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Abstract

We present a new technique for solving polynomial systems derived
from the discretization of differential equations based on domain de-
composition and homotopy continuation. This method divides the do-
main into subdomains and solves the polynomial system arising from
each subdomain. Homotopy continuation then uses these solutions to
build solutions for the original domain. We illustrate the method on
both one-dimensional and two-dimensional space problems.
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1 Introduction

Discretization of systems of differential equations often lead to systems of
polynomials. Though using modern numerical codes for the complete solu-
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tion of polynomial systems can yield new solutions [5], the systems of poly-
nomials (arising even from very sparse grids) are usually much too large for
direct solution by these codes. The realization underlying this article is that
domain decomposition gives excellent guidance on how to “bootstrap” from
the solutions of many small systems of polynomials to often large numbers
of solutions of a system of polynomials arising from a discretization with a
realistic grid.

Domain decomposition is a powerful tool for devising parallel methods
to solve partial differential equations. The basic idea of domain decompo-
sition to decompose the domain into subdomains, and solve on all of the
subdomains independently in parallel. Since computing approximate values
to the subdomain boundary points is a major difficulty, there is a rich litera-
ture (see, for example, [4, 7, 9] and the references therein), which constructs
schemes to approximate them for time dependent systems of PDEs. These
parallel schemes are mainly focused on parabolic equations.

This article introduces a new domain decomposition algorithm which
we call the bootstrapping method. This method computes multiple steady
states of time dependent systems and is naturally parallelizable. We will
introduce the bootstrapping method for solving problems consisting of one
and two space dimensions in Sections 2 and 4, respectively. We provide
numerical examples and examine the algorithm in Sections 3 and 5. Section 6
summarizes the results.

2 One dimensional bootstrapping

We introduce the one dimensional bootstrapping method using Laplace’s
equation. Suppose that u(z) is a solution to

Ugz = f(u) on(0,1),
u(0) = o, (2.1)
u(l) = Uui.

We decompose the interval [0, 1] with grid points x; = iH for i = 0,..., N
where H = % and N is a positive integer. Each subinterval [z;,z;11] is
then decomposed with grid points x; ; = x; + jh for j = 0,..., M where
h = ﬁ and M is a positive integer. The points ;0 = x; and x; pr = @41
are the boundary points of the subintervals while zop = zo9 = 0 and zny =
ZN—1,m = 1 are the boundary points of the original domain [0, 1]. The other
points are called interior points.

Define u; j = u(z; ;). The goal is to compute a numerical approximation
Ui; of u;; where these approximations form a solution to a polynomial



system constructed by discretizing (2.1). To define and compute solutions,
we need the following two discretized operators
Uit10 —2Uio+ Ui—10

2

QMU =

and
Uix —2U; o0+ Ui—1,m-1

h2

ifj=0
0p,U =
Uijr1 —2Ui; +Uij
B2

There are four discretized polynomial systems that we will consider. The
first and second polynomial systems, denoted Fy and Fj,, are the polynomial
systems that arise from the grid points in [0, 1] which are separated by H
and h, respectively. In particular,

OU — f(Uip) fori=1,....,N—1

Fy(U) =4 Uoo —uo (2.2)
UN70 — Ui.

ifj=1,....,M—1.

and, if X ={(4,j) |i=0,...,N—1land 7=0,...,M — 1} \ {(0,0)}, then
07U = f(Uiy) for (i,5) € X
Fp(U) =4 Uoo —uo (2.3)
UN70 —Uuj.

The third polynomial system, denoted F;j, is the polynomial system that
arises from the domain [z;, z;11] where U; ¢ and U;41 o are fixed, namely

Fn(U)= 07,U—f(Uiy;) forj=1,...,M —1. (2.4)

The fourth polynomial system, denoted Fj, g7, is the polynomial system that
arises based on domain decomposition, namely

U — f(Uip) fori=1,...,N—1

02U — f(Uy;) fori=0,...,.N-1j=1,...,M-1
Uo,o — uo

UN70—’UJ1.

Fpu(U) =

(2.5)
The basic idea of the bootstrapping method is to solve Fyy for small values of
N = % and use these solutions to solve Fj, 7. Solutions to F}, are computed
using the homotopy

F(U#) = (1 = ) Fu(U) + 4ty (U), (2.6)



where « is a random complex number (see [8] for more details).

