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Homework Solutions

1. HOMEWORK ASSIGNMENT # 1

1. Show that for any pointed topological space (X, zg), the n-homotopy
group 7, (X, zo) is a group. More precisely, this involves showing the
following:

associativity: Let f, g, and h be maps from (1™, 9I") to (X, xo)
and let f+g: (I",0I") — (X, o) be defined by

f(2817527"-7$n) 1<s <

9(281_17827"'7871) lSSIS

(f+g)(51,...,sn) :{

Then we need to show that f+(g-+h) is homotopic to (f+g)+h.

unit property: If ¢: (I",0I") — (X, xz¢) is the constant map,
we need to show f+c~ fand c+ f ~ f.

inverse property: If f: (I",0I") — (X, z¢) is given by f(s1,...,5,) =
f(1—s1,59,...,5,), we need to show f+ f ~cand f+ f ~c.

proof of associativity:

f(2s1,82,...,5)
(g + h)(281 - 1a827 .- 'asn)

f(2s1,82,...,8)
=1499(2(2s1 —1),52,...,5,)
h(2(2s1 — 1) —1,89,..., )
1
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(f+g)(2517827"'78n> 1 S S1 S 2

+9g)+h)(s1,...,8,) = 2
(7 +9) )i ) {h(231_1752>"'73n) %§31§1
f(4s1,82,...,8,) 1§51§}1

= 9(451_17827"'7871) igslgé

h(281_1a827"'aSN) %Sslgl

So we see that these maps basically differ in how the interval
[0, 1] is split up into three subintervals, each of which is mapped
to X using f (resp. g resp. h). To relate these, it is convenient to
compare both to the map F': ([0, 3], 0[0,3]) — (X, zo) defined
by ‘evenly splitting up’ the interval [0, 3] into three subintervals,
and using f (resp. g resp. h) on each subinterval:

f(817327"'78n) 1§81§2
F(s1,82,...,8,) =4 g(s1 —1,89,...,8,) 1< <2
h<81—2,82,...,8n) 2§81§3

Then we can express f + (g + h) and (f + g) + h in terms of F'
as

(f+(g+h)((s1,---,80) = F(Po(s1),52,.-,5n)
((f+g) +h)(317 s 7571) = F(¢1(81)752’ <o 75n)7
where ¢, ¢1: [0,1] — [0, 3] are given by

)25 0§31§%
qb(’<81)_{451—1 log <1

4s 0<s <1
¢1(31):{ ' L i

251+1 5<s5 <

Now we can use the ‘linear homotopy’ ¢; := (1 — t)¢g + t¢y
between ¢y and ¢ to build the map H: [0,1] x [ — X defined
by
H(t,s1,...,8,) = F(pi(s1), 82, ..., 5n).

This map is clearly continuous, and agrees with f+(g+h) (resp.
(f+g)+hfort =0 (resp. t = 1). We still need to check that
we have H(t,s) = xo for t € [0,1], and s = (s1,...,5,) € OI™.
We note that s € 9I™ if and only if s; = 0 or s; = 1 for some
i=1,...,n. If sy =0 (resp. s; = 1), then ¢g(s1) = ¢1(s1) =0
(resp. ¢o(s1) = ¢1(s1) = 3) and hence ¢;(s1) = 0 (resp. ¢i(s1) =
3) for all ¢t € [0,1]. It follows that F'(¢:(s1),S2,...,Sn) = Zo.
If s; = 0,1 for some ¢ = 2,...,n, then we see right away that
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F(¢¢(s1),89,...,8,) = xo. Summarizing, H is a homotopy be-
tween the maps f+(g+h) and (f+g)+h from the pair (1", 9I"™)
to (X, i[)o).

proof of the unit property: The proof is similar to the previ-
ous one. We note that

f(S) = f(¢0($1>a 8§25+, Sn) (f + C)(S) = f(¢1(31)732’ s 7Sn)>

where

Po(51) = s1 P1(s1) = {

Then H: [0,1] x I"™ — X defined by

H(t,s1,...,8,) = f((1 =t)do(s1) + th1(81), S25 -+, Sn)

is the desired homotopy (as above it is easy to check that
H(0,s) = f, H(1,s) = (f + ¢)(s), and that H(t,s) = z for
s € 9I™). The argument for ¢ + f ~ f is analogous.

inverse property: We note that

(f + f)(s) = f(¢0(81)7327 cee 7371)
c(s) = f(P1(81), 82, 8n),

281 Oﬁslé
1 3<si<1

where

¢o(s1) = {;Si 25, z i o i % and 1(s1) =0

As before, then H: [0,1] x I"™ — X given by

H(t,s1,...,8,) = f((1 = t)po(s1) + td1(s1), S2, - -+, Sn)
provides a homotopy between the maps f+ f and ¢ from (1™, 0I"™)
to (X, zo).

2. HOMEWORK ASSIGNMENT # 2

1. Show that Z/pq is isomorphic to Z/p @ Z/q if and only if p and ¢
are relatively prime.

If p, q are relatively prime, we can choose a,b € Z with ap + bqg = 1.
Consider the map f: Z/pq — Z/p ® Z/q given by [1] — ([1],[1]). This

map is surjective since
f(lap]) = (lap], lap]) = ([0], (1] = [bq]) = ([0, [1])
f(lba]) = ([bgl, [bg]) = ([1] = [ap], [0]) = ([1], [0])-

Since domain and range of f have the same order, f is an isomorphism.
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2. a) Show that if X; and X, are compact connected surfaces, then
X(Xi#X2) = x(X1) + x(Xz) — 2.

Cover both surfaces by patterns of polygons, and let us write V; (resp.
E; resp. F;) for the number of vertices (resp. edges resp. faces) on Xj.
Let us assume that we chose these pattern such that both contain a
face which is a polygon with k vertices and edges for some k. The point
of this is that removing that face from both surfaces and identifying
the resulting surfaces along the polygon results in the connected sum
X1# X5 and the patterns on both surfaces fit together to give a pattern
of polygons on X #X,. Let us determine V' (= number of vertices),
E (= number of edges) and F' (= number of faces) of this pattern on
X1 #Xgi

faces: F' = I} + F, — 2 (each face on X; or X, gives a face on
X1# X5 except the two polygons that we removed in order to
form the connected sum).

edges: F = E; + Ey — k (each edge on X; or X, gives an edge
on X1#X, except there are k pairs of edges that get identified
with each other when we form the connected sum).

vertices: V = V) +V, —k (each vertex on X; or X gives a vertex
on X # X, except there are k pairs of vertices that get identified
with each other when we form the connected sum).

This implies
X(Xi#Xy) =V —-FE+F
=WVi+Va—k)—(Ey+Ey—k)+ (F1+ F», —2)
=Vi—-Ei+F+Vo—FEy+Fy—2
= x(X1) + x(Xz) — 2

b) Calculate the Euler characteristic of all compact connected surfaces.

According to the Classification Theorem for compact connected sur-
faces, every such surface is homeomorphic to S? or a connected sum
TH# ...T of tori or a connected sum P#...#P of projective planes.
In class we’ve calculated:

X8 =2 x(T)=0 x(P)=1
Using the formula from part (a) plus induction we get
X(T#...#T)=2—-2g X(P#...#P)=2—k
———— T
g

Alternatively, we could represent these surfaces as polygons with edge
identifications as in problem 3 a) below and just read off the Euler
characteristic.
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3. a) Calculate the homology groups of all compact connected surfaces.

Again using the Classification Theorem, it suffices to look at S? (ho-
mology calculated in class) and connected sums of tori and projective
planes. In order to determine the homology groups, we need to choose
a pattern of polygons for T# ... #T and P#...#P. To do so, it is
convenient to think of these surfaces as polygons with edge identifica-
tions. I'd love to draw a picture of this, but unfortunately doing that in
a TEX file is time consuming. Let’s instead describe these pictures in
words by reading off the edge labels going around the perimeter of the
polygon in clockwise direction; let us agree that we write a ! instead of
a if the edge label is a, but the arrow of the edge in question is pointing
in counterclockwise direction.

With these conventions, the torus 7' is obtained from a square by
labeling the edges a, b, !, b, b=!. In class we explained how to think
of the connected sum X#Y of two surfaces given by polygons with
edge identification again as being obtained from a polygon. Applying
this to T#...#T, we see that this surface can be obtained from a

—_———

g
4g-gon with edges labeled

-1 -1 -1 3-1
ar,bi,ay by, ag,bg,a,7, b,

The resulting pattern on the surface has one vertex v, one face f and
2g edges a;, b;, 1 <1 < g. Hence the chain complex associated to this
pattern looks like

Zv<2—Ta, & Tb, ... La, & Tb,<>—17f

Since there is only one vertex involved, we have 0;(e) = v — v = 0 for
any edge e and hence 0; = 0. To determine Jy(f) we notice that every
edge label occurs exactly twice, but with arrows pointing in opposite
directions. Hence 0y(f) = 0 and 0, = 0 as well. It follows that the
g-th homology group H, is isomorphic to the ¢g-th chain group C, and
we can read off the groups from the chain complex above:

7 q=20,2
H(T#... #T)=47Z* q¢=1
g 0 q#0,1,2

We proceed similarly to calculate the homology groups of P# ... #P.
Since P is obtained from a bigon with edges labeled a, a, the connected
sum P#...#P is obtained from a 2k-gon with edges labeled

————

k
a1,01, ..., 0K, Q.
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The associated chain complex then is

Z?}<LZ6L1 D .. .Zag<aiZf

with 0;(a;) = 0 and O5(f) = 2ay + - - - + 2a. It follows that Hy = Z,
Hy, =0, and

H1 :Za1®@Zak/ZQ(a1++ak)

To identify this quotient group, we choose a different basis of the free
abelian group C4, namely aq,...,ar_1,c, with c =a; +---+ a5. Then
we see

H =Za,® - ®ZLay1 ®Lc|/T72c =L D - DLDL)2.
k—1

b) Can the Euler characteristic of a compact connected surface be
expressed in terms of its homology groups?

Inspection of the Euler characteristic calculation (resp. homology
group calculation) for a compact connected surfaces X shows that

X(X) =tk Hy(X) — tk Hy(X) + tk Hy(X),

where rk H,(X) is the rank of the abelian group H,(X).
c¢) Looking at your calculation of Hy(X) for compact connected surfaces
X, what do you observe?

We note that Hy(X) = Z for compact connected surfaces X which
are orientable, while Ho(X) = 0 if X is not orientable.

3. HOMEWORK ASSIGNMENT # 3

The solutions to this assignment were worked out and texed by Katie
Grayshan (with some modifications by Stephan). Thanks, Katie!

1. Show that the singular chain complex of a topological space X is
in fact a chain complex; i.e., that 9, 0 9,41 = 0, where 0, : Cy(X) —
Cy—1(X) is the boundary map. It will suffice to show that 9,00,+1 =0
on the generators of Cy; since d, and 0,41 are both homomorphisms.



Consider o : AT — X in C,y4(X).
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- ( 1) Ul [UO 77777 Viyeeny Vjyeeny Uq+1] ( 1) J| [UO ~~~~~ Vjyeeny Viyeeny Uq+1]
0<i<j<q+1 0<j<i<q+1

=0.

