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Introduction

Let f: X — Y be a finite surjective morphism of degree d between n-dimensional
connected projective manifolds X and Y. Let £ := [(f.Ox)/Oy|*. It is a beautiful
theorem of Lazarsfeld [La80] that when Y is P", then for any such f and X, the
vector bundle £(—1) is spanned. There have been many partial generalizations of
this result for homogeneous Y, e.g., [De95, De96, Ki96a, Ki96b, Ma97, KM98|. In
this article we investigate spannedness and ampleness properties for not necessarily
homogeneous Y.

£ has a number of tendencies towards positivity. For example, using relative
duality £ = f,wx/y /Oy, and thus £ is weakly positive in the sense of Viehweg, e.g.,
[Vi95]. In particular this implies the nefness of € for Y a curve. We also prove this
for Y an abelian surface. Moreover, £ ® £ always has a nontrivial section, coming
from a natural linear map from £* to £ induced by f, which is an isomorphism over
a dense Zariski open set of Y, see Lemma (1.13).

Though it follows from the weak positivity that £ is nef when dimY =1, it is
easy to construct examples with £ not even nef. Indeed, if f expresses X as a double
cover of Y, then £ = L where the discriminant locus is an element of |2L|. Thus
if Y possesses a nonnef line bundle with some even power having a smooth section,
then we can construct a covering with £ not nef.

Even when £ is nef, ampleness can fail in a number of different ways. For
example, if Y possesses an unramified finite cover f : X — Y of degree d > 1, then
& is nef with no sections, but with all Chern classes zero (see Theorem (1.20)). Thus
the best possible result for ampleness would be, “if £ is nef, and f does not factor
through an unramified covering of Y, then £ is ample.” The first place to check this
result is for curves, since in this case £ is always nef. It is, in fact, true for ¥ = p!
by Lazarsfeld’s result, and for Y an elliptic curve by a result of Debarre [De96]. Our
Theorem (2.1) shows that this result holds for arbitrary smooth curves.

Unfortunately, in dimensions > 2, the double cover construction shows that £
can fail to be ample, even “if £ is nef, and f does not factor through an unbranched
covering of Y. Some of the restrictions imposed by the hypothesis that £ is ample
for all covers are given in Theorem (1.27) and Corollary (1.28). For example, the
only smooth connected projective surfaces S, which stand any chance of having the
property that for all finite surjective morphisms from connected projective surfaces



to S, the associated bundle £ is ample, are P?; a minimal K3-surface with no —2
curves; or a surface with an ample canonical bundle, for which there are neither
nontrivial unramified covers over it, nor nonfinite morphisms from it onto positive
dimensional varieties.

In §3, we show in Theorem (3.2) that & is always spanned for Y a smooth Del
Pezzo surface with K¢ > 5. We show in Theorem (3.3) that & is spanned over the
Hirzebruch surfaces F,, under the added condition that if » > 2, then the section
E, of the projection p : Y — P!, with negative self-intersection does not lie in the
discriminant locus of the covering. We also show in Theorem (3.7) that £ is ample
over the Hirzebruch surfaces F,, under the further condition that the general fiber F,
of the projection p : Y — P!, has connected inverse image under the given covering.
The conditions are also shown to be necessary.

In §4, we show in Theorem (4.2) that & is always spanned for Y a smooth
Del Pezzo manifold of dimension n > 3 when b := H™ > 5. Here by definition
—Ky = (n — 1)H for some ample line bundle H on Y. We also show Theorem
(4.3), which states that h°(€) # 0 under very mild conditions, i.e., if b times the
degree of the covering is at least five. Finally we ask when h°(€ ® (—H)) # 0. Using
adjunction theory, we show in Theorem (4.7) and (4.10) that this is so for branched
covers of Del Pezzo manifolds, except in very rare circumstances.

For our induction arguments, we were forced to consider branched covers over
manifolds Y with domains X merely normal Cohen-Macaulay with finite irrational
locus, i.e., for each point = of X, the local rings of germs of holomorphic (or alge-
braic) functions at = are Cohen-Macaulay and normal, with the set of nonrational
singularities of X finite. One interesting aspect of our work is that many results,
e.g., Lazarsfeld’s original result, hold at this level of generality.

We dedicate this paper to Robin Hartshorne. His work has significantly enriched
algebraic geometry. It has also been a stimulus for our work: indeed, a main result
of this paper is based primarily on Robin Hartshorne’s beautiful characterization
[Ha71] of ample vector bundles on curves.

We thank the Department of Mathematics and the Duncan Chair of the Univer-
sity of Notre Dame for making our collaboration possible. We also thank Meeyoung
Kim and Robert Lazarsfeld for helpful comments on this paper. In particular, Robert
Lazarsfeld suggested using Castelnuovo-Mumford regularity in Theorem 1.17 to im-
prove our original result about nefness of £ off the branch locus. He also suggested
Problem 1.19 and then found the elegant solution, which appears as an appendix
to this paper. The second author thanks the Department of Mathematics of the
K.T.H. (Royal Institute of Technology) of Stockholm, Sweden, where this paper
was finished.
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1 General results on branched coverings

In this paper we work over C. By a variety we mean a complex analytic space,
which might be neither reduced or irreducible. Let f : X — Y be a surjective finite
morphism between n-dimensional projective manifolds. Let £ := [(f.Ox)/Oy]*.
Here are some of the known results on the structure of £.

1. If Y =P", then £ is ample and spanned by Lazarsfeld [La80)].

2. If Y is a quadric, then & is spanned by [Ki9b] and £ is ample if 3 < n < 6
by [KM98|.

3. If Y is a Grassmannian, then £ is spanned, and k-ample [Ki96a], and in fact
ample [Ma97].

4. By [KM98], it follows that if Y is a Lagrangian Grassmannian, then £ is ample;
and that for some other homogeneous Y, £ is spanned.

5. £ is ample if YV is an elliptic curve and if f does not factor through an étale
map [De96].

We need generalizations of Lazarsfeld’s theorem for mildly singular X.
The general setup of these results carries over to Cohen-Macaulay X. Note that
reduced curves have at worst Cohen-Macaulay singularities.

Setup 1.1 Let f : X — Y be a finite, degree d, morphism from a reduced pure
n-dimensional projective variety X onto an n-dimensional projective manifold Y .
Assume that X has at worst Cohen-Macaulay singularities. Since f is flat, f.(Ox)
is locally free of rank d. By the trace map, f.(Ox) has a canonical direct summand
Oy ; therefore we can define a locally free sheaf £ of rank d — 1 by setting

f«(Ox) =& & Oy,
When the map f is obvious from the context, we usually denote the sheaf £ as £.

We make the above singularity assumption on X, not because we want to state
the most general theorems, but rather because we will need the more general choice
of X in induction procedures. We will often make the added assumption that X
is normal with the irrational locus Z(X) finite, i.e., with the locus of nonrational
singularities finite. This assumption guarantees that the crucial vanishing theorems
are still valid [So85].

We need the following slight variant of the results in [So85].



Lemma 1.2 Let X be a normal n-dimensional projective variety with at worst
Cohen-Macaulay singularities. Assume that the irrational locus of X is finite. As-
sume that L is ample and D is an effective (possibly empty) reduced Cartier divisor.
Assume that either:

1. n<2; or
2. D is normal with finite irrational locus.

Then h'(—=L — D) =0 for i < n.

Proof. If D is empty, this is part of the Kodaira vanishing theorem of [So85]. For
n = 1, the result follows immediately from Serre duality.
Consider the sequence:

0—>(.UX®L—>CUX®L®OX(D)—>wD®LD—>0.

If n = 2 then by Serre duality we have h!'(wp ® Lp) = 0 and thus using [So85],

h(wx ® L ® Ox(D)) =0 for i > 1. This shows the lemma when n = 2.
If n > 2 then we obtain the result by using the results of [So85] on D and X.
Q.E.D.

