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Homework Solutions

1. Homework Assignment # 1

1. Show that if X1 and X2 are compact connected surfaces, then χ(X1#X2) = χ(X1) +
χ(X2)− 2.

Cover both surfaces by patterns of polygons, and let us write Vi (resp. Ei resp. Fi) for the
number of vertices (resp. edges resp. faces) on Xi. Let us assume that we chose these pattern
such that both contain a face which is a polygon with k vertices and edges for some k. The
point of this is that removing that face from both surfaces and identifying the resulting
surfaces along the polygon results in the connected sum X1#X2 and the patterns on both
surfaces fit together to give a pattern of polygons on X1#X2. Let us determine V (= number
of vertices), E (= number of edges) and F (= number of faces) of this pattern on X1#X2:

faces: F = F1 + F2 − 2 (each face on X1 or X2 gives a face on X1#X2 except the two
polygons that we removed in order to form the connected sum).

edges: E = E1 +E2− k (each edge on X1 or X2 gives an edge on X1#X2 except there
are k pairs of edges that get identified with each other when we form the connected
sum).

vertices: V = V1 + V2 − k (each vertex on X1 or X2 gives a vertex on X1#X2 except
there are k pairs of vertices that get identified with each other when we form the
connected sum).

This implies

χ(X1#X2) = V − E + F

= (V1 + V2 − k)− (E1 + E2 − k) + (F1 + F2 − 2)

= V1 − E1 + F1 + V2 − E2 + F2 − 2

= χ(X1) + χ(X2)− 2

2. Show that if Y → X is a d-fold covering of a closed 2-manifold X, then χ(Y ) = dχ(X).
The assumption that p : Y → X is a d-fold covering implies that X has an open covering

Ui, i ∈ I such that for each i the preimage p−1(Ui) is homeomorphic to Ui × {1, . . . , d} such
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that p restricted to p−1(Ui) corresponds to the projection Ui×{1, . . . , d} → Ui onto the first
factor.

Choosing a fine enough pattern P of polygons on X we can assume that each edge and
face of the pattern is contained in some Ui. This guarantees that the preimages of vertices,
edges and faces give us vertices, edges and faces of a pattern P ′ on Y (this argument is hard
to make precise mathematically since we provided only a heuristic definition of “pattern of
polygons on a surface”). Clearly there number of vertices resp. edges resp. faces in P ′ is d
times the corresponding number for P and hence χ(Y ) = dχ(X).

2. Homework Assignment # 2

1. We claim that the homomorphism Z/pq → Z/p ⊕ Z/q which sends [k] to [k, k] is an
isomorphism if p, q are relatively prime. The condition gcd(p, q) = implies that there are
integers a, b such that ap + bq = 1. Consider the homomorphism Z/p⊕ Z/q → Z/pq given
by ([m], [n]) 7→ [bqm + apn]. This is well-defined since it sends [p] to [bqp] = [0] and [q] to
[apq] = [0]. It is easy to check that this is an inverse.

If p, q are not relatively prime, then the least common multiple of p and q is strictly smaller
than pq. Hence multiplication by the least common multiple gives zero for every element in
Z/p⊕ Z/q, but not Z/pq showing that these groups can’t be isomorphic.
2. a) Calculate the homology groups of all compact connected surfaces.

Again using the Classification Theorem, it suffices to look at S2 (homology calculated in
class) and connected sums of tori and projective planes. In order to determine the homology
groups, we need to choose a pattern of polygons for T# . . .#T and P# . . .#P . To do so, it
is convenient to think of these surfaces as polygons with edge identifications. I’d love to draw
a picture of this, but unfortunately doing that in a TEX file is time consuming. Let’s instead
describe these pictures in words by reading off the edge labels going around the perimeter
of the polygon in clockwise direction; let us agree that we write a−1 instead of a if the edge
label is a, but the arrow of the edge in question is pointing in counterclockwise direction.

With these conventions, the torus T is obtained from a square by labeling the edges a, b,
a−1, b, b−1. In class we explained how to think of the connected sum X#Y of two surfaces
given by polygons with edge identification again as being obtained from a polygon. Applying
this to T# . . .#T︸ ︷︷ ︸

g

, we see that this surface can be obtained from a 4g-gon with edges labeled

a1, b1, a
−1
1 , b−1

1 , . . . , ag, bg, a
−1
g , b−1

g .

The resulting pattern on the surface has one vertex v, one face f and 2g edges ai, bi, 1 ≤ i ≤ g.
Hence the chain complex associated to this pattern looks like

Zv Za1 ⊕ Zb1 ⊕ · · · ⊕ Zag ⊕ Zbg
∂1oo Zf∂2oo

Since there is only one vertex involved, we have ∂1(e) = v − v = 0 for any edge e and hence
∂1 ≡ 0. To determine ∂2(f) we notice that every edge label occurs exactly twice, but with
arrows pointing in opposite directions. Hence ∂2(f) = 0 and ∂2 ≡ 0 as well. It follows that
the q-th homology group Hq is isomorphic to the q-th chain group Cq and we can read off
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the groups from the chain complex above:

Hq(T# . . .#T︸ ︷︷ ︸
g

) =


Z q = 0, 2

Z2g q = 1

0 q 6= 0, 1, 2

We proceed similarly to calculate the homology groups of P# . . .#P . Since P is obtained
from a bigon with edges labeled a, a, the connected sum P# . . .#P︸ ︷︷ ︸

k

is obtained from a

2k-gon with edges labeled

a1, a1, . . . , ak, ak.

The associated chain complex then is

Zv Za1 ⊕ · · · ⊕ Zag
∂1oo Zf∂2oo

with ∂1(ai) = 0 and ∂2(f) = 2a1 + · · ·+ 2ak. It follows that H0 = Z, H2 = 0, and

H1 = Za1 ⊕ · · · ⊕ Zak/Z2(a1 + · · ·+ ak).

To identify this quotient group, we choose a different basis of the free abelian group C1,
namely a1, . . . , ak−1, c, with c = a1 + · · ·+ ak. Then we see

H1 = Za1 ⊕ · · · ⊕ Zak−1 ⊕ Zc/Z2c ∼= Z⊕ · · · ⊕ Z︸ ︷︷ ︸
k−1

⊕Z/2.

b) Can the Euler characteristic of a compact connected surface be expressed in terms of its
homology groups?

Inspection of the Euler characteristic calculation (resp. homology group calculation) for a
compact connected surfaces X shows that

χ(X) = rkH0(X)− rkH1(X) + rkH2(X),

where rkHq(X) is the rank of the abelian group Hq(X).

3. Show that the singular chain complex of a topological space X is in fact a chain complex;
i.e., that ∂q ◦ ∂q+1 = 0, where ∂q : Cq(X)→ Cq−1(X) is the boundary map. It will suffice to
show that ∂q◦∂q+1 = 0 on the generators of Cq+1 since ∂q and ∂q+1 are both homomorphisms.
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Consider σ : ∆q+1 → X in Cq+1(X).

∂q ◦ ∂q+1(σ)

=∂q

(
q∑
j=0

(−1)j∂q+1(σ) ◦ [e0, ..., êj, ..., eq+1]

)

=

q∑
i=0

(−1)i

(
q+1∑
j=0

(−1)jσ ◦ [e0, ..., êj, ..., eq+1] ◦ [e0, ..., êi, ..., eq]

)
=

∑
0≤i<j≤q+1

(−1)i+jσ ◦ [e0, ..., êi, ..., êj, ..., eq+1]

+
∑

0≤j<i≤q+1

(−1)i+j+1σ ◦ [e0, ..., êj, ..., êi, ..., eq+1]

=
∑

0≤i<j≤q+1

(−1)i+jσ ◦ [e0, ..., êi, ..., êj, ..., eq+1]

−
∑

0≤j<i≤q+1

(−1)i+jσ ◦ [e0, ..., êj, ..., êi, ..., eq+1]

=0.

Hence, since ∂q ◦∂q+1 = 0 on the generators of Cq+1(X), ∂q ◦∂q+1 = 0, and the singular chain
complex of a topological space X is in fact a chain complex.

4. Let X be a topological space with path components Xα, α ∈ A. Show that Hq(X) is
isomorphic to

⊕
α∈AHq(Xα).

Since a singular simplex always has path-connected image, Cn(X) splits as the direct sum
of its subgroups Cn(Xα). The boundary maps ∂n preserve this direct sum decomposition,
taking Cn(Xα) to Cn−1(Xα), so Zn(X) = ker ∂n and Bn(X) = Im ∂n+1 split similarly as
direct sums, hence the homology groups also split, Hq(X) ∼=

⊕
α∈AHq(Xα).

3. Homework Assignment # 3

1. Show that the Hurewicz map h : π1(X, x0) → H1(X) given by [γ] → [[γ]] is a homo-
morphism. Let [γ], [γ′] ∈ π1(X, x0), and let γγ′ denote the concatenation of paths γ and
γ′. To show that h is a homomorphism, we need to verify that h([γ][γ′]) = h([γ]) + h([γ′]);
i.e., h([γγ′]) = [[γγ′]] = [[γ]] + [[γ′]]. We will do so by showing that γ + γ′ − γγ′ ∈ B1(X)
which will then imply that [[γγ′]] = [[γ+γ′]] = [[γ]]+ [[γ′]], as desired. Consider the singular
2-simplex, σ : ∆2 → X, defined as the composition

∆2
[e0,

1
2

(e0+e1),e1]
//∆1 γγ′ //X

Notice that ∂2(σ) = γ − γγ′ + γ′, so γ′ − γγ′ + γ ∈ B1(X) as desired. Thus, h is indeed a
homomorphism.

2. Let Ψ: C1(X)/B1(X) → π1(X, x0)ab be the map defined by [[γ]] 7→ [λ̄γ(1)γλγ(0)] for any
singular 1-simplex γ (as in class we have chosen for every point x ∈ X a path λx from the
basepoint x0 to x). Show that the restriction of Ψ to H1(X) ⊂ C1(X)/B1(X) provides an
inverse to the map h̄ : πab1 (X, x0)→ H1(X).
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We need to show:

(1) Ψ is well-defined;
(2) Ψ|H1(X) ◦ h̄ = idπab

1 (X,x0);

(3) h̄ ◦Ψ|H1(X) = idH1(X).