Hence, since 9, 0 9,41 = 0 on the generators of Cyi1(X), 9,0 0,11 =0,
and the singular chain complex of a topological space X is in fact a
chain complex. 2. Calculate the singular homology groups of the one
point space. Let X={x¢}. Notice that for ¢ > 0, the only possible
singular g-simplex is the map o, : A? — X defined by o,(v) = z for
any v € A% Hence, Cy(X) = {no, | n € Z} = Z|o,] for all ¢ > 0. For
q < 0, by convention, C,(X) = 0 since there are no g-simplices. For
q <0, By(X) CZy(X)CCyX)=0,5s0 Z,(X) = B,(X) =0.
For ¢ > 0,

=0
- Uql[m ..... vg] — O-ql[vo,vg...,vq} + O-q|[vo,v1,v3...,vq} — ...+ (_1)q0q|[vo ..... Vg—1]
_Joi— ot o — (—1)%4—1 ¢>0
0 qg=20

0 q odd or ¢ =0

041 ¢ even and ¢ >0
Therefore, since every element of C,(X) is merely an integer multiple
of o4, we see that for ¢ > 0,

Zq(X) = ker {0, : Cy(X) = Cga(X)} =

Cy(X) =Z[o,] gqoddorg=0
0 q even and ¢ > 0
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and

q even

By(X) = Im {0441 : Cora(X) — Co(X)} = {%[0 ] qodd

Hence, we have that for ¢ > 0

Z,X)  [Zlo] q=0
0 qg>0

and H,(X) =0 for ¢ <0

3. Let X be a topological space with path components X,, a € A.
Show that H,(X) is isomorphic to @, s H,(Xa)-

acA

Since the image of a path connected set is also path connected, we

have for each 0 : A? — X € Cy(X), 0(A?) C X, for some a € A, so
m

o: A — X € CyX,). Hence, given an arbitrary element > n;o; €
i=0

Cy(X), where 0; : A? — X, anﬂz‘ € <QUACq(Xa)>. Clearly, we also

have Cy(X) D <aL€JAC( )>, so Cy(X) = <agAC'( )> Moreover,

each X,,NX,, = 0 for i # j since path components are disjoint, whence

C(Xa) N < Y, C’(Xak)> = 0. Any subgroup of an abelian group is
ap€A

normal, so we then have that Cy(X) = @, .,Cq(Xs).  Similarly,

for a € A, 0,(Cy(Xa)) C Cy1(Xa) since the boundary map doesn’t

affect the range of a singular g-simplex. As a result, 0,(C,(X)) =

B.c104(Cy(Xa)); ie., By1(X) = P, caBg-1(Xa). Moreover, from

the decomposition of X into the (external) direct sum of X,’s, we have

Zy(X) =P, caZq(Xa). Thus,

2%) o BucsaXe)
) = 50 > )~ Dty ~ B

@ a€A

a) Show that the Hurewicz map h : m(X, z9) — Hy(X) given by
[v] = [[v]] is a homomorphism. Let [v], [y'] € m1 (X, z0), and let -4/
denote the product of paths v and ' (previously denoted v + +'). To
show that h is a homomorphism, we need to verify that h([y][7']) =

h([(y]) + h([y]); iees Ay - 7)) = [Iv - 1] = (W] + [[']]- We will do so
by showing that v+~ — v -+ € By(X) which will then imply that
Y = [y + 71 = [ + [[/]], as desired. Consider the singular

2-simplex, o : A? — X, defined as the composition of the affine linear



map
A2 = [Uo,Ul,UQ] — [Uo,Ug]

determined by vy — vg, v > vy, V] — %(vo + vy) followed by = -
vt [vo,va] — X. Notice that ds(c) = v —~v -+ 4+, 809 — -
v + v € Bi(X) as desired. Thus, h is indeed a homomorphism. b)
Let ¥ : C1(X)/By(X) — m(X,29)® be the map defined by [[y]] —
[Ay(0) YAy (1)) for any singular 1-simplex 7 (as in class we have chosen for
every point z € X a path A, from the basepoint z to x). Show that
the restriction of ¥ to Hy(X) C C1(X)/B1(X) provides an inverse to
the map h : 78(X, zo) — Hi(X).

We need to show that U|z,(x) o h = id rb(X ) AN ho Wy x) =
idp, (x)- Let [y : (1,0I) — (X, xp)] € n{*(X, xp). Then

Ul x) © M) = a0 ([V]])
bl = Pagy s

= [M0) 72
= Do [V Pao] = Pl o) Y] = 31,

which shows \I/|H1(X) oh= Zdﬂgb(x,xo)'

To prove that h o U\ p,(x)y = idw,(x), it is useful to first calculate
the left hand side not just for elements in H;(X), but for elements
of C1(X)/B1(X); the advantage is that Cy(X)/B1(X) is generated by
1-simplices. If v is a 1-simplex, i.e., a path (or more generally a 1-chain,
i.e., linear combination of paths), let us denote by [[y]] the element
represented by 7 in the quotient group C;(X)/B1(X). We note that the
considerations in part (a) show that if v, 7/ are paths with (1) = v(0),

then {[y - 7]l = [[7]] + [[]l; moreover, [F]] = —[[7]].
With these preliminaries, we can calculate for any path ~:

ho W([[y]]) = MM Avm] = o rdw]]

(1) = Mol + [+ [soll = Paoll + ] = o]
= [+ IAM@M))]],

[
where \: Cy(X) — C1(X) is glven on generators by z — \, (and hence
A maps 0y = y(1) —7(0) to Ay) — Ay1)). Since formula (10) holds
for the generators v € C1(X), 1t hold for every element z € C1(X); in
particular, if z is a cycle, we have h o W([[z]]) = [[2]], which is what we
wanted to prove.

4. HOMEWORK ASSIGNMENT # 4

The solutions to this assignment were worked out and texed by Katie
Grayshan (with some modifications by Stephan). Thanks, Katie!
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1. Let A, LN B, - O, be a short exact sequence of chain com-
plexes. Show that the sequence

o Hy(A) L5 Hy(B) 25 Hy(C) =5 Hyy(A) — .

is exact at H,(C) and H,_1(B).

Proof. In order to show that the sequence is exact at H,(C') and H,_1(B),
we need to verify the following: a) I'm g, = ker 0 b) Im f. = ker g.
a) Im g. C ker O Recall that for ¢ € Z, the chain map g. in-
duces a map g. : Hy (B) — H,(C) where g.([b]) = [g(b)]. Let
g+([0]) € Im g, C H,(C), where [b] € Hy,(B) (so b € Z,(B)), then
0g.([b]) = 0([g(b)]). Recall the construction of 9: O assigns ¢, which
is g(b) in our case, to an a € A,y for which f(a) = O(V'), with ¥/
chosen so that ¢ = ¢(b) = g(V') for b € B,. Since we showed that
the choice of such a b is irrelevant, we can then choose V' to be b.
Hence, f(a) = 0(b) = 0 since b € Z,(B). f, is injective (see the
exactness of the given sequence), so we have that a = 0, whence
0g.([b]) = I([g(b)]) = [0]. Therefore, Im g. C ker 0 at H,(C).
Im g, D ker O Let [c] € ker 0 C H,(C). Using the notation from
the construction of 0, there exists a b € B, such that g(b) = ¢ and an
a € A, for which f(a) = 9(b), and since [¢] € ker 0, da’ = a for some
a’ € A,. We notice that the element b — f(a') € B, is a g-cycle since

O — f(a')) = b — Bf (a) = f(a) — O’ =0,
whence [b — f(a')] € Hy(B). Furthermore, by the exactness of the
original sequence, gf = 0, so

g(b— f(a')) = g(b) — gf(a’) = g(b) =0 = g(b) = c.
Thus, [¢] = [g(b— f(d'))] = g«([b— f(a")]) € Im g., and Im g, D ker 0.
b) Im f. C ker g. Let f.([a]) = [f(a)] € Im f. C H,1(B),
where a € Z,_1(A). Then, by the exactness of the original sequence,
gf = 0, 50 g.([f(@)) = [9f(a)] = [0). Hence, Im f. C ker g..
Im f. D ker g. Let [b] € H,_1(B) such that g.([b]) = [0]; i.e.,
g(b) € Im(0 : C; — Cy_1). Therefore, 3c € C, such that d(c) = g(b).
Since ¢ is onto (by the exactness of the given sequence), I’ € B,
such that g(b') = ¢. The commutativity of the diagram (of the chain
complexes, chain maps, and boundary maps) yields:

go(b') = dg(t') = d(c) = g(b)-
Since each g is a homomorphism, we then have g(b — 9(b')) = 0, so
b—0() € ker g=1Im f. Thus, 3a € A, such that f(a) =b—0(V).
Again, by the commutativity of the diagram, f(da) = df(a) = 0b —
JoV = 0b = 0, so a = 0 since f is injective (ker f = 0). Thus,
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a € Z; 1(A) and [a] € H;—1(A). Moreover, since b — f(a) = (),
f«(la]) = [f(a)] = [b] € Hy—1(B). Thus, Im f, D ker g.. To recap, we
now have that:

- Hy(A) L5 Hy(B) 25 Hy(C) =5 Hyy(A) — ..

is exact at H,(C') and H,_1(B). O

2. Recall that the reduced homology groups ﬁq(X ) of a space X are
the homology groups of the augmented chain complex

L0 — Z e Cy(X) & 0y(X) & Co(X) &

For a pair (X, A) with A # 0, we define H,(X,A) = H,(X,A). a)
Show that H,(X) = H,(X) for ¢ # 0, and that there is a short exact
sequence
: (1) 0 — Hy(X) — Ho(X) = Z — 0.

Hint: one way of doing this is to construct a chain map from the
augmented chain complex to the chain complex of X, try to fit it in a
short exact sequence of chain complexes, and use the exact homology
sequence of problem 1.

We note that equation (1) implies in particular that there is an iso-
morphism Hy(X) & Z = Hy(X), but this is not canonical.

Proof. Consider the chain complex D,:
0—Z=D_1+—0+—0+«—0....

Notice that the augmented chain complex, the original, and this new
chain complex together form a commutative diagram for which each
column is exact:

0 0
T
Co(X) —— C1(X) «— ...

lidcwo lidclm

In other words, we have a short exact sequence of chain complexes:

D, — C.(X) — C.(X)

0
lido

2) .. 0
lido
0

O — N — N

where we denote the augmented chain complex C.. Hence, problem
1. gives us a long exact sequence of homology groups. Substituting
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H,(C.(X)) = H,(X) and H,(C,(X)) = H,(X), we obtain the long
exact sequence

(3)

——Hy(D.)—H,(X)—=Hy(X)—"=Hy (D) —=H, 1 (X)—

We note that the homology groups of D, are given by

Z q=-1
Hy(D.) = Dy = {0 q#—1

It follows from the exact sequence (10) that the map H,(X) — H,(X)
is an isomorphism for ¢ > 0, since the groups in the sequence to the
left and right of this map are zero. We also note that this is obviously
true for ¢ < 0, since both H,(X) and H,(X) are zero for ¢ < 0. For
q = 0 the terms Hy(D,) and fIq_l(X) in the long exact sequence (10)
are both zero, and hence we obtain the desired short exact sequence

0——Hy(X)—=Ho(X)—=Z—0
O

b) Show that there is an exact sequence of reduced homology groups

(4) . — H(A) 5 H(X) 25 H (X, A) =S H, 1 (A) 2= .

Proof. Suppose A # (. Consider the following commutative diagram

(5)

0 Z Co(A) —— C1(4) — ..
oo =
0 Z Co(X) «— (X)) — ...
Lo l | |

0 Co(X, A) —— Ci(X,A) ——

The three rows are the reduced singular chain complex of A resp. the
reduced singular chain complex of X resp. the singular chain complex of
the pair (X, A). Each column is exact and hence we have the following
short exact sequence of chain complexes:

0——C, (A)—=C (X)L Cu (X, A)—0

The associated long exact homology sequence is the desired sequence
(4). O
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3. Prove the following statement which is known as the 5-lemma.
Suppose we have a commutative diagram of abelian groups and group
homomorphisms

Al fl A2 f2 AS f3 A4 f4 A5

(6) lhl lh2 lhs lhzi lhs»
such that the rows are exact sequences. Show that if the outer two

vertical maps hy, ho, hs, hs are all isomorphisms are slightly stronger
than needed for the proof. What weaker assumptions will do?

Proof. We first prove that hs is injective. Let as € As such that hzaz =
0 € B3. Then by the commutativity of the diagram, we have hy fsaz =
gshsas = g3(0) = 0, so f3(az) € ker hy = 0 since hy is injective.
Hence, a3 € ker f3 =im fo, so there is an ay € Ay such that fy(ag) =
as. Again, by the commutativity of the diagram, we have gyha(ag) =
hsfa(az) = hs(az) = 0, so ho(az) € ker go = im g;. Thus, there
is an element b; € Bj such that gi(b1) = hs(az). Moreover, since
hi is surjective, there is some a; € A; with hja; = b;. It follows
that hofiay, = g1hiay = g1by = hsas. Thus, since ho is injective,
as = fiay, so ag = foao = fofia; = 0. Therefore, hz is injectiv.

To show surjectivity of hs, let b3 € Bs. Since hy is surjective,
there is some ay € Ay with hyay = g3b3 € A4 and by commutativity,
hsfias = gshsas = gag3b3 = 0. Since hj is injective, this implies
fiaqs = 0. By exactness of the top row at Ay, there is an az € Az such
that f3(as) = ay. Hence,

g3(hs(as) — bs) = hafsaz — gsbs = hyay — gsbs = 0.
By the exactness of the lower row at Bs, this implies that there exists

by € By such that go(be) = hs(as) — bs. Since hy is surjective, there is
some ay € Ay with heas = by and hence

h3(a3 - f2a2) = hsasz — hsfoas = hgaz — gahoay = b3,

which shows that b3 is in the image of hs. Since by was arbitrary, this
shows that hs is surjective.

