Let f be a function of a vector variable of n variables, & = (z1,--- ,x,)

[y, an) = f(T)

0
The function is differentiable at the point @ = (ay, - - - , a,) provided the partial derivatives %(d’ )
exist i = 1, ..., n and the following formula holds Let Az = (Axq,---,Az,). For f to be

differentiable we additionally require that

lim =0
Az—0 | AI |

Let Af(d,Az) = f(d+ Ax) — f(a). Then

Af(@Ax) = oo (@) A,

provided the partials exist. Differentiable means roughly that the right-hand side is the best linear
approximation to A f that there is.

If the partials are continuous in a small ball around @ then f is differential at the point a.

The gradiant of a function f(Z) is an m-vector provided ¥ is an n-vector. If 7 = (z1, -+, z,)

then of of
Vi) = (@) @)
The formulas above can be expressed more succinctly using the gradient and the dot product:
Af(d,Azx) ~ Vf(a)eAx

The chain rule can be summarized as follows. If z; = x;(7), i =1, ..., n where f = (t1,--- ,t,,)
then let g(ty,- - ,tm) = f(xl(f), e ,xn(Z)) Fix all the t;’s but one, say t;. Let

me(t) = ($1(t1,'“ o t), e ap (b, 7tm))

where t is in the k™ position. Then

. ox ox,,
/rk(t) = (W’i(tla 7tm)7"' aa_tk(tlv"' 7tm))

_(tla' e 7tm) = vf(ﬁc (t)) b ?l::(t)



One class of problems studies how f(Z') varies as & does. The derivative of f at the point @ in
the direction of ¥ is .
Dyf(d) = 7]

The direction of maximal increase of the function f at the point a is the direction of V f(a) and
the value of this rate of increase is |V f(d)|. The direction of maximal decrease is the direction of

—Vf(@) and the value is —|V f(@)|. If V(@) = 0 there are no such directions.

Vi(@)ed

A second class of problems studies a fixed surface f(Z) = ¢. To complicate matters still further,
these two kinds of problems overlap. One way to study how f(#) changes is to study the level
surfaces, f(7) = c.

If a point @ is fixed on f(Z) = ¢ then f(d) = ¢. Suppose 7(t) is a curve with 7(¢tg) = @ and
suppose moreover that 7(¢) lies on f(Z) = ¢. This means f (F(t)) = ¢. By the Chain Rule,

0=Vf(a)e 7'(t)

so the tangent vector to the curve is normal to the gradient.
The tangent line, plane ..., is the object containing the point @ and perpendicular to Vf(a). If
a=(ay,---,a,) and if V(@) = (by,--- ,b,) then the equation for the tangent object is

bl(xl—a1)+---+bn(xn—an) =0

or
Vf@)e(@—ada)=0
0
If a—f((?) # 0 (and all the partials are continuous near @) then there is a theorem called the
‘/‘En
Implicit Function Theorem which says there exists a differentiable function g(zy,--- ,z,_1) defined
in a neighborhood of (ay,--- ,a,_1) such that

f(mb T 7xn717.g($17 e 7xn71)) =cC
One can ask which direction on f(Z') = ¢ is the direction of maximal increase on the curve, surface,
.... This is the same question as asking for the direction of maximal increase of g and so we need

to compute the gradient of g.
By the Chain Rule, for each i, 1 <i<n—1

. 9y
0=Vf(Z)e (0, - ,1,-- ’O’a_x)
where the 1 is in the i*" position. Hence
of
dg Ox;
dr.— of
ox,,
and so
of of

8_131 5’xn_1
Vg:_ IR
of of

ox,, ox,,