It is conjectured that £ is always ample if Y is rational homogeneous with by = 1
[KM98] or if V" is simple abelian and f does not factor through an étale map [De96].

First we make a technically very useful generalization of Lazarsfeld’s theorem to
the Cohen-Macaulay case.

Theorem 1.3 Let f : X — P" be a finite surjective morphism from a pure di-
mensional reduced projective variety X with at worst Cohen-Macaulay singularities.
Assume that either n = 1 or that X is normal with finite irrational locus. Then £
is spanned. If further X is either irreducible or a connected curve, then E(—1) is
spanned, and, in particular, £ is ample.

Proof. First assume that n = 1. Then the spannedness of £ will follow if
h'(E(=1)) = 0. We have

hH(E(-1)) = B (€7(=1)) = h*((f.Ox)(=1)) = h*(f*Op:(~1)) = 0.
The spannedness of £(—1) will follow from A'(£(—2)) = 0. We have
hY(E(=2) = h°(&*) = h°(f.Ox) — 1=K’ (Ox) — 1.

Now note that if X is connected, then h°(Ox) = 1.

To show that £ is spanned for a given n > 1, we assume by induction that the
result is true for dimensions < n — 1. Choose an arbitrary point y € P". Choose a
general D € |Opx(1)| passing through y € P*. D := f~1(D) is reduced, with at worst



Cohen-Macaulay singularities. By induction the sheaf £ is spanned. Moreover the
irrational locus is finite. Then by [So85] (see Lemma (1.2)) it follows that

H'(E(-1)) = H" (X, f*Opn(—n)) = 0,

and thus the map H°(€) — H°(Ep) — 0. Finally note that £ = Ep (see (1.5).

To show that £(—1) is spanned for a given n > 1, we assume by induction that
the result is true for dimensions < n — 1. Choose an arbitrary point y € P"*. Choose
a general D € |Opn(1)| passing through y € P*. D := f (D) is reduced, with at
worst Cohen-Macaulay singularities. Moreover [So86], D is irreducible if dim D > 2
and connected if dim D = 1. Then by [So85] it follows that

HY(E(=2)) = H* (X, f*Opn(—n + 1)) = 0.

Thus the map H°(E(-1)) — H°(Ep(—1)) — 0. Now use & (—1) = Ep(—1).
Q.ED.

By the same argument as in Theorem (1.3) we obtain

Theorem 1.4 Let f: X — Q, be a finite surjective morphism from a pure dimen-
stonal reduced projective variety X with at worst Cohen-Macaulay singularities onto
a smooth quadric @QQ,,. Assume further that X is normal with finite irrational locus.
Then £ 1is spanned.

We will use (and have already used) the following easy fact several times.

Lemma 1.5 Let f : X — Y be a finite surjective morphism from a pure dimensional
reduced projective variety X, which is locally a complete intersection, onto a smooth
projective manifold Y. Let C C'Y be a smooth (or a locally complete intersection)
curve. Then, letting X¢ := f~1(C), E]C = (f|X¢)«(wxo/c)/Oc-

Proof. Notice that X might not be smooth, however X C X is locally a complete
intersection, so that wy,y makes good sense. Then our claim follows immediately
from the adjunction formulas for C' C Y and X C X and from the relation for the
normal bundles Nx x = (f|C)*N¢yy. Q.E.D.

Remark 1.6 Let GS (respectively GS’) denote the set of all projective manifolds
Y with the property that given a finite surjective morphism f : X — Y from a pure
dimensional projective manifold X (respectively normal Cohen-Macaulay variety X
with finite irrational locus) to Y, H°(Y, &f) spans &; over a dense Zariski open set of
Y. Then it follows that given Y € GS (respectively GS'), A xY € GS (respectively
GS') for A either projective space or the smooth quadric. This follows by the same
induction used above, and the fact that given a semiample bundle L on a pure
n-dimensional normal irreducible Cohen-Macaulay projective variety X with Z(X)
finite, we have the vanishing H/(Kx + L) = 0 for j > n — k(L), where (L) is the
Kodaira dimension of L.



Remark 1.7 Let f : X — Y be a finite morphism from a reduced pure n-
dimensional Cohen-Macaulay variety X onto a connected projective manifold Y.
There are many instances when &y is spanned. In this case, what can we say about
the k-ampleness of &; in the sense of [So78]7 Clearly £ is (n — 1)-ample if and
only if X is connected. To see this, just note that since & is assumed spanned, it
follows that if it is not k-ample, then there exists an irreducible subvariety Z C Y
of dimension at least k + 1 and a trivial summand of £ z. Thus h°([f.Ox]z) > 2.
So if & is not (n — 1)-ample, we have h°(Ox) = h°(f.Ox) > 2, which combined
with X being reduced, shows that X is not connected. The same argument implies
the following “criterion” for ampleness of £y when dimY = 2: “if £ is spanned,
then & is ample if the restriction of £¢ to the branch locus of f is ample and if
inverse images under f of irreducible curves are always connected.” The key point
of the argument is that if dimY = 2, then an irreducible and reduced curve C' on
Y is Cartier. Thus C’, the inverse image of C' under f, is Cartier. Therefore, C’ is
Cohen-Macaulay (since effective Cartier divisors on a Cohen-Macaulay variety are
Cohen-Macaulay). If C' is not contained in the ramification locus of f, it follows that
(" is generically reduced, and therefore (since C’ is Cohen-Macaulay) it is reduced.
Thus we conclude that h°(€,,) = 0 if and only if C" is connected.

Here is a general result giving “generic semipositivity” of £, under the assump-
tions in (1.1) plus the assumption that X is smooth.

Basic Observation 1.8 Let f : X — Y be a finite surjective morphism from a pure
dimensional reduced projective variety X, which is locally a complete intersection,
onto a smooth projective manifold Y. f,(wx/y) ~ & ® Oy.

Proof. Notice first that f,(wy/y) is locally free of rank d, which follows immediately
from the flatness of f via standard cohomology theorems. Then by relative duality

felwxyy)" ~ fu(Ox)
which gives the claim. Q.E.D.

Our purpose is to generally investigate how “positive” the vector bundle £ could
be. To state a general result, we recall the following definition due to Viehweg.

Definition 1.9 Let Y be a projective manifold and F a locally free sheaf on Y.
Then F is weakly positive if and only if for all ample line bundles H and all positive
integers a the bundle S%®F ® H’ is generically spanned for b >> 0.

To make this definition a little more suggestive we weaken this notion in the
following form

Definition 1.10 We say that F is generically nef, if there exists a countable union
A = J; A; of proper analytic sets in X such that F|C' is nef for all curves C' ¢ A.



For a discussion of generically nef bundles we refer to [DPS99]. We clearly have
the following result.

Proposition 1.11 If F is weakly positive, then F is generically nef.

Theorem 1.12 Let f : X — Y be a finite surjective morphism between projective
manifolds. Then the bundle £ is weakly positive, in particular it is generically nef.

Proof. Having in mind (1.5), this is just a special case of a result in [Vi82]. Q.E.D.

We shall see below that “in general” £ will be neither ample nor spanned nor even
nef, even if Y is a surface, e.g., due to the existence of (—1)-curves. Nevertheless
there is some tendency towards £ having sections. In (1.22) below we see by a very
simple argument that £|C' is nef fo the general smooth complete intersection curve

C.

Lemma 1.13 Let f : X — Y be a finite surjective morphism between projective
manifolds. Then, there is an exact sequence

0 =& —>E&—>8—0,

with the reduced support of S equal to the image under f of the ramification divisor
B C X. Thus h°(E ® €) > 1 and there is a section of 2det £ with zero set equal set
theoretically to f(B).