We see that we’'ve used the assumptions that hy, ho are injective,
and that h; is surjective to show injectivity of hz. Our proof that hg
is surjective required the assumptions that ho, hy are surjective, and
that hs is injective. So it is sufficient to assume that h, and hy are
isomorphisms, that hy is an epimorphism, and that hs is a monomor-
phism. U



14

5. HOMEWORK ASSIGNMENT # 5

1. Let X be a topological space and let XX be the suspension of
X which is defined as the quotient space X x [0,1]/ ~, where the
equivalence relation is generated by (z,0) ~ (2/,0) and (z,1) ~ (2/,1)
for all z,2" € X. Show that H,(X) = H,1(XX) (this is called the
suspension isomorphism).

Hint: note that the suspension of S™ is homeomorphic to S"*!, and
think of the suspension isomorphism as a generalization of the iso-
morphism H,(S™) = H,,1(S™™) proved in class. For that proof the
decomposition of S™*! into upper and lower hemisphere was important.
Here the role of the upper/lower hemispheres is played by subspaces of
¥ X consisting of those points [z,t] € XX with t > 1/2 resp. t < 1/2.

Proof. Let 2™ = [z,1] € XX, and x_ = [z,0] € XX (they are analogous
to the north pole resp. south pole of S"™), and let C*X := XX\ {2~}
and C~X := XX \ {z}.

Claim 1: The spaces C¥X are contractible (i.e., homotopy equivalent
to the one point space).

To prove that CTX is contractible, we will show that the inclusion
map i: {z*} — CTX is the homotopy inverse to the constant map
r: CtX — {27} (ie., that the compositions roi and ior are homotopic
to the identities on {1} resp. C*X). We note that roi is equal to the
identity on {z*}; a homotopy between i o r and the identity on C*tX
is provided by the map

H:[0,]]xC"X — C"X  (s,[z,t]) = [x,st + (1 — s)].
The proof that C~X is contractible is similar.
Step 1. Consider the long exact homology sequence of the pair (2, X X):
> H,(C* X)—=H,(SX)—">H,(£X,C" X)"~H,_,(C* X)—

The contractibility of the space C* implies the vanishing of its reduced
homology groups and hence it follows that the map j, in the above
sequence is an isomorphism.
Step 2. Removing the point z* from the pair (XX, C*X) we obtain
the pair

(EX\{z7},Ct* X\ {z}) = (C"X,C" X NC X)
The excision axiom then implies that the inclusion map

(CX,CTXNCX) — (BX,CTX)

induces an isomorphism on homology groups.
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Step 3. Consider the long exact homology sequence of the pair (C~X, C),
C=C"XNC X:

—— 1 (O X)—Hyr (CX, C)— [, (C)—H,(C~ X)—

The contractibility of C'~ X implies the vanishing of its reduced homol-
ogy groups. Hence the connecting homomorphism 0 in the above exact
sequence is an isomorphism.

Step 4. We claim that the map i: X — CTX NC~X given by i(z) =
[z, %] is a homotopy equivalence. In particular, ¢ induces isomorphisms
on homology groups.

Let r: CTX NC~X — X be defined by [z,t] — x (note that this is
well-defined and continuous). We note that r o is the identity on X;
a homotopy between 7 o r and the identity on C*X NC~X is given by

1
H:[0,1]xCT*XNC~X — CTXNC~X (s, [z, t]) — [z, st+(1—s)§]

Composing the isomorphisms constructed in steps (1)-(4) we obtain

the desired isomorphism

Hyot(SX) o= Hy 1 (SX, CH) <2 Hyy1 (C,C)

Hy(C)==—H,(X)

R
!
!

1%

2. Let f: S™ — S™ be a map and
Yf: " xRSt - Bt~ S

its suspension. Show that deg(Xf) = deg(f). Hint: f induces an
endomorphism on all the homology groups you used in your proof of
the suspension isomorphism H,(S™) = H,1(25™).

Proof. We note that the map ¥ f: 35" — XS5 leaves the subspaces
C* C 5™ used in problem #1 invariant. In particular, ¥ f induces
selfmaps of the pairs (25", C*) and (C~, C). Abusing notation we will
write X f for all these selfmaps. These maps are compatible with the
maps j, k and ¢ in the sense that the following diagrams are commu-
tative:

D5 L= (DS, 0 < (0, 0) C <"1 gn

LT T

J k

NS —= (RS, CF) < (C~,C) C=75"
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Now we consider the following diagram of homology groups

e . o - i -
Hpy1(8S") —> Hp41(88",CY) <—— Hp1(C7,0) — Hp(C) <—— Hn(S™)

S« J/ S« l S« J/ S l f i
; i .

Hos1(587) ——= Hy1(857.0%) <—— Hy41(07,C) ——>= Ho(C) <—— (™)

We note that the first, second and fourth square of this diagram are
commutative, since the corresponding square of maps between topo-
logical spaces commute. The third square is commutative due to the
‘naturality of the connecting homomorphism’ (see next week’s home-
work problems). We pick a generator a,, € H,(S") and denote by
Qpi1 € ITIHH(ES") the generator corresponding to «, via the iso-
morphism U: H,,,(2S") — H,(S") given by the rows of the above
diagram. We have

fro¥(ani1) = filan) = deg(f)an
Vo X fi(ans1) = U(deg(Ef)ant1) = deg(Xf)an,

The commutativity of the homology diagram above implies f, o ¥ =
Vo X f, and hence deg(f) = deg(Xf). O

3. Prove the following statements for the local degree.

a) Show that if f: R — R” is an isometry (i.e., f belongs to the
orthogonal group), then deg(f,0) = deg(fjgn—1).

b) Show that if f: R" — R™ is an isomorphism, then

+1 det(f) >0

deg(/,0) = {_1 det(f) < 0

c) Let f: R® — R"™ be a continuous map which is differentiable at
the point zp € R". Let Df,, be the derivative at =y (which is a linear
map Df,,: R® — R"; the corresponding matrix is the Jacobian of f at
the point ). Show that if Df,, is invertible, then

+1 det(Df,) >0

deg(f’ ZEQ) - {_1 det(Dfxo) <0

Hint: Try to compare deg(f,zo) with deg(g,zo), where g is the best
affine linear approximation to f which is given by g(x) = f(x)+D fu, ()
by showing that restricted to a small enough ball around x there is a
homotopy f;, 0 < ¢t < 1 between these two maps such that f, ' (f(z))
consists of the point x( only.
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Proof. Let g: S™ ! — S"! be the restriction of f to S"'. By the
previous problem we know that deg(g) = deg(Xg). We note that
(Xg) M (z_) = {x_}, where x_ = [z,0] € X5""!. Hence by the theorem
from class, we have deg(Xg) = deg(Xg, x_). To calculate that local de-
gree, we can restrict g to a neighborhood of x_, which we take to be
C™ ={[z,t] e £X | 0 <t < 1}. We note that C~ is homeomorphic to
R"™ via the homeomorphism

h: C~ — R" [z, t] — (tant%) x

Moreover, via this homeomorphism the map g corresponds to the
original map f: R™ — R" in the sense that the diagram

- —>R"

Egi lf

- —>R"

1s commutative:

h(g(fe, ) = h(lf (@), 8) = (tantZ ) f(z) = F((tant3 ) @) = f((fa, 1)

Since h(x_) = 0, it follows that deg(Xg,z_) = deg(f,0). This proves
part (a).

To prove part (b), we note that if f: R® — R™ belongs to the or-
thogonal group O(n) of linear isometries, then f restricts to a map
fiz S™t — S"71 We've proved in class that deg(f|) = det(f), and
together with part (a) this proves the desired statement if f is an
1sometry. To prove the result for a general isomorphism f: R" — R,
it suffices to show that there is a path f(¢) in the group GL,(R) of
isomorphism of R™ which connects f = f(0) with an element f(1) €
O(n) C GL,(R). We note that the sign of det(f(¢)) is independent of
t, since it depends continuously on ¢, and det(f(¢)) # 0 for all ¢ € [0, 1].

To construct the path, we identify linear maps R” — R™ with n x n
matrices in the usual way. We will write a matrix A in the form A =
(ay,as,...,a,), where a; € R™ are the column vectors of the matrix. We
recall that A belongs to GL,(R) if and only if the vectors ay,...,a,
are linearly independent; A € O(n) if and only if the vectors a; are
unit vectors which are mutually perpendicular. Let p;: R® — R" be
the orthogonal projection onto the subspace spanned by a4, ..., a;, and
let pi: R® — R" be the orthogonal projection onto the orthogonal
complement of that subspace; in particular, we have v = pi-v + p;v for
all v € R". Given a matrix A, let us define

A= (Ul,pfw +ip1vg, ... 7pil—1vi +Ipi—1v;, . .. ,Pﬁ_ﬂ)n + tpn_1Up)
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We note that det(A;) is independent of ¢, since det(vy,...,v,) = 0 de-
pends linearly on each column vector and this determinant is zero if the
vectors are linearly dependent. In particular, if A = A; invertible, then
so is A;. The column vectors of B = Aj are mutually perpendicular,
but not necessarily of unit length. Now for B = (wy, ..., w,) we define

Bi= (1= tywn + 7 T

which is a path connecting B = B, with B; € O(n). Concatenating
these paths, we obtain the desired path from A to By € O(n).

To prove part (c), we note that the assumption that f is differentiable
at ro means that f(zo+ h) can be written in the form

f(xO + h) = f(IO) + szo(h) + €(h),

where the ‘error term’ e(h) is o(h) for h — 0, which means that

S =tw, +1t

(7) lim —= = 0.

We define
fi(xo + h) = f(zo) + D fo,(h) + te(h)
and want to argue that f; is a map of pairs

fe: (Be(o), Be(wo) \ {zo}) — (R",R™\ f(0)),

for sufficiently small € > 0, where B.(x) is the ball of radius € around
xo. In other words, we want to argue that f;*(f(z0)) N Be(xo) = {70},
or equivalently, that Df, (h) 4 te(h) # 0 for all h with 0 < h < e.
The idea is to show that for 0 < h < € the norm of Df, (h) is large
compared to the norm of te(h).

To make this precise, let m := mingcgn-1 || D fi,(h)||. We note that
m > 0, since m = ||Df,,(ho)|| for some hy € S~ !, and Df,,(ho) # 0
due to our assumption that Df,, is invertible. Now the statement (7)

allows us to choose € > 0 such that % < m for ||h|| < e. This

implies that for 0 < ||h|| < € we have

h
HhH)IIHhII 1D fao (B

and hence Df, (h) + te(h) # 0 as desired. We conclude that f =
f1 is homotopic to g = fo as maps from (B.(zo), Be(zo) \ {z0}) to
(R" "\ /(o)) and hence deg(f, zo) = deg(g, zo).

Finally, we want to compare deg(g,zo) and deg(D,0), where D =
D f,,. Since g(z) = f(xo) + D(x — x¢), the map g can be written in the
form g = Ty(y) 0 D o T4, where T,,: R" — R" is the translation map
given by z — x 4+ v for v € R”. To relate the local degrees of g and

[te(R)[] < [le(@)| < ml|hl] < [D fuo(
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D we note that the maps D, T, and g extend to continuous selfmaps
lA), T\U, g of the one-point compactification R* = R"U {oo} of R™. The
space R is homeomorphic to S™ via the stereographic projection, and
hence we can consider the degree of these maps. We note that

~

deg(D) = deg(D,0) deg(g) = deg(g, 7o)

by our theorem from class, since D=(0) = D=1(0) = {0} and §~'(f(z0)) =
g (f(x0)) = {xo}. Moreover, deg(T,) = 1, since the map

R*x[0,1] = R*  (2,t) — T,(z)
provides a homotopy between T, » and T 0 = lp,.. It follows that
deg(9) = deg(T(zg)0 DT s,) = deg(Ty(uy))-deg(D)-deg(1s,) = deg(D)
which finishes the proof. O

6. HOMEWORK ASSIGNMENT # 6

1. Let x1,...,x; be points in S™, and let Uy, ..., U; be mutually disjoint
neighborhoods of these points. Fix a generator a € H,(S™") = 7Z and
let ay € H, (U, Uy \ {x}) be the image of « via the isomorphism

f[n(S”)%Hn(Sna 5™\ {xk)%Hn(Um Up \ {zx})
Show that the composition
H,(S™) 2 Ho(S™, 5"\ {1, .y a1) <o Ho(1U, 1T (U \ {2 })
NT@(Lm)*

Dot HUnny Uni \ {m})

maps « to a; + -+ -+ ay.

