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1 Introduction

Let X C PY be an n-dimensional connected projective submanifold of projective
space. Let p : PV — PN=971 denote the projection from a linear P¢ C PV. Assuming
that X ¢ P? we have the induced rational mapping v := px : X — P¥~9=1, This
article started as an attempt to understand the structure of this mapping when )
has a lower dimensional image. In this case of necessity we have Y := X N P? is
nonempty.

The special case when Y is a point is very classical: X is a linear subspace of
PY. The case when ¢ =1 and Y = P? = P! was settled for surfaces by the fourth
author [18] and by Ilic [12] in general. Beyond this even the special case when ¢ > 2
and Y = P? is open.



We have found it convenient to study a closely related question, which includes

many special cases including the case when the center of the projection P? is con-
tained in X.
Problem. Let Y be a proper connected k-dimensional projective submanifold of an
n-dimensional projective manifold X. Assume that & > 0. Let L be a very ample
line bundle on X such that L ® Jy is spanned by global sections, where Jy- denotes
the ideal sheaf of Y in X. Describe the structure of (X,Y, L) under the additional
assumption that the image of X under the mapping ¢ associated to |L ® Jy| is
lower dimensional.

Let us describe our progress on this problem.

In §3 we study upper and lower bounds for the dimensions of the spaces of
sections of powers tL of a very ample line bundle L on a projective manifold X.
The need for such bounds arises naturally when we consider line bundles which are
multiples of a very ample line bundle. One general result Proposition (3.8) gives an
upper bound for an integer to such that for ¢ > ¢y, h°(tL ® Jy) > 0.

In §4 we prove a number of general results. For example, Theorem (4.6) shows
that dimy(X) > n—k —1 with equality only if Y is a complete intersection in X. In
particular Corollary (4.7), shows that if Y is a linear P¥, then dimw(X) >n—k—1
with equality only if (X, L) = (P", Opn(1)). Proposition (4.9) further shows that
if rankPic(X) = 1 and dimy(X) > n — k then dimy(X) > n — k + ﬁ - 1L
Theorem (4.10) shows that if Y is a P¥ (or more generally a projective manifold
whose algebraic cohomology is the same as P* up to dimension 2(n — k)), then if

dimy(X) > n — k, it follows that dimi(X) > k. In particular except for known
dimX
examples, we have for a wide range of Y including P¥, that dimw(X) > H;l .

In §5 we give a number of examples showing that the dimensions allowed by
the above results do occur. Of particular interest is Example (5.2). This example
consists for each positive integer n of an infinite sequence of projective n-folds in
P?"~! which contain a linear P"~!. All degrees of X that are allowed by theory occur.

In §6 we specialize to the case when Y is a divisor. We study bundles of the
form tL — Y where ¢ is near § := degY. One result, Theorem (6.4), implies that
if § > 1 then |0L — Y| gives a birational map, which is in fact an isomorphism if
2n > dimI'(L) + 1.

In §7 we restrict to the case when Y is a linear P¥ and show, among other things,
that dimy(X) > n — k except when X is a hypersurface in P"*'. In §8 we restrict
further to the special case when Y is a linear P* 1. In this case v is a morphism.
Remmert-Stein factorize ¥ = so ¢ with ¢ : X — Z a morphism with connected
fibers onto a normal projective variety Z, and with s a finite morphism. We know
that except for known examples, if dimy(X) < dimX then dimy(X) = n — 1.
We show that Z is very well behaved (Cohen-Macaulay, Q-factorial, Pic(Z) = z).
Moreover we examine the possible degrees of s and use adjunction theory to classify
the possible (X, L) for extreme values of this degree.

We would like to thank Frank-Olaf Schreyer for his very helpful explanation of



how Castelnuovo theory gives lower bounds for the dimensions of spaces of sections
of powers of very ample line bundles.

