He = (211 ‘|‘221) (21 L ‘|‘221M2) )

and X, = (714 35,0) 7 (54)

We also use the linear rule®
Az ~ N(z, Ap, LA, (55)

Finally, we convert to a standard normal using the rule

x =07 + p such that Z ~ N (On, Iy) . (56)

Here, 3 = 00’ is the Cholesky decomposition of the variance covariance matrix. By following
these basic rules for a normal distribution we are able to represent the probability distribution

for the trading desk’s bank capital and her lifetime utility.

2.5 Stochastic Discount Factor

We now have all the tools necessary to break a stochastic process like (10) and (12) into
expected and random components. First, we apply the argument to the stochastic discount

factor. The other stochastic processes will be solved using the same technique.

6See Petersen amd Pedersen (2008) 8.1.4, p. 41.

20



]\]\/Z: = exp {— /tt+T {7‘ (X (s)) + %A(X(s)), A(X(s))} ds + /tHTA (X(s))’des}

—exp { - [T+ 3 (7 -0t P - a9 x09) ez

(779 — 42— (AP - A9) X(S)ﬂ it /j” (77; — % — (47 - A9) X(s))I (=) des}

=exp { - /tm {50 + % (7 =79 (=xEx) 7 (07 =19
+ (8= (77 =79 (S5 Tx) T (A7 - 42)) X(s)

FAX() (47 = 49 (30 (47 - %) X(9)] o

+ /tm (07 =79 (@)™ = X(s) (47 = 4%) (=) ) des}

— exp { /0 ' ( ~ ML (0) — %(X;Mg(O)XS _ 2M2(O)XS) H ds + /t My MY des}.

We use the risk free rate, the risk premium and the risk neutral coefficients in this derivation.

The constants are given by

M, =6y + % (Y7 =99) (Z2x) T (Y =49),

My =[5 = (77 —~2) (S48)7" (47— 49)]

Ms = (A7 — A9)' (45x) " (A7 — 49),

M= (7" =79) (Ey) " and My = — (A7 - 42) (2)

As a result, the stochastic process for the pricing kernel is

M T 1 t+7

MT,t — exp { / ( — M;(0) — 3 (X;M;;(O)XS — 2M2(0)X5)>d3 + / (My + X Ms) Z’Xdes}.
tt 0 t

(58)

These coefficients for (57) are provided in Table 4. Mj is positive so that the stochastic
discount factor has the Gaussian shape. For X, > (Mg)il My = —0.0210 an increase in the

factor leads to a decrease in the stochastic discount rate, but it reverses sign for lower values
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Table 4: Estimates of Parameters in (57).

[ M [ My [Ms]| Mi | Ms |
| 0.3212 [ -26.8228 | 1278 [ 0.7223 | 35.7529 |

of the factor. Mj is negative so that shocks to the interest rate factors lowers the stochastic

discount factor.

We need the probability distribution for the pricing kernel in solving the loan desk’s
problem. Before applying the forward Kolmogorov results, we factor out all the deterministic
terms from (58). We have from (17)

X(7) = Ao(r) + e UIX (1) + Vs, (59)
where
Ao(r) = (1 . e‘AP(T_t)> (A7) 7.

We also will use o N
/ e ds = (A7) [1 =77
Now factor the square term to find

X(rY MX(r) = (Aor) + e 0K (1) +2) My (Aofr) + e COX (1) + Y, )
= (7P (1= e ) Xy e ) My
<<I _ e—AP(T—t)) (AP)_l,yP 4 e—AP(T—t)X(t)>
+2 (37 (AP (1= e X (1) e TN ) MY+ YIMGY,

P/(AP/)—1<I_ —AP’Tt)M3< —APTt><A73) P

297 (AP (1= e D) Mae X (1) + X (1) e Mae 0K (1)

+2 (7 (A7) (1= e AT 4 X (1) e ) MY + VI MY
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Now integrate the first term over the time horizon 7 given X (t) = X.
1 t+7
— 5/ X(s) M3X(s)ds =
t
1 [ Pr (AP~ L —AP!(s—t) o AT (s—1) P\l P
—5 [ AT (1= )My (1~ )ds (47) ™"
t
t+1 P » 1 t+71 . P
— 7" (AP)” / <I—e—A <8—t>> Mase M 0 ds X (1) — 5X(t)’ / e Mgem D ds X (2)
t

t
Pr(aPn 1 o —AP!(s—t) / T — AP (s—t) L '
—(~ (A ) (1— )MgY;ds+X(t) e MaYads ) =5 [ ViMey,
t t
V(AP 1M( ")y

)
73/ AP/ 1/ pr’stdSM ( )l,yP

e AT Maem AT g5 X (1)

(AP/) 1/ —AP/(s—t) M e S_t)dS (Ap)fl 773
t+T1
P (AP/)— Mg/ e_AP(s_t)d8X<t) + '77)/ (AP/
t
1

)_1 /H—T
t
t+7 P P 1 t+7
— §X(t)’/ eA (sft)MgefA (S*t)dSX(t) _ ,yP/ (AP’) MB/ Y.ds
¢ t

1 t+1 P t+ P 1 t+7
+ (77” (A7) / eI MsY,ds — X (t) / e A <S—f>M3sts) -3 / Y/ MsY,
t t t

If we use the definition of Y, we have

t+1 t+7 s
PrAPY T M, / Yds + (77" (AP~ / e AT M, / e AT v de, ds
t t t
t+1 s
—X(t)// eAP/(st)Ms/ eAP(SU)EXdQ}dS) =0, (60)
t t

since de,ds = 0 by Ito’s Rule.
We need the result

t+1
/ efAP’(sft)M?)efAP(sft)ds _ |:M o efAP’TMefAPT] :
t
where the matrix M solves the Lyapunov equation
— APM — MA”" = M3, (61)

The solution to this equation is a positive definite symmetric matrix, which is easily calculated

using lyap.m in Matlab.
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_ % /t tHX(T)'MgX(T)ds — —%77" (A7) My (A7) A Pr
+ AP (AP (AP [1 _ e—A”ﬂ Ms (AP) 74P

; Pr(APT) [ M — AP Me,/m] (A7) 1P

=P T My (A7) T[T e T X () 447 (AP) T M= e T M| X (1)

1 / —AP'r —APr 1 T
- 5 X [M e AT Me ] X(t)=5 [ VMY,
t

We also need
a ttr . vt »
/ Mo Xds :MQ/ (AP) 'YPdS—MQ/ e~ 0 s (AP) Pds
t t .
t+1
+M2/ e A7 ds X (t) / M,Y.ds
t
=M, (AP)—l ~Pr— M, (AP) [1— _ 7,479(7)} (A’p)—l P
+ My (A7) T / Mg/ ~APG-0R | deyds
=M, (AP)_I’yPT — M, (Ap) [[ *AP(T)} ( ) ,YP
+ M, (A7) [1 - e_AP(T)} X(1).

The last step uses the rule de,dt =0

We also need

t+1 t+1 -1 t+T P -1
/ de Sx MLX, = / de,Sx My (A7) 4P — / de,Sx Mye T (AP) 74P
t t t

t+7 t+7
‘|‘/ dE ZxM/ —AT (s t)X(t) +/ de;EX./\/ng;
t t

t+1
= / dE;ZX
t

+ Mie 70X (1)

M., (AP)*l 77> _ Mge—AP(T—t) (AP)*l 77>

t+1
t

t+7
_ / (M + XM + Y/ M53 ) de,
t
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We now bring all these calculations into the stochastic process for the pricing kernel.

]]\\iﬂt — exp{ _Ml(T)T _ %,YP/ (A’Pl)—l Mg (Ap)—l ’}/PT
tt

F AP (AP (AP T = e AT My (A7) TP
Ly [ e ] )

=P AP T My (A7) T [T e T X (1) 447 (AP) T [ M= e T M| X (1)

- %X(t)’ M= M| X (1) + M (A7) T 9P 7 = M (A7) 1= e AT (4P) TP

Y
-1 P 1 t+7 tT
+ M2 (AP) |:[ — 6714 (T)i| X(t) — 5/ }/;IM3}/S +/ (M4 + )(;1\415 4 }/;/ME)ZS() dEs .
t ¢
(62)
Define
1 - _
M(7, X) Eexp{ —/\/11(7—)7_577?1 (AP') ' M, (Ap) 177;7_

A7 (AP (AP T 1= e T My (4F) T
o %,YP/ (A’P/)—l [M . e_A’P/TMe_APTi| (A'p)—l ’yP

+ M; (A7) TP r = My (A7) 1= O] (4P) TP

+ {77” (AP [M - e—f‘“”we—”f} + M, (A7) [1 - e—A”m}

— P (AP) T My (AP) [1 - e—A”T} }X(t) - %X(t)’ [M . e—A”’TMe—A”T} X(t)}

:exp{_

This result can be used to separate the portion of the pricing kernel dependent on the
current factors X from future random changes in these factors Y, for s > t. We substitute
the known part (63) into the pricing kernel (62) so that

DN | —

(2 — 205190t ) My (X — ') + %‘m’z‘mglfmz + Dﬁl} (63)

L My, ! / HTY’M Y.d +/m (My + X;M; + Y/ M;5%%) d (64)
— 0 —€X - = saS s €s
M(1, X) M, P 2 ), 7 : e X
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This relation is an example of the stochastic process (19) so that its probability distribution
is the solution to the forward Kolmogorov equation (31). Notice (64) is dependent on the
current X through Ms. This means that Dy = My + X;M; and D5 = M;Y'. These terms
do not influence the forward Kolmogorov equation, since this error term has mean zero.