Proof. Consider the following diagram

H,(S™) 2 Ho(S™, 5"\ {1, .y a1) <o Ho(U, 1T (U \ {2 })

TEB(Lm)*

(91)- D, i Ho(Upn, Un \ {2 })

Ho(S", 87\ {ay}) <— " H, (U, Ui\ {})

IR

~
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Here py is the projection onto the k-th summand; all other maps are
induced by the obvious maps of pairs of spaces. In particular the
triangle on the left is commutative, since the corresponding diagram of
pairs of spaces is commutative. We claim that the right hand side of
the diagram is commutative as well. To prove this, let

l
5 Bla--wﬁl G@Hn Uk>Uk\{xk})
k=1

Then
l
gk 7/* Lm Bm Z kZLm ﬁm

(gk)*i* (@ =

= (gwitr)«(Br) = (ir)pr(5)

We note that the second but last equality holds since for m # k the
natural map

MN

3
Il

gkitm: (U, Um \ {zm}) — (5", 5" \ {z})

factors through the pair (U,,, U,,) whose homology vanishes.
The commutativity of the diagram implies that the k-th component
of the image of a in @L_, H,(Uy, Uy, \ {zx}) is oy as desired. O

2. Let
Lk
A, —= B, —=C!

be a commutative diagram of chain complexes and chain maps whose
rows are short exact. Show that the following diagram is commutative:

H,y(C.)—2=H,(A,)

H,y(Cl)—"=Hy 1 (AL)

This statement is referred to as the naturality of the connecting ho-
momorphism. In particular, if f: (X, A) — (X', A’) is a map between
pairs of topological spaces, then the singular chain complexes of A,
X, (X, A), A, X', (X', A’) fit together in a diagram as above and we
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conclude that the diagram

Hy(X,A) —2—~ H,_;(A)

| |+

Hy(X', A') —"= Hy 1 (A)
1s commutative.

Proof. Let ¢ be a g-cycle in the chain complex C, and let us denote
as usual by [c] € H,(C,) the homology class it represents. We recall
that d([c]) = [a], if there is some b € B, with g,b = ¢ and 9;'b = f,_1a
(where we write 94 for the boundary map in the chain complex A,).
We note that the commutativity of the diagram above implies that

go(bgd) = cqc and  fl_jag_1a = by fy_1a = by_10:b = 9:Xbyb.

Here the last equation follows from the fact that b, is a chain map. It
follows that 0: H,(C}) — H,—1(A,) maps [c,c] to [a,al. O

3. Let p(z) be a non-constant polynomial with roots z1, ..., 2. Show
that the local degree deg(p, zx) is equal to the multiplicity of the root
2+

Proof. 1f m is the multiplicity of the root z;, we can factor p(z) in the
form p(z) = (# — 2x)™q(z), where ¢(z) is a polynomial with g(zx) # 0.
By continuity of ¢(z), there is some neighborhood U of z such that for
all z € U we have ||¢(z) — q(zr)|| < ||g(zx)||- This guarantees that the
function

pu(z) = (2 = 2)" (1 = t)q(2) + tq(2r))
is non-zero for z € U, z # z, t € [0,1]. This in turn implies that
pe(2) is a homotopy between p(z) = po(2) and p1(z) = (2 — 2x)"q(2k)
considered as maps (U,U \ {z}) — (C,C\ {0}). It follows that the

local degrees deg(p, zx), deg(p1, zx) are equal. Moreover, since zj is the
only root of the polynomial p;(z), it follows that

deg(p1, zx) = deg(p1) = m.

Here p;: C — C is the extension of p1 to a continuous map of the
Riemann sphere C' = C U {oo} = S?; the degree of p; is equal to m,
the usual degree of the polynomial p; by a result from class. ([l

4. Show that the complex projective space CP" is a CW complex with
one cell of dimension 27 for 0 < i < n.
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Proof. It suffices to show that CP" is obtained from CP"~! by attach-
ing a cell of dimension 2n. Define

$: D** — CP"
Z = (Z07' . 'azn—l) = [207217' sy An—15 V - ||Z||2]7

and let : S?"~! — CP"! be the natural projection map given by
(20,5 2n-1) — [20,21,--+,2n-1]. We note that these maps are com-
patible in the sense that the following diagram is commutative

g2n—1 _¥ cpr-1

L

D?n i> C Pn’
where ¢, j are the obvious inclusion maps. It follows that the map
cprtu, D X% cpr

is well-defined and continuous. We note that this map is surjective,
since if [z, . . ., 2,] € CP™ with z, # 0, then multiplying all components
by the unit complex number z,'||z,||, we can assume w.l.o.g. that z,
is a positive real number. Injectivity is obvious and it follows that f =
1 U ® is a continuous bijection. It follows that f is a homeomorphism
since the domain of f is compact and its range is Hausdorftf. O

7. HOMEWORK ASSIGNMENT # 7

1. The Moore space M(Z/p,n) for n > 1 is defined to by M(Z/p,n) =
S™ U e, where the attaching map ¢: S™ — S™ of the n + 1-cell has

degree p. Calculate the reduced homology groups of the Moore space
M(Z/p,n).

Proof. The Moore space M(Z/p,n) has a cell-decomposition of the
form M(Z/p,n) = €® U e™ Ue™ and the cellular chain complex has
the following form

n+1

— 7 — 0« ... 0« Ze" — Ze — 0 «— ...

According to the cellular boundary formula, d(e"*!') = ae”, where the
integer a is the degree of the map

qn LXn L)Xn/Xn—l _ Sn’
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Here we write X for the Moore space M(Z/p,n). We note that the
projection map p is just the identity here since X" ! consists just of
one point. Hence a = deg(y) = p and it follows that

,(M(2/p.n)) = {f/ re

U

2. If X is a topological space, we can define its Fuler characteristic as

X(X) =) (=1 rk Hi(X),
provided each homology group H;(X) is finitely generated and all but
finitely many homology groups are zero (in this case we say that X is
of bounded finite type). Let X be a topological space and A, B C X
subspaces with X = int(A) U int(B).
a) Show that if A, B and AU B are of bounded finite type, then so is
X.
b) Show that in this case

X(X) = x(A) + x(B) —x(AN B)

We remark that the Euler characteristic of a topological space X
of bounded finite type is a generalization of the cardinality of a finite
set, since if X is a finite set, then its Euler characteristic equals its
cardinality. We note that the formula to be proved in (b) obviously
holds if X is a finite set.

Proof. Consider the Mayer-Vietoris sequence

(8)
— Hy(ANB) — Hy(A) ® Hy(B) — Hy(X) — Hy 1 (AN B) —

First we observe that since A, B, and AN B are of bounded finite type,
there is some N such that for ¢ > N the homology groups H,(A),
H,(B), H—1(AN B) are all zero. By the exactness of the sequence
above, this implies H,(X) = 0 for ¢ > N.

To prove that all homology groups H,(X) are finitely generated, let
us write f, for the map from H,(AN B) to H,(A) & H,(B). Then the
exact sequence (8) gives rise to short exact sequences of the form

0 — coker(f,) — H,(X) — ker(f,—1) — 0.

We note that ker( f,_1) is finitely generated (as a subgroup of the finitely
generated abelian group H,_1(A N B)) and coker(f,) is finitely gener-
ated (as quotient of the finitely generated group H,(A)® H,(B)). This
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implies by the short exact sequence above that H,(X) is finitely gen-
erated.

To prove part (b) we recall that in class we showed that if C, is a
chain complex of bounded finite type (i.e., all the groups A, are finitely
generated, and only finitely many of them are non-zero), then

D (—1)rk Cy =) (—1)"rk Hy(C,).

qEZ qEZ

In particular, we see that if C, is an exact sequence, then all homology
of C. vanish and hence the alternating sum ) _,(—1)?rk C; is zero.

Now we apply this to the Mayer-Vietoris sequence (8). The alter-
nating sum here is equal to

> (=1)% (tk Hy(AN B) — rk Hy(A) — rk Hy(B) + rk Hy(X))

=x(AN B) = x(A4) = x(B) + x(X)

Since this alternating sum is zero due to the observation above, the
desired formula for x(X) follows. O

3. If X, Y are finite CW complexes, then the product X x Y again
has a CW structure whose cells correspond to products of cells of X
and Y. More precisely, if ef is an m-cell of X, and e is an n-cell of
Y, then these determine a m + n-cell of X x Y denoted e’ x ej. In
particular, ch W(X xY) is the free abelian group generated by products
cells ey} X e with m+n = ¢. The cellular boundary map is determined
by the formula

(9) d(eq x ep) = (dey)) x e+ (=1)"ey’ x d(ej).

a) Calculate H,(S™ x S™).
b) Calculate the homology groups of S™ x --- x S™.
~—_——
k

Proof. To calculate the homology of S™ x S™, let us furnish the sphere
S™ with the CW structure consisting of one 0O-cell €® and one m-cell
e™. Then the product CW structure on S™ x S™ has four cells e” x €?,
e™ x e, e¥ x e, e™ x e" of dimension 0, m, n and m +n. The cellular
boundary map in the cellular chain complex of S™ and S™ is zero, and
hence the ‘product rule’ (9) implies that the cellular boundary map for
S™x S™is trivial. Hence Hy(S™x S™) =2 CEW (5™ x S™) is a direct sum
of as many copies of Z as there are cells of dimension ¢. In particular,
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for m,n > 0 and m # n we have

Z q=0m,n,m+n
0 otherwise

H, (5™ x S") = {

If n > 0 we have:

D7 qg=n
H,(S"xS") =1 Z q=0,2n
0 otherwise

The case m = 0 (or n = 0) is not so interesting, since we see im-
mediately that S° x S™ is the disjoint union of two copies of S™, and
hence its homology groups are just the direct sum of two copies of the
homology groups of S™.

As in part (a) we see that the boundary maps in the cellular chain
complex for S™ x---x S™ are zero, and hence the ¢-th homology group is
a direct sum of as many copies of Z as there are g-cells in this product.
Let me use the following useful gadget to keep track of the number
of cells. Suppose X is a finite CW complex then define the Poincaré
series P(X) to be the power series

P(X)=ay+ a1z +ayz® +...

where the coefficient a, is the number of g-cells of X. For example,
P(S™) =1+ 2" and from part (a) we know

P(S™xS™) =1+2"42"+2"" = (1+42")(1+2") = P(S™)- P(S™).
This suggests the following result:
Lemma 1. If X, Y are finite CW complezes, then

P(X xY)=P(X)-P(Y)

Let a, be the number of g-cells of X, and let b, be the number of

g-cells of Y. We recall that the product cell e’ x ez has dimension

m + n. This implies that the number of g-cells of X x Y is
apbg + arbg—1 + -+ - + ag—1b1 4+ a4bo
We observe that this sum is also the coefficient of 29 in
P(X)-P(Y) = (ap + a1z + axz® + ... )(bg + b1z + by2® +...)

which proves the lemma.
In particular,

P(S" x -+ x S =P(S") = (142" =" (’:) 2

k =0
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We conclude that the ¢g-th homology group of S™ x --- x S is trivial
—_——

k
for ¢ not divisible by n. If ¢ = ni, then the ¢-th homology group is a
direct sum of (’f) copies of Z. ([l

4. a) Calculate the homology groups of RP? x RP2,
b) Generalizing part a), calculate the homology groups of a product of
two Moore spaces M (Z/p, m) x M(Z/q,n).