We now describe the bootstrapping method in detail.

1. For small N, Fy defined by (2.2) can be solved directly. This computes

discretized solutions U on the coarse grid defined by H = L. We

N
denote the set of solutions as Sy .

. Each solution in Sy defines Dirichlet “boundary conditions” on each
subdomain. Solve F;j, for ¢ =0,...,M — 1 and let the set of solution
be Sy . Typically, M is taken to be small, say M =2 or M = 3.

. Discard unreasonable solutions of Sy s using a filtering condition.
Our filtering condition ensures that the approximation solution is rea-
sonably close to the real solution. Some filtering conditions are follow-
ing:

(a) Variational form: Let v € V}, be the set of continuous piecewise
linear functions that vanish at + = 0 and =z = 1. Then, the
solutions satisfy the form

1 1
—/ u'v'dr = / f(u)vdx for all functions v,
0 0

corresponding to the residual v’ — f(u) being orthogonal to the

test function space Vj,. We can pick a sequence {v,}>2, such

sin(nmwz) _ z"(1—x)
Jm o OF Un =

conditions. (Such a filtering approach is related to finite element

methods). We use

as v, = , to obtain a series of filtering

1 1
| ; u'v’da:—i—/o f(u)vdz| < e for ||v]| 0,1 < 1,

with a reasonably small e.

(b) Bounded condition: A filter forcing ||U; ;|| < K, where K >
0 is a upper bound of the PDE solutions. Clearly, a bounded
filter can be applied to PDE systems for which bounds can be
estimated.

(c) Other conditions: Other filters can be found in [1], which is
derived from known properties of the solutions of the problem
at hand, such as derivatives, symmetry, positive or some other
easily-detected behavior.



4. By construction, the points in Sy s are solutions of Fj g which are
start points for the homotopy F defined by (2.6) at ¢ = 1. Track
the solutions paths defined by F' starting at the points in Sy ar. Each
endpoint is a solution of F}, which we can consider as F; where H= %
and N=N-M. In particular, the set of endpoints can be considered
as S 8o If the mesh size is sufficiently small, output the solutions;
otherwise, go to step 2.

With the proper modifications of the polynomial systems, this method
can be applied to other problems.

3 One dimensional examples

We apply the bootstrapping method to a modification of (2.1), namely

Uge = f(u) on (0,1),
W'(0) = 0, (3.7)
u(l) = 0.

The Neumann boundary condition «/(0) = 0 is discretized using a second-
order one-sided scheme

2h) — du(h) + 3u(0)

u(2H) — 4u(H) + 3u(0)
—2h '

u'(0) ~ u( Y]

or u'(0) ~

The “variational form” filtering condition was used in Example 1 while Ex-
ample 2 utilized the “bounded condition” filtering since the solutions are
bounded by /p from [3].

3.1 Example 1

In the first example, we consider f(u) = —A(1 + w?) where A > 0 is a real
parameter and p is a nonnegative integer. Multiplying by «’ and integrating
over [0, x], we obtain

%(u’)Q(ﬂs) + F(u(@)) — Flug) =0, (3.8)

where F(u) = [’ A(1+s?)ds and ug = u(0). Since v’ < 0 for z > 0, we have

=v2(1—x). (3.9)

u(x) ds
/0 V F(uo) — F(s)



By taking x = 0, we obtain

-V2=0.

(3.10)

o ds
G(up) ::/
0 VF(uo) — F(s)
In particular, there exists A* such that
(i) for 0 < A < A*, there are two solutions,
(ii) the two solutions merge at A = A*, and
(iii) for A > A\*, there are no solutions.

Figure 1 presents G(ug) for different values of A with p = 4. With
this setup, one can verify that A\* ~ 1.30107. Exact values of the real
solutions can be obtained from (3.9) which we compare with the numerical
bootstrapping method. We implemented this method utilizing Bertini [2],
which is a software package for solving polynomial system and tracking
homotopy paths. To solve this problem, we used 12 computing nodes each
containing two Xeon 5410 processors running 64-bit Linux, i.e., each node
consists of 8 processing cores.

This computation yielded two real solutions for A = 1.2 and one solution
for A = A*, which are displayed in Figure 2. Table 1 lists the number
of PDE solutions, N, M, numerical errors, and the time required for the
computation.

