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Take Home Exam, March 3, 2010

You can use any resources for this test (e.g., books, notes, internet) with
the exception of fellow mathematicians: talking to anybody except me about
this exam before you turn your exam in constitutes a violation of the honor
code. Please return the exam to me in class on Friday, March 5. I’ll be
around most of the day on Thursday. Good Luck!

1. (10 points) Suppose the following diagram of abelian groups and group
homomorphisms is commutative with exact rows:

−−−→ Cq+1
∂q+1−−−→ Aq

fq−−−→ Bq
gq−−−→ Cq

∂q−−−→ Aq−1 −−−→
cq+1

y aq

y bq

y cq

y aq−1

y
−−−→ C ′q+1

∂′q+1−−−→ A′q
f ′q−−−→ B′q

g′q−−−→ C ′q
∂′q−−−→ A′q−1 −−−→

Assuming in addition that the maps cq are isomorphisms show that there is
a long exact sequence of the form

// Aq
// A′q ⊕Bq // B′q // Aq−1

// A′q−1 ⊕Bq−1 // B′q−1
//

First define carefully the homomorphisms in the above sequence. Then prove
exactness at each location.

Proof. We define the maps in the above sequence as follows:

αq : Aq −→ A′q ⊕Bq a 7→ (aq(a), fq(a))

βq : A′q ⊕Bq −→ B′q (a′, b) 7→ f ′q(a
′)− bq(b)

γq : B′q −→ Aq−1 b′ 7→ ∂qc
−1
q g′q(b

′)

Exactness at B′q. First we show γqβq = 0. For (a′, b) ∈ A′q ⊕Bq we have

γqβq(a
′, b) = ∂qc

−1
q g′q(f

′
qa
′ − bqb) = −∂qc

−1
q g′qbqb = ∂qgqb = 0

Here the second equality holds due to g′qf
′
q = 0, the third follows from

the commutativity of the third square, and the last is due to ∂qgq = 0.
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To show ker γq ⊂ im βq let b′ ∈ B′q with γqb
′ = ∂qc

−1
q g′qb

′ = 0. By
exactness at Cq there is an element b ∈ Bq such that gqb = c−1

q g′qb
′ or

equivalently
g′qb
′ = cqgqb = g′qbqb,

where the second equality follows from commutativity of the third
square. It follows that b′ − bqb is in the kernel of g′q and hence by
exactness at B′q, there is an element a′ ∈ A′q with f ′qa

′ = b′ − bqb. This
implies

βq(a
′,−b) = f ′qa

′ + bqb = b′

which shows that b′ is in the image of βq.

Exactness at A′q ⊕Bq. First we show βqαq = 0. For a ∈ Aq we have

βqαqa = βq(aqa, fqa) = f ′qaqa− bqfqa = 0

due to the commutativity of the second square.

To show ker βq ⊂ imαq, let (a′, b) ∈ A′q ⊕Bq with

βq(a
′, b) = f ′qa

′ − bqb = 0.

Then we have
cqgqb = g′qbqb = g′qf

′
qa
′ = 0,

where the first equality is due to the commutativity of the third square,
and the last is due to exactness at B′q. Since cq is an isomorphism, this
implies gqb = 0 and hence by exactness at Bq, there is an element
a ∈ Aq with fqa = b. If we could show aqa = a′, we would be done.
However we can only say the following:

f ′q(aqa− a′) = f ′qaqa− f ′qa′ = bqfqa− bqb = 0

where the second equality follows from the commutativity of the second
square and our assumption f ′qa

′ = bqb. Since f ′q is not necessarily
injective, we can’t conclude that aqa = a′, but thanks to exactness at
A′q, it implies that there is an element c′ ∈ C ′q+1 with ∂q+1c

′ = aqa− a′.
Moreover, since cq+1 is an isomorphism, there is a c ∈ Cq+1 with cq+1c =

c′. Now we modify the element a ∈ Aq by defining ā
def
= a− ∂q+1c. We

calculate

fqā = fq(a− ∂q+1c) = fqa = b

aqā = aq(a− ∂q+1c) = aqa− ∂′q+1cq+1c = aqa− (aqa− a′) = a′
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This shows that αq(ā) = (a′, b) as desired.