The research in this article was carried out in Bayreuth, the University of Notre
Dame, and two sessions of the RiP program at Oberwolfach. All the authors are
indebted to the Volkswagen Stiftung, whose generosity allowed us to work together
in such an ideal setting. The fourth author thanks the Alexander von Humboldt
Stiftung for their generous support.

The final stages of this article were developed during a three-week stay at Ober-
wolfach in the summer of 1997. Within a few weeks after we separated, Michael
Schneider died in a climbing accident. The three remaining authors dedicate this
work to his memory. He was our friend and colleague, a person of vibrant energy,
keen intelligence, and generous spirit. We feel a deep sense of loss, but are grateful
to have had our lives and work enriched by his presence.

2 Background material

We work over the complex numbers C. Through the paper we deal with projective
varieties V. We denote by Oy the structure sheaf of V' and by Ky the canonical
bundle, for V' smooth. For any coherent sheaf F on V, h*(F) denotes the complex
dimension of HY(V, F).

Let £ be a line bundle on V. The line bundle L is said to be numerically effective
(nef, for short) if £-C > 0 for all effective curves C on V. L is said to be big if
k(L) = dimV, where k(L) denotes the Kodaira dimension of £. If L is nef then this
is equivalent to ¢;(£)™ > 0, where ¢; (L) is the first Chern class of £ and n = dimV.

2.1 Notation. The notation used in this paper is standard from algebraic geome-
try. In particular, &~ denotes linear equivalence of line bundles. For a line bundle £
on a compact complex space V, x(£) := ¥,(—1)*h*(£) denotes the Euler character-
istic, and |L£| denotes the complete linear system associated with a line bundle. We
say that £ is spanned if it is spanned at all points of V' by I'(£).

For a compact connected projective manifold V', h% (V, Q). denotes the dimen-
sion of the vector subspace H* (V, Q)a1, of H* (V, Q) dual under Kronecker duality to
the vector subspace of Hyj(V, Q) spanned by the j-dimensional algebraic subvarieties
of V.

We denote the ideal sheaf of an irreducible subvariety A of a variety V' by Ja,v
(or simply J4 when no confusion can result). For smooth A contained in the smooth
locus of V', N4,y denotes the normal bundle of A in V.

Line bundles and divisors are used with little (or no) distinction. Hence we shall
freely switch between the multiplicative and the additive notation.

2.2 Conductor formula. Let V' be a connected projective manifold of dimension
n. Let L be a very ample line bundle on V' of degree d := L" with |L| embedding V'
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into PV. Then the classical conductor formula for the canonical bundle states that
Ael|(d—n—2)L—- Ky,

where A is the double point divisor of a projection of V from PV to P**! (in the
degenerate cases when N = n or n+ 1, A is taken to be the empty divisor). In
particular the line bundle (d — n — 2)L — Ky is spanned since given any point of V'
a generic projection can be chosen with the point not in the double point divisor of
the projection (see [21], [22, p. 71], and [14]).

The following standard lemma is basic (see also [2, (3.1.8)]).

Lemma 2.3 Let V be an irreducible normal projective variety with Pic(V) = 7. Let
gV — Z be a surjective morphism of V to a projective variety Z. FEither g is a
finite morphism or g(V') is a point. The same conclusion holds for V= P" and any
holomorphic map to a compact complex space Z.

Proof. Assume that ¢ is not finite and doesn’t map V to a point. If Z is projective,
then the pullback of an ample line bundle cannot be ample and thus we see that
Pic(V') 2 z. Thus we can assume that V' 2 P" and Z is not necessarily projective.

Note that dimg(P™) = n. If not let F' denote a general fiber. Since it is smooth
it would have trivial normal bundle. This contradicts the ampleness of the tangent
bundle of P".

Let F' denote a positive dimensional fiber. There is a complex neighborhood U
of F which maps generically one-to-one to a Stein space. Since P" is homogeneous
we have that the translates of F' fill out an open set. Since the map gy must
map these positive dimensional subspaces to points we have the contradiction that

dimg(U) = dimg(P") < n. Q.E.D.
We also need the following general fact.

