
they ; 5 : ✗ → Th action functional
[ space of field ( in our

"

toy case
"

,

dim ✗ < •)

classical observables : Obs
'd
;=Ñ( sym.IT ✗ [ is ))

,

Q)
,

Q= - last
{si }

IEEE
stnnt-ueofo-b.cl : shifted Poisson algebra

, i.e
il Obsd is a graded algebra with differential Q
it? Obs" is a graded lie algebra with {

,
} of deg +1 } + compatibility

relations&
, } ultimately comes from the tiebracket of vectorfields )

i

quantum observables : Obi
:-, ( 1- ( symTT✗[D)/☒RIKI , Q -1k¥)

Ipf BV- Laplacian
want'm BV- complex Bv corresponds yf- graded commutator

to the de Rham
properties of Ag; it 2--0

differential via
it) [Apu ,Q] = 0 ( [ ☐

Bvi
Q] = ABVQ + Q _̂ B✓ the isomorphism 1iii) Bfab) =ABfa1b + C- 171%1,34b) + { a ,b} mm, from

measureNo



Observations : :o) A dga ⇒ H*(A) is a graded algebra
e.g.
A=Obsd with multiplication [a) • [ b) :=[ a:b]

d derivation ⇒ (da=odb=o ⇒ d(ab7=o)
it) Obs9 is not a dga , since

Q + I
Bv is not a derivation

T T

derivation not a derivation
due to term { aib } in (iiil above

(



"

specialcase-rfoeefieldthe.org#-
✗ vector space 51×7=1 LAX

,
×>

<
,
> : ✗✗✗ → IR non -deg . symm ,

bilinear from
A :X → ✗ self-adjoint

C-D= TXI -D= ✗ ④ XEB
" Épaded vector space

T
via <

,
>

⇒ Obs •
= Oley = Sym

.

(E) {= ⑦④✗ 1-☐F- its ⑦
U

v deg -1 0

linear observable} = E

they: Q and Z
,
} Gn each slot) are derivations ; hence they are

determined by specifying them on EI ✗
"

[☐ ⑤ Xv
Er

: [ is {
, } : XYD ✗ → R

deg - I 0 Call]
, b) i→ < a ,b>

This completely describes the shifted Poisson structure on Obs
&



what is Aizu ? ABR / symYÉY
for i=°"

recall : A→✓( ab ) = Aorta b + C- 171^1*61 + { a ,b} (*)

for a. be sym
'
=) ( ab ) = { qb}

A

sym
'

⇒
*, Tgv

: Symkcyr) → Sym
"

-2417 is determined

by {
,} .

Q=A

-8 : E :-( XYD →" Xr ) dog vector space

Obs&= ( Sym
.

(E) ,Q) [
determined by u

Obs " = ( Sym
.

(E) ☒RIAD , Q-ih-I.su )
" is " E-



First real example : free scalar field theory
• space-time-MRiem.mbd.e.g.tt/Rt Laplace operator
• space of fields in

spacetime region Ucm
÷ ECU) = CHU .IR ) y

• action functional:S : ECU)→ IR (energy ) , 51017 = I < 01,01>

☐ : ctfu> d-situ> # Tcu) < fig > : -_ 5 f. gud for f.ge Ecu)

su-tety-bo.I.SC/o7isnHoeaKydefinedforanFc-Ttu7introvert
unlike scop for c- ECU)

,

d5¢47 makes sense £ c-CFD,x⇐cT(u)
since Scotty) - 5147=15^-10++41,0++47 - { < aol.IO>

-

- t.tk aol.nl> + Cart
,
> + E- < Artie>hÑ

= t < ☐0.x> + < AY
,
-1> (these terms make )dsptx-d-dtlz.ro = < ☐ 01,47 sense since Heckled

solution : define critics?:{ to c- Etu / dsotrh-ov-nc-0.lu}
[ [ ,



Like Bedoy example
,
except ✗ : -_ TCU) has dim✗= •

E :-. TXEB = TAPIOCA-☐

E
"

= 0Ñ[ ☐ ¥ CHUY problem : C
,

> on
CTU? does-m.hr

linear determine inner product on

E
! :=cIfux§ ctfu

← observables CHUM { distributions}
.

Solution
: replace by

Obsdtu :=(symTE ! )
,
Q ) coccus court

Obilfu :=(SymTE ! /☒RIKKI , +t.a.pt '→ ( g→ <t.gs -- Sfgvd)

t
determined by pairing on E

!

{ f , g } ÷ < f.gs
a

CHUM]

"

CIM



Def, A free field theory on an ntnfd M consists of :
E sheaf of dg vector spaces

(c) vectorbdtsET-MFAO-m-TC.FI?iFTlIE+P-~⇐e) differential operators → T(En ? ⇐

S.t. QkoQ←
,

= 0 and the complex is elliptic

(this implies that cohomology groups are finite dim for M compactEx : dethham complex →SEEMS -452# YM)→
Ilie) Eik : = E-I☒11774

; pairing
<

,
> : MEK ) ✗ ICE! / → IR

, ←
linear observables < fig> := [ < fatigue> ER

Ei : →

ÑEÉY
m- in

A"Tn
deg -1km ) - k QI : ICE!

,
? → ICE ! )

a pairing {
,
] : Ee !×E! → IR adjoint to Qu

of degree +1 compatible with differentials < Qkf
, g > = < f , Ig>

{ Off , g) + C- r
't ' { f. Oig3=0 for fetter , SETTEE, ,)



no ?;"?;!;µmTI,?:n•bservabks•taAee£e1d'hewy_
open

Obscltu :=§ym•(E!cu7)
,

OF) classical observables

TEsenables

0biYU:=(Sym•( Ed.lu#lRKh-D,Q*+-hApw)Manhm
"

Obs : Open (N) → Ch functor

U.im cvmv:0bs(Up ⑦ Obs (Nz) → Obs (v7Milk

f- ☒ g - f. g
chain map ? t

products in Sym
.

for boil ok
,
since Q* is derivation f- vanishes if

for Obi : A,zv(f. g) =D,zr(f) •

g + C- n'ftp.Apwlg7-i {f. g} fig
hare

disjoint
support .



¥.

Obie + Obs9 are factorization algebras

If : multiplicative :
Obsfu

,
# Ud=Obs(Up -003s CUD

duets exponential property of Sym•
descent property s n → Effy (homotopy) co sheaf

writ
. ordinary covers

I

Ui→Sym•(ÉCuD
n

n

" Weiss covers