Exactness at Aq. First let us show αq ◦ γq+1 = 0. For b′ ∈ B′q+1 we have

αqγq+1b
′ = αq(∂q+1c

−1
q+1g

′
q+1b

′)

= (aq∂q+1c
−1
q+1g

′
q+1b

′, fq∂q+1c
−1
q+1g

′
q+1b

′)

= (∂′q+1g
′
q+1b

′, 0) = (0, 0)

since the compositions fq∂q+1 and ∂′q+1g
′
q+1 are zero due to the exactness

at Aq resp. A′q.

To show kerαq ⊂ im γq+1, let a ∈ Aq with αqa = (aqa, fqa) = (0, 0).
By exactness at Aq there is an element c ∈ Cq+1 with ∂q+1c = a. Then

∂′q+1cq+1c = aq∂q+1c = aqa = 0

and hence by exactness at C ′q+1, there is an element b′ ∈ B′q+1 with
g′q+1b

′ = cq+1c. This implies

γq+1b
′ = ∂q+1c

−1
q+1g

′
q+1b

′ = ∂q+1c = a,

which shows that a is in the image of γq+1.

2. (10 points) Let X be a topological space which is the union of two open
subsets U , V . Let hn( ) be a generalized homology theory (i.e., a family
of functors satisfying all the Eilenberg-Steenrod axioms except possibly the
dimension axiom). Show that the homology groups of X, U , V and U ∩ V
fit into a long exact sequence (called the Mayer-Vietoris sequence)

→ hn(U ∩ V )→ hn(U)⊕ hn(V )→ hn(X)→ hn−1(U ∩ V )→ .

Hint: apply Problem 1 to the long exact sequences of the pairs (V, U ∩ V )
and (X,U).

Proof. Consider the following diagram

→ Hq+1(V, U ∩ V ) ∂ //

i∗
��

Hq(U ∩ V ) //

i∗
��

Hq(V ) //

i∗
��

Hq(V, U ∩ V ) ∂ //

i∗
��

Hq−1(U ∩ V )→

i∗
��

→ Hq+1(X,U) ∂ // Hq(U) // Hq(X) // Hq(X,U) ∂ // Hq−1(U)→
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The rows of this diagram are the long exact homology sequences of the pairs
(V, U ∩ V ) and (X,U), respectively. The vertical maps are induced by the
inclusion map i : (V, U∩V )→ (X,U). The Second and third square commute
by functoriality of the homology groups. The first and fourth square commute
since the boundary homomorphism in the long exact homology sequence of a
pair is a natural transformation. We note that the pair (V, U∩V ) is obtained
from (X,U) by excising Z = X \ V . We have

Z = Z ↪→ U =

∫
(U)

since U is open, and Z is closed (as the complement of the open subset V ),
and hence excision implies that the indicated vertical maps are isomorphisms.
Hence we can apply the statement of problem 1 to deduce the exact Mayer-
Vietoris sequence.

3. (10 points) We say that the homology groups of a space X are finitely
generated and bounded if Hq(X) is a finitely generated Z-modules for every
q and if there is some N such that Hq(X) = 0 for q > N . This condition
guarantees that the Euler characteristic χ(X) :=

∑
q(−1)q rkHq(X) can be

defined.

(a) Assume that X is the union of two open subsets U , V such that U ,
V and U ∩ V have finitely generated bounded homology groups. Show
that then also X has finitely generated bounded homology groups.

(b) Assuming the conditions of part (a) show that χ(X) = χ(U) +χ(V )−
χ(U ∩ V ).

Hint: Use the Mayer-Vietoris sequence.

Proof. Consider the Mayer-Vietoris sequence

−→ Hq(U ∩ V ) −→ Hq(U)⊕Hq(V ) −→ Hq(X) −→ Hq−1(U ∩ V ) −→ (1)

First we observe that since U , V , and U ∩ V are of bounded finite type,
there is some N such that for q ≥ N the homology groups Hq(U), Hq(V ),
Hq−1(U∩V ) are all zero. By the exactness of the sequence above, this implies
Hq(X) = 0 for q ≥ N .
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To prove that all homology groups Hq(X) are finitely generated, let us
write fq for the map from Hq(U ∩ V ) to Hq(U) ⊕ Hq(V ). Then the exact
sequence (1) gives rise to short exact sequences of the form

0 −→ coker(fq) −→ Hq(X) −→ ker(fq−1) −→ 0.

We note that ker(fq−1) is finitely generated (as a subgroup of the finitely
generated abelian group Hq−1(U ∩V )) and coker(fq) is finitely generated (as
quotient of the finitely generated group Hq(U) ⊕ Hq(V )). This implies by
the short exact sequence above that Hq(X) is finitely generated.

To prove part (b) we recall that in class we showed that if C∗ is a chain
complex of bounded finite type (i.e., all the groups Uq are finitely generated,
and only finitely many of them are non-zero), then∑

q∈Z

(−1)q rkCq =
∑
q∈Z

(−1)q rkHq(C∗).

In particular, we see that if C∗ is an exact sequence, then all homology of C∗
vanish and hence the alternating sum

∑
q∈Z(−1)q rkCq is zero.

Now we apply this to the Mayer-Vietoris sequence (1). The alternating
sum here is equal to∑

q∈Z

(−1)q (rkHq(U ∩ V )− rkHq(U)− rkHq(V ) + rkHq(X))

=χ(U ∩ V )− χ(U)− χ(V ) + χ(X)

Since this alternating sum is zero due to the observation above, the desired
formula for χ(X) follows.

4. (10 points) Compute Hq(RPn/RPm) for m < n by cellular homology
(Hint: note that the standard CW structure on RPn induces a CW structure
on RPn/RPm).

Since RPk is obtained from RPk−1 by attaching a k-cell, for m < k the
quotient space RPk/RPm is obtained from RPk−1/RPm by attaching a k-cell.
Hence RPn/RPm is a CW complex with one 0-cell and one k-cell for every
k satisfying m < k ≤ n. Moreover the projection map p : RPn → RPn/RPm

preserves the skeletons (i.e., it maps each k-skeleton of RPn to the k-skeleton
of RPn/RPm). Hence p induces a chain map

p∗ : C
CW
∗ (RPn) −→ CCW

∗ (RPn/RPm)
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which is an isomorphism on CCW
k (−) for k = 0 and m < k ≤ n. It follows

that the cellular chain complex for RPn/RPm is obtained from the cellular
chain complex by replacing the terms CCW

k (RPn) for 0 < k ≤ m by 0 (the
analogous statement holds for any connected CW complex X). We recall
that the cellular chain complex of RPn looks as follows

C0 = Z 0←− C1 = Z 2←− C2 = Z 0←− C3 = Z 2←− . . .

Hence the first interesting portion of CCW
∗ (RPn/RPn) has the form

←− Cm = 0←− Cm+1 = Z ∂m+2←− Cm+2 = Z←− . . .

where ∂m+2 is multiplication by 2 if m is even and 0 if m is odd. It follows
that

Hq(RPn/RPm) =



Z q = 0

0 0 < q ≤ m

Z/2 q = m+ 1,m even

Z q = m+ 1,m odd

Hq(RPn) q > m+ 1

=


Z q = 0 or q = m+ 1, m odd, or q = n and n odd

0 0 < q ≤ m, or q > n, or m+ 1 ≤ q < n, q even

Z/2 m+ 1 ≤ q < n and q odd
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