Proof. Since the higher direct images under f of coherent sheaves are 0, the direct
image of the exact sequence

0— OX — wx/y — Ox(B) — 0,

gives the desired exact sequence.

Since the map from £* to £ is an isomorphism over a Zariski dense open set,
we conclude that we have a sheaf map from —det £ to det £, with cokernel having
support equal to the image under f of the ramification divisor B C X. Thus
2det £ has a section which vanishes on the set theoretic image f(B) under f of the
ramification divisor B C X. Q.E.D.

There is some hope for ampleness if Pic(Y) = Z.

Corollary 1.14 Let f : X — Y be a finite surjective morphism between n-
dimensional projective manifolds. Assume that f is not an unramified cover. If
the Picard number p(Y) =1, then det & is ample.

Proof. By Lemma (1.13), 2det £ has a section which vanishes on the set theoretic
image f(B) under f of the ramification divisor B C X. Since f is not an unramified
cover, f(B) is nonempty, and det £ is ample. Q.E.D.



Remark 1.15 Using the relative Riemann-Roch theorem it follows that given a
finite degree d surjective morphism between n-dimensional projective manifolds,

folwxyy)  fo(B)

alf)="75—="5"

where B is the branch locus of f. Similarly, the higher Chern classes of £ can be com-
(wy +det &) -det &

2

puted. For example, when n =2, () = dx(Oy) — x(Ox) +

Next we collect some trivial but basic results on the cohomology of £ which will
be used again and again.

Proposition 1.16 Let f : X — Y be a finite morphism from a pure dimensional
projective variety X with at worst Cohen-Macaulay singularities onto a projective
manifold Y. Then

1. hi(X,wxyy) = hi(Y,€) ® HI(Y, Oy).
hO(Yv, 8) = hO(X,wx/y) -1
H1(X,0x) = HI(Y,E*) ® HI(Y, Oy).

If Y is Fano and X satisfies the additional conditions of being normal with
finite irrational locus, then HY(Y,E) =0 for ¢ > 1.

5. If Y 1is Fano, and X satisfies the additional conditions of being normal with
finite irrational locus, and —wx = rH with r > 2 (so X has indez at least 2),
then HI(Y,E(—H)) =0 for ¢ > 1.

Proof. (1), (2) and (3) being clear, (4) and (5) follow by Kodaira’s vanishing theo-
rem. Q.E.D.

Notice that (5) implies that if h9(Ox) > h?(Oy) for some 1 < ¢ < n —1, then £
cannot be Nakano positive. We will investigate £ mostly on Fano manifolds of large

index and in low dimensions. Here is one result of more general nature.

Theorem 1.17 Let f: X — Y be a finite surjective morphism from the projective
manifold X of dimension n to the abelian variety Y. Then &y is nef.

Proof. This is an easy adoption of the proof of [DPS94, 3.21]. Adopting the
arguments of (ibid.(ii)) word by word, we need to prove the following.

Let G be a very ample line bundle on Y. Then f,(wx) ® G"*! is spanned.

This follows immediately from noting that f,(wx) ® G™*' is Castelnuovo-
Mumford O-regular. Indeed, let y be a point of Y. Choose n sections sq,...,s,
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of GG, whose scheme-theoretic zero set includes y as a nonsingular component. Let
K* denote the tensor the Koszul complex associated to the section s; @ --- @ s, of
G with f,(wx) ® G. Applying Kodaira vanishing to the hypercohomology of K*
shows that f,(wy) ® G™"! is spanned.

Then introduce A : ¥ — Y, 2 — 2z, make the base change A\’ and argue as in
the second part of [DPS94]. Q.E.D.

Corollary 1.18 IfY is the product of an abelian variety and projective spaces, then
E 1is nef.

Robert Lazarsfeld suggested the following problem based on the original version
of Theorem (1.17). Later he found the positive solution to in, which is presented in
an appendix to this paper.

Problem 1.19 Let f : X — Y be a finite surjective morphism between n-
dimesnional projective manifolds. Is it true that £ is always nef modulo the dis-
criminant locus D, i.e., E|C is nef for all curves C' ¢ D?

The following summarizes the general things that we know in the unramified
case.

Theorem 1.20 Let f: X — Y be a finite unramified morphism from a connected n-
dimensional projective manifold X onto a connected n-dimensional projective man-

ifold Y. Then
1. E2E* and h°(E) = 0;
2. € is nef;
3. the i-th Chern class ¢;(€) vanishes for i > 1; and

4. & has a filtration by hermitian flat vector bundles.
Proof. Since wy = f*wy, we have that wy,y = Ox. Taking direct images we
conclude that

E'® Oy = f.(Ox) = fu(wx)y) =€ D Oy,

and therefore that £* 2 £.
To see that h°(€) = 0, simply note that

h°(E) = h° (%) = B°(Ox) — h°(Oy) = 0.

To see nefness of £, it is equivalent to show nefness of (f.Ox)*. By definition this
comes down to showing that there is no finite morphism ¢g : C' — Y of an irreducible
and reduced projective curve C' to Y with the property that there is a surjection
g* [V*] = L* — 0 of the pullback under g of the vector bundle V* associated (f.Ox)*



onto L£* a line bundle on C' with deg L > 0. We argue by contradiction. Assume
otherwise that there is such a surjection, or equivalently that there is an injection

We have an inner product defined on f,Ox by using the trace. Given two
elements s,t of the fiber of V at y € Y, define (s,t) = tr(st), where, letting Z;-1,
denote the ideal sheaf of the fiber of f over y, we identify s, ¢ with the corresponding
elements of Ox /Z;-1(,). Define the function i : V' — R by sending s € V' to (s, s).
This function is a plurisubharmonic exhaustion of V', since f is unramified. In
particular the restriction of h to £ is a nonconstant plurisubharmonic function on
L. But, since £ has positive degree, any plurisubharmonic function on L is constant.
This contradiction shows the nefness of £.

Since the metric (s, t) is flat, i.e., its curvature form vanishes, we conclude that

the Chern classes ¢;(€) of £ with ¢ > 0 vanish. For the last statement we refer to
[DPS94]. Q.E.D.

Corollary 1.21 Let f : X — Y be a finite morphism from a connected n-

dimensional projective manifold X onto a connected n-dimensional projective man-
ifold Y. Then f is unramified if and only if ¢;(£) = 0.

Proof. By Theorem (1.20), we can assume without loss of generality that f is
ramified. If n = 1, then the result follows from the following Lemma.

Lemma 1.22 Let f : X — Y be a finite morphism between smooth connected
curves. Let T denote the degree of the ramification divisor of f. Then f.(wx/y)
and & are nef, and deg f.(wx/y) = 3; in particular det(E) is ample unless f is an
unramified cover.

Proof. The nefness follows from (1.12). Let ¢ := deg f.(wx/y) = deg&. By
Riemann-Roch we have

X(felwxyy)) = d(1 - g(Y)) +c,

where g denotes the genus. On the other hand Riemann-Roch on X gives

X(f*wX/Y) = X(WX/Y) = X(wx ® f*(u);l))
= —x(f(wyh) = g(X) =1 =d(29(Y) - 2).

Putting things together and using the Riemann-Hurwitz formula, the claim follows.
Q.E.D.

Thus we can assume that f is ramified and also that n > 2. In this case let C' be a
smooth curve on Y obtained as the intersection of n—1 general elements of | L|, where
L is a very ample line bundle on Y. By Bertini’s theorem, C' and X¢ := f~'(C)
are smooth. By Kodaira’s vanishing theorem, X is connected. Since X is the
intersection of ample divisors, it meets the ramification divisor nontrivially. This
gives that deg(f.(wx./c)/Oc) > 0. Since fi(wx./c)/Oc = Ec, we conclude the
contradiction that ¢;(€) # 0. Q.E.D.
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Proposition 1.23 Suppose that f : X — Y factors through an unramified cover:
f=boawithb:Z =Y unramified of degree at least 2. Then £ cannot be ample
and moreover £ is not spanned at any point.