We note that the sending a 1-simplex γ to [λ̄γ(1)γλγ(0)] ∈ πab1 (X, x0) extends uniquely to a
linear map Ψ: C1(X)→ πab1 (X, x0), since the range is an abelian group, and C1(X) is the free
Z-module generated by 1-simplices. Hence to prove (1), it suffices to show every 2-simplex
σ : ∆2 → X, the boundary ∂2σ maps to 0 under Ψ. We recall that ∂2σ = γ0− γ1 + γ2, where
γi is the 1-simplex (aka path) σ ◦ [e0, êi, e2] : ∆1 → X. Writing yi := σ(ei), γ0 is a path from
y1 to y2, γ1 is a path from y0 to y2 and γ2 is a path from y0 to y1. Hence Ψ sends ∂2σ to the
product of the elements

[λ̄y1γ2λy0 ] [λ̄y2γ0λy1 ] and [λ̄y2γ1λy0 ]
−1

in πab1 (X, x0). Hence it suffices to show that

λ̄y2γ1λy0 is homotopic to λ̄y2γ0λy1λ̄y1γ2λy0

This follows since λy1λ̄y1 is homotopic to the constant map at y1, and hence λ̄y2γ0λy1λ̄y1γ2λy0
is homotopic to λ̄y2γ0γ2λy0 (both homotopies are relative endpoints). We observe that the
simplex σ provides a homotopy relative endpoints between γ0γ2 and γ1 (both are paths from
y0 to y2) which proves (1).

To prove (2), let [γ : (I, ∂I)→ (X, x0)] ∈ πab1 (X, x0). Then

Ψ|H1(X) ◦ h̄([γ]) = Ψ|H1(X)([[γ]])

= [λγ(0)γλγ(1)] = [λx0γλx0 ]

= [λx0 ][γ][λx0 ] = [λx0 ][λx0 ][γ] = [γ],

which shows Ψ|H1(X) ◦ h̄ = idπab
1 (X,x0).

To prove that h̄ ◦ Ψ|H1(X) = idH1(X), it is useful to first calculate the left hand side
not just for elements in H1(X), but for elements of C1(X)/B1(X); the advantage is that
C1(X)/B1(X) is generated by 1-simplices. If γ is a 1-simplex, i.e., a path (or more generally
a 1-chain, i.e., linear combination of paths), let us denote by [[γ]] the element represented
by γ in the quotient group C1(X)/B1(X). We note that the considerations in part (a) show
that if γ, γ′ are paths with γ(1) = γ(0), then [[γγ′]] = [[γ]] + [[γ′]]; moreover, [[γ̄]] = −[[γ]].

With these preliminaries, we can calculate for any path γ:

(1)

h̄ ◦Ψ([[γ]]) = h̄([λγ(0)γλ̄γ(1)] = [[λγ(0)γλ̄γ(1)]]

= [[λγ(0)]] + [[γ]] + [[λ̄γ(1)]] = [[λγ(0)]] + [[γ]]− [[λγ(1)]]

= [[γ]] + [[λ(∂(γ))]],

where λ : C0(X) → C1(X) is given on generators by x 7→ λx (and hence λ maps ∂γ =
γ(1) − γ(0) to λγ(0) − λγ(1)). Since formula (3) holds for the generators γ ∈ C1(X), it hold
for every element z ∈ C1(X); in particular, if z is a cycle, we have h̄ ◦Ψ([[z]]) = [[z]], which
is what we wanted to prove.
3. a) Let Top∗ be the category of pointed topological spaces whose objects are topologi-
cal spaces X equipped with a base point x0, and whose morphisms are continuous maps
f : (X, x0) → (Y, y0). Show that there is a functor π1 : Top∗ → Groups which on objects
assigns to (X, x0) its fundamental group π1(X, x0).
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We construct the functor on morphisms by sending a continuous map f : (X, x0)→ (Y, y0)
to the homomorphism

f∗ : π1(X, x0) −→ π1(Y, y0) defined by [γ] 7→ [f ◦ γ]

We need to check that this prescription is compatible with identities and with composition.
It is clear from the definition of f∗ that if f is the identity of X, then f∗ is the identity on
π1(X, x0). Concerning composition, let g : (Y, y0)→ (Z, z0) be a continuous map. Then

(g ◦ f)∗([γ]) = [(g ◦ f) ◦ γ] = [g ◦ (f ◦ γ)] = g∗([f ◦ γ]) = g∗(f∗([γ])),

as desired.
b) Show that the Hurewicz homomorphism h : π1(X, x0)→ H1(X) is a natural transforma-
tion.

We recall that h being a natural transformation simply means that for each continuous
map f : (X, x0)→ (Y, y0), the diagram

π1(X, x0)
f∗ //

h
��

π1(Y, y0)

h
��

H1(X)
f∗ // H1(Y )

is commutative. So let γ : (I, ∂I)→ (X, x0) be a based loop in X. Then

h(f∗([γ])) = h([f ◦ γ]) = [[f ◦ γ]] = f∗([[γ]]) = f∗(h([γ])

which shows the commutativity of the diagram.

4. Homework Assignment # 4

1. Let A∗
f∗−→ B∗

g∗−→ C∗ be a short exact sequence of chain complexes. Show that the
sequence

... −→ Hq(A)
f∗−→ Hq(B)

g∗−→ Hq(C)
∂−→ Hq−1(A) −→ ...

is exact at Hq(C) and Hq−1(B).

Proof. In order to show that the sequence is exact at Hq(C) and Hq−1(B), we need to verify
the following: a) Im g∗ = ker ∂ b) Im f∗ = ker g∗ a) Im g∗ ⊂ ker ∂ Recall that
for q ∈ Z, the chain map g∗ induces a map g∗ : Hq(B) −→ Hq(C) where g∗([b]) = [g(b)].
Let g∗([b]) ∈ Im g∗ ⊂ Hq(C), where [b] ∈ Hq(B) (so b ∈ Zq(B)), then ∂g∗([b]) = ∂([g(b)]).
Recall the construction of ∂: ∂ assigns c, which is g(b) in our case, to an a ∈ Aq−1 for which
f(a) = ∂(b′), with b′ chosen so that c = g(b) = g(b′) for b ∈ Bq. Since we showed that the
choice of such a b′ is irrelevant, we can then choose b′ to be b. Hence, f(a) = ∂(b) = 0 since
b ∈ Zq(B). fq is injective (see the exactness of the given sequence), so we have that a = 0,
whence ∂g∗([b]) = ∂([g(b)]) = [0]. Therefore, Im g∗ ⊂ ker ∂ at Hq(C). Im g∗ ⊃ ker ∂ Let
[c] ∈ ker ∂ ⊂ Hq(C). Using the notation from the construction of ∂, there exists a b ∈ Bq

such that g(b) = c and an a ∈ Aq−1 for which f(a) = ∂(b), and since [c] ∈ ker ∂, ∂a′ = a for
some a′ ∈ Aq. We notice that the element b− f(a′) ∈ Bq is a q-cycle since

∂(b− f(a′)) = ∂b− ∂f(a′) = f(a)− f∂a′ = 0,
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whence [b− f(a′)] ∈ Hq(B). Furthermore, by the exactness of the original sequence, gf = 0,
so

g(b− f(a′)) = g(b)− gf(a′) = g(b)− 0 = g(b) = c.

Thus, [c] = [g(b− f(a′))] = g∗([b− f(a′)]) ∈ Im g∗, and Im g∗ ⊃ ker ∂. b) Im f∗ ⊂ ker g∗
Let f∗([a]) = [f(a)] ∈ Im f∗ ⊂ Hq−1(B), where a ∈ Zq−1(A). Then, by the exactness of
the original sequence, gf = 0, so g∗([f(a)]) = [gf(a)] = [0]. Hence, Im f∗ ⊂ ker g∗.
Im f∗ ⊃ ker g∗ Let [b] ∈ Hq−1(B) such that g∗([b]) = [0]; i.e., g(b) ∈ Im(∂ : Cq → Cq−1).
Therefore, ∃c ∈ Cq such that ∂(c) = g(b). Since g is onto (by the exactness of the given
sequence), ∃b′ ∈ Bq such that g(b′) = c. The commutativity of the diagram (of the chain
complexes, chain maps, and boundary maps) yields:

g∂(b′) = ∂g(b′) = ∂(c) = g(b).

Since each g is a homomorphism, we then have g(b−∂(b′)) = 0, so b−∂(b′) ∈ ker g = Im f .
Thus, ∃a ∈ Aq−1 such that f(a) = b − ∂(b′). Again, by the commutativity of the diagram,
f(∂a) = ∂f(a) = ∂b − ∂∂b′ = ∂b = 0, so a = 0 since f is injective (ker f = 0). Thus,
a ∈ Zq−1(A) and [a] ∈ Hq−1(A). Moreover, since b − f(a) = ∂(b′), f∗([a]) = [f(a)] = [b] ∈
Hq−1(B). Thus, Im f∗ ⊃ ker g∗. To recap, we now have that:

... −→ Hq(A)
f∗−→ Hq(B)

g∗−→ Hq(C)
∂−→ Hq−1(A) −→ ...

is exact at Hq(C) and Hq−1(B). �

2. Recall that the reduced homology groups H̃q(X) of a space X are the homology groups
of the augmented chain complex

...0←− Z ε←− C0(X)
∂1←− C1(X)

∂2←− C2(X)
∂3←− ...

For a pair (X,A) with A 6= ∅, we define H̃q(X,A) = Hq(X,A). a) Show that H̃q(X) ∼= Hq(X)
for q 6= 0, and that there is a short exact sequence

: (1) 0→ H̃0(X)→ H0(X)→ Z→ 0.

Hint: one way of doing this is to construct a chain map from the augmented chain complex
to the chain complex of X, try to fit it in a short exact sequence of chain complexes, and use
the exact homology sequence of problem 1.

We note that equation (1) implies in particular that there is an isomorphism H̃0(X)⊕Z ∼=
H0(X), but this is not canonical.

Proof. Consider the chain complex D∗:

...0←− Z = D−1 ←− 0←− 0←− 0....