Table 1: Summary of solutions

A | (N,M) | # solns | # Sy | 1% soln Err. 27 soln Err. Time
(7,3) 2 4 1.105364e-4 | 3.714641e-4 4mbs
1.2 | (21,2) 2 10 3.236483e-5 | 1.133685e-4 31m16s
(42,2) 2 16 8.384076e-6 | 3.029060e-5 | 5h39mb58s
(7,3) 1 2 1.674890e-4 1mb6s
A (21, 2) 1 6 3.862634e-5 14m46s
(42,2) 1 10 1.087360e-5 2h45s42s
3.2 Example 2
In the second example, we consider f(u) = —%u2(u2 — p) where p > 0

is a real parameter [3].

We utilized the shooting method to confirm our
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Figure 1: G(up) for p =4
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Figure 2: Two solutions for A = 1.2 and unique solution for A = \*

results regarding the number of solutions. In particular, let v(¢; 3) denote
the solution of the initial value problem

—VUgy ”4—21)2(1)2 —p) on (0,1),
J(0) = 0, (3.11)
v(0) = £.



Define F(3) = v(1;3) and note that the roots of F' correspond to solutions
of (3.7). Figure 3 plots F' for p equal to 1, 8, and 10. This clearly shows
that I has 2, 4, and 8 roots, respectively for these values of p.

Using the same setup utilized in Section 3.1, we used the bootstrapping
method to approximate the solutions for these values of p. This computation
produced the same number of solutions as the shooting method. Figure 4
plots these solutions and Table 2 summarizes the data of this computation.

p=10, 8 roots

N — A\l

-0.05
-0.2 -0.15 -0.1 -0.05 0 0.05 |

2 -1 0 8 1 2 3 4
p=1, 2 roots

Figure 3: Plots of F' using the shooting method

4 Two dimensional bootstrapping

We extend the bootstrapping method from Section 2 to two space dimen-
sional problems by consider Laplace’s equation on the unit square. Let



p=10, 8 solutions
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X
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X
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X
Figure 4: Solutions for different values of p
Table 2: Summary of solutions
p | (N,M) | # solns | # Sy | Time
(10,3) 2 48 1h23m
(30,3) 2 19 | 12m23s
¢ | (10:3) 4 120 | 1h57m
(30,3) 4 48 27mb56s
10 (10,3) 12 490 3h56m
(30,3) 8 108 56m42s
Q= (0,1) x (0,1) and suppose that u(z,y) defined on Q is a solution to
Au = f(u) on €,
{ w(@,y) = gl(z,y) on Q. (1.12)
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Analogous to Section 2, we decompose € into equal subdomains and then
decompose each subdomain. Let N, and N, be positive integers with H, =
N%c and H, = N%,’ and grid points (z;,, yi,) = (i1Hy, i2H,). The grid points
in each domain [z;,, Zj, +1] X [Yiy, Yis+1] are

(xilzjlayi%]é) = (ile + j1he, Z'2['Iy + thy)

where h, = m and h, = W with positive integers M, and M,. To
simplify notation, we will write (¢,7) = ((i1,%2), (j1,J2)). As before, the
values U; ; will be numerical approximations of w; ; = u(zi, j,,¥i, j,) Which
form a solution to a polynomial system arising by discretizing the system of
differential equations.

The first step of the bootstrapping method solves the polynomial system
arising from the discretization with respect to H, and H,. For the grid
displayed in Figure 5, this computes approximations at the red star points.

The second step uses the solutions computed in step 1 to setup “bound-
ary conditions” for the subdomains. Consider the subdomain [z;, z;+1] %[0, 1]
with M, and NN, points in the x and y directions, respectively. For the grid
displayed in Figure 5, solving on these grids yield approximations at the
green circle points. Now, consider the subdomain [0,1] X [y;,yi41] with
NyM, and M, points in the x and y directions, respectively. For the grid
displayed in Figure 5, solving on these grids yield approximations at the
black square points.

The third step applies a filter to discard unreasonable solutions. The
fourth step uses a homotopy to compute approximations on Q with N, M,
and N, M, grid points in the z and y directions, respectively, using the
polynomial system and approximations constructed in the second step.

5 Two dimensional example

We apply the two space dimensional bootstrapping method to a tumor model
without a necrotic core that was discussed in [6]. Let € denote the tumor
region, o denote the concentration of nutrients, p denote the pressure, o
denote the concentration of nutrients needed for sustainability, ;4 denote the
aggressiveness of the tumor, and k denote the mean curvature. A normalized
steady state system of a free boundary problem modeling tumor growth is
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Figure 5: Mesh grid with N, = N, = M, = M, =3

given by
—Aoc = —o0 in Q
—Ap = pulc—0o) inQ
c =1 on Jf2 (5.13)
p = K on 0f)
[ 2 =0 on 09,

It should be emphasized here that 2 is unknown in advance yielding a free
boundary problem. In [6], nonradial solutions were computed by using pa-
rameter continuation with respect to p starting from bifurcation branching
points. A more difficult question is to compute other nonradial solutions for
a given value of u. The bootstrapping method allows us to compute such
solutions with the goal of computing as many as possible.

We built a filtering condition based on the fact that the distance to the
boundary in each angular direction, denoted R(#), must be positive. This
was enforced by requiring R(f) > —e. Here we choose ¢ = 1 by taking nu-
merical error into consideration. Using the same floating grids described in
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[6] along with a second-order difference scheme, we employed the bootstrap-
ping algorithm utilizing Bertini on 20 computing nodes of the type described
in Section 3.1.

Let Nr and Ny denote the number of subdomains in the radial, R, and
angular, 6, direction, respectively. Each subdomains was decomposed us-
ing Mr and My grid points in the R and 6 directions, respectively. For
small values of N and Ny, e.g., Ngp = 2 and Ny = 3, Bertini computed
all solutions of the polynomial system arising from the discretization. This
polynomial system has a natural multihomogeneous structure which we uti-
lized to reduce the bound on the number of isolated solutions over C from
317 =129,140,163 to 923,440. This was the starting point for the bootstrap-
ping method which built numerical solutions on the whole domain using
more grid points. Table 3 lists number of grid points, number of solutions,
and time needed for the computation.

Table 3: Summary for solving (5.13)

i | Ngp | Ng | Mr | My | Num. of solns Time
3 2 3 3 1 56 1h46m41s
8 5 1 1 117 2d2h47mb50s
9 2 3 3 1 34 1h12m13s
8 5 1 1 61 23h35m45s
1 2 3 3 1 4 54m34s
8 5 1 1 6 11h56m23s
0.9 2 3 3 1 2 44m21s
8 5 1 1 2 Th3m25s
0.8 2 3 3 1 1 22m13s
8 5 1 1 1 3h46m12s
0.5 2 3 3 1 1 22m1lls
' 8 5 1 1 1 3h45m50s

After obtaining a nonradial solution using the bootstrapping method,
we utilized higher order difference schemes and finer grids to refine the so-
lutions. The solutions for the higher order schemes were computed using a
homotopy starting from the second order scheme. After refinement, some
“fake” solutions were found and discarded. For example, with u = 3, we
found 24 solutions using this process which are presented in Figure 7. We
note that solution 21 presented in Figure 7 is the radial solution for yu = 3.
Starting from solutions 2 and 4 using a parameter continuation with respect
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to u, we found that these solutions arise from the bifurcation at uy (see [6])
for more details regarding this bifurcation point). Figure 6 shows the solu-
tion behavior of these paths starting from solutions 2 and 4 which intersect
the radial solution branch at puo.

Nonradial solutions tracking
T T T

/

3.2 3.3 3.4 35 3.6 3.7 3.8

Figure 6: Tracking solution paths back to the bifurcation at us

For smaller values of u, e.g., p = 0.5 and p = 0.8, this bootstrapping
process only yielded the radial solution. This suggests that no nonradial
solutions exist for these values of u, which is consistent with the theoretical
results regarding this tumor model [6].

6 Conclusion

A bootstrapping method for computing solutions to systems of differential
equations has been presented for one and two space dimensional problems.
The computations needed in this method are parallelizable and allows one to
compute solutions to extremely large polynomial systems. The bootstrap-
ping algorithm for three dimensional case shall be considered in the future
along with a detailed analysis of how to pick the starting value of N as well
as M in the algorithm. Another line of research is developing and testing
filtering conditions.
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