Proof. In fact, & = (b.(Oz)/Oy)* is numerically flat with no sections by Theorem
(1.20). Since &, is a direct summand of &, the claims follow. Q.E.D.

Corollary 1.24 Let f : X — Y be a finite surjective morphism between smooth
connected n-dimensional projective manifolds. Let r denote the rank of the quotient
of€ by the subsheaf of £ generated by the images of elements of H(E). If f factors
through an unramified cover b: Z —'Y from a connected projective manifold Z onto
Y, then the sheet number of b is bounded by r + 1. In particular, if global sections
of £ span £ at some point, then

1. f does not factor through any nontrivial unramified cover of Y; and

2. given a smooth C obtained as the intersection of general elements A; € |L;,
for n — 1 ample and spanned line bundles L+, ..., L,_1, we have Ec is ample.

Probably the generic spannedness of £ is unneeded in the next result.

Corollary 1.25 Let f : X — Y be a finite surjective morphism between smooth
connected n-dimensional projective manifolds. Assume that global sections of € span
& at some point, and let C' be the smooth curve obtained as the intersection of general
elements A; € |L;|, for n — 1 ample and spanned line bundles Ly, ..., L,_1. Then
the fundamental group of f~'(C) surjects onto the fundamental group of C.

Proof. First note that C' := f~'(C) is smooth by Bertini’s theorem, and connected
by the Kodaira vanishing theorem. Since £o = feu(werye)/Oc, by Lemma (1.5),
fer does not factor through an unramified cover of C'. This is equivalent to having
the fundamental group of C' surject onto the fundamental group of C. Q.E.D.

Remark 1.26 We would like to give some examples that show that £, even when
ample, may have very few or no sections. Let L be a line bundle on a projective
manifold Y. Assume that there exists a section s of L with a smooth zero set D.
Assume that A is a line bundle on Y with rA = L. Let f : X — Y be the r-sheeted

r—1
cover obtained by taking the r-th root of s. In this case & = @jA. Thus if we
j=1
choose A and L such that A is not spanned, we have an example with £ not spanned.
Such examples are plentiful. For example,

1. We could take L as the line bundle associated to two distinct points on a curve
Y. If h'(Oy) > 0, then any line bundle A with 24 = L, is of degree one, and
thus has at most one section. A dimension count shows that if A'(Oy) > 2,
we can choose the two points so that in fact h°(A) = 0;
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2. If Y is a Del Pezzo surface, i.e., if —wy is ample, then it follows by a straight-
forward argument using Reider’s theorem, that if kA = L with h°(L) > 1, A
not spanned, and k£ > 2, then L = —kwy, A = —wy, and wy - wy = 1.

3. There is a similar example for Del Pezzo threefolds. Let Y denote a Del Pezzo
threefold with —wy = 2H with H®> = 1. Then —wy is spanned, but for the
double cover associated to 2H = —wy, £ = H is spanned except at one point.

Similar examples show that £ does not have to be nef. Let Y be a Hirzebruch surface
F, with r > 2, i.e., a P!-bundle over P! with a section E satisfying E-E = —r < —2.
Let f denote a fiber of the tautological surjection of F, to P'. Take L as the line
bundle rE + r(r — 1) f. Note that since (r — 1)[E + r f] is spanned we can choose a
smooth divisor D' € |(r — 1)[E + rf]|. Since E - D' =0, D := F 4+ D' is a smooth
divisor € |rE + r(r — 1) f|. Taking the r-sheeted cyclic cover associated to the r-th
root of D, we have

r—1
£=@jA,
7j=1

where A the line bundle associated to E+ (r—1) f. Note that this bundle is negative
restricted to E, and so £ is not even nef in this case.

It is worth emphasizing that it is hard for £ to be ample for all branched covers
over a fixed base.

Theorem 1.27 Let Y be an n-dimensional connected projective manifold. Assume
that for all finite surjective morphisms f : X — Y from connected projective mani-
folds X, the associated bundle £ is ample. Then:

1. the profinite completion of the fundamental group of Y is 0, and thus in par-
ticular the first betti number of Y is 0; and

2. there exist no surjective morphisms g : Y — Z with dim Z > 1, Z projective,
and g having at least one positive dimensional fiber.

Proof. The first assertion is clear. To see the second assertion, let L be a very ample
line bundle on Z. Choosing the double cover associated to a smooth D € |2g*L|, we
have £ = ¢*L, which, by the hypothesis on g, cannot be ample. Q.E.D.

Corollary 1.28 Let Y be an n-dimensional connected projective manifold. As-
sume that for all finite surjective morphisms f : X — Y from connected projective
manifolds X, the associated bundle £ is ample. Then either —wy is ample with
Pic(Y) =7 or wy is nef. Moreover wy is ample if wy is big.

Remark 1.29 Using the prediction of the Abundance Conjecture that mKy is
spanned for suitable large m whenever Ky is nef, it follows in (1.28), that either
—wy is ample or wy is ample or wy = 0. In the last case Y is an irreducible Calabi-
Yau or symplectic manifold. In particular, if dimY = 2, then Y is the projective
plane or wy is ample or Y is K3 without (—2)—curves. If dimY = 3, then Y is Fano
with by = 1 or wy is ample or Y is Calabi-Yau without any contraction.
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2 Coverings of curves

In this section we prove a result generalizing the theorems of Lazarsfeld [La80] for
P! and Debarre [De96] for elliptic curves.

Theorem 2.1 Let f : X — Y be a finite morphism from a smooth connected
projective curve X onto a smooth connected projective curve Y. The bundle
E = [(f.Ox)/Oy|* is ample if and only if f does not factor through a nontrivial
unramified covering of Y.

Remark 2.2 As is pointed out in (1.26), even when & is ample,
1. if A'(Oy) > 0, then &€ does not have to be spanned; and
2. if K (Oy) > 2, then h°(€) can equal 0.

When h'(Oy) = 1, then h'(£) = h%(E*) = 0 and hence by the Riemann-Roch
theorem, and Lemma (1.22),

h%(€) = deg(€) = ' (Ox) — 1.

The rest of the section is devoted to the proof of Theorem (2.1).

By (1.23) we may assume that f does not factor through an unramified covering.
We assume that £ is not ample, and argue by contradiction. We have the following
simple corollary of Hartshorne’s characterization of ampleness of vector bundles on
curves [Ha7l].

Lemma 2.3 Let V' be a nef vector bundle on a smooth connected curve C. There
exists a unique mazimal ample vector subbundle A. The quotient V//A has degree
Zero.

Proof. If V' is ample the Lemma is trivially true. Thus we can assume that V' is
not ample.

By Hartshorne’s characterization of ampleness, if V' is not ample, then there
exists a vector subbundle A of V' with degV/A < 0. Since V is nef, V/A is nef
also, and we conclude that degV/A = 0. If A is the 0 dimensional subbundle, we
have deg V' = 0, and the Lemma is proven. Indeed, if there was a nontrivial ample
subbundle A" in this case, we would have degV/A' = degV — deg A’ < 0, which
contradicts the nefness of V. Thus we can assume that the degree of V' is positive.

Thus let A be a vector subbundle of V' of minimal rank with the property that
V/A has degree zero. We will be done if we show that

1. A is ample; and

2. A contains any other ample subbundle of V.

13



To see the first assertion, note that if A is not ample, then by Hartshorne’s
theorem, there is a vector subbundle A" of A with deg A/A" < 0. Thus degV/A" =
degV/A + deg A/A" < 0 contradicting the choice of A with minimal rank.

To see the second assertion, assume that there was an ample subbundle B of V/
with B ¢ A. Then the saturation of the image of the sheaf of germs of sections of B
in the sheaf of germs of sections of V//A is an ample subbundle of V//A. The inverse
image of this bundle in V' is an ample vector subbundle of V' containing A, but the
quotient of V by this bundle has negative degree. This contradicts the nefness of
V. Q.E.D.