Notice that the augmented chain complex, the original, and this new chain complex together
form a commutative diagram for which each column is exact:

(2)

... ←−−− 0 ←−−− Z ←−−− 0 ←−−− 0 ←−−− ...y yid0 yidZ

y y
... ←−−− 0 ←−−− Z ←−−− C0(X) ←−−− C1(X) ←−−− ...y yid0 y yidC0(X)

yidC1(X)

... ←−−− 0 ←−−− 0 ←−−− C0(X) ←−−− C1(X) ←−−− ...
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In other words, we have a short exact sequence of chain complexes:

D∗ −→ C̃∗(X) −→ C∗(X)

where we denote the augmented chain complex C̃∗. Hence, problem 1. gives us a long exact
sequence of homology groups. Substituting Hq(C̃∗(X)) = H̃q(X) and Hq(C∗(X)) = Hq(X),
we obtain the long exact sequence

(3) //Hq(D∗) //H̃q(X) //Hq(X)
∂ //Hq−1(D∗) //H̃q−1(X) // .

We note that the homology groups of D∗ are given by

Hq(D∗) = Dq =

{
Z q = −1

0 q 6= −1

It follows from the exact sequence (3) that the map H̃q(X)→ Hq(X) is an isomorphism for
q > 0, since the groups in the sequence to the left and right of this map are zero. We also
note that this is obviously true for q < 0, since both H̃q(X) and Hq(X) are zero for q < 0.

For q = 0 the terms H0(D∗) and H̃q−1(X) in the long exact sequence (3) are both zero, and
hence we obtain the desired short exact sequence

0 //H̃0(X) //H0(X) //Z //0

�

b) Show that there is an exact sequence of reduced homology groups

(4) ... −→ H̃q(A)
i∗−→ H̃q(X)

j∗−→ H̃q(X,A)
∂−→ H̃q−1(A)

i∗−→ ...

Proof. Suppose A 6= ∅. Consider the following commutative diagram

(5)

←−−− 0 ←−−− Z ←−−− C0(A) ←−−− C1(A) ←−−− ...y y yidZ

y y
... ←−−− 0 ←−−− Z ←−−− C0(X) ←−−− C1(X) ←−−− ...y y y y y
... ←−−− 0 ←−−− 0 ←−−− C0(X,A) ←−−− C1(X,A) ←−−− ...

The three rows are the reduced singular chain complex of A resp. the reduced singular chain
complex of X resp. the singular chain complex of the pair (X,A). Each column is exact and
hence we have the following short exact sequence of chain complexes:

0 //C̃∗(A)
i∗ //C̃∗(X)

j∗ //C∗(X,A) //0

The associated long exact homology sequence is the desired sequence (4). �

3. Prove the following statement which is known as the 5-lemma. Suppose we have a
commutative diagram of abelian groups and group homomorphisms

(6)

A1
f1−−−→ A2

f2−−−→ A3
f3−−−→ A4

f4−−−→ A5yh1

yh2

yh3

yh4

yh5

B1
g1−−−→ B2

g2−−−→ B3
g3−−−→ B4

g4−−−→ B5
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such that the rows are exact sequences. Show that if the outer two vertical maps h1, h2,
h4, h5 are all isomorphisms are slightly stronger than needed for the proof. What weaker
assumptions will do?

Proof. We first prove that h3 is injective. Let a3 ∈ A3 such that h3a3 = 0 ∈ B3. Then by the
commutativity of the diagram, we have h4f3a3 = g3h3a3 = g3(0) = 0, so f3(a3) ∈ ker h4 = 0
since h4 is injective. Hence, a3 ∈ ker f3 = im f2, so there is an a2 ∈ A2 such that
f2(a2) = a3. Again, by the commutativity of the diagram, we have g2h2(a2) = h3f2(a2) =
h3(a3) = 0, so h2(a2) ∈ ker g2 = im g1. Thus, there is an element b1 ∈ B1 such that
g1(b1) = h2(a2). Moreover, since h1 is surjective, there is some a1 ∈ A1 with h1a1 = b1.
It follows that h2f1a1 = g1h1a1 = g1b1 = h2a2. Thus, since h2 is injective, a2 = f1a1, so
a3 = f2a2 = f2f1a1 = 0. Therefore, h3 is injectiv. To show surjectivity of h3, let b3 ∈ B3.
Since h4 is surjective, there is some a4 ∈ A4 with h4a4 = g3b3 ∈ A4 and by commutativity,
h5f4a4 = g4h4a4 = g4g3b3 = 0. Since h5 is injective, this implies f4a4 = 0. By exactness of
the top row at A4, there is an a3 ∈ A3 such that f3(a3) = a4. Hence,

g3(h3(a3)− b3) = h4f3a3 − g3b3 = h4a4 − g3b3 = 0.

By the exactness of the lower row at B3, this implies that there exists b2 ∈ B2 such that
g2(b2) = h3(a3)− b3. Since h2 is surjective, there is some a2 ∈ A2 with h2a2 = b2 and hence

h3(a3 − f2a2) = h3a3 − h3f2a2 = h3a3 − g2h2a2 = b3,

which shows that b3 is in the image of h3. Since b3 was arbitrary, this shows that h3 is
surjective.

We see that we’ve used the assumptions that h4, h2 are injective, and that h1 is surjective
to show injectivity of h3. Our proof that h3 is surjective required the assumptions that h2,
h4 are surjective, and that h5 is injective. So it is sufficient to assume that h2 and h4 are
isomorphisms, that h1 is an epimorphism, and that h5 is a monomorphism. �

5. Homework Assignment # 5

1. Let X be a topological space and let ΣX be the suspension of X which is defined as the
quotient space X × [0, 1]/ ∼, where the equivalence relation is generated by (x, 0) ∼ (x′, 0)

and (x, 1) ∼ (x′, 1) for all x, x′ ∈ X. Show that H̃q(X) ∼= H̃q+1(ΣX) (this is called the
suspension isomorphism).

Hint: note that the suspension of Sn is homeomorphic to Sn+1, and think of the suspension

isomorphism as a generalization of the isomorphism H̃q(S
n) ∼= H̃q+1(Sn+1) proved in class.

For that proof the decomposition of Sn+1 into upper and lower hemisphere was important.
Here the role of the upper/lower hemispheres is played by subspaces of ΣX consisting of
those points [x, t] ∈ ΣX with t ≥ 1/2 resp. t ≤ 1/2.

Proof. Let x+ = [x, 1] ∈ ΣX, and x− = [x, 0] ∈ ΣX (they are analogous to the north pole
resp. south pole of Sn+1), and let C+X := ΣX \ {x−} and C−X := ΣX \ {x+}.
Claim 1: The spaces C±X are contractible (i.e., homotopy equivalent to the one point
space).

To prove that C+X is contractible, we will show that the inclusion map i : {x+} → C+X
is the homotopy inverse to the constant map r : C+X → {x+} (i.e., that the compositions
r ◦ i and i◦ r are homotopic to the identities on {x+} resp. C+X). We note that r ◦ i is equal
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to the identity on {x+}; a homotopy between i ◦ r and the identity on C+X is provided by
the map

H : [0, 1]× C+X −→ C+X (s, [x, t]) 7→ [x, st+ (1− s)].
The proof that C−X is contractible is similar.
Step 1. Consider the long exact homology sequence of the pair (Σ,Σ+X):

//H̃q(C
+X) //H̃q(ΣX)

j∗ //Hq(ΣX,C
+X)

∂ //H̃q−1(C+X) //

The contractibility of the space C+ implies the vanishing of its reduced homology groups
and hence it follows that the map j∗ in the above sequence is an isomorphism.
Step 2. Removing the point x+ from the pair (ΣX,C+X) we obtain the pair

(ΣX \ {x+}, C+X \ {x+}) = (C−X,C+X ∩ C−X)

The excision axiom then implies that the inclusion map

(C−X,C+X ∩ C−X) −→ (ΣX,C+X)

induces an isomorphism on homology groups.
Step 3. Consider the long exact homology sequence of the pair (C−X,C), C = C+X∩C−X:

//H̃q+1(C−X) //Hq+1(C−X,C)
∂ //H̃q(C) //H̃q(C

−X) //

The contractibility of C−X implies the vanishing of its reduced homology groups. Hence the
connecting homomorphism ∂ in the above exact sequence is an isomorphism.
Step 4. We claim that the map i : X → C+X ∩ C−X given by i(x) = [x, 1

2
] is a homotopy

equivalence. In particular, i induces isomorphisms on homology groups.
Let r : C+X ∩ C−X → X be defined by [x, t] 7→ x (note that this is well-defined and

continuous). We note that r ◦ i is the identity on X; a homotopy between i ◦ r and the
identity on C+X ∩ C−X is given by

H : [0, 1]× C+X ∩ C−X −→ C+X ∩ C−X (s, [x, t]) 7→ [x, st+ (1− s)1

2
]

Composing the isomorphisms constructed in steps (1)-(4) we obtain the desired isomor-
phism

H̃q+1(ΣX) ∼=

j∗ //Hq+1(ΣX,C+) Hq+1(C−, C)∼=
k∗oo

∼=
∂ //H̃q(C) H̃q(X)

i∗
∼=

oo

�

2. Let f : Sn → Sn be a map and

Σf : Sn+1 ≈ ΣSn → ΣSn ≈ Sn+1

its suspension. Show that deg(Σf) = deg(f). Hint: f induces an endomorphism on all

the homology groups you used in your proof of the suspension isomorphism H̃q(S
n) ∼=

H̃q+1(ΣSn).