Lemma 2.4 Let f : X — Y be a surjective proper map between normal varieties.
Assume that X is Cohen-Macaulay and all fibers of f are equal dimensional. Then
Y is Cohen-Macaulay.

Proof. Note that a Cartier divisor on a Cohen-Macaulay variety is Cohen-Macaulay
and that if we slice with dim X —dimY sufficiently ample divisors, then the restriction
of the map to the slice is finite by a well known theorem of Hironaka [11, (2.1)]. Since
a general hyperplane section of a normal variety is normal by Seidenberg’s theorem,
we can assume without loss of generality that f is finite. Let n := dimX = dimY.
By using [9, III, (7.6)] we are reduced to showing that for any locally free coherent
sheaf £ on Y, we have

h'(E(—q)) =0 fori < nand ¢ > 0, (1)

where F(t) for a coherent sheaf F means F ® H®' for a fixed ample line bundle H
onY.



Since f is finite the pullback of an ample line bundle is ample. Given a coherent
sheaf G on X, G(¢t) means G twisted by the ¢-th power of the pullback of H. Hence
(f*€)@) = f*(E()).

Now since X is Cohen-Macaulay we have
R'((f*€)(—q)) =0 fori < n and ¢ >> 0.

By the Leray spectral sequence, the projection formula and vanishing of higher direct
images we obtain

K ((f*€)(=q) = h'(E(~q) ® f:Ox). (2)

Since both X and Y are normal we can use the trace mapping from f,Ox — Oy to
see that the exact sequence 0 — Oy — f,.Ox — M — 0 splits, where M denotes
the quotient bundle. Thus f,Ox = Oy @ M. Thus by combining (1) and (2) we get

0= h'((f€)(=q)) = h'(E(—q) + I'(E(—q) @ M),
for i < n and ¢ > 0. Then (1) follows and we are done. Q.E.D.
If X is smooth and f is finite we can say more.

Lemma 2.5 Let f: X — Y be a finite surjective map between projective varieties,
where X is smooth and Y is normal. Then Y is Cohen-Macaulay and (deg f)-
factorial. Moreover, if —Kx is nef and big, the induced map of Pic(Y) — Pic(X)
1S tnjective.

Proof. The fact that Y is Cohen-Macaulay was proved in the previous lemma. To
see that it is (deg f)-factorial, let D be a Weil divisor on Y. Since X is smooth, f*D
is a Cartier divisor. We construct a Cartier divisor, Norm(f*D), on Y as follows:
in a small neighborhood U of any smooth point y in Y over which f is unramified,
we define a rational function by multiplying the functions defining f*D on the
connected components of f~!(U); and we construct the divisor determined locally
by this construction, first over all smooth points of Y over which f is unramified,
and then (since Y is normal) to all of Y by Riemann extension.

From the way Norm(f*D) was constructed it is obvious that Norm(f*D) =
(deg f)D. This shows that Y is (deg f)-factorial. In addition, the same construction
shows that if D is a Cartier divisor on Y for which f*D is trivial, then (deg f) - D
is trivial. In particular, the kernel of the induced map of Pic(Y) — Pic(X) consists
entirely of torsion elements.

Now suppose that —Kx is nef and big. Then h'(Ox) = 0 for 7 > 0. Using the
direct sum decomposition f,Ox = Oy & M from the previous lemma together with
the Leray spectral sequence applied to the finite map f, we see that h'(Oy) = 0
for i > 0. Therefore, Pic(Y) = H*(Y,z), and it follows that Pic(Y) — Pic(X) is
injective unless there is torsion in H?(Y,Z). We will show this can not occur.