Let F be the ample subbundle of £ given by Lemma (2.3). Clearly this bundle
is also the maximal ample subbundle of Ox & £.

Let T := £/F. We claim that Oy @ T* is a subring of f,Ox = Oy ®E*. Indeed,
we have that T™ is nef since T is nef and of degree zero. Therefore, we have that
(Oy & T*) ® (Oy & T*) is nef, and that B, the saturation of its image in Oy @ &£*,
is nef. Since Oy & T* C B, the quotient B/(Oy @ T*) is a nef subbundle of the
bundle F*. But since F is ample, we conclude that B =T* and Oy & T* C f.(Dx)
is a subring.

Now consider the analytic spectrum

7 := Specan(Oy & T™).

It comes along with a finite map b : Z — Y, and the inclusion Oy @ T* — Oy & &*
gives a map
a:Specan(Oy @ E*) =X - Z

such that f = boa. Since T* equals its saturation in £*, we conclude that 7 is normal
and hence smooth. Since degT = 0, we conclude that b is unramified. Q.E.D.

3 Coverings over surfaces

Lemma 3.1 Let f : X — Y be a finite morphism from an irreducible normal
Cohen-Macaulay projective variety X, with a finite irrational locus, onto a projective
manifold Y of dimension n > 2. Let H be a line bundle on'Y such that —wy — H
is nef and big. Then h'(€ ® H*) = 0.

Theorem 3.2 Let f : X — Y be a finite morphism from an irreducible normal
Gorenstein projective surface X onto a smooth projective surface Y. LetY be a Del
Pezzo surface with wé =9 —r > 5 (i.e., Y is a smooth quadric, or the plane blown
up in r < 4 points in sufficiently general position). Then & is spanned.

Proof. Since we already know this for the quadric, we can assume that we have a
blowing up map p : Y — P2. We have

wy = —3p*H + E:EZ

=1
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the E; are smooth P's on Y with self-intersection —1. We will identify H with p*(H).

First let » = 1. Let A = 2H — F;. Note that —wy — A = H is nef and big,
and thus that h'(£(—A)) = 0 (3.1). We thus have H°(E) — H"(E:) — 0. Since
A is very ample, a general C' € |A — y| for any y € Y is smooth. For a general
C € |A —y|, we conclude that f~!(C') is reduced. Since smooth C' € |A| have genus
0, we conclude by Theorem (1.3) that ¢ is spanned, hence £ is spanned.

Now let r > 2. Let H; = H — E;. Note that —wy —H; = 2H — 3, 4; E; is nef and
big. Since H; is spanned with smooth C' € |H;| having genus 0 we conclude that £
is spanned by global sections over a generic smooth C' € |H;|. Thus £ is spanned
at all points y € Y where there is a smooth C' € |H; — y| for some i. The set of
y € Y for which this is not true for a fixed i is B; := U,; (E; U E;;) where E;; is the
proper transform under p of the line through {p(E;),p(E;)}. Note that N;B; = 0
unless r = 2.

In the case r = 2 we have that BiNBy = E5. Note that —wy—H = 2H—FE|—F»
is nef and big, and therefore we can use H in place of H;. This shows spannedness
except at the points y; := Fy N Ey and yy := E5 N Ey5. Thus if we show that

H°(&) = H°(Eg,,) — 0,

then we will be done. To see this note that —wy — (E; + E13) is nef and big. Therefore
using the Koszul complex and (3.1)

0= ER(—E1—FEin—Ey) = (EQ(—E1—FEp))®(EQ(—Ey—Er)) = E@(—E) — 0,

we are reduced to showing that h?(€ ® (—E; — E19 — Fy) = 0. But we have

W (EQ(—E1—EBia—Ey)) = h°(E£*@(—2H+ B\ + E)) = h°(f*(—2H+ E1 + E»)) = 0.
Q.E.D.

To get spannedness over Hirzebruch surfaces, it is enough to assume that the
branch locus does not contain any components of the inverse image of E.

Theorem 3.3 Let f : X — Y be finite surjective morphism from a pure dimen-
sional, normal variety X with at worst Cohen-Macaulay singularities onto a smooth
Hirzebruch surface Y :=TF, (with surjection p:Y — P!). Let E denote a section of
pwith E-E = —r. If r <1; orr > 1 and E does not belong to the discriminant
variety of f, then £ is spanned.

Proof. By Theorem (3.2), we may assume without loss of generality that r > 2.

Let E := f }(F). Since E does not belong to the discriminant variety of f, it
follows that E is reduced. Let d := deg(f) be the degree of f.

Note that global sections of £ span £g. To see this, observe that by Theorem
(1.3), we need only show that h'(£(—F)) = 0. But this is equal to h'(£* @ wy ®
Oy(E)). Since —wy — E is ample, we conclude that h'(wy ® Oy(E)) = 0 and
h*(f*(wy + E)) = 0. Therefore

W (E(—E)) = hM(f*(wy + E)) = 0.

15



Given an arbitrary fiber F' of p we see that £ is spanned since global sections
span it at F'N E. Thus we will be done if we show that h!'(£(—F)) = 0. But this is
equal to h' (E*@uwy ® Oy (F)). Since h'(wy +F) = 0 we are reduced to showing that
R (f*(wy+F)) = 0. Since f*(wy +F) = —f*(E+(r+1)F)— f*E, f*(E+(r+1)F)
is ample, and f~!'(F) is reduced, we have vanishing by Lemma (1.2). Q.E.D.

Remark 3.4 Theorem (3.5) is sharp for > 2. Indeed consider the cyclic branched
cover of F, with discriminant locus given by E + (r — 1) (E + rF).

We have not pursued the question of what is the “minimal” twist, which makes
£ spanned, but such questions can be answered for special classes of varieties by the
same techniques. Here is a simple example.

Corollary 3.5 Let f : X — Y be a finite morphism from an irreducible normal
projective surface X onto smooth Hirzebruch surface Y = F.. If r > 1, then
E®Oy((r—1)F) is spanned.

Proof. Let p : Y — P! be the P'-bundle projection of Y onto P!. Let F be a fiber
of p and let E be the section of Y with £ - E = —r. To see that £ @ Oy ((r — 1)F)
is spanned, let y € Y be a point. A general C' € |E + (r + 1) F| passing through y is
smooth and does not belong to the branch locus. Therefore, it suffices by Theorem
1.3 to show that H'(€ ® Oy ((r — 1)F) ® Oy(—C)) = 0. But the latter group is
isomorphic to H'(f*Oy(—F — rF)), and is therefore zero since F + rF is nef and
big. Q.E.D.

For higher dimensional projective bundles, it is not so easy to prove spannedness
theorems under natural conditions. There is one special case for which the simple
technique of splitting the anticanonical divisor works. Since we do not need this in
the rest of the paper, we leave the proof to the reader.

Theorem 3.6 Let f : X — Y be finite surjective morphism from a pure dimen-
sional, normal variety X with finite irrational locus and at worst Cohen-Macaulay
singularities onto Y, a P"~'-bundle over P.

1. If —wy is nef, then & is spanned except if Y = ]P((’)]}?l(nfl) ® Op1(2)), in which
case £ is spanned outside the exceptional divisor ]P’(OH?I”’I).

2. If Y = P(V) with V := Op1 ® Opi(ar) ® - -+ ® Opi(an_1) and with degV <

1+ ay_1, then & is generically spanned.

The bundle £ will fail to be ample if any curve on Y has disconnected inverse
image under f. The examples in (1.26) show that the following is optimal.

