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Abstract

Our research creates a well-defined problem to find an analytic solution for the price-
dividend ratio. We use a two-dimensional consumption process and assume Duffie-Epstein
preferences and Kreps-Porteus utility. We start with a one-dimensional model, the solution
to which we will use in our more complicated model. We also derive the famous Black-Scholes
formula for call options.
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1. INTRODUCTION

The price to dividend ratio is a number that describes the ratio of the price of a stock to
its yearly dividends. For example, if the price of a current stock is eighty dollars and the
dividends paid out last year equals two dollars then the price to dividend ratio is forty. A
typical average price to dividend ratio for the market and, in fact, the one that we use in
our research is twenty three. The price to dividend ratio is a very important tool because it
can be used to price derivatives. A derivative is a contract based on factors such as assets or
indices. They are very important because they can be used to reduce risk. Risk reduction is
a critical component of any investment. The classic example that shows how a derivative can
be helpful concerns an airline company worried about the rising price of oil. A call option
on oil will allow this airline company to purchase oil at a strike price K at a future time T
no matter what the price of oil happens to be, thereby eliminating risk associated with the
volatility of oil prices. It is clear that these instruments are vital to hedging risk and permit
a determination of their fair prices.

My research seeks to find a closed form solution for the price to dividend ratio. A closed
form solution for the price to dividend ratio is one that solves for the price to dividend ratio
with a number of well known functions. In my research, the price to dividend ratio will have
a power series solution.

This process starts with the utility function. The utility function is an ordinal mapping
that measures a person’s happiness. Nearly every utility function has three basic properties.
The first assumes that the utility function increases with consumption. That is, people are
happier with higher levels of consumption. The second standard assumption is that the
utility function is increasing at a decreasing rate. That is, a millionaire will not receive the
same satisfaction from receiving a ten dollar bill as a poor person would. Finally, we assume
that the utility function is time separable. That is, we assume that the utility function is
not changing across time. Put in other words, a certain level of consumption will provide
the same utility in each time period. In our research, we will also make a representative
investor assumption. This means that we assume that there is one investor, who behaves like
the average investor in the economy. Obviously, this makes the time separable assumption
far more plausible. An accurate utility function is essential because it tells us the level of
happiness that an investor will receive from every level of consumption. This will tell us how
much an investor is opposed to taking gambles, or how averse he/she is to fluctuations in
consumption.

One important indicator of these utility functions is the coefficient of relative risk aversion.
The coefficient of relative risk aversion for a given utility function is a measure that tells us
how opposed the representative investor is to taking an actuarially fair gamble. It is standard
to assume that the utility function exhibits a constant coefficient of relative risk aversion.
Another important description of a utility function is the intertemporal elasticity of substi-
tution. This essentially tells us how willing an investor is to substitute consumption across
time. A problem with most utility functions, including the power utility function, is that the
intertemporal elasticity of substitution is tied to the coefficient of relative risk aversion (i.e.
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it is equal to the inverse). There is no reason to expect this since both are measures of two
inherently different things (one is a measure of aversion to different levels of consumption and
one is a measure of how opposed one is to switching consumption from one period to another).
Additionally, empirically we see that these two measures should not be related. Therefore,
because of the data, and because of intuition, we use a utility function, the Kreps-Porteus
utility function (12.41), from Kreps and Porteus’ Temporal Resolution of Uncertainty and
Dynamic Choice Theory Econometrica paper, with Duffie-Epstein preferences, from Duffie
and Epstein’s Stochastic Differential Utility Econometrica paper, that separates these two
measures.

In 1999, Campbell and Cochrane introduced an extremely accurate and successful utility
function in their By Force of Habit, a Consumption-Based Fxplanation of Aggregate Stock
Market Behavior JPE paper. Campbell and Cochrane describe happiness as a function of
how much the representative investor had consumed relative to his/her past consumption.
This utility function is commonly described as the "keeping up with the Jones” utility func-
tion. However, this utility function is problematic in that it is backward looking. We will
use a utility function that is forward looking. We will still incorporate the past into our
function, but, the past will be used to form our expectation for the future so that utility
will be a function, called the aggregator function, of consumption today and expected future
consumption. In this sense, utility will be a recursive function. This means that utility
today will be a function of consumption today and expected utility tomorrow. Using the
tools of mathematics, we show how this recursive utility function leads us to a differential
equation. And, again, using the tools of mathematics and computer programming, we solve
this differential equation.

Next, we will try to show how the price-dividend ratio comes into play. We start with the
investor maximization problem. This problem essentially states that an investor is trying to
maximize his expected utility. We represent this maximum, say M, as an infinite sum where
utility is measured each period and each period to the future is given a certain discount
factor, because the future does not matter quite as much as the present. Through the use
of advanced mathematics, we work through this in the deterministic case. It can be shown
that this maximization problem can be rewritten as a functional equation where M at a time
t is equal to the utility from consumption today plus M at time t plus one. As one might
expect and we prove that this is acceptable, we solve for the optimal condition by looking
at the first order condition. The first order condition is what is normally referred to as the
Euler equation. We include multiple proofs of this equation including an ”intuitive proof”.
Through mathematics, we show how this Euler equation will lead us to a differential equation
for the price-dividend ratio.

In order to use the Euler condition, we first must choose our consumption and dividend
processes. In 2004, Ravi Bansal (Duke) and Amir Yaron (Wharton) modeled consumption
and dividend growth in their Risks for the Long Run: A Potential Resolution of Asset Pricing
Puzzle Journal of Finance paper. The Bansal and Yaron model of consumption and dividend
growth explained key financial phenomena including the equity premium puzzle. The equity
premium puzzle explores the paradox of why potential shareholders do not invest in stocks
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despite the undisputed fact that stocks have had much higher annual growth than other
investments. Is the deterrent risk to capital? Does the allure of guaranteed preservation of
capital in other financial instruments such as treasuries offset the unattractive lower rate of
annual growth? Given the risk aversion coefficient, those are obviously insufficient responses.
To address such insufficient responses, the key component of the Bansal/Yaron model is a
multi-dimensional consumption process which presents a long-run process with an expected
return. However, within the model, to humanize it, the expected growth rate of consumption
was also subjected to a trend and random motion yielding the empirical result.

In my research, I applied this empirical result of the Bansal and Yaron model to the
aforementioned model to determine the price-dividend ratio as a function of that consumption
process. The ratio within that crafted model, the price-dividend ratio simply compares the
price of a stock to the dividends that are paid on the stock. My crafted model sought to
determine the relationship of the multi dimensional consumption process to the movement of
the price dividend ratio. Because the Bansal/Yaron model’s consumption process suggests
startling results, including a potential explanation of the equity premium puzzle, I used
their model to determine if it is aligned with, or compatible to, the observed behavior of
the price to dividend ratio. My research, in order to access this price to dividend function,
solves three differential equations which analyze how things change in relation to each other.
Finally, it proposes a well-defined problem, that is, one open to solution, specifically a fourth
differential equation, second-order linear partial differential equation, to solve for this final
price to dividend function. This is interesting research because the results to this well-defined
problem may help explain some of the most intractable financial questions in existence. For
example, once a determination of the price-dividend ratio has been made, utilizing the model
to find option prices would follow closely on its heels and the model would then, theoretically,
be able to access and explain the observed behavior of options.



2. STOCHASTIC PROCESSES AND SETTING UP THE EQUATION FOR THE
ONE-DIMENSIONAL CASE

A stochastic process will represent a drift term, the process will drift in this direction over
time, and a Brownian motion. dw will represent Brownian motion and dt will represent the
drift term. (Please see 11.1 for a discussion of Brownian motion and the Brownian motion
multiplication rules, which we will use throughout our research.) We begin with the two
stochastic processes

de = (z + Z)dt + odw, (2.1)

and
dx = (p — Dadt + p.odw,. (2.2)

¢ represents consumption and z represents the stochastic process for expected consumption,
the drift term. Z, 0, p, and ¢, are all constants. It is clear that dx goes to zero since it has
a negative drift if x is positive and a positive drift if = is negative. Therefore, we shall just
consider dx = 0 in our initial condition, and z = some constant. Without loss of generality
(We can just change the constant z) we will consider this constant to be zero. Therefore, we
are left with the stochastic process:

dc = zdt + odw;. (2.3)
and since C' = ¢ this implies that (by Ito’s Lemma (11.56)):
dc 1
F = (.7_3 + 50’2>dt + del. (24)

Essentially, and intuitively, what we are doing is taking a snapshot of this consumption
process when z;;,dr = 0. We are essentially studying changes in C, and hence ¢, at this
point. This is the one-dimensional process that we refer to in our introduction.

3. THE STOCHASTIC PROCESS FOR THE PRICING KERNEL

We begin with the following relationship (Please see 12.3 for a derivation):

EJdH(C)] + pE ”(CS/)()H_( g()l;[(c))dt ~ 0. (3.1)
where we define:
mic() = (32)
and
gttr(c) = = (33)
This implies that(remember to use chain rule):
J(H(C)) = ((1—y)H)™7 ", (3.4)
Applying Ito’s Lemma (11.56) to H(C), we see that:
Et[g—g(dC’) + %?92; (dC)?] + ﬁ“p(c(t;?{l;(_c“;gfl () g — 0. (3.5)
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Substituting, dividing by dt, and using the fact that E[dw] = 0, we see that this equation is
equivalent to:
g cr

1( = 10_2 l " 0_2 Moo .
H'(7 4 50%)C + 5 H'(Co)* + (1 —1) T 1| H. (3.6)

We now propose the following change of variable:
g(C) (1_7)/13

H(C) = T (3.7)
Calculating the derivatives H'(C') and H"(C):
: 1—v4'(C)
H((C)=—— H(C 3.8
(€)= 2L H(O) (3.5
p 1—7[g"(C) , 1-7—pg(C)
H(C) = + H(C). 3.9
©) pL9(0) p g(C)? (©) (39)
Plugging this back into our original differential equation and dividing by H:
0 29"(C)  o’l—y—p »g'(C)? 1,9, ,C°
7 02 + = 2 +(z +=0%)C + 3 = 0. 3.10
ST(c A R I (e) S MR () (o) 310

Now, we re-introduce the variable ¢, which we defined earlier according to the following
relation: C' = e°. Use the chain rule to get

dg dgdC  .dg

=2~ — 3.11
de ~ dCde ~ ©dC (3:11)
and , 2y ,
dg dg dg d dg | o.dg
ZJ et C_Z 7 — et L c—— | 3.12
iz~ “acCacrac ~ “ac "¢ ac (3.12)
Solve (3.11) and (3.12) for dg/dC and d?g/dC?, respectively, to yield
dc " de ac? de*  de]
The differential equation (3.10) is equivalent to
0?[9°(c) =g'(0)]  o*1—7—pg(c) 1 59(c) | e
— — +(T+ =0 + f— = 6. 3.13
> @ 2 e T g T 1)
which can be rewritten as the following differential equation
9(c)g" (¢) = Big'(¢)* + Ba(g'(¢))(9(¢)) + Bsg(c)* + Ba(c)g(e). (3.14)
where
B, = _w’ By = —2(x)’ Bs = 2 ’
P o? o?
2er©
By(c) = —0—

We now need the initial conditions for this differential equation. Using (5.39), we see that

g'(c) :(Et[Re(C)] - R S

9(c) "~ (B + papis)o? l—y—p

(3.15)
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Using (5.33), we see that er

Ey[R(c)] — R*(c) P

l—y—p

+1—p) (3.16)

c 2
—(—pi3pa £ \/0%3903 - 903 + E((,_z) + pap13) o>

We standardize ¢(¢) to be equal to one and then plug in the parameters to get our second
initial condition.

go=g(e) =1 (3.17)
and

g1=4¢(C) (3.18)

Lemma 1. The initial value problem (?7?), (3.17) and (3.18) has an analytic solution g(c)
whose power series expansion

9(c) = grlc— o) (3.19)

has coefficients given by (3.24) and which converges for
lc—¢| < 1.20 (3.20)

Proof. We now assume that this initial value problem has a power series solution:

glc) = Zgn(c —¢)"  where (3.21)
n=0
E;[R¢(¢)] — R*(c
g0:1mﬂgp:(tu;@] © 1 py—r (3.22)
— (5 + Papr3)o’ l=y=p

Find the power series representations for the coefficients in the differential equation (3.13):

J(6) = f]n Fgiafe— ",
70 = fw P10+ Dgnsale — "
F()glc) = i Z<k Pk + 2k 5le— "
9@?==§2§;mgmw@—cw,
J(e)glc) = f Z<k F Dgrrignile— )"
sﬂ@Q=§2§;%+¢Xn—k+lwﬂwmkuw—@ﬂ
Derge) = Loy 3 Dy e, 3.23

n=0 k=0
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Substitute all the equations in (3.21) and (3.23) into the differential equation (3.13). Equate
the coefficients of the terms of degree n and solve the equation for (n+ 1)(n + 2)gogn+e. The
recurrence relation for the g,’s is given by

(n + 1)(n 4+ 2)gogn+2

(2 _(p)k 2T 1—~—
= Z {0_§ |:gk - epC@] In—k + (k + 1) |:_;gn—k - #(n - k + 1)gn—k+1:| 9k+1}
k=0

k!
n—1
+) (k+1) { — (k+ 2>gk+2gn—k] (3.24)
k=0
forn =0,1,2,.... Having solved for these coefficients, I present the resulting graph depicting

a functional form of the utility function, which should have the same properties as the utility
function, in one-dimension:

Taylor Polyniomial

"

-o00  -poos o0 ogos  odin

The following graph is of the derivative of the above function. Standard economic theory
suggests that as consumption increases utility increases. Obviously, this indicates, for a
differentiable utility function, that the derivative will be positive. This is clearly the result
we notice in the graph below.
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Firat Derivative Taylor Polynomdal
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This graph is of the second derivative. Standard economic theory suggests that the second
derivative of a differentiable utility function should be negative. (The second bite is not
worth as much as the first.) Our utility function clearly has the negative second-derivative
property one would expect from the utility function.
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Second Detivative of Taylor Polyniomdal
g
e EI.IIIIEII 0 0 .EIEII EI.EIIEIE 0 .EIIEIE D.E:Dd

3.1. Convergence and error analysis. Please note that this subsection is essentially a
modification of Yu Chen’s ” Asset Pricing Model with Duffie-Epstein Preferences” notes.

Lemma 2. Let A > 0 be a real number. If b and d are nonnegative integers with b+ d > 0,
then

n—>b
Ak 1
lim » - ———— =0. (3.25)

Proof. Since limy,_.o, A¥/(k —1)! = 0, there is an integer a > 0 such that A*/(k —1)! <1 for
all k£ > a.

n—b ik a1 n—b g
0= A_' n—llc—f—d_ A_' n—/1<:—|—d+ZA_' n—i:—l—d
k=0 k=0 k=a
1 iy U 1
n—atlvdZ ;W 2 E— D kn—k+d)
e 0 1
n—a+1+d+k:ak(n—k+d)

We know that

Hence the required equation follows from the Squeeze Theorem. U
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Rewrite the recurrence relation (3.24) in the following equivalent form:

n

(n+ 1)(n +2)gognr2 = Co Y _ grgn—t — (Dogo) > _[(p)*/Klgn-r + Bo > _(k + 1)gis19n
k=0 k=0 k=0

n

— A Z(kf +1)(n—k+ 1)gk+1gn7k’+1

k=0

n—1

=D (k+1)(k+2)gk+2gn—k - (3.26)
k=0

Here,
_ —27 1 — ~ —
CQ = 2ﬁ DQ = epc/gg, BO = —x, AQ = # . (327)
o? o? p

Dividing the equation (3.26) by g2 yields

(n+1)(n + 2)(gn+2/90)

n

=Co > _(95/90)(gn—k/90) = Do Y _[(0)* /K (gn-r/g0) + Bo Y _(k + 1)(gk+1/90)(9n-r/90)

k=0 k=0

n

— Ay Z(k’ +1)(n =k + 1)(gr+1/90) (gn—k+1/90)

- <k +1)(E+ 2)(g13/90) 901/ 50). (3.29
When n > 2, the equation (3.28) is equivalent to
(n+1)(n + 2)(gn+2/90)
=Co :é(gk/go)(gnk/go) — Dy g[(p)k/k!](gnk/go) + Bo :Z:J(k + 1)(9+1/90) (Gn—r/90)
— Ao kz:(k +1)(n =k + 1)(gr+1/90) (9n-r+1/90)
- g(k + 1)(k + 2)(gr+2/90) (9n-k/ 90)

+ Colgn/g0) — Do(p)" /n! + Bo(n + 1)(gnt1/90) - (3.29)
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Define g, = n?L(gn/go) for n > 1, where L is a positive number to be determined later.
When n > 2, we can rewrite the equation (3.29) in terms of g,.

. n+2 Co < 1 2 (p)k 1
gn+2 { 0 Z kQ Qngn k — DO Z (Z)' : k)ggn—k

k=0 (n—
+ Bo S 1 Ao . 1 o
L pe (k+1)(n k)29k+19n T 2 k+1)n—k+ 1)9k+19n—k+1
1 n—1 L 4 1 i
L —~ (k- + 2)( k)ggk+2gn k
Co.  LDo(p)" By .
2T Tl + nt 19! (3.30)

Note that Y p-,(1/k?) = n*/6. By our lemma and our knowledge of power series, we know
that we can find a real number L > 1 and an integer N > 2 such that for all n > N, we have

n+2|[Colx~ 1 et Bl 1
D .
ntl| L ;m(n—k)ﬁ' 0'; W=k L ;(kﬂ)(n—k)z

n—1

| Ao| 1 1 kE+1
L %(k’+1)(n—k+1)+E;(k:+2)(n—k)2

C L|D " B
|0|+ | Do||p] X | o|}<1'

n? n! n+1

(3.31)

Apply the following algorithm to construct a sequence {G,} of nonnegative real numbers.

(1) Use the recurrence relation (3.24) and the initial values go, g1 to calculate g,, where
2<n<N+1

(2) Calculate G, = n?L|g,/go| for 1 <n < N + 1.

(3) Calculate G, 42, where n > N, by using the recurrence relation:

-1

”+2 |Col 1 ol
Grio = ZkQ Gk n—t + | Dol kzk_ = ) Gn—k
Bl 5~ ! Aol 1
Ga Gn- Goir G
+ L kzz()(k+1)(n—k)2 k+1 E+ i 2 (k—i—l)(n—k—i—l) k+1 k+1
n—1
1 k+1
i L ; (k+2)(n — k:)QGk“G"‘k
C L|Dollp|* |B

Let M, > 1 be such that G,, < M; for 1 <n < N 4+ 1. By mathematical induction, we can
show that

n

M
n’Llgn/go] < Gn < M or |ga| < |‘?’ -n—g forn > 1. (3.33)
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Lemma 3. Choose a real number L > 1 and an integer N > 2 such that the inequality (3.31)
holds for n > N and set

M, = max{l, 3/n%L|g,/g0|: 1 <n < N+1} and r,=1/M,. (3.34)

The power series solution g(c) = > -~ gn(c — €)™ of the initial value problem (3.14)-(3.18)
converges in the open interval ¢ —ry < ¢ < ¢+ ry, where the g,’s are determined by the
recurrence relation given in (3.24).

Our error analysis, done in Maple, leads us to the conclusion that the utility function
converges in a radius of convergence equal to 1.2 times the standard deviation.
4. THE DISCOUNT FACTOR

We start with the solution H(we arrive at this by solving for G, and then solving back for
H through our change of variable) from this ODE. This H satisfies

H(C)=U, = E, Utm f(C,,U,) ds] . (4.1)

We will derive an ordinary differential equation for the equilibrium price-dividend ratio in
the DEKP model, given the power series of the lifetime utility function H(C') around C' = C.
The pricing kernel for the investor is given by

761‘/3_]? ) {@ . CP — (1 —~)U)P/ =)

e
o0\ V=56 [ (= poyri— ]:<<1—7>U>ﬂ/<1—v>—1'

(4.2)

AC,Ut) =e

The first-order partial derivatives of A(C, U, t) (Note: when we take derivatives with respect
to C, we are considering C' not contained in U) are:

OA A ON 1—~v—pA OA
e (p—=1= d —=—1 "2 d —=(=0A 4.
oo~ w-Vg md Grp= g g =00 (43)
The second-order partial derivatives of A(C,U) are
0%\ A
502 = =Dl =2)7,
PN p(l—y—p) A
ouz (11—~ U%’
oCoU 1—7 cU - '
Invoking Ito’s Lemma (11.56), we note that:
1
dU = H'(C)dC + §H”(C’)(d(])2 (4.5)
which implies that:
(dU)? = (H'(C))*(dC)? (4.6)

and
(dU)(dC) = H’(C’)(dC)2 (4.7)
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By Ito’s Lemma, the pricing kernel A(t, C, U) follows the stochastic process(Remember that
U=H(C)):

OA oA oA 1 9%A , 10%A ,  O*A
dA\ = Edt + %(d(}) + @(dU) + 58_02(dc> + §W<dU> + 6U80(dU)(dC> (4.8)
This implies that:
_0A oA o, - 9
dA = Edt + %(dC) + W(H (C)dC + 2H (C)(dC)?)
1 9*A , 1PN ,  O*A
+ éﬁ(dC) + §W(H (C))*(dC)* + 8U80<dU)<dC) (4.9)
_ (_ _ é 1 -7 pé / 1 99 2
= (=0)Adt+ (p 1)C(dC’) T — U(H (C)dC + 2H (C)(dC)?)
Lo _ A o, —ipl—v—p) A 2 2
#5010 =2 550 + F X S O
(=D =v=p) A 2
H 4.1
# LD ) dc) (4.10)
_ - A = A Ll=y=pA,,
= (=0)Adt + ((p 1)C+ T UH(C’))dC+(2 T UH (C)+
1 A Slpd—y=—p) A e (= DA—y—p) A 2
0= -25+ 3 AT m o + L e (@) ac)
(4.11)
Divide Eq.(4.9) by A and use the relation U = H(C') to get
aNn L, l=y=p 1 l—y—=—p 1 1
1 = (=d)dt + ((p 1)C+ T H<C)H(C))d0+( =5 H(C)2 (C)+
1 1 —1pl-—v-p) 1 ez, = DA=v=—p) 1 2
Sp—1)(p—2)— + — H H
50 =025+ 3 A s O + L i () ac)
(4.12)
From our Brownian motion multiplication rules (11.57), we know that:
(dC)? = C*o?dt (4.13)

Use Ito’s rule for multiplication, (dt)? = 0, dtdw; = 0, dwidws = adt, where a represents the
correlation between the first and second Brownian motion, dtdw, = 0 and (dw;)? = dt, to get
dA 1 1—-7y—p 1 2 <1—7—p 1 1

x =0 -0 S g O+ 0 (T et O

30- 0 =255 + 5 T s o)

(p—1)A—=y—=p) 1 ) 2 9
1 = CH(C)(H(O)))(Oa)dt
1 1—y—p 1

+Hlo=Ng+ T e (O)Coder (4.14)
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We now make the change of variable C' = e®. We can use the chain rule to get

dH dHdC  dH

s _ Y el 4.1
de  dC de ~ Cdc (4.15)
and
PH _ dH | PHAC _ dH o &H (4.16)
— =e— —— =e— —. .
dc? dC dC? dc dC dC?

Solve (4.15) and (4.16) for dG/dC and d*G/dC?, respectively, to yield

dH  _ dH q d*H o d*H _dH
i~ Tde ™ dcr T d ~ de |
Plugging these values back in, we arrive at the new expression:
dA l—vy—p 1 _, _o? l—y—p 1 1 ,
—(_ o e - Hw - H
= o o) L+ )+ (L S - )
1 —1p(l—y—p) 1 Y
—(p— — — H
(0= D= 2)+ 5 B s ()
(p—1)A=—v=p) 1 2
H
P s ) ) (0°) )t
l—y=—p 1
—1 H 4.17

5. EQUILIBRIUM PRICE-DIVIDEND FUNCTION IN THE DEKP MODEL
Cochrane (2005) shows that the equilibrium price of stocks satisfies the Euler equation:
A(t)D(t)dt + E; [d(A(t)P(t))] =0 (5.1)

where P(t) is the price of a stock at time ¢ and D(¢) is the dividend paid by this stock at
time ¢.

Definition 1. Define the price-dividend ratio to be p(t) = P(t)/D(t).
The Euler condition (8.1) is equivalent to
A(t)D(t) dt + E; [d(A(t)p(t)D(t))] = 0. (5.2)

By Ito’s lemma, we have
d(ApD d\N  d dD  dAd dDd dAdD
(ApD) _dA  dp dD  dAdp  dDdp '

= 5.3
ApD A P D Ap Dp AD (5:3)
The Euler condition (8.1) is equivalent further to
1 d\N dp dD dAdp dDdp dAdD
—dt+ B | —+ —+ — =0. 5.4
SUHE T+ttt Tt s (5.4)
We are given a process for dividends:
dD
o = (px + Z)dt + paodws. (5.5)
Since we are just dealing with initial conditions (z = 0) we rewrite this process as:
dD
— = (Z)dt + pqodws. (5.6)

D
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We seek a price-dividend function of the form p = p(c) that represents the equilibrium
behavior of the stock price when the investor has DEKP preferences.
By Ito’s rule, we have

1
dp = p'(c)de + §p” (¢)(dc)? (5.7)
dc® = o2dt (5.8)
This implies that:
1
dp = p'(e)(2)dt + odun) + 5p” (c)o’dt (5.9)
Which implies that:
dp _ p'(c),_, , P'(c) , p'(c)o
— T)+—=07)dt + ——dw 5.10
p (p(C) ) p(c) ) ple) (5:10)

Now, we calculate Ey[dA/A], E;[dp/p|, E;|[dD/D), E;[dAdp/Ap|, E;[dDdp/Dp|, and E;[dAdD/AD].

B %] = (-0+ -0+ ST g+ T+ (ST ) - B

1 “1p(l—vy—-p) 1 2
§<p - 1>(p - 2) + 7 (1 _ /7)2 H(C)Q(H (C))

LD -y-p) 1 H/(C>> (02)>dt

L= H(e)
B [@ _ (P(0)(@)) + 5P (c))dt
Lp ] p(c)
dD]
Ey [F_ =zdt
dAdp_ . _ 1—’y—p 1 o p’(c)aQ
E; { i | = (o= D+ s H (@)= )t
dDdp] _ pao’p/(c)
Et|: Dp : _( p(C) 1013)dt
b {dﬁdDD_ ==+ <1 Ij ; le(c) H/(C)))SOdUzpl?,)dt

where p13 represents the correlation between the first Brownian motion and the third Brow-
nian motion.
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By (8.2), we obtain the partial differential equation

1 1_’7_p 1 / _
5dt+ {(—5+ (p—1)+ T H(C)H(c))(x—i— 5)

H'(¢))pqo?prz|dt =0 (5.11)

Multiplying by £, and grouping common terms we see that:
This can be rewritten as(please remember that C' = e°):

41(0) + As(e)ple) + A (6) + Au(6) = 0 (5.12)
where
M) = 1+ (o= 1)+ (2L s B0 purpra + 5 (513)

l—v—p 1 , o2 l—vy—p 1 1, ,
Aa(e) = (=04 ((p = 1)+ 2P s H@)E+ )+ (L s (@) = @)+

1 —lp=v=p) L e =D =y=p) 1 0 o
30Dl =2) + 3 A e + L o))
(5.14)
2 l=y—p 1 2y | & _ o’
Az =pqopis+ (((p—1) + T H(C)H (c))o®) +z and Ay = 5 (5.15)

Using (3.7), and its subsequent derivative equivalents, we can transform this differential
equation to be of the form:

ggp” = A199 + Asgq’ + Asggp + Asgg'p + Asgq v+ Asg'g'p + Azggp + Asgg'p’  (5.16)

where

Ay = =201+ ((p — 1)pa00)prs + )/ (00) (5.17)
A= 2B o) (5.1)

b= I NE ORI | o= D=2 (5
Ai= =21 =7 = P)o?)(@ + (1/2)(0) - 3/2+ p)/ (o)) (5.20)
Rt U (521)

o? 2p
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Ag==2(((01=~r=p)*)/(20*) = (L =7 =)/ (2p))/(c?) (5.22)
A= —2((p — 1)0(4;29; + (pao)p13) (5.23)

_ 2(1=vy-p)
Ag = ; (5.24)

The initial conditions for this ODE are

po = p(c), pr = p'(¢) (5.25)

where p represents the price-dividend ratio from the data. To derive the second initial
condition, we first recall that the instantaneous return on equity is given by:

dP D
“(c)dt = = + —dt 2
Re(e)dt =5+ (5.26)

The price-dividend ratio p implies that P = pD, which, using Ito’s Lemma, tells us that:

dp dD dpdD 1
R(o)dt ==+ =2+ 222 4 i 5.27
() St Dt Dt (5.27)

This implies that:
pao’p'(c)

p(c)

1 /
—p"(c)o?)dt + L <C>de1 + (z)dt + pgodws + (

Re(ydt = (2 () + . e

p(c)

1
plg)dt + —dt
p

(5.28)
Combining terms, this implies that:

etordt = (P oy o Loz, - (#ac P () 1 ACLEY dio
R(c)dt = (p(c)( )+ 5P (c)o + 7+ (—p(c) p13) + p)dt+ o) dwy + pgodws  (5.29)

This immediately implies (since the expected value of any Brownian motion is zero):

P B S < it AL )

BIRE(e)dt = ( .
As a side note, we see immediately that the standard deviation on the return to equity is

1
p13) + Z—))dt (5.30)

e, v@e
Z(C)—\/ 2(0)? + 2p13 2(0) P40 + Pgo*, (5.31)

which, squaring both sides, implies that

, PP P
2O =T T

Using the quadratic formula, we see that
p'(c)
p(c)

Thus, we arrive at our second initial condition

a0 + 0507 (5.32)

2(0)2.

2

= —pi3pa £ \/ pisws — 5+ = (5.33)

/(= 2 2 2 E<é)2
p1=p'(¢) = po(—p1spa £\ pisa — vi + o2 ). (5.34)
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From (5.27) we see that the expected return on equity is given by the equation:
dt d dD  dDd
dp  dD _ dDdp

B[R (e)ldt = "+ B 5+ Dy (5.35)
Recall that —Rb(c)dt = E;[dA/A]. This implies that:
. , dt ‘dN  dp dD  dDdp]
From (8.2), we see that:
. b ot [dA dp dD dDdp]
[Et[R (C)]—R(C)] dt—g—i-Et X—i_?—i_F—i_D—p_
~ _E, [dﬁzp + dﬁ‘g} 1 . (5.37)
So
(o) — BYe) = (0 L—v—p 1 0P ()0
BR(6)] = R = ~(((p = 1)+ 2L () 2O
l=y=-p L . 2
which, using (3.8), we see that
(o) — BYe) = —((p— 1—v ¢, P() 2
BIR ) = B0 =~(p =)+ (=2 =0T ED + oipgat (539

Lemma 4. The initial value problem (?7), (5.25) and (??) has an analytic solution p(c)
whose power series expansion

)= prlc—2)F (5.40)

has coefficients given by (5.41)

(n+1)(n+ 2)ggpns2 = Alzzgk JQJ+A222]+1 Jk— 393+1+A322pn kJk—j g5+

k=0 j=0 k=0 j=0 k=0 j=0
n k n k
AN Pkl Dgajgior + A5 D (4 2)(J + Dpn—igieagrj+
k=0 j=0 k=0 j=0
AsD D (k=410 + Dparginigesin + Ar D > (0= k4 1)paia1gh-0;
=0 1=0 k=0 j=0
n k
+ Z Z(n —k+ 1)+ 1)pn—rs196—5gi11
k=0 j=0
n k
— Z Z(n —k+1)(n—k+2)py_i20k—i0;-
k=1 j=0

(5.41)
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The following graph depicts our results for the price-dividend ratio as a function of con-
sumption. There is a postive relation between the price-dividend ratio and consumption as
one might expect.:

PD Taylor

Toonl ilond e ) | T |
-0.002  -0.001 d 0oos 0004 0005

Iy

| |
0.0om o o000

6. ORDINARY DIFFERENTIAL EQUATION WITH THE DEKP PREFERENCES

We now return to the two-dimensional case. That is, we do not make any assumptions
about the x process. Assume that the consumption C(t) of the investor follows the stochastic

process:
d
?C =dc = (v + 7)dt + odw; (6.1)
where
dr = (p — 1)xdt + p.odws. (6.2)

We try to get an expression for C' in terms of z and randomness. First, we integrate from 0
to t our expression for dx.

t t
2(#) — 2(0) = (p— 1) / vt + oo / s (6.3)
0 0
Rearranging terms we see that:

Lo w(t) = 2(0) = peo f(f dws
/O vdt — P (6.4)
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Now, integrating (6.1), we see that:

t t
In(C(t)) — In(C(0)) =zt +/ xdt + 0/ dw; (6.5)
0 0
Plugging in (6.4), we arrive at a relationship between C and x

z(t) — x(0) — peo fot dws

In(C(t)) = In(C(0)) + zt + p—1

+ o(wi(t) — w1(0)) (6.6)

Here Z = In C. which implies that:

a(t)—x(0)—peo [§ dwy

C'(t) _ €IN(C(0))+56t+ = +o(w1(t)~w1(0)) (6.7)

At this point, it is clear that C is a function of the state process x, and t, and unless we get
rid of one of the Brownian motions, it is clear that we will not be able to write C solely as a
function of x.

We now try to derive a partial differential equation for H(C,z). We begin with equation
(12.53), and our H function defined earlier:

p(C(1) —g(H(C,x)) ,,
E\dH(C,z)] + T =0 (6.8)
where we define:
C(t)P
) = (69)
p
and
1— ) H)™
ottt (C.)) = =D (6.10)
This implies that(remember to use chain rule):
g(H(C,x) = (1 —y)H)= " (6.11)
Applying Ito’s Lemma to H(C,x), we see that:
0H 0H 10°H , 10°H , 0°H wp(C(t)dt — g(H(C, x))
- dr4= 2 d P e dt =
Et[c‘)() (dC)+ 5 dx+2 502 (dC) 5.2 dzx +808m<d0>( z)|+5 J (H(C.2)) 0
(6.12)
From our Brownian motion rules we know that:
(dC)* = C*o?dt (6.13)
(dz)(dC) = ap,Co?dt (6.14)

where a represents the correlation between dw; and dw-

da® = o*p?dt (6.15)
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Using the results from our Brownian motion rules above, plugging in (6.9), (6.10), and (6.11),
dividing by dt, and using the fact that E[dw]=0, we arrive at:

2 2 2
o LOPH 1, ,0%H
2 ¢ acr T a7
OH OH OPH 3 Cv
DL (p— 1) St 2 Za - 1| H=0.
(z+2)C55+(p )x6x+w90@00608x+p( 7) (L)) ] 0

(6.16)

This is the PDE, which ultimately describes the situation. To make our situation easier(i.e.
this PDE is very difficult to solve), we assume the functional form(note: this is an educated
guess because it makes sense to think of C as a sort of scaling factor) and hope that this
reduces to a nonlinear ODE:

cl= 1—y
H(z,C) = . v(h(x))T (6.17)
The first-order partial derivatives of H(x,C) are
OH H OH (1—~)HN
iy § N i LA Rt VLR 1
oc ~ =g ad 5 b h (6.18)
The second-order partial derivatives of H(z,C) are
0*H H
— (—)(1 — )=
50z = V=Y a,
OPH 1y [ (W W)
ox? p h?
0°H 1—~)*HH
_U - HK (6.19)

000r  pC  h°
Plugging these values in, we arrive at the differential equation:

o . hh// 1-—y—p h/ 2
(= + 5ot (S <)))+

2
2 h?
. (1-—mHN 2(1—9)HE B 1
1—~v)H —lr——m—— 0 ———— + —(1 — ——1lH=0.
(x+2)(1=7)H+(p— 1z PR h+p( N5 0
(6.20)
Now, dividing by (1 — «)H, and rearranging terms, we arrive at the following ordinary
differential equation.

h(z)l' () = A(z)(h(z))* + B(x)h(x)l (z) + C(K(x))* + Dh(z) (6.21)
where
—2p B a*
Ax) = e (x+7x)— i T) = 1% + C12 (6.22)
B(x) = ;?Opg((p_p1>x +()060-2w) = C91Z + Ca9 (623)

C = (_(1 _ply_p))

= C3 (624)
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and

p-=225_,, (6.25)

o2 p
We now apply a change of variable ;1 = ax (this is similar to the change of variable that Yu

Chen did in Numerical Solutions of Portfolio Decision Problems, when he let p = € % 7, * .
This implies that h(z) = h(%), which implies that /'(p) = £//(x) and h" () = 251" (z). From
this we can see that:

h(p)h" (1) = A(p) (h(1)? + B()h(p)h' (1) + C (W' (1)) + Dh(p) (6.26)
where , ,
—2pa” p B o7y
A(p) = o2 ((5 +I) -~ - 7) =%+ (6.27)
—2pa ,(p—1)% Zyw(l—7)
B( ) = 02@2 ( P + PO T) = 91X + Ca9 (628)
(1 —~—
oo (ZU=r=r)_ (6.29)
)
and ,
—2pa® 3
D= 0_2—902(;) = C4. (630)
We now derive initial conditions. We first note the relationship between h(0) and H(0),

where we let L(0) = (1 —v)H(0)

h(0) = ( C(L(f)ol)v)m (6.31)

This is well defined, because(as we will see later), the utility function H(x,C), is defined as
negative. We also note that H(0) is simply J(0) from Marianne’s thesis. J(t), according to
Marianne’s thesis, is simply (we switch their H with a G to avoid confusing notation):

TV @), 0)) = e Giut) 5 (6.32)
This implies that J(0) is:
J(0) = G(0) 1= W1(0—)7 ’ (6.33)
Equating J(0) with our H(0), we see that:
GOy == = T (a7 (634

l—y  1—4
Therefore, we still must find G(0). According to page 22 of Marianne’s thesis, we see that:

Go = G(u(0)) = ﬁw%. (6.35)

From (6.34), this immediately implies that:

W(0) 1 W(0)' 7 _ ¢

B F) T o = T )T (6.36)
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We want to solve for h(0). Therefore, moving terms to the other side:

W(0), 1= W(0)'?

h(0) = ((8¢ T = 6.37
Using the properties of exponents, we see that:
W(O) _ ¥p
h(0) = (B—=) 7 6.38
0) = ) (6.39)
This is clearly well defined.
We now seek the second initial condition. From (7.2), we remember that:
OH (1—~HWN
—_— = 6.39
Ox p h (6.39)
This implies that:
oh p 0H
—=h=——————h(0)—(0 6.40
dr (1—~)H(0) 057 (6.40)

To derive the second initial condition, we then look at the partial derivative of J with respect
to p, which is equivalent to the partial derivative of H with respect to x.

0J _  _l-yW(E .

o e T 1 Gu(t) =G (6.41)
L=y W) 10 G 11—y G

_ vt 1-Y — = - [ —

=—e —v 1-7 G(u(t)) e 1—¢JG (6.42)

We still need to find G'. From Marianne’s Thesis (p.23), we know that:
1—1) 1 04(0)705)
G/O—(—(———GO. 6.43
= = \as ~ w0 ) (049
Plugging this all in, we see that:

(1—v) 1 a(0)yyo
1— ’)/H 0 pou(1—y) (Us u(g) S)G((O))
L—9 G(0)

_ P _
= Ty O

Canceling terms, we see that:

A (i - M)) (6.45)
1= " "ou\os  u(0)

All the coefficients(there is no forcing term) are affine functions, and therefore analytic with
infinite radius of convergence. Applying the Cauchy-Kovalevsky Theorem, this means that
h(x) is also analytic with some radius of convergence (to determine this radius of convergence
we use Yu Chen’s program). We write h(x) as such:

(6.44)

[e.9]

h(z) =) a2 (6.46)

J=0

We will now find the power series expansions of the h(z)h”(z), (h(z))?, h(z)h' (x), and
(W' (z))?. We will then plug in these power series into our differential equation. We will
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then equate the coefficients associated with 7. This will give us a recurrence relationship to
determine each a; in our power series expansion for h(x)
We know that:

= Z(] + 1)aj+1:1:j (647)

(h(@))* = 3 _(>_ ana;4)’ (6.48)

j=0 k=0
which implies that:
oo j—1 J .
(enz + c12) (h(x))* =Y (en Y apajp_1 + c12 Y araj_p)a’ (6.49)
§=0 k=0 k=0
Additionally,
00 J
(B'())> = O (k+1)(j =k + Dars10)_p41)7’ (6.50)
j=0 k=0
0o 7 .
h(z)h"(z) =Y (> (k+1)(k + 2)ap 20,4 )2’ (6.51)
j=0 k=0
00 7 '
h(a)b (z) =Y O (k + Dagpra;_r)a? (6.52)
j=0 k=0
which implies that:
0 j—1 J .
(Cgll‘ —+ CQQ)h( )h, 621 Z k + 1 CL]H_la] k—1 -+ Co9 Z(k + 1)ak+1aj_k)x3 (653)
j=0 k=0 k=0

Plugging (6.53), (6.51) ,(6.50), (6.49), and (6.46) into our ODE, and then equating the
coefficients for 27, we see that:

j j—1
Z (k+1)(k+2)ag2a;— = (c11 Z aRaj_p—1 + C12 Z apa;—) + (ca Z(kf + 1)ag416j-k—1+
k=0 k=0
J J
e Y (k+ Dagpaji) + 3OO (k+ 1) =k + Darp10j-p1) + caa; (6.54)
k=0 k=0
This immediately implies our recurrence relation to determine each a;:
j—1 J Jj—1
G+ 1)+ 2)ajr2a0 = (c1n Z araj_k—1 + C12 Z apa;—) + (a1 » (k+ 1)app1aj_p—1
k=0 k=0 k=0
J J Jj—1
+ o2 Y (k4 Darpag ;) + es(Y_(k+ 1) — k+ Darpra;-k41) + cag; — Y (k+ 1)(k + 2)ag 205
k=0 k=0 k=0

(6.55)
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We have solved this. This function, which should have the same properties as our utility,
exhibits a clear positive relation with consumption. This is certainly what we would expect:

a Taylor
1,481+

1 420+
14794
1 ATE+
1477
1 474+
14754
1 474+

14734

024032 0.24034 0. 24036 0 24038 024040 0 24047 0 24044 0 24046
X

We now try to develop the differential equation for the price-dividend ratio:

7. THE STOCHASTIC PROCESS FOR THE PRICING KERNEL

We will derive an ordinary differential equation for the equilibrium price-dividend ratio in
the DEKP model, given the power series of the lifetime utility function H(C') around C' = C.
The pricing kernel for the investor is given by

_a0f 0 [B Cr— (1= U] 5P
AC.UY) = 55(0.0) = 56 |7 o mmpa T | = @i

(7.1)

The first-order partial derivatives of A(C,U,t) are

OA

B ON  1—v—pA
Feln — and

g &__—vmeh 98 _
e A o1

(p—l)%
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The second-order partial derivatives of A(C,U) are

O*A A
a0z = =Dl =2) =,
PN pl—y—p) A

oU?  (1—n4)2 U’
oCoU 11—~ cU -’ '

After algebraic massaging, plugging in for our stochastic processes, and using our Brownian
motion rules, we arrive at the following stochastic process for A:

A
Cf& = Bldt + Bgdwl + B3dw2 (74)

where
Vg Tl e e me s L O
P+ 3= DDy + 5 T L O
S e - T e
~lp(l—y—p) L OHOH 1 0H

By = (=5 +((p -

> (-2 IE2aC or CHar
1—y—p110*°H  —1p(l—v—p) 1 OH , ,,
1—vy H2O02? 2 (1—7)2 HQ(ax))SOeU) (7.5)

©.0?Ca

and

1 1—-~v—p10H 1—~v— pl@H

BQ:«p_l)E—I—ﬁH@C)CUandB?’ ( 1—~ Hoz S )Pe0 (7.6)

8. EQUILIBRIUM PRICE-DIVIDEND FUNCTION IN THE DEKP MODEL
We begin with the Fuler condition:
A(t)D(t)dt + E; [d(A(t)P(t))] =0 (8.1)

where P(t) is the price of a stock at time t and D(¢) is the dividend paid by this stock at
time ¢.
Following algebraic manipulation, we arrive at an equivalent expression:

d\ dp dD dAdp dDdp dAdD
- dt Ei|l—+—+—
) + Ly A+p+D+Ap+Dp+AD
where p is the price dividend ratio.
We now assume that p is a function of x and ¢ = In(C') the two underlying state processes.

~0. (8.2)

From this we can calculate dp using Ito’s Lemma. After employing Ito’s Lemma, a little
algebraic massaging, and plugging in for the stochastic processes we arrive at:

d dt
p = Dl— + ngwl + ngwg (83)
p p



where

dp
Jdc

19%
3027 T

dp
*or
Pp
Ocox

D1 (

(x + )

DgzgandDgz
p

(,0—1)96—1—1

ac’¢,)
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o

2 .2
28x20 &

(8.4)

Pe0

(8.5)

We have our equation for the dividend process (given):

dD

) = (¢z + T)dt +

Paodws (8.6)

We now have expressions for everything in the Euler equation. Plugging in, and after some

algebraic massaging, we arrive at:

A +A2p+Agg +A4§p +A5222 +Aﬁng +A7aa(j§$ —0 (8.7)
where
=1 (L LSRG 4 (0= Vg + T 5 Cva
a0 pupad®s + (0= D+ oL 500
NEOY T
A (L S5 C

& Ij;pé%H)soesodo ttgu+T

5+ (=D + a2 :z>c+—lzj;p%aa—f(p— D

T 0V 3 et
(p=DA=7-p) 1 8H<O2 2) 4 (l—v—pi O°H

1—~ CHOC 1—~ HozdC

2 50 3 * ol 5Pl

e S ) (89)
Az =(z+7) As=(p— 1)z A5 = §a2¢§ Ag = %2 A; = ac’¢, (8.10)
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po, the first initial condition, is equal to the power series defined by 4. We start with the
formula for the return on equity.

dp dD dpdD 1
Rf(x,c) = — 4+ — + —— + —dt. 8.11
( ) P D p D P ( )

From my thesis, we recall that

d dt
@ _ D — + Dydw, + Dsdws. (8.12)
p p
where
op . Op 10°p ,
Dy =(5- 5 p—lr+ o7
! (8c(x+x>+8x(p )x+28x20 o
182p 2 82]3 2
107p . 8.13
+28020 +8c@xa0 @) (519
ap p
Dy = 27 and Dy = 2277 (8.14)
p p
and that
dD _
o= (px + Z)dt + pgodws. (8.15)

Using our Brownian motion rules, this implies that (where a;; represents the correlation
between dw; and dw;)

dpdD _ (p13%<ﬁd‘72 n ,0233—];%%02)

Plugging (8.12), (8.15) and (8.16) into (8.11) we see that

dt. (8.16)

1 D o2 o
toat T4+ 1Yt 20 oy + 22702 quy - pyodws. (8.17)
p p p p

o? ePa0?
Re(z,c) = (led +P2390 ¥Pd
p p
This immediately implies that

2 . 2 1 D
E[R%(z,c)] = (pl?’ida + p23¢p¢da FOTHTE ?l)dt. (8.18)

We also know that the standard deviation of %%dwl + %%dwg + pqodws is

p\2 dp,_ dp dp o p 2 20p?
o?(3E Lo Lo.o L2204 Lo.o 20258
Z(.I, C) = \/—< 626) + 2[)12—8C —83:(70 + 2/)13 dc 1 -+ 2,023g0d0' 3$S0 —+ d 28:6 + @30'2
p p p p p p

(8.19)
Plugging in (5.31), which we will label ¥;, and p; for the price dividend ratio we found in
the one-dimensional case, we see that

;O o P, o 2,20p?
S(z,¢) = \/ D PO I TR YOGS el L (8.20)
N Y41 P p1
This implies that
20? Op® W 0 0. Op
i oo+ (2p12 0c 7 PeT + 2P2390d0(p )=— + %] — ¥*(z,¢) = 0. (8.21)

p; Ox PP p Ox
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Applying the quadratic formula, we know that

252

%O’ o eT mo- ed ed
Ap —(2p12- 2= E2 + 2p23040 %) + \/(2,012%21 + 2paspac £

or e
2
b7

(8.22)

9. THE MAIN RESULT

We have arrived at the final differential equation. The solution to this differential equation
will describe the motion of the price-dividend ratio in the two-dimensional case. Before we
state the main theorem it is necessary to give a little background information. Our first
initial condition is our solution to the one-dimensional model. We derived our second initial
condition in a fashion similar to the way that Cosimano and Chen derive their condition for
the Wachter model. As always, p represents the price-dividend ratio, ¢, z reflect consumption
and the variable that affects expected growth of consumption respectively, ¢, T are constants
that reflect the average consumption and the average drift term, or expected growth, of
consumption respectively and a represents the coefficients of the power series of the price-
dividend ratio.

Theorem 1. The initial value problem

0%p Op Op 0%p 0%p
Bi— =B+ B By— + Bs— + Bg—= + Br—— 2
' 92 27 Ssp *oc * ° O * 52 - "dcox (9:23)
p(Z,¢) = po(c) (9.24)
op
%(%C) = pi(c) (9:25)
where the coefficients B; are given by
L .9
B, = 509 (9.26)
l—y—p1l0H, , , 1 1—-y—p1l0oH 9
By =—1- — —1)= - e
2 ( 1_7 Ha )Qﬁea‘i‘((p )C+ 1_fy H80>C¢0a
1 1—-~v—p1l1l0OH
2, 2 1= L 2
+ a0 b+ pepaoz + (0= 1) 5 + - 73007
l—~v—p10H 9
- 2
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B l—y—p10H 9
Bs =—(( - HaC)Cgodab—l—
1—7—p18H
(oL o™ + a3
1 1—~v—p10H _ 1l—v—p10H
- ) =F R ety P |
(=0 +((p=Dz+—— > Toc) @ +2)C+ T o P~ L2
l—v—p110°H 1 1 —1p(1— 1 OH
Ll=y-pl18°H 1 _1)(p_2>_+_p( 7= p)

22 (1—q)2 woc)
(p=VA=y=p) 1 OH 5  1-7—pl O®H

* 1=~ cnoc O ) T T Tt

“lpl=y-p) 1 a_Ha_HJrLa_H)
2 (1—~)? H2 0C 9z ' CHoz'**
1—v— pll(?zH —1,0(1—7—,0)1 0H ,

a*Ca

By=—(x+2), Bs = (1—p)z, Bs = %’2 Br = —ac’. (9.29)

and the initial conditions are given by,

po = Zpk(c -0 (9.30)

and

oL, o O Qeo O 252
op PTG+ 20m0a0 ) + \/(2,012 3;1 + 2023040 57 )7 — A(F7-) (8] — 2(x, ¢))

oz 9ic?

pl

(9.31)

has an analytic solution p, whose power series at (T, c)

Zajk r—7)(c—@e)F (9.32)

7,k=0

has a radius of convergence.

Proof. That the solution is analytic in a domain containing region G follows from the
Cauchy-Kovalevsky Theorem that we state in the appendix . We shall explain why the
Cauchy-Kovalevsky theorem applies in this situation. First, we know that our initial con-
ditions are analytic because we know that our power series pg is analytic. This comes from
the fact that py comes out of a second-order linear differential equation, whose coefficients
are analytic. We have done error analysis on the coefficients in that differential equation and
have proved that our ¢ function, which appears in the coefficients of ps differential equation
converges with a radius of convergence at least as big as 1.2 times the standard deviation.
(By g we mean the power series solution g(c¢) = >~ gn(c — €)™ of the initial value problem
(3.13)). We solved for the coefficients of the power series to the solution h by the recurrence
relation (6.55) and it appears that there is a radius of convergence of at least .8 times the
standard deviation. However, we have yet to do the error analysis. But, based on analytic
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coefficients and analytic initial conditions, it appears that the price-dividend function is ana-
lytic and has a radius of convergence. This follows from 3. The next step is to write down the
recurrence relationship and produce explicit bounds for the coefficients. Therefore, our main
result, is that we have created a well-defined problem to solve for the price-dividend ratio un-
der the assumptions of a multi-dimensional consumption process, Duffie-Epstien preferences
and Kreps-Porteus Utility.
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10. PART II: THE BLACK-SCHOLES MODEL

In the upcoming section we will describe the Black Scholes Model. This model was a
revolutionary one; it gave a closed form solution for the pricing of call options. It is incredibly
beautiful and any discussion of major contributions to mathematical finance certainly begins
with this model.

The owner of a call option has the right to purchase a stock s(t), for a strike price K, at
a future time 7. We will denote this call option V' = V(s,t) since we assume that it is a
function of the stock price s and time t. We also assume that the stock price follows the
following stochastic differential equation:

ds = asdt + osdw. (10.1)

where dw is the increment of a Brownian motion (it has a mean of zero and a variance of dt),
a and o are positive constants and dt is an increment of time. We also assume that there
is a constant riskless rate of return r, that there are no transaction costs, the market flows
continuously and there are no dividends.

We let B(t) represent the number of currency invested in the riskless asset, O(t) represent
the number of options the investor holds and N(t) represent the number of stocks held. The
value of the investors portfolio, at time t, is therefore:

w(t) = N(t)S(t) + O(t)V(t) + B(t). (10.2)
which implies that:
dr(t) = N(t)dS(t) + O(t)dV (t) + dB(t). (10.3)
From Ito’s Lemma, we know that
1
dV = Vids + Vidt + §Vss(d5)2. (10.4)
From (10.1), and our Brownian Motion multiplication rules, we know that
(ds)? = o?s?dL. (10.5)
Plugging (10.5) and (10.1) into (10.4), we see that
o2s?
dV = [V, + asVs + TVSS]dt + [osVs]dw (10.6)

By definition of a risk free asset we know that
dB = rBdt (10.7)

Plugging in (10.7), (10.6), and (10.1) into (10.3) we see that

2,2
dn =[Nas+ O(V, + asV; + %Vss) + rBldt + [OosV + Nos|dw (10.8)

If we choose stocks and options such that
N = -0V, (10.9)
then the portfolio is riskless and will earn the riskless rate of return . That is

dm = mrdt. (10.10)
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Plugging (10.9) into (10.2), we see that

7 =O0[V — sV, + B. (10.11)
Furthermore, plugging (10.9) into (10.8), we see that
o?s?
Finally, plugging (10.11) and (10.12) into (10.10), we see that
2.2
OV, + %v;s) +rBldt = (O]V — sV,] + B)rdt (10.13)

Canceling terms, and rearranging the equation, we arrive at the Black-Scholes Partial differ-
ential equation

ov oV o%s? PV

— — +——— —rV =0. 10.14

ot e 0Os i 2 (0s)? " ( )
where V' is the price of a call option, s is the stock price, and r is the riskless rate of
return(e.g. the return on a government bond). This PDE is also subject to the following

boundary conditions:

Vs, T) = ltiTIII“l Vs, t)=[s— K]*. (10.15)
where K represents the strike price, and T is the exercise time
V(0,t) = lsi%l V(s,t) =0V te[0, T (10.16)
Additionally,
52(‘/(8, t)— (s —e"TD)) = 0. (10.17)
We now apply the change of variable:
V(s,t) =e ""G(x,y) (10.18)

where = and y are functions of s and ¢, and 7 = T — t Taking partial derivatives(by the
definition of a total derivative), we see that:

Vi = e Gors + Gyysl. (10.19)
Vi=re "G+ e T [Gxr + Gy (10.20)
Vvss - B_TT [Gmxmi + G:I:yxsys + Ga:xss + Gywxsys + nyyg + nyss]~ (1021)

Substituting (10.18) through (10.21), we arrive at an equivalent partial differential equa-
tion(by combining like terms and dividing through by e~"":
2.2 2.2 2.2 2.2

o%s? o%s o o’s s
2 $§Gazx+7xsysGa}y+7y§ny+ [szs +T3xs +xt]Gx+ [Tyss +7’Sys +yt]Gy = 0
(10.22)

In order to put this in the form of the heat equation (i.e. G,, = G), we need the following
equalities to hold:

2.2 282

5 2+ 5 Yss +rsys +y =0, (10.23)
os*ry, = 0, (10.24)
0'282

Tyf =0, (10.25)
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o2%s?

5 s +rsxg+ax = 0. (10.26)

Looking at (10.25) we see that y can not depend on s, if we want to transform this PDE
to the heat equation. Additionally, we must satisfy the following two conditions:

025>

2

025>

5 Tss +rsry +x; = 0. (10.28)

Looking at (10.23), and recalling that y is only a function of ¢, we see immediately that

2 +y; =0, (10.27)

sxs must not be a function of s. Recalling that x must also be a function of ¢, we use the
very simple change of variable:

x(s,t) = In(s) + 1. (10.29)
This implies that(in order to transform the PDE to the heat equation):
o2
Z tu=0, (10.30)
2

This implies that v = r — ”—22 and y(t) = %T Therefore, we arrive at the heat equation with
the boundary condition:

G(z(s,T),y(T)) = [¢* — K|*. (10.32)
(This can be seen immediately after looking at the initial boundary condition, looking at our
change of variables, and then plugging in for ¢t = T) We now use a separation of variables

technique: We assume that G can be written like:
Glr,y) = X(2)Y (y). (10.33)
This implies that we have the following differential equation:
X"(x)Y(y) = X(2)Y'(y). (10.34)

This immediately implies that we have the following pair of ordinary differential equa-
tions(where k is a constant):

X"+ kX =0. (10.35)
Y' + kY =0. (10.36)
Letting a = vk, we see that :
X(z) = Cre®. (10.37)
Y (y) = Che™Y. (10.38)
and
Gz, y) = ce ™=y, (10.39)
And, since ¢ can take on any value, we know that
G(z,y) = /OO c(a)e ™=V da. (10.40)

where ¢, (', and (5 are arbitrary constants.
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We can see that this is true by applying the differential operator(the one for the differential
equation) to that integral, and then bringing that differential operator inside the integral.
If y=0, (i.e. if T'=t) we see that

flz) = /_OO c(a)e" ™ da. (10.41)

[e.9]

Applying the inverse Fourier transform, we see that:

1 [ .
IR (10.42)
Plugging this into our equation for G, we see that:
1 [ [ .
G(x,y) = 2—/ / f(u)e_l(“_”ﬁ)“_“deuda. (10.43)
T J-oJ-c0

By Fubini’s Theorem, we can reverse the order of integration (by Fubini-Tonelli). Then, we
see that we have a Fourier pair:

G(z,y) = % /_Z f(u) /_Z e~ =)=y . (10.44)
which implies that:

Gz, y) = % /_Z Fu) /: e (u — z)dadu. (10.45)
On page six of Professor Himonas’ notes, we are told that, in one dimension:

5 2T

I¢|?

e el (¢) = (5 )ie x (10.46)
From that, we see that (10.44) is equivalent to:
1 & —(u= L)Q
= d 10.4
Glrs) = 5 [ d0e” (10.47)

Plugging in our boundary condition, which only allows positive values for the option, we see
that:

1 o SCS z>2
G(z,y) = (" = K)e
2\/my In(K)
Switching back to V', and plugging in for x and y, we see that:

du. (10.48)

o2 2
—(u—ln(s)—(r— % )7)

V(s,t) 0\/% i (e" — K)e 2077 du. (10.49)
By the linearity of integrals we see that:
Vis.1) f(ufzms;;;:f"zi)f)? du e’ > K 64%171(52);2(:7%)# .
O’\/% In(K U\/% In(K)
(10.50)

We will now try to transform these integrals to be of the normal distribution form: We add
and subtract (In(s) + r7), to the exponent under the first integral. This makes the first
integral look like(One can see this by first adding (In(s) + r7) to the exponential function
outside the integral, then by expanding the term inside, by subtracting (In(s) + r7), and,
finally, by combining terms):
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2
0 —(u—in(s)=(r+ % )7)?
i / e o du. (10.51)
oV 21T Jin(k)
0_2
Now, if we let p = (ufln(i)/}:rT)T), then we immediately see that the first integral is equal
to:

ln(s/K)+(T+UT2)T

S oV'T —p?
e 2 dp. 10.52
5= ) p (10.52)
. . . ‘ In(s/K)+(r+ %)
Based on the definition of the normal distribution, this is equal to: s@(a—ﬁ).
2
Similarly, we see that the second integral, if we make the substitution w = (“‘l”(sj/(‘;‘ﬂﬂ,
is equal to:
K B ln(s/K)#»(rfé)T )
e T o/ w
e 2 dw. 10.53
el (10.53)
And, this is clearly equal to:
In(s/K)+ (r — Z)r
Ke m®( (s/K)+(r = %) ). (10.54)

oNT

Therefore, we have solved the PDE, and have our equation for the price of a call option:
In(s/K) + (r + 4)7 In(s/K)+ (r — 5)1
o\/T o\/T

It is important to note the difference between the equation we just solved and the famous

Vs, t) = s®( )+ Ke 7T ). (10.55)

heat differential equation. (It looks like a flip of the initial conditions.) We can see this
difference through the following two diagrams
P Heat Problem

A

T

q(0,) = q,() q(x,f)="2
4(x,0) = 4,00 !
BSM-PDE
t
A
V.(S)=T[S - K]
T 8= ]

V(0,9=0 V(S,1)=?

V(S)=?
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Appendix

11. Necessary Mathematics

The two tools most often used in this paper are:

Definition 2. (Ito’s Lemma in two dimensions) Let f(t,x,y) be a function whose partial
derivatives fi, fz, fy, fox, foy, fye, and fy, are defined and continuous. Let X (¢) and Y (¢) be
Ito processes (essentially of the form dX (t) = u(t)dt + o(t)dW(t), where W is a Brownian
motion). The two dimensional Ito’s formula in differential form is:

1 1
df(t, X(1).Y () = fedt + fodw + fydy + 5 fopdwdz + foydody + 2 frydydy (11.56)

Please note, that this comes out of our Brownian motion rules, which tell us that
(dt)(dt) =0, (dt)(dW) = 0, and(dW)(dW) = dt. (11.57)
That is why we do not include additional terms.

We now state the Cauchy-Kovalevsky theorem, which is used throughout our research.
Theorem 2. The initial value problem (i.v.p.) for the following m-th order nonlinear partial
dierential equation in R

0f"u = F(x,t, 8§8j ulal +j5<m,j <m
‘ (z,1,{0;0; }ulal ) (11.58)
NHu(x,0)uj(x), 0<j<m+1zeR"'teR,

has a unique solution in the space of analytic functions near zero in R™, if all u; are analytic
near zero in R™, and F is analytic near (0,0,{0%u;(0)}a| +j <m,j <m)

Specifically, for the main theorem, we use a special case of the Cauchy Kovalevsky Theorem.
This theorem is taken from Professor Himonas’ notes ” Analyticity for Second-Order Linear
Partial Differential Equations”.

Theorem 3. Let us consider an initial value, second-order, linear partial differential equation
of the form

0%u 0%u 0%u du ou
u(z,0) = up(x), and %(z, 0) = u(x) (11.60)

where the coefficients are analytic functions around (0,0). Then, there is a unique analytic

solution to this initial value problem near (0,0). If the coefficients and the forcing term

are analytic in the square {(z,t) € R2|z| < r,|t| < r} and the coefficients are bounded in

absolute value by M and the forcing term is bounded in absolute value by L then the region

of analyticity contains the set {(z,t) € R*: |z + pt| < r(1 — %)}, where p > 1 and large
M(p+1)

enough so that =%5=) < 1.

Before proceeding, we will introduce a definition.

Definition 3. By a metric space, we mean a pair (X, d), where X is a set, and d is a non-
negative real function d(z,y) defined for all z, yeX which has the following three properties:
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(1) d(z,y) = 0 if and only if z = y;

y
(2) d(z,y) =d
(3) d(z,2) < d(z,y) +d(y, 2)

The first result is quite simple, but one of the most famous results from functional analysis.

Theorem 4. (Contraction Mapping Theorem) Let (S,d) be a complete metric space and
suppose that T : S — S is a contraction. (i.e. for some modulus B € (0,1), d(Tz,Tz) <
Bd(z1, z2) for all z1,2z5 € S.) then T has a unique fized point Z; that is, there ezists a unique
z such that

T(%) =2z (11.61)

Proof: (Existence) Choose zy € S and construct a sequence {z,}>°, with each element in
S such that z,,1 = Tz, so that

zn = T" 2. (11.62)

Remember that 7"z = T(T™12) forany n = 1,2, ... (with 7%z = z). Since T is a contraction,

we know that

d(ZQ, 21) = d(TZl, TZO) < ﬂd(zl, ZO). (1163)
This implies that (after repeated iteration of this argument)
d(zni1, 2n) < d(21,20), n=1,2,... (11.64)

Therefore, for any m > n,
d(zm) Zn) S d(Zm, Zm—l) +...+ d<zn+27 Zn—l—l) + d(Zn+17 Zn)
< (B4 BT B (2, 20)

d(Zl, Z()),

(11.65)

<
=1-5

where the first inequality uses the triangle inequality(one of the properties of a metric), the
second uses (11.64) and the third uses the geometric series and the fact that 1+ 3+ 3%+... >
1+p84+3%+.. 4 pm L

(11.65) implies that for large enough n,m z,, z, will approach each other. This implies
that {z,}5°, is a Cauchy sequence. By definition, since S is complete, every Cauchy sequence
in S has a limit point in S and therefore z, — 2 € S.

We will now show that this 2 is a fixed point. For any natural number n we have (by the

triangle inequality and then the definition of a contraction)
d(Tz,2) < d(T2,T"z) + d(T" 2, 2)

o . (11.66)

< Bd(2,T" 20) + d(T" 20, 2).

But, since we know that z, — z it is clear that both terms on the right hand side go to zero
as n — 0o, which implies that d(TzZ,2) = 0, which, from the definition of a metric, implies
that T'Z = 2 which implies that 2 is a fixed point.
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We now prove uniqueness. Suppose that there exist two fixed points 21, 2o € S with z; # 2.
This implies that
0 < d(z1,29) =d(Tz,Tz) < pd(z1, 22), (11.67)
where the equality uses the definition of a fixed point and the inequality uses the definition
of a contraction. It is clear that we arrive at a contradiction since, from the definition of a
contraction, # < 1. This implies that the fixed point is unique.

Before proceeding, we will introduce a few definitions.

Definition 4. A point z is called an interior point of a set M if z has an open neighbor-
hood(i.e. in a metric space the points y such that d(z,y) < r for some r) consisting of points
in M. A set consisting entirely of interior points is called an open set.

Alternatively,

Definition 5. A point z € X is called a contact point of M C X if every neighborhood of
xr contains at least one point of M. If a set M contains all of its contact points then it is
considered closed.

We now prove two applications of the contraction mappings. We will use these applications
in the upcoming economic proofs.

Theorem 5. Let (S,d) be a complete metric space and T : S — S be a contraction mapping
with Tz = 2.

(1) If S" is a closed subset of S, and T'(S") C 5, then z € S'.

(2) Moreover, if T(S") C S” C S’, then 2 € S”.

Proof: Take z; € S’, and construct the sequence {T7z,}5° ;. Each element of this sequence
is in ', since T'(S") € S’. The contraction mapping theorem implies that T"zy — 2. Using
the definition of a closed set, this implies that 2 € S’. This completes the proof of the first
claim.

From the first part, we know that Z € S’. Then T'(S") C S” C S’ implies that Z = T2 €
T(S") C S, proving the second claim.

It is often difficult to determine whether a particular operator is a contraction. The
following theorem gives straightforward conditions for a contraction. This will help us in
many economic problems. From now on, we will use the notation (f+c¢)(x) = f(z)+ c where
f is a real valued function and c is a real number.

Theorem 6. (Blackwell’s Sufficient Conditions for a Contraction) Let X C R*, and B(X)
be the space of bounded functions f : X — R defined on X equipped with the sup norm
|| - ||. Suppose that B'(X) C B(X), and let T : B'(X) — B'(X) be an operator satisfying the
following two conditions:
(1) Monotonicity: For any f,g € B'(X), f(z) < g(x) for all x € X implies (T'f)(x) <
(T'g)(z) for allxz € X; and
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(2) Discounting: There exists 3 € (0,1) such that
[T(f +o)|(z) < (Tf)(x)+ Bc for all f € B(X),c>0, and z € X. (11.68)

Then T is a contraction with modulus 3 on B'(X).

Proof: By the definition of the sup norm ||f — g|| = max,ex |f(x) — g(x)|. Then for any
f.g9 € B'(X) € B(X),

f(z) <g(@) +[1f =9l for any z € X,
(Tf)(z) <Tlg+If —glll(x)  forany z € X, (11.69)
(Tf)(x) < (Tg)(x) + BIIf —gll  for any z € X,

where the second line uses monotonicity of the T" operator and the third line uses the
discounting property. (Please remember that ||f — ¢|| is a number.) We now apply the
converse argument,

g(z) < f(x) + [lg — fl| for any z € X,
(Tg)(x) <Tlf +lg — flll(x)  for any v € X, (11.70)
(Tg)(x) < (Tf)(x)+ Bllg — fll for any z € X.

Combining (11.69) and (11.70) we see that

T f = Tyll < BIIf = 9gll, (11.71)

proving that 7" is a contraction on B'(X).

Before stating the next theorem, we will introduce a few definitions

Definition 6. Let 7" be a set and X be the collection of open subsets of T'. T is a topological
space if

(1) The empty set and T" are contained in X.

(2) The union of any collection of sets in 7" is also in 7. (closed under unions)

(3) The intersection of a finite number of elements of T is also in T'. (closed under finite
intersection)

Definition 7. Consider a collection of open sets (|J,c4 Ua) such that C' = (|U,cqUa). If
X € (Uyea Ua), then C is considered to be an open cover of X.

Definition 8. We define a set X to be compact if whenever there is a collection of open
sets ([Uyea Ua) such that X = (|J,c4 Ua) there is a finite set B(i.e. B has a finite number of
elements), where B C A, such that X = J,.p Us.

Theorem 7. (Weierstrass’s Theorem) Consider the topological space (X, T) and a contin-
uwous function f : X — (R). If X' is a compact subset of (X,T), then max,cx: f(z) and
mingex: f(z) exist.



43

Proof: Let {V,}aca be an open cover for f(X’). Since f is continuous, f~!(V,,) is open
for each @ € A’. Since X' is compact, every open cover has a finite subcover. Therefore,
there exists a finite A” C A’ such that X' C {J,c4» /7' (Va). By definition f(f~'(Y")) C Y”
for any Y” C Y we have

fxyc | va), (11.72)

and thus {V,}aear is a finite subcover of {V,}4ca/, which implies that f(X') is compact.
But, it is well known that a compact subset of R contains a minimum and a maximum.

Before proceeding, we will state a few definitions.
Definition 9. The power set of X is the set of all subsets of X.

Definition 10. A correspondence F' from X to the power set of Y is upper hemicontinu-
ous at x € X if for every sequence {x,,}>°, — z and every sequence {y, }°°, with y,, € F(x,,)
for every n, there exists a convergent sequence {y,, } of {y,}>>, such that {y,, } — y € F(z).

Definition 11. F is lower hemicontinuous at = € X if F'(x) is nonempty-valued and for
every y € F(z) and every sequence {x,}5°, — z, there exists some N € N and a sequence
{yn}ry with y, € F(z,) for all n > N, and {y,}72; — .

The following graph should help one understand the definition of upper hemicontinuous and
lower hemicontinuous. The function is upper hemicontinuous and lower hemicontinuous at
x1, upper hemicontinuous but not lower hemicontinuous at x5 and it is lower hemicontinuous
but not upper hemicontinuous at x3.

F(x)

Definition 12. Let (X,d,) and (Y, d,) be metric spaces, and consider the correspondence
F from X to the power set of Y. Then F' has a closed graph at x € X if for every sequence
{Tn, yn}2, — (z,y) such that y,, € F(x,) for each n, we also have y € F(z). In addition, F’
has a closed graph on the set X if it is closed at each x € X.

The final mathematical result we will cite is Berge’s Maximum Theorem.
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Theorem 8. (Berge’s Maximum Theorem) Let (X, d,,) and (Y, d,) be metric spaces. Consider
the maximization problem

sup f(z,y)
yey

subject to (11.73)
y € G(z),
where G is a correspondence from X to'Y or a function from X to the power set of Y (not

including the null set). f: X Y — R. Suppose that f is continuous and G is compact-valued
and continuous at x. Then

(1) M(z) = maxyey{f(z,y) : y € G(x)} exists and is continuous at x, and
(2) m(x) = argmaxyey{f(z,y) : y € G(x)} is nonempty-valued, compact-valued, upper
hemicontinuous, and has a closed graph at x.

Proof: 7 tells us that a maximum exists and that 7w (z) is nonempty. (f is continuous on
a compact valued set.) Now, let us consider a sequence {y,}°°, — y such that y, € 7(zx)
for each n. Since G(z) is closed (remember that in a metric space compact implies closed)
y € G(z). Moreover, by definition, f(z,y,) € M(x) for each n. Since f is continuous, it
follows that f(z,y) = M(x). Thus, y € n(z) and, thus, 7(z) is closed. As a closed subset
of a compact set, it is also compact. Next, we take {z,}°°; — =, {y,}>2,, with y,, € G(x,)
for all n, with a convergent subsequence {y,,} — y. Since G(z) is upper hemicontinuous
y € G(x) (continuous clearly implies upper hemicontinuous). Take any z € G(z). Since
G(z) is continuous and thus lower hemicontinuous, there exists {z,, } — 2z with z,, € G(z,,)
for all ng. Again, y,, € m(xn,), M(xn,) = f(@n,,Yn,) = f(@n,, 20, ). Moreover, since f is
continuous M (z) = f(z,y) > f(z,z). This holds for all z € G(z), y € 7(x), and therefore
m(x) is upper hemicontinuous. Since 7(z) is upper hemicontinuous it follows immediately
that at © € X every sequence {z,,y,}>°, — (z,y) and y, € F(x,) for each n. It follows
that y € F(z) because I has a closed set on the graph on the set X.

11.1. Brownian Motion. In the following section, we will be following Real Analysis by
Folland, and Probability Theory. Both are graduate math textbooks.

The notation dw is used throughout this document. This differential refers to a Brownian
motion. In the upcoming section, we will attempt to define this Brownian motion in order
to make sense of what we were working with. We shall consider this Brownian motion in
one-dimension. We shall consider the position of a particle undergoing Brownian motion
in this one-dimension at a time greater than zero to be a random variable. But, what is a
random variable? In order to define a random variable, we must first define a o-algebra, and
a measurable function:

Definition 13. (c-algebra) Given a set S, a o-algebra F' is a non-empty set of subsets of S
that satisfies:

(1) if A;eF for i > 1, then ;o AieF

(2) if AeF’, then the complement of A is in F' as well
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Definition 14. (Measurable Function) A function from (w, F') to (§, A), where w and § are
sets and A and F' are sigma algebras, is measurable if the pre-image of any set in A is in
F(i.e. if the inverse function applied to any set in A is in F).

Definition 15. (Random Variable) A random variable is a real-valued measurable function
from (w, F) to (0, R), where w and ¢ are sets, and A and F are sigma algebras.
Our Brownian motion random variable must satisfy the following conditions:

(1) We will assume that X;—o = 0. This is just a matter of normalization. (e.g. if Xy = «,
we could look at Xy — o = 0 for our Brownian motion.

(2) We shall assume that the motion of the particle after some time ¢ should only depend
on X;. (i.e. There should be no lingering affects). Therefore, we make the assumption
that if 0 < ¢y <t; < ... <t,, then the random variables X;, — X;, | for (1 <j <n)
are independent.

(3) There is a constant C' > 0 such that for 0 < s < t, X; — X has a normal distribution
with mean zero (does not have a tendency to go in either direction) and variance
C(t-s). (This will be explained.)

The variance of a random variable X is E[(X — E[X])?], or essentially the expected valued
of the squared differences of the mean. Expectations are essentially integration functions over
every possible realization of a random variable. Therefore, it follows immediately that there
is a linearity of expectations(by the linearity of integrals). This implies that the variance
is equal to F[X?] — 2E[X|E[X] + E[X]E[X]. Therefore, it follows immediately that the
variance of a random variable X is F[X?] — (E[X])2.

Where did this last condition come from? First, we assume that the motion of X; is
homogeneous in time. (i.e. the distribution of X; — X should only be dependent on the
length of ¢ — s, not on what s and t are specifically.) Let us divide the interval [s,t] into
n equal subintervals [to,t1],...,[tn—1,ts], Where tg = s,t, = t. We can therefore write
Xy — X, = X0 (Xy, — Xy,_,). Then, it follows that X; — X, is a sum of n independent
identically distributed random variables (This is clear from the second condition above, and
our homogeneous in time assumption). Since n is arbitrary, the central limit theorem (to be
stated and proved rigorously below) tells us that the distribution of X; — X is normal.

11.2. Central Limit Theorem.

Definition 16. The Central Limit Theorem: Let X;j, Xs,... be independent identically
distributed with an expected value of ;i, and a variance of o%. If S, = X; + Xo + ... + X,,,
then %2=" converges (as n — o0) to the normal distribution.

on?2

We will attempt to prove this result. First, we will define the characteristic function,
which, after some massaging, will give us all of the moments of the distribution. The char-
acteristic function can be defined as E[e?X], where X is the random variable. We prove that

Sn—n

the characteristic functions of =i converges to the characteristic function of the normal
an

2
distribution e 2. Finally, we prove why this implies a convergence of the distributions.

It suffices to prove this result when p = 0. (Note: We can just consider X! = X; — ) Let
us look at the characteristic function a,(t) = E[e"*]. We know that

az(0) = E[e!OX] =1 (11.1)
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Due to the assumption that u =0

' (0) = E[iXe' %] =0, (11.2)
and
a’(0) = E[i’X?%e'OX] = —5? (11.3)
Plugging (11.1), (11.2), (11.3) into our Taylor expansion for a,(t), we see that:
; ot?
ax,m = B[] =1~ — o(t*) (11.4)

Independence implies that E[XY| = E[X]E[Y]. This implies that (essentially just look at
what happens to the Taylor expansion if X is replaced by X;/(o \/Zn))

. 1 ) 1 12 1
E[eztSn/on2] — E[ezt(X1+X2+...+Xn)/on2 _ (1 v —|—O( ))n (11.5)

We shall now try to prove that if ¢, — ¢, where ¢ is an element of the complex numbers,
then (14 )" — e To do this, we shall first prove two lemmas.

Theorem 9. Lemma Let zy, ..., z, and wq, ..., w, be complex numbers of modulus less than
or equal to one. Then | 11 _ 2z — [1oey Wi [< D0 1 | (2m — W) |

We attempt a proof by induction. This is clearly true for n = 1. Now assume that this is
true for n = k. We will prove that this is true forn =k + 1
k+1 k+1

| H Zm — H W |=| 2ra1 H Zm — Zha1 H Wi + Zka1 H Wy — Wea1 H wm | (11.6)
m=1

But, from the trlangle mequahty, this is less than

k k k k
| zon [ 2m = zon [ wm [ 41 262 [ wm — wiein J] wm | (11.7)
m=1 m=1 m=1 m=1

Factoring out, (11.7), this is clearly equivalent to:
k

|z || (] 2m H W) | + | 241 H W — W1 H W, | (11.8)

m=1

But, each z;, w; has modulus less than one. Factoring out, this implies that (11.7) is less than
(remember that the multiplication of numbers less than one is less than one):

k

k
| H “m — H Wy | + | 241 — Wi | (11.9)
m=1

m=1
But, equipped with our assumption, it follows that:
k+1 k41 k41

T 2m = T wm 1D 1 (2 — ) | (11.10)

And, therefore, we have proved the lemma by induction.
Additionally, we require the assistance of another lemmma in order to prove this theorem:

Theorem 10. Lemma If b, a complex number, with | b|< 1 then | e7® — (1 —0b) |<] b |?
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To prove this we first provide a Taylor expansion of e — (1 — b)

oo bt
_b— — = — — — _—
e (1-10) 5 3!+4! (11.11)
This immediately implies that
b| 1 1
S (1-b <|—1 = 11.12
[t (1=b) [ (1 S+ o+ ) (1112)

But, we quickly recognize (1+ % + 5 +...) as a geometric series equal to 2(factor of %), which
implies that:
e = (1) |<| b (11.13)
Let us go back to the first lemma. Let z, = (1 — 2) and w,, = e »". Then, with the
assistance of the first lemma we know that:

Cn\p —en - Cm —cm
1=y e 2 3 1= 2y e (1114)
m=1

Now, employing the second lemma, we see immediately that (since Y | (1 — <) —
e =3 (e — (1)) |):

Cn n —Cn
-y

<n|p (11.15)
n

As n — 00, it is clear that this goes to zero, and therefore, we have proved the theorem.
We know that the characteristic functions converge to the normal distribution characteristic
function, but how does this imply that the distributions converge to the normal distribution?
In order to do this, we start with a definition of tight and then state, prove, and show the
implications of such a theorem:

Definition 17. If a sequence of distribution is tight, it means that for any ¢ > 0, there
exists an M such that lim,, ., sup(1 — F,(M) + F,(—M)) < e where the F), are cumulative
probability distribution.

Theorem 11. (Theorem) Let p,,1 < n < oo, be probability measures with characteristic
functions a,.

(1) If oy, = pioo, then a,(t) — aso(t) for all t

(2) If a,(t) converges pointwise to a limit a that is continuous at 0, then the associated
sequence of distribution p, is tight and converges to a limit p with characteristic
function a

a = E[e"™] This expectation is based on the probability measures, which converge (by
assumption), and e¥ is bounded and continuous, therefore the characteristic functions con-
verge.

The second part of the proof is substantially longer. A distribution is defined by its density
function f. The cumulative probability distribution function F'(z) tells us the probability

that a random variable is less than x. Written explicitly:

F(z) = /_w f(y)dy (11.16)
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Now that we have an understanding of what tight is, we should fully understand the theorem,
and understand why a proof of this theorem would imply a convergence of the distributions,
and, therefore, a proof of the central limit theorem. We start by noting that:

/u(l — ") dt = 2u — /u (cos(tz) +isin(tx))dt (11.17)

We know that [—u,u] is a symmetric interval, and that sin(z) is an odd function. Therefore,
we see immediately that:
/ (1= Xt = 2y — 250Lu) (11.18)

T

We now divide both sides by u, and integrate with respect to u,(dz)(We remember that
[ pn(dz) =1, and that a,(t) = [ " p(dz)

J2 (1= an(t))dt o sin(uzx)
- =20 - n(d 11.19
A 11
Let us now look at the Taylor expansion for 27
sin(x) 22 gt
— =1+t 11.2
x 3!+_5! ( 0)

It is immediately obvious that when x < 1, %(z) < 1. Additionally, we know that sin(z) <1
so Sn@) < 1 for z > 1. This implies that:

T

2(/“’(1 B sm(u:v))un(dx)) > 2(/ (1 1 Vi (d)) > pin(z 2| 2z |> %) (11.21)

o0 uzx |z[>2 | uz |

Now let us label a., as the characteristic function of u., We know that a(t) — 1 ast — 0,
Therefore we can easily see (apply a quick L'Hopital rule) that:

[ —as)dt

—0ast—0 (11.22)

The Dominated Convergence Theorem(which we will prove below) tells us that:

Theorem 12. (Dominated Convergence Theorem) If f, — f almost everywhere, | f, |< g
for all n, and g is integrable, then [ f.dp — [ fdu

With the Dominated Convergence Theorem, the fact that a,(t) — ax(t) for each t, and
the fact that a. is integrable, we know that there exists some N, such that for n > N:

SO (1= an(t))
u

The second inequality comes from (11.19) and (11.21). This immediately implies that the

sequence is tight. I am a little unsure about the remainder of the proof, but my understanding

3e >

2
dt > ppx |z |> — (11.23)
u

is this: The fact that the sequence is tight implies that it converges to some distribution (say
1), and from the first part of the proof we know that this distribution is the one that has
characteristic function a.,. Since, any subsequence converges to this limit we know that the
entire sequence converges to .

In the interest of completeness, we must now prove the Dominated Convergence Theorem.
To prove this, we first prove the Monotone Convergence Theorem, and Fatou’s lemma.
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Theorem 13. (Monotone Convergence Theorem) If f, is a sequence in LT such that f; <
fix1 for all j, and f =lim, .o f, then [ f=lim, . [ f,

Before we proceed to a proof, recall that an LP space can be defined as(where X is a set
M is a o-algebra and p is the probability measure:

LP(X,M,p) = f: X — C: fis measurable and || f ||< oo (11.24)

where || f || can be defined as:

7= [/ P dulb (11.25)

Let us also quickly define an indicator function. An indicator function on a set C' with
E € C, where zeC will be denoted fg(z), and will take the value 1 if x is an element of F
and will take the value zero if z is not an element of E. A simple function is simply(no pun
intended) a linear combination of indicator functions.

Proof: [ f, is an increasing sequence of numbers, so the limit exists([ f) and [ f, < [ f
for all n, so lim, oo [ fn < [ f. Now let o be a number between zero and one., and let ¢ be
a simple function with 0 < ¢ < f. Additionally, let E, = x : f.(z) > a¢(x). It is clear that
E, is an increasing sequence of measurable sets whose union is the entire set (say X). This
is clear because the f,s have a limit of f. From this definition, we can immediately see that
f fn > f B, fn >« f E, ¢. And since E, € E, .1, it follows that the measure of the union of
all the F,s is the same as the measure of the lim,_ ., F,. This implies that:

lim/ngb:/ng (11.26)
lim/fn > a/¢ (11.27)

This is true for all «, and, hence, true for « = 1. And, taking the supremum of all of the
simple ¢ < f, we see that lim [ f, > [ f, which immediately implies that lim [ f,, = [ f.

This immediately implies that:

Theorem 14. (Fatou) If f, is a sequence of nonnegative measurable functions on a measure
space (X, M, ) then

/lim inf f, <lim mf/ fn (11.28)
Now we shall try to prove this. We know that:
liminf f, = klim (inf, >k fr) (11.29)

Now, it is clear that the infirmas of these f,s are increasing as the k is increasing. This is due
to the fact that the groups are getting smaller, and thus potentially smaller values(infirmas)
are being thrown out of the group. Therefore, since this sequence (inf,,>x f,)7; is monotone
increasing, by the Monotone Convergence Theorem we have:

/liminf fn= /khm inf, >k fn = klim /infnzkfn (11.30)
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From the definition of infirma, we know for any n > k:

/inf n>kfn < /fn (11.31)

/mf nZkfn S ll’lf n>k/fn (1132)

Therefore, it follows from the Monotone Convergence Theorem that:

/ liminf f, < liminf / f (11.33)

and we have proved Fatou’s theorem.

Therefore, we have:

Theorem 15. (Dominated Convergence Theorem) Let f, : X — C (X,C are non-empty
sets) be a sequence in L' such that:

a. f, — f almost everywhere

b.| ful< g, n=1,2,..., for for some g € L' Then

i = [ = [ 1 31

Proof: We know that f is in L' because g is in L', and | f,, |< g. Now by taking real and
imaginary parts, we cam assume that the f,s are real-valued. Thus,

| fal<g= —9g< fu<g= g+ fo>0and g—f, >0 (11.35)

We now apply Fatou’s lemma to both g + f, and g — f,, and we obtain:

/(g+f) :/liminf(g+fn) < liminf/(g+fn) Z/g+liminf/fn

Jto=)= [iminttg - 1) < twmint (9= 1) = [[g=tmsup [ 1,

The initial equalities follow from the fact that f,, — f almost everywhere. The inequalities

(11.36)

follow from Fatou’s lemma. The second equalities follow from the fact that g is independent
of n, and in order to achieve an infirma we must add the smallest value and subtract the
largest one.

Anyways, these two inequalities imply that(by subtracting [ ¢, and dividing by negative
one in the second inequality):

limsup/fng/fgliminf/fn (11.37)

And, this clearly implies that:

i [ o= [ g [ 5 (11.38)

Thus we have rigorously proved the Central Limit Theorem.
We would now like to explain the variance of X;— X,. The v represent the variance function

n

v(Xy = X,) =v() (X, — X)) (11.39)
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v(X, = X)) =v() (X, — X)) (11.40)
1
By the linearity of expectations we see that: (which is essentially the same thing as the rule
in calculus that [(a + b)dx = [ adz + [ bdx, when the integrals are finite)
v (X, = X)) =D o(Xey, = Xy, ) (11.41)
1 j=1

But the X, — X;,_, are identically distributed which implies that:

1

> u(Xy, - Xy, ) = (X, — X,) (11.42)
j=1
It immediately follows that if t — s = b(t' — §’), and b is rational(remember it needs to be
broken down into intervals), then:

V(X — X,) = bo(Xy — Xy) (11.43)

And, this, of course, implies that the variance of X; — X is proportional to t — s

Additionally, we have successfully defined an abstract Brownian motion process. We will
now take a break from Brownian motion, and set up some important economics concepts
which will be important in the formation of my problem.



52

12. EcoNOMIC APPENDIX

12.1. Characterizing the Solution to the Utility-Maximization Problem. For this
description we follow Acemoglu’s text: Introduction to Modern Economic Growth

We begin with the problem:

V(x(0)) = e > BU(t),x(t + 1))

subject to

z(t+1) € G(x(t)), for allt >0
z(0) given

where 3 € [0,1) and z € X C R".

(12.1)

Additionally, we let G be a correspondence from X to X. Please recall that the difference
between a correspondence and a function is that a correspondence maps elements to sets
while a function maps elements to elements. U is a function from X x X — R. U is an
ordinal function that measures the utility, or happiness, that a representative feels. 3 is a
discount factor that captures the fact that people do not care as much about future periods
as the current period. We consider z(t) to be a state variable, or something that describes the
state of the world, and z(t¢ + 1) to be a control variable, or something that a representative
chooses based on the state of the world.(i.e. something he or she controls). An example of
a state variable is current wealth, while an example of a control variable is how much an
investor chooses to invest in for the next period. G is a correspondence that tells us what
choice variables are available given a certain state variable. This is clearly an optimization
problem. We want to maximize the utility over all time periods, which is represented by the
infinite sum. We are trying to find the optimal sequence, sup {z(t + 1)}2, € X € (>, in
the set X which is in the set of bounded sequences, >°. To ease notation in the future, we

define
o(x(t) = {{z(s)}2, s x(s+1) € G(x(s)) for s=t,t +1,...}. (12.2)

We use the supremum notation in place of the maximum notation because there is no guar-
antee that we will find a feasible sequence that maximizes the sum. (i.e. we may just find
feasible sequences that get arbitrarily close to an optimal sequence). This problem is very
difficult to solve. We will show that given certain assumptions this optimization is the same
as

V(z) = sup {U(z,y) + 5V (y)}- (12.3)

yeG(z)

It is clear that in this example we try to find a policy function, or a function that relates
the state variable with the choice variable. That is, a policy function 7 will be such that

y =m(x),

To prove this equivalence and additional theorems we first state five assumptions.
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(1) G(x)is nonempty for all z € X; and for all 2(0) € X and x€ ¢(x(0)), lim,, oo >y U (x(t), z(t+
1)) exists and is finite. Please note that bold font will be used to indicate vectors in
this document.

(2) X is a compact subset of R*, G is nonempty-valued, compact-valued, and continuous.
Moreover, U : X¢ — R is continuous, where X = {(z,y) € X x X : y € G(2)}.

(3) U is concave and G is convex. Additionally, if = # x1,

Ulazr + (1 — @)z, ay + (1 — a)yr) > aU(x,y) + (1 — «)U(z1,41). (12.4)

(4) For each y € X, U(.,y) is strictly increasing in each of its first k arguments, and G is
monotone in the sense that x < z; implies that G(z) C G(xy).
(5) U is continuously differentiable on the interior of its domain Xg.

Let us first define U -
U(x)=>_ BU((t),z(t+1)), (12.5)
t=0

where x is any feasible vector in the constraint set, ¢(z(0))

Lemma 5. We suppose that the first assumption holds. Then, for any x(0) € X and any x

in 9(x(0)), )
U(a) = Ule(0),(1)) + 50 (), (12.6)

where € = (z(1),x(2),...).
Proof: Since U(x) exists and is finite (the first assumption)

Ux) =) BU((t)a(t+1))

= U(z(0),z(1)) —i—ﬁZﬁsU(x(s—i- 1),z(s+2)) (12.7)

= U(2(0),2(1)) + BU(X').
Remark: It is important to note that this proof is substantially different than the one we

will be considering later because we are dealing with feasible sequences and, thus, are not
using sup notation.

Theorem 16. Suppose that the first assumption holds. Then for any v € X, V(zx) is a
solution to (12.1) if and only if it is a solution to (12.3).

Proof: (12.1)= (12.3) We begin by noting that if § = 0 the result is trivial. Therefore,
it suffices to assume 8 > 0. Let 2(0) € X and z(1) € G(x(0)). Let us first assume that V'
is a solution to (12.1). We shall try to prove that this implies (12.3) Now, by the definition
of supremum, which means least upper bound, we know that for any € > 0 there exists an
x'€ ¢(x(1)) such that U(z!) > V(x(1)) —e. Additionally, for x.= (2(0),2,...) € ¢(x(0)) we
know from the definition of a supremum that U(z.) < V(2(0)). By lemma 5, we know that

V(2(0)) = U((0), (1)) + U ()

> U((0), 2(1) + BV (2(1)) - Be. (128)
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But, € is arbitrary which implies that
V((0)) = U(z(0),2(1)) + BV (2(1)). (12.9)

By the definition of supremum and the fact that we assumed V is a solution to (12.1),
there exists a feasible infinite sequence, for any € > 0, z/= (2(0), 2.(1), 2.(2),...) € ¢(z(0))
such that:

Uxl) > V(2(0)) — e (12.10)
Define z. = (2/(1),2.(2),...) € ¢(z.(1)) By lemma 5, we know that

V(2(0)) — € < U(x(0), 2(1)) + U (a7)

< U(a(0), 2(1)) + BV (z(1)). (12.11)

This is true for any € > 0. Therefore, (12.9), (12.11) and the definition of supremum
implies that V' is a solution to (12.3).

(12.3)== (12.1) We now go in the reverse direction. We assume that V' is a solution to
(12.3). By the definition of supremum and under the assumption that z(1) € G(x(0)),

V(2(0)) > U(x(0), 2(1)) + BV ((1)). (12.12)

By recursively substituting for V' (z(1)), V(z(2)), ... we have that
) > ZU z(t+1)) + 8"V (x(n +1)). (12.13)
Additionally, if we define x= (z(0),z(1),...), we have
JE&ZW z(t +1)). (12.14)

Additionally, by the first assumption we know that

m

lim BV (x(n+1)) = lim Cian lim ZﬂtU(x(t),x(t +1))] =0. (12.15)
This implies that:
V((0)) = U(x). (12.16)

for any x€ ¢(x(0)).

From the definition of supremum and the fact that V' is a solution to (12.3) we know that
for € > 0 and for any ¢ = ¢(1 — ) > 0, there exists a x. € G(x(0)) such that

V(z(0)) < U(x(0),2:(1)) + BV (z(1)) + €. (12.17)
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We now choose z(t) € G(x(t — 1)) with z.(0) = z(0). We define z.= (2(0), z(1), z(2),...).

By substituting recursively, we again see that

V(2(0)) < ;U(xe(t),:vg(t 1)+ 0"V (@ + 1) + (1454 4 07) (12.18)

<U(x) +e.
where the second inequality follows from the geometric series and because the lim,, .o > 1 U(zc(t), z(t+
1)) = U(x.) and lim,, .., 8"V (x(n + 1)) = 0. This shows that if V is a solution to (12.3)

then it is a solution to (12.1). Because we have gone in both directions, we have shown the
equivalence of the two problems.

Therefore, the proof is complete.
It is far more interesting to discuss the optimal paths to (12.1) and (12.3) than the optimal
solutions to (12.1) and (12.3). Therefore, we prove the following theorem.

Theorem 17. Given a feasible solution, & € ¢(x(0)), it is an optimal plan for (12.1) if and
only if it is an optimal solution for (12.3).

Proof:(12.1)= (12.3) Let us assume that Z is a solution to (12.1). We define z; =
(%(t),z(t +1),...). We want to show that for any ¢t > 0

U(2,) = V(&(t)) (12.19)

t = 0 is true for our assumption that z is a solution to (12.1). As is standard in induction
proofs, we assume that (12.19) for ¢ = k£ and prove that it is true for ¢ = k + 1. From lemma
5 we know that

V(2 (k) = U(2x)

— U(i‘(/{:),:fj(kj + 1)) + BU(jk-H) (12.20)

We define x4y = (2(k+1),2(k+2),...) € ¢(2(k+1)). By definition, zy = (2(k), zx+1) €
¢(z(k)). By the definition of supremum, we know that

V(@(k)) = Uzx)

N _ (12.21)
= U(@(k), 2(k + 1)) + BU (2g11)-
Comparing (12.20) with (12.21), we immediately see that
U(Zrs1) > U(zpgr) (12.22)

for all 11 € ¢(ZTg11). Therefore, T5,; attains the supremum starting from z(k + 1) and we
have proved (12.19) by induction.

Using lemma 5, (12.19) implies that
V(@(t) = Ui
), &#(t + 1)) + BU (Z111) (12.23)
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which implies that Z is a solution to (12.3).

(12.3)= (12.1) We now go in the other direction. We assume that z € ¢(z(0)) is a
solution to (12.3). Substituting for V(z(1)), V(Z(2)),...,V(z(n)) yields

V(x(0)) =Y BUE&(t+1)) + "V (E(n + 1)). (12.24)

Additionally, by the first assumption we know that

lim 8"V (z(n+ 1)) = lim [ lim > U (x(t), x(t +1))] = 0. (12.25)

which implies that

V(2(0)) = lim Y U (@(t), 2(t +1))

=U(2).

(12.26)

which implies that & solves (12.1) which completes the proof.

We now want to show that this value function V' is unique and that there exists an optimal
plan.

Theorem 18. (Ezistence of Solutions) We now assume that the first and the second assump-
tions hold. Then there exists a unique continuous bounded function V : X — R that satisfies
(12.3). Furthermore, for any x(0) € X an optimal plan & € ¢(x(0)) exists.

Proof: We define C(X) to be the set of continuous functions defined on X. They have

the sup norm, ||f(z)|| = sup,cx |f(z)|. By assumption, we know that X is compact, and
therefore all functions in C'(X) are bounded. For V € C(X), we define the operator T as
TV (x) = m&x){U(x, y) + BV (y)}. (12.27)
yel(x

A fixed point of this operator will clearly be a solution to (12.3). First, we will prove
the existence of a fixed point. The right-hand side of (12.27) requires a maximization of a
continuous function(the sum of two continuous functions is continuous) over a compact set,
which by Weierstrass’s Theorem (7) implies that there exists a solution. Thus, our operator
T is well defined. Now, because G(x) is a nonempty-valued continuous correspondence by our
first assumption and U(x,y) and V(y) are continuous by assumption, Theorem (8) implies
that

max {U(z,y) + BV (1) (12.28)

is continuous in x. Therefore, TV (z) € C(X), and T : C(X) — C(X).
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We will now try to prove that 7" is a contraction using Blackwell’s sufficient conditions for
a contraction. Theorem (6) We first show monotonicity. Let us assume that V;(z) < Va(x)
for any x € X.

TVi(z) = yglcglé){U(x, y) + 6Vi(y)}
< yrengé){U(x, y) + 6Va(y)} (12.29)
= TVy(x),

where the second line follows from the assumption. We shall now prove discounting. Let

fed(X)

T(f +))w) = max {U(z,y) + 5/ (y) + )}
= yrengé){U(w, y)+B8f(y)}+ Be (12.30)
=Tf(z) + fe.

The second line follows from the fact that max,cx(f(z) + ¢) = max,ex(f(z)) + ¢ where ¢ is
a constant.

Therefore, we know that T is a contraction. This implies that there exists a unique fixed
point V' € C(X), that is the solution to (12.3). By Theorem (16), this implies that it is also
a solution to (12.1). We shall now show the existence of an optimal plan. By Weierstrass’s
Theorem, we know that since U and V' are continuous and G(z) is compact-valued that there
exists y € G(x) that achieves the maximum. We can define the set of maximizers for (12.3)
to be

m(x) = argyrengé){U(x,y) + BV (y)}. (12.31)

If we define # = (2(0),2(1),2(2),...), with 2(t + 1) € w(2(¢)) for all ¢ > 0. Then from
Theorem 17, we know that this plan is also an optimal plan for (12.1).

Next, we want to show when this optimal plan is unique. To do this we first must show
that the value function is strictly concave.

Theorem 19. (Concavity of the Value Function) Suppose that our first three assumptions
hold. Then the unique V : X — R that solves (12.3) is strictly concave.

Proof: Let C'(X) C C(X) be the set of bounded, continuous, concave functions on X
and let C"(X) C C'(X) be the set of strictly concave functions. It is clear that C'(X) is a
closed subset of the complete metric space C(X), but C”(X) is not a closed subset (consider
a set of strictly concave functions approaching a linear functional). Now, let T" be defined as
follows

TV(2) = max {Ulz,) + BV (1)} (12.32)
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As was proven in the previous theorem, T is a contraction and therefore has a unique fixed
point in C'(X). By Theorem 5, we know that proving that 7(C'(X)) ¢ C"(X) C C'(X)
would be sufficient to establish that the unique fixed point is in C”(X), which would, of
course, imply that the value function is strictly concave. Let V' € C’(X) and for x; # x5 and
a € (0,1), let
To = axy + (1 — a)xs. (12.33)

Let y; € G(z1) and y, € G(x2) be solutions to problem (12.3) with the state vectors x; and
Z9, respectively. Then

TV (z1) = U(x1,41) + BV (y1), and

TV (x9) = U(wz,y2) + BV (42)-
The third assumption tells us that G(z) is convex. Therefore, y, = ay; + (1 — a)ys € G(z,),
so that

(12.34)

TV(za) = UlZa, ya) + BV (ya)
> alU(z1,y1) + BV (y)] + (1 — a)[U(x2, y2) + BV (y2)] (12.35)
=aTV(zxy) + (1 — )TV (x9),

where the first line follows from the fact that y, € G(z,) is not necessarily the maximizer
starting with the state x,. The second line uses the third assumption (the strict concavity of
U and the concavity of V') and the third line uses the definition from (12.34). This implies
that for any V' € C(X’), TV is strictly concave, and thus T[C'(X)] € C"(X). Thus, we
know that the unique fixed point, say V, is in C"(X), and, thus, is strictly concave.

We now state and prove the important result that the optimal plan is unique.

Theorem 20. Suppose the first three assumptions hold. Then there exists a unique optimal
plan & € ¢(x(0)) for any x(0) € X. Moreover, the optimal plan can be expressed as T(t+1) =
w(z(t)), where m : X — X is a continuous policy function.

Proof: The third assumption implies that U(x,y) is concave in y, and thus we know from
Theorem 19 that V(y) is strictly concave in y. Therefore, the right-hand side of (12.3) is
strictly concave. Since G(x) is convex for each x € X (the third assumption), there exists a
unique maximizer y € G(x) for each « € X. Therefore, the policy correspondence, 7(z), is a
function (it is single valued). Since it is hemicontinuous this immediately implies that it is
continuous.

Before stating the next theorem it is important to review the definition of a subgradient.
First, please recall that a function f : C' — R is convex if for any two points z,y in the
convex set C' and for any ¢ € [0, 1], we have that

Ftr + (1= 1)y) < tf(2)+ (1 - O f(y). (12.36)

Please recall that a set is convex if for any two points z,y in a convex set, the line joining
the two points is composed of points in that convex set.
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It may be helpful to first describe a subderivative. This is essentially the case of a subgra-
dient in R. It may be easier to understand. We will later make an extension. A subderivative
of a convex function f : U — R at xg, where x( is a point in the open interval U, is a real
number a such that

f(x) = f(z0) = a(z — o). (12.37)
Since f is a convex function, it is clear that a € [b, ¢| where b, ¢ are defined as follows
b= fim L&) = /(@) (12.38)
:pﬁxa T — o
¢ = Jim L&) = J@0). (12.39)
zﬂxaL T — Xy

From this it is easier to see the definition of a subgradient. A vector Z is said to be a
subgradient of a convex function f at a point x if

flz) > fla)+<z,z—x> (12.40)

for any z. (when f is a function on the real line) There is a geometric meaning to this as
well. Consider the affine transformation(a dilation plus translation)

h(z) = flx)+ <&,z —x > (12.41)

This is a hyperplane to the convex set epi f at the point z, f(z).

The next theorem gives us an important property of the value function. This will allow for
important qualitative analysis.

Theorem 21. (Monotonicity of the Value Function) Suppose that the first, second and fourth
assumptions hold. Let V : X — R be the unique solution to (12.3). Then V is strictly
mcereasing in its arguments.

Proof. Let C'(X) C C(X) be the set of bounded, continuous, nondecreasing functions
on X, and let C"(X) C C(X) be the set of strictly increasing functions. C'(X) is clearly a
closed subset of the complete metric space, but, alternatively, C”(X) is clearly not closed.
We again define T' by

TV (z) = ma(x){U(x, y)+ 6V (y)}. (12.42)

yeG(x
We have already proved that this is a contraction. By Theorem 5, we know that proving that
T(C'(X)) Cc C"(X) C C'(X) would be sufficient to establish that the unique fixed point is in
C"(X), which would, of course, imply that the value function is a strictly increasing function.
Let V € C'(X) be any nondecreasing function. In view of the fourth assumption and the
fact that V' is non-decreasing, max,cq ) {U(x,y) + BV (y)} is strictly increasing which implies
that TV € C"(X).

The next proof is very important because it will enable us to solve for the value function
and the optimal plan.
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Theorem 22. (Differentiability of the Value Function) Suppose that the first, second, and
fifth assumptions hold. Let w(-) be the policy function defined in Theorem 20 and assume that
x € Int X and w(x) € Int G(z). Then V(-) is differentiable at x, with gradient given by

DV (z) = D,U(z,n(x)). (12.43)

From Theorem 20 we know that the policy correspondence 7(z) is a continuous function.
By hypothesis 7(z) € G(z) and from the second assumption G(x) is continuous. Thus, there
exists a neighborhood N (x) of x such that m(z) € Int G(z) for all z € N(x). We now define
W(-) on N(z) by

W(zy) = U(zq,7(x)) + BV (xw(z)) for all z; € N(x). (12.44)

We know that V(w(x)) is a fixed number independent of ;. Additionally, by the third and
fifth assumptions, we know that U is concave and differentiable. This immediately implies
that W (-) is concave and differentiable. Furthermore, since 7(x) € G(x1) for all x; € N(x),
it follows that

W(x) < max){U(xl,y) + BV (y)} = V(xy) for all 2, € N(x), (12.45)

yEG(m

with equality at x; = .

Since, V(-) is concave, —V(+) is convex, and by a standard result in convex analysis, it
possesses subgradients. Moreover, any subgradient —p of —V at x must satisfy

plry —z) > V(ry) = V(z) > W(zxy) — W(z) for all z; € N(z), (12.46)

The first inequality uses the definition of a subgradient and the second inequality uses the
fact that W (zy) < V(x1), with equality at x. Therefore, every subgradient —p of —V' is also
a subgradient of —W. Since W is differentiable at x, its subgradient p must be unique, and
we also know that any convex function with a unique subgradient at an interior point z is
differentiable at x. This reasoning establishes that —V is differentiable, which implies that V'
is differentiable. We shall show why the gradient takes that particular form in the upcoming
discussion.

We shall now try to show the conditions that the solution to (12.3) must satisfy certain
conditions. We start with (12.3)
V(z) = sup {U(z,y) + BV (y)}.
yeG()
From Theorem 19 we know that the right-hand side is strictly concave, and from Theorem 22
we know that it is also differentiable. This implies that for a y € Int G(x) to be an interior

solution it is necessary and sufficient for it to satisfy the first-order conditions. In particular,
1 solutions, must solve the Euler conditions:

DyU(z, ) + BD(9), (12.47)
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where the subscript y indicates that we are differentiating with respect to the second vector
argument. We then differentiate with respect to the first argument. This leads us to

DV(2) = D,U(r, ) + (D,U(x,3) + D))
=D, U(x,7).

(12.48)

The second line clearly comes from (12.48).

This is not sufficient to solve the problem. We must also impose the transversality condi-
tion.

i 5t U0+ 1)

t—00 8:5

2(t) = 0. (12.49)

This condition is absolutely necessary. Consider a Ponzi scheme. It clearly will satisfy the
first order conditions in every period, but is clearly not feasible. We must impose some
growth constraint. (i.e. a Ponzi scheme will blow up for ¢ large enough.)

The final theorem we will prove tells us that if the two conditions discussed above are
satisfied then we have an optimal solution.

Theorem 23. (Euler Equations and the Transversality Condition) Let X C R* "L, and suppose
that the first thru fifth assumptions hold. Then a sequence {z(t)}:°, such that z(t+1) €
Int G(z(t)), t =0,1,..., is optimal for (12.3) (and thus (12.1)) given x(0) if and only if it
satisfies (12.47) and (12.49).

Proof. (12.47) and (12.49) = optimality. First we shall prove sufficiency. Consider
an arbitrary x(0) and let & = (2(0),2(1),...) € ¢(x(0)) be a feasible sequence satisfy-
ing (12.47) and (12.49). First, we will show that Z yields a higher value than any other

x = (2(0),z(1),...) € ¢(x(0)). For any = € ¢(x(0)), define

. = lim mfZﬁt E(t+1)) = Uz(t), z(t + 1))] (12.50)

T—o0

as the liminf as the difference of the values of the objective function evaluated at the feasible
sequences T and x as T' goes to infinity. There is no guarantee that the limit exists (e.g. the
limit could approach multiple values). That is why we use the limit of the infirmas (because,
by definition, this will be the smallest of the limits).

From the second and fifth assumptions, U is continuous, concave and differentiable. Since
U is concave

T—oo X

5, > lim mfz BUDU (), &t + 1) (@ (1) — (1)) (12.51)

+ DyU(:%(t), zt+1))(2(t+1)—z(t+1))]
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for any x€ ¢(2(0)). Since 2(0) = x(0), D,U(z(0),z(1))(# — 2(0)) = 0. Using this and the
fact that

liminf(z, + y,) > liminf z,, + lim inf y,,

liminf(z, — y,) > liminf z,, — limsup y,,

we arrive at the following inequalities

0, > lim ianﬁt[DyU(;%(t),i(t+ 1)+
BDLU (&t + 1), &(t + 2)](@(t + 1) — z(t + 1))
— hm sup 7D, U(Z(T + 1), 2(T +2))2(T + 1)

+ lim inf 5" DU (@(T + 1), &(T + 2))2(T + 1).

Since z satisfies 12.47, all the terms in the first line are equal to zero. Additionally, since it
satisfies the transversality condition, the third line equals zero. From our fourth assumption,
we know that U is increasing in x, which implies that D,U > 0. Moreover, x > 0 by
hypothesis, so the last term is nonnegative, which implies that J, > 0 for any = € ¢(x(0)).
Therefore, Z yields a higher value than any other feasible sequence.

We shall now prove necessity. We define

= lim supZﬂt B(t+1)) = U(x(t),z(t +1))] > 0. (12.52)
Suppose that {Z(t 4+ 1)}2,, with Z(t + 1) € Int G(Z(t)) for all ¢ constitutes an optimal plan,
which implies that ¢/, is nonnegative for any x€ ¢(z(0)). Consider x€ ¢(z(0)) such that
x(t) = 2(t) — ez(t), where z(t) € R* for each ¢ and € is a real number. For ¢ sufficiently small,
such an x€ ¢(x(0)) can be found because z(t + 1) € G(z(t)) for all ¢t and G is concave and
continuous. Using Taylor’s theorem, little o-notation and the fact that

lim sup(z, + y») < limsup z,, + lim sup y,, (12.53)
X

we see that

0, = lim sup » B (DU(&(t), &(t + 1))ez(t)

T—>oo
t=0

+ DU (&), 2(t + 1))ez(t + 1)]

T
+ lim su to(e, t).
Jim p;ﬂ (€, 1)
Please remember that o(e, t) goes to zero faster than ¢ — 0 as e — 0 for any ¢. If 12.47 is
violated at some t;, then we could take y(t) = 0 for all ¢t # t; and choose € and z(t;) such
that D, U(z(t1),2(t1 + 1))ez(t1) < 0 and € — 0. This will guarantee that ¢/, < 0, which is a
contradiction. Therefore, 12.47 must be satisfied.
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Next, we suppose that 12.47 is satisfied but that 12.49 is violated. We choose z(t) =
(1 — e)z(t) and we repeat the same steps as above. This leads us to

5, < —e lim inf 5" D,U(#(T), (T + 1)#(T + 1)

T (12.54)
+ lim sup tz; Bo(e, t),
where all the other terms have been canceled by 12.47. We now want to prove that
o a c0(e, 1)
lg%Tlggo Supgﬁ — = 0 (12.55)

By definition, lim._q @ = 0 for each ¢t and there exists M < oo such that for e sufficiently

small, |o(e,t)/e| < M for each t. For any a > 0, choose T such that MﬁTgl < gforallT >T.
Then

a o(e, t) d o(e,t), a
. t ) < t ) a
Jim._ sup ;—o Fl—I= ;:0 Fl=—1+3 (12.56)

for € sufficiently small. The inequality follows from our choices and the geometric series.

Furthermore, since ZtT:o Btlo(e, t) /€| is a finite sum, there exists a € such that for € < ¢,
S Bo(e, ) fe| < 5. This implies that the left-hand side of (12.56) is less than a. Since a is
arbitrary, we see that (12.55) follows. Note that if the transversality condition is violated then
the first term in (12.54) can be made either negative or positive by choosing € to be either
positive or negative. This combined with (12.55) implies that ¢/, < 0, which is a contradiction.
Therefore we have finished the necessity of the two conditions and have therefore finished the
proof.

12.2. Elasticity of Intertemporal Substitution and The Coefficient of Relative Risk
Aversion. Throughout this section, we will be following Professor Cosimano’s notes, and
several economic textbooks including Asset Pricing, Macroeconomics and Intermediate Mi-
croeconomics. We start by making the assumption that our utility function is defined re-
cursively. Let U represent utility, and ¢ represent consumption. We call W an aggregator,
because it combines current consumption with future expected utility.

U(C(),Cl,...) = W(C(),U(Cl,CQ,...)) (121)
We want to talk about the coeflicient of risk aversion.

Definition 18. (Risk Averse) We say that an investor is risk averse if they will not accept
an actuarially fair (one with an expected value of zero) gamble.

Now, let U be the utility function. A utility function is a measure of happiness that a rep-
resentative investor (an investor that represents an average investor in the economy) receives
from consumption. For now, we will just state three properties of this utility function. First,
we assume that the first derivative is positive (more consumption equals more happiness).
Second, we assume that the second derivative is negative.(The second hamburger does not
provide as much utility as the first) Therefore, the utility function is concave. Finally, we
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assume that the utility function satisfies the transitive property. That is, if bundle A provides
more utility than bundle B, and bundle B provides more utility than bundle C, then bundle
A provides more utility than bundle C.

