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ABSTRACT. Let X be a smooth complex projective n-fold endowed with an ample
and spanned line bundle L. Under the assumption that I'(L) defines a generically
one-to-one map we describe the singular set of the general element in the main
component of the discriminant locus of |L|. This description is used to show that
(X, L) is covered by linear P¥’s, where k + 1 stands for the codimension of the main
component. We also give some applications relating k to the spectral value of (X, L)
and discuss some examples.

INTRODUCTION

Let X# be an irreducible and reduced n-dimensional variety in the complex
projective space PV. Assume that X# is nondegenerate, i. e., that no proper linear
subspace of PV contains X#. If X# is smooth the discriminant variety of X#, i.
e. , the subvariety D of PV* consisting of all singular hyperplane sections of X#
is irreducible and there are many remarkable relations connecting the geometry of
X# and D [KI, Section I-7]. However, even for mildly singular X#, D does not have
to be irreducible and the refined theory for smooth X# breaks down. Nevertheless
one can identify the main component of D with the dual variety of X#, for which
some general results are known also when X# is singular. E. g. , a classical fact
going back to Bertini is that the general contact locus is a linear space.

The aim of this article is twofold. First, continuing the theory started in [LPS2],
we recover a part of the classical perspective in the framework of polarized manifolds
(Section 2). Secondly we extend the refined theory, holding in the smooth case, to
varieties admitting mild singularities (Section 3). Actually we study the situation
when the normalization X of X# is smooth. Note that, restrictive as it is, this
assumption is rather natural when we consider that every irreducible curve has
a smooth normalization. Let v : X — X# denote the normalization map and
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set L := v*Opn(1) and V := v*H"(Opn(1)). Let |V| denote the linear system
associated to this vector space of sections of L. Note that the finite birational
morphism v is the map associated to |V|. Though the set of singular D € |V| may
have many components, and the classical proofs break down, many of the important

results still hold in this setting, while they fail in a more general context (Section
4).

More precisely, let Dy C |V| denote the closure of those D € |V| singular at
a general point of X. Then Dy is irreducible and Theorem (2.3) states that if the
codimension of Dy is k + 1 then for a general element A € Dy it follows that

(Sing(A), Lging(ay) = (P*, Opr(1)).

Moreover Sing(A) is a locus of nondegenerate quadratic singularities. As a con-
sequence, if k > 0, it turns out that X is covered by rational varieties (Corollary
(2.5)) and is of negative Kodaira dimension. Further if £ > 0, then a basic result
of Ein [E, Theorem 2.3] from the smooth case on the normal bundle of the general
contact locus still holds: it relies on Theorem (1.2), which shows that there is a
symmetric isomorphism

Nsing(4)/x = Ning(a)/x @ L.

JFrom this we also get an extension of Landman’s parity result to our setting
(Proposition (3.2)). Moreover we derive Theorem (3.3), which is a generalization
of a result of Beltrametti, Sommese and Wisniewski [BSW], i. e. if & > 0, then

k
Kx+ <n —; + 1> L is nef but not ample and there is a contraction of an extremal

k
ray p: X — Y onto a normal projective variety Y, with Kx + (n—; + 1) L =

p*H for an ample line bundle H on Y. Using this we get a classification result of
varieties with positive k, k& > n — 6, Theorem (3.5). In particular the classification
of projective n-folds of positive defect with n < 7 due to Beltrametti, Fania, and
Sommese [BFS] extends to our setting. Finally examples showing some of the
many possibilities for the decomposition of D into irreducible components are given
(Section 4).

During the preparation of this paper the first two authors were partially sup-
ported by the M.U.R.S.T. of the Italian Government in the framework of the Na-
tional Research Projects “Algebraic Geometry” and “Algebraic Geometry, Commu-
tative Algebra and Computational Aspects”. The third author would like to thank
the Alexander Von Humboldt Foundation and Max-Planck-Institut fiir Mathematik
in Bonn for their support. We are also grateful to the University of Milan for making
our collaboration possible.

0. BACKGROUND AND GENERAL FACTS

We work over the complex number field C. We use standard symbols in al-
gebraic geometry. Following a current abuse we use the additive notation for the
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tensor product of line bundles. Let X be a smooth connected projective manifold
of dimension n; we denote by K x the canonical bundle of X and we denote by Fy
the pull back of a vector bundle F on X via an embedding ¥ — X.

(0.1) Jet bundles. Let L be a line bundle on X. For any non-negative integer r we
denote by J,.L = J,.(X, L) the r-th jet bundle of L, which is the vector bundle of
rank (") associated to the sheaf 7*L/(7*L @ Tx"'), where m : X x X — X is the
projection onto the first factor, Za is the ideal sheaf of the diagonal A C X x X,
and the tensor product is with respect to Ox«x. We recall that the fibre of J,.L
over each point z € X is (J.L), = Ly/mi*! where m, stands for the maximal
ideal of L,. In particular JoL = L. Interpreting germs of .J,. L as Taylor expansions
of holomorphic sections of L truncated after the r-th term, the map sending such a
germ to the Taylor expansion truncated after the (r — 1)-th term defines a bundle
homomorphism J,.L — J,._1L giving rise to the following exact sequence

05T QL — J,L — J_1L — 0,

where T'5 (") denotes the r-th symmetric power of the cotangent bundle of X. More-
over for every subspace V. C HY(L) there is a natural homomorphism j,. : V —
H°(J,.L) sending every section s € V to its r-th jet.

JFrom now on in this Section we assume that L is an ample line bundle on
X, spanned (i. e. globally generated at every point z € X) by a vector subspace
V C H(X,L).

(0.2) Discriminant locus. We shall freely use the notation in [LPS2, Section 0]
apart from some minor changes. In particular if x € X, we denote by V' — max the
subspace of V' consisting of the sections s € V' such that j,,—1(z) = 0. We set |V|
(|V —mx]|) to denote the linear space of divisors corresponding to the elements of V'
(V —mz). In particular |V — 2z| consists of the elements of |V| which are singular
at . We denote by D = D(X, V) the discriminant locus of V, i. e. the subset of
|V | parametrizing its singular elements. Define by

S§=8X,V)={(z,D)e X x|V|:D € |V —2x|}

the global singular set and let p, ¢ be the projections of X x |V'| onto the factors X
and |V| respectively. Then D = ¢(S). Throughout the paper we use the expression
“classical case” to mean that L is a very ample line bundle and V = H°(L). Note
that in this case D is the dual variety of X embedded in a projective space by the
complete linear system |L|.