The solution to the forward Kolmogorov equation yields the probability distribution for
the pricing kernel.

1 M, - 1
MEX) M Joom)Y det(Ag(r, X))

which has the same form as (19) with the appropriate definitions of the coefficients D’s.

exp{ — %A1<T, X) — %Y’Ag(T,X)lY}

The coefficients for the discounted probability distribution for the pricing kernel (51) are
given in Table 5 which has a normal distribution, since A3(7) > 0. These coefficients are
reported at one year time horizon. A, and A3(7) quickly converges to the steady state. Also,

recall from (51) that the maximum of the pricing kernel is Ay(7) with variance As.

Table 5:  Solution to Forward Kolmogorov Equation (40) for coefficients in (57) .

[A T AT A T o]
| -0.0691 | 0.0000 | 1.1158 10~* | 0.0106 ||

Thus the probability distribution for the pricing kernel is given by

MT,t
~ exp —
Mt,t

N | =

1 1
(X — 951 90,) 90ty (X — 901 90t,) + §£m’2§mglzmz + 0y — 5,41(7)}

X ! exp{ — %YIA;;(T)lY}
V@m)N det(Aq(7))

This leads to equation (10) in the text with oy = As(7).

M’?’ 1 _ / — ]- / — ]-
E, {M’t} = exp{ — 5 (X — mg 193?2) Ms (X - mg lmz) + §m2m3 1m2 + My — 5“41(7—)}

)

1 & 1
X expi — —Y/Ag(T)_lY}dY
V@)Y det(Aq(7)) /—oo { 2

:exp{—

N

, 1 |
(X — 9}{519312) Ms (X - fmglmb) + Emzms 90, + My — §A1 (7')} (65)

26



This corresponds to equation (9) in the text with
(Taa(7)) " =

M(T) =exp {%ﬁﬁéﬁﬁglmb + My — %Al (7')} (66)

Table 6: Coefficients in (65) for Pricing Kernel.

93?1 mz 93?3 ‘Jﬁgli)ﬁg exXp {%93?’293?319)?2 + 9)?1 — %Al (7')}

| -0.1610 | -10.5396 | 461.52543 | -0.0228 | 0.9940 |

Figure 2: The Expected Pricing Kernel (65).
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The expected pricing kernel is less than one. For example, a level of the term structure
of 0 leads to E; [%g:] = (0.8812 and 0.9879 for the stationary point of the level, —0.0177. At

the maximum level of the yield curve 0.0256 we have Fj [%] = 0.5785.
All the other distributions have the deterministic term (63) with the appropriate changes
in the constants. For example the capital stock replaces M’s with K’s.
2.6 Gross Growth Rate of the Trading Desk’s Capital
In Table 7 we apply the forward Kolmogorov equation to the gross rate of growth of the

trading desk’s capital using the coefficients in (11). This corresponds to equation (36) in the
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paper. We can also express in Table 8 the conditional probability of this growth rate of capital
as in the case of the pricing kernel (63). This leads to equation (35) in the paper. Tables 7

and 8 are used to construct Table 5 in the paper.

Table 7:  Solution to Forward Kolmogorov Equation (40) for coefficients in (11).

[ K [ K [ K [ on ]
[ -0.0130 | 0.0000 [ 1.0895 10~ [ 0.0104 ||

Table 8: Coefficients in (63) for Trading Desk’s Capital.

£ R R3 R38Ry exp{ —1RRT R+ Ry — %Kl(T)}

| 0.0074 | -5.6309 | 88.1733 | -0.0639 | 1.2138 |

The expected gross growth rate of the capital for the trading desk is a Gaussian distribution
in Figure 8 in the paper. At the stationary point for the level of the yield curve —0.177
we have E, [K”] = 1.1048. With the highest level of the yield curve at 0.0256 we have

Kt

E; [ﬁﬂ = 0.8529, since the higher level leads to a decrease in the price of bonds. In
addition, a higher level should revert to the lower mean, resulting in an expected loss on the
portfolio.

We will also deal with the product of the pricing kernel with the gross growth rate of the

trading desk’s capital. Its coefficients are given by

(1) =Ci(7)
(1) =Cs(7)
Ds(1) =C3(7) + Ms, (67)
Dy(7) =Cy(1) + My, and

( )

Tables 10 and 11 apply the forward Kolmogorov equation to find the probability distri-
butions for this product and its conditional expectation which corresponds to equation 38 in

the paper.
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Figure 3: The Unexpected Gross Growth Rate for
The Trading Desk’s Capital, (65).
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Table 9: Estimates of Parameters for Equation (67).

[ Di(r) [ Do(r) | Ds(r) [ Du(r) | Ds(r) |
| 0.3937 | -38.3567 | 1,522.60 | 0.5711 | 33.5455 ||

Table 10: Solution to Forward Kolmogorov Equation (40) for coefficients in (67).

| KMy [ KMy | KMs | oxem |
| -0.0825 [ 0.0000 | 1.1222 x10~* | 0.0106 |

Table 11:  Coefficients in (63) for Product of Pricing Kernel with Trading Desk’s Capital.

MR, | MR, | MA; | MK, MK, | exp { — LRRMAR; MR, + MR, — %MKl(T)}

| -0.1536 [ -16.1705 | 549.4276 | -0.0294 | 1.1339 |

The expected discounted value for the gross growth rate of the capital for the trading desk
is a Gaussian distribution in Figure 4. At the stationary point for the level of the yield curve
—0.177 we have F; []]\\%ﬁ:z] = 1.0917. With the highest level of the yield curve observed at

0.0256 we have By | 7= | = 0.4935. Finally, the maximum value is £, | 35| = 1.1330.
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Figure 4: The Expected Discounted Value of Gross Growth Rate for
The Trading Desk’s Capital, (65).
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Therefore we have expressed all the stochastic processes for solving the loan desk’s problem

as standard normal random variables with mean zero. This can be done by adding

exp{ — %Al(T,X)}

to the constant term in MK (7, X).

We write these probabilities as

1 MTt 1 ng(t_}‘T)
e t7X7T7Y7 j - t’X7T7Y ’ 68
M(T,X) Mt’t ])M( ) K:(T,X) K{W(lﬂ pK( ) ( )
1 M. K (t+7 1 M-, Py
it M( ):pMK(t7X77—7Y)7 b 3Tt :pMP(t7X77-7Y)7

KM(7, X) My, K&(t)

1 MTt
=Y = t,X,7,Y) and

MP(T, X) Mt,t PST,t
1 M, K, (t +i7)
KMY(7, X) My, K]jg(t)

Y =pury(t, X, 7,Y).

3 Loan Desk’s Optimization Problem

This section derive additional results for the model in section 5 of the paper. The Lagrangian

function for the COQ’s problem after using the balance sheet constraint for the loan desk to
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remove the quantity of deposits is given by
4 P _ :
V (6, K3, (1), K (), v, X (1)) = Ki,(t) M(7, X)K (7, X) — %M(T,X) (D - K9,
+ max Et{M re =  — rft) {78,7 - 7{,77‘1,7& + U(T‘Jz;,t>€z-,t}

T?Tt d — Tt {70 27 7{,2TT%T,t + U(Tgnt)ggm} + TTD,t (Ki(t) +(1- g)szw(t) - Ri)

) . , , K )
+ (TQTt T C] - 'rt {’70 2T 7{,277”%7,7&77' + U(T%T,th)géT,th} - (1 - X)Tg',t + (1 - n)qj:| T

MU, ) [0+ YO — K (L + Lot D) = wr€ K (0 = (P ) 1”

+ Ao M(1, X) {K —a. L, —an (L, + L3, ) — apéKj,(t) + ozRRi}

M2‘rt

Mt; 1% (t + 7, Kjﬁ(t+7‘),Ki(t) + [W"L(t) - Tilf + qj] T, r%Tyt,X(t +7’)>] }

+E |

(69)

For the two period loans we have
M<T7 X) |:2 ( 71 2T + 0-1827'1‘/) r2‘rt (Cj + TZTt) (_7{,27 + Ulggr,t)

+Par + 005274 T — M(7, X) Mk + Maoar] (=7 o, + 018,

My, OV M, oV o’
+Et|: 2t 7 } Et|: 2t 7 ﬂ;L = 0.
My omy_, My 0K} (t+7)] Om3,,
Here,
onl j j j j
O =2 ( 71 2r t 0152715) 7’271‘, (CJ + T2Tt) (_71,27 + 01527-,15) + Y2 T 00824 | T
27t
and

o 87Ti

j J
am?r,t aTn2‘r,t

— [)\1/‘€L + )\20427'] (_,}/{,QT + 018%7'775) ’

Using the optimal condition for paying dividends (44) in the paper, the optimal condition for

the two period loan margin becomes

Wor + 00 | [M(,X) + M7, X))
<_’y{,27' + 01€§T7t) [XM (7—’ X) + M (27_7 X)]

[27‘%71 — (C] + Tg—,t) + ()\1I£L + )\20./27—) .
(70)
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Here, the stochastic discount factor is given by (10) in the paper.”
We can also examine the behavior of the two period loans. We focus on the capital

constraint (21) in the paper. First we solve (70), when these constraints do not bind, then

J J
Yo,2r T 00€2, 4

2 (_7{,27 + UlEgT,t) ‘

y 1, . 5
T%T,t 9 (Cj + T2T7t) - (71)
Consequently, the two period loan follows the same rule as one period loans using the demand
for two period loans.

When the liquidity and capital constraints are binding, the analysis follows the same
argument as for the one period loan in the paper. First the loan rate is set on the demand

for two period loans.

. 1 . . ,
r%ft - (_7{2 + 018% t) [ngm’t a <7(])’27 + 005]27,15)} . (72)

The subscript '27k,t" in the two period loan rate refers to the loan rate when the two period
loans just satisfy the capital constraint (21) at time ¢ in the paper.

The lagrange multiplier for the capital constraint (21) at time ¢ in the paper is found by
solving (70) for A\; when Ay = 0. In addition, we use (72).

27 (M7, X) + M@ X)) (e L5 b Yozr + T0Ehrs
A\ = N (& + + 2 = . 73
PR M X) F M2, X)) T 2 (¢! +rir) 2 (= 9y + 0185,,) (73)

By using (71), the lagrange multiplier for the capital constraint (21) in the paper also has

a payoff similar to a European call option

2T YM(T,X)+M2T,X)] |, K | g% iK j*

{ RLIM(EX)+M2rx)] | T2rt — Tort for oy > 17y
JK J*
0 for ri; <.

(74)

The essential difference from (57) in the paper is that the slope of the payoff is now in-

fluenced by the expectation of the marginal investor’s intertemporal rate of substitution,

M (7, X)+M(27,X)]
M(T,X)+M((27,X)] ?

result can be seen by comparing this with (57) in the paper. As a result, the relative payoff

as well as the weights on two period loans in the capital constraint. This

between the two and one period loans satisfies

i =i  M(X) + M(27, X)) 75)
[ ] M) Men X

Tt

7If the bank chooses to issue equity, then 1 is replaced by 1 + 7 and y becomes 2 .
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Thus, the relative payoffs on two and one period loans is dependent on the stochastic discount
factor for the marginal investor, the response of the demand for loans to the two period interest

rate, and the weights on two and one period loans in the capital constraint.

4 The Capital Option Value under Capital Constraint

Now that we have the probability distributions (68) we can evaluate the expected marginal
value of the loan desk’s capital (65) in the paper. With the solution to this expected marginal
value of the loan desk’s capital, we can then determine the optimal amount of the loan desk’s
capital using (23) in the paper. To find this option value we use the logic for solving the
Black-Scholes option pricing formula.

To illustrate these calculations we start with the counter cyclical buffer. Using (11) in the

paper the counter cyclical buffer is dependent on

T,

P..

3

= ea:p{bT [eAP(Tt) (X - X)+ Y] } = P(r, X) exp {bTY} (76)

The last step uses the fact that Y has a normal distribution with mean 0 and variance

b, K (1) so that 11;” has a standard normal distribution after adjusting for the variance.

As a result, the counter cyclical buffer is positive when
Y < e 700 (X — X)),

since b, < 0.
The counter cyclical buffer applies whether or not the liquidity or the capital constraint
binds. As a result, we can calculate the cost of the counter cyclical buffer. We need the prob-

MZT,t
M,

ability distribution for . Following the derivation of the forward Kolmogorov equation

the two terms have a normal distribution in (68).

exp{ B %Y/Ag(T)—ly 4 bTy} — eg;p{ — % (Y — As(7)b.) As(7) ™1 (Y — As(7)bL)

+ %bT.Ag(T)b;}
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As a result we have

MQTt PTS *
’ = —1) =[P, X)M2T, X)pm(t, X, 27,Y )expq b, Y (77)
Mt,t PT,S

— M27, X)pu(t, X, 27, Y)))

— ! ((P(T, X)./\/l(27',X)exp{%bTAg(T)_lb/T}
V@m)Y det(Aq(7))

X 69629{ - % (Y — Ag(1)b) A (7)1 (Y — As(7)b)) } (78)

_ M(2r, X) exp{ _ %Y’A3(7)1y})> |

Let py for given X be defined by

P(r, X)M (271, X) exp {%bTAg(T)b’T} exp { - % (pp — As(T)V) As(T) ™ (pp — As(7)bL) }

1 _
— M(27,X) exp { — éprAg(T)lpb} =0 = exp {bTeAP(Tt)(X - X)+ bfpb} —1=0
= pp=e (X = X), (79)

Let As(7) = ¥ 2),. Thus, the option value of the counter cyclical buffer is

:CbM(27_> X) (P(Tv X) eXp {%b;AS(T>_1bT} (1 -o (E]T/[l (pb - (ZMZ/M) b‘r)))

(e () ) 0

This corresponds to (25) in the paper.
Here, define the probability

Pr{Z > p} =



so that

(2m)™

In the rest of the derivation we take the counter cyclical buffer as given by CCB, since its
marginal cost is known given current information.
4.1 Option value of capital constraint

The option value of capital for the loan desk is dependent on the marginal value of the capital

of the loan desk in the future. This marginal value of capital is

oV D . N My, OV
aKi(t) =M(1, X) [r (1) + A(t) + AQ(t)} T+ E, {Mm 8Ki(t)]
=M(7, X) [rD(t) + A\j(t) + A;(t)} T+ M(@21, X)E, {pM(QT, Y) al(zy(t)]
=M(1, X) [rP(t) + N\{(t) + X5(t) + (x — )] 7 (81)

The first step uses the property of the stochastic discount factor which divides it into an
expected and random component. The second step uses (44) from the paper. As a result, the

expected marginal value of capital for the loan desk is

ov

M(Q2r, X 27,V ) —————
(7' )oam (27 >8Ki(t—|—1)

:M(2T7 X)pM(QTa Y)

X [FPt+ 1)+ X+ 1)+ X0E+1)+ (=] 7, (82)
where we have used the properties of the stochastic discount factor from ¢ to t 4 27.

We start with the expression for the expected marginal value of the loan desk’s capital
under the capital constraint in (65) of the paper. This term is dependent on the term

1 K ) %
_L (Ti,wrr - Tf—,t+7)+ ” } (83)

Et {pM(27'7 Y)

We will bring back the constant i—’L‘M(QT, X) after the derivation.
Recall from (55) in the paper
78,7 + 0051,15

2 (7{,7' - 018{',15)

J* _
TT,t -

(d+7r2) + : (84)

DN —
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For the capital constraint (21) in the paper we also have (56) in the paper replaced by

Jk _
Tt

1 : , ,
(. —oicl) (90 + 00ers) = L] (85)
,T Tt

and the loans subject to the capital constraint (23) in the paper yields

P |:K] (t + T) - KTgK%J(t + T) — RL (LJQT,H-T + LJQT,t)
L

pSTt -
N g . I
@ (P3T,t ) :| (86)

As a result, the Lagrange multiplier (57) in the paper is

J _
Ln,t—l—T -

cr o X 1 j PN
1(t) =2 KR, [(’}/{,T - 0'153',75) [(’YO,T i O_0€T7t) Lﬁ’t}

(d+rP) -

N | —

J J
Yo,r + O0&7 ¢
J J

2 (71,7 - Ulg'r,t)

X 2 i1 (4P
. [_ﬁ [Dit] = (& +717) +

J J
70,7 + UOET,t
1,7 0187+

J J
(71,7 — 01 ET,t)

J J
Yo, + 00ET ¢ 1

2 ) ) ) )
X 1 {Kﬂ (t4+7) = mr €Kyt +7) = g (L yon + L)

KL (7{,7 -0 15{-,15)

Py, R N
—a(p-1) |50 ) @ +8)

2 Ry,

The option payoff for the capital constraint using (55) and (56) in the paper is

2X K j +
gpM@Ta Y) (Ti,w - Ti,m)

2 L ; . 1, . , , +
- KL (Vj f 1€ )pM(QT’ Y) (5 (%])’T + Oogjﬂt) — Lier = 9 ( {,r - 015JT¢) (07 + Tft-i—T) ) .
1’7— T,t

(87)

This imposes a bound on the constant which determines whether or not the constraint
binds.

1, . . . 1 . . .
5 (’78,7' + Uogi,t) > Lfi,t+7’ + 5 (7{,7‘ - 0-18.77',75) (CJ + T7l3t+7) . (88)

The conditional expectation of the counter cyclical buffer in the capital constraint (23) in
the paper was found in (80). This is the simplest term in (87) so that it illustrates how to

calculate the whole expression (87).
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We continue with the calculation of the probability distribution for the option payoff (87).
We now use the rules for future capital of the trading desk (36) in the paper and the factors
(17). We also use the linear rules for the deposit rate (51) and bank reserves (52) in the

paper.

1, . . . . . ‘
pu(27,Y) {5 (V(J),-r + ‘705]7,1,) — Ly, - (7{,7 - Ulgjr,t) (C] + Tft) ]

CCB 1 1 . . ,
= Mo % +pm(27,Y) { - H—LKi(t +7)— FTL“ — k) Ky (t+7) + (Dhyyrr + L)
1, . A 1 . , A .
+5 (Bt 00ely) = 5 (M, —onehy) & = 5 (M- —onel,)) (do + X (¢ + T))]

cCB 1, . . 1 . . ' 1 . .
T M@ x) {5 (B 00%e) = I+ 1)+ (L + L) = 5 (4 = 12l) (¢ + do)

_ % (Y, —oel,) dy [e_APTX(t) - (I — e—APT> (A7) 77’} }pM(QT, Y)
— % (7{,7 — alai,t) dipy (27, Y)Y
— L0 R Ky (O (2r, Y exp { / ' [cl (7) + Co(7) X (5) + %x<s>’c3<7>x<s>] ds

- /t o [C4(T) +Cs(1)X (8)] dﬁs}

CCB 1, . . 1 . |
- m " {5 (7(])77 * Oogi,t) a K_LKi(t - T> + (LJQT,tJrT + LJQT,t)

exp { - %Y’JM(Qr)lY}
V@)Y det(oy(27))

exp{ 1V (ou(20) 4 ov(r) ) v )

_ 5 (7{,7_ — O-lgg—,t) (C] —+ do —+ dUL(T, X)) }

(M, —oel,) da

N | —

V@)Y det(oa(27) + 0y (7))

exp { — 1Y (o (27) " + o (7)) Y}

(L= #78) g
- ——K},(tK(r, X)
KL \/(27‘(‘)N det(opn(27) 4+ ok (7))

In the first equality we substitute C'C'B for the counter cyclical buffer, the critical loans
(86), the deposit rate (51) and bank reserves (52) in the paper. In the second step we
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substitute in the rules for future capital of the trading desk (36) in the paper and the factors
(17). In the final step we use the appropriate probability rules (68).
We also used the definition

pwr, X)=e 47X + (I — e‘APT> (1477)_177>

We want to evaluate the option value from equation (65) in the paper.
2x CCB
ki (M, — onel,) M(27, X)

Z%Et [PM(27'7 Y) (T‘Z',tJrT - Ti,tJrT) ] =
L

2X / ~ { Lo i Lo j j
+ - - Py + - —Kj{t+71)+ (L + L
KL (7{,7' —0167,) J- { 2 (%J 70cr) K, Lt +( amtT 2T’t)

eXp{ _ %Y’UM(ZT)_lY}
V@)Y det(oy(27))

exp { — 1Y (00 (27) L + oy (7)Y Y}

1 , .
-5 (7{,7 — 0'163_7,5) (07 + do + dy (T, X)) }

1. .
—5 (M, —oiery) da

2 \/(QW)N det(op(27) 4+ oy (7))
- | exp{ — %Y' (oar(27) ! + ok (1)) Y} N
_ A= R0 g i, X) } ¥
KI, \/(27T)N det(oa(27) + 0k (7))

Find p, for each {Ki(t +7), K,(1), X, Ef} such that

. . . 1 . . 1 . . .
F (Pka Ky (t+7), Ky (1), X, 55) - {5 (7(]M + Uofi,t) - R_LKﬂt +7)+ (L;T,t-‘rT + L%T,t)
eXp{ - %p’HOM(QT)‘lpn}
N
V@)Y det(oy(27))
exp{ = bl om0 4 ov ()

V@)Y det(or(27) + oy (7))
(1 — Kré)

| e { = ol (o(2r) 4 olr) ) |
- B2 et ke )

KIL \/(QW)N det(opn(27) 4+ ok (7))

=5 (i, = ouel) (¢ + do + dypl(r, X)) }

~3 (v, —oely) du

= 0. (89)
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Cancel the common terms to find
F (pe, K7 (t +7), K3,(t), X, €]) = {% (%, + 00et) — K—iKﬁ(t + 1)+ (L s + L3ry)
1
\/(27T)N det(opn(27))
exp { - %p;ffy(ﬂlpn}
V@)Y det(ox(27) + oy (7))

exp { - %pzaK(T)‘lpn}

1 i j j
5 (7{’7 _ U1€Jm) (Cj + do + le(T7X)) }

1 .
—3 (M, —oiel,) dy

_ m[(&(t)/c(ﬂx)

= 0. (90)
wr V@)Y det(04(27) + oxc(7))
This result leads to the equation (67) in the paper.
This relation is nonlinear in py, because of the terms like
1 _
kM) =exp{ = Soln(r) . . (o1)

However, we do know
exp { - %p;cfy(f)lpn}
V@)Y det(or(27) + oy (7))

exp{ — %p;UK(T)_lpﬁ} .
—pok(T)™H >0, (92)

OF (pw, K (t +7), K}, (t), X, €])
Aps

1. 4
=3 (Y, —o1et4) da

200y (1)

+ w}%(zﬁm(@ X)

KL \/(QW)N det(oy(27) + oK (7))

so the function is always increasing in the cutoff. In addition, it reaches it minimum at p,, = 0.
If

F(0,Ki(t+7),K,(t), X,€]) <0, (93)

then there exists exactly two solution p,. Otherwise the capital constraint is always binding,
so that you just take the expected value without a cutoff.

We have the partial derivative for loan desk manager’s future capital

8F ij 13 7Kj t ’X7 J 1 1
(P, Kf(t+7), K3, (8), X&) 1 <0. (94)

OK7] Ki \/ (2m)N det(o(27))
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We have the partial derivative for the trading desk’s capital

. . . _ 1. -1
OF (po Kyt + 7). K34(1), X.61) (1= rrt) o0 { - otowtr) 0]

: — K(r, X) < 0.
O, (1) KL V@)Y det(oy(27) + o (7))
(95)
We have the partial derivative for the yield curve factors.
OF (pu, KL(t 4 7), K, (1), X, €] 1, : 1
(P il 32 ul) 5z) -3 (7{,7 - U1€J7,t) die= A"
V@)Y det(oy(27))
+ L2820 o)) (X - ) (96)
L V@)Y det(oy(27) + o ()
This partial derivative is used to find conditions 1 and 2 on page 37 of the paper.
We have the partial derivative for the loan shocks.
OF (pu, KL(t + 1), K,(t), X, €l 1 . 1
(b, K3 3 u () ) ={§Uo+01 (07+d0+d1M(T’X))}
Oe V@)Y det(oy(27))
exp{ - %pzay(T)‘lpn}
-+ ialdl > O (97)
V@)Y det(oa(27) + 0y (7))
The total differential is
dF (p, K7,(t +7), K3,(1), X, €]) =F,, dps + Fies 1y dK7,(t +7)
+ Fi (A3, (1) + FxdX + Fde] (98)

It is straight forward to calculate all these derivatives using the Chebfun add on for Matlab.

As a result, we have

Opr Frej (117) Opi Fret )
A =— >0, —tr = __tul g
@Ki(t + T) FpK @K&(t) Fpﬁ
0P Fx 0P F
= X and ) 99
0X F,.’ o e’ F,, < (99)

These results are the bases for Proposition 5.3 in the text.

40



In choosing the optimal capital for the loan desk we need to know how this critical value

is affected by changes in the loan desk’s capital stock.

apN(K£<t +7), Q) = 0. and 82pH(Ki<t +7), Q)
OK3(t+7) ’ 02K (t+7)

< 0.

Thus, the critical function p, (K7 (t + 7), Q) must be concave in K7 (t + 7).
We also want to find the Cholesky decompositions for o (27) = XX, op(27)+0y (7) =

YuyXhyy and oy (27) + 0k (7) = p Xy - In this case the option value using (55) and (56)
in the paper is

2 e+ 2M@nX) [ COB(X)
S MEn OB e Y) (e =) ] = RS S

+ 5 (’V(J),T + 0'06?“5) - KI_LKi(t + T) + (L%T,t-‘rT + L%T,t)

(v, —oely) (9 +do + dip(r, X))

det(on (27))
Vdet(oa(27) + oy (1))

- —)K{W(t)/C(T X)) (Zx(r) " px) N det(;M(iTa)i G ))]CD(EMHJK) } (100)

(. — 1L ) i (S (7))
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As a result, we can calculate the Delta for the option value of the loan desk’s capital.

A, = OM(2r, X)B, [par(2r, V) [l — i) _ ZMErn X) { - L (101)
oKt +7) Y SRR )
L, o det(op(27)) 0P (Zy (1) Lpk)
- [5 (R, ezl \/det on(27) + oy (7)) Opx
(1= m1) g o Tl @) 0 () 00| or O
L K, (6)K(T, X) Jaeton @) T or0)) 9o ](P(ZMPH) aKg(Hr)}
2xM (21, X) CCB(X) 1, i L j j
kL (M, —o1el,) - M(27, X) T3 (Br + 00%20) = K_LKL(t 1)+ Loy + Liry)
— 5 (O = 01L,) (¢ + do + dup(r, X))
Loy e det(op (27))
3 Ui m ) i (2 (1)) Vdet(on (27) + oy (7))
s /iT{) . -1 det(on(27)) 0P (33 pr) 0ps
KL KK X)@ (Zx (1) pr) Vdet(oan(27) + O'K(T))] Opr  OKL(t+7)
Note

» expq — 3k (ok (7)) ps
o0d (ZK(T) Pn) _ { } (O'K(T)_l) Pr < 0. (102)

D V@)Y det(ox(r))

There are four competing effects of an increase in the capital for the loan desk’s:

1. a direct negative effect on the capital constraint, since more capital lessens the capital

constraint.

2. a negative effect through the cumulative probability that the capital constraint binds
using the probability distribution for the stochastic discount factor ® (ZX} pn) , by Propo-
sition 5.3.

3. a positive indirect effect through ® (Xy(7)7!p,), the cumulative probability that the
capital constraint binds using the probability distributions for the future factors, Y in

(5) from the paper.
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4. a positive indirect effect through ® (X (7) 'p,), the cumulative probabilities that the
capital constraint binds using the probability distribution for the capital for the trading
desk (35) in the paper.

To satisfy the second order condition for the loan desk’s to issue equity or pay dividends,
we must have A, < 0. In addition, to have an interior solution for the issuing of equity or

payment of dividends (43) or (44), we make the following assumption:

Assumption 1: The absolute value of the sum of effects 1. and 2. is greater than the sum
of effects 3. and 4.
Next we want to know how changes in the current capital of the trading desk influences

the expected marginal value of capital for the loan desk (65) in the paper responds to a change
OEMV (X4, (1) K (t47))
8K§V[

in the trading desk’s capital, Agy =

Agm = =

0K, (1) ki (W, — e, KL

OMT X)E [pu(2nY) [H: =] 2 omper x) {_(1-ng)
)

(103)

det(op(27))

X IC(T,X)(I) (2K<T) pn) \/det 27—) +0'K( ))

® (X o)

- % (v, — oely) (& + do + dyulr, X)) }

- Ol o) Byt ) D

B % (s —rers) \/det(j;t((;\; (-iTa)jf(T))

R ) T apﬁ(Ke%%; o i) }

The four effects of this change are the same as for a change in the capital for the loan

desk’s. The key change is that the changes in the three cumulative probabilities for the
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stochastic discount factor, yield curve factor and capital for the trading desk now have different

c . dpr . Opr "
qualitative effects, based on the size of oKL () > ( relative to oKL 0 > 0 from Proposition
(5.3) in the paper.

OEMV (XK (t),K3 (t+7)) .

The impact of a change in the interest rate factors Ay = b is given by

2x dCCB(X)

Ax = . .
* KL (7{,T - Uld,t) 0X

2xM (21, X) 1, . , 1. ) ,
[ et~ 0 e )
Y N (g L det(on(27))
2 (71’7 Ulgm) (c] +do + dap(T, X)) 2 (71,7 UlgT,t) d,® (EY< ) Vdet(oy (27) + oy (7))
(1—=r78) 4 det(on(27))
- K (OK(r, X)D (2
KL w(OK(T X) ( x(7) ) \/det (27) 4+ ok (7))

0P (2 pr) Opu (KL (t+7), Q) .

—_

. det(oar(27)) 0P (57" p) Opu (KL (¢ 4+ 7), Q1)

~ 5 (v, —oiel,) dy

Vdet(oy(21) + oy (1)) Ops 0X
(I =krf) . det(op(27)) 0P (X5 pr) Opp(KL(t+7), Q)
KL B k(T X Vdet(oy(21) + ok (7)) Opw 0X
- B8 i (0K X) (X = ) @ (S () p0)
- % (M, —o1et) dle”’“”] x @ (33/ pr) } (104)

There are four effects of changes in the yield curve factors.

1. a direct negative effect through the decrease in the cost of the counter cyclical buffer
by (80).

2. a negative effect through a change in the conditional expectation of the gross rate of
capital growth for the trading desk, IC(7, X), for X > ux, and the change in the future
deposit rate from (51) in the paper resulting from the change in the expected value of

the yield curve factors by (4) in the paper.

3. a positive effect through a change in the cumulative probability distribution, ® (E;l pn)
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for the yield curve factors, and the gross growth rate of the gross growth rate of trading

desk’s capital, ¢ (Z;(lp,g), by Proposition 5.3 in the paper.

4. a positive effect through the cumulative probability distribution, & (EX} pﬂ), and the
conditional expectated value, M(27, X), of the stochastic discount factor, when X >

iam > e by Proposition 5.3 in the paper.
4.2 The Capital Option Value under Liquidity Constraint

We also need to find the option value of the liquidity constraint to complete the calculations

in (65) in the paper. Recall from (22) from the paper.

: 1 : . : : .
Liper =— {Ki(t +7) + (1= ar§) Ky (t +7) + arRl; — s (Lyppyr + Liyy) ]
The following calculations are similar to those for the capital constraint. We use the rules
for future capital of the trading desk (36) in the paper and the yield curve factors (17).
The payoff on the option is

(76,7' + Uogi,t) - (_’7{,7 + Ulgi‘,t) (07 + r£t+7') :| = pM(27—7 Y) {_Ki(t + T)

T

1
2

N | —

pu(27,Y) |:L{,t+7 -

1 , 1 1 . .
+—(1 = ar&) Ky (t +7) + —ag (ro + 1 X (t + 7)) — —aa: (Lh,py, + L)

o, o, o
1, . . 1 . . 1 . .
-5 (W, + o0el,) — 5 (=, +oel,)d — 3 (=i, +oel,) (do + di X (¢ + T))}
= in(tJrT)—ioz (L por + L )+iar_1(j + oel,)
a, L o, 27 27, t+7 27t o, R"0 5 Y0,r 0€r ¢
1 : ) ) 1 1 ‘ ‘
2 (=7 +o1ery) (¢ + do) + [Q_O‘er — 35 (=, + o1el,) d1:| M(X)}PM(QT, Y)

1 1 ) )
+ [a—am’l 3 (—7{,7 + 01€]T,t) d1:| pu (27, Y)Y,

2

T

n /t o {04(7) + cS(T)X(s)} des}

+ i(l — aTﬁ)wa(t)pM(QT, Y) exXp { /t‘H_T

Ci(1) +Co(T) X (s) + 1X(s)’Cg(T)X(s)] ds
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(=7 + +o1ely) (¢ +do + (X))

DN —

= { b+ 7) = 2 (U 4 o) = 5 (o 0h) -
exp { - ;mM(zT)—ly}
V@)Y det(or(27))
exp{ — Y (ou(27)  + oy (1)) Y}
\ @m)™ det(om(2r) + ov (7))

expy — 3V (o0 (2) " + o (r) )Y
+ (1 _ O-/TS) Ki/[@)lc(ﬂ X) { }

. \/ 2m)N det(op (27) + o (7))

+ % (ro +rip(X)) }

o 1 . .
+ {Q—Rﬁ S G R dl}

The option value of the liquidity constraint becomes

. . + 2X oo 1 . oy . .
E QY[JI —J*] _ 4 . / Sty = 22 I
~ 3 (- + 00ess) — 3 (=i, +oel,) (¢ +do+ dip(X)) + a—R (o +rip(X)) }
exp{ - %Y’O’M(QT)_l}/}

X

V@)Y det(04(27)
exp{ —3Y (op(21) " + oy (1)) Y}
V@)Y det(or(27) + oy (7))

exp { — Y (o (27) 7 + o (7)) Y} }+dy

aR 1 ; ;
+ |:a—TT1 — 5 (—’7{77. + 0161,1&) dl}

+ (1= ard) K, (HK(r, X)

V@)Y det(oy(27) + o (7))
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Find p; for each {K%(t +7), K1,(1), X, 5]} such that

. . . ‘ 1 .
G(pz,Ki(t+r)7Ki(t+T>,Ki4(t>,X,a§)={Q—Ki(wﬂ I (Lyrpir + L)

1, . . 1 . . . o

-3 (M- + 00el,) — 5 (=i, +oel,) (¢ +do + dip(X)) + a_R (ro + r1 (X)) } (105)
1 1
eXP{ - §P;UM(2T)_1M}

V@)Y det(oy(27))
[Z_fﬁ -3 ( 71T +0157—t) d }
V@)Y det(or(27) + oy (7))
(1 —arf) K3, (DK (T, X)

O /@) det(on(27) + ox())
The Greeks A; and I'; are the same as in the case of the capital constraint with x replaced

by (.

As a result the option value of capital is given by

exp{ = potlonen) ™ +ov(r) ) o}

_|_

exp{ - %pg lom(27) " + ok (7) 7] pl}. (106)

w1t 2xM(@2T, X 1, ;
M(27, X)E, {pM(QT Y) [ Trttr — Tg—,t-&-'r] 1 2 ) {{5 (’Yé,r +<7051,t)

or (71, — 01674)

1 . . . . 1, . , A
K+ T) + (L + L) — 5 (W — 01EL) (& + do + dupl(X)

Qr (078 ’ ’ 2
- (ro +71p(X)) } x ® (2]&1/}1) + {%7’1 - % (_7{,7- + U1€i,t) dl} P ((EM(T)*1 + Ey(T)fl) /)l)
n (1 —arf)

. K3, (OK (T, X)® ((Sm(m) ™+ Zx(r)™h) pr) }
(107)
The option value of the loan desk’s capital under both the capital (100) and liquidity
constraints (107) have the same functional form when one uses the parameters of each con-
straint. Thus, the comparative statics for each option value are the same as in the previous
subsection.

The last term we have to calculate for the expected marginal value of the loan desk’s
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capital is the marginal effect of the deposit rate.
E, [pM(2T, Y) [TD(t + T)TH = E [pp(271,Y) (do + d1 X (t + 7)) 7]

5 |:pM(27_7 ¥) (do L, |:6APTX(t> _ ([ B efAPT) (AP)_l VP 4 /tf eAP(Tv)EXdEUD 71
= (do + dyp(X) + 1) 7.

In the first step we use the expression for the deposit rate (51) in the paper. In the
second step we use the solution for the factors (17). The third step separates the two random
expressions. The last step applies the intertemporal rate of substitution (10) from the paper
and the price of an 7 period zero coupon bond (11) from the paper to evaluate the first term
in terms of current factors.

We can now put the three terms together. For any change over one period we have

1 j j* + 1 K j*
Pl 2Mar | 2 (s = ) o (e - )
L

T

M(2T, X)Et{pM(QT, Y)

+(x— D7 } = (do 4 dipu(X) + 1) M(271, X)T
s
o 2ME2rX) | {1 | -
+3 Pr(el, =) 220 P paad —{ = (W +o0el,) — —Ki(t+ 7
; (& )(Wf,T—Jlei) o 2(%’ 0°71) o Lt +7)

a T . .
+ a_z (L%T,t-f—T + L%T,t) -

T

(7{,7 - 0181,1&) (Cj +do + dl,u(X)) . % (ro + (X)) }

T

DN | —

1 . .
x P (Zﬁpl) + |:%T1 -5 (_’7{; + Ulgi,t) dl] ® (EidlYpl)

o 2
4 MK{\'J@)IC(T, X)® (EX/[IKPI) };

ar

wr M2 X) 5 (% 1) — —Ki(t I/ L]
K, _,/\/1(27-7 X) + KL (’YO,T + 0-057-,1‘,) P L( + ’7') + ( 27 ttr + QT,t)

1 CCB(X) 1 {1
2

— % (ﬂﬁ — 015%) (¢ +do + dapu(7, X)) }(I) (X3 pw)
B % (7{,7 — 0162,) dyM(27, X)® ((Sar(T) ™ + Sy (7)) pi)
(1 —kré)

— —KJ]\'/I(t)IC(T, X)® ((EM(2T)71 + 2}((7’)71) ,0,4) }

RL
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Here t can be any time period. Also, the shock to loan demand 5% has a discrete distribution
with S values 5{ . This corresponds to (75) in the text when the two period loans are ignored.
The A in the text corresponds to either A, or A; depending on which constraint (22) or (23)
is binding. The same is true for (104) and (101) for the change in the interest rate factors or
the trading desk’s capital stock.

5 Choice of Capital for the Trading and Loan Desks

We can now discuss how the COO chooses the amount of future capital for the loan desk.
We start in a terminal period ¢ + (n — 1)7 + 7 and choose capital for the last period based on
the first order condition for choosing new issues of capital or payment of dividends.® We use
(x — 1) since most of the time a bank pays dividends but seldom issues equity.

As a result, the capital allocated to the loan desk for time n7 under (44) in the paper is

given by
./\/l(T X)(x =171 = (do+ dy(X(t+ (n— )7 (27, X(t—i—(n—l)T))

)+ 1) M
M2, X(t+(n—1)7) [ 1 X(t+(n-Vr)
_ZPT L e {; 27Xt+<n—1>7>> { O o0

_ KLLKJ t+7)+ (Lhyr + Ldy) — % (v, —oely) ( +do+ dip(r, X (t + (n — 1)7))) }
X ® (X pe((n—1)7)) — % (., = 018L) di® (Sar(7) ™" + Sy (1)) pul((n — 1)7))

(1 =k1§)

Rr

K3 (OK(r, X(t+ (n = D7) (Zar (7)™ + Zie(1)71) pal(n = 1)7)) } =0,
(108)

which yields a maximum when
A, <0.

Here, A, is given by (101). This is a fixed point problem that yields the optimal choice of
capital in the next to last period, Ki*(t + nT).

8We write the period as t + (n — 1)7 + 7 rather than t + n7, since in general the loan desk’s capital is
chosen in the previous period t 4+ (n — j)7 and is available in the next period ¢t + (n + 1 — j)7.

9To save space we only include the option value of the capital constraint. If The liquidity constraints binds
then replace [ with k.
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Theorem 5.1. The bank’s choice of capital for the loan desk is optimal when (108) holds for
the time period [(n — 1)7,n7| and A, < 0.

By (81) the marginal value of capital for the lending desk in period ¢ + (n — 1)7 is
ov

aKz(t ) = M(t, X) [r t+n=—D71)T+ M+ (n—17)+ X(t+ (n — 1)7')}

+ M27, X)Eri(no1yr [pn(27,Y) [P (t + n7)T + Xi(E+nT) + A5t + n7)] |
= M(7,X) [T’D(t +(n—n)1+MEt+(n—17)+X(t+(n—11)+ (x — 1)7’] )

(109)
As a result, the choice of capital (44) of the paper in period t + (n — 2)7 is K7 (t + (n — 1)7)
satisfies

M(1,X)(x — 1)7 = M(27, X)Et4 (n—2)r) [pM(2T, Y) (TD(t +(n—1)7)T

(110)

+ M+ (n—=D7) F Xt +(n—1)7) 4+ (x — 1)7)

By(81), (109), and (110) the marginal value of capital in period ¢ + (n — 2)7 is
ov

ORI+ (n—2)7) = M(7,X) [rP(t+ (n = 2)T)T + M (t + (n — 2)T) + Aot + (n — 2)7)]

+ M27, X) By (n—2)- {pM(QT, Y) |:T‘D(t +(n—17m) T+ A+ (n—1)7)
+ At 4+ (n—1)7) + (x — 1)TH

= M(1,X) [TD(t +(n=2)") T+ M+ (n—2)7)+ X(t+(n—2)7)+ (x — 1)7’]

(111)
This result has the same form as (109).
As a result, the choice of capital in period t 4 (n — 3)7 is K7 (t + (n — 2)7)
(x — )7 =MQ2r, X)E; |pp(27,Y) (rD(t +(n—=2)7)T+ M(t+ (n—2)7)
(112)
+X(t+(n—2)7)+ (x — 1)7) :
Thus, in general the optimal condition for the loan desk’s capital is
(x — D1 =M271, X)E; |pm(27,Y) (’I‘D(t + )T+ ME+T)F Xt +T)+ (X — 1))] .
(113)
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Theorem 5.2. The bank’s choice of capital for the loan desk’s is optimal when (113) holds
for all m and A, < 0.

This corresponds to Proposition (5.4) in the paper.

We can use the optimal condition (113) to see how the changes in the level, slope and

curvature of the yield curve impacts the optimal capital of the loan desk.

. K j +
aKi(t + 7-) B 1 8M(27’,X)Et [PM(273 Y) [T‘JF,H-T - Ti,tﬂ} ] B Ag (114)
OKI, (1) A OK?, (1) A
where the partial derivatives are given by (101) and (103).
aK%(t +7) _ (x=Dr ~1 Ax
_ _ _ 115
- S MEr ) () (X ) ) - B (119)

where the partial derivatives are given by (101) and (104). We can also determine how the

capital of the loan desk changes over several periods.

Theorem 5.3. The impulse response of the optimal loan desk’s capital to the level, slope and

curvature of the term structure is determined by (114) and (115).

Proof. 1f the level, slope or curvature increases at time ¢, then the expected percentage change
in the trading desk’s capital at time t 4+ 7 is — (o (7)) ™" (X - ,uK(T)> following (34) in the
paper. The change in the loan desk’s capital at time t 4+ 7 is given by (115). At time ¢ + 27
the trading desk’s expected percentage change in the capital is — (0}((2’7’))71 X — MIC(2T)> )

In addition the change in the loan desk’s capital is now

OB, (Ki(t+27)) Agcnr(t +27) .
AL (W) K(2r X) foe(2r)) ™ (X = ct2n))

Here, the partial derivatives are given by (114) and (115) at time 27.
At time t + k7 for £ > 3 the trading desk’s expected percentage change in the capital is
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— (oxc (k)" (X - u;c(kr)) , while the change in the loan desk’s capital is
t 6X - t Aﬁ(t—‘— k'T) 7—7 oK T /’L’C T

J
g [ YKL RT) Y e,
0X(k—1)r

5.1 Optimal K}Q

To solve the COQ’s problem we use the first order conditions (45) to (47) in the paper. Here,

the marginal value of the trading desk’s capital is given by

ov rP y I
S =M [/C(T, X) 4 &5= [P~ €K3(0] + (1= O (1) + (1 — &)X (1)
oV
+(1- fOéT)/\z(t)] + M(27, X)E, [pM(QT’ Y)W

In addition, the marginal value of the loan desk is given by (81) given the optimal choice

of capital for the trading desk.

ov

RO EMV(X, K3, K (1, K3, X)) =M(7,X) [rP(t)7 + A (t) + Aa(t)] - (116)

Now substitute the marginal value of capital for the loan desk into the marginal value for

the trading desk to yield

oV oV
O, (1) 9K (1)

+ M(7, X) {/C(T, X) + 5% [D — EK3,(H)] — &rP(t)T — ExpAi(t) — faT)\g(t)l :

S . ov
| EMV(X, K, Ki(r, K, X)) — M(2r, X)E; | py (27, V) ——
MV, Ky, K K X)) = MCr OB, purY) 52— ||

(117)
If the bank has both a trade and loan desk in the future, then —2%v— — 9V —
0Ky (t+T) 0K (t+7)
then
ov ov

= M(r, X) [’C(TaX) + 5% [D - §K§4(tﬂ - fTD(t)T — ERpA(t) — §QT>\2<t)} :

0K, (1) 0K} (1) (118)
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This leads to (72) in the paper under (47) in the paper. (73) in the paper follows from setting
this equation to zero using (47) in the paper.
Consider this condition at K f\/]lv given by (71) in the paper.

ov ov

P ) -
~ M, X) K X)+E— |D— <KM@ —T’DtT—FL)\t—Oé)\Tf:|:0
g — M) (K X)+ 655 [D = R0 - 670 — enan0) — candulo)] 2
ke x) v el e p | 2k x) 1| - er? A Aa(t)| Z
= (7’, )+§E—§ ﬁ 52? (7', )—|— —f’l“ (t)r—{nT 1(t)—€CMT g(t) 20
rP o TP D >
= |K(7, X) = K(7, X) tog —85 -4 ()7 — ErrAi(t) — Sara(t)| 20
=rP(1—€) Z 2 [rP (1) + mrAi(t) + arda(t)] .
(119)
This corresponds to (75) in the paper.
Suppose the capital constraint is binding, then
oV oV I : 26XT Y. + ooel,
— — ——— = K(1,X)+&—= |D — K, (t)| — &(do + d1 X) — : . : ’
8Kj/,(t) (‘3Ki(t) ( ) §2D [ § M( )] £(do 1X) KL (7{,T—U1€§,t){ 2
1 ‘ : P + 1, . : .
— —|K/(t) = kK () —a (5= —1) | =5 (W, —0oel,) (+do+diX) p =0
KL P3T,t 2 ’ '
, 262 (v — o€l ) D P
K () = n_L (71,7 01 t',t) A (IC(T, X) + T E(dy + le))
£2 [QKJTXDT + rPr2 (7{77 — 015?,1&)} 2
AfxrkpD I toel, 1. .
- _ A&xmL DT ) Tor T 0% L [Kﬂ(t) — e (P(t, X) — 1)*]
£ [ZmeDT + P2 (7{’7 — 016{7,5)] 2 KL
1., . , .
_ 5 (7{’7_ — Jlggjt) (C] + do + le) }
This corresponds to (78) in the paper.
We can also find how changes in factors influence the capital for the trading desk.
(9th(t) 2K% (’y{T — algit) D ( = ( ) )
=— -~ . 4 K(r, X) (ox(T X — T) | +&d
0X & [26px DT + 1763 (v, — owel )] (7, X) (oxe(7)) () &
4k DT 1 1, :
— — . , —p (P(t, X)bsy | X < X) — = (], —o1e1,) dy ;.
& [260X DT + 1753 (1, — o1€t,)] {“L » (P00 | ) 2 o i) 1}

(120)
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If the capital constraint is not binding, then

ov ov P = j _ _
OKI,(t) OKi(t) K X) + 6555 (D = EK3,(8)] = £ldo + 1 X) =0 (121)
K3 (0) = s (10 X0+ €5 = €+ uX) ).
The impact of X is
0K, D 4
aj\;((t) =— érp (IC(T, X) (ox(7)) <X — IU/C(T)> +§d1) : (122)

6 Calibrating The Bank Parameters

This section explains how the parameters of the simulation in the paper are determined. First
we set the parameters for the liquidity (19) and capital (21) constraints. We then determine
the parameters for the bank using the 500 largest commercial banks in the United States from
Quarter I 2001 to Quarterly IV 2007. Finally, we provide evidence on the relation between

monetary policy and the yield curve factors.

6.1 Regulatory Constraints

To determine the parameters for the regulatory constraint we use Michael King (2010, pp.
10-11) who provides a simplified model of the NSFR.

Equity + Debtsyy, + Liabssyy, + 0.855table Deposits.y,, + 0.700ther Deposits

0.05GovtDebt + 0.50CorpLoans <1y, + 0.85Ret Loans <y, + Other Assets
(123)

NSFR = > 1.

which implies

Equity + Debtsyy, + Liabssyy, + 0.85StableDeposits.y,, + 0.700ther Deposits
> 0.05GovtDebt 4 0.50CorpLoans iy, + 0.85RetLoansy,, + OtherAssets.
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In our model we have

K’ =Equity
LJT' =0.50CorpLoansi,, + 0.85Ret Loans <1y,
LgT’t + LgT’t_T =QOtherAssets
D’ =StableDeposits iy,
or’ =Debt~1y, + Liabssyy, + 0.700ther Deposits

wK7, =GovtDebt

These variables are stated relative to total assets in Table 12 for the average of the 574
bank holding companies with more than $1 billion in assets as of March 31, 2015. Bank
Capital is Total Equity capital. Short term loans, L? is the Commercial and Industrial Loans
plus Loans to Individuals minus Automobile loans. We subtract off Auto Loans since they
tend to be longer than one year. For GovtDebt, wK jJ we use U. S. Government Securities
plus Securities Issued by states and Political Subdivisions. For bank reserves, R{ we take
Currency and Coin in Domestic Offices plus Balances due from Federal Reserve Banks. For
Stable Deposits<y,, we use Transaction Accounts + NonTransaction Accounts - Total Time

Deposits.

In terms of our model of the NSFR we take'”
K] > 0.05wK?, +0.675L) + L}, + L}, . —0.85D7 — Other Liabilities . (124)

The 0.68 is based on equal weight for corporate and retail loans.

From the balance sheet constraint we have
D! = RV + L1 4+ 0.675L}, , + L}, . — Other Liabilities — K.

We place the same weight on short term loans. Otherwise these loans would reduce capital

requirements.

K] >0.027 (T2, Pyy + T3, Pory + T, Pyrp + Ti,  Pary) + 0.055L7 +0.08 (L3, + L3,,_,)
— 0.459R7 — 0.069 Other Liabilities . (125)

10Since commercial and retail loans are consolidated in the model we take the weight to be the average of
0.5 and 0.85.
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Ktj > OZTLZ',t + aor (L%Tﬂf + L%T7t—7) - aRR{ +ar (T‘l{tPT,t + TQjT,tPQT,t + Tg'r,tpi’r‘r,t + TZT,tP‘lT,t) :
(126)
The parameters for the regulatory constraints are given in Table 13. This Table corresponds

to Table 10 in the paper.

Table 12: . Average Accounting Ratios for Commercial Banks with more than a Billion $
(March 31, 2015).

H Variable ‘ % H

K
= 11.22
Ly,
y 15.59

LJT,t—"—LJT,th

% 5&8.82
& 10.4

(TQjT’tPQT,t+Tj7-’tP3T,t)

5‘] 2 15.19
= 56.24
oL 32.54

Table 13: Parameters for Regulatory Constraints (125) and (126).

| o oo | ar | ar [wr| w | b |

| 0.055 | 0.08 | 0.459 [ 0.027 [ 0.0 | 0.08 | 0.02 |

6.2 Benchmark Parameters for Banking Model

Next we identify the parameters for the bank. To set the deposit rate parameters we use the
data from 500 largest U. S. Commercial Banks from 2001 Quarter I to 2007 Quarter IV. To

obtain the deposit rate parameters in
Tftj = do + lel(t) + €rD,jt-

A panel regression of the interest expense on deposits relative to the first interest rate factor

Xi(t) is provided in Table 14. Bank fixed effects are included in the regression. We use
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interest expense on total deposits relative to total deposits, which has a mean value of 0.0078.

We use the estimates in Table 14 for the deposit rate parameters in Table 16.

Table 14: . Panel Regression of deposit rate on first state variable.

| Variable/Statistic | Constant | X(1) |

3 0.0111 | 0.0282
T-Stat (7.4196) | (4.6694)
adj R 0.2487

Table 15: . Panel Regression of bank reserves on first state variable.

| Variable/Statistic | Constant | X;(t) |

3 0.1340 | 0.3936
T-Stat 17.4619 | 12.6935
R? 0.5715

Table 16: Parameters for Deposits (51) and Reserves (52) in the paper.

| b [ d [ 0 [ n | J |
| 0.0111 | 0.0282 | 0.1340 | 0.3936 | 0.0378 |

To find parameters for the bank reserves we run the panel regression with bank fixed

effects, and using the same set of banks and time period.
Ri =Tp + T’le(t) + ER,j,t-

We estimate this relation using a panel regression with bank fixed effects in Table 15 for the
500 largest U. S. Commercial Banks from 2001 Quarter I to 2007 Quarter IV. The dependent
variable is cash balances plus deposits due from other depository institutions including the
Federal Reserve. These estimates are included in the Table 16 for the parameters used in the

simulations. In the paper this Table corresponds to Table 7.
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For reserves we use cash balances plus deposits due from other depository institutions
divided by total assets for the 500 largest commercial banks using data from 2001 to 2007.
This number includes balances due from depository institutions which is not part of reserves.
Yet, cash items in process of collection plus balances due from Federal Reserve divided by total
assets, 10.83%, is 80% of cash balances plus deposits due from other depository institutions
divided by total assets for the commercial banks with more than one Billion $ as of March
31,2015.1

We estimate the demand for loans (48) in the paper.

dj _ J J d J N\ : Jy — J
L t — VO,T - Vl,TTT,t + 0-<T7,t)€7',t with O-(T’T,t) =00+ 0-1707—,15‘

T,

To estimate the loan demand we use Commercial and Industrial Loans divided by bank
assets for the 500 largest Commercial Banks from 2001 Quarter I to 2007 Quarter IV. Table
17 contains the results for a panel regression with bank fixed effects. We also control for bank

size by including the logarithm of bank assets.

Table 17: . Panel Regression of Commercial and Industrial Loans/Assets on Interest Income.

H Variable/Statistic | Constant ‘ s ‘ In(Assets) H
B 0.373368 | —0.029707 | —0.017113
T-Stat 92.08413 | (4.2635) | 15.4801
adj R 0.8739 S.E. 0.0331

The slope of the demand curve is —7{'77 + 0'153-,15- As a result, the inverse of the elasticity

of demand is

J d,j J J J J J
1 aTT,t LT,t 1 70,7' JOgT,t (_7177 0'187,15) Tﬂt
dj .J J J J
€ aLT,t Tt M, T O1E7; Tt
J J
Yo,r T O0€T

Ti,t (_7{,7 + Ulgi,t)

orl, L&Y . 1 W+ ool
=MR= |1+ :lt] ;’t re=rp (1=~ ) =2r, — %
8LT:t Tt € (71,7' - UlET,t)

(127)

=1+ <0

HWe divided the parameters from the level of reserves regression by the total average across all banks and
time periods.
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We pick the values of the parameters fygﬁ and ’yg’T using the average data across the 500
U.S. Commercial Banks from Quarter I of 2001 to Quarter IV of 2007. We want to match the
average value of the commercial and industrial loans relative to assets L//A7 = 0.1212, the
loan rate of Ti,t = (0.0643 using the ratio of interest income and fees to loans for commercial
and industrial loans. ¢/ = 0.0376, for the average non-interest expenses divided by total assets.
The average interest expense on deposits to total deposit ratio is used to set rfft = 0.0165.
Finally, we want the coefficients to yield the optimal unconstrained loan rate of ri’t = 0.0643

when the uncertainty is zero. This leads to the relations:

1. ("fj] 7= i, — 3 (9 +rB,) =0.03719.

J AT i AT j— __TJor .J J
2. ,YO,T - 71,7T7,t + L = ’71,7-717,7& + L7 = 2(0.03719) TT,t + L.

3. Yields 7j . = 0.8972 and ~{ . = 12.0621.

4. The Marginal Revenue is 277, — 10 =2 x 0.0643 — 32228 — (0543,

Table 18: Parameters for Loan Demand (48) and (49) in the paper.

H 70,7 ‘ V1,7 ‘ 0o ‘ 01 ‘ 20 ‘ Z1 H
| 0.8972 | 12.0621 | 0.0331 | 0.2067 | -0.6150 | 0.00035 ||

If we use the parameters from the regression we have 5 = 0.1121 and ~; = 0.030. However,

Marginal revenue turns out to be too big, since vy/v; = 3.7367. Consequently, we choose the
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parameters in Table 18 which are based on the unconstrained profit maximization condition
and the loan demand curve.

From the 500 Largest U.S. Commercial banks we have total charge offs to total assets is
0.00566 with a standard deviation of 0.0133. The standard error of the regressions in Table
17 is 0.0331. We want the standard error oy + 0’17“1’15 = 0.0331 4+ 0.0133 = 0.0464 so that
o9 = 0.0331 and o7 = 0.0133/7’Z7t = 0.2067 Consider a two point distribution with payoff z,
with probability p = 0.00566 and z; with probability 1 — p. Suppose we know mean x and

variance y, then basic algebra shows

1 —
zozx—w—pyandzl:er Ly.
p L—p

These leads to the solutions zp = —0.6150 and 2z; = 0.0035. riﬁt(z[)) = 0.0631 and Tit(zl) =
0.0643 when the interest rate is kept at its optimum. This completes Table 18 which is
reproduced in Table 8 of the paper.

6.3 Yields Factors and Macroeconomic Variables

Recent work by Joslin, Priebsch and Singleton (2014) has examined the relation between the
principle components of yields data and macroeconomic variables. They find that the level is
positively affected by economic growth and inflation.!? This corresponds to the usual result
that interest rates increase during booms to the business cycle and when inflation increases.
At the same time a higher level of economic growth leads to a flatter slope for a positive
sloped yield curve, since a central bank would want to raise short term interest rates when
the economy is expanding too fast. In addition, they find that higher inflation increases
the slope of the yield curve by a smaller magnitude relative to economic growth. While the
third principle component is not affected by economic growth and inflation, it does have a
negative impact on economic growth and inflation. Consequently, higher curvature signals
lower economic growth and inflation, which in turn leads to lower level and a larger slope
for the yield curve. Thus, there is a significant connection among the latent factors and
economic growth and inflation, which corresponds to how the yield curve behaves over the
business cycle.

We examine such connections between yields factors and economic variables using our
data in the sample period 1990M01-2013M12. Specifically, we base our analysis within the

12They use the Chicago Federal Reserve index of economic activity for economic growth.
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well established monetary policy framework of the Taylor rule (1993). Since we illustrate the
implications of the model using a one factor model, we investigate how a one factor model
captures monetary policy. To this end, we first regress the short term 3 Month Treasury yield
on the deviation of inflation AP, ; from its target AP*, as well as the GDP gap Y99 = Y;;;Y.

T3mot = AP,y + 17 + aap(AP—1 — AP™) + ay Y9,

To measure the Taylor variables we use Real Potential Gross Domestic Product, Billions of
Chained 2009 Dollars, Quarterly, Not Seasonally Adjusted from FRED, Y* and Monthly real
GDP from Macroeconomic Analysis http://www.macroadvisers.com/monthly-gdp/, Y. We
interpolate the quarterly potential GDP to obtain the monthly observations. For inflation,
AP we use Consumer Price Index for All Urban Consumers: All Items Less Food and En-
ergy, Change from Year Ago, Index 1982-84=100, Monthly, Seasonally Adjusted from FRED.
Finally, we use the 3-month yield to maturity on Treasury security as a proxy for the short
term rate.!® As a result, Y9 is negative during a recession. r; is the natural real rate of
interest. In addition, the Taylor principle assumes that apnp = 0.5 and ay = 0.5. As a result
a 1% increase in inflation leads to a 1%% increase in the short term interest rate, while a 1%

increase in the output gap leads to a %% increase in short term interest rates.

The results of the Taylor rule regression are in Table 19. Note that for this exercise and all
of the following exercises using factors, the t-test statistics are calculated using Newey-West
HAC (Heteroskedasticity and Autocorrelation Consistent) estimator because the yields data
are typically highly persistent. The regression is run for data from April 1992 to December
2013 because monthly real GDP starts from April 1992. We obtain the expected signs for the
impact of inflation and the GDP gap. Yet, the Taylor principle does not hold since a change
in the inflation rate leads to a less than 1% increase in short term interest rates, so that
the Federal Reserve is less aggressive in combating inflation relative to the Taylor principle.

Furthermore, the response of the short rate to inflation rate is not significant.!*

Because the short rate variation reflects both the level and slope movements of the yield
curve, we study how each of the factors responds to the macroeconomic variables using both

the empirically constructed factors and the term structure latent factors obtained through

13We could also use the Federal Funds rate and obtain similar results.
4Note, however, that we use lagged variables in the Taylor-rule regression here as a simple specification to
illustrate how yields factors are generally related to the economic variables.
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Table 19: . OLS Regression of 3 Month yield on Taylor Rule Variables

| Variable/Statistic | Y7 | AP_; |

5 0.6005 | 0.4299

T-Stat (7.1273) | (1.1759)
R? 0.6641
D-W 0.0993

Kalman filter within the affine term structure model. Both constructions are presented in the
previous subsection.

First we focus on the empirical factors as constructed in the previous section by following
Diebold and Li (2006). Recall the level explains 95.5% of the variation of the yield curve,
while slope and curvature explain 4.2% and 0.2% of this variation, respectively. We estimate
the Taylor rule regressions using the level, slope and curvature factors of the yield curve as
the dependent variable and the results are given in Tables 20, 21 and 22. First, the level
factor regression yields quantitatively similar results to that using the 3-month short rate in
Table 19. A positive and significant response coefficient estimate associated with the output
gap suggests that the level factor tends to rise (decline) in response to economic booms (re-
cessions). Although the response coefficient estimate associated with the inflation rate is also
consistent with economic intuitions it is again not significant and the magnitude does not
satisfy the Taylor principle. The adjusted R-square of the level factor regression turns out
to be higher than those of both the slope and curvature factors regressions. Despite a lower
adjusted R-square, the slope factor regression also yields results consistent with economic in-
tuitions. The negative and significant response coefficient estimate of the output gap suggests
that the Fed tends to cut (raise) the short rate leading to larger (smaller) slope factor during
recessions (booms). Again, although the response coefficient estimate of the inflation rate is
consistent with Taylor rule it is not significant. Turning to the curvature factor, the regression
results reveal that it appears to be significantly positively correlated with the output gap.

For comparison purposes we also run the same Taylor rule regressions using the latent
factors obtained in the affine term structure model via the Kalman Filter, and the results
are given in Tables 23, 24, and 25. The Taylor rule regressions results are broadly similar to
those using the empirical factors. However, the adjusted R-square for the first latent factor

that is closely related to the level factor becomes lower than those for the second and third
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Table 20: . OLS Regression of Level on Taylor Rule Variables

H Variable/Statistic \ Yor \ AP, H
3 0.4648 | 0.2615
T-Stat (4.1191) | (0.9649)
R? 0.4991
D-W 0.0814

Table 21: . OLS Regression of Slope on Taylor Rule Variables

| Variable/Statistic | Y7 | AP, |
B -0.1357 | -0.1684
T-Stat (2.3373) | (-0.6095)
R? 0.2134
D-W 0.1381

Table 22: . OLS Regression of Curvature on Taylor Rule Variables

| Variable/Statistic | VT | AP_; |
I6] 0.1438 0.1307
T-Stat (4.2511) | (0.7840)
R* 0.3337
D-W 0.1417

capture the monetary policy.
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Overall, the above regression results suggest yield curve factors contain useful information
about how monetary policy reacts to economic conditions. For example, during economic
booms, consistently the level factor rises and the slope factor declines. This suggests that
during economic booms when the Fed raises the policy rate, it shifts up the whole yield curve
leading to a rise of the level factor, and at the same time, such a policy raises the short end
of the yield curve more than the long end so that the yield curve also becomes flatter. These

observations suggest that it is entirely possible to use one factor such as the level factor to



Table 23: . OLS Regression of First Latent Variable on Taylor Rule Variables

| Variable/Statistic | VT | AP |
Ié] 0.1657 0.0899
T-Stat (1.2073) | (0.2284)
R? 0.0967
D-W 0.0504

Table 24: . OLS Regression of Second Latent Variable on Taylor Rule Variables

| Variable/Statistic | Y7 | AP, |
6] -0.5046 -0.1869
T-Stat (55.2797) | (-1.0252)
R? 0.5000
D-W 0.2640

Table 25: . OLS Regression of Third Latent Variable on Taylor Rule Variables

| Variable/Statistic | VT | AP, |
Ié] 0.9083 0.5300
T-Stat (8.2229) | (1.0401)
R? 0.6308
D-W 0.1591
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