Proof. Part a) is good as a ‘warm-up’ for doing the general case of part
b), but here let us go straight for the general case. The Moore space
M(Z/p, m) has three cells €°, e™, ¢™*! whose dimensions are indicated
by the superscripts. Hence the product M(Z/p,m) x M(Z/q,n) has
nine cells. To simplify matters, we note that the cell € does not ‘inter-
act’ with the cells €™, ¢! in the cellular chain complex of M(Z/p, m)
in the sense that it is a direct sum of chain complexes; the first sum-
mand is generated by e, the other is generated by e™ and e™*!. It
follows that the chain complex of the product can be written as a direct
sum of four chain complexes:

A, = (" x &%)

B, = (e x e e’ x ")

C, = (™ x e, ™ x )

D, = (™ x e ™ x "t Ml x e M x et

The boundary maps of these chain complexes are readily determined
by the product formula (9). Also the homology groups of A,, B, and
C, are straightforward to determine and so we only state the result:

=40
Hi(B*) = {OZ/q 2;2

mer- {1
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To calculate the homology groups of the chain complex D,, we first
determine the boundary maps of D,:

a(em x )
(et x ")

(e x e
(et x et

0
pe™ x e")
(—=1)™q(e™ x e")

ple™ x €™ + (1) Hg(em x )

To determine the homology groups it is convenient to use a different
basis for the chain group D,,.,+1. Let ¢ = ged pg, and write p = gp/,
q = gq¢'. Then p’ and ¢’ are relatively prime and hence there are integers
a, b such that ap’ + bq’ = 1. We note that the element d(e™"! x e"t1)
is divisible by ¢g. Let ey € D,,1,+1 be the element obtained by that
division, i.e.,

er:=p (€™ x ") + (=) (™t x €M)
and define
ey := (—=1)"b(e™ x ™) 4 a(e™! x )

This is taylor made so that the base change matrix

(«Jﬁww'(_gm@

has determinant one which implies that {e;,es} is in fact a new basis
for D,,1nv1. The advantage of this new basis is that the boundary map
of the chain complex D, has the following simple form

d<€m+1 n+1)

ger
0
D™bd(e™ x ") + ad(e™ ! x ")

(—
= (—=1)"b(— )mq(e x e") 4+ ap(e™ x e")
= (bg +ap)(e™ x ") = g(e™ x ")

It follows that

H,(D.) = Z/g g=m+nm+n-+1
00 otherwise



28

8. HOMEWORK ASSIGNMENT # 8

1. Let H: X xI — Y be a homotopy between the maps f: X — Y and
g: X =Y. Let fu,g94: Ci(X) — C.(Y) be the chain maps induced
by f, g on the singular chain complexes. Show that the prism operator
P: Ch(X) — Cpi1(Y) defined by

n

P(o) := Z(—l)iH oo x1)ofvg,...,v5wi,...,w,

i=0
is a chain homotopy from f4 to gy, i.e.,

8P+P8:g#—f#

Proof.
OP(0) = Y (=1 (=1YHo (o x 1)o[vy,...,Tj, ..., 05w, ..., w,]
0<j<i<q
+ Z ' +1H®(O’X]l) [’007...,Ui,wi,...,@j,...,wq].
0<i<j<q

We note that
[U()a <oy Vi1, Uy, Wiy - awq] = ['Uo, sy Vi1, Wi1, Wiy - -« awq]

and hence for any k£ with 0 < k < ¢ the i = j = k summand of the
first sum and the i = j = k — 1 of the second sum cancel each other.
So the only surviving contribution with ¢ = j to the first sum is

Ho (o x 1) o [0y, wp,..., wy] =goo=guo.
The only surviving contribution with ¢+ = j to the second sum is
—Ho(ox1)ouvy,...,v,W, =—foo=—fuo
The terms with i # j are exactly —P0d(o), since

q

do = Z(_l)jao P A

j=0
and hence
Po(o)= Y (=1 (=1YHo (o x 1)o[vy,... 05 w;,... 0. .. w,)]
0<i<j<q
+ Z —1YHo (0 X 1) 0V, ey 0y Uiy Wiy,
0<j<i<q

It follows that OP + PO = g4 — f4 as claimed. U
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2. Suppose that
ALp—c—DLE

is an exact sequence of abelian groups. Show that it gives rise to a
short exact sequence

0 — coker f — C' — kerg — 0
Proof. Let us write h: B — C and k: C' — D for the given maps. We

note that by exactness at B the image of f is equal to the kernel of h,
and hence h induces a well-defined monomorphism

h: coker f = B/im f — C.

Similarly, the image of k is equal to the kernel of g by exactness at D,
and hence k is a surjective map from C' to ker g. Furthermore,

imh = imh = ker k,

by exactness of the original sequence at C' and hence we have shown
that the sequence

0—>COkerfi>C’i>kerg—>O

1s exact. O

3. Let

0—AL.B 20—

be a short exact sequence of abelian groups. We say that it is split exact
(or that the sequence splits) if there is a homomorphism s: C' — B
which is a right-inverse to g in the sense that gs = 1. Show that if the
sequence splits, then B is isomorphic to A ¢ C.

Proof. Consider the following diagram

0—=A—>AaC-—L~0c—>0

! f o b

0 A B C 0

where ¢ and p are the obvious inclusion resp. projection maps. The
left square evidently commutes and the right square commutes since
gof=0and gos=1. Both rows are exact and hence the 5-Lemma
implies that f & s is an isomorphism. O
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4. Show that if X is a finite CW complex, then its suspension ¥X has
the structure of a finite CW complex (this is true without the finiteness
assumption, but this avoids pointset topology issues). If C, is a chain
complex, define its suspension X.C, in such a way that the cellular chain

complex C¢W (X X) is isomorphic to the suspension of the celluar chain
complex CEW (X).

Proof. We recall that XX = X xI/ ~, I = |0, 1], where the equivalence
relation ~ is generated by (x,0) ~ (2/,0) and (z,1) ~ (2/,1) for z,2’ €
X. We claim that 3 X has a CW structure with two 0-cells (= points),
namely &) := [z,0] and & = [z,1] and one (q + 1)-cell ™ for each
g-cell el of X. If ®,: I? — X is the characteristic map of the g-cell e
of X, we want the map
Bo: 1T = 7% T2 X x [ 25 90X

to be the characteristic map of a (¢+ 1)-cell 2! of XX, where p is the
projection map. This suggests to define the g-skeleton of XX for ¢ > 0
to be

(BX)?:=3(X71) Cc ©X.
We note that with this definition the map ®, maps the boundary

oI =9I x TU TP x O

of the (¢ + 1)-cube I9™ indeed to the g-skeleton, since for x € 917 the
point @, (z) belongs to X77!, and hence for any ¢ € I,

O, (x,t) = [Po(2),t] € (XX)™
For (z,t) € I? x OI, we have t = 0 or t = 1, and hence ®,(x,1) is in
the O-skeleton of ¥.X consisting of the two points [z,0] and [z, 1].

It remains to show that (X X)?"! is obtained from (3X)? by attaching
(q + 1)-cells via the attaching maps

Po = (Pu)jorarr: I — (TX)1.

To prove this, we note that the inclusion map (XX)? — (XX)?"" and
the maps ®,, fit together to give a well-defined continuous map

((EX)qHHIg+1>/~ —  (ZX)e

It is not hard to check that this is a bijection; since the spaces involved
are compact and Hausdorff, this is in fact a homeomorphism.

To determine the cellular chain complex of XX, it is convenient to
compare it with the cellular chain complex of X x I via the projection
map p: X X I — X X. Let us equip I with its standard CW structure
(consisting of two 0-cells e} and e} — the points 0,1 € I — and one
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1-cell e'), and give X x I its CW structure as a product of two CW
complexes. We note that the projection map p: X x I — XX is a map
of CW complexes in the sense that for every ¢ > 0 the image of the
g-skeleton of X x I under p is contained in the ¢-skeleton of XX . This
implies that p induces a chain map

pu: CEV(X x I) — CEV(EX)

of cellular chain complexes. We also note that the characteristic map
of the cell e! x e composed with p is the characteristic map ®,. This

implies that the chain map py4 sends the generator e' xel € C[ICJFMI/(] xX)
to the generator el € C{Y. We further observe that the images of
the characteristic maps of the cells € x e?, i = 0,1 composed with p
are contained in the 0-skeleton of XX . This implies that pye) x e = 0
for ¢ > 0. We also note that for any 0-cell €2, the projection map p
sends the O-cell €? x €2 of I x X to the O-cell €? of ¥ X for i =0, 1.
This information suffices to determine the boundary map in C¢W ($X)

in terms of the boundary map of C¢" (X). Assume that

Oel = Z na,geqﬁfl.
B

Then
el = Opy (el x e') = pud(el x e')
=py ((Z nagel ) X €' + el x ((=1)4(e) — 68)))
B
= nagpx(el X e') =) nasel
B B
Moreover,
02, = Opy(eq x €') = pyd(eq x €') = py(eq x (9e))
=py(eq % (] —eg)) = & — &

9. HOMEWORK ASSIGNMENT # 9

1. Let Y be a convex subset of a euclidean space, and let AC,(Y) C
C.(Y) be the subcomplex generated by affine linear simplices. Let

(10) S AC,(Y) — AC,(Y) T: AC,(Y) — AC, 1 (Y)
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be the linear maps constructed in class. We recall that the ‘barycentric
subdivision map’ is a chain map AC.(Y) — AC.(Y), and that T is a
chain homotopy from S to 1, i.e.,

TO+0T =1-S.
We extend S and T to linear maps
S: Cy(X) — Cy(X)  T: Cy(X) — Cpya(X)
on chains on any space X by defining for a simplex o: A? — X
S(o) = o4S]eg, - . ., €4 T(o) =0xTeg, ..., e

Here [eg,...,e4]: A" — A" is the affine linear simplex given by the
identity map; in particular, we can apply the maps (10) to it (for Y =
A7) and obtain affine linear chains Sley, ..., e,] € AC,(A?) C C,(A?)
(resp. Tleg, . .., eq) € ACy+1(A?) C Cyi1(A?)). Then we can apply the
chain map
ou: C.(AT) — C(X)

induced by o: A? — X to obtain a chain in C,(X).

(a) Show that S: Cy(X) — C.(X) is a chain map.

(b) Show that T is a chain homotopy from S to the identity of C.(X).

Proof. This problem is more involved than I thought. Hatcher’s argu-
ment is not complete. There is an important property of S and T that
is needed here:

Let Y, Y’ be convex subsets of some euclidean vector spaces and let
f:Y — Y’ be an affine linear map, i.e.,

In particular, if A: A? — Y is an affine linear simplex, then fo A is an
affine linear simplex in Y, and hence f induces a chain map

fu: AC(Y) — ACL(Y') A foA

Lemma 2. f,S = S5f4 and fuT =T f4.
The inductive construction of S and 7" involves the homomorphism
b: Zéq(Y) —>ZC/’Q+1(Y) [wo, - .., wy| = [b,wo, ..., wy.
We calculate:
o [b,wo, ..., we = [f(b), f(wo), ...
O)[f (wo), -, f(wg)] = f(b) fylwo, - ., wg].

fublwo, ..., wy| =

f
f
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We recall that S is defined inductively by S(\) = bySO\, where A is
an affine g-simplex, b, is its barycenter, and SO\ is already defined
since O is a linear combination of affine (¢ — 1)-simplices. Then using
induction over ¢ we have

J#SA) = (o) [4 50N = b nSOfyh = SfyA

Here the second equality holds since the affine linear map sends the
barycenter of A to the barycenter of f o A = fu\, and since S and fyu
commute by inductive hypothesis when applied to (¢ — 1)-chains.

The argument for 7" is entirely similar. We recall that 7" is defined
inductively by TA = by(A —T9O\) and calculate using induction over ¢:

FeTA = fabs\ = TOX) = f(by) (A — TON)
= b a(fgA = TOf3A) = T fA
Now we prove that S: C.(X) — C.(X) is a chain map

S(90) =S (Z(—l)ia o [eos s B ,eq])

Furthermore, we have
o4S0[eq, ..., eq] = 040S[ep, ... e = 0ouSleg, ..., e, = 0So

which shows that S: C.(X) — C.(X) is a chain map.

The reason for splitting the calculation above in two pieces is that
the the first calculation holds with S replaced by T'. This allows us to
compute

T(00) =04T0[eq, ..., e
=04(—0T e, ... eql + [€0,- .- eq] — Sleo, - .., eq])
=—004T ey, ..., eq + 0 —c#Seo, ..., e
=—0lc+o0—So
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2. Show that for k,1 > 1

~ B Z q=I1k+1
H Sk Dl k -1 _ )
(5% D/ (5" x 5°1) {0 e

Proof. We claim that (S* x D!, S* x S'=1) is a good pair. This follows by
crossing with S* if we can show that (D!, S'=1) is a good pair, i.e., S"!
is a closed subset of D' (this is clear) and that S'~! is a deformation
retract of some neighborhood of S'~!. To prove the latter, we note that
D'\ {0} is an open neighborhood of S'~!, and r: D'\ {0} — S'~! given
by x +— z/||x|| is a retraction. The composition of r with the inclusion
map i: St — D'\ {0} is homotopic to the identity map relative S'~!
via the homotopy
H: D'\ {0} x [0,1] — D'\ {0}  (2,)— (1— t)ﬁ +tx.

We recall that the homology groups of good pairs (X, A) can be

identified with the homology groups of the quotient X/A. Hence the

long exact homology sequence of the good pair (S* x D! S* x §'=1)
leads to the following exact sequence:

H,(S* x S71) 5 H,(S* x DY — H,((S* x D'/5* x ')
0 H, 1 (S% x S5 25 H, 4(S* x DY —
Breaking this up we obtain the short exact sequences
0 — (cokeri,), — H,((S* x D'/S* x §"1) — (keri,)y_1 — 0,

where we write (keri,), (resp. (cokeri,),) for kernel resp. cokernel of
the homomorphism

i Hy(S* x S 2 H,(S* x DY).