(0.3) Jumping sets. For L and V as above with dimV = N + 1, we denote
by ¢v : X — P¥ the finite morphism defined by |V|. We write ¢ for Pro(L)-
According to [LPS2, (1.1)] the i-th jumping set of V' (i =1,...,n) is defined as

Ji=Ji(V)={zx € X :rk(do¢v)(z) <n—i}.
Recall that [LPS2, Proposition 1.3]

Ji = {x € X : codimy_4|V — 2z| <n —i}.
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We use X; to denote J; — J;+1, where we make the conventions that Jy = X and
Jni1 = 0. Note that Xy is the open set where d¢y has maximal rank. Recall that
dim J; < n — i [LPS2, Theorem 1.2], hence

(0.3.1) dim X; <n —1.

Note that if dim X; = n — ¢ then dimS; = N — 1, where S; = p|_51(Xi) and S
is the global singular set appearing in (0.2). Actually if z € X; then |V — 2z| has
codimension n — i+ 1 in |V|. So we get

dimS; =dim X; +dim|V| - (n—i+1) =N — 1.

Let D; denote the closure in |V of the set of H € |V such that H is singular on
X at a point of X;. In other words, D; = ¢(S;). Note that Sy is the closure of P(K),
where K is the dual of the kernel of the evaluation morphism Xo x V' — (J1L)x,
defined by sending (z,s) to the germ of ji(s) at z. Since K is a vector bundle of
rank N —n on X, we see that Sy is irreducible of dimension N —1; hence Dy = ¢(Sp)
is an irreducible subvariety of dimension < N —1. We call Dy = Dy(X, V') the main
component of the discriminant locus. Note that Dy is denoted by D’ in [LPS2] and
D = U, D;.

(0.4) Defects. Let X, L and V be as above. According to [LPS2, Section 2] we
define the defect of (X, V) to be the integer

def(X, V) = codimy|D(X,V) — 1.

Recall that this definition is independent of the subspace V spanning L and so
we shall also write def(X, L) = def(X,V). Recalling the properties of the main
component Dy(X, V) we can also define the main defect as

defo (X, V) = codimy | Do(X, V) — 1.

We write defy (def) instead of defy(X, V) (def(X,V)) when there is no danger of
confusion. Note that since Dy C D, we have defy > def.

We insert two general results which we will need in Section 2.

(0.5) Lemma. Let A be a general linear space in |V | and let A,, Ay be the divisors
corresponding to two points a,b belonging to two distinct connected components of
DNA. Then

Sing(A,) N Sing(Ap) = 0.

Proof. Let s,, sp be sections in V' corresponding to a and b. Assume, by contradic-
tion, that there exists a point x € Sing(A,) N Sing(Ap). Then z is a singular point
for all elements in the pencil As, + pusp. Hence the line < a,b > is contained in
DN A. But then a and b would lie in the same connected component of D N A, a
contradiction. O



(0.6) Lemma. Let [so] be a general point on a codimension k + 1 irreducible
component C of D and let A be the corresponding divisor. Then Sing(A) is Cohen-
Macaulay of pure dimension k.

Proof. Let s1,...,Sk+1 be general sections in V' and let W =< s¢,...,sgy1 >. Let
G;, 1 =0,...,s be the connected components of P(W) ND and let [so] € Gy. Note
that some components GG; may have positive dimension; however

(0.6.1) G consists of the single point [sg].

Otherwise, [so] would lie on the intersection of C with another component of D of
higher dimension; but this cannot happen, [so] being general. Note that Sing(A)
is contained in ji(W)71(0), the set of the singular loci of the singular elements
in P(W). Then by (0.6.1) and Lemma (0.5) we see that all the connected com-
ponents of Sing(A) are connected components of j1(W)~(0). On the other hand
41(W)71(0) is nonempty and then it is Cohen-Macaulay of pure dimension k by
[LPS2, Theorem 2.4]. Therefore so are its connected components, which proves the
assertion. [

The proof of Lemma (0.6) shows that for a general P(W), every 0-dimensional
connected component of D N P(W) gives rise to some connected component of
71(W)71(0). So for every irreducible codimension k + 1 component of D there is at
least one connected component of D NP(W) consisting of a single point like [s¢] in
the proof above. So we have the following

(0.7) Remark. Let L be an ample line bundle on a projective manifold X, spanned
by a subspace V. C HY(L). The number of the codimension k + 1 connected
components of D is bounded by the number of the connected components of the
general representative of ci(J1L) (which in turn is bounded by cg(Jy L) - L"~F).

1. NONDEGENERATE QUADRATIC SINGULARITIES

Let L be a line bundle on a smooth complex projective n-fold, n > 2 and
assume that |L| contains a reduced divisor A. Let s be a section of L defining A.
We say that a point © € A is an isolated nondegenerate quadratic singularity if,
with local coordinates x4, ..., x, around z, s can be written in the form

s = Zaijzvixj + h.o.t. (aij = aji),
]
with
det(aij) 7é 0,

where h.o.t. means higher order terms. Now let P be a smooth subvariety of A of
dimension k > 0. We say that P is a locus of nondegenerate quadratic singularities
of A if for every © € P there exist £ smooth hypersurfaces Hy, ..., Hy meeting
transversally along a submanifold I' such that z = PNI is an isolated nondegenerate
quadratic singularity of ANT.

Isolated nondegenerate quadratic singularities can be characterized by means
of the jet formalism in the following way.
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(1.1) Proposition. Let L be a line bundle on X with h°(L) > 2, let A € |L| be a
reduced divisor having a singularity at x:. Assume that there exists a sectiont € T'(L)
not vanishing at x. Then x is an isolated nondegenerate quadratic singularity of A
if and only if x is a smooth point of (j1(t) A j1(s))~1(0), where s is a section in
['(L) defining A.

Proof. Choose local coordinates x1,...,x, on X around x. We can assume that
any section t as above is 1 around z; on the other hand, since A is singular at x,
we have
s = E (i T;T5 + h.o.t (aij = aji),
i,

where h.o.t. means higher order terms. Then j;(¢) = (1,0,...,0) around z, while

n n
J1(s) = (s, Z ai jr; +hot., ..., Z an ;j; + h.o.t.).