Theorem 3.7 Let f: X — Y be a finite surjective morphism from a pure dimen-
sional, normal variety X with at worst Cohen-Macaulay singularities onto a smooth
Hirzebruch surface Y := W, (with surjection p:Y — P'). Let E denote a section of
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p with E-E = —r. and let F denote a general fiber of p. If f~1(F) is connected and
fYE) is connected and reduced, then H°(E(—FE)) spans E(—F) on all of Y and
H°(E(—F — E)) spans E(—F — E) on the complement of E. From this it follows
that € is ample.

Proof. We first show that £(—F) is spanned by global sections. Let C' be a general
element of |E + (r + 1)F| that contains y. Since E + (r 4+ 1)F is very ample, C' is
smooth and does not belong to the discriminant variety of f. Thus C := f 1(C)
is reduced. It is also connected since it is an ample divisor on X. Thus E¢(—1) is
spanned by Theorem (1.3). The assertion that £(—F) is spanned by global sections,
will therefore follow if we show that h'(£(—F —C')) = 0. But, the usual computation
shows that this equals h'(f*(—F)). Since f~'(F) is connected, we conclude that
the fibers of po f : X — P! are all connected and thus hl(f*(—F)) = 0.

Now we will show that £(—F — E) is spanned by global sections on the com-
plement of E. Let C be a general element of |E + rF| that contains y. Since
global sections of E'+rF embed Y — E, the curve C is smooth and does not belong
to the discriminant variety. Thus C := f~!(C) is reduced. It is also connected
since it is a big divisor on X. Thus x(—1) is spanned by Theorem (1.3). The
assertion that £(—F — FE) is spanned by global sections, will follow if we show
that h'(£(—F — E — C)) = 0. But, the usual computation shows that this equals
h'(f*(—F)). Since f~'(F) is connected, we conclude that the fibers of po f : X — P!
are all connected and thus h'(f*(—F)) = 0.

Since £ is spanned by Theorem (3.3), for £ to fail to be ample, there must exist
an irreducible and reduced curve D C Y such that £p has a trivial line bundle as
a direct summand. Since £(—FE) is spanned, we conclude that D - E = 0 so that
D € |a(E + rF)| for some integer a > 0. Since £(—FE — F) is spanned off E and
since D C Y\ E, we conclude that D - F' = 0. Since D ~ a(E + rF), we conclude
that @ = 0 and thus that D is the empty curve. Q.E.D.

Remark 3.8 Hirzebruch [Hi83] (see also, [BHH87]), showed how to associate
smooth projective surfaces to configurations of lines on P?. Let A denote the configu-
ration of six lines through four points in P?, no two of which are collinear. Associated
to this configuration there is a smooth projective surfaces H(A, k) for each integer
k > 2 with the following properties:

1. there are finite morphisms f; : H(A, k) — Y, where Y is P? blown up at the
four points; and

2. the covering f; is Galois with Galois group equal to the direct sum of five
copies of Zy.

Since Y is Del Pezzo with w? = 5, Theorem (3.2) shows that the bundle £ associated
to fr is spanned. This is particularly interesting because of the beautiful result of
Hirzebruch that X := H(A,5) is a quotient of the unit ball in C? by a freely acting
discrete group.
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It would be interesting to know in general what are the properties of the bundle
& associated to the natural finite morphisms from line configuration surfaces to
blowups of P2. In particular:

Question 3.9 For which line configurations A and which integers k are the bundles
E spanned?

If there are any points where more than two lines of the configuration meet, then the
surface Y fibers over P! with the inverse image of the general fiber of this fibration
disconnected in the line configuration surface, see, e.g., [So84]. This shows that &
will never be ample, except possibly for the trivial configuration where at most two
lines meet in a point.

4 Coverings over Del Pezzo Manifolds

We always let p(Y) denote the Picard number of Y. The guideline of this section is
the following

Conjecture 4.1 Let f : X — Y be a finite surjective morphism of degree d > 2
between projective manifolds X, Y of dimension n. If Y is Fano with p(Y') = 1, then
E is ample (and spanned in most cases).

First we consider the case that Y is a Del Pezzo manifold of dimension n =
dimY > 3, ie. —wy = (n — 1)H with some (ample) line bundle H. Let b := H™.
Then 1 < b < 8, moreover all Del Pezzo manifolds are classified (see [Fu90]). In our
standard situation (1.1) we obtain

W(E(-H)) = °(X,wxy ® f*((n - 2)H)) (1)
ROE) = K(X,wyy ® f*((n—1)H)) - 1. 2)

As (1.26) shows, & is not always spanned if b = 1. Though we expect spannedness
for the cases b > 2, we can only prove it for b > 5.

Theorem 4.2 Let f : X — Y be a finite surjective morphism from an
n-dimensional normal irreducible Gorenstein projective variety X onto an n-
dimensional projective manifold Y. Assume that the irrational locus of X 1is finite.
Let'Y be a Del Pezzo manifold with b > 5. Then £ is spanned.

Proof. We proceed by induction on n, noticing that H is very ample. We denote a
general member of |H| again by H. If n = 2, then we conclude by (3.2). So suppose
n > 3. By (1.17)(4) we obtain the exact sequence

0— H(E(-H)) — H (&) — H°(Eg) — 0.

By induction hypothesis, £|H is spanned, so it follows that £ is spanned outside
a finite set Z. But, H being very ample, through a given point we can still find
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a smooth member of |H|, hence Z = (). Notice that here we need to work in the
Gorenstein category since the general f~'(H) need not be smooth! Q.E.D.

In the cases 1 < b < 4, we do not know the spannedness of £ on the corresponding
Del Pezzo surfaces, we are only able to prove much weaker results. We start with a
general result showing that almost always £ has at least one section.

Theorem 4.3 Let f : X — Y be a finite surjective morphism of degree d > 2
from an n-dimensional normal irreducible Gorenstein projective variety X onto an
n-dimensional projective manifold Y. Assume that the irrational locus of X is finite.
Assume that n > 2 and that Y is Del Pezzo. If bd > 5, i.e., if either b > 3; or b= 2
and d > 3; orb=1 and d > 5; then h°(€) # 0.

Proof. Write —wy = (n — 1)H with H ample. Note that if n > 3,
W{(E(-H)) = h""'(—f"(n - 2)H) = 0.

Since H is either spanned or has at most one base point, we can reduce the proof
of the result to the case when n = 2.
So without loss of generality we assume that n = 2. Let L := f*H. We have

(€)= h*(E*Quwy) = h*(~L) — 1 =h’(wx + L) — 1.

Thus we have reduced to showing that h°(wx+L) > 2. Note that since h?(wx+L) =
h°(€) + 1, we know that h®(wx + L) > 1. From this it follows that that wy + L
is nef, see [So85]. Again using the main result of [So85], note in this case that
(wx + L) - L = 0 implies that —wy = L, which implies the absurdity that f is
unramified. Thus we have that:

1. L is spanned outside of a finite set;
2. wx + Lisnef and (wx + L) - L > 2.

Noting that L-L = bdeg f implies that L-L > 5, the following Lemma will complete
the proof of the theorem.

Lemma 4.4 Let L be an ample line bundle on an irreducible normal Gorenstein
projective surface X. Assume that L is spanned outside of a finite set; h®(wx + L) >
1; and (wx + L) - L > 2. Then either h®(wx + L) >2 or L- L < 4.