We claim that i, is surjective. To show this, we pick a point 1y € S'*
and consider the map

s: 5% x D' — §F x g1 (x,y) — (z,y0).

This map is a right inverse to ¢ up to homotopy, meaning that the
composition i o s: S¥ x D! — S* x D! is homotopic to the identity.
This follows from the fact that i o s is the product of the identity map
on S* times the constant map on D' and the constant map on the
contractible space D' is homotopic to the identity map. We conclude
that i,0s, = (i0s), = 1, and so s, is a right inverse of 7,. This implies
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that i, is surjective, hence the cokernel of i, is zero and we obtain an
isomorphism

(11) H,(S* x D'/S* x S'1) = (keri,)y_1

for all q.

The space S¥ x S"=! with its standard CW structure has four cells
of dimension 0, k, [ — 1 and k + [ — 1, respectively. Each of these
cells contributes a copy of Z to the homology group in the appropriate
dimension (since the boundary maps in the cellular chain complex are
zero). Passing from H, to H, we loose a copy of Z in degree 0 and
passing to the kernel of i,, we loose a Z in degree k. We conclude that

Z q=1l—-1,k+1—-1

keri,), =
(kerd)q {o gA -1 k+1—1

which implies the desired statement by putting it together with the
isomorphism (11). O

3. Suppose M is a compact manifold of dimension n, and suppose
f:S* x D% — M is an embedding (i.e., a homeomorphism onto its
image). Let M’ := M \ f(S* x int(D"7*)), and let

]/W\ = M’ Ugkygn—r—1 DFFL Sn_k_l;
in other words, M is obtained from the disjoint union
M/ I Dk—i—l % Sn—k—l

by identifying a point (z,y) € S¥ x S*=*=1 c DL x " *=1 with
f(z,y) € M'. Tt is not hard to show that M is again a closed n-manifold.
This is an important way to modify a manifold M called surgery. More
precisely we say that M is obtained by a k-surgery from M. The effect
on homology groups is easiest to determine for £ < m for n = 2m or
n=2m-+1 (m is called the ‘middle dimension of M’ and consequently
this is called ‘surgery below the middle dimension’). So let us assume
k < m for the following.

(a) Show that the inclusion M’ — M induces an isomorphism on H,
for ¢ < m. Hint: consider the long exact sequence of the pair (M, M’),
show that this is a good pair, and identify M/M’.

(b) Show that the inclusion M’ — M induces an isomorphism on H,
for g <n —14q # k,k + 1. Hint: consider the long exact sequence of
the pair (M, M'), show that this is a good pair, and identify M /M.
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(c) Let g be the composition Z = Hy,(S*) & Hy(S*x D" F) iR Hy(M).
Show that Hy(M) = Hp(M)/g(Z) and

o (]/W\) ) Hyr (M) g injective
fH " | Hii (M) ®Z g not injective

Hint: in order to identify the boundary homomorphisms in the exact
sequence of the pair (M, M'), compare with the long exact sequence of
the pair (DL, SF).

Proof. To prove part (a) we note that the embedding f induces a home-
omorphism
(Sk % Dn#c)/(gk % Snfkfl) ~ M/M/

The argument that (M, M’) is a good pair is completely analogous to
the argument we used in problem 2: M \ f(S* x {0}) is an open neigh-
borhood of M’ that has M’ as a deformation retract. Using these facts,
the exact homology sequence of the pair (M, M') takes the following
form:

—% Hy(M') == Hy(M) — H,(S* x D"k /Sk x gn=h=1) —2>
By the previous problem, ﬁq(Sk x D"k Gk x Gn=k=1) = () except for
q = n—k,n. Hence the exact sequence implies that i, is an isomorphism
except for g =n—k—1,n—k,n—1,n. We note that our assumptions

imply
n—k—1>2m—-k—1>2m—(m—1)—1=m,
and so for ¢ < m the map 7, is an isomorphism as claimed.

On to part (b): the argument that (M\, M) is a good pair is the
same as that for (M, M’). We have a homeomorphism

]/\/T/M/ ~ (Dk+l % Snfkfl)/(sk % Snfkfl)
which using the result of problem (2) implies that PNIq(]\/Z /M) =0 for
q#k+1,n. Let j: M" — M be the inclusion map and consider the
exact homology sequence of the pair (M, M’):
~ o~ je oo~ —~ ~ ~
q+1(M/M/) Hq(MI) Hq(M) Hq(M/M>

It follows that j, is an isomorphism for ¢ < n, g # k, k + 1.
To do part (c) we note that the exact sequence above implies an
isomorphism

f]k(]\/i\) = coker <8: fIkH(M\/M/) — Hk(M,)>
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and a short exact sequence

o~

(12) By (M) —= i (M) — ker (Hya (M/M') 2 Hi (M)

So we need to analyze the connecting homomorphism 0. As usual in
algebraic topology, we don’t do that by going back to the definition of
the connecting homomorphism (coming from the short exact sequence
of chain complexes), but rather by comparison with the exact sequence
of a different pairs. We pick a point o € S"*~!, and consider the
following maps of pairs:

(Dk—f—l’ Sk) . (Dk+1 x Sn—k=1 Gk Sn—k—l) 5 (j/\/[\, M) .

Here r maps # € D*! to (z, 1) € D* x S"7%~1 and s is the obvious
inclusion map which induces the homeomorphism between quotient
spaces we used above. In particular,

So: Hy(DFY s Gkt gk s gn=h=1y . g (M /M)

is an isomorphism. We note that the map r has a left-inverse given by
the projection onto the first factor. In other words, por = 1 and hence
7, 0 h, is the identity on Hy,1(D**1/S*¥). Since

Hv—k+1<Dk+1 % Snfkfl/sk X Snfkfl) ~7
by problem # 2. it follows that
Ty Hk+1(Dk+1/Sk) — ﬁk+1(Dk+1 X Sn_k_l/Sk X Sn_k_l)
is an isomorphism. Putting these statements together, we see that the
composition ¢ := sor: (D1 S*) — (M, M’) induces an isomorphism
te: Hyp(DEFL/SFY — Hy (M /M),
Now consider the following commutative diagram:

Hiar(DV1/S%) 2 H(SY)

We note that the map i ot: S™ — M is equal to the restriction of
f:8" x D% to S™ x {yo}, and hence i, o t, can be identified with
g: Z — Hyp(M). The diagram above then implies that the kernel resp.
cokernel of 9 can be identified with the kernel resp. cokernel of g.
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—~

This implies the statement about Hy(M) and the statement about

—

Hy 1 (M) if g is injective. If ¢ is not injective, the kernel of g is a
non-trivial subgroup of PAIkH(]\/Z /M'") = Z and hence isomorphic to Z.
This implies that the exact sequence (12) splits and hence we have the
isomorphisms

Hyp1(M) 2 Hypi(M') © 22 Hyy (M) & Z

10. HOMEWORK ASSIGNMENT # 10

1. Let

0 Atep oo~

be a short exact sequence of left modules over a ring R. Let M be a
left R-module and N be a right R-module.
(a) Show that

Homp(A, M) < — Hompg(B, M) <2 Homp(C, M) < 0

is an exact sequence of Z-modules. Hint: the exactness of the above
sequence is equivalent to saying that ¢* induces an isomorphism be-
tween Hompg(C, M) and the kernel of f*. Prove this by constructing
an inverse map.

(b) Show that

NopA- Nop B 2% NopC —=0

is an exact sequence of Z-modules. Hint: the exactness of this sequence
is equivalent to saying that 1 ® ¢ induces an isomorphism between
N ®p C" and the cokernel of 1 ® f. Prove this by constructing a map
N ®gr C — coker(1 ® f) inverse to 1 ® g. We note that constructing
a homomorphism out of N ®z C' amounts to constructing a bilinear
map by using the universal property of this tensor product (see e.g. the
definition of the tensor product of modules in wikipedia).

Proof. We note that exactness of the sequence in part (a) is equivalent
to the statement that ¢* maps Hompg(C, M) isomorphically onto the
kernel of f*. To prove this, we will construct an inverse map

Y ker f* — Hompg(C, M).

For h € ker f* we define ¢(h): C — M by ¢ — h(b), where b € B is
any element with g(b) = ¢. This is well-defined, since if ¥’ € B with
g(b') = ¢, then b—1¥' € ker g and hence by exactness at B, there is some
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a € A with f(a) =b—10. Then g(b) —g(t/) = g(b—=V") = g(f(a)) =
(f*g)(a) = 0. It is straightforward to check that 1 is R-linear and that
it is an inverse to f*.

The argument for part (b) is quite analogous. The claimed exactness
is equivalent to the statement that 1 ® g maps to cokernel of 1 ® f
isomorphically to N ®g C'. Again, we will prove this by constructing
an inverse

: N ®pC — coker(qg® f).

We define ¢ by setting ¥)(n ® ¢) := n ® b, where b € B is any element
with ¢g(b) = ¢. This is well-defined since if ¥ € B with g(V/) = ¢,
then b — b’ € ker g and by exactness at B, there is some a € A with
fla)=b—="V. Hencen®@b—n®V = (1® f)(n®a) and so [n ® b] =
[n®@l] € coker(1® f). It is easy to check that v is a map of Z-modules,
and that it is inverse to 1 ® g. U

2. Let M be a left module over a ring R. We recall that a free res-
olution of M is an exact sequence of left R-modules and R-module
homomorphisms

di da

0 M~<—M, M,

such that all the M,’s are free R-modules.

(a) Let (M., eM) be a free resolution of a left R-module M and let
(N., eV) be a free resolution of a left R-module N. Show that if f: M —
N is an R-linear map, then there is a R-linear maps f,: M, — N, such
that the diagram

My

M

M <— M, My M,

bbb b

N <— N, Ny Ny

is commutative. Hint: construct the R-linear maps f, inductively using
the following property of a free module: if g: A — B is an R-module
map whose domain A is a free module, then ¢ factors through any
R-linear surjection h: C' — B; i.e., there is an R-linear map g: A — C
making the following diagram commutative:

C
e

h
A—2-B
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(b) Show that the R-linear chain map f,: M, — N, constructed in
(a) is unique up to R-linear chain homotopies, i.e., if f.: M, — N, is
another solution to (a), show that there is a chain homotopy T' between
them.

Proof. Since M, is a free R-module, the module map f o e™: My, —
N factors through the surjective map €V: Ny — N; i.e., there is an
R-linear map fy: My: Ny making the first square commutative. We
will construct the f,’s by induction. Let us assume that we already
constructed R-linear maps fo, ..., f; making all diagrams to the left of
fq commutative. We note that this implies in particular that f;, maps
ker(M, — M,_1) to ker(N;, — N,_1). Now we want to construct f,4+1
such that the following diagram commutes:

M
dq+1

ker(Mg — Mg—1) <— My

ifq lquﬁl
dN

ker(Ny — Ny-1) <~ Nys

This map exists since Mgy is free and the map dé\ﬂrl is surjective by
exactness of the resolution N, at IV,.

To prove part (b), assume that f.: M, — N, is another chain map
lifting the map f. Our goal is to construct a chain homotopy T between
them; i.e., we want R-linear maps T},: M, — Ny with

(13) déVHTq + quldéw = fq - fé

where the modules M,, N, are interpreted as the trivial modules for
q < 0. We will construct the 7;’s inductively. To construct 7j, we note
that

Nofy=foe =N oy
implies that the range of fy — f} is contained in ker ¢V, and hence there

is a map 7j making the diagram

My

Tt
fof{)l \

ker eV <— M
dl
commutative since M is free and the horizontal map is surjective.
Now let us assume that we have constructed Ty, ..., T)_; satisfying
equation (13) for ¢ < k. To construct Ty, we consider this equation for
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q = k and put the term T, _1d}! on the right side of the above equation
and try to solve for Tj,. We note that the image of

g = fk — f]; — kaldéwi Mk — Nk
is contained in the kernel of d since
d]k’v(fk‘ - f]:; - Tk*ld]]qw) = fk:fld]]gw - f];_ld% - dﬁTk,ld%
:fk—ldy - fl/cfld;cw - (Tk—2d£{1di\4 - fk—ldg/[ - fllcfldl]y) =0
Here the first equation holds since f,, f! are chain maps, and the second

equation follows from the inductive assumption.
Now we can construct 7T} making the diagram

| N

ker dé\/' ~~ Nk+1
dk+1
commutative, since M, is free and dj),, is surjective onto the kernel of

d,]cv by the exactness of N,.
O

3. Let R=7Z, and let M =17Z/s.

(a) Construct a free resolution of the R-module M. Hint: you can
find a resolution M, with M, =0 for ¢ > 2.