Thus

n

jl (t) A jl(S) = (Z 1,54 + h.O.t., Ceey Z Qp,5 T + h.O.t.).

j=1 j=1

For shortness set ¢ = j1(t) A j1(s). Now it is clear that z is a smooth point of
¥~1(0) if and only if dip has rank n at z. But this is equivalent to x being an
isolated nondegenerate quadratic singularity of A since di(z) = (a;5). O

The property of the normal bundle of the general contact locus, discovered by
Ein in the classical case, has an analogue for the normal bundle of a smooth locus
of nondegenerate quadratic singularities.

(1.2) Theorem (Generalized Ein Lemma [E, Theorem 2.2]). Let L be a line bundle
on X having a section defining an irreducible hypersurface A. Assume that A has
a smooth locus P of nondegenerate quadratic singularities with dim P > 0. Then
we have a symmetric isomorphism

Npjx 2 N} x ® L.

Proof. The proof runs as in [BS, Thm. 14.4.1, p. 346]. Let s € I'(L) be the section
defining A; then j1(s) is zero on P. Consider the exact sequence

05T QL - L% 1L — 0,

where .J,, L is the m-th jet bundle of L. Around every point x € P choose local

coordinates zi1,...,2, on X such that P is defined by zxy; = --- = 2z, = 0.

Now look at the second jet ja(s). Since a(jz2(s)) = ji(s) is trivial on P we have
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(j2(s))p € HO((T;((Q) ® L)p). Since s(P) = 0 all partial derivatives in the z;
directions (i = 1,..., k) are zero. This shows that in fact

(ja(s))p € HY(N;% ® Lp) € HY(TRXY ® L)p).
Recalling that
Np% ® Lp € Njyx @ Njx ® Lp = Hom(Npx, Njy x ® Lp)

we thus se that j(s) defines a homomorphism h(s) : Np/x — Np 5 ® Lp. Note
that h(s) is represented at every point x € P by the Hessian matrix of s with
respect to the coordinates zi11, ..., z,. But this matrix has maximal rank since z
is a nondegenerate quadratic singularity. Moreover it is symmetric, hence h(s) is
the required symmetric isomorphism. [

2. THE MAIN THEOREM

Let us start by relating the title of the paper to the set-up we consider in this
Section.

Let X# C PV be an irreducible variety, let v : X — X# be its normalization
and assume that X is smooth. Set L := v*(Ox#%(1)) and call V' the subspace of
HO(L) obtained by pulling back via v the image of the restriction homomorphism

HOPN,0pn(1)) = HY(X#, Oxs(1)).

Then ¢y, the morphism associated with V', coincides with v. Since v is a finite
birational morphism we conclude that L is ample, V' spans L and ¢y is generically
one-to-one.

Conversely, consider a triple (X, L, V') consisting of a smooth projective n-fold,
an ample line bundle L on X and a vector subspace V' C H®(L) spanning L and
giving a generically one-to-one morphism ¢y. Set X# = ¢y (X); then X# has
a smooth normalization isomorphic to X. To see this, let v : X — X# be the
normalization morphism. Then ¢y : X — X# factors through v and a morphism
f: X — X, which is birational so being both ¢y and v. Then all fibers of f are
connected by the Zariski main theorem. But all fibers of f must have dimension 0.
Otherwise X would contain a curve I' with I'L = 0, contradicting the ampleness of
L. Therefore f is an isomorphism, hence X 22 X is smooth.

In view of this equivalence, we consider the following set-up.

(2.0.1) L is an ample line bundle on a smooth complex projective n-fold X, n > 2,
which is spanned by some subspace V C HY(L) and the associated morphism
¢v : X — PV is generically one-to-one.

We set also ¢ = ¢y where there is no danger of confusion. Our first goal is
to analyze Dy, the main component of the discriminant locus D(X, V') defined in
(0.3). Recall that on X, we have the exact sequence

(2.0.2) 0— K" — XgxV — Ji(Xo,L) — 0.
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and that Dy is the image of the closure of the projective bundle P(K) over X via
the second projection ¢ : X x |V| — |V, i. e.

(2.0.3) Dy = q(P(K)).

Let U C Xj be the open subset where ¢ is one-to-one. Since ¢y is an embedding,
we have

(2.1)Remark. Let = € U; an element D € |V| is singular at = if and only if
D = ¢*h, h being a tangent hyperplane to ¢(X) at ¢(x).

(2.2) Lemma. Assume that Dy has codimension one in |V| and let A € Dy be a
general element. Then

Sing(A) N (X \ U) = 0.

Proof. By contradiction, assume that

(2.2.1) the general A € Dy has some singular points in the closed subset X \ U.

Recalling (2.0.3), assumption (2.1.1) means that the map ¢ from P(K)x,; to Do
is dominant, hence there exists an irreducible component Z of X \ U such that

qz : P(K), — |V| maps onto a dense subset of Dy and so

(2.2.2) dimP(K), > dim Dy.
But this is impossible. Actually, by assumption
(2.2.3) dimDy =dim|V|—-1=dimV — 2,

On the other hand, since Z is a proper analytic subset of X, we conclude that
P(K), is a proper analytic subset of P(K'). Thus, recalling (2.0.2), we get

dimP(K), < dimP(K) — 1
= dim X + dim V' — rankJ; (Xo, L) — 1 — 1
=n+dmV-n-1-1-1
=dimV — 3.

So by (2.2.3)

dimP(K), < dim Dy,
which contradicts (2.2.2). O

When L is a very ample line bundle it is a classical fact that for the general
A € D(X,L) the singular locus of A is a linear P*, where k¥ = def(X,L). On
the other hand, when £ = 0 it is also well known that Sing(A) is an isolated
nondegenerate quadratic singularity. Here we restore these facts in our set-up and
at the same time we prove that if £ > 1 then Sing(A), for a general A € Dy, is a
locus of nondegenerate quadratic singularities.
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(2.3) Theorem. Let X, L and V be as in (2.0.1). Assume that Dy has codimen-
sion k41 in |V'| and let A € Dy be a general element. Then (Sing(A), Lging(a)) =
(P*, Opk(1)). Moreover Sing(A) is a locus of nondegenerate quadratic singularities.

Proof. The proof consists of two parts dealing respectively with cases £ = 0 and
k> 0.

Part I. Assume k = 0. We have to prove that the general element H € Dy has
only one singularity, which is an isolated nondegenerate quadratic singularity.

In view of Lemma (2.2) all the singularities of A are contained in the open
subset U defined above. Then, since ¢ is one-to-one, A corresponds to a tangent
hyperplane h to ¢(X), by Remark (2.1). Note also that by Remark (2.1), combined
with our assumption, the dual variety (¢(X))* of ¢(X) has dimension

(2.3.1) dim(¢(X))* = dimDy = N — 1.

In ¢(X) x PV * consider the tangency correspondence
P:={(y,h) € (¢(X))sm x PN * : h is tangent to ¢(X) at y}

(cf. [Z,p. 20]) and let v : P — (¢(X))* be the Gauss map induced by the projection
to the second factor. Note that dimP = N — 1 = dim(¢(X))* by (2.3.1), hence by
[Z, Theorem 2.3, ¢), p. 21] v is birational. This means that h, the general tangent
hyperplane, is tangent at a single point y € ¢(X). It thus follows that A is singular
only at ¢~!(y), ¢ being one-to-one.

To show that ¢~1(y) is a nondegenerate quadratic singularity of A we proceed
as follows. Let 7 : PV — P+ be a projection from a linear subspace not meeting
¢(X). Then the composed map 1 := mo ¢ : X — P"*! is generically one-to-one
onto its image. By Remark (2.1) we know that A = ¢*h, where h is a hyperplane
of PV tangent to ¢(X) at y. Assume that h N ¢(X) has a worse singularity than a
nondegenerate quadratic one at y. Then since it is an isolated singularity, the same
should happen for the corresponding hyperplane of P**! tangent to ¢ (X) at m(y).
So it is enough to prove that the section with a hyperplane tangent to 1 (X) at a
general point u has a nondegenerate quadratic singularity at u. Let g : (¢(X))sm —
(4(X))* be the map sending the smooth point u to the hyperplane of P**! tangent
to ¢(X) at u, which is uniquely defined since 1 (X) is a hypersurface.

Now consider the tangency correspondence in 1(X) x P**! * Since there is
no danger of confusion let us use the same letter P as before to denote it and let
p: P — ¢(X) be the restriction of the first projection. Note that p is birational
¥(X) being a hypersurface and that p~! is defined on (1 (X))sm. Then

(2.3.2) g=vop },
where v : P — (1(X))* is the Gauss map. Note that since ¢(X) is a projection of
$(X), by duality, the dual variety (¢(X))* C P+ * is a linear slice of (¢(X))* C
PN *. By (2.3.1) we thus get
dim(¢(X))* = dim(¢(X))* = (N = (n+ 1)) = n.
9



But in the hypersurface case we also have dimP = n. So by [Z, Theorem 2.3,
c), p. 21] again we conclude that 7 is birational; as a consequence by (2.3.2) g is
birational, hence at a general point u € (¢(X))sm the differential dg has maximal
rank.

To make this condition explicit we use a local argument, which is inspired by
[K, pp. 221-225]. Let ¢(X) be defined by

F(Zo, ..., Zns1) =0,

where F' is a homogeneous polynomial. Then for any v € (¢(X))sm

oF OF oF
g(v) = (8—20 : 8—21 P 8Zn+1)(v)'
Let u=(1:0:---:0) € ((X))sm. Then using affine coordinates z; = Z;/Zy,

i=1,...,n, the corresponding affine part of ¢)(X) is defined by

f(Zl, .. .,Zn+1) = F(l,zl, .. .,Zn+1) =0.

Up to a linear change of coordinates we can assume that the tangent hyperplane
at u has equation z,4; = 0. Thus by the implicit function theorem there exists a
holomorphic function h = h(z1, ..., z,) in a neighborhood of 0 € C™, vanishing to
the second order at 0, such that in a suitable neighborhood of u in C**!, f can be
expressed in the form

(2.3.3) Znt1 — h(z1, ..., 2n).
Now, by the Euler theorem
n+1
oF
—Z; = dF,
— 0Z;

where d is the degree of F. So at points of ¥(X) in our affine chart we have
n+1 n+1
3 Zo - Z Z 321
Moreover, from (2.3.3) we get

aF _ df  oh
8Z7; 827, 827; ’

and
oF  of
8Zn—i—l B 8Zn—i—l
10




We thus see that in a neighbourhood of v on (¢)(X))sm

Wy 0 B
o) = (-3 ghmi gt 2
=1

0z; " 0z1  O0zpgr

" Oh oh oh
_(Za—%zi—h-—a—Zl-"'-_8—%-1)(1})'

=1

Let Wy : --+ : W,41 be the homogeneous coordinates in P! *. Since the last
coordinate of g(v) is not zero, using affine coordinates w; = W;_1 /W11, i =
1,...,n+ 1, we get the following local expression for g:

" Oh oh oh
g(’U) = (Z 8—21'27; — h7_8—2;17“.7_8—zn)(v).

By evaluating dg at u we thus see that the condition that rank(dg(u)) = n is

*h
62182J
this exactly means that u is a nondegenerate quadratic singularity for the section

of (X)) with the hyperplane defined by z,41 =0. O

equivalent to the fact that the Hessian matrix [ ](w) is nondegenerate. But

Part II. Now assume that & > 0. Let x € Sing(A); choose k general elements
Hy,...,H € |V|and set I' = Hy N ---N Hg. Note that Lp is ample and spanned
by Vr. Moreover, due to the genericity of the H;’s, it is clear that the morphism
by is generically one-to-one. Since ¢y (T') is a general linear slice of ¢y (X) by k
hyperplanes, the dual variety (¢ (I'))* is a general projection of (¢ (X))* c PV*
into a PM=F inside PV*. So the main component Dy(T', V1) has codimension 1,
namely defy(T", V1) = 0. Then Part I applies and we have that Sing(Ar) is a single
point representing an isolated nondegenerate quadratic singularity for Ar. Now,
due to Lemma (0.6) we know that dim Sing(A) = k and then by the ampleness of
L we have that
Sing(A) N T # 0.

On the other hand
Sing(A) N T C Sing(Ar),

the inclusion being scheme-theoretic, due to the generality of I'. As we said, the
right hand term is a point. Thus Sing(A) NT is a single point. Moreover Sing(A) is
Cohen-Macaulay of pure codimension k& by Lemma (0.6) again. Therefore Sing(A)
is irreducible and generically reduced, hence reduced. Now look at the polarized
variety (Sing(A), Lging(a)). We know that Sing(A) is Cohen-Macaulay,

k
LSing(A) =1,

and Lging(4) is ample and satisfies the condition hO(LSing(A)) >k + 1, due to the
spannedness of L. Hence [F, Theorem 1.1, p. 22] applies and we get

(Sing(A), Lging(a)) = (P*, Opr(1)).
11



Now fix any « € Sing(A) and recall that € U, by Lemma (2.2). Choose Hy, ..., Hy,
as above but in |V —z|. Then the same argument as above shows that = Sing(A4)N
[’ = Sing(Ar) is an isolated nondegenerate quadratic singularity. This concludes
the proof. O

As a consequence of Theorem (2.3) we obtain that the conjecture stated in
[LPS2, Conjecture 2.11] is true in the case when ¢ is generically one-to-one. Recall
that if (X, L) is a polarized variety, a linear P* of (X,L) (a line if k = 1) is a
subvariety P C X such that (P, Lp) = (P*, Opx(1)). We need the following

(2.4) Lemma. Let L be an ample and spanned line bundle on an irreducible re-
duced projective variety X. If there is a linear P* through the general point of X,
then there is a linear P* through every point.

Proof. Choose a component Z of the Hilbert scheme of the linear P*’s of (X, L)
containing a point corresponding to the linear P* through a general point of X.
Let p : Hz — Z be the universal projection, where Hz is the total space of the
Hilbert scheme over Z. Let q : Hz — X be the natural map. Let z € X be
an arbitrary point and let 2 € Z be such that x € ¢(p~1(z)). Call G the object
q(p~1(2)) with all its possible embedded components removed. If we show that G
is a linear P* we are done. Since p is flat, its fibers F' have constant dimension = k,
and the intersection index (¢*L)*F is independent of the fiber F' and so equal to
1. Note that ¢r is an isomorphism, since Hz is a family of algebraic subsets of
X. Then LFq(p~'(z)) = 1. Since L is ample we thus get L*G = 1. This shows
that G is irreducible and reduced. Let v : G — G be the normalization. Then v*L
is ample and spanned and v*H°(L) gives a morphism G' — P¥ which is finite to
one and generically one-to-one. Thus by the Zariski main theorem this map is an
isomorphism, say f. On the other hand f factors through G = G — P*. This
shows that G = PF. [

(2.5) Corollary. Let X, L, V be as in (2.0.1) and assume that k = defy(X,V) >
0. Then the P*’s arising as singular loci of the general elements of Do(X, V) cover
X. In particular X 1is covered by lines.

Proof. By Theorem (2.3) there is an open dense subset of X covered by linear P*’s.
Then the assertion follows from Lemma (2.4). O

3. APPLICATIONS

In this section we discuss some applications of the main theorem recovering
several known results on contact loci in our more general setting. Throughout all
this Section we assume that X, L and V are as (2.0.1). Since in general ¢y may
not be an embedding of X in PV we cannot follow Ein’s approach [E, Theorem
2.3]. To overcome this point we need the following technical
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(3.1) Lemma. Let X be a complex projective manifold and let X = {P,} 2 T be
a deformation family of a submanifold P = Py of X covering a dense open subset
of X. Then for a general 7 € T the normal bundle Np_;x is spanned by global
sections at a general point.

Proof. Let ¢ : X — X be the obvious morphism sending isomorphically every P,
onto its image in X. Consider the following commutative diagram

0 — Tpt — (T)()pt — NPt/X:p*TT,t — 0

|| 2 |7 ,

0 — Tpt — (Tx)pt i> NPt/X — 0

where f is induced by dp. Due to the assumption dy is a surjection at a general
point x € P;. Since g is surjective we conclude that f is a surjection. On the other
hand at a smooth point ¢ = 7 € T we have p*Ty , = CYm 7 hence the trivial
bundle surjects onto Np_,x at x € P;, which proves the spannedness at z. [

Now assume that k£ = defy(X, V) > 0. Then, by Corollary (2.5), Lemma (3.1)
applies to the P*’s arising as the singular loci of the general elements of Dy (X, V).
Therefore there exists such a P* such that Np« /x 1s spanned at the general point.
For a line [ C P¥ passing through that point, hence for a general line, we have

(Npr/x )i 2 @7 Opi(a;)  with  a; >0,
due to the spannedness. Now, by Theorem (1.2) we get
n—k _ n~n—k
691;:1 OIP’l(ai) — ®j:1 Opl(l — CLj).

Hence the set of the a;’s coincides with the set of the integers 1 — a;. This implies
that

n—k n—k
(3.2.0) (Nox/x)i 2 027 @ 0pi (1)207).
In particular we get the following extension of Landman’s parity result.

(3.2) Proposition. Let X, L and V be as in (2.0.1). If defy > 0 then

n = defy mod 2.

Moreover since Nj/px = Op1(1)®F=1 in view of (3.2.0) the exact sequence
0— Nl/Pk — Nl/X — (NPk/X)l — 0

splits and gives

n—~k n
(3.2.1) Nyx 20507 @ 0p (1205 D),
13



Note that by adjunction we thus get

k
(3.2.2) —2 = deg K; = Kxl + deg Nyjx = Kxl + 2= — 1.
This gives
n+k+2
(3.2.3) (—Kx)pr 2 OPk(72 ).

In particular this shows that Kx is not nef. We recall that the nef value of a
polarized manifold (X, L) with Kx not nef is the lowest positive real number 7 =
7(X, L) such that Kx + 7L is nef but not ample [BS, Lemma 1.5.5, p. 26]. By a
well known result of Kawamata 7 is a rational number and there exists a morphism
® : X — Y with connected fibers onto a normal projective variety Y such that
N(Kx + 7L) = ®*h, where h is an ample line bundle on Y and N is a positive
number such that N7 is an integer. We refer to ® as to the nef value morphism.

As a consequence of the above discussion we get the following

(3.3) Theorem. Let X, L, V be as in (2.0.1). If k = defy(X, L) > 0 then the nef
value of (X, L) is T = ”—"gk + 1 and the nef value morphism ® : X =Y is a Mori
contraction. Moreover dimY < ”T_k

Proof. By Corollary (2.5) X is covered by lines. Let [ C X be such a line. By

(3.2.2) we get

-2
n+k_1>n ‘

V::—Q—le:

Then [BSW, Theorem 2.3] applies. Noting that (X, L) = (P2 x P*/2,0(1, 1)) has
defect zero, this gives the assertion on ®. The last assertion follows from [BSW,
Lemma 1.4.4]. O

In [LPS2, Theorem 2.8] we proved that if V' C H°(L) spans an ample line
bundle L on a projective manifold X of dimension n, then def < n with equality
if and only if (X, L) = (P, Opn(1)). If ¢y is not generically one-to-one this is no
longer true with defy instead of def. For instance, as Example (4.1) will show, it
can happen that defy = n > def. However, in the setting (2.0.1) we can restore the
above result with defy instead of def. On the other hand, Theorem (3.3) allows us
to generalize a circle of ideas developed in the classical case in [BFS] to our more
general set-up. Actually, the positive defect classification in [BFS] carries over in
our case. To prove our result we need the following

(3.4) Lemma. Let X, L andV be as in (2.0.1) with dim X = n. If k := defy > 0
then the nef value morphism ® cannot be a quadric fibration.

Proof. By contradiction, let & : X — Y be a quadric fibration over a normal
projective variety Y. Then 7 = n — y, where y := dim Y. Since k& > 0, by Theorem
(3.3) we get

(3.4.1) k=mn—2y—2.
14



By Theorem (2.3) a general element H € |L —2x| with  general, is singular along a
positive dimensional linear space P = P*. Since P cannot fibre over Y we have that
P C F, where where F = &~ }(®(z)). Moreover F' & Q"™¥ is a smooth quadric,
since x is a general point of X. Now either H D F, or H N F is an element of |Lp|
with a singular set containing P, hence at least one-dimensional. But, since F'is a
smooth quadric, it is self dual under the map sending a point to the unique tangent
hyperplane at that point. Hence the elements of |Lg| that are singular have only
a single isolated singularity. This shows that F' C H. Now set Fy = ®~1(¢) where
t € Y and consider

G:={H € |L| : HDF, for a general t € Y}.

We have shown that

(3.4.2) D, C G.
We have
(3.4.3) dimG < dimY + dim |L — F}|,

for Fy =2 Q™Y a general fiber of ®. Now note that for the general F; the restriction
homomorphism H°(L) — H°(Lp,) is surjective since the morphism ¢, (and hence
its restriction to a general fiber F}) is finite and generically one-to-one. Therefore
hO(L—Fy) = h°(L)—h°(Lg,). Since L, = Ogn-y (1), this gives h®(Lp,) = n—y+2.
In view of (3.4.3) we thus get dimG < dim |L| — n + 2y — 2. But then, recalling
(3.4.1), the inclusion (3.4.2) gives

dim|L| —n+2y+1=dim|L| - (k+1) =dimDy < dimG < dim |L| — n + 2y — 2,
a contradiction. [

(3.5) Theorem. Let X, L and V be as in (2.0.1) with dim X = n and let k :=
defo(X,V) > 0. Then k < n with equality if and only if (X,L) = (P™, Opn(1)).
Moreover, if n — 8 < k < n, then one of the following cases holds:

a) k=n—2 and (X, L) is a scroll over a smooth curve;
b) k=n—4 and (X, L) is either
bl) the grassmannian G(1,4) of lines of P*, with L the line bundle giving the

Pliicker embedding and its section with a general hyperplane, or
b2) a scroll over a smooth surface;

¢) k=n—06 and (X, L) is either
cl) a Mukai manifold with Pic(X) 2 Z and —Kx = (n— 2)L,
c2) a Del Pezzo fibration over a smooth curve, or
c3) a scroll over a normal threefold.
15



Proof. As already observed, Kx is not nef, hence the results on the adjunction
theoretic structure of (X, L) apply (see [BS, Ch. 7] and alternately [LPS1, Theorem
1.2 and Theorem 2.3] for the first part of the proof). Assume that & > n; then
7 > n+ 1 by Theorem (3.3). Hence by [BS, Proposition 7.2.2, p. 160] we see that
T=n+1,ie ,k=mnand (X,L)= (P Opn(1)).

Now assume that n —8 < k < n. Then by Proposition (3.2) it can only be
k=n—2,n—4,n—6.

Let k = n — 2. Then 7 = n by Theorem (3.3). By [BS, Proposition 7.2.2, p.
160] (X, L) is either as in a), or Kx + nL is nef and big, in which case however we
would get dimY = n, contradicting Theorem (3.3). Note that the pair (X, L) =
(Q™, Ogn (1)) cannot occur since in this case def = defy = 0.

Let £ = n — 4; then 7 = n — 1 by Theorem (3.3). By [BS, Theorem 7.3.2,
p. 169], taking into account Lemma (3.4), we conclude that (X, L) is either: i) a
Del Pezzo manifold, ii) a scroll over a normal surface, or ® is birational, which
however contradicts Theorem (3.3). In case i), due to the assumption in (2.0.1),
&, is generically one-to-one, hence L is very ample, by the classification [F, Ch.
I, §8]. So the only Del Pezzo manifolds occurring in this setting are those listed
in bl). Case ii) leads to b2) since, X being smooth, the surface Y itself has to be
smooth.

Note that when £ < n — 4 we have 7 < n — 1 by Theorem (3.3). So by [BS,
Theorem 7.3.2, p. 169] Kx + (n — 1)L is ample, which shows that (X, L) coincides
with its first reduction (e. g. , see [BS, (7.3.3), p. 171]). Now let k¥ = n — 6; then
7 = n — 2 and so by [BS, Theorem 7.5.3, p. 176], taking into account Lemma
(3.4) again, we conclude that (X, L) is either: a Mukai manifold, a pair as in
c2), ¢3), or Kx + (n — 2)L is nef and big, in which case however, dimY = n,
contradicting Theorem (3.3). Note that in the first case since n > 7 we have
n — 2 = index(X) > § + 1, hence Pic(X) & Z, due to [W]. O

Note that Theorem (3.5) gives a complete classification of pairs as in (2.0.1)
with defy > 0 and n < 7. The result is formally the same as in the case when L is
very ample [BFS, §2].

We conclude this Section with another application of Corollary (2.5).

(8.6) Proposition. Let X, L and V be as in (2.0.1). If defy > 0, then T, (V) =0
for 2m > n — defy.

Proof. Let k := defy. Assume that x € J,(V) and let Z := Npejy_9yD. Since
codim|y_4 |V — 2z| < n — m, we can choose n —m’ < n — m general elements
81y+-+ySn—m’ € V — x such that their classes in |V — x| together with |V — 2z
generate the linear space |V — z|. Since

’
n—m

N 2=C () D)n( ) )
De|V—z| De|V —2z| i=1
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is finite, we conclude that
(3.6.1) dimZ <n-—m'.