Proof of Lemma. We assume that h°(wx + L) = 1 and then argue to a contra-
diction. Since h°(L) > 2, we would have h®(wx + L) > 2 if h®(wy) > 1. Therefore
without loss of generality we can assume that

ho(wX) =0. (3)
Since h!'(wx + L) = 0, we conclude from

0= wx 2wx®L—wec—0
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that

g=q+1, (4)
where ¢ = h'(Ox) and 29 — 2 = (wx + L) - L defines the arithmetic genus ¢ of a
reduced curve C from |L|. Since g > 2 by hypothesis, we conclude further that

q>1 (5)

Assume first that the irrational locus Z(X) of X is nonempty. Recall the Grauert-
Riemenschneider canonical sheaf K is defined as m,(ws) where 7 : X — X is a
desingularization. Following the argument of [So85], we consider the sequence:

0 >Kx®L—>wx®L—>8 —0,

where S is a skyscraper sheaf whose support exactly equals the set of nonrational
singularities S(X). Since h!'(Kx + L) = 0, h’(wx + L) = 1, and the locus Z(X) is
nonempty, we conclude that h°(S) = 1. Using this, equation (3), and the sequence:

0=>Kx 2wy -8 —0,

we conclude that:
Wx) =0, 7:=hr(05)=q+1 (6)

Therefore X has only one irrational singularity, an elliptic singularity 3. Consider
the Albanese mapping o : X — Z. By equation (6) we conclude first that g > 1 and
therefore that dim Z > 1. Since h°(w) = 0, we conclude that 7 is a curve, and thus
smooth with o having connected fibers. Since ¢ > 1 by equation (5), we conclude
that ¢ > 2. Let B denote the singular set of X, and note that a(r~*(B)) is finite.
This is clear since g is elliptic and all other singularities are rational. In particular,
the strict transform C of C' cannot be a fiber of a. Thus a general fiber F of « is
mapped isomorphically by 7 onto a curve F’ contained in the smooth points of X.
Since L is spanned off of a finite set, we conclude that global sections of L give rise
to at least two linearly independent sections of Lz. Hence we deduce easily that
C - F' > 2 and C has degree at least 2 over Z. Thus using that § > 2, we have that

g>2q>2q+2=2g,

which is absurd since g > 2.

Therefore we can assume without loss of generality that the singularities of X
are rational. Thus, e.g., [BS95], the Albanese map o : X — Z is well defined. Since
h®(wx) = 0 by equation (3), we conclude that by the same argument as above, but
without the need of a desingularization, that if ¢ > 2 then

g>2q=2g9—2,

which is absurd given that ¢ = ¢+ 1 > 3. Thus we conclude that ¢ =1 and g = 2.
In this case we have that

(WX + L)2L2 S [L . ((,UX + L)]2 =1.
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Since L - L > 5 we conclude using the nefness of wy + L that (wy + L)* = 0.
This gives w% > 1. Since ¢ = 1, h’(wyx) = 0, and we have at worst rational
Gorenstein singularities, we conclude from the Riemann-Roch formula for the Euler
characteristic of the structure sheaf of the desingularization, that w% < 0.

This proves the Lemma and the Theorem. Q.E.D.

Remark 4.5 Note if Y is an elliptic curve, which can be considered as the most
appropriate definition of a Del Pezzo manifold of dimension 1, then Theorem (4.2)
is still true, unless f is an unramified covering.

We now show how adjunction theory can be used to give general conditions for
an existence theorem, which would not follow even from knowing that £ is spanned.
Indeed, as shown in (4.10), some of the possible exceptions to this result exist and
in fact have £ spanned. We do not need the precise classification of Del Pezzo
manifolds with 1 < b < 4 after Fujita [Fu90], but just the following

Proposition 4.6 Let Y be a Del Pezzo manifold of dimension at least 3. Then
p(Y) =1, unless X is (P1)°, P2 x P2, P(Tp2) or P® blown up in one point. Moreover
H is very ample for b > 3, and spanned unless b = 1, in which case we have one
simple base point. In all cases |H| contains a smooth element.

Theorem 4.7 Let f: X — Y be a finite surjective morphism of degree d > 2 from
an n-dimensional projective manifold X onto an n-dimensional projective manifold
Y. Assume that n > 3 and that 'Y is Del Pezzo, i.e., —wy = (n—1)H with H ample.
Let Y be of degree b := H™ > 2. Then H°(E(—H)) # 0, except for the following
possible cases: in the cases 3) and 4), (Xo, Lo) denotes the first reduction of (X, L)
[BS95].

1. (X, L) is a quadric fibration over a curve with Y = (P*)°; or
2. (X, L) is a scroll over a surface with either n = 3; or

3. (Xo, Lo) is a 3-dimensional quadric, Ly = O(2), Y = P*(xq), d = 2, and f is
induced by a covering fo: Xo — Yy = P3; or

4. n=3 and Xy is a P*-bundle over a curve with Ly = Op2(2) on a fiber F.
Ezamples of dimension 3,4, for the cases of the Theorem are given in (4.10).
Proof. Let L = f*(H). Suppose H*(£(—H)) = 0. Then by (1)

H(wx @ f*((n —2)H)) = 0.

Then, since b > 2 and H is spanned, [So89] applies. Using the equation (2) that
h®(wx + (n —1)L) = h°(£) + 1 > 1, we obtain that either (X, L) is

(a) a quadric fibration over a curve; or
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(b) a scroll over a surface; or,

(Xo, Ly), the first reduction of (X, L) [BS95], exists and is either:
(c) (Xo,Lo) = (P™, Opn(2)) with n = 3,4; or
(d) (Xo, Lo) is a 3-dimensional quadric and Ly = O(2); or
(e) n =3 and Xj is a P>-bundle over a curve with L = O(2) on the fibers.

We will treat these cases separately.

(a) If we have a quadric fibration p : X — C, let F' be a general fiber and
F' = f(F). Since L"™' - F = 2, the map fr has degree 2 or 1. H being ample and
spanned (recall b > 2), it follows that in the first case F’ must be projective space,
and the adjunction formula implies Np/y = O(—1), which is absurd since F” moves
in Y. In the second case, we obtain H" ! - F' = 2 and we conclude similarly that F”
is a quadric. By adjunction, Ny = O, hence p(Y') > 2. By the classification (4.6)
we obtain ¥ = (P')*. This is in one of the exceptions.

(b) Now suppose that p: X — S is a scroll over the surface S. Then, using the
same notations as before, we conclude F' = P"2? and H|F' = O(1). By adjunction,
det Niw = O. Notice that N is generically generated for general F', hence Np
must be trivial. If b > 3 and n > 5, then H is very ample, so that by Ein [Ei85],
Y has a P"~%bundle structure, contradicting (4.6) unless Y = P? x P? giving rise to
one of the exceptions (4.10). Therefore it remains to treat the case b =2 or n < 4.
(b.1) In case n = 3, then F" is a line and we are in the exceptions (4.10), the cases
Y = P(T3,), P3(z), P} being obvious.

(b.2) Concerning b = 2, the linear system |H| realizes Y as a 2 : 1—covering h :
Y — P,, moreover L = f*(H). Since H|F' = O(1), it follows that f|F is 1: 1 for
all F'. This is clearly absurd, since f~'(F’) would always consist of 1 or 2 disjoint
fibers of p, which implies p(Y') > 2, a contradiction to the classification.
(b.3) It remains to treat the case b > 3 and n = 4.
() Suppose b = 3. Then Y C P5 has degree and we obtain (for general F' = Py) an
exact sequence

0 = Neojy — Neyjpy, = Nyjpy|P2 — 0,

which reads
0000 — 01 - 0(3) = 0.

This sequence is of course absurd.
(3) Suppose b = 4. Then Y is the intersection of 2 quadrics in Pg. Take one of the
quadrics, say (2, to obtain a sequence

0— N]P’Q\Y — N]p2|Q — Ny‘Q|]P2 — 0.
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This sequence immediately implies
Nejg =000 0(2),

which clearly contradicts the 1-ampleness of the tangent bundle T§.
(7) Finally we treat b = 5. First notice that every line [ C Y has a normal bundle
either of the form OGO G O(1) or O(1) B O(1) ® O(—1). This follows by choosing a
smooth hyperplane section through [ (which is easily seen to exist, cp. [Is77,p.505]).
We are going to show that every plane F’ C Y has normal bundle O & O. Once we
know this, we can argue as in [Ei85,1.7] to obtain a Po—bundle structure on Y. Since
the planes F' cover Y, the normal bundle N is generically generated by 2 sections
S1, 9. Since by adjunction det N = O, it follows that these sections generate N
everywhere so that N is trivial.

(c) Suppose (Xo, Lg) = (P, Opn(2)) with n = 3 or 4. We claim that always
X = X, In fact, if X # X, then X contains a divisor £ = P"~! with N = O(-1).
Consider E' = f(E). Since L|E = O(1), we have H"™' - E' = 1, so that since H is
therefore spanned, we have that E' = P"~'. Adjunction gives Ngr = O(—1), hence
by classification Y = P3(z;). Therefore X, = P>. Now, introducing the ramification
divisor R of f, we have

wy + f1(H) = [*(wy) + R+ f*(H) = f*(-H) + R,

hence
H(X,0x(R)® f*(=H)) =0

by our assumption. If ¢ : X — X denotes the contraction of the exceptional
divisors F, we conclude that

R, = U*(R) S |OX0(1)|

Hence the induced covering h : Xy — Y| is ramified exactly over a plane, which is
absurd since X, = Y, = P?. So we shall assume X = X,. But then we have the
contradiction that Y = P".

(d) Suppose Xj is a three dimensional quadric with L = Ox,(2). If X = X,
then Y is P® or a quadric. Since Y is Del Pezzo, we have Y = P3 and H = Ops(2).
Since Kx + L has no sections, we conclude that L = Ox(2), and therefore that f
has degree 2. From this we conclude that &€ = Ops(1). This gives an example. If
X # Xy, then we argue as in (c) to conclude that Y = P(3)(zg). Hence Yy = P?, see
(4.10)(4). Q.E.D.

Remark 4.8 In the preceding and following results we need b > 2 to get spanned-
ness so that the main result of [So89] holds. Actually, we only need that 2L is
spanned and |L| has a smooth element. This would be satisfied when b = 1 under
the extra condition that the point where H is not spanned is not an element of the
discriminant divisor of the covering. Using this the statement of the result is the
same, except there is one case that cannot be ruled out: the first reduction (Xy, Lo)
of (X, L) exists and is equal (P", Opn(2)) with n = 3, 4.
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Corollary 4.9 If b > 2, then h°(E) > h°(Oy(H)) unless X is of the one of the
exceptions in Theorem (4.7). In particular these inequalities hold if n > 5.

We now give examples of the exceptional cases.

The Exceptional Cases 4.10 (1) Y = (P))® and we fix a projection
q: (P> = P Let h: C' — P! be a suitable ramified cover and put X =Y xu C.

(2) Let Y be a Del Pezzo 3-fold and T' a component of the Hilbert schemes of
lines. Suppose that through every point of X there are only finitely many lines.
Let S be a smooth surface and S — T be a surjective map. Let X be the P!-bundle
over S given by the graph of the family of line parameterized by T.

(3) Let Y = P? x P%. Let S be a surface and S — P? be a finite map. Put
X = S x P2 — Y. Analogously we choose S — P! x P! finite and let X = S x P!
resp. h: S — P? finite and X = P(h*(Tp2)).

(4) Suppose X, is a three dimensional quadric. We have a degree 2 map
[ Xo — P2 In this case & = Ops(1). Since P? is Del Pezzo with H = Ops(2), we
have £(—H) has no sections. Note Ly = Ox,(2). If 7 : Y — P? is the blowup of P?
at a point y. Then H := 7*Ops(2) — E is very ample where E is the exceptional
fiber of 7. Thus —Ky = 7*Ops(4) — 2E = 2H, and we obtain a Del Pezzo manifold
Y. Letting X denote the blowup of X at the inverse image under f of y, we have a
degree 2 finite morphism f : X — Y. We have h®(Kx + L) = h°(Kx, + Lo) = 0.

(5) Let p: X9 — C be a P2-bundle over a smooth curve C. Let h : Xy — Yy = P?

be a finite cover such that
[h*Ops(1)]F = Op2(1),

where F' denotes a fiber of p. Choose y, not in the image of the ramification divisor
of h. Then let 7 : Y — Y be the blow-up of Y at yy and o : X — X, the blow-up
of Xy at the finite set A 1(yp). Then A lifts to a finite cover f : X — Y and it is
easy to check that H*(X,wx ® f*(H)) = 0, where —wy = 2H.
In order to obtain a specific example, consider the family C of hyperplanes in P3.
The canonical map
q:C =P =Y

is a P2 bundle and so does the other projection
p:C — P>,

Actually C = P(Tps). Now choose C C P*" to be a general smooth curve. Then
Xy = p~1(C) is smooth and moreover h := ¢q|Xj is finite. To see this last property,
consider T'(z) C P?", the set of hyperplanes through a given point z € P?. So it is
sufficient to choose C' such that C' ¢ T'(z) for all  which comes down to choose C'
non-degenerate, since all T'(z) are linear in (P?)*.
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Appendix: Nefness Modulo the Branch Locus of the Bundle
Associated to a Branched Covering

Robert Lazarsfeld

Dedicated to Robin Hartshorne on his 60th birthday

We give the solution to a problem posed in preceding paper of Peternell and Sommese,
whose notation and bibliography we follow. The paper [La80] which we are revisiting here
was very much influenced by the work of Robin Hartshorne. It is a pleasure to use this
occasion to express our debt to Hartshorne and to convey to him our best wishes. We
also wish to acknowledge the support of the NSF (Grant DMS 97-13149) and the J. S.
Guggenheim Foundation.

We start by restating (in slightly greater generality) the result in question:

Proposition A Let f : X — Y be a finite and flat covering of complex projective
varieties, with Y smooth and irreducible, and X reduced (but possibly reducible). Let
C CY be any irreducible curve not contained in the branch locus of f. Then & | C is
nef, i.e. (fxOx) | C is the dual of a nef vector bundle on C.

The hypothesis on C' is that f is generically étale over C'. Note that then D = f~1(C) C Y,
being generically reduced and flat over the reduced and irreducible variety C, is itself
(everywhere) reduced. Observe also that since f is flat and finite, the direct image functor
f+ commutes with base-change. Moreover, by normalizing we can assume without loss of
generality that C' is smooth. Therefore:

Reduction B [t suffices to prove Proposition A under the additional assumption that X
and Y are curves. O

The essential remark is the following

Lemma C Let f : X — Y be a branched covering of curves satisfying the hypotheses
of Proposition A. Then there exists a finite covering p : Y' — Y of smooth irreducible
curves, plus a Cartesian square:

/

x' =X

f’l J{f

Y’T>Y )
where X' = X Xy Y’ is a reduced curve each of whose irreducible components maps
isomorphically via f' to Y.

Grant this for the moment. Since the nefness of £; can be tested after pulling back by
p, and since f, commutes with base-change, it is enough to prove that f.Ox is the dual
of a nef bundle on Y’'. But since X’ is a union of copies of Y', f.Ox: sits naturally as a
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subsheaf with torsion cokernel inside a direct sum of copies of Oy+. And in this case the
nefness of (f/Ox)" is clear.

It remains only to give the proof of Lemma C. Denote by Xj,..., X; the irreducible
components of X, and set

& =d'(f) = Y (deg(X; —Y)=1).

)

We argue by decreasing induction on d*, the goal being to arrange that d* = 0. Assuming
that d* > 0, suppose (after reindexing) that deg(X; — Y) > 2. Let Y# — X be the
normalization of X, and consider the fibre product X! = X xy Y* — Y.

pﬂ
Xt —X

)

Vi—=>Y

Then Y* embeds in X* as an irreducible component of (p)~!'(X;), and consequently
(p")~1(X1) splits into at least two components. Therefore

d*(f%) < d*(f),

and we are done.
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