(b) Use the free resolution M, to compute the groups Torf(N , M)

for N = Z and N = Z/t. The torsion group Tor)(N, M) for a right
R-module N is defined as the ¢g-th homology group of the chain complex

N ®gr MoﬂN QR M1<@N ®p My<=— ...

(c) Use the free resolution M, to compute the groups Ext% (M, P) for
P =7 and P = Z/t. The Ext group Ext%,(M, P) for a left R-module
P is defined as the ¢g-th homology group of

&3 d &3

Hompg(My, P)— Hompg(M,, P)—>> Hompg(M,, P)—> ...

Proof. The sequence
O<~—M=7Z/s<~—My=Z<"~My =Z<~— My =0~—

is a free resolution of Z/s, where the map s: Z — Z stands for multi-
plication by s.
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Part (b): tensoring M, with N = Z over Z, we obtain the chain
complex

Z@Zzﬁz(@zz

We note that Z ®y Z is isomorphic to Z, where the isomorphism sends
a®b e Z®yZ to ab € Z. Via these isomorphism, the above chain
complex is isomorphic to

Z<~—17.
and hence
Z]s q=0
0 q#0

Tensoring M, with N = Z/t over Z, we obtain the chain complex

Torl(Z,Z/s) = Hy(N ®z M,) = {

T/t Rz 7 <27/t @y T
We note that Z/t ®z 7 is isomorphic to Z/t, where the isomorphism
sends a ®@b € Z/t ®z Z to ab € Z/t. Via these isomorphism, the above
chain complex is isomorphic to

Zjt<"—17Jt

We note that the cokernel of the map s is Z modulo the ideal generated
by t and s. This is equal to the ideal generated by g = ged(s,t) and
hence the cokernel of the map s: Z/t — Z/t is isomorphic to Z/g.
Considering the order of the image, the domain and the kernel of the
map s, we see that ker s has order g; as a subgroup of the cyclic group
Z/t it is isomorphic to Z/g. We conclude:

Z/g q=0,1
0 q#0,1

For part (c¢) and N = Z we consider the cochain complex

Tor?(Z/t,Z/s) = H,(Z/t ®z M,) = {

Homy(Z, Z) <*— Homy(Z, Z.)

We note that Homgy(Z, Z) is isomorphic to Z, where the isomorphism
is given by f — f(1). This implies that the above cochain complex is

isomorphic to
S

7 —17
and hence
Z]s q=1

Ext}(Z/s,Z) = H'(Homg(M.,Z)) = {O 041
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For N = Z/t we obtain the cochain complex
Homy (Z, Z/t) <~— Homy(Z, Z,/t)

We note that Homg(Z,Z/t) is isomorphic to Z/t, where the isomor-
phism is given by f +— f(1). This implies that the above cochain
complex is isomorphic to

Lt —=17]Jt
and hence arguing as in part (b) we obtain

Z/g q=0,1

Ext}(Z/s, Z/t) = H'(Homgz(M,, Z/t)) = {0 q#£0,1

11. HOMEWORK ASSIGNMENT # 11

1. Let

0—sA—tsp2o0c—>9

be a short exact sequence of left modules over aring R. Let ¢4: A, — A
and €“: C, — C be free resolutions. Show that there exists a free
resolution €®: B, — B and chain maps f*: A, — B, g.: B, — C,
such that the diagram

f:
0 A, 2o B, 2o 0, 0
g df d§
f
0 A e p 20 0
g dF d§

0 A B C 0

is commutative and that the first row is an exact sequence of chain
complexes. Hint: make the following Ansatz for B, (this German word
doesn’t have an english translation and is used in english; if you don’t
know it, look it up in wikipedia): let B, = A,®Cy, let f,: A, — A,®C,
be the inclusion, and let g,: A,®&C,; — C, be the projection map. Then
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construct the homomorphism € and then inductively the boundary
maps d}: B, — By_y in such a way that d, o d} = 0 (here we
interpret d¥ as €®) and the above diagram is commutative. Show
that the exactness of the middle column of the above diagram is a
consequence of the exactness of the left and right column.

Proof. We note that the desired homomorphism
dS: An S Cn - An—l S Cn—l

can be written as a matrix
an, by
Cp  dy

whose entries are homomorphisms a: A, — A,_1, b: C,, — A, _1,
c: A, —» C,_1 and d: C,, — C,_;. For n = 0, this matrix reduces
to a row vector (agbg) with ag: A; — B and by: Cy — B. The com-
mutativity of the diagram implies conditions on the matrix entries.
The commutativity of the left squares are equivalent to the conditions
a, = d4 and ¢, = 0. The commutativity of the right squares is equiv-
alent to d,, = dS for n > 0 and gby = dS .

Next let us analyze the conditions coming from the requirement
dB 1 0dB =0forn <2

dB odB = (dél b’é—1> (dri‘ bg) - (dﬁldﬁ dﬁqbnc‘i‘ bg—ldg)
nol o 0 d5_,)J\0 d 0 d$ ,dS

This shows that d2 | o dZ = 0 is equivalent to
(14) dt by + by 1dS =0

For n = 1 the situation is slightly different in that the matrices rep-
resenting df and df o dP are 1 x 2 matrices instead of 2 x 2 matrices.
To obtain the relevant calculation in that case, we just ignore the bot-
tom of the matrices representing d? | resp. d? | od? and still arrive at
equation (14).

Now we will construct the homomorphisms by, by, bo, ... such that
gbo = dS and the condition (14) are satisfied. We note that there is a
homomorphism by making the diagram

e
CO?C

commutative since g is surjective and Cj is a free module.
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Now assume inductively that we’ve constructed by, ..., b,_1 satisfy-
ing condition (14) and we want to produce the homomorphism b,,: C,, —
A, _1 such that (14) holds. We observe that the image of d2 |: A, —
A,y and b, _1d¢ is contained in the kernel of d2 ,. For d2_| this follows
from the exactness of A,, for b,_,d<, it follows from

d? by 1dS = —b,_odS dS =0,

where the first equation follows from equation (14) and our inductive
assumption. This implies that there is a homomorphism b,, making the
diagram

An—l
b idﬁl

Cn ker d4

*bn—ld»,c;

commutative since d' ; maps onto the kernel of d2 , and C,, is a free
module. The homomorphism b,, thus constructed satisfies our condition
(14).

By our construction, the middle column of diagram (??) is a chain
complex. To show that it is in fact a resolution, it suffices to show that
its homology groups in fact vanish. We note that the diagram (??) can
be interpreted as a short exact sequence of chain complexes (defining
A=A, By =B and C_; =C). The associated long exact seqence
of homology groups then shows that the homology groups of the middle
column are zero, since the homology groups of the left and right column
are zero, since they are free resolutions and hence in particular exact
sequences. U]

2. Prove the Universal Coefficient Theorem for cohomology groups;
i.e., show that if C, is a chain complex of free left modules over a PID
R, and P is a left R-module, then there is a short exact sequence

00— EXt}%<Hq71(C*)7 P)— HY(C,, P) — HomR(Hq(C*)7 P)—0

Hint: Adapt the proof of the homology Universal Coefficient Theorem
we did in class to the cohomology case.

Proof. We first assume that all boundary maps in the chain complex
C, are zero. Then the coboundary maps ¢ in the cochain complex
Homg(C,, P) are trivial as well and hence we have isomorphisms

HY(C,; P) = Homg(Cy, P) = Homg(H,(C.), P).
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This proves the exact sequence for chain complexes C, with vanish-
ing boundary maps, since in this case the Ext group is trivial due to
H, 1(C,) = Cy_1 being free.

The idea to deal with the general case is to fit C, in an exact sequence
of chain complexes where the two other complexes are of the special
kind discussed above:

2]

0 Z.— >0, B, 0.

Here i,: Z, C C, is the inclusion of g-cycles in g-chains, and X B, is
the suspension of the chain complex B, defined by (X¥B.), = By-1
where B,_; is the group of (¢ — 1)-boundaries. The boundary maps in
the chain complexes Z, and B, are trivial. Now we apply the functor
Hompg( , P) and obtain the following half exact sequence of cochain
complexes

Hompg(Z., P)<L Homp(C, P)ﬁ Homp(¥B,, P)<—0.

We observe that our assumption that R is a PID guarantees that ¢*
is surjective and hence the above is a short exact sequence of chain
complexes: the assumption that C,_ is free implies that the submod-
ule (XB), = B,_1 is free and hence the group Ext?((¥B),, P) which
extends the above half exact sequence (for a fixed dimension ¢) to a
longer exact sequence is zero.

The short exact sequence of cochain complexes induces a long exact
sequence of cohomology groups

HY(Homp(EB., P)) & HI(Homp(Z., P)) « H(Homg(C,, P))
— HY(Homp(£B., P)) "= H'(Homp(Z., P))
Splitting the long exact sequence, we obtain short exact sequences

(15) 0=<—kerd, <— H9(Hompg(C,, P)) <—— coker d;_1 <— 0

In order to identify the kernel and cokernel of §, we note that since the
boundary maps in Z, and B, are trivial, we have

HY(Hompg(Z,, P)) =Homg(Z,, P)
H"'(Homp(¥B,, P)) =Homz((XB),41, P) = Homg(B,, P)

Moreover, the map ¢ can be identified with the map
Jo+ Hompg(By, P) — Homg(Z,, P)
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induced by the inclusion map j,: B, — Z,. We note that by definition
of homology groups, we have a short exact sequence

O%Hq(c*) Zq = Bq 0

This can be interpreted as a free resolution of H,(C,), since the sub-
modules Z,, B, C C, are both free due to our assumption that Cj is
free and R is a PID. This implies that the kernel (resp. cokernel) of Jq
is just Homp(H,(C,), P) (vesp. Exty(H,(C,), P)). This shows that the
sequence (15) gives the desired exact sequence. O

3. Use our knowledge of the homology groups of the real projective
space RIP" to calculate

(a) the homology groups H,(RP";Z/2);

(b) the cohomology groups H?(RP";Z);

(c) the cohomology groups H?(RP";7Z/2).

(d) Calculate the cohomology groups H?(RP";Z/2) using only the
result you obtained in part (a), but no knowledge of the homol-
ogy groups H,(RP").

Proof. We recall that
Z gq=0orq=n=2k+1
HRP")=4Z q=2k+1,1<qg<n
0 otherwise

For part (a) we use the Universal Coefficient Theorem for homology
and obtain an isomorphism

H,(RP";Z/2) = H,(RP") ®7 Z/2 ® Tor? (H, (RP"),Z/2).

For ¢ = 0 and ¢ = n = 2k+1, the tensor term gives Z®z/2 = 7Z/2, while
the tor term is zero and hence H,(RP";Z/2) = Z/2. For ¢ = 2k + 1,
1 < ¢ < n, the tensor term gives Z/2 ®z Z/2 = 7,/2, the tor-term is
zero and hence H, (RP";Z/2) = Z /2. For g = 2k, 1 < ¢ < n, the tensor
term is zero, the tor term gives Tor?(Z/2,7/2) = 7Z/2 and hence again
H,(RP";Z/2) is isomorphic to Z/2. For all other ¢, both terms are
clearly zero. Summarizing we have

7./2 <g<
HIRP7/2) = {22 0sasn

0 otherwise
For part (b) using the UCT for cohomology we obtain

HY(RP"; Z) = Homy (H,(RP"), Z) & Ext}(H,_ (RP"), Z).
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For ¢ =0 or ¢ = 2k + 1 = n, the hom-term gives Z, the ext term is 0
and hence HY(RP";Z) = Z in these cases. For ¢ =2k + 1, 1 < ¢ < n,
the hom-term as well as the ext-term are zero. For ¢ =2k, ¢ < 1 < n,
the hom-term is zero while the ext-term is Z/2. For all other ¢, both
terms are zero. Collecting these data we have

Z/2 g=2kand0<qg<n
HYRP"Z) =< 7Z qg=0or ¢g=nisodd
0 otherwise

For part (c) using the UCT for cohomology we obtain

H(RP"; Z,/2) = Homg(H,(RP"), Z,/2) & Ext}(H,_,(RP"), Z/2).
For ¢ = 0 or ¢ = 2k + 1 = n, the hom-term gives Z/2, the ext term
is 0 and hence HY(RP";Z) = Z/2. For ¢ = 2k+ 1, 1 < ¢ < n,
the hom-term gives Homy(Z/2,7/2) = 7/2 and the ext term is zero.
For ¢ = 2k, ¢ < 1 < n, the hom-term is zero while the ext-term is

Ext;(Z/2,7./2) = 7,/2. For all other ¢, both terms are zero. Collecting
these data we have

Z/2 0<qg<n

0 otherwise

HY(RP"™; Z,/2) = {

For part (d) we note that for any Z-module M there is a canonical
isomorphism

Homgz (M, 7/2) = Homy o (M ®z Z/2,7/2).

In particular, for any space X, the cochain complex C*(X;Z/2) =
Homyz(C\(X),Z/2) is canonically isomorphic to the cochain complex

Homg,»(C,(X) @z Z/2,Z,/2) = Homy »(C.(X; Z/2), Z,/2)

Then we can use the Universal Coefficient Theorem for the ring R =
72 to conclude

HY(X:7,/2) = Homy,o(H,(X; Z/2),7/2).

In particular, the Z/2 cohomology group H%(X;Z/2) is (non-canonically)
isomorphic to the homology group H,(X;Z/2), provided the latter is
a finite dimensional vector space over Z/2. Applying this observation
to X = RP" gives part (d). O

4. Let X be a topological space whose homology groups H,(X) are
all finitely generated. Then the Universal Coefficient Theorem implies
that for any field IF the vector spaces H,(X;F) are finite dimensional.
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A convenient way to encode all the F-homology groups is the Poincaré

series
= ZdimIF H,(X:TF) 29
q=0

Show that
P(XTIY;F)=P(X;F)+ P(Y;F)
P(X xY;F)=P(X;F)- P(Y;F)

Proof. We've seen that H,(X I1Y) is isomorphic to Hy(X) & H,(Y)
and the same argument shows that that is true for homology groups
with coefficients. This implies

P(X1IY;F) dem (X;F)® H,(Y;F)) 2 = P(X;F)+ P(X;F)

For the second statement we need to determine the dimension of the
vector space H,(X x Y;F). We want to use the Kiinneth Theorem for
the field F in order to avoid torsion groups. To do so we note that for
Z-modules M, N we have a canonical isomorphism

(M ®zF)®p (N®zF) = (M®zN)®zF
This implies that we have an isomorphism of chain complexes
(C(X) @2 F) @5 (Cu(Y) @2 F) = (Cu(X) @7z Cu(Y)) @2 F.
Combining the fact that C,(X)®z C.(Y) is chain homotopy equivalent
to C.(X x Y') and the Kiinneth theorem we obtain the isomorphism
Hy(X xY;F) = €D Hu(X;F) @ H(Y;F).
k+l=q
Taking dimensions of these vector spaces this implies
dimp Hy(X x YV;F) = > (dimg Hy(X;F))(dims Hy(Y; F))
k+l=q

Now we are ready to calculate:

P(X;F)P(Y;F) :i ( > (dimg Hi(X;F))(dimg Hl(Y;IF))) 2

q=0 \k+l=q
> " dimg Hy(X x YV;F)2* = P(X x Y;F)
q=0
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12. HOMEWORK ASSIGNMENT # 12

1. Show §(pUr)) = (dp) U+ (—1)k@U (%) for cochains ¢ € C*(X; R)
and 1 € C'(X; R).
For the proof see Hatcher, Lemma 3.6 on page 206.

2. Show that the cup product is compatible with pull-back of coho-
mology classes in the sense that for a map f: X — Y and cohomology
classes « € H*(Y; R), 3 € H(Y; R) we have

faup) = (ffa)U(f5).

Hint: Show first the analogous statement for cochains.
For the proof see Hatcher, Proposition 3.10 on page 210.

3. We recall that the homology of the Klein bottle K is given by

H,(K) = 7 q=20
T zez)2 g=1

(a) Use the UCT to determine the cohomology groups HY(K;Z/2).
(b) Determine the cup products on cohomology with Z/2 coefficients.
Hint: proceed similarly to what we did in class for determining the cup
products for the cohomology of the torus.

Proof. We recall that H,(K) is Z for ¢ = 0, Z&®Z/2 for ¢ = 1 and that
it is trivial for other ¢’s. We use the UCT

HY(K;7,/2) = Homy (H,(K), Z/2) ® ExtL(H,_1(K), Z/2)

For ¢ = 0, the hom term gives Homy(Z,Z/2) = 7/2, while the ext
term is trivial. For ¢ = 1, the hom term gives Homy(Z & Z/2,7./2) =
Z/2 @ Z/2, while the ext term is trivial. For ¢ = 2, the hom term is
trivial, while the ext term gives Ext}(Z @ Z/2,7/2) = Z/2. For all
other ¢’s both terms are trivial. Summarizing we have

7.)2 ¢=0,2
HYK:Z/2) =728 7/2 q=1
0 q+#0,1,2

For part (b) we do a cochain level calculation of cup products on a
small subcomplex of the singular chain complex of K. To identify this
subcomplex, we use our standard picture of the Klein bottle being ob-
tained from the square by suitably gluing opposite edges, and subdivide
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the square into two triangles as shown in the following picture.

Using our standard convention of how the orientation of edges deter-
mines a labeling of the vertices of a triangle (the 0-vertex has two tails,
the 1-vertex has a tip and a tail, the 2-vertex has two tips), we obtain
an affine linear map A? — I x I for each triangle which maps the i-th
vertex of A to the inb-th vertex of the triangle in question. Composing
with the quotient map I x I — K we obtain two simplices oy : A2 — K
(corresponding to the upper right triangle) and oy: A* — K (corre-
sponding to the lower left triangle). Interpreting as usual the edges as
1-simplices (using an affine linear map plus the convention that the tail
is the 0-th vertex) we have:

Jdoy=b—a+c Jogs=a—c+b

Let a*(K ) C Cy(K) be the subcomplex generated by the 1-simplices

a, b, c, the 2-simplices 01, 05 and the 0-simplex v corresponding to the
vertex. We note that ak(K ) can be interpreted as the cellular chain
complex of the CW structure of K given by the above picture and hence
the inclusion map a*(K ) — C4(K) is a chain homotopy equivalence.

Now we consider the cochain complex C* (K Z/2) = Homy(C,(K), Z/2).

Let a, B, € al(K;Z/Q) be the basis dual to a,b,c € C1(K), and let
©i, o € C*(K:7/2) be the basis dual to 01,09 € Co(K). Next we
calculate the coboundary map

§: CHK;Z)2) —s C2(K;Z)2).
We note that
(6a)(o;) = a(do;) =1 fori=1,2,

and hence da = @1 + 9. The same statement holds 3 and 7 (we
calculate with coefficients in Z/2!) and so 60 = 07 = p1 + . It
follows that 1, := a+~ and v, := 3+~ are 1-cocycles which represent



52

a basis for H'(K;Z/2). We compute:

(V1 Uthr)(o1) = i (b) - 1(c) =01 =
(1 Ut (02) = b1 (a) -9 (b) =1-0=0
(V1 Uhg)(o1) = 1h1(b) - 4ha(c) =0 -1 =
(11 U thy)(09) = b1 (a) - ha(b) = 1-1 =
(12 Uhg) (1) = ha(b) - tha(c) = 1-1 =
(Y2 Uthg)(02) = ha(a) - 1a(b) =0-1=10

This implies

YUty =0 1 Uths =0  haUthy = ¢

Passing to cohomology, we note that the 2-cocycles ¢; and ¢, both
represent the non-trivial element of H?*(K;Z/2) = Z/2. Hence the
above calculation implies

(1] Un] =0 and  [h1] U [t = [tho] U [tho] # 0
O

4. Assuming as known the cup product structure on the torus S x S*,
compute the cup product structure in the cohomology groups H?(My; Z)
for M, the closed orientable surface of genus g, by using the quotient
map from M, to a wedge-sum of ¢ tori (this is problem # 1 on page
226 in Hatcher’s book, where you can find a picture of this quotient
map).

Proof. To describe the cup product on H*(My; Z) we need to use suit-
able generators of H*(M,;Z). Our strategy is to use the cellular chain
complex associated to the standard CW structure of My: we view M,
as a polygon with 4g edges, which are pairwise identified; the (equiva-
lence class) of the vertices give one 0-cell v, the pairs of edges give 2g
1-cells ai, b1, ..., a,,by, and the polygon itself gives a 2-cell /. Hence
the cellular chain complex CEW (M,) has the following form:

g
CeV(My) =2Zv  CYV (M) =P Za; 0 Zb;  C§V(M,) =ZF

We recall that the boundary map in the cellular chain complex of M, is
zero and hence we can interpret the cells v, a;, b;, I’ as basis elements for
the appropriate homology groups. Let aq, f51,...,q,4,0, € H'(My;Z)
the basis dual to a1, by, . . ., a,, b,, and let v € H*(My; Z) be the element
dual to F' € Hy(M,).
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Claim. «; U 3; = 7v; all cup products involving different elements are
Zero.

To prove this claim, we will use the map f: My — Wy, :=TV---VT
described above from M, to a wedge of g copies of the torus T’ = S* x S*
to compare the cohomology ring of M, with the cohomology ring of W,
via the ring homomorphism

[ H*(WQSZ) - H*(MgSZ)

induced by f.

To determine the ring structure on H*(W,;Z), we first recall the
cohomology ring of the torus 7. We take the standard CW structure
on T (given by thinking of the torus as a square with opposite edges
identified), consisting of one 0-cell v, two 1-cells a, b and one 2-cell
F'. The boundary maps in the cellular chain complex are zero so
that we can interpret these cells as homology classes. Let a, 3 be the
basis of H'(T;Z) which is dual to the basis a,b of H,(T;Z), and let
v € H*(T;Z) be the element dual to F' € Hy(T;Z). In class, we've
shown that

aUfB=—-pUa=9

To prove that o;U3; = v, we will compare the cohomology ring of M,
with that of the torus 1" via the map induced by f; :=p;o f: M, — T.
The map f; is cellular; i.e., for every n, it maps the n-skeleton M to
the n-skeleton 7™ of T'. It follows that f; induces homomorphisms

(fi)s: O (M) = Ho (M, My™Y) — GV (M) = Hy (T, T"7Y)
which fit together to give a chain map
(fi)g: O (M) — CEM(T)

We note that f; maps the 1-cells a;, b; homeomorphically onto the 1-cells
a,b and maps all other 1-cells of M, to the base point. We claim that
the induced map

(fi)g: C5" (M) = Hy(Mg, My) — C5"(T') = Hy(T,T")

is an isomorphism. To prove this we find a point € M, such that f;
is a local homeomorphism near x. Hence f; induces an an isomorphism
on local homology groups and the claim follows from the commutative
diagram

(fi)«

Hy(M2, M) Ho(T%,T")

l (fi)« J/

Hy(Mg, My \ x) ——= Ho(T, T\ fi(x))

o
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Since the boundary maps in both cellular chain complexes are zero,
we can interpret the above statements as calculating the induced ho-
momorphism (f;).: H.(M,) — H.(T). This implies the following
statements concerning the induced homomorphism f: H*(T;Z) —
H*(M,;Z) in cohomology:

fi(a) = a; f7(B) = B; [0 =~
It follows that

a; U B = fi(a)U fi(B) = filaUpB) = fz‘*(Vl) =7
a;Ua; = fi(a)U fi(a) = filaUa) =0

Similarly, 3; U 3; = 0. To show that the cup product of classes with
different subscripts is always zero, we will use the following result.

Lemma 3. Let a € H*(X; R) and 3 € H'(Y;R) be cohomology classes
with k > 0,1 >0, and let p1: X VY — X, po: X VY — Y be the
projection maps. Then pia U ps3 = 0.

Before proving the lemma, let us use it to show that the cup product
of classes in H'(M,;Z) with different subscripts vanish; e.g.,

a; U P = ffaU fiB = fpiaU fp;f = f*(piaUp;B) = 0.

To prove the lemma, we note that the inclusion maps#;: X — X VY,
19: Y — X VY give us an isomorphism

@i H(X VY;R) — HY(X;R) & H,(Y;R)

for ¢ > 0. We’ve proved this for homology groups; the same proof
works for cohomology. Alternatively, we could deduce the cohomology
statement from the homology statement via the UCT. It follows that
for the proof of the lemma, it suffices to show that i}(pja U p33) = 0
for j =1,2.
i (Pra U pyf) = (ifpier) U (i1p33) = v U (pain)"

We observe that pei;: X — Y factors through the base point pt €
X VY. Since Hi(pt; R) = 0 for ¢ > 0 and f is a class in positive

degree, it follows that ijp;3 = 0. The argument that i5(pija U p353)
vanishes is completely analogous. This proves the lemma. 0



