Homework Assignment # 9, due April 2

1. Let Y be a convex subset of a euclidean space, and let AC.(Y) C
C«(Y') be the subcomplex generated by affine linear simplices. Let
(1) St AC,(Y) — AC,(Y) T:AC,(Y) — AC4+1(Y)

be the linear maps constructed in class. We recall that the ‘barycentric
subdivision map’ is a chain map AC.(Y) — AC.(Y), and that T is a
chain homotopy from S to 1, i.e.,

TO+0T =1-S.
We extend S and T to linear maps
S Cg(X) — Co(X) T: Cy(X) — Cga(X)
on chains on any space X by defining for a simplex o: A — X
S(o) = o4S]eg, - .-, €4 T(o) =0xT]eg, ..., e

Here [eg,...,e,: A" — A" is the affine linear simplex given by the
identity map; in particular, we can apply the maps (1) to it (for Y =
A?) and obtain affine linear chains Sle, ..., e,] € AC,(A?) C C,(A?)
(resp. Tleg, ..., ey € ACu+1(A?) C Cyy1(A%)). Then we can apply the
chain map
oy Cu(AT) — Ci(X)

induced by o: A? — X to obtain a chain in C,(X).

(a) Show that S: C\(X) — C.(X) is a chain map.

(b) Show that T is a chain homotopy from S to the identity of C,(X).

2. Show that for k,1 > 1

~ _ Z q=I1k+1
H,y((S" x D" /(8% x 5'71)) = ’
(5 x DY)/(8* x 5'71) {0 2t L

3. Suppose M is a compact manifold of dimension n, and suppose
f: 8% x D"k — M is an embedding (i.e., a homeomorphism onto its
image). Let M’ := M \ f(S* x int(D"7*)), and let

—

M := M’ Ugrygn-r-1 DFF x gn=k=1,
in other words, M is obtained from the disjoint union
M 11 Dk—i—l % Sn—k—l
by identifying a point (z,y) € S* x Sn=*k=1 C DM x Sk~ with

f(z,y) € M'. Tt is not hard to show that M is again a closed n-manifold.

This is an important way to modify a manifold M called surgery. More
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precisely we say that M is obtained by a k-surgery from M. The effect
on homology groups is easiest to determine for £ < m for n = 2m or
n =2m+1 (mis called the ‘middle dimension of M’ and consequently
this is called ‘surgery below the middle dimension’).

(a) Show that the inclusion M’ — M induces an isomorphism on H,
for ¢ < m. Hint: consider the long exact sequence of the pair (M, M),
show that this is a good pair, and identify M /M’.

(b) Show that the inclusion M’ — M induces an isomorphism on H,
forq <n—1, q+# k,k+ 1. Hint: consider the long exact sequence of
the pair (M M), show that this is a good pair, and 1dent1fy M/M’

(c) Let g be the composition Z = Hy(S*) = Hy(S*x D"=F) iR Hp(M).
Show that Hy(M) = Hy(M)/g(Z) and
— Hy (M injective
Hu (31) = { oM g injective
Hy1(M)®Z g not injective

Hint: in order to identify the boundary homomorphisms in the exact

sequence of the pair (]\//7 , M"), compare with the long exact sequence of
the pair (D*1, S%).