Note that every element D € |V — 2| contains any line [ of (X, L) passing through
x, otherwise 1 = DI > mult, (D) > 2. Hence Z contains the locus of the points of
X lying on the lines through z. In particular

(3.6.2) Z DG,

where G is the locus of the points of X lying on the lines through = contained in
the P¥’s of singularities of the general elements of Dy. Note that

(3.6.3) dimG > " ; b

Actually for a line ! contained in the P* of singularities of a general D € D, we
have —Kxl = 2t + 1 by (3.2.2). On the other hand such lines cover X by
Corollary (2.5), hence the dimension of the family of lines through z is > —Kxl—2
by [BS, Remark 6.3.4, p. 129]. Thus, recalling (3.6.1), (3.6.2), (3.6.3), we have
n—m>n—m >dimZ >dimG > 2% e, n>2m+k. Thusif 2m >n—k we
conclude that 7, (V) is empty. O

4. EXAMPLES

In this section we give some examples of the nonclassical behavior of the dis-
criminant variety and the degeneracy loci J;(V') in the set-up of (2.0.1) studied in
this paper. In (4.1) we show how the conclusion of Theorem (2.3) can fail for an
arbitrary ample and spanned line bundle L on X when the map associated to |L|
is not birational. In (4.2.2) we produce an example of a plane curve whose discrim-
inant variety has two components. Example (4.2.4) shows that taking a product
of the curve in (4.2.2) with (P!, Op1(1)) we get only one irreducible component. In
this and the remaining examples we show some of the possible configurations of the

Ji’s.

(4.1) Let Y be a projective n-fold and let £ € Pic(Y') be a very ample line bundle.
Let 7 : X — Y be a finite morphism of degree m > 2 branched along an irreducible
reduced divisor B C Y. On X consider the line bundle L := 7*L, which is ample
and spanned, and assume that

(4.1.1) H°(L) = n*H°(L).

Due to (4.1.1) ¢, factors through m and the embedding ¢, : Y — PV, and we
can identify P(H°(L)) with the dual of the projective space PV .

Still (4.1.1) says that every D € |L| has the form D = n*H, with H € |L|.
Hence D is singular if and only if H is either singular or tangent (or in an even more
17



special position with respect) to B, as an immediate local check shows. Therefore
via the identification P(H°(L)) = PN*, we see that D(X, L) contains at least the
following two components: Dy(X,L) = (¢p-(Y))* and D1(X,L) = (¢ (B))*. Of
course some more components may occur, corresponding to a stratification of the
singular locus of B.

Note that ¢, is not generically one-to-one since m > 2, and that the general
element of Dy(X, L) has exactly m isolated nondegenerate quadratic singularities.
Moreover defy(X, L) = def(Y, £); in particular if (Y, £) has degenerate dual variety
we get examples where defy(X, L) > 0. In the limit case (Y, L) = (P™, Opn(1)) the
first component Dy(X, L) disappears while the second one Dy (X, L) is a hypersur-
face, since B itself is a hypersurface of P™. In other words we get defy(X,L) =n
while def(X, L) = 0. Moreover, by applying [LPS2, (2.8)] we get the following

(4.1.2) Proposition. Let 7 : X — Y, L and L be as in (4.1) and assume that
(4.1.1) holds. Then defy(X,L) <n —2 unless (Y, L) = (P, Opn(1)).

(4.1.3) Ezample. To give a concrete example, let Y be a projective n-fold polarized
by a very ample line bundle £. Let B be a smooth element of |mtL| with ¢ > 2,
m > 3. Then let m : X — Y be the cyclic m-sheeted cover branched along B and
set L := 7*L as before.

Now let B’ € X be the ramification divisor of 7. Since m maps B’ isomorphi-
cally to B we have an isomorphism H°(Lp:) 2 H°(Lg). On the other hand from
the exact sequence

0—L-—B=(1—-tm)L—L— L —0,

noting that A*((1 — tm)L) = 0 for i = 0,1, we get the isomorphism H%(L) =
H°(Lp). Recalling that B’ € |7*tL|, = induces the following exact sequence on X

0—>L-B' =Q1—-tr"L—L— Lg —0.

Since t > 2 we also have h'((1 — t)m* L) = 0, for i = 0, 1, hence there is a further
isomorphism H°(L) 22 H°(Lp:). By putting together these isomorphisms we finally
see that (4.1.1) holds.

So the discussion in (4.1) applies to this situation and since B is smooth D(X, L)
consists exactly of two components. As before, the general element of Dy (X, L) has
exactly m isolated nondegenerate quadratic singularities, but now, since 7 is cyclic
of degree m > 3, a local check shows that any element of D;(X, L) (coming from a
divisor H tangent to B) has a singular point which is worse than a nondegenerate
quadratic singularity.

(4.2) We are giving some examples of ample line bundles L on a projective n-fold
X with a vector subspace V C H°(L) spanning L and giving rise to a generically
one-to-one map ¢y .

(4.2.1) Let L be a very ample line bundle on a projective n-fold X and let ¢, :
X — PV be the corresponding embedding. Assume that N > n + 2 and let P be a
18



general PV—"=2 ¢ PV As is known, projecting ¢z (X) from P gives a generically
one-to-one map onto the image. So let V be the vector subspace of H°(L) such that
P(V) = ¢3 |Opn~(1) — P| (the linear system of hyperplanes containing P). Then V
spans L and the map ¢y is generically one-to-one.

In the next examples L will be not very ample, but V = H°(L).

(4.2.2) Example. Let C C P? be an irreducible curve of degree d > 4 having a single
cusp and no more singular points. Let v : C = C be the normalization and let £ =
v*Op2(1). L is ample and spanned and v is generically one-to-one. So it is enough
to show that ¢, = v, or equivalently that h°(£) = 3. By contradiction, assume that
hO(L) > 4. Then since ¢, (C) is not a plane curve, the genus g(C) is bounded from
above by the Castelnuovo bound. On the other hand ¢(C) = g(C) —1 = 2d(d-3),

since C' is a plane curve. But this contradicts the Castelnuovo bound, since d > 4.

Note that the same argument works for a plane curve C' having a single node,
or more generally for plane curves having a small number of singular points with
respect to the degree; e. g. for C' a plane quintic having a single node, in which case
L = K& — p, where p is a point of C.

The following remark is obvious.

(4.2.3) Remark. Let L£; be an ample and spanned line bundle on a projective
manifold Y; and assume that ['(£;) gives a generically one-to-one map, for i = 1, 2.
Set X :=Y; x Y5 and let p; denote the projection of X onto the i-th factor. Then
the line bundle

El X £2 = pfﬁl X p;ﬁz

is ample and spanned and the map defined by its sections is generically one-to-one.

Now let C' and £ be as in (4.2.2) and let z € C be the point mapped by v to
the cusp of C. Then (C)y = C — {z} and (C); = {z}. Now, for any n > 2 set
X=Cmrandlet L:= LK --KL; then dim X; =n — i for every i = 0,1,...,n. So
we have equality in (0.3.1).

(4.2.4) Example. Let C, £ and z be as in (4.2.3) and consider the pair
(S,L) := (C x P, LK Op1(1)).

By Remark (4.2.3) L is ample and spanned and its sections define a generically
one-to-one map. In fact ¢ factors through (¢, idp:) and the Segre embedding
P? x P! < P5. Note that (S, L) is a scroll: let 7 : S — C be its projection and
let Z = 7=!(z) be the special fibre. We have (S)o = S\ Z, while (S); = Z. Since
hO(L) = 6 we see that the global singular sets

So={(x,H) € (S)g x|L| : = € Sing(H)}

and
S ={(z,H) e Z x|L| : = €Sing(H)}
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have both dimension 4. Now look at their images Dy and D; under the second
projection of S x |L|. Note that (S, L) being a scroll its nef value is 2, hence
defo(S, L) = 0 by Theorem (3.3). So Dy is a hypersurface of |L| = P%*. Our aim is
to show that D; is strictly contained in Dy.

Let z € S. Since (S, L) is a scroll we have that all elements H € |L — 2x| have
the form

(+) H=F+T,

where F' is the fibre of m through x and I' is an effective divisor inducing Op1(1) on
the fibres. Moreover if z € (S)o and H is a general element of Dy then I' is irre-
ducible, hence smooth. Otherwise H would have more than a single nondegenerate
quadratic singularity, which would contradict Theorem (2.3). Note however that if
r € Z, then

(++) H=2Z+C,

where C' also is an effective divisor inducing Op1(1) on the fibres. Actually H—-Z7 €
|(£ — [z]) K Op1(1)]. On the other hand since |£ — z| = |£ — 2z| we have that z
is a base point of the linear system |(£ — [z])|, hence Z is a fixed component of

(£ = [2]) B Op: (1)].

The strict inequality Dy C Dy will follow once we have shown that Dy C Dj.
Actually the general H € Dy has a single nondegenerate quadratic singularity while
we have seen that all elements H € D; are singular along Z. So in view of (+) and
(++) it only remains to prove that Z + C occurs as a limit of I'’s for y := w(x)
tending to z. Since h(L — [y]) = 2 for all y € C, it is enough to show that the
line bundle M, := (£ — [2]) K Op1(1) occurs as limit of M, := (£ — [y]) K Op1(1)
for y tending to z. Consider the threefold X = S x C = C x P! x C and let p;
(1 = 1,2,3) be the projections onto the three factors. Denote by A the inverse
image of the diagonal of C' x C' via the map (p1,ps). The line bundle on X given
by M = (piL£ — A) ® p3Op:1(1) restricts to p3 ' (y) as M, and to p3 ' (2) as M, and
so we are done.

(4.2.5) Ezample. Let ¥ be the Del Pezzo surface with K2 = 2 and let L = —2K7,.
As is well known the map given by I'(Kx+ L) = I'(—Ky) is a double cover ¢ : ¥ —
P2 branched along a smooth quartic B. Let B’ = ¢~!(B). Let C € |L| be a general
element and let x be a point of C'N B’. Let v be a smooth conic passing through
@(x) but containing no other point of the finite set ¢(C N B’). Then Cy = p*y
is a smooth hyperelliptic curve in the linear system ¢*|Op2(2)| C |L| As is known
(e.g. see [BS, Example 10.2.4, p. 260]) the hyperelliptic locus of |L| is exactly the
sublinear system ¢*|Op2(2)|, which is a hyperplane of |L|. So, since C' is general,
C)y is the unique hyperelliptic curve in the pencil P generated by Cy and C. By
blowing-up ¥ at the base points of P we get a surface S and a morphism p : S — P!,
Let F' be its general fibre; then F' is a smooth non-hyperelliptic curve of genus 3 as
C'; we still denote by Cy the special hyperelliptic fibre of p. Finally let o : S — X be
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the blowing-up and let E; (i = 1,...,8) denote the exceptional curve corresponding
to the i-th base point of P. Since p*Op1(1) = F = 0*L — ) . E;, we get

Ks+p*0pi(1) = o* (K + L) = o*(~Ksx).

Hence Kg + p*Op1(1) is spanned and the E;’s are the only curves on S having
intersection zero with it. Now let £ := Kg + p*Op1(0), with 6 >> 0. Writing

(*) L= (Ks+p Opi(1)) +p"Op1 (6 — 1)

we see that L is spanned; moreover it is ample, since F;F' = 1. In addition the
morphism defined by I'(£) is generically one-to-one. Actually two points lying on
distinct fibres of S can be separated by using a section of Opi(d — 1). Now take
two distinct points lying on the same general fibre F. Recalling (*), by adjunction
we see that

(**) Lr = (Ks+p*Opi(1))r = K.

On the other hand the restriction homomorphism H°(Kg + F) — H°(Kp) is an
isomorphism, S being rational. Therefore there exists a section of L separating
our points. Note however that £ cannot be very ample, since Lo, = K¢, Cp is
hyperelliptic and H°(Ks + Cy) — H°(K¢,) is still an isomorphism. Now let y be
a hyperelliptic branch point of Cj and choose local coordinates (z,w) around y in
such a way that Cj is locally defined by w = 0. Then applying (**) to Cj instead
of F' shows that any section s € I'(£) has a local expression of the form

s=a+bw+e?+...,

(i.e. it does non contain the linear term in z). This shows that |L — 2y| has
codimension 1 in |L — y|, i.e. y € J;. So Ji contains the set Z consisting of
the 8 hyperelliptic branch points of Cy. Since ¢, is an embedding on X \ Cy and
unramified on Cy \ Z, we conclude that J; = Z. Thus

So=S\2, Si=2 Ss=0.

(4.2.6) Example. Let (S, £) be as in (4.2.5) and for any m > 2 set X = S?™ and let
L=LX---KL. Then L is ample and spanned and the map it defines is generically
one-to-one as follows by applying (4.2.3) inductively. Moreover dim X; = n — 2i =
2(m—1) for i =0,1,...,mand X,,_o;—1 = ). So for i > 1 we have strict inequality
in (0.3.1).

_ Finally let (S,£1 = £) be as in (4.2.5), let (T = C x C,L; = L® L), where
(C,L) is as in (4.2.2) and set X =S x T, L = L1 K L. Then for (X, L) we have
dim X; = n — 4 for ¢+ < 2, while dim X3 = 4 and X, = (.
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