Proof. We note that the map Σf : ΣSn → ΣSn leaves the subspaces C± ⊂ ΣSn used in
problem #1 invariant. In particular, Σf induces selfmaps of the pairs (ΣSn, C+) and (C−, C).
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Abusing notation we will write Σf for all these selfmaps. These maps are compatible with
the maps j, k and i in the sense that the following diagrams are commutative:

ΣSn
j //

Σf

��

(ΣSn, C+)

Σf
��

(C−, C)
koo

Σf
��

ΣSn
j // (ΣSn, C+) (C−, C)

koo

C

Σf

��

Sn

f

��

ioo

C Sn
i

oo

Now we consider the following diagram of homology groups

eHn+1(ΣSn)

Σf∗
��

j∗ // Hn+1(ΣSn,C+)

Σf∗
��

Hn+1(C−,C)

Σf∗
��

k∗oo ∂ // eHn(C)

Σf∗
��

eHn(Sn)

f∗
��

i∗oo

eHn+1(ΣSn)
j∗ // Hn+1(ΣSn,C+) Hn+1(C−,C)

k∗oo ∂ // eHn(C) eHn(Sn)
i∗oo

We note that the first, second and fourth square of this diagram are commutative, since
the corresponding square of maps between topological spaces commute. The third square
is commutative due to the ‘naturality of the connecting homomorphism’ (see next week’s

homework problems). We pick a generator αn ∈ H̃n(Sn) and denote by αn+1 ∈ H̃n+1(ΣSn)

the generator corresponding to αn via the isomorphism Ψ: H̃n+1(ΣSn) → H̃n(Sn) given by
the rows of the above diagram. We have

f∗ ◦Ψ(αn+1) = f∗(αn) = deg(f)αn

Ψ ◦ Σf∗(αn+1) = Ψ(deg(Σf)αn+1) = deg(Σf)αn

The commutativity of the homology diagram above implies f∗ ◦ Ψ = Ψ ◦ Σf∗ and hence
deg(f) = deg(Σf). �

3. Prove the following statements for the local degree.
a) Show that if f : Rn → Rn is an isometry (i.e., f belongs to the orthogonal group), then

deg(f, 0) = deg(f|Sn−1).
b) Show that if f : Rn → Rn is an isomorphism, then

deg(f, 0) =

{
+1 det(f) > 0

−1 det(f) < 0

c) Let f : Rn → Rn be a continuous map which is differentiable at the point x0 ∈ Rn.
Let Dfx0 be the derivative at x0 (which is a linear map Dfx0 : Rn → Rn; the corresponding
matrix is the Jacobian of f at the point x0). Show that if Dfx0 is invertible, then

deg(f, x0) =

{
+1 det(Dfx0) > 0

−1 det(Dfx0) < 0

Hint: Try to compare deg(f, x0) with deg(g, x0), where g is the best affine linear approxi-
mation to f which is given by g(x) = f(x) + Dfx0(x) by showing that restricted to a small
enough ball around x there is a homotopy ft, 0 ≤ t ≤ 1 between these two maps such that
f−1
t (f(x)) consists of the point x0 only.

Proof. Let g : Sn−1 → Sn−1 be the restriction of f to Sn−1. By the previous problem we know
that deg(g) = deg(Σg). We note that (Σg)−1(x−) = {x−}, where x− = [x, 0] ∈ ΣSn−1. Hence
by the theorem from class, we have deg(Σg) = deg(Σg, x−). To calculate that local degree, we
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can restrict Σg to a neighborhood of x−, which we take to be C− = {[x, t] ∈ ΣX | 0 ≤ t < 1}.
We note that C− is homeomorphic to Rn via the homeomorphism

h : C− −→ Rn [x, t] 7→
(

tan t
π

2

)
x

Moreover, via this homeomorphism the map Σg corresponds to the original map f : Rn → Rn

in the sense that the diagram

C−
h //

Σg

��

Rn

f

��
C−

h // Rn

is commutative:

h(Σg([x, t])) = h([f(x), t]) =
(

tan t
π

2

)
f(x) = f(

(
tan t

π

2

)
x) = f(h([x, t]))

Since h(x−) = 0, it follows that deg(Σg, x−) = deg(f, 0). This proves part (a).
To prove part (b), we note that if f : Rn → Rn belongs to the orthogonal group O(n) of

linear isometries, then f restricts to a map f| : S
n−1 → Sn−1. We’ve proved in class that

deg(f|) = det(f), and together with part (a) this proves the desired statement if f is an
isometry. To prove the result for a general isomorphism f : Rn → Rn, it suffices to show that
there is a path f(t) in the group GLn(R) of isomorphism of Rn which connects f = f(0)
with an element f(1) ∈ O(n) ⊂ GLn(R). We note that the sign of det(f(t)) is independent
of t, since it depends continuously on t, and det(f(t)) 6= 0 for all t ∈ [0, 1].

To construct the path, we identify linear maps Rn → Rn with n× n matrices in the usual
way. We will write a matrix A in the form A = (a1, a2, . . . , an), where ai ∈ Rn are the
column vectors of the matrix. We recall that A belongs to GLn(R) if and only if the vectors
a1, . . . , an are linearly independent; A ∈ O(n) if and only if the vectors ai are unit vectors
which are mutually perpendicular. Let pi : Rn → Rn be the orthogonal projection onto the
subspace spanned by a1, . . . , ai, and let p⊥i : Rn → Rn be the orthogonal projection onto the
orthogonal complement of that subspace; in particular, we have v = p⊥i v+piv for all v ∈ Rn.
Given a matrix A, let us define

At = (v1, p
⊥
1 v2 + tp1v2, . . . , p

⊥
i−1vi + tpi−1vi, . . . , p

⊥
n−1vn + tpn−1vn)

We note that det(At) is independent of t, since det(v1, . . . , vn) = 0 depends linearly on
each column vector and this determinant is zero if the vectors are linearly dependent. In
particular, if A = A1 invertible, then so is At. The column vectors of B = A0 are mutually
perpendicular, but not necessarily of unit length. Now for B = (w1, . . . , wn) we define

Bt = ((1− t)w1 + t
w1

||w1||
, . . . , (1− t)wn + t

wn
||wn||

),

which is a path connecting B = B0 with B1 ∈ O(n). Concatenating these paths, we obtain
the desired path from A to B0 ∈ O(n).

To prove part (c), we note that the assumption that f is differentiable at x0 means that
f(x0 + h) can be written in the form

f(x0 + h) = f(x0) +Dfx0(h) + e(h),
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where the ‘error term’ e(h) is o(h) for h→ 0, which means that

(7) lim
h→0

e(h)

|h|
= 0.

We define

ft(x0 + h) = f(x0) +Dfx0(h) + te(h)

and want to argue that ft is a map of pairs

ft : (Bε(x0), Bε(x0) \ {x0}) −→ (Rn,Rn \ f(x0)),

for sufficiently small ε > 0, where Bε(x0) is the ball of radius ε around x0. In other words,
we want to argue that f−1

t (f(x0))∩Bε(x0) = {x0}, or equivalently, that Dfx0(h) + te(h) 6= 0
for all h with 0 < h < ε. The idea is to show that for 0 < h < ε the norm of Dfx0(h) is large
compared to the norm of te(h).

To make this precise, let m := minh∈Sn−1 ||Dfx0(h)||. We note that m > 0, since m =
||Dfx0(h0)|| for some h0 ∈ Sn−1, and Dfx0(h0) 6= 0 due to our assumption that Dfx0 is

invertible. Now the statement (7) allows us to choose ε > 0 such that ||e(h)||
|h| < m for

||h|| < ε. This implies that for 0 < ||h|| < ε we have

||te(h)|| ≤ ||e(t)|| < m||h|| ≤ ||Dfx0(
h

||h||
)|| ||h|| = ||Dfx0(h)||

and hence Dfx0(h) + te(h) 6= 0 as desired. We conclude that f = f1 is homotopic to g = f0

as maps from (Bε(x0), Bε(x0) \ {x0}) to (Rn,Rn \ f(x0)) and hence deg(f, x0) = deg(g, x0).
Finally, we want to compare deg(g, x0) and deg(D, 0), where D = Dfx0 . Since g(x) =

f(x0) + D(x − x0), the map g can be written in the form g = Tf(x0) ◦ D ◦ T−x0 , where
Tv : Rn → Rn is the translation map given by x 7→ x + v for v ∈ Rn. To relate the local

degrees of g and D we note that the maps D, Tv and g extend to continuous selfmaps D̂, T̂v,

ĝ of the one-point compactification R̂n = Rn ∪ {∞} of Rn. The space R̂n is homeomorphic
to Sn via the stereographic projection, and hence we can consider the degree of these maps.
We note that

deg(D̂) = deg(D, 0) deg(ĝ) = deg(g, x0)

by our theorem from class, since D̂−1(0) = D−1(0) = {0} and ĝ−1(f(x0)) = g−1(f(x0)) =

{x0}. Moreover, deg(T̂v) = 1, since the map

R̂n × [0, 1]→ R̂n (x, t) 7→ T̂tv(x)

provides a homotopy between T̂v and T̂0 = 1 bRn . It follows that

deg(ĝ) = deg(T̂f(x0) ◦ D̂ ◦ T̂−x0) = deg(Tf(x0)) · deg(D̂) · deg(T̂−x0) = deg(D̂)

which finishes the proof. �

6. Homework Assignment # 6

1. Let (X, V,A) be a triple of topological spaces (i.e., A ⊂ V ⊂ X). Show that there is a
long exact sequence of homology groups

. . . −→ Hq(V,A) −→ Hq(X,A) −→ Hq(X, V )
∂−→ Hq−1(V,A) −→ . . .
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Proof. Let i : (V,A)→ (X,A) and j : (X,A)→ (X, V ) be the maps of pairs induced by the
inclusion map V → X resp. the identity on X. The induced maps on singular q-chains

Cq(V,A)
iq // Cq(X,A)

jq // Cq(X, V )

Cq(V )/Cq(A) Cq(X)/Cq(A) Cq(X)/Cq(V

form a short exact sequence since jq is an epimorphism whose kernel is equal to Cq(V )/Cq(A) ⊂
Cq(X)/Cq(A).

This implies that

C∗(V,A)
i∗ //C∗(X,A)

j∗ //C∗(X, V )

is a short exact sequence of chain complexes which implies the desired long exact sequence
of homology groups. �

2. Let

A∗
f∗ //

a∗
��

B∗
g∗ //

b∗
��

C∗

c∗
��

A′∗
f ′∗ // B′∗

g′∗ // C ′∗

be a commutative diagram of chain complexes and chain maps whose rows are short exact.
Show that the following diagram is commutative:

Hq(C∗)
∂ //

c∗
��

Hq(A∗)

a∗
��

Hq(C
′
∗)

∂ //Hq−1(A′∗)

This statement is referred to as the naturality of the connecting homomorphism. In particular,
if f : (X,A)→ (X ′, A′) is a map between pairs of topological spaces, then the singular chain
complexes of A, X, (X,A), A′, X ′, (X ′, A′) fit together in a diagram as above and we
conclude that the diagram

Hq(X,A)
∂ //

f∗
��

Hq−1(A)

f∗
��

Hq(X
′, A′)

∂ // Hq−1(A′)

is commutative.

Proof. Let c be a q-cycle in the chain complex C∗ and let us denote as usual by [c] ∈ Hq(C∗)
the homology class it represents. We recall that ∂([c]) = [a], if there is some b ∈ Bq with
gqb = c and ∂Aq b = fq−1a (where we write ∂A for the boundary map in the chain complex
A∗). We note that the commutativity of the diagram above implies that

g′q(bqb) = cqc and f ′q−1aq−1a = bq−1fq−1a = bq−1∂
A
q b = ∂A

′

q bqb.

Here the last equation follows from the fact that b∗ is a chain map. It follows that ∂ : Hq(C
′
∗)→

Hq−1(A′∗) maps [cqc] = c∗([c]) to [aqa] = a∗([a]). �
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3. a) Show that any non-constant polynomial f(z), viewed as a map f : C → C always

extends to a continuous map f̂ : Ĉ ≈ S2 → Ĉ ≈ S2 of the one-point compactification

Ĉ = C ∪ {∞} ≈ S2.

b) Show that the degree of f̂ equals the degree of f as a polynomial. Hint: first show this
for f(z) = zn and then reduce to this case.

c) Conclude the Fundamental Theorem of Algebra that f(z) has some zero.

Proof. Part (a). It will be useful to have a criterion for when a continuous map f : X×T →
Y extends to a continuous map f̂ : X̂×T → Ŷ , where X̂ = X ∪{x0} (resp. Ŷ = Y ∪{y0}) is
the one-point compactification of X (resp. Y ). We will apply this for X = Y = C, T = {pt}
to show that a non-constant polynomial f induces a map f̂ : Ĉ → Ĉ, and to T = [0, 1] to

show that suitable homotopies between polynomials f and g gives a homotopy between f̂
and ĝ.
Warning. The function H(z, t) = tzn + (1− t)zn−1 is a path of non-constant polynomials,
i.e., a homotopy between the polynomials f(z) = zn and g(z) = zn1 . It is tempting to argue

that H gives a homotopy between f̂ and ĝ. We emphasize that there can’t be a homotopy

between f̂ and ĝ, since their degrees are not equal: deg(f̂) = n, deg(ĝ) = n−1. This shows
that we need to be extremely careful when arguing that a continuous map H : C× [0, 1]→ C
extends to a continuous map Ĥ : Ĉ× [0, 1]→ Ĉ.

Lemma 1. Let T , X, Y be topological spaces and let X̂ = X ∪ {x0}, Ŷ = Y ∪ {y0} be the
one-point compactifications of X and Y . Let f : X×T → Y be a continuous map, and define

f̂ : X̂ × T → Ŷ by f̂(x, t) =

{
f(x, t) x ∈ X
y0 x = x0

Suppose that for any compact subset L ⊂ Y and any t ∈ T , there exists a compact subset

K ⊂ X and open neighborhood U ⊂ T of t such that f−1(L) ∩X × U ⊂ K × U . Then f̂ is
continuous.

Proof. It suffices to prove continuity of f̂ at all points of the form (x0, t), i.e., to show that

the preimage of an open neighborhood of f̂(x0, t) = y0 contains an open neighborhood of

(x0, t). We recall that an open subset of the one-point compactification Ŷ containing y0 is
of the form y0 ∪ (Y \ L) where L ⊂ Y is compact. Our assumptions imply that the open
neighborhood ({x0} ∪ (X \K))× U of (x0, t) is contained in f−1(y0 ∪ (Y \ L)). �

We recall that according to the Heine-Borel Theorem a subset K ⊂ C is compact if and
only ifit is closed and bounded. So the lemma implies that a continuous map f : C → C
extends to a continuous map f̂ provided that for all r > 0 there is some s > 0 such that
|z| > s implies |f(z)| > r. Let us assume that f(z) is a polynomial of degree n, i.e.,

f(z) = anz
n + an−1z

n−1 + · · ·+ a0 with ai ∈ C, an 6= 0.

Then

|f(z)| =
∣∣∣an +

an−1

z
+ · · ·+ a0

zn

∣∣∣ |z|n
Since limz→∞

an−1

z
+ · · ·+ a0

zn = 0, there is some s0 > 0 such that |z| > s0 implies

|an−1

z
+ · · ·+ a0

zn
| < |an|

2
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and hence

|f(z)| ≤ (|an| −
1

2
|an|)|z|n =

1

2
|an||z|n

In particular, setting s = max{s0,
(

2r
|an|

)1/n

, then |z| > s implies |f(z)| > r, which proves

part (a).
More generally, if instead of a single polynomial f(z) we have a family of polynomials ft(z)

whose coefficients are continuous functions ai(t) of a parameter t ∈ T with the property that
an(t) 6= 0 for all t ∈ T , then we can not only obtain the above estimate for any fixed
t0 ∈ T , but rather the statement |z| > s implies |ft(z)| > r follows for every t in a suitable

neighborhood U of t0. This implies that we obtain a continuous map Ĉ× T → Ĉ.
Part (b). To calculate the degree of p for part b), we first assume p(z) = zn, and calculate
the degree of p by our formula

deg(p) =
∑

z∈p−1(z0)

deg(p, z)

for any point z0 ∈ C for which p−1(z0) is a finite set. E.g., for z0 = 1, the preimage consists
of the n-th roots of unity {e2πi/n}. We note that the derivative p′(z) = nzn−1 is non-zero at
any z 6= 0 and hence by the Inverse Function Theorem, p is a local diffeomorphism at any
point z 6= 0. This implies that the local degree deg(p, z) is defined for any z 6= 0 and is equal
to ±1. Moreover, since p is a holomorphic function, its derivative (Dp)z : R2 = C→ R2 = C
for any z ∈ C is a complex linear map, given in fact by multiplication by the complex number
p′(z). So if p′(z) = a + ib with a, b ∈ R, then the matrix corresponding to (Dp)z is

(
a −b
b a

)
,

and hence

det(Dp)z = det
(
a −b
b a

)
= a2 + b2 ≥ 0

Hence deg(p, z) = 1 for any z 6= 0. In particular, the degree of p(z) = zn is n, the number of
n-th roots of unity.

Next assume that g(z) is a monic polynomial of degree n, i.e., that an = 1. Then

H : C× [0, 1] −→ C (z, t) 7→ zn + t(an−1z
n−1 + · · ·+ a0)

is a homotopy between the monic polynomial g and h(z) = zn. Our considerations above

show that Ĥ is a homotopy between ĝ and ĥ which implies deg(g) = deg(h) = n. If
f(z) = anz

n + · · ·+ a0 is any polynomial of degree n, we can write an = eb for some b ∈ C.
Then

H ′(z, t) = etbzn + an−1z
n−1 + · · ·+ a0

is a between f(z) and the monic polynomial g(z) = zn + an−1z
n−1 + · · · + a0. Again, H ′

induces a homotopy Ĥ ′ between f̂ and ĝ which implies deg(f̂) = deg(ĝ) = n and proves part
(b).

Part (c). The assumption that f(z) is non-constant implies that deg(f̂) = deg(f) > 0.
Hence f : C→ C is surjective; in particular, its set of zeroes f−1(0) is non-empty. �
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7. Homework Assignment # 7

1. Show that the complex projective space CPn is a CW complex with one cell of dimension
2i for 0 ≤ i ≤ n.

Proof. It suffices to show that CP n is obtained from CP n−1 by attaching a cell of dimension
2n. Define

Φ: D2n −→ CP n

z = (z0, . . . , zn−1) 7→ [z0, z1, . . . , zn−1,
√

1− ||z||2],

and let ϕ : S2n−1 → CP n−1 be the natural projection map given by (z0, . . . , zn−1) 7→ [z0, z1, . . . , zn−1].
We note that these maps are compatible in the sense that the following diagram is commu-
tative

S2n−1
ϕ //

j

��

CP n−1

i
��

D2n Φ // CP n,

where i, j are the obvious inclusion maps. It follows that the map

CP n−1 ∪ϕ D2n i∪Φ−→ CP n

is well-defined and continuous. We note that this map is surjective, since if [z0, . . . , zn] ∈ CP n

with zn 6= 0, then multiplying all components by the unit complex number z−1
n ||zn||, we can

assume w.l.o.g. that zn is a positive real number. Injectivity is obvious and it follows that
f = i ∪ Φ is a continuous bijection. It follows that f is a homeomorphism since the domain
of f is compact and its range is Hausdorff. �

2. See Hatcher’s book, pages 140, 141.

For the calculation of the homology groups of the product spaces in problems (3) and (4)
use the following facts. If X, Y are finite CW complexes, then the product X ×Y again has
a CW structure whose cells correspond to products of cells of X and Y . More precisely, if
emα is an m-cell of X, and enβ is an n-cell of Y , then these determine a m + n-cell of X × Y
denoted emα ×enβ. In particular, CCW

q (X×Y ) is the free abelian group generated by products
cells emα × enβ with m+ n = q. The cellular boundary map is determined by the formula

(8) ∂(emα × enβ) = (∂emα )× enβ + (−1)memα × ∂(enβ).

3. Calculate H∗(S
m × Sn) for m ≥ n ≥ 1.

To calculate the homology of Sm×Sn, let us furnish the sphere Sm with the CW structure
consisting of one 0-cell e0 and one m-cell em. Then the product CW structure on Sm × Sn
has four cells e0 × e0, em × e0, e0 × en, em × en of dimension 0, m, n and m + n. The
cellular boundary map in the cellular chain complex of Sm and Sn is zero, and hence the
‘product rule’ (8) implies that the cellular boundary map for Sm × Sn is trivial. Hence
Hq(S

m × Sn) ∼= CCW
q (Sm × Sn) is a direct sum of as many copies of Z as there are cells of

dimension q. In particular, for m,n > 0 and m 6= n we have

Hq(S
m × Sn) ∼=

{
Z q = 0,m, n,m+ n

0 otherwise
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If n > 0 we have:

Hq(S
n × Sn) ∼=


Z⊕ Z q = n

Z q = 0, 2n

0 otherwise

4. Calculate the homology groups of a product of two Moore spaces M(Z/p,m)×M(Z/q, n)
for m ≥ n ≥ 1.

Proof. The Moore space M(Z/p,m) has three cells e0, em, em+1 whose dimensions are indi-
cated by the superscripts. Hence the product

M(Z/p,m)×M(Z/q, n)

has nine cells. To simplify matters, we note that the cell e0 does not ‘interact’ with the cells
em, em+1 in the cellular chain complex of M(Z/p,m) in the sense that CCW

∗ (M(Z/p,m))
is a direct sum of two chain complexes; the first summand is generated by e0, the other is
generated by em and em+1. It follows that the chain complex of the product can be written
as a direct sum of four chain complexes:

A∗ = 〈e0 × e0〉
B∗ = 〈e0 × en, e0 × en+1〉
C∗ = 〈em × e0, em+1 × e0〉
D∗ = 〈em × en, em × en+1, em+1 × en, em+1 × en+1〉

The boundary maps of these chain complexes are readily determined by the product formula
(8). Also the homology groups of A∗, B∗ and C∗ are straightforward to determine and so we
only state the result:

Hi(A∗) =

{
Z i = 0

0 i 6= 0

Hi(B∗) =

{
Z/q i = n

0 i 6= n

Hi(C∗) =

{
Z/p i = m

0 i 6= m

To calculate the homology groups of the chain complex D∗, we first determine the boundary
maps of D∗:

d(em × en) = 0

d(em+1 × en) = p(em × en)

d(em × en+1) = (−1)mq(em × en)

d(em+1 × en+1) = p(em × en+1) + (−1)m+1q(em+1 × en)

To determine the homology groups it is convenient to use a different basis for the chain
group Dm+n+1. Let g = gcd pq, and write p = gp′, q = gq′. Then p′ and q′ are relatively
prime and hence there are integers a, b such that ap′ + bq′ = 1. We note that the element
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d(em+1 × en+1) is divisible by g. Let e1 ∈ Dm+n+1 be the element obtained by that division,
i.e.,

e1 := p′(em × en+1) + (−1)m+1q′(em+1 × en)

and define

e2 := (−1)mb(em × en+1) + a(em+1 × en)

This is taylor-made so that the base change matrix(
p′ (−1)mb

(−1)m+1q′ a

)
has determinant one which implies that {e1, e2} is in fact a new basis for Dm+n+1. The
advantage of this new basis is that the boundary map of the chain complex D∗ has the
following simple form

d(em+1 × en+1) = ge1

d(e1) = 0

d(e2) = (−1)mbd(em × en+1) + ad(em+1 × en)

= (−1)mb(−1)mq(em × en) + ap(em × en)

= (bq + ap)(em × en) = g(em × en)

It follows that

Hq(D∗) =

{
Z/g q = m+ n,m+ n+ 1

0 otherwise

�

8. Homework Assignment # 8

1. Use the Mayer-Vietoris sequence to compute the homology groups of the space obtained
by attaching a Möbius band to RP2 via a homeomorphism of its boundary circle to the
standard RP1 ⊂ RP2.

Proof. First we need to find an open cover {A,B} of the space X under consideration. We
try to find this cover in such a way that A is homotopy equivalent to the Möbiusband and
that B is homotopy equivalent to RP2. Let us write M for the Möbiusband and

p : M q RP2 → X = (M q RP2)/ ∼

for the projection map. We note that simply taking A = p(M) and B = p(RP2) is undesirable
for two reasons:

(1) These subsets aren’t open in X. We recall that a subset U in the quotient space X
is open if and only ifp−1(U) is an open subset of M q RP2, and note that p−1(A)
consists of the disjoint union of M and S1 = RP1 ⊂ RP2 which is not an open subset
of M q RP2.

(2) The subspace A ⊂ X is not homeomorphic to the Möbiusband, but rather to a
quotient space of M obtained by identifying antipodal points on the boundary circle
of M .
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Both problems can be solved by choosing A a little smaller and B a little larger than the
choice above. Let M1 be the interior of M , and let M2 be the “outer half” of M . Explicitly,
if M = [0, 1]× [−1,+1]/ ∼ with identification (0, y) ∼ (1,−y), then

M1 = [0, 1]× (−1,+1)/ ∼ M2 = [0, 1]× ([−1,−1/2) ∪ (1/2, 1])/ ∼

We set A := p(M1) and B := p(M2 ∪ RP2), and note that A, B are open subsets of X
since p−1(A) = M1 and p−1(B) = M2 q RP2 are open subsets. Also, A ∪ B = X since
M1 ∪M2 = M .

We observe that A is homeomorphic to M1 which has the central circle

C1 := ([0, 1]× {0}/ ∼) ⊂ ([0, 1]× [−1,+1]/ ∼) = M

as deformation retract. In particular, H̃1(A) ∼= Z and H̃q(A) = 0 for q 6= 1. Similarly, A∩B
is homeomorphic to M1 ∩M2 which has the circle

C2 := [0, 1]× {±3/4}sim ⊂M

as deformation retract, and hence H̃1(A ∩B) ∼= Z and H̃q(A ∩B) = 0 for q 6= 0. Finally, B
has RP2 ⊂ X as a deformation retract. The homotopy between the identity on B and the
retraction to RP2 is the identity on RP2 and given on M2 by

H : I ×M2 →M2 (t, [x, y]) 7→ [x, ty + (1− t)y/|y|]

It follows that H̃1(B) ∼= Z and H̃q(B) = 0 for q 6= 0.
Let us write iA : A ∩B → A and iB : A ∩B → B for the inclusion maps. Then

S1 = C2 ↪→ A ∩B iA−→ A
r−→ C1 = S1

is the map z 7→ z2 which has degree 2. It follows that iA∗ : H̃1(A ∩ B) = Z → H̃1(A) = Z is
multiplication by 2. The map

S1 = C2 ↪→ A ∩B iB−→ B
r−→ RP2

is just the usual inclusion of S1 = RP1 ↪→ RP2 and hence the induced map on H̃1 is the
projection Z � Z/2.

Now we have all the information we need to analyse what happens in the Meyer-Vietoris
sequence

H̃q(A ∩B)
iA∗ ⊕iB∗−→ H̃q(A)⊕ H̃q(B) −→ H̃q(X)

−→ H̃q−1(A ∩B)
iA∗ ⊕iB∗−→ H̃q−1(A)⊕ H̃q−1(B)

This sequence implies that H̃2(X) (resp. H̃1(X)) is isomorphic to the kernel (resp. cokernel)
of the map

iA∗ ⊕ iB∗ : H1(A ∩B) = Z 2⊕1−→ Z⊕ Z/2 = H1(A)⊕H1(B)

This map is injective and hence H2(X) = 0. To determine its cokernel, let a = (1, 0) and
b = (0, 1) in Z ⊕ Z/2. Then the cokernel is the Z-module generated by a and b with the
relations 2b = 0 and 2a+ b = 0, or equivalently, the Z-module generated by a with relation
4a = 0. It follows that H1(X) ∼= Z/4. �
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2. Let M be a module over a ring R. We recall that a free resolution of M is an exact
sequence of R-modules and R-module homomorphisms

0 Moo M0
εoo M1

d1oo M2
d2oo . . .oo

such that all the Mq’s are free R-modules.
(a) Let (M∗, ε

M) be a free resolution of an R-module M and let (N∗, ε
N) be a free resolution

of an R-module N . Show that if f : M → N is an R-linear map, then there are R-linear
maps fq : Mq → Nq such that the diagram

M

f

��

M0

f0
��

εMoo M1

f1
��

oo M2

f2
��

oo . . .oo

N N0
εNoo N1

oo N2
oo . . .oo

is commutative. Hint: construct the R-linear maps fq inductively using the following prop-
erty of a free module: if g : A → B is an R-module map whose domain A is a free module,
then g factors through any R-linear surjection h : C → B; i.e., there is an R-linear map
ĝ : A→ C making the following diagram commutative:

C

����
h

��
A

g //

bg ??~~~~~~~
B

(b) Show that the R-linear chain map f∗ : M∗ → N∗ constructed in part (a) is unique up to
R-linear chain homotopies, i.e., if f ′∗ : M∗ → N∗ is another solution to (a), show that there
is a chain homotopy T between them.

Proof. Since M0 is a free R-module, the module map f ◦ εM : M0 → N factors through
the surjective map εN : N0 → N ; i.e., there is an R-linear map f0 : M0 : N0 making the first
square commutative. We will construct the fq’s by induction. Let us assume that we already
constructed R-linear maps f0, . . . , fq making all diagrams to the left of fq commutative. We
note that this implies in particular that fq maps ker(Mq →Mq−1) to ker(Nq → Nq−1). Now
we want to construct fq+1 such that the following diagram commutes:

ker(Mq →Mq−1)

fq

��

Mq+1

fq+1

��

dM
q+1oo

ker(Nq → Nq−1) Nq+1

dN
q+1oo

This map exists sinceMq+1 is free and the map dNq+1 is surjective by exactness of the resolution
N∗ at Nq.

To prove part (b), assume that f ′∗ : M∗ → N∗ is another chain map lifting the map f .
Our goal is to construct a chain homotopy T between them; i.e., we want R-linear maps
Tq : Mq → Nq+1 with

(9) dNq+1Tq + Tq−1d
M
q = fq − f ′q
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where the modules Mq, Nq are interpreted as the trivial modules for q < 0. We will construct
the Tq’s inductively. To construct T0, we note that

εN ◦ f0 = f ◦ εM = εN ◦ f ′0
implies that the range of f0 − f ′0 is contained in ker εN , and hence there is a map T0 making
the diagram

M0

f0−f ′0
��

T0

##FF
FF

FF
FF

F

ker εN N1
dN
1

oo

commutative since M0 is free and the horizontal map is surjective.
Now let us assume that we have constructed T0, . . . , Tk−1 satisfying equation (9) for q < k.

To construct Tk, we consider this equation for q = k and put the term Tk−1d
M
k on the right

side of the above equation and try to solve for Tk. We note that the image of

g := fk − f ′k − Tk−1d
M
k : Mk → Nk

is contained in the kernel of dNk since

dNk (fk − f ′k − Tk−1d
M
k ) = fk−1d

M
k − f ′k−1d

M
k − dNk Tk−1d

M
k

=fk−1d
M
k − f ′k−1d

M
k − (Tk−2d

M
k−1d

M
k − fk−1d

M
k − f ′k−1d

M
k ) = 0

Here the first equation holds since f∗, f
′
∗ are chain maps, and the second equation follows

from the inductive assumption.
Now we can construct Tk making the diagram

Mk

Tk

$$HHHHHHHHH

g

��
ker dNk Nk+1

dN
k+1

oo

commutative, since Mk is free and dNk+1 is surjective onto the kernel of dNk by the exactness
of N∗.

�

3. Calculate the abelian groups ExtqZ(Z/s,Z) and ExtqZ(Z/s,Z/t) for all q = 0, 1, 2 . . . .

Proof. The sequence

0 M = Z/soo M0 = Zoo M1 = Zsoo M2 = 0oo oo

is a free resolution of Z/s, where the map s : Z→ Z stands for multiplication by s.
Applying the functor HomZ(−,Z) to the resolution M∗ we obtain the cochain complex

HomZ(Z,Z)
s∗ // HomZ(Z,Z)

We note that HomZ(Z,Z) is isomorphic to Z, where the isomorphism is given by f 7→ f(1).
This implies that the above cochain complex is isomorphic to

Z s // Z
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and hence

ExtqZ(Z/s,Z) = Hq(HomZ(M∗,Z)) =

{
Z/s q = 1

0 q 6= 1

For N = Z/t we obtain the cochain complex

HomZ(Z,Z/t) s∗ // HomZ(Z,Z/t)

We note that HomZ(Z,Z/t) is isomorphic to Z/t, where the isomorphism is given by f 7→
f(1). This implies that the above cochain complex is isomorphic to

Z/t s // Z/t

We note that the cokernel of the map s is Z modulo the ideal generated by t and s. This is
equal to the ideal generated by g = gcd(s, t) and hence the cokernel of the map s : Z/t→ Z/t
is isomorphic to Z/g. Considering the order of the image, the domain and the kernel of the
map s, we see that ker s has order g; as a subgroup of the cyclic group Z/t it is isomorphic
to Z/g. We conclude:

ExtqZ(Z/s,Z/t) = Hq(HomZ(M∗,Z/t)) =

{
Z/g q = 0, 1

0 q 6= 0, 1

where g = gcd(s, t). �

9. Homework Assignment # 9

1. Show that for k, l ≥ 1

H̃q((S
k ×Dl)/(Sk × Sl−1)) =

{
Z q = l, k + l

0 q 6= l, k + l

Proof. We claim that (Sk ×Dl, Sk × Sl−1) is a good pair. This follows by crossing with Sk

if we can show that (Dl, Sl−1) is a good pair, i.e., Sl−1 is a closed subset of Dl (this is clear)
and that Sl−1 is a deformation retract of some neighborhood of Sl−1. To prove the latter,
we note that Dl \ {0} is an open neighborhood of Sl−1, and r : Dl \ {0} → Sl−1 given by
x 7→ x/||x|| is a retraction. The composition of r with the inclusion map i : Sl−1 → Dl \ {0}
is homotopic to the identity map relative Sl−1 via the homotopy

H : Dl \ {0} × [0, 1] −→ Dl \ {0} (x, t) 7→ (1− t) x

||x||
+ tx.

We recall that the homology groups of good pairs (X,A) can be identified with the ho-
mology groups of the quotient X/A. Hence the long exact homology sequence of the good
pair (Sk ×Dl, Sk × Sl−1) leads to the following exact sequence:

H̃q(S
k × Sl−1)

i∗−→ H̃q(S
k ×Dl) −→ H̃q((S

k ×Dl/Sk × Sl−1)

∂−→ H̃q−1(Sk × Sl−1)
i∗−→ H̃q−1(Sk ×Dl) −→

Breaking this up we obtain the short exact sequences

0 −→ (coker i∗)q −→ H̃q((S
k ×Dl/Sk × Sl−1) −→ (ker i∗)q−1 −→ 0,
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where we write (ker i∗)q (resp. (coker i∗)q) for kernel resp. cokernel of the homomorphism

i∗ : H̃q(S
k × Sl−1)

i∗−→ H̃q(S
k ×Dl).

We claim that i∗ is surjective. To show this, we pick a point y0 ∈ Sl−1 and consider the
map

s : Sk ×Dl −→ Sk × Sl−1 (x, y) 7→ (x, y0).

This map is a right inverse to i up to homotopy, meaning that the composition i◦s : Sk×Dl →
Sk×Dl is homotopic to the identity. This follows from the fact that i◦s is the product of the
identity map on Sk times the constant map on Dl and the constant map on the contractible
space Dl is homotopic to the identity map. We conclude that i∗ ◦ s∗ = (i ◦ s)∗ = 11, and so
s∗ is a right inverse of i∗. This implies that i∗ is surjective, hence the cokernel of i∗ is zero
and we obtain an isomorphism

(10) H̃q(S
k ×Dl/Sk × Sl−1) ∼= (ker i∗)q−1

for all q.
The space Sk×Sl−1 with its standard CW structure has four cells of dimension 0, k, l− 1

and k+ l−1, respectively. Each of these cells contributes a copy of Z to the homology group
in the appropriate dimension (since the boundary maps in the cellular chain complex are

zero). Passing from H∗ to H̃∗ we loose a copy of Z in degree 0 and passing to the kernel of
i∗, we loose a Z in degree k. We conclude that

(ker i∗)q ∼=

{
Z q = l − 1, k + l − 1

0 q 6= l − 1, k + l − 1

which implies the desired statement by putting it together with the isomorphism (10). �

2. Suppose M is a compact manifold of dimension n, and suppose f : Sk ×Dn−k →M is an
embedding (i.e., a homeomorphism onto its image). Let M ′ := M \ f(Sk × int(Dn−k)), and
let

M̂ := M ′ ∪Sk×Sn−k−1 Dk+1 × Sn−k−1;

in other words, M̂ is obtained from the disjoint union

M ′ qDk+1 × Sn−k−1

by identifying a point (x, y) ∈ Sk × Sn−k−1 ⊂ Dk+1 × Sn−k−1 with f(x, y) ∈ M ′. It is not

hard to show that M̂ is again a closed n-manifold. This is an important way to modify a

manifold M called surgery. More precisely we say that M̂ is obtained by a k-surgery from M .
The effect on homology groups is easiest to determine for k < m for n = 2m or n = 2m+ 1
(m is called the ‘middle dimension of M ’ and consequently this is called ‘surgery below the
middle dimension’). So let us assume k < m for the following.
(a) Just drawing pictures, identify the surface obtained by doing a 0-surgery (resp. a 1-surgery)
on the torus.
(b) Show that the inclusion M ′ → M induces an isomorphism on Hq for q < m. Hint:
consider the long exact sequence of the pair (M,M ′), show that this is a good pair, and
identify M/M ′.
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(c) Show that the inclusion M ′ → M̂ induces an isomorphism on Hq for q < n−1, q 6= k, k+1.

Hint: consider the long exact sequence of the pair (M̂,M ′), show that this is a good pair,

and identify M̂/M ′.

(d) Let g be the composition Z ∼= Hk(S
k) ∼= Hk(S

k × Dn−k)
f∗−→ Hk(M). Show that

Hk(M̂) ∼= Hk(M)/g(Z) and

Hk+1(M̂) =

{
Hk+1(M) g injective

Hk+1(M)⊕ Z g not injective

Hint: in order to identify the boundary homomorphisms in the exact sequence of the pair

(M̂,M ′), compare with the long exact sequence of the pair (Dk+1, Sk).

Proof. (a) is easy, but drawing pictures in TEX is not, so I won’t bother to give a solution.
To prove part (b) we note that the embedding f induces a homeomorphism

(Sk ×Dn−k)/(Sk × Sn−k−1) ≈M/M ′

The argument that (M,M ′) is a good pair is completely analogous to the argument we
used in problem 2: M \ f(Sk × {0}) is an open neighborhood of M ′ that has M ′ as a
deformation retract. Using these facts, the exact homology sequence of the pair (M,M ′)
takes the following form:

∂ // H̃q(M
′)

i∗ // H̃q(M) // H̃q(S
k ×Dn−k/Sk × Sn−k−1)

∂ //

By the previous problem, H̃q(S
k ×Dn−k/Sk × Sn−k−1) = 0 except for q = n − k, n. Hence

the exact sequence implies that i∗ is an isomorphism except for q = n−k− 1, n−k, n− 1, n.
We note that our assumptions imply

n− k − 1 ≥ 2m− k − 1 ≥ 2m− (m− 1)− 1 = m,

and so for q < m the map i∗ is an isomorphism as claimed.

On to part (c): the argument that (M̂,M ′) is a good pair is the same as that for (M,M ′).
We have a homeomorphism

M̂/M ′ ≈ (Dk+1 × Sn−k−1)/(Sk × Sn−k−1)

which using the result of problem (2) implies that H̃q(M̂/M ′) = 0 for q 6= k + 1, n. Let

j : M ′ → M̂ be the inclusion map and consider the exact homology sequence of the pair

(M̂,M ′):

// H̃q+1(M̂/M ′)
∂ // H̃q(M

′)
j∗ // H̃q(M̂) // H̃q(M̂/M) //

It follows that j∗ is an isomorphism for q < n, q 6= k, k + 1.
To do part (d) we note that the exact sequence above implies an isomorphism

H̃k(M̂) ∼= coker
(
∂ : H̃k+1(M̂/M ′)→ H̃k(M

′)
)

and a short exact sequence

(11) H̃k+1(M ′) // H̃k+1(M̂) // ker
(
H̃k+1(M̂/M ′)

∂→ H̃k(M
′)
)
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So we need to analyze the connecting homomorphism ∂. As usual in algebraic topology,
we don’t do that by going back to the definition of the connecting homomorphism (coming
from the short exact sequence of chain complexes), but rather by comparison with the exact
sequence of a different pairs. We pick a point y0 ∈ Sn−k−1, and consider the following maps
of pairs:

(Dk+1, Sk)
r // (Dk+1 × Sn−k−1, Sk × Sn−k−1)

s // (M̂,M ′) .

Here r maps x ∈ Dk+1 to (x, y0) ∈ Dk+1 × Sn−k−1 and s is the obvious inclusion map which
induces the homeomorphism between quotient spaces we used above. In particular,

s∗ : H̃q(D
k+1 × Sn−k−1/Sk × Sn−k−1) −→ H̃q(M̂/M ′)

is an isomorphism. We note that the map r has a left-inverse given by the projection onto

the first factor. In other words, p◦r = 11 and hence r∗ ◦h∗ is the identity on H̃k+1(Dk+1/Sk).
Since

H̃k+1(Dk+1 × Sn−k−1/Sk × Sn−k−1) ∼= Z
by problem # 2, it follows that

r∗ : Hk+1(Dk+1/Sk) −→ H̃k+1(Dk+1 × Sn−k−1/Sk × Sn−k−1)

is an isomorphism. Putting these statements together, we see that the composition t :=

s ◦ r : (Dk+1, Sk)→ (M̂,M ′) induces an isomorphism t∗ : H̃k+1(Dk+1/Sk)→ H̃k+1(M̂/M ′).
Now consider the following commutative diagram:

H̃k+1(Dk+1/Sk)
∂

∼=
//

t∗ ∼=
��

H̃k(S
k)

t∗
��

H̃k+1(M̂/M ′)
∂ // H̃k(M

′)

i∗ ∼=
��

H̃k(M)

We note that the map i◦ t : Sn →M is equal to the restriction of f : Sn×Dn−k to Sn×{y0},
and hence i∗ ◦ t∗ can be identified with g : Z → Hk(M). The diagram above then implies
that the kernel resp. cokernel of ∂ can be identified with the kernel resp. cokernel of g. This

implies the statement about Hk(M̂) and the statement about Hk+1(M̂) if g is injective. If

g is not injective, the kernel of g is a non-trivial subgroup of Ĥk+1(M̂/M ′) ∼= Z and hence
isomorphic to Z. This implies that the exact sequence (11) splits and hence we have the
isomorphisms

H̃k+1(M̂) ∼= H̃k+1(M ′)⊕ Z ∼= H̃k+1(M)⊕ Z
�

10. Homework Assignment # 10

1. Show δ(ϕ∪ψ) = (δϕ)∪ψ+ (−1)kϕ∪ (δψ) for cochains ϕ ∈ Ck(X;R) and ψ ∈ C`(X;R).
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Proof. For σ : ∆k+l+1 → X we have

(δϕ ∪ ψ)(σ) =
k+1∑
i=0

(−1)iϕ(σ ◦ [e0, . . . , êi, . . . , ek+1])ψ(σ ◦ [ek, . . . , vk+`+1])

(−1)k(ϕ ∪ δψ)(σ) =
k+`+1∑
i=k

(−1)iϕ(σ ◦ [e0, . . . , ek])ψ(σ ◦ [ek, . . . , êi, . . . , vk+`+1])

Adding these two expressions, the last term of the first sum cancels the first term of the
second sum, and the remaining terms are exactly

δ(ϕ ∪ ψ) = (ϕ ∪ ψ)(∂σ)

since

∂σ =
k+`+1∑
i=0

(−1)iσ ◦ [e0, . . . , êi, . . . , ek+`+1].

�

2. Show that the cup product is compatible with pull-back of cohomology classes in the
sense that for a map f : X → Y and cohomology classes α ∈ Hk(Y ;R), β ∈ H l(Y ;R) we
have

f ∗(α ∪ β) = (f ∗α) ∪ (f ∗β).

Hint: Show first the analogous statement for cochains.

Proof. Let us write f# : C∗(Y ;R)→ C∗(X;R) for the cochain map induced by f ; i.e.,

(f#ϕ)(σ) = ϕ(f ◦ σ) for ϕ ∈ Cq(X;R), σ : ∆q → X

Then for ϕ ∈ Ck(Y ;R), ψ ∈ C`(Y ;R) and σ : ∆k+` → X we have

(f#(ϕ ∪ ψ))(σ) = (ϕ ∪ ψ)(f ◦ σ)

= ϕ(f ◦ σ ◦ [e0 . . . , ek])ψ(f ◦ σ ◦ [ek, . . . , ek+`])

= (f#ϕ)(σ ◦ [e0 . . . , ek])(f
#ψ)(σ ◦ [ek, . . . , ek+`])

= (f#ϕ ∪ f#ψ)(σ)

If the cohomology classes α, β are represented by the cocycles ϕ resp. ψ, we obtain

f ∗(α ∪ β) = f ∗([ϕ ∪ ψ)]) = [f#(ϕ ∪ ψ)]

= [f#ϕ ∪ f#ψ] = [f#ϕ] ∪ [f#ψ]

= f ∗α ∪ f ∗β

�

3. (a) Use the cellular chain complex of the Klein bottle K to determine its cohomology
groups Hq(K; Z/2).
(b) Determine the cup products on cohomology with Z/2 coefficients. Hint: proceed similarly
to what we did in class for determining the cup products for the cohomology of the connected
sum of two tori.
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Proof. Our standard picture for the Kleinbottle

a //

b
��

b

OO

a
//

shows that K has a CW structure with one 0-cell (given by the common vertex v), two 1-cells
(given by the edges a and b) and one 2-cell (given by the square f). Hence the cellular chain
complex of K has the form

CCW
0 (K) = Zv ∂←− CCW

1 (K) = Za⊕ Zb ∂←− CCW
2 (K) = Zf

Looking at the degrees of the attaching maps we see that ∂f = 2b and ∂a = ∂b = 0. Hence
the cellular cochain complex C∗CW (K; Z/2) = Hom(CCW

∗ (K); Z/2) has the form

C0
CW (K) = Z/2v∗ δ−→ C1

CW (K) = Z/2a∗ ⊕ Z/2b∗ δ−→ C2
CW (K) = Z/2f ∗

Here v∗, a∗, b∗, f ∗ are the elements dual to v, a, b, f (i.e., a∗(a) = 1 ∈ Z/2, a∗(b) = 0, etc).
We note that the coboudary maps δ are trivial. This is clear for δ : C0

CW → C1
CW since it is

dual to ∂ : CCW
1 → CCW

0 which is zero. Concerning δ : C1
CW → C2

CW we have

δa∗(f) = a∗(∂f) = a∗(2b) = 0

δb∗(f) = b∗(∂f) = b∗(2b) = 2 = 0 ∈ Z/2
It follows that

Hq(K; Z/2) = Hq(C∗CW (K; Z/2) =


Z/2 q = 0, 2

Z/2⊕ Z/2 q = 1

0 otherwise

To calculate the cup products for part (b), we choose a sub chain complex C∗(K)′ of
the singular chain comples C∗(K) to consist of the 0-simplices, 1-simplices and 2-simplices
indicated in the picture

a //
c

��?
??

??
??

b
��

b

OO

a
//

Here we use the same convention as in class: the arrows allow us to identify the edges with
affine 1-simplices in the square; projection from the square to the Klein bottle then gives us
singular simplices a, b in K. The arrows allow us to identify triangles with affine 2-simplices
(the 0-th vertex of a triangle is the vertex from which two edges are emanating, the 1-th
vertex has one edge coming in and one edge going out and the 2-th vertex has two incoming
edges). So we get two singular 2-simplices in K, say σ1 (corresponding to the top right
triangle) and σ2 (corresponding to the bottom left triangle). In particular:

1-front face of σ1 = a 1-back face of σ1= b

1-front face of σ2 = b 1-back face of σ2 = c

We note that σ1+σ2 is a cycle, and that given cochains ϕ, ψ ∈ C1(K; Z/2)′ := Hom(C1(K)′,Z/2)
we have

(ϕ ∪ ψ)(σ1 + σ2) = ϕ(a)ψ(b) + ϕ(b)ψ(c)
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Now we define cochains α, β ∈ C1(K; Z/2)′ by

α(a) = 1 α(b)= 0 α(c) = 1

β(a) = 0 β(b)= 1 β(c) = 1

We note that α and β are cocycles, since

(δα)(σ1) = α(∂σi) = α(a+ b+ c) = 0 ∈ Z/2

and similarly for β. Moreover, α, β form a basis for H1(K; Z/2) since they are dual to the
basis {a, b} of H2(K; Z). We calculate:

(α ∪ α)(σ1 + σ2) = 1 · 0 + 0 · 1 = 0

(β ∪ β)(σ1 + σ2) = 0 · 1 + 1 · 1 = 1

(α ∪ β)(σ1 + σ2) = 1 · 1 + 0 · 1 = 1

(β ∪ α)(σ1 + σ2) = 0 · 0 + 1 · 1 = 1

This implies that β ∪ β = α ∪ β = β ∪ α is the non-zero element of H2(K; Z/2) ∼= Z/2.
In particular, the cycle σ1 + σ2 represents a generator of H2(K) and hence the calculation
above shows that α ∪ α = 0. �

4. The real projective space RPn, n = k + l contains the disjoint subspaces

RPk−1 := {[x0, . . . , xk−1, 0, . . . , 0] ∈ RPn}
RPl := {[0, . . . , 0, xk, . . . , xn] ∈ RPn}

(a) Show that RPk−1 is a deformation retract of RPn \ RPl.
(b) Show that the inclusion map (RPn,RPk−1)→ (RPn,RPn \RPl) induces an isomorphism
on cohomology with any coefficients R.

Proof. To prove part (a), it will be convenient to think of RPn as the quotient Rn+1 \{0}/ ∼
where vectors ~x, ~y ∈ Rn+1 \ {0} are equivalent if and only ifthere is some λ ∈ R \ {0} such
that y = λx. We’ll write [x0, . . . , xn] ∈ RPn for the equivalence class of ~x = (x0, . . . , xn) ∈
Rn+1 \ {0}. Consider the map

H : (RPn \ RP`)× [0, 1] −→ RPn \ RP`

([x0, . . . , xn], t) 7→ [x0, . . . , xk−1, txk, . . . , txn]

It is clear that this map is well-defined and continuous (since the corresponding map before
passing to the quotient spaces is continuous). Moreover, restricting to t = 0, the image is
contained in RPk−1; in other words, we obtain a retraction map r : RPn\RP` → RPk−1 whose
restriction to RPk−1 is the identity. The map H above then provides a homotopy between
the identity map on RPn \ RP` (for t = 1) and the composition i ◦ r of the retraction map
and the inclusion i : RPk−1 → RPn \ RP` (for t = 0).

To prove part (b) we note that the inclusion map of pairs

i : (P n, P k−1) −→ (P n, P n \ P `)
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induces a commutative diagram whose rows are the long exact cohomology sequences (with
coefficients in R) of the pairs involved:

Hq(P n \ P `)

i∗

��

Hq(P n)oo Hq(P n, P n \ P `)

i∗

��

oo Hq−1(P n \ P `)
δoo

i∗

��

Hq−1(P n)oo

Hq(P k−1) Hq(P n)oo Hq(P n, P k−1)oo Hq−1(P k−1)
δoo Hq−1(P n)oo

Part (a) implies that the inclusion map i : P k−1 ↪→ P n \ P k−1 induces an isomorphism on
cohomology. The the 5-lemma then implies that i∗ : Hq(P n, P n \ P `)→ Hq(P n, P k−1) is an
isomorphism. �


