
Recall : "M mhd
,
wc-RYtdissymple.ch?cform- if

• dw = 0

• 1- (TM) €147M )
✗- lxw

Le_m_A c-(M) → TCTM?

f- Xf Hamilton.sn#tooh-eld
determined by L¥w=

- df
is a lie algebra homomorphism was !
commutator bracket [

, ] on TCTM / = { vector fields on M}
Poisson bracket { it on (M? given by { f. g}=Xfg=w(✗f. ✗g)

Ex : M=T*1R=R×R W = dprdq
t

base
← G-bar

9-- position P -- momentum
✗q=

-¥ ✗p=¥g
{ pig} = w(Xp ,✗g) = W/IT ,

- Bp )= dpndq ftp.?-ql-- I



structure oh FIM ) for a symplectic mfd M ;

algebra structure : • multiplication of functions

lie algebra u : { , } Poisson bracket

1*7 Compahibity : { f , -3 : 01147 → PAY
is a derivation want, the

algebra structure on CMMI
,i. e. { f. g. h } = { f. g3.tn + g. { f. h}

Def : A Poissonagébra is an algebra A

plus a lie algebra structure {
, 3

with compatibility G) .



physic description of mechanical systems :

{
states of the } = µ ← symplectic mld
system
fphase space)
{ classical observables } = 0cm)
✗ c- M state at time t=0 ⇒ 10+1×7 state at time t

describe { § is
a God on M fie

,
IR → DiffAD is a homomorphism

the
t i→ lot

dynamic corresponding vector field d ten c- TCTM)
.

of the Ñlt=o

physical HE TCM) HamiHoaianfmchon_
system

✗
#
=
d-¥
dtlt-0

feelin observable d¥¥⇐o=Xµf={Hit }



EI : particle moving in a Thiem
. mfd ✗

phase space =
-1-

☒

✗ = M symplectic mfd
W=dQ

Hamiltonian function Hlx
,
} ) = 1113112

A A

✗ TIX
✗
a

= generator of
the geodesic flow out

*

✗
.

specialize : ✗ = IR
,

M = TYR

H=Ip2
⇒ q#-qlo7

÷¥= ? %== ?
expectation : =. o proportional to :p

¥d={H,p3={±p?p}= -ftp.pif-od#--dH,q3--{Ep?q} = - Efg ,p7= - I / 29 .p3•p+p{9. p
} )

=P



dhiyressiononlieden-vah.ve#Mmhd
,
vector field ✗

,

associated flow of :M→M

f e CM) d- toff ) (⇒ = ✗ f- = dflx) c- CHM?
dt

↳
Y c- TCTM) Lil:=¥ (01+1*4)=[4-1]
✗ c- GYM µ÷%+4¥7=d↳d%yµ,t Cartan formula

→

the derivative of a
Th direction ✗

↳ : I'M → stay

↳ Can B) = (1×2) ^ B + a r¢×P)



Def : (M
,
W) symplectic mfd

✗ c- TCTM) is a

sympbih-cvedorh-eld.in.::¥:::÷÷÷÷
claim : ✗

f
is symplectic

If : L✗fw = dc×fw + Ldw =d( - df7=o
CF IF

¥3 : X ,
Y symplectic ⇒ Luny,

w = - d w CKY)

Pt : two ways to calculate ↳ Ly W :

↳ llyw ) Gay] w + 4¥w = '
[xiisw

product rule



Lxllyw ) ¥ Lxdlyw
+ dlxcyw = dlzwcy, -7

A

=D WCY , ✗7↳ (duytlydlw
= - dwcxiy )

11 CF

↳ Lyw
← Y sympl .

•

apply claim2 to the aympl. ✓ f. Xp & Xg
(
[Xp ,✗g]

W = - dwarf ,Xg7 = - d { f , g}

I
✗ { fig} = [Xp,Xg] ☐

Xp is defined by

lxgw
= - df


