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1. Introduction

Various asset pricing models have been proposed to explain the equity premium puzzle, i.e., the
high return on stocks relative to the return on risk-free bonds.! Each of these models produces an
integral equation whose solution determines the price-dividend function and hence also the
equilibrium return on a risky asset held by a representative investor. Although there is limited
information about the essential properties of the solutions to these integral equations, economists
and mathematicians employ numerical methods to approximate them. The recent work of CCCH and
CCH shows how to obtain the essential mathematical properties of the solutions to the well-known
asset pricing models of Mehra and Prescott (1985) and a generalized version of Abel (1990).2 They go
on to show how these properties can lead to improvements in the numerical algorithms developed to
represent the solutions to these models. This paper lays out how these analytic methods can be used
to identify the mathematical properties of more general asset pricing problems. Subsequently, it
shows how to develop numerical algorithms exploiting these properties.

To illustrate these analytic methods we use the asset pricing model of Campbell and Cochrane
(CC) (1999). A shortcoming of early asset pricing models is that they require unrealistically large
levels of relative risk aversion and/or high risk free interest rates in order for their price-dividend
functions to yield equity premiums consistent with empirical evidence.? CC seek to reconcile this gap
between theory and evidence by introducing a surplus consumption ratio into the pricing kernel.
This surplus consumption ratio compares the investor’s consumption with their external habit. They
also develop an equation of motion for this surplus consumption ratio, which is dependent on
random shocks to dividend growth. In this equation of motion the log-normally distributed random
shocks to dividend growth are amplified by a sensitivity function that places larger (smaller) weight
on small (large) random shocks to dividend growth. This sensitivity function is dependent on the
surplus consumption ratio so that the surplus consumption ratio is the state variable for the
determination of the price-dividend ratio. This specification creates a precautionary savings which
keeps the risk free interest rate low.*

The CC model leads to an integral equation for the price-dividend function which depends on the
surplus consumption ratio. Moreover, the surplus consumption ratio depends on future dividend
growth. In this model it is assumed that dividend growth follows a log-normal distribution.
Therefore, it is natural to seek a solution to the integral equation in the space of continuous functions
that grow exponentially. That is, the real vector space C(R, e’*) of all continuous functions f(x) with
domain R such that |f(x)|<mie™ + m, for all x, where m;,m, >0 may depend on f(x). When the
parameters involved satisfy certain conditions, it is shown that the integral equation of the CC model
has a unique solution in the space C(R, e’*) (see Proposition 1).

Unfortunately, the condition for the existence of a unique solution to Campbell and Cochrane’s
model in the space C(R, e’¥) is not satisfied. Given the procedure for choosing the parameter values
espoused by CC, it is shown that the coefficient of risk aversion must be larger than 76 for existence
of the solution, which is even higher than the value Mehra and Prescott (1985) needed to explain the
equity premium. The reason for this failure is that dividend growth is too low relative to the risk free
interest rate. Thus, there is no known proof of existence for the original specification of the model by
Campbell and Cochrane.

To deal with the existence problem the price-dividend function is restricted to avoid values of the
surplus consumption ratio that are extreme. Then, existence and uniqueness of the solution is proved
in the space of continuous and bounded functions for a larger set of the parameters, including the
ones used by CC. Also, a uniform upper bound for the solution (see Theorem 1) is found. This

T See Mehra and Prescott (2003) for a recent survey of these models.

2 Throughout the paper, we will write CCCH for the paper by Calin et al. (2005), write CCH for the paper by Chen et al.
(2008), and write CC for the paper by Campbell and Cochrane (1999).

3 Weil (1989) refers to this phenomenon as the risk free rate puzzle.

4 Cecchetti et al. (2000) provide an alternative motive for precautionary savings to explain the equity premium with a low
risk free interest rate.
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provides a firm basis for further study of the mathematical properties of the Campbell and Cochrane
model.

Indeed, using complex analysis it is shown that the price-dividend function is analytic near the
steady state surplus consumption ratio and the region of convergence of its Taylor series is computed
(see Theorem 2). The radius of convergence is large enough so that the region of convergence
contains the consumption growth in the interval [xg — 25%, xo + 25%] where X, is the steady state
level of consumption growth. This range of consumption growth would include any fluctuation in
dividend growth around the world in the 20th century (see Barro, 2006). Thus, the price-dividend
function is analytic for any feasible level of consumption growth.

Taking advantage of the established analyticity of the price-dividend function and the fact that its
Taylor series has a large enough region of convergence, we develop a numerical algorithm that
computes a nth order polynomial approximation for the solution. In addition, the uniform bound on
the price-dividend function, along with it being an analytic function, yields a uniform bound on the
approximation error for dividend growth in the interval [xy — 25%,xo + 25%].> Thus, the numerical
solution for the price-dividend function may be made as accurate as desired by increasing the order
of the polynomial approximation.

In summary, this paper provides an overview of the analytic method for solving asset pricing
models, and applies it to solve rigorously the interesting model of Campbell and Cochrane. It is worth
mentioning that the value of the price-dividend ratio around the steady state surplus consumption
ratio is very sensitive to its values far away from the steady state due to the global nature of the model
(integral equation). This becomes apparent in calibrating and simulating the model (see Section 6). For
example using the CC parameters the upper bound of the price-dividend function is below 1& = 15.6
when dividend growth is restricted to the interval [xo — 25%,xo + 25%]. As a result, it is impossible to
obtain the historic value of 18.6 at the steady state under these circumstances. After an intensive
search of the parameter space using available computational resources, there is no combination of
parameters in which the equity premium and Sharpe ratio match their historic values.

In Section 2 we provide an overview of our analytic method for solving asset pricing models. In
Section 3 we summarize CC’s asset pricing model and prove existence and uniqueness of the
price-dividend function when the parameters involved satisfy certain conditions. However, the
parameters used by Campbell and Cochrane do not satisfy one of these conditions. We remedy this
problem by restricting the price-dividend function to avoid big tails and prove existence and
uniqueness of solution in the space of continuous and bounded functions. In Section 4, using
complex analysis, we show that the price-dividend function is analytic at the steady state level of
dividend growth and find the radius of convergence for its Taylor series. In Section 5 we present a
numerical method for computing a higher order polynomial approximation of the solution and
provide an error analysis of the numerical solution. In Section 6 we summarize the results from our
numerical simulation of the CC asset pricing model. The conclusion is provided in Section 7. Finally,
in the appendix we provide complete proofs of the mathematical results used in this paper.

2. Overview of analytic method

In this paper, we consider the properties of the solutions of integral equations, which are found in
asset pricing models, of the form:

Po) = [ Mgt )91 + Pl ) d, )

where P : R™ — R is an unknown price-dividend function of the state variables x, ¢(x, v) is a function
for the motion of state variables which depends on the random shocks v with probability density
function f(v), and M(p(x,v),v) is the pricing kernel which represents the investor’s evaluation of
future cash flows from an investment. M((x, v), v) depends on the future state variables as well as the
random changes in these state variables.

5 Santos (1991, 1992, 1993, 1999, 2000) also provides error analysis for his numerical procedures.
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The asset pricing models of Mehra and Prescott (1985), Abel (1990), and Campbell and Cochrane
(1999) fit into this integral equation with one state variable. Epstein and Zin's (1989, 1990, 1991)
asset pricing model also fits into this framework with an appropriate definition of the unknown
function as a function of the price-dividend function, i.e.,

N&x) = (P(x) + 1)".

The extensions of the Campbell and Cochrane model by Wachter (2002, 2006) yield a two-
dimensional asset pricing function, since the consumption growth and inflation are added as
additional state variables to Campbell and Cochrane’s price-dividend function. The empirical habit
based model of Chen and Ludvigson (2008) would have four state variables. The models of exchange
rates, which treat foreign exchange as an asset,® may also be placed into this rubric. Although, most
of the models of exchange rates treat the stochastic discount factor as a constant, exchange rates are
subject to anomalies similar to asset prices so that this literature may benefit from the use of more
sophisticated pricing kernels.” Stochastic growth models such as Brock and Mirman (1972) would
not fit into this setup, since the pricing kernel would be a function of the unknown equilibrium
function. As a result, stochastic growth models would yield a non-linear integral equation which we
do not address in this paper.

What makes the integral equation (1) atypical is the dependence of the unknown price-dividend
function on the equation of motion. Standard mathematical analysis of integral equations like
(1) would have the unknown function on the right-hand side dependent only on the random
shock, i.e.,

Po) =00+ [ Kexy)Pw)dy.

where K : R™ x R™ — R is the kernel of the integral equation. The properties of the solution P(x)
depend on those of g(x) and K(x, y). Tauchen and Hussey (1991) use the quadrature procedure to solve
numerically such integral equations, assuming the existence and uniqueness of the solution. In our
work, we go beyond this to provide a polynomial approximation scheme by taking advantage of the
fact that in our atypical integral equation the resulting (after some transformations) g(x) and K(x, y)
are analytic, and therefore we can prove that P(x) is analytic, too.%

The first step in the analysis of the integral equation (1) is to identify a vector space of functions in
which a unique solution to the price-dividend function exists, e.g., see Definition 2 and Proposition 1
for the Campbell and Cochrane case.

Next, we simplify the analysis by using a change of variables which makes the future
price-dividend function dependent only on the random shock(s). We introduce:

Assumption 1. det(dp/0v)#0, so that we can make the change of variables s = ¢(x,v), or
equivalently, v = y(x,s).°

Then the integral equation (1) becomes

Peo) = /R L MG, Y, 9))A + PO)f(Y(x,9))| det(@y/0s)| ds. (2)

In this form, the integral equation is a Fredholm equation of the second type in which the kernel is
M(s, y(x, )f (Y (x, 5))| det(dy /3s)(X, s)!.

To solve this integral equation we rely on analytic methods following CCCH. Before describing our
solution method, we discuss briefly the basic properties of holomorphic functions in one complex
variable. These properties are also valid in several complex variables with some additional technical
complications. Let f(z) be a complex-valued function of z defined in an open set (domain) D of the

6 See Engel and West (2005) for a recent discussion of this topic.

7 For example, see Choi et al. (2008).

8 In CCCH, we provide a comparison between the quadrature method and the polynomial method for the Mehra and
Prescott (1985) model.

9 A similar assumption can be found in Blume et al. (1982).
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complex plane C. Suppose that this function is smooth and it can be expressed as

= f ®(z9) k _ .
f(z)_z X (z—zp)¢ for |z—2zp|<r and zg = X + iy, 3)
k=0 )
where f(k)(zo) denotes the kth order complex derivative of f(z) at z = zy (the usual calculus formulas
for real differentiation hold true for complex differentiation, too). Separating this function into its
real and imaginary parts f(z) = f1(x,y) + if ,(x,y), we obtain

of oy .o & fO(z0) k1
i W ke
and
oo (k)
g _ af—l+ i%2_ Zf (Z) ik(z — zg)* 1.

dy  ay ay —~ Kk
Multiplying the second equation by i and adding it to the first yields

L of 1(of  of\
af:§:§<&+l@> =0.10 (4)

This equation is called the Cauchy-Riemann equation, which can also be written in the form:

%_% and afi]_,afiz

ox ~ oy dy ox
This motivates the following:

Definition 1. A function f(z) is said to be holomorphic in an open set D in the complex plane if fis in
C'(D) and satisfies the Cauchy-Riemann equation in D.

In fact, it can be shown that fis holomorphic in D if §f = 0 in the sense of distribution theory (weak
derivatives). A proof of this fact can be found in Hérmander (1983, p. 110, Theorem 4.4.1). The basic
theory of holomorphic functions can be found in the classical text of Ahlfors (1979) or Hormander
(1979), where it is presented in the more general context. There, it is proved that a holomorphic
function has derivatives of any order, and therefore its Taylor series can be formed. Moreover, for
each zy € D there is (a maximal) positive number r, called the radius of convergence for f(z) at zg, such
that f(z) can be represented by its Taylor series, like (3), for |z — zg| <T.

A key fact, which is very useful in our work here, is that r is equal to the distance of zy to the
boundary of the domain of holomorphicity of f. For example, if f(z) = 1/(1 + z?), then the domain of
holomorphicity of fis C\{#i}, and its radius of convergence r, say about 0, is equal to |i — 0] = 1.

The ‘calculus’ definition of an analytic function f(x) of a real variable x in an open interval (a, b) is
that it is in C*(a,b) and at each point xq € (a,b) the remainder R,(x) of the nth degree Taylor
polynomial approximation of f(x) tends to zero as n — oo when |x — xg| <r. By complexifying x to
Z = x + iy, we obtain a holomorphic function f(z) in an open set D in C, and we may think of f(x) as
the restriction of f(z) from D to (a, b).

We now continue with our procedure. For proving the analyticity of the price-dividend function,
we need:

Assumption 2. M(s,y(x,s)), f(y(x,5)), and | det(dy/0s)(x,s)| are analytic in x, and therefore can be
complexified to give holomorphic functions with respect to the complex variable z = x + iy.

Consequently, we expect the price-dividend function to be holomorphic as well.
Assumption 2 gives

S(M(s, (2, 9)f ((z,5))| det(@y /0s)(z,s)]) = O,

10 See Hérmander (1983, p. 62).
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since the product of holomorphic functions is holomorphic. Verifying that we can pass differentiation
d inside the integral sign of Eq. (2), we find that the integral

/ M(s. (2. )(1 + Ps)f((z.5))| det(@y/os)(z.5)| ds

is holomorphic for z in an open set D in C. So the radius of convergence for the price-dividend
function at zy = x¢ + i0 is determined by the distance of z; to the boundary of the domain D.

When there is a bound Py on the price-dividend function, we can use the Cauchy integral formula
(see Conway, 1973) to place a bound on its derivatives. Denote by C; for the circle of radius r>0
centered at z = zy in the complex plane.

" P(2)
(I) —
P‘(z)_znlfcmdz for k=0,1,2,.... (5)
Therefore,
k P(z Pok!
|P(k)(ZO)\ < o i 7|z L io)lLH |dz| < —,?k fork=0,1,2,.... (6)

Motivated by the fact that the price-dividend function has a power series expansion like (3), it
makes good sense to use the following numerical procedure. For any given integer n >0, we look for a
polynomial approximation of the price-dividend function of the form:

PLx) =Y bi(x — xo), (7)
k=0

where the coefficients by, are determined by substituting the polynomial P%,(x) into (1).
In CCCH, we use the bound (6) on the derivatives of the price-dividend function to find a bound
on the error in our approximate solution (7).

error = max |P(x) — PL(x)|, (8)
|X=Xo| <ur

where O<pu<1.

3. The Campbell and Cochrane model

Campbell and Cochrane (1999) assume that individual’s preferences are represented by

Sy -
oS
=7
where C; is the individual’s consumption at time j=t,t+1,..., 5] = (Gj —X;)/C} is the surplus
consumptlon ratio at time j, Ca is the average consumption of all 1nd1v1duals at time j and X is their
habitual level of consumptlon at time j, and 7> 0 is the relative risk aversion.!! Finally, E(x) refers to

the expectation of x conditional on the investor’s information at time t.
The surplus consumption ratio S} satisfies the AR(1) process with 0<¢<1:

Sty = (1= )5+ ¢sg + AsH(CEy — ¢ — 8),
where the lower case letters refer to the natural logarithms of the variables, e.g.,
= In(S}).
The consumption growth follows a normal distribution such that

G —C =g+ Vi1, Vei~idd N, 6?).

11 See Wachter (2005) for a recent survey of models based on CC’s model. Korniotis (2005) provides estimation of CC’s
model under complete and incomplete markets.
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To introduce heteroscedasticity of the random shock to the consumption growth, Campbell and
Cochrane introduce the sensitivity function:

T-2(7=35)/S—1 if s} <Smax,
ay
Asp) = {0 if s2>Smax-

Here,

2
P _ 1-5
—1145 and  Smax =5+ 5 (9)

This sensitivity function was derived from four properties: (1) the domain of the pricing kernel is R, ;
(2) the natural logarithm of the risk free interest rate, 1/, is constant;'? (3) the derivative of s§ with
respect to ¢ is 0 at S; and (4) the second derivative of s? with respect to c is 0 at S.

The price-dividend function satisfies the Euler condmon

Dt+l

SEG

P(s) = Er <Mr+1 a+ P(5r+1))> (10)

where P: R — R, is the price-dividend function that pays the dividend stream D; and M, =
e 18 @=D=9H—(+Asvim s the pricing kernel. In the most general model, Campbell and Cochrane
assume that dividend growth follows:

diy —di =g+ We1, We~1id. N0,62) and corr(we, ve) = p

Consequently, the random shocks to dividends follow a log-normal distribution.
To find the price-dividend function P(x), we rewrite the Euler condition (10) as

KO eI( 1X

V2no

where x =s? — §, v=v., and

P(x) = / M1+ (1 4 P(gx + Ax)v)) - e*/2 d, (11)

Ko = pes 12005 K = (1), Ko =222 (12)

Now the sensitivity function is written as

J1=2x/5 -1 if x<x*,
MX) = {0 if x>x*, (13)

where X* = Spax — 5= (1 — §2)/2. Consequently, we obtain an integral equation in the form (1). In
addition, the equation of motion for the state variable ¢(x, v) = ¢x + A(x)v satisfies Assumption 1 as
long as /(x)> 0. Thus, the interval of convergence for the price-dividend function must be limited to a
subset of (—oo, X*).

3.1. Existence and uniqueness of the price- dividend function

We follow CCCH and seek a solution in the following vector space.

Definition 2. Let C(R, e”) denote the real vector space that consists of all continuous functions f(x)
such that |f(x)| <m;e”* + m; for all x € R, where the constants m; >0 and m, >0 may depend on f(x).

By completing the square (see Appendix A), we can write the Eq. (11) in the form:

M)

o .

P(X) = M(x) + =2 [ e=(1/20)0=c*(Ka=1+2000) P(hx + A(x)v) dlv, (14)

12 9f Iy = r0 B(s; — 3), then § = 6+/7/(1 — ¢ — B/7). This does not influence any of the analysis of the integral equation for
the price-dividend function.
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where

M(x) = Koel(1x+az(l(2 —p(14+4(x)))? /2 (1 5)
Note that |M(x)|<mie’* + m, for all x € R, where

m; = Koe(az(Kz—3‘)2—7¢(1—§2))/2 and m, = Koe(rz(K§+72/§2)/2—621'K2_ (16)
So M(x) is in C(R, e™).

Definition 3. For any f(x) € C(R, e’*), we define the transformation
M(x) /‘Oo (1 /262N V—02 (K — (14400
TNHX) = —m= [ e M=o K=+ f(hx + J(x)V) dv. 17
(THx) N f(e (x)v) (17)

The next result shows that the transformation T maps the space C(R, e¥) into itself.

Lemma 1. If f(x) € C(R, e™), then (Tf)(x) € C(R, e™).

The proof of this lemma is provided in Appendix B.
Now Eq. (14) is equivalent to P(x) = M(x) + (TP)(x). The following assumption will guarantee that
this equation has a unique solution in C(R, e7¥),

Assumption 3. 0<5<1,0<m; <1, and O<m, <1.
Proposition 1. Under Assumption 3, the integral equation (14) has a unique solution in the space
C(R, e™).

We prove this proposition in Appendix C. Next, we discuss the validity of Assumption 3.
The parameters used by Campbell and Cochrane satisfy the first two conditions in Assumption 3.
However, they do not satisfy the last condition. More precisely we have the following remark.

Remark. The condition m; <1 is not satisfied for the Campbell and Cochrane parameters.
In fact, in the consumption claim case we have K; =1, p =1 and oy, = ¢. Combining these
conditions with the definition of K in (12) and m; in Eqgs. (16) yields

m, = ﬁeg(l—;')eaz(l+7'2/§2)/2—027. (18)

Campbell and Cochrane set the parameters with a monthly time frame, so that g =0.0118/12 =
0.00157,y =2, ¢ = 0.0112/+/12 = 0.00323, S = 0.0448, and $ = 0.9894. In this case, m, = 1.0008, so
that the Campbell and Cochrane model does not satisfy the condition for existence in Proposition 1.
Similar calculations for the dividend claim case yield the same result. In the calibration section, we
show that this condition is not satisfied for most circumstances.

To remedy this problem we shall restrict the price-dividend function when the surplus
consumption ratio gets too big. But first, we transform integral equation (11) for convenience.

3.2. Transformed integral equation
As we shall see below it is more convenient to work with the following transformation of the
price-dividend function.
Definition 4. Define the transformation:
Q(x) = e (1 + P(x)). (19)
Also, using the change of variables y = ¢x + A(x)v, (11) is transformed to

Q) = e~ + / Q(y)e-1/272 MBI gy, (20)

J_ /l(x)
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where

K3 = Koe? €2=1°/2, (21)
and

YX) = X + o> (Ka — p)AX). (22)

Furthermore, let

. NT=2x-0 ifx<(1-5/2,
X)) = cA(x) = ) - (23)
0 if x>(1-5/2,
where ¢ = /S = /(1 — $)/7. Then y(x) = $x + o(K, — y)A(x) and (20) takes the form:
. Ks3 "0 _ 5 N2y (y 2
) —e X4 K3 / e~ (/UMWY qy. 24
Q®) NI QW) y (24)
Choosing an r such that
0<r<(1-5/2, (25)

we have that the denominator 7(x) in (24) never vanishes for x<r. So we modify the integral equation
(24) as follows (see Appendix D):

e 4 \/2’7(} o / " Q(y)e- 1IN0 dy if — rex<r,
X)) —o00
QX = Q(n) if x>, (26)
Q(-n) if x< —r.

Now we have the following result.

Theorem 1. If the condition (25) holds and K3 <1, then the Eq. (26) has a unique solution Q(x) in the
vector space of all continuous and bounded functions defined in R. Moreover, we have

er
nal = ilelng QX< m (27)

We prove this theorem in Appendix E. Next, we discuss the analyticity of Q(x).

4. Analyticity of the price-dividend function

Since Q(x) = e*[1 + P(x)], to prove that the price-dividend function P(x) is analytic near x =0
and its Taylor series has radius of convergence r. it suffices to prove it for the function Q(x). For this,
we shall apply basic properties of holomorphic functions. First, we will show that Q(x) makes sense
when x is replaced by w = u +iv. (Here, we use the complex variable w = u +iv instead of the
traditional notation z = x + iy.) By (20) it suffices to do this for the function

Fow) = /Oo Q(t) - e~/ W) 4 (28)

since the other pieces in the formula defining Q are well-known elementary functions.
Second, we need to show that

SF(w) = /oc Q) - 5(e—(1/(262/1(W)2))(t—¢(w))2) dt =0; (29)

that is, the Cauchy-Riemann equation holds in an open set D in C. We already know that
e~(1/262 Wt~y s holomorphic at the origin. Consequently, we must verify that the integrals (28)
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and (29) exist. Both of these conditions are satisfied when

Re{%(t - ¢(w))2} ~0. (30)

20622(W)
This method is implemented in Appendix F. Here, it is summarized in the following lemma.
Lemma 2. Let

fx) = / * Q(6)e~ (/@M= dg, (31)

where Q(x) is a bounded and continuous function and (x) is given by (22). Then f(x) is analytic for
x<x*=(1- §2)/2, and the radius of convergence of its Taylor series around the origin is equal to

=2
SR
e = 21. (32)
where
N _21/3c4/3 c4\2/3
Rzz\/(xo—s’z)%‘l‘(xg—l)z and xo= > SV +O+V3V27+5)P (33)

32/352/3(9+\/§ 27+§4)1/3

The next theorem, which is the main result of this section, follows immediately from the relation
between P(x) and Q(x) given in Definition 4.

Theorem 2. The price-dividend function P(x) is analytic for x<x* = (1 —SZ)/Z, and the radius of
convergence of its Taylor series about the origin is rc = SR, /2.

Theorem 2 gives the best estimate for the radius of convergence for the Taylor series of the
price-dividend function P(x) about the origin. In the next section, we exploit the analyticity of the
price-dividend function in the interval determined by Theorem 2 for the purpose of approximating
the price-dividend function numerically.

5. Numerical solving for the price-dividend function

Based on Lemma 2, the solution of (26) is analytic at the origin and the radius of convergence for
the Taylor series of Q(x) around the origin is r.. Choosing r to satisfy the additional condition:

O<r<re, (34)

we have that the Taylor series of Q(x) about the origin converges to Q(x) for —r<x<r, and therefore
Q(x) satisfies equation:

Zanx" if —r<x<r,
n=0
QX)) = Zanr" if x>, (35)
n=0
Z(—l)”anr” if x< —.
n=0

In Appendix G, we show that the coefficients a, satisfy the linear equations

DY & K31+ (DD & Ks
= + E anq 6 +
I " 2 £ /22 K

n_2k+j+1 /n 2k+j+1 (-1 j+k +(71)1‘+j+k+1 A
X (jo ; <]>< i >[ )J 2k +j+1 ] 'b2k+1+n—i,2k+1,l

q
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2k+1 / 2k + 1 —1ytk (R
+ ; < i >[( Y 2,(<+i ] “baks1jakers | ¢ (36)

where

o 1 ifl=0
0=Y0 iflx0

and the b are the coefficients of the power series:

(x) _ i by X", (37)

A =0

The computer cannot solve a system of infinitely many equations as in (36). We consider the
approximate solution:

n
Ta) = ax*. (38)
k=0
The qa, are the solutions to the system (36) of linear equations which is truncated at n. The

approximation error for Q(x) which solves Eq. (35) is

error = max |Q(X) — Tn(x)|. (39)

|X|<ur

Here, 0<u<1 is to be chosen later. Write

Q(*) = Qu(X) + Rn(x), (40)
where
_ Q%) _ < Q%0
Qn(x)_; o X and Rn(x)_k;;r1 X

Then
Q) — Th(X¥)| < |Rn ()| + |Qn(X) — Tn(x)|.

Next, we derive an estimate for R,(x). For this, we need the following result.
Lemma 3. Ifr<%+§<%§— V2§ + 1), then 1—2r+§ — 25yT+2r>0.
Thanks to this lemma which is proved in Appendix H, we can give the following:

Definition 5. Set

_2 -
. 1+4r+S5 — 2514 2r
By = max{ [|Ql,e" + K3[Q|| R . (41)
1-2r+S —-25V1+2r
Theorem 3. Ifr<%+§(%§—\f2 §2+1>, then
B, 1
IRn(0] < = o Jor s (42)

We prove this theorem in Appendix [. As a result, we obtain an upper-bound for the error of the
numerical solution T,(x):

" n+1

error< B + max |Qu(x) — Tn(X)]. (43)
1—p i<
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6. Calibration and numerical solution of Campbell and Cochrane model

In this section, the asset pricing model of Campbell and Cochrane (1999) is calibrated and
simulated using our numerical algorithm. An important part of this simulation is the procedure,
which CC use to calibrate the parameters for obtaining a reasonable match with the data. They start
with the following approximation for the Sharpe ratio:

E:(Rf,1) — Re

Z(R‘:H - Rt+l)

SR(x) = ~ ya(1 + A(S)), (44)
where E;(Rf,;) — R is the conditional expectation of the equity premium and X(R;,; — Re41) is its
standard deviation. They want the Sharpe ratio to be equal to the historic average 0.5 for the
consumption claim model, and 0.45 for the dividend claim model. As a result, they evaluate the
Sharpe ratio approximation (44) at the steady state x = 0, and find that

. _ SRy
Y= 1-¢°
Next, Campbell and Cochrane want to choose parameters so that the risk free interest rate is equal
to its historic value 0.0094. They use the expression for the risk free interest rate given by

(45)

2.2
In(Re;1) = — () + 78 + (6 — Dx = 5= (1 + 20" (46)
The parameter j is chosen so that this relation holds at the steady state value x = 0. As a result,

SR(0)®>  SR(0)?
/3=exp{](_;g— > —ln(Rtm}. (47)

Using this procedure for choosing the parameters, we can check the condition for Proposition 1 for
the existence of a solution to Campbell and Cochrane’s asset pricing model in the space C(R, e™).
Substituting (44) and (47) into (16) the definition of m,, we have

2 2
my = exp{g —In(Res1) + %(1 —pHal, +% K3 - 6%K, SIR(O) } (48)
—¢
All the terms in this equation are determined by the data except ¢ and SR(0). In the consumption
claim model Campbell and Cochrane simulate the model using a monthly time interval so that their
parameters are In(R..;)= 0.0094/12 =0.00078, g =0.0188/12 =0.00157, ¢ =0.0112//12 =
0.00323, 6y =0, and p = 1.

In Fig. 1, we look at the possible values of m, for various values of SR(0) and ¢, given the other
parameters chosen by Campbell and Cochrane. All points in the shaded area satisfy the existence
condition from Proposition 1, my<1. As a result, only with the persistence of the surplus
consumption ratio, ¢, close to 1 is this existence condition satisfied in the Campbell and Cochrane
model. In particular, for the Sharpe ratio found in the data, SR(0) = 0.5/+~/12 = 0.1443, ¢ must
be greater than 0.9998. However, for the Campbell and Cochrane parameter choices
SR(0) = 0.5/+/12 = 0.1443, and ¢ = 0.87'/12 = 0.9885, the condition of Proposition 1 is not satisfied.
This point, labeled as CC, is highlighted in Fig. 1, which is outside the feasible region. Similar results
are found for the dividend claim case. Thus, there is no known proof for the existence of a solution to
the CC model with the CC parameters.

To see why the condition m; <1 fails, we substitute into (48) the condition (45) for choosing y
under the consumption claim case and obtain

2
g— ln(RmH-%— o2y <0, (49)

since K, = 1. Consequently, the problem is that for the average, g = 0.00157, and standard deviation,
o = 0.00323, of consumption growth this condition is satisfied when y>76.24, which is even bigger
than the coefficient of risk aversion in the Mehra and Prescott (1985) simulation for the equity
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premium puzzle.!® The basic problem is that the growth rate of consumption is too big relative to the
risk free interest rate and the low standard deviation of consumption growth magnifies this
difference.

6.1. Calibration of the asset pricing equation

We now consider the truncated model (26) for the transformed price-dividend function Q(x) in
the Campbell and Cochrane model. For the original parameters in the Campbell and Cochrane paper,
the upper bound on the solution for the price-dividend ratio is too low for the theoretical solution to
match the historic price-dividend ratio, when dividend growth is restricted to reasonable levels.

In Theorem 1 it is shown that the supremum of Q(x) is

er
al< 1K

o (50)

where

K3 = Koe” €202 <1,

If we use Campbell and Cochrane’s conditions for choosing parameters (45) and (47) along with the
definition of the constant K in (12), then the supremum is bounded by

(SR /(1—g)r
1 — K4e—SR0? /22 (K2 =SR(0)*/(1-4)*)/2) "

el < (51)

13 We looked at different time period’s using Shiller’s data set for the U.S. and found similar results. The data comes from
Shiller (1989), obtained from http://www.econ.yale.edu/~shiller/data.htm. The only data set which satisfies this condition is
the one found in Mehra and Prescott (2003) which was for 1880-2003. In their data set the risk free interest rate is above
consumption growth so that any y>0 would satisfy m, <1.


http://www.econ.yale.edu/~shiller/data.htm
http://www.econ.yale.edu/~shiller/data.htm
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where
K4 = e~ "R Ge(-p1)00/2,

We examine this upper bound (51) on the solution to the Campbell and Cochrane model in Fig. 2.
Here an implicit plot of ||Q| = 357, using (51), is provided for a Sharpe ratio, SR(0) < [0.0, 1.0], and the
persistence of the surplus consumption ratio, ¢ € [0.7,1.0]." The other parameters are kept the same
as in Fig. 1. We also need the value of the cutoff surplus consumption ratio r, which is chosen to be
0.25 <r. As a result, the dividend growth is within the interval [xo — 25%, Xo + 25%] per month, where
Xo is its historic average value. In Fig. 2 the supremum of the price-dividend function is above the
critical value in the shaded area. We also place the label CC for the combination of parameters used
by Campbell and Cochrane which is outside this area. The critical value for the supremum is
exceeded when ¢ is above about 0.99 for all values of the Sharpe ratio. Alternatively, the Sharpe ratio
must be in the narrow band (at the bottom of Fig. 2) about [0.05,0.10] for any value of ¢. Thus, an
historically accurate price-dividend ratio is feasible in a limited parameter space which does not
include the parameter values of Campbell and Cochrane.

It turns out that the supremum of Q(x) under the Campbell and Cochrane parameters is only 187
when SR(0) = 0.5/+/12 = 0.1443 and ¢ = 0.882'/!2 = 0.9895. Therefore, the point CC in Fig. 2 is
outside the feasible range. As a result, the price-dividend cannot be 18.3 x 12 =219.6 when
dividend growth is restricted to the interval [xo — 25%,x0 + 25%] per month. Even if the cutoff for
dividend growth was increased to 0.45 the supremum of Q(x) is still only 279, so that there is not
enough variation in the price-dividend ratio.'® Thus, the simulations presented in Campbell and
Cochrane’s paper cannot be a true representation of the price-dividend function in their model.

14 The value of ||Q|| = 357 is chosen since it tends to yield a price-dividend ratio of P(0), which is approximately
18.3 x 12 = 219.6. This level of the price-dividend is the value simulated by Campbell and Cochrane.

15 This value of dividend growth is too close to the radius of convergence to obtain an accurate value of the true
price-dividend function with our procedure.
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Table 1
Approximation for consumption claim

Statistic CcC CCH Postwar sample
E(N[Cyy1 /Ce]) 1.882 1.882 1.89
o(In[Ces1 /Cel) 1.122 1122 1.22
E(Res1) 0.094% 0.094% 0.094
ER;; —Ris1) 0.2565% 0.1831° 0.50
a(RE 1 —Re1)

ERE,; — Res1) 17.17 9.13 6.69
o(RE,; — Res1) 66.93 49.85 15.7
exp[E(In P)] 6.837 18.23? 24.7
o[lnP] 0.099 0.068 0.26
Skewness(Rf,; — Re+1) 2227 3.246 —2.112
Kurtosis(RE,; — Re11) 3118.647 10132.765 27.167

Notes: Rf, is the return to the stock and R, is the return to the risk free bond. C; is per capita consumption at time t and P is
the price-dividend ratio. E represents the conditional expectation and ¢ is the conditional standard deviation. Campbell and
Cochrane’s Postwar sample comes from their Table 2. The Skewness and Kurtosis is calculated for the time period 1946-2003
with monthly data on the S & P 500 index and T-Bill rate which are taken from CRSP. The CC and CCH simulations are
calibrated for monthly time periods with the parameters given by In(R;,) = 0.0094/12 = 0.00078, g = 0.0188/12 = 0.00157,
o =0.0112/4/12 = 0.00323, 6y = 7, and p = 1. In the CC simulation ¢ = 0.882!/2 = 0.9895 and SR(0) = 0.5/+/12 = 0.144, so
that y =2 and §=0.0448. In the CCH simulation all the parameters are the same except ¢ = 0.885'/1? =0.9899 and
SR(0) = 0.353/4/12 = 0.1019, so that y = 1.025 and S = 0.0325. The simulations sets 0<I,n<15. The expected values and
standard deviation in the first column are found by using the price-dividend function and the risk free interest rate,
converting the stock price to a return and integrating over the random shock to consumption growth given the surplus
consumption variable, S. The data was then annualized and expressed as a percentage when appropriate.
@ Refers to statistics the model parameters were chosen to replicate.

As Fig. 2 demonstrates, there are limited feasible parameters, which will lead to a price-dividend
function consistent with the data. To increase the supremum of Q(x) to 357 while keeping the steady
state Sharpe ratio at 0.1443, it is necessary to increase the persistence of the surplus consumption
ratio to ¢ = 0.9469'/12 = 0.9955 which corresponds to a coefficient of risk aversion of y = 4.59. By
moving the persistence of the surplus consumption ratio so close to one, the numerical scheme
becomes ill conditioned, so that a more sophisticated method must be used to determine the Taylor
polynomial approximation (38) for the analytic function.!®

By reducing the Sharpe ratio to SR(0) = 0.353/+/12 = 0.1019, we can keep the persistence lower
at ¢ = 0.885'/12 = 0.9899, so that a solution can be accurately calculated. In this case the supremum
of Q(x) is 357 and the coefficient of relative risk aversion is y = 1.025, so that the simulation below
yields the correct price-dividend ratio but the Sharpe ratio is below its historic value.!” Thus, we
cannot match the equity premium and Sharpe ratio in the Campbell and Cochrane model.

6.2. Simulation of consumption claim model

With this understanding of the feasible parameter space for the Campbell and Cochrane model,
we now provide some simulation results. These simulations were conducted using Maple on a
standard PC. In the simulation, we choose 0<I,n<15 in (36), since the computer program cannot
evaluate an infinite number of coefficients. This choice of | and n leads to stable solutions for the
price-dividend function in the cases considered below.

The parameters are set for a monthly time interval, while the results in Table 1 are reported
on an annual basis. These parameters are given by In(R;1)=0.0094/12 = 0.00078,

16 While theoretically the number of coefficients could be raised sufficiently to find an accurate price-dividend function,
rounding error in the computer program limits the number of coefficients to about 25 coefficients. To increase the number of
coefficients in the Taylor polynomial approximation (38) above 20 a Fortran program to implement the procedure was
developed. However, the rounding error becomes too big to go beyond 25 coefficients.

17 We find similar results for the dividend claim model.
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£=0.0188/12 = 0.00157, ¢ = 0.0112/+/12 = 0.00323, 6y, = 0, and p = 1. To get the Campbell and
Cochrane parameters we set ¢ = 0.882!/12 = 0.9895 and SR(0) = 0.5/+/12 = 0.144, so that y = 2 and
S =0.0448."® To implement the polynomial approximation the restriction of Q(x) in (26) must be
chosen. In this case the restriction on dividend growth is r = 0.25 <r. = 0.4998, so that the range of
dividend growth is [xo — 25%,xo + 25%] per month. In Table 1 column 2, the price-dividend at the
steady state is only P(0) = 6.83 for the Campbell and Cochrane’s case which is 63% below the value,
P(0) = 18.3, Campbell and Cochrane were trying to match. As a result, the equity premium is 17.17
which is 2.5 times bigger than the historic average. Finally, the standard deviation of stock returns is
66.93%, which is 4.5 times above the historic average. The Sharpe ratio is only 0.25, which is half of
the value targeted by the rule (44). Thus, there is substantial deviation of the simulations from what
Campbell and Cochrane reported when dividend growth is restricted to +25% per month.

For Campbell and Cochrane’s parameters the supremum of Q(x) is 187, so that the failure of the
Campbell and Cochrane is not surprising when r = 0.25. One way to increase the supremum of Q(x) is
to raise the persistence of the surplus consumption ratio, however, the polynomial approximation is
not very stable when 0<I, n<15 in (36). We found that by lowering the Sharpe ratio to
SR(0) = 0.353/+/12 = 0.1019, we could hold the persistence of the surplus consumption ratio to the
value of ¢ = 0.885!/12 = 0.9899, yet still keep an accurate simulation of the model. In this case the
supremum of Q(x) is now 357. We kept the other parameters the same, however y = 1.025 and
S =0.033. In this case, we get P(0) is approximately 18.3 x 12 = 219.6. Consequently, we match the
price-dividend ratio. In Table 1 column 3, we see that the standard deviation of this price-dividend
ratio is high compared to the post war sample of Campbell and Cochrane. The equity premium has
declined to 9.13% relative to the Campbell and Cochrane case, however it is still 2.4% above its
historic value. In addition, the standard deviation has fallen to 49.8% but it is still three times bigger
than its historic value. Thus, the Sharpe ratio turns out to be too low for this simulation.

This leaves open the possibility of increasing the persistence of the surplus consumption ratio to
¢ = 0.9469'/12 = 0.9955, which corresponds to a coefficient of risk aversion of y = 4.59. In this case,
the supremum of Q(x) is 357, so that one has a chance of matching P(0) = 219.6. The current
computer programs in Maple and Fortran cannot handle this case, since the problem becomes ill
conditioned with high ¢. There are several possible ways to explore this possibility. First, use a
programming language which allows for higher precision and speedier calculations. This would
allow for the increase of the number of coefficients in (36). In addition, the higher precision would
lead to an ability to multiply the large Taylor polynomial coefficients with the small x* in the Taylor
polynomial approximation (38). The alternative would be to use more efficient polynomial
representations as discussed in Judd (1992, 1996, 1998). These approaches would fit into our
numerical scheme and allow for more accurate solutions to Campbell and Cochrane’s model,
however the numerical procedures should be guided by the mathematical understanding of the
Campbell and Cochrane model developed here.

6.3. Understanding the simulations

The inability of our numerical solution to match the price-dividend ratio 18.3 x 12 = 219.6 found
in Campbell and Cochrane begs the question about how their numerical solution yields this answer.
It turns out that their numerical solution is highly dependent on excessively large negative values for
dividend growth. One can see this property by increasing r to 45% dividend growth per month which
increases the supremum of Q(x) to 279. Of particular importance is the lowest value of dividend
growth.'”® Such a low level of the surplus consumption ratio is inconsistent with any plausible
consumption growth. In particular, the data reported by Barro (2006) demonstrates that the worse

18 There is a small difference between Cambell and Cochrane’s parameters and these values which we could not account
for given their description of how the parameters are set. This difference does not material effect our conclusions.

19 This result is consistent with the simulations of Wachter (2005, Fig. 2) in which a substantial difference between hers
and CC’s simulation procedure exists when —x is a high value. We would argue that the two procedures report the same
price-dividend ratios when —x is a high value since they have effectively imposed a higher left extension when they choose
their grid points. Wachter provides a detailed description of her and CC’s procedure.
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downturns in the 20th century was —64% over a few years for Germany and Greece during World
War II. Therefore, the lower bound on the surplus consumption ratio needed to reproduce the results
of Campbell and Cochrane is too low relative to historic observations.

The dependence of Campbell and Cochrane’s numerical solution on large negative values for
consumption growth and the substantial error in their numerical simulations can be traced to the
non-linear sensitivity function and the log-normal distribution of shocks to dividend growth. This
problem arises because the sensitivity function increases to infinity as x declines. This sensitivity
multiplies the standard deviation of Q(x) in Eq. (24). Thus, the volatility of the surplus consumption
ratio tends to infinity as the current surplus consumption ratio tends to zero.2® Consequently, the
integral equation (24) for Q(x) is dependent on its behavior over the entire support of the probability
distribution for dividend growth. This leads to a significant impact of low values of the surplus
consumption ratio, even though Q(x) is small, since the measure placed on Q(x) in this range can be
quite large. To obtain the results of Campbell and Cochrane with their parameters, the dividend
growth must be reduced below xo —25% per month. As a result, low values for the surplus
consumption ratio, resulting from the tail of the distribution for dividend growth, magnifies the
volatility of consumption growth enough to significantly alter the expected value of the
price-dividend ratio. Our procedure is not dependent on these extreme negative values since
the Q(x) is kept constant for dividend growth below xy — 25% per month. Thus, the parameters, or
the procedure for choosing the parameters, for the Campbell and Cochrane model must be altered in
order to adequately represent the behavior of the equity premium and Sharpe ratio.

7. Conclusion

This paper develops a systematic procedure for accurately solving discrete time asset pricing
models. Identifying the analytic properties of the integral equation is the key for developing a
numerical algorithm which yields an accurate solution. The Campbell and Cochrane (1999) asset
pricing model is used for illustrating the method. Below we outline the main steps of this method,
which can also be applied to a broader collection of asset pricing models.

(1) Write the integral equation as a mapping of the unknown solution to the model and identify the
space in which the solution is expected to live. In the CC model it was found that the solution is in
the space of functions that grow exponentially (see Theorem Definition 2).
Identify the conditions under which this mapping converges to a unique solution and make sure
that the chosen parameters satisfy these conditions (see Proposition 1). In the CC model these
conditions are not satisfied. By restricting the range of the price-dividend function for the
extreme values of dividend growth it is shown that the solution converges with a uniform bound
on the error (see Theorem 1).
(3) In the integral defining the mapping for the price-dividend function (28), replace the
independent real variable with a complex variable (complexify). Then, take the complex
derivative of this integral (29). Usually, the pricing kernel is analytic so that its complex
derivative is zero. As a result, the complex derivative of the integral is also zero when that
integral exist.
Next, find the largest domain of the complex variable where these integrals exist. It follows
immediately that the solution to the integral equation is analytic within this domain. The radius
of convergence is the minimum distance from a particular point to the boundary of this domain.
In the CC model this radius of convergence is larger than 49% dividend growth per month (see
Theorem 2).
(5) Having developed the mathematical properties of the solution, the numerical procedure follows
from these properties. Since the solution is known to be analytic within a well-defined region, it

2

~

(4

~

20 samuelson (1970) first recognized this issue. Geweke (2001) finds a similar problem with asset pricing models based on
CRRA utility, a lognormal distribution for consumption growth and Bayesian updating. See also Jin and Judd (2002) for a
discussion of this issue when using the perturbation method.
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is natural to express the solution as a polynomial approximation (38) within this region.
Substitute this expression into the integral equation and solve for the linear system of equations
(36) that yields the coefficients of the polynomial approximation.

Find a uniform bound for the solution to the price-dividend function on a circle inside the domain
and centered at a particular point with radius less than the radius of convergence for the solution.
Using the Cauchy integral formula calculate a bound on the derivatives of the solution at the center
of this circle for all orders. Thus, a bound on the Taylor series remainder can be estimated for all
values of the independent variable within a certain fraction of the radius of convergence (see
Theorem (3)). Consequently, the polynomial approximation can be used to accurately represent the
solution, as long as the radius of convergence covers the values of interest.

—
=]
-

This is a general procedure which can be applied to most asset pricing models, since researchers
generally choose pricing kernels, dividend growth processes, and probability distributions which are
analytic. In the appendix all the steps of this method are provided for the case of the CC model. The
techniques developed here can also be extended to include several variables. Using them it is feasible
to accurately solve higher dimensional asset pricing models such as the Wachter model (2002).
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Appendix A. Derivation of Eq. (14)

Rewrite Eq. (11) in the form:

Ko™ [ (12 no2ystcas1 000w )
P(x) = / e~ V2001400V (1 1 P(¢px 4 A(x)V)) dv.
216 J-
Complete the square for
v2 1 5 5
—5 5+ K —yA+ X))V = — 55 {v— 0Kz — y(1 + X))}
20 20
2
+ 5 (K2 = (1 + A
Substituting this equation into the integral equation (11) yields

Ko eKix+H@? 2Kz —y(1+i(x))*
P(x) = =°

/‘00 o (1/@e2)V—02(Kp—(1+ 20
v 2no J—o0
x (1 + P(¢px + A(x)v)) dv.

Set M(x) = KoeKix+@* /2 =31+ Since

1 /'OO 1/0262 2 (1) 2
e—(1/Qe)WV=c2(Ka=1(1+iNP dy — 1,
V216 J-o
we get
P(x) = M(x) + M * e*(l/(202))(v7¢12(Kz*7(1+/'~(X))))2p(¢x + 2(x)v)dv,
V216 J-co

which corresponds to Eq. (14).
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Appendix B. Proof of Lemma 1

Let f(x) € C(R, €”). We can find m} >0 and m} >0 such that |f(x)| <m]e™ + m), for all x. Recall that
0<M(x) = KoeKix+@® 20—+ < m e + m, and

M(x o (147
(Tf)(x) = «/2%{3; / e—(l/(ZJZ))(v—JZ(KZ—,(1+/.(x))))zf(¢x LAV dv.
We have
M(X) Oo — 2 —g2 —y A 2 /A ) ’
(@ool<22 /_ e (/@AY= Ka= 1+ (), @90V 4 r ) ly

<m) @ #x /2 Qe =i =2 10") M(x) + mly M(X).
Since ed’?’x‘*'(ffz/z)(z?'(Kz—}')Z(X)—)‘2)~(X)2)M(x) = I(erZ(KZ—"/)Z/Ze‘/X, we get
)2 ’
I(THX)| < (m; Koe” ®2=7"2 4 mymy)er™ + mlym,. (52)

Next, we prove that (Tf)(x) is continuous at every xp € R. Set

g(x) = /°o e~ (1/@eNV= K=+ f (x4 (X)) dv

—o0

2n0 .
- «/Lz_n /_ R feix)v + () e /2 dv,
where

(X)) = px + 2 2(x)(K2 — y(1 + A(X))).

Since both /(x) and M(x) are continuous at Xy, it suffices to show that g(x) is continuous at xy. For any
A>0, we have

1 —A 2
= / Floix)v + Lx)le /2 dv

1 A (oA ‘ 22
< (M) @AV Ll yev"/2 dy
v 2n /—oo

PO+72e22x)% /2 p—A —A
_ mlle (e ay/ —(V—yai(x))? /2 d m§ —v2)2 d
= e V+—== e v
V2n o0 V21—
m e}'C(X)+)'2 2Ax)? /2 p—A—poix) m
e L e V/2dv4—2

e /2 dv.
v 27[ J -0 Y 271' /—rx:

Similarly, we have

‘l o0
Nt /A feAx)v + (x)le""/2 dv
Y
A+ I /2 :
N % R %/w e V/2 gy,
T A—yo(X) TJA

Let ¢>0. Since both A(x) and ((x) are bounded on the interval [xo—1,% + 1] and
(1/+/2m) [*_ e **/2dv =1, we can find A>0 such that for all x € [xo — 1,x0 + 1],

1 —A ) 2
«/—ZTI (/ +/A ) f(eAX)V + LX) — f(ai(xo)V + {(X0)) e /2 dy

<

1 A o ) . 2 22 d &
= [+ Jur@ieov+ oot + oo + Lxopie 2 dv< 5.

Since f(sA(x)v+{(x)) is a continuous function of the variables v and x on the rectangle
[<A,A] x [xo — 1,xg + 1], there exists 0<d<1 such that for all X — §<x<Xxg+J and —A<V<A, we
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have |f(eA(x)V + {(x)) — f(cA(x0)V + {(X0))| < 4, and therefore

A
J% /_A F(eiX)V + (X)) — f(aAXo)X + ((Xo))e /2 dv< %

This proves that |g(x) — g(xo)| <& for xg — 6 <x<Xxo + J. Hence (TIf)(x) € C(R, 7).
T : C(R,e™) — C(R,e”™) is a well-defined linear transformation.

Appendix C. Proof of Proposition 1

By (17), the price-dividend function P(x) in the Campbell and Cochrane model satisfies
P(x) = M(x) + (TP)(x). (53)
Set K3 = KoeJZ(KZ_T)Z/z.
Lemma 4. I[f 0<5<1, 0<m;, <1, and f(x) € C(R, e™) satisfies (Tf)(x) = f(x), then f(x) = 0 for all x € R.
Proof. Find m) >0 and m}, >0 such that |f(x)|<me™ + m}, for all x. By (52), we get
[(TFH(x)| < (M} K3 + mymy)e™ + mym,.
By mathematical induction, we can show that for alln=1,2,3,..., we have
n—1 . .
|f(X)| = |(T'1f)(x)| < <m/1](g 4+ mlm/z Z Kl3m311>e','x + mémg (54)
i=0
Since K /my — (@ [20Ke= )~ [20IG+G? Sk — @=77(1-5)/25") 21, we get

n-1 i ; n—1 . mg_l mg
i —1— — i

E I(3mg = mg E (K3/mz) < 1

i=0 i=0

—Ks/m; ~ m; —K;
and
FEI< (M) (K3/mp)" + mym) /(my — K3)]e™ + m5ym3.
Since lim,_... mj = 0, we must have f(x) =0 for all x. O
Now we can prove Proposition 1. Define the functions P,(x) € C(R, e”¥) by setting
Pox)=0 and Py 1(x) = M(x) + (TPp)(%).

Then Pq(x) = M(x) + (TPg)(x) = M(x) and O<P;(x) — Po(X) = M(x)<m e’ + m;. Since 0<P, 1(x)—
Pn(x) = (T"(P1 — Po))(x), (54) yields

LI . X
0<Pri1(X) — Pa)<my [ Y Kymi~" |e™ + mi+! < < e 4 1)m§“.
pr m, — K3

Set P(x) = > 2 o[Pni1(X) — Pn(x)] = limy_, oo Ppy1 (). Then

mye > 1 my e m
0<PX)<|—+1 = 1 .
(X) <m2 — 1(3 + ) ; mz <m2 — K3 + 1-— my

On the other hand, since

n+1
m
1-my

> m e
0<P) —Pa) = > (Praa 9~ Pr< (715 +1) (55)

> e olPn+1(X) — Pr(x)] uniformly converges to P(x) on any finite closed interval. So P(x) is continuous;
that is, P(x) € C(R, e™).
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Next, by (52) and (55) we get

m““ m1K3 X
0= TP — (TP = (TP — Pa < | (S m )& )

and

PG = lim Pyy1 (%) = M(x) + lim (TPn)(X) = M(x) + (TP)(X).

Thus, P(x) is a solution of the Eq. (53) in C(R, ™).

Finally, we prove t~he uniqueness of the solu~tion. Suppose that P(x) is another solution of (53) in
C(R,e™). Then P(x) — P(x) € C(R,e™™) and (T(P — P))(x) = (P — P)(x). By Lemma 4, we obtain P(x) = P(x)
for all x.

Appendix D. Derivation of Eq. (26) from (11)

For —r<x<r, Q) = (1 + P(x))e " satisfies

QX) = e ™ + e P(x)
K, 0 eK 1X—7X
2no

Koe(’(l‘”«’)" i . 2 (142 2 /(242
—e X4 5 / Q(px + ;L(x)V)ey(fbx+/v(x)v)e(1(z—,(1+A(X)))Ve—v /29%) dy
NV LTIO —0o0
—¢yXx oo
=e ™4 Koez / Q¢ + Ax)v)e?xtKav=ive=v? /2o dy
no
Ko

o0
—e 4 / (1 + P(x + A(x)v))eke—7(1H20We—v?/20%) dy
—00

—e X 4

/ Q(gx + Axpv)eKa—ve=v /@™ dy,
Complete the square for

v2 1 (K> — )

2
Kz —yyv - 352 = ﬁ(" —a*(Ky —7)* + 5

Set K3 = Koe®2=»*/2_ Then

Q(X)=e ™+ - K="y
—e X4 2K3; 0 / oo Q(y)e~(1/@e2 10" Ny—dx=c>[z=DA0)” dy
N LT
—e X 4 Q(y)e~(1/@UEMNE—V®) qy,
«/27[2()() /

where y(x) = ¢x + 62(K5 — 7)A(x) and 1(x) = aA(x), which corresponds to (26).

Appendix E. Proof of Theorem 1

Define the functions Q,(x) by setting Qq(x) = 0 for all x and

e e~ (1/QUXMNI—? dy  if — r<x<r,
«/271 A(x)/ L) Y
Qr(x) = Quir () if x>,
Qni1(-1) if x<—r.
Then ||Q; — Qqll = Q|| = e’". By mathematical induction, we can show that

1Qni1 — Quli<K3e™ forn=0,1,2,....
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Set Q(x) = Z;“;O[Qn-ﬂ (x) — Qn(x)] =limp_o Qn(x)~ Since K5 <1, we get
K
1Q - Quli< Z 1Qur — Qull< 3 Kher = T (56)

k=n

> meolQni1(x) — Qu(x)] uniformly converges to the continuous function Q(x). By (56),
er

”Q” = ”Q - QO“ < m

Next, for —r<x<r, we have

lim Q,(y)e~(1/RENI—) dy

\/7 j_(x) 00 N0

—exy K3 / Q(y)e— /N0y
V2 (X)

So Q(x) is a solution of the Eq. (26). N
Finally, we prove the uniqueness of the solution. Suppose that Q(x) is another continuous and
bounded solution of (26). Then for —r<x<r,

QG = lim Q1) =& +

_0 Ks —(1/QGENY—p(x))?
Qx) —Qx) = N QO’) QW)le dy,
and
IQ — Qll<K31Q — Q] (57)

Since K5 <1, (57) forces Q(x) = Q(x) for all x.

Appendix F. Proof of Lemma 2

We complexify A(x) by letting w = u + iv. The domain of holomorphicity of A(w) is the complex
plane C with the ray {x + iy : x>1} deleted, which removes the points where 1 — 2w is non-positive.
To avoid the zero of A(w) so that 1/A(w) in (28) exists, we restrict the domain of holomorphicity to the
complex plane C with the ray {x + iy : x>x*} deleted, where x* = (1 — 5'2)/2. Write

W) = ;—2(1 2w —25V1 — 2w + §) = a(w) + ibw),

where a(w) = Re Aw)? and b(w) = Im A(w)?. Then

1 1 a . b

?:a+ib=a2+b2flaz+b2'
Complexifying the function y(x) = ¢x + o2(K, — 7)A(x) and writing y(w) = c(w) + id(w), where c(w) =
Rey(w) and d(w) = Imy(w), gives

(t —yW))? = (t — ¢ — id)? = (t — ¢)* — 2i(t — ¢)d — d?,
and
Rt =W’ _att—c? 2bdt—c) _ad’ ( (6 — oy _ 2bd= c)) _ad
2 a2+b®  @+b*  a+b a2+b2 a a?+b*’
Completing the square, we obtain

(t_l//) a <t_ac+bd>2_f

72 (12_|_b2 a a’

Using the last formula, we see that for the integral defining f(u + iv) to make sense and to be able to
differentiate under the integral sign, using the Dominated Convergence Theorem, we must restrict
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0 1 x 1
3*2
_
2
Fig. 3

u+iv in a region Q where a> 0. Thus, we must determine when

2
a(w):Re( 1__22W—1> >0, weQ.
S

To simplify the calculations, we use the transformation z=x+iy = (1 — 2w)/§2. Then w=x* is
mapped to z = 1, and A(w) is transformed into A(z) = +/Z — 1, which is holomorphic and not zero for
z € C\{x +iy : z<1}. Using polar coordinates z = re'’, we write

2P =z-2vz+1=rel? —2re? +1
=1(cos 0 + isin ) — 2+/r{cos(0/2) + isin(0/2)] + 1.
Thus,
a(r,0) = Re A(r, 0)> = rcos 0 — 24/T cos(0/2) + 1.
Next, we shall prove the following:

Claim. a(z)>0 for all z € D, where

2 _ 2 _
D:{x+iy:—x 5 ]<y<x 5 1,x>1}.

This domain is displayed in Fig. 3.

Since a(r, —0) = a(r, 0), it suffices to consider the case where 0> 0. Solving the quadratic equation
rcos0 — 2./rcos(0/2) + 1 = 0 for /1, we find

i cos(0/2) & \/cos2(0/2) — cos 0 _ cos(0/2) £sin(0/2)
cos o cos o
_ co0s(0/2) £ sin(0/2) _ 1
" [cos(0/2) + sin(0/2)][cos(0/2) — sin(0/2)] ~ cos(0/2) F sin(0/2)"
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Therefore,

1 1
' 0s2(0/2) + sin®(0/2) + 2 cos(0/2) sin(9/2) 1+ sin0’

which gives r(1 £ sin0) = 1. Since r>1 and sin 0 >0, we must have r(1 —sinf) =1, or r =rsin0 + 1,

or/x2+y?=y+1,or

_x-1 x>1
y= 5 ,

which proves that D is the domain of positivity of the function a.

Finally, we find the radius of convergence of the power series of f(z) about z = S Itis equal to
the distance d of S from the boundary of D (see Fig. 3).

To compute it, we minimize d?, i.e., we minimize the function:

2 2
hx) = d(x) = (x— § %)% + (" -1 o) x5

® -1’

2
)+ a

2

We have h'(x) = 2(x — 5 °) + x(x®> — 1) = 2 + x — 25 . Solving x*> + x — 25~ = 0 for x, we find

23
313543 | (9 +/34/27 + §4>

X0 =

1/3
323813 (9 +3V27 + §“>

Then computing the distance gives that the radius of convergence in the z-variable is

2 12
R, = \/(x0—§‘2)2+%.

Since z = (1 — 2w)/§2, the power series of f(w) around w = 0 converges for all w such that

R,
S~

<R, or |w|<

’1—2w_l
¢ &

Therefore, the function f(x) is analytic for all x<x*, and its power series around x = 0 has radius of
convergence r. = §2 R./2.

Appendix G. Derivation of the Taylor series for Q(x)
Recall that Q(x) can be expressed in the form:
Zanx" if —r<x<r,
n=0
Q(x) = Za,,r" if x>r, (58)
n=0

00

Z(—l)”anr" if x< —r.
n=0

Define

Ty

_Tr—y®
7(X) ’

Lx) = , Ux) = )
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and

X r 5 o Ux)
fl( Y=— Z an/ ynef(yfl//(x))Z/(Z/v(x)Z) dy — Z an/ ()(x)y + ‘//(X)) eV 2/2 dy,
;(X) n=0 -r n=0 L(x)

7(X) P U@

r

T . o) L(x) 5
fs )_5( )D ayrt [ e e dy = S (-1yar [ e ay.
e n=0 e

For —r<x<r, (26) is equivalent to
o0

N K
; anX" = e 4 7237“1 X) + f2(X) + f3(x)).

G.1. The Taylor series of f1(x) at zero

Calculate

U(x) 1 2
g0 = / Clegy + peoe > dy = /( (A(X)J/+!//(X))"Zp<_yj> dy

L(x)

k
k' Jix k=0 ©j=0

\ |
(=}

I
Mg

AL (—=Dk TN ki1 2ktj+1
n /1 U J+1 L K+]+
) ( '>2k(2k it 1)k!"b(x) Y UE) (x) )

T
o

J

R

I
g

22k +j+ Dk! A(x)

=
Il

0 j=
Simplify

(= YA — (= — ()2

 2k4i+1 ) 2k +j+1 L
= (1) Z a +(_1)1+1)< < ] >|//(X)2k+j+llrl.
1

i=0
Thus,
oo n_ 2k+j+1 2k+j+1 ((_-l)j+k+(_1)i+j+k+1)ri w(x)2k+1+n4
g0 = ( ) : ye .
! é = ,20: < ) i 2Kk +j + k! ()1

G.2. The Taylor series of f,(x) + f5(x) at zero

fa®) +f300) = Zan (/ eV’ 2dy + (- 1)/ —y/zdy>

Calculate

uw 5= oo 1k
g(x) = eV /2dy — / eV /2dy = 2n _ Z (=1 U+

2 & 2k@k+ Dk

£ = (D! 2k+1
2 kZZ"(Zk+1)k' vt

=) 1 Ux) _ 0 n n 3
- Z( 1 Gy + woorydy = 3° (zkk), ( . )w(x)“ ey / Y24 dy

n k n—j . .
(] ) (=1 l//(xgk“ ((r — p(x) 2T (Cr gy,
0

3655

(59)
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3656
and
-0 s 1w ) 1)
= ¥ /24 -y /24 = 2k+1
&) ./,me Y +./o ¢ V= kz: 2K2k + k! @
Then
&)+ (=1)"g3(x)
\/_ (=D Ut 1 17 (yy2k+1
1 1 + —1)y1[, k+
=1+ (=1) )+sz(2k+1)k,( 2+ (=)™ Lo
\/“ ( 1)k+1 _ l//(x))2k+l + (*1)”“(71‘ _ l//(x))ZkH
1 1 = .
—A+CED)H+ Z <kt 1)k' S 02
Simplify
T — l//(X))ZkH + (_1)n+1(_r _ "//(X))Zkﬂ
2k+1 ) 2k +1 .
— (_-1)2k+1 Z((_l)l +(—‘l)"+1)< J >l//(x)2k+lj,~].
=0
Thus,
) o 2k+1 /DK + 1 2k+1—j
gz(X)+(—l)"g3(X)=Q(l + DY+ %
2 =0 j=o AT

G.3. Recurrence relations for differentiation

(a) Ax)=cv1—-2x—o0:

) =c—0, X0)=-—c
(b) Ap(x) = (A(x)* for k>0:

1™0)=2n-3)7"""0) forn=23.4,...

n
A0 =301, AP (©0) = Z( i )A("(Of“' 0) forn=1.2.3.....
i=0

(¢) A_x(x) = (ix))~* for k>0:
A90) = (AL 0) 1,

n—1
AM(O0) = -4 > ( . ) AD(0) - A"P©0) forn=1,2,3,.
i=0
(d) ¥(x) = ¢px + o(Kz — 7)AX):
¥(0)=a(Ky —p)c—0), Y O0)=¢—aKs—7)-c

¥'(0) = —a(Kz —7)-c,

Y™(0) =2n -3y D0) forn=3,4,5,....

(e) Pir(x) = (W(x) for k>0:
111(0)] 0) = [l//(o)]k+1 , q](l’l)] (O) Z

n . .
< . ) POy 0) forn=1,2,...
i=0 1
The recurrence relations (c) and (e) are applied to compute the Taylor series of the functions
W(x)°/2(x)" around zero, where s and t are non-negative integers.
Yx

= S t, lx
ax)" =
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where

b 1 d ryy
stl =] ax (j.(x)t>

1N »
=52 ( 1.) v0(0)4%°(0).
T i=0

G.4. The linear system for undetermined coefficients

Now (59) is equivalent to the system of linear equations:

<1>” < 1<3(1+( DRI Ks
N Z %o > V2ra2k+125k)

k=0

n_2ktj+1 /n 2k+j+1 1Ytk g ()R
X (]ZO ; <]>< i [( )] 2k _’(_1_21 ] 'b2k+1+n7i‘2k+1,l

2k+1 / 2k + 1 —1yth (Rl
+ jgo: < j >(( 4 2’(<+i ) “bakr1—joks1a | o (60)

where
5 1 ifl=0,
=0 if 0.
Appendix H. Proof of Lemma 3

It is equivalent to show that
1-2r+5525/142re=4ar — 48 + r+ 5" + 25 +1>458 1+ 85°r
e 42 438+ 1r+ 5t - 28 1150
- 35 + r+35 - 25 + 1)>o0.
The equation 2 — (38 + 1)r + }—1(54 —25% £ 1) = 0 has real roots
%+s(g§iﬁ §2+1).

Lemma 3 is proved.

Appendix I. Proof of Theorem 3

Let C; be the circle of radius r centered at the origin in the complex plane C. The Cauchy integral
formula yields

k! z
Q(k)(O):ﬁf ii? dz fork=0,1,2,. (61)

Let z = x + yi be a point on C;, which satisfies —r <x<r, —r<y<r, and x? + y?> = r2. By the hypothesis,
we have r<(1 — §°)/2. Write

u+vi=)v(z)=%«/1—22—1=1_\/1—2x—2yi—l with u+1=0,

%]

which is equivalent to the equations:

W+1?—v2=(1-2%x/5 and (u+1yv=—y/5.
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These equations imply

1-2x

2 _
wr - a1 Y20 and vt ! 2 2
5 s

2
—— Vv =7 =0.
% g

If y#0, then the quadratic formula yields

—2x+ /1 —4x+4r? and 2 =14 2x+ V1 —4x + 412

1
u+172= = —
25° 25

Applying (1 —2r? =1 —4r+4r2<1 —4x + 4r2 <1 + 4r + 4r2 = (1 + 2r)%, we get
1-2n/F<u+1?%<1+2n/5 and 0<v?<2r/S,

where the first inequality implies further that
0<i(r)=v1=2r/S—1<u<\/1+2r/5—1=i(-r).

So

0<iM?<u +v2<(v/1+2r/S— 1) +2r/5°.

We can also estimate u? — v2:

uz—v2=(u+1)2—v2—2u—1=1__22X+1—2(u+1)
S
=2

1225 owty

S
1-2r+§8 2J142r 1-2r+8 —25/1+2r
= 2 - S = 2 :

S 5 S

Write 1/4(2)?* = A(2) + B(2)i and (z) = C(2) + D(2)i, where

242
A(Z):ugvz, B(Z)Z—Lz,
> +v?) W2 +v2)

C@2) = px + 6*(Ky —p)u, D@) = ¢y + (K3 — p)v.

Then
2
Re{%} =A@t — C@P + 2B@)D@)[t — C(2)] — A(2)D(z)?
(Z
_ A@)C(2) - B@)D@)\* D@’ (AR’ + B2)*)
=A@ (t T A ) B AD
A(2)C@) — B@)D(@2)\*> D)
:A(Z)(t— A(Z) ) _uz—VZ'
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By (26), for any z € C, we have

Ks
V27o|i(2)|

—D(2)? /u2—v?) poo
K31QUe™™ /M) [ @/ i-tece-Bep@)ADt gp

V2rnovuz +v2 )

. K3)1Q|le-D@r/e-v) uZ 4 v2
ey == <e"+K LI
TV AD S
_ g2
<e>"+K3IQII\/ SAR: et s
1-2r+8 —25J1+2r

1+4r+§ —zsm
1-2r +S —25V1+2r

Q@I<le 422 [ Uit/ gy

<e’m+

<e’ +K3|Q|

By Cauchy’s integral formula (61), we get

Q@) 4, _ Bkl 2ar _ Bkl
rk+1 27'( 'rk+1 = o

QYOI 5 74

If 0<p<1 and |x| < ur, then we get

n+1

00 (k) 0 00 Br
Rioi< > 12 “'( N =B > k="

k=n+1 k=n+1 T—u

Theorem 3 is proved.
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