U
A
U |-
U(ere) |------- J AR =pUe ©) + (1p)U(et)
ued |-
L L
0 75 P, G m

We define the risk premium p as the amount an investor must pay so that (where a is a
probability, and thus an element of [0, 1]):

U(Ce?) = aU(eC) + (1 — a)U(e™C). (12.2)

Definition 19. p will allow us to define a certainty equivalent.(one where you adjust the C
values in order to make the expected utility equal to a certain utility.)

We will now try to derive an expression for p:
First, we note that (this approximation, which comes directly from Taylor series, will be
used throughout the proof):

e ~1+ux, (12.3)
We will now take a first-order Taylor approximation of the left side of (12.2)
U(Ce?) =~ U(C) +U'(C)(C — erC). (12.4)
Using (12.3), we see that:
U(CeP) = U(C) + U'(C)(—pC). (12.5)

We now take a second-order Taylor approximation to the right side of (12.2):

aU(e*C) + (1 — a)U(e*C) = a[U(C) + U'(C)(e*C - C) + 1U”(Cf’)(eZle’ - ) (12.6)

2
+(1—a)[UC)+ U (C)(eC —-C) + %U”(C)(ezzc’ —C)?]. (12.7)
Using (12.3), we see that:
alU (e C) + (1 —a)U(e2C) = a[U(C) + U'(C)(21.C) + %U”(C_’)(zlc_’)2] (12.8)
F1L=a)U(0) + U(C)(2:0) + 5U"(C) (=0 (12.9)

This can be rewritten as:

U(C) + U'(C)anC + (1 - a)(z0)) + 3U"(C) a0 + (L= a)(=0P),  (12.10)

which is equivalent to:

U(C) + B[:(C)U'(C) + %(C)zE[zZ]U”(C). (12.11)



65

But, we know that E[z] = 0, and that F[2?] = V(z), where V represents the variance.
Therefore, we know that:

U(C) + E[2]CU'(C) + %E[ZQ](C*)QU”(C*) ~U(C) + %(C)QV(Z)U"(C) (12.12)

Equating (12.12) and (12.5), we arrive at an expression for the risk premium p

=1 U"(C)
PR TCV(Z) 00 (12.13)

We immediately see that this is directly proportional to the coefficient of relative risk

aversion.

Definition 20. The coefficient of relative risk aversion R(C') can be defined as R(C) =
—cU”(C)
une)

Definition 21. A utility function exhibits constant relative risk aversion if R(C') is constant.

The coefficient of absolute risk aversion can be derived by employing the same exact

method, and substituting an additive random variable C' + z for the multiplicative one e*C.
7U”(C)
ue) -

One will arrive at a risk premium p = S1V/(2)

Definition 22. The coefficient of absolute risk aversion A(C') can be defined as A(C) =
—U”(C)
une) -

We will now try to derive a function that has a constant relative risk aversion. We start
by assuming that absolute risk aversion has the following functional form (B > 0):

1
A+ BC’

This functional form is convenient and exhibits decreasing absolute risk aversion(this is a

A(C) (12.14)

necessary property since people like Bill Gates are more willing to take on risk than your
average middle class earner):

—B
(A+ BC)*
It is clear that if there is to be constant relative risk aversion then A must equal zero.
Remembering that A(C) = %, we now integrate A(C'), and the functional form we
assumed for it (with A = 0) and arrive at the expression:

A(C) = (12.15)

—In(BC
In(U'(C)) = % +D. (12.16)
This implies that:
U'(C) =eP(BC)7 . (12.17)
Integrating again, we arrive at an expression for U(C)
BO)'"%
vy =2 BOF L g (12.18)

1
l—3
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Where R is a constant. Note, R is not affected by a change in C, and therefore we can ignore
it when looking at our functional form. Essentially, the functional form we have derived for
a utility function with a constant coefficient of relative risk aversion is:

U(C) = AC® (12.19)

Where A, and « are constants.
Before we continue, let us lay some more economic foundation.

Definition 23. Elasticity is the ratio of the percent change in one variable to the percent
change in another variable.

For example, the price elasticity of demand tells us the percent change of demand with
a one-percent increase in the price. In this example, it is clear that the magnitude of the
price elasticity of demand for water will be lower than the magnitude of the price elasticity
of demand for ketchup. People need water to survive, but they may be willing to substitute
away from ketchup.

We shall be looking at the elasticity of substitution.

Definition 24. The elasticity of substitution describes how the ratio of two inputs changes
with respect to a change in their marginal utilities, or the derivative of utility (in this case
with respect to consumption).

In differential notation this can be written as:
c.,c, U. U
d(=)/=/d(=2)/==. 12.20
VU F (12.20)
One can quickly see that this is equivalent to:
d(In(£))
d(In(g2))

This is not sufficient to define the intertemporal elasticity of substitution, however. It is

(12.21)

clear that we can increase the ratio of £, by changing z or ¢. The way in which we change this
(e.g. increasing c, or decreasing z), could effect the marginal utility ratio in different ways.
This problem is solved by restricting our class of utility functions to homothetic functions.

Definition 25. A homothetic function is one such that (where U is a utility function, \ is
a scalar, and ¢ is a consumption process) U(Ac) > U(A) implies U(c) > U(¢).

Let us now consider time separable homothetic utility functions. For example, U(cy, o, ..., ¢,) =
¥%(B'u(c;)) where i represents a specific time period, and u could, for example, take the form
of (12.19). This is a very common and popular class of utility functions. We will show that
the intertemporal elasticity of substitution and the coefficient of relative risk aversion are
inter-related for this utility function. To do this we set out to compute the intertemporal
elasticity of substitution.

First, since the utility function is time separable, changing a ¢; will have no impact on
u(c;) for i # j. We will just consider a change in ¢; to change d(<). Therefore, d(g—J) = de)

Ci
Cj Cj
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and d(U—) = dW(e))  Thig implies that the intertemporal elasticity of substitution is equal

ch u(c2)
to (U ) U
C; C; ci [
d(—)/—/d d E =
(Cj)/cj/ ( 0., )ch
d(ci)
oy MU) Ve dle) dUe) _ (12.22)

Z—J U, U, ¢
d(e) U, 1 (e
CdU,) ¢ u'(a) e
From the last equality, we can clearly see that the intertemporal elasticity of substitution,
in this situation, is equal to the negative of the inverse of the coefficient of relative risk
aversion. This is not true empirically.
Many economists argue that the fact that the CRRA and the intertemporal elasticity
of substitution are tied together places too large of a restriction on the model. Therefore,
Epstein and Zin used a utility function that separated these two variables. (We will use the

U..
)

same utility function.)

Epstein and Zin wanted their utility function to exhibit some sort of constant elasticity
of substitution.(This is a result of convenience and data-fitting). Therefore, they picked the
following aggregator W.

Wi(e, 2) = [(1— B)c + B2 (12.23)
Please note that p and ( are constants.
Taking partial derivatives, first with respect to ¢, and then with respect to z we see that:

wc:%ur—mf+ﬁfﬁ*u—ﬂmwpw

= [(1 = B)e + B2 (1 — B)(" ). (12.24)

mezgu—m&+ﬁMJWMMfl)

1 _
= [(1=B) + g2 (B)(2P 7). (12.25)
This implies that:
W, 1—0, ¢ o1
= ——(—). 12.26
i =) (12.26)
Taking the natural log of both sides we see that:
1—
1n(32> - ln(Tﬁ) = (p—1) 1n(§> (12.27)
This immediately implies that the elasticity of substitution is constant since:
d(In( 1
( “§;> - (12.28)
d(ln(Wi)) p—1

And, as stated earlier, p is a constant.

Additionally, they used an expected utility function with a constant relative risk aversion
as a certainty equivalent.(They raised the function to a power to preserve homotheticity.
They let z = FE [x“]%, where E is the expectation operator.(Please note that this z brings in
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a coefficient of relative risk aversion that can be separated from the intertemporal elasticity
of substitution.) This immediately leads us to the utility function

U, = [(1 = B) + B(E[U )] (12.29)

This utility is clearly in discrete time. In continuous time, this process assumes the form:
2
t
dU, = (— f (e, Us) A(Ut)UVT())dt + 0, (t)dB, (12.30)

We know that we can apply the implicit function theorem to (12.29), in order to get a
solution(Please note: We do not know the boundary points of this solution, and that is an
unresolved issue.)

m(bUt+1 | Ft) = G(Ct, Ut) (1231)

where the b represents the distribution(all it’s possible values and probabilities) of U, and
| F} essentially means given the information at time t. (e.g. we know that m( U, | F;) = Uy
because it is a known quantity.) Subtracting this quantity from both sides, we see that:

m(bUt+1 | E) - m(bUt | E) == G(Ct, Ut) — Ut (1232)
Changing the interval from one to dt we see that
m(bUtert ‘ Ft) — m(bUt ‘ Ft) = G(Ct, Ut, dt) — G(Ct, Ut, O) (1233)

We now assume differentiability, to show that:

d(m(bUsss | Fr)) |s=o
ds
To make this transformation, Duffie and Epstein assume that U has a stochastic differential
representation of the form

= —f(c,U) (12.34)

dUt = Mtdt + O'tdBt (1235)
Somehow, Duffie and Epstein differentiate m( Upys | F) |s=0 , and show that:
1
m(bUt+8 | Ft) |3:0: Mt + §A<Ut)0_t0t (1236)
which immediately implies that:
pe = —f (e, Up) — A(Uy)oroy (12.37)
They then define, where v = u:
P _ [JP | —
fle,U) = % and m( U) = [E(U%)]= and A(U) = 77 (12.38)
and the equivalent aggregator (f, A)
. cr — (1 - 7))
fov) = LU (12.30)
P (1=mU)
and A =0 (12.40)

To see why this is what we might expect, and to derive an important condition, which will
be used later in the paper, let us go back and analyze the recursive utility function (this time
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with an interval of dt, and with 1 — « substituted for a, and 1 — p substituted for p). We will
be algebraically manipulating this equation to arrive at a condition:

12.3. Condition for the Utility Function.

U(t) = [(1— e Pl ™ 4+ e PU(B[U(t+ dt) ")) T3] 77 (12.41)
This is equivalent to:
1—p
Ut)-? Cpan @ (BUE + d) )T
=(1—e ) t— e 12.42
1 (1—e )1 _ +e - ( )
We will now define some functions to make the algebra easier:
) == ifo<a#l, 9.4
ta(2) _{ In(z) ifa=1, (12.43)
and o
1 s if y,p#1,
9(@) = up(uy (x)) = u,(e®) ify=1,p+1 (12.44)
In((1—v)z)/(1—7) ifp=1~y#1.
where .
_1=7
0= T,
Additionally,

Ut)l-» i
g(J(C(1), 1) = up(u (us(U(C(1),1)))) = up(U(C(1), 1)) :{ In(U(C(1), 1) é 2 - ’f% ;

We also calculate:

(A=) Bl (L)) 7 if v,p#1,

9B (t+dt)]) = up(uy' (B (J(t+dt)))) = u, (P anly fy=1p#1
In((1 =y)E[J(t+d)])/(1—~) ifp=1y#1.

(12.45)

This implies that (12.42) is equivalent to:
g(J() =(1— eiﬂdt)up(c(t)) + e*ﬂdtg(Et[J(t + dt)]). (12.46)
This can be rewritten as:

g(J(1)) = (1 = e PMyuy(c(t)) + e P g(E[J (t) + dJ(1)]). (12.47)

From our Taylor formula for e”, we know that around dt = 0 (Please note that we use the
fact that (dt)? = 0)

e Pt = =P _ Be=P0qt = 1 — Bdt (12.48)
This implies that:

g(J(8)) = (Bdt)uy(c(t)) + e " g(E[I(t) + dJ(t)]) (12.49)
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We now take a Taylor approximation of e P4 g(E,[J(t) + dJ(t)]) around dt = 0 and dJ(t):

e PUg(B[T()+dJ (1)]) = e P g(J () +0)+e~ g (J(#)(Ei[dT (£)]=0)+(~Be™™)g(J (1)) (dt—0).

(12.50)
Please remember that E;[J(t)] = J(t) because the expectation of the present is what is
actually occurring! Plugging (12.50) into (12.49), we see that:

g(J(1) = (Bdtyuy(c(t)) + e~ Pg(J (1)) + g (J() E[d T (£)] + (=Bdt)g(J(¢)) (12.51)
Canceling, we see that:
(Bdt)uy(c(t)) + g'(J () EeldJ (t)] + (—Bdt)g(J (1)) =0 (12.52)
Solving for F;[dJ(t)], we see that:

—Bluple(®)dt — g(I(E))dt
SU0) (12:59)

This agrees with our equivalent aggregator((12.39)), because

EdJ(t)] =

BaT(0)] + F(e(t), U(0) + 5 AU 0o (0oult) = 0 (12.54)

except that p is used in place of 1 — p.
From this condition, it is clearer to see where f and A come from.

12.4. Euler Condition. Throughout this section, we will be following the work of Asset
Pricing I will use (12.53) in my research. The other big equation that I will derive and use
is the Euler equation in continuous time. This is a more intuitive description of the Euler
condition than the one presented earlier. We shall first try to derive the discrete time version

of this formula: ,
%zm] (12.1)
where P, is the price of the asset at time ¢, u is utility, C' is consumption, and x;,; is the
payoff at the asset at the payoff of the asset at time ¢t + 1. Intuitively this means that the
price of an asset today is equal to the expected discounted value of the payoff of the asset in
the next time period.

We define a utility function over both times ¢ and ¢ + 1

P, = E/}

U(Ct, Cry1) = u(Ct) + BEu(Cria)] (12.2)
Naturally, we try to maximize this function. But, we impose two restrictions:
Cy=1y; — Pa (12.3)
and
Cii1 = Yir1 + 24110, (12.4)

where a represents the amount of an asset purchased, and y represents the consumption level
if the investor bought none of the asset.
Thus, we are left with the objective to maximize (we will choose a):

w(yr — Pia) + Ei[fu(yisr + Ti10)]. (12.5)
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This leads to the first order condition:
PtUI(Ct) = Et[ﬁul(CtJrl)JltJrl] (126)

But, this is equivalent to (12.1).(Please note that P, can be brought inside the expectation
operator because E[P;] = P,)

We now let x;11 = Piy1 + Diyq. That is, we let the payoff at time ¢t + 1 be equal to the
price of the asset at that time plus the dividends received at that time. Thus, our equation

becomes
u'(Cy) Py = Ey[fu'(Cry1)Diy1 + Pryd] (12.7)
Decreasing the time interval from 1 to At so that we arrive at:
u' (C(1)P(t) =e 2 E,[u/ (C(t + At)) - (D(t + At) + P(t + At))] (12.8)

=M B W (C(t+ AY)D(t + At)] + Ey[u/ (C(t + At))P(t + At)].
Now multiply by e~ to obtain
e/ (C(1)P(t) = e YAV E W/ (C(t + AL)D(t + At)] + E[u/ (C(t + AL)P(t + At)).

(12.9)
Bring all terms to the right hand side of the equal side to yield
0 = E,[e A9/ (C(t + At))D(t + At)]
+ By[e A (Ot + At))P(t + At) — e~/ (C(t)) P(t)). (12.10)

In continuous time dividends are paid at a rate D(t) per unit of time subject to a stochastic
process. For example, assume

dD(t) = D(t)dt + D(t)odw(t),

where dw is Brownian motion. Integrating this relation we obtain
tHAL t+At
D(t+ At) = / D(s)ds —I—/ D(s)odw(s).
t t

Here, we use the fact that the investor does not receive a dividend payment D(t) at time ¢,
since they are not the owner until the next instant. Now multiply by e ¢+20y/(C(t + At))

to find
t+At
e A (Ot + A)D(t + At) =e A%/ (O(t + At))( / D(s)ds

t
t+At
+ / D(s)odw(s)).
t
Finally, take condition expectations
t+At
B, [e TR0y (C(t + At))D(t + At)| =E, [e‘“HAt)u’(C(t + At)) / D(s)ds} (12.11)
t
t+At

+ E; {e‘s(”At)u’(C(t + At)) /

t

Dsjode(s)]

The last term is zero since E; [dw(s)] = 0.



72

In these circumstances, we can substitute (12.11) into (12.10) to find
t+AL
0=E; |e A0/ (O(t + At))/ D(s)ds}
¢

+ By [e A (Ot + A))P(t + At) — e~/ (C(t)) P(t)]
Let At — 07 so that
0= e/ (C(t))D(t) dt + E,[d(e™"/(C(t))P(t))].
By the definition of A(t) = e~/ (C(t)),
0=A@)D(t)dt + E[d(A(t)P(t))],

Definition 26. We refer to A as the continuous time stochastic discount factor.

(12.12)

(12.13)
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