By the universal coefficient theorem, torsion in H?(Y,Z) is equivalent to torsion
in Hy(Y,Z), which in turn implies the existence of a finite unbranched covering
Y" — Y. Lifting this to X gives the commutative diagram

X = X
{ L f
Y - Y

where Y is connected, the vertical arrows are branched coverings, and the horizontal
arrows are unbranched coverings. Let m be the common sheet number of both of
the latter. It is easy to see that X' consists of a finite number of disjoint connected
components, each mapping isomorphically onto X; for h*(Ox:) = 0 (because —K x:
is big and nef), and x(Ox) = mx(Ox) = m, where m is the sheet number. If A is
any connected component of X', we thus get a finite surjective map X & A — Y.
Arguing as before, we see that h*(Y') = 0 for 4 > 0, so that x(Oy) = 1. On the
other hand, we have x(Oy/) = mx(Oy) = m. Q.E.D.

The following general lemma is well known and follows from the results in the
introduction of [16] (see also [2, (6.6.1)]).

Lemma 2.6 Let L be a very ample line bundle on an irreducible projective variety,
X. Let Y C X be an irreducible subvariety of degree 0 relative to L, i.e., 6 =
LA™Y Y If either Y is smooth or Y C reg(X) and codxY = 1 then Jy(d)
is spanned by global sections, where Jy(9) denotes the ideal sheaf Jy of Y in X
tensored with 6 L.

The following result we need is a “folklore” result, for which we don’t know
references.

Proposition 2.7 Assume that Hartshorne’s conjecture [8], that any connected non-
degenerate n-dimensional smooth submanifold X C P™ is a complete intersection if
n > %m, is true. Then each vector bundle & on P™ of rank v < % splits into a direct
sum of line bundles.

Proof. We use induction over r. If » = 1 the assertion is true. So, let us assume
the assertion true for r — 1.

Since the assertion is independent of twisting, we may assume that £ is generated
by global sections. Take a general section s € H%(€) and let X := V(s), the zero
locus of s. Then X is smooth and codpm X = 7. The assumption r < % is equivalent
to dimX = m —r > %m and therefore X is a complete intersection in P™ by
Hartshorne’s conjecture. Thus

Ex = Nxjpm = @ Ox(a;),

where £x denotes the restriction of £ to X. Since Ny/pm is ample, the a;’s are
positive integers and we may assume a; > ag > -+ > a, > 0.



Claim. &(—a;) has a section without zeros.
Assuming the Claim true, we get an exact sequence (given by that section)

0— Opm = E(—ay) > F — 0,

where the quotient F is a rank r — 1 vector bundle. Then by induction F splits.
Therefore £(—ay), and hence &, splits into a direct sum of line bundles.
Thus it remains to show the Claim. Note that

Ex(—a1) =2 O0x®Ox(as—a1)®---® Ox(a, — a1),

where a; —a; < 0 for 2 < i <r. Let 0 € H(Ox) be a section of £x(—a;) with no
zeros. The obstruction to extending o to a formal neighborhood X of X belongs to
H'(X,SY(N*) ® Ex(—a1)), where N := Nx/pm. Since S'(N*) @ Ex(—a1) is a direct
sum of negative line bundles, we have H'(S*(N*)®Ex(—a1)) = 0, t > 1, by Kodaira
vanishing. Thus we conclude that there exists a section & € H°(X,£¢(—a,)) whose
restriction to X coincides with 0. As soon as dimX > 2 (which is the case since
m > 3), it is a fairly standard fact, by using results of Barth [1, Proposition 4]
and Griffiths [5, Theorems I, III, p. 378, 379] (see also [10, p. 226, 227]), that &
extends to a section 7 € H°(E(—ay)). Then the restriction 7x has no zeros on X.
We want to show that 7 has no zeros on P™. Let Y := V(7) be the zero locus
of 7. If Y # 0, then dimY > m — rankf = m — r. Since r < %, we have that
dim(X NY) > dimX + dimY —m > m — 2r > 0. Therefore X NY # @) in P™. This
contradicts the fact that the restriction 7x has no zeros on X. Q.E.D.

3 Lower and upper bounds for h°(tL)

We first state some general lower and upper bound formulas for the number of
sections of multiples of a given line bundle L.

Lemma 3.1 Let L be a big and spanned line bundle on an irreducible n-dimensional
projective variety X. Then for t > 0 with d := deg, (X) = L™ we have

n—1 n  t+n n

WL < (t+n—1)dt+n_td+n<t+n>

t+1—-1\dt+1
Proof. If X is a curve then clearly the result is true, i.e., h°(tL) < + ) +

1-1 1

dt+1 with equality only if X = PL. Now in general let A € |L|. Then by using the

exact sequence 0 — (s —1)L — sL — sL4 — 0 for 1 < s <t we see that h°(tL) <
! P fj+n—2\dj+n—1

> h°(jL4). Thus by induction we have h°(tL) < Y (j n 5 )Hin =

§=0 j=0 \ T~

(t-i—n—l)dt—i—n

n—1

n—1

. Q.E.D.
n



Now assume that L is very ample. Then we also have the following lower bound
t 1
WO(tL) > ( +n+

n+
To see this note that we can assume h°(L) > n + 2 since otherwise (X,L) =
(P", Opn(1)) and the assertion is clearly true. Then X is embedded by |L| in P**"
with 7 > 0, so that we can project X generically one-to-one into P**1. Now, for any
positive integer t,

) for t<d:=L". (3)

RO(L) = h(Opnsr(t)x) > h(Opnis ()x7),

where X’ is the image of X in P"*!. But if t < d := deg; (X) then h®(Opn+1(t)x) >
h%(Opn+1(t)) since the kernel of the restriction map has dimension h°(Opn+1(t—d)) =
0. Thus we get h®(¢L) > h°(Opn+1(t)), which is the bound as in (3).

Following Harris’ presentation [7] of Castelnuovo theory we can significantly im-
prove the above lower bound. Let us fix some notation. Let X,,_; be the (n — 7)-
dimensional subvariety of X obtained as transversal intersection of X with a general
P**t7=% 0 <4 < n, and in particular X,, = X. Let, for 0 <i <n,

hx, . (t) := dim(Im(H°(P""" " Opnir—i(t)) = H*(Xn_s, Ox,_.(tL))),
hO(t) := hx,(t). By [7, Lemma (3.1)] one has, for a given integer ¢ > 0,
hx(t) > hx, ,(t) +hx(t—1).

J
Iterating on ¢t we get hx,_,(j) > Z hx,_._,(k) for 0 < i < n. Iterating on n, we
k=0

get
ks ki

ROL) 2 hx(t) 2 30 - 30 > hux (k). (4)

kn—1=0  k1=0k=0
Castelnuovo theory (see [7, p. 94]) gives

hx, (k) > h(k) := min{d, kr + 1}. (5)
(Note that the formula in [7, p. 94] is for a curve in P", whereas we are considering

a curve in P"1) Let ¢ := [%], the integral part of d;l, and let R :=d—1—cr.
Then the graph of the function ﬁt(k) looks like

A

(d - R)

where the oblique line is the graph of the equation h = kr + 1.
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Lemma 3.2 Let X be an n-dimensional irreducible nondegenerate subvariety of
P"t". Let L := Opn++(1)x, and let d = L™ be the degree of X in P"*". Let ¢ := [%}
Let R be the remainder defined as R := d — 1 — cr. Then for any integer t > 0 we
have the lower bound

t t t—c—1 t—c—1
hO(tL) > n+ n n+ _ n+ c +(R—7) n+ c 7
n+1 n n+1 n
tr+n+1/t+n+1 t+n—c t+n—c—1
= — —r + R .
t+n+1 n+1 n+1 n
Proof. Referring to the inequality in formula (5), we get for any positive integer a

a

S h(k) 2 S k) =S kr+1— 3 (kr+1—-d)

k=c+1

(see diagram (6)). Iterating the summation as in formula (4) gives

t ko k1 t k2 k1
WD) > Y S Sy Y e Y S rr1-a)
kpn—1=0 k1=0 k=0 kp—_1=c+1 ki=c+1 k=c+1
t ka ki1 t—c—1 j2 7
= > DY D> kr+1) = D Y S (GHe+r+1-4d)
kn—1=0 k1=0 k=0 Jn—1=0 71=035=0
t ko ki t k2 k1
= r Y Y Yk+ Y Y %
kpn—1=0 k1=0 k=0 kn—1=0 k1=0 k=0
t—c—1 J2 g1 t—c—1 Jj2 N
= > Y= D> DY Y ((e+)r+1—4)
Jn—1=0 Jj1=035=0 Jn—1=0 Jj1=03=0

b .
_ _ o _ i+m b+m+1
By repeatedly using the combinatorial identity Z( ) = ( 1 ) -
i—o \ ¢ q

m
( N 1) for any positive integers b, m, and ¢, with the usual convention that
q

(’;) = 0 whenever v > u, we get

RO(tL)

v

n+t n+t n+t—c—1 n+t—c—1
= r + —r +(R-r1)
n+1 n n+1 n
tr+n+1ft+n+1 t+n—c t+n—c—1
= — —r + R .
t+n+1 n+1 n+1 n

Q.E.D.

T<n+t)+ <n+t> _T(n+t—c—1> +(d_1_T(C+1))<n+t—c—1
n+1 n n—+1 n

)



Remark 3.3 It is easy to see that the right-hand side of this last inequality is
minimized when R = 0 and ¢ = 1, and therefore the bound in Lemma (3.2) yields
the simpler form

t 1/t 1 t -1
hO(tL) > trentlftrn+1)y  [t+n _ (8)
t+n+1 n+1 n+1

Note also that if X has nonnegative Kodaira dimension, then d > rn + 2 (see e.g.,
2, (8.1.3)]). Thus &% > n, so that ¢ = [dr;l] > n. Therefore in this case we can
use the bound in (3.2), with R = 0, ¢ = n, in the form

1 1
hO(tL)>““+7”+<’f+”+ )_7«( : )

T t4+n+1 n+1 n+1

We have the following general fact.

Proposition 3.4 Let X be a nondegenerate irreducible n-dimensional subvariety of
P"*". Let L := Opnt+(1)x. Let Y be a k-dimensional irreducible subvariety of X of
degree 6 := L¥ - Y. Assume that k > 0. Lett > 0 be an integer such that

tr+n+1{t+n+1 t+n—1 >5t—|—k t+k

_— -7 _— }

t+n+1 n+1 n+1 t+k k
Then tL @ Jy has a section not identically zero on X.

Proof. Let Ly be the restriction of L to Y. By Lemma (3.1) applied to Ly we have

hO(tLy)§6t+k<t+k>. (©)

t+k k

Suppose that h%(tL ® Jy) = 0. Then h°(tL) < h%(tLy). Thus by combining the
inequalities (9) and (8) we get

ot+k(t+k >t7°+n+1 t+n+1 Tt—i—n—l
t+k\ k ) t+n+1 n—+1 n+1 )’
contrary to the inequality assumed in the proposition. Q.E.D.

Let us now make explicit the bound in (3.4) in the case when Y is a divisor on
X.

Proposition 3.5 Let X be a nondegenerate irreducible n-dimensional subvariety of
P, Let L := Opnir(1)x. Let D be an irreducible divisor of degree § :== L™ *-D > 1.

Thus, for t > 1, the inequality t > %(5 —1)—n-+1 implies that tL — D has a
r

section not identically zero on X.
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Proof. The inequality in (3.4) becomes, in case k =n — 1,

w+n+1C+n+&> C+n—1>>5t+n—1C+n—1)
—_— -T R E— .

(10)
t+n+1 n-+1 n+1 t+n—1

n—1

Now by a simple calculation (10) gives —t —rt—2n+dn+1—rn+r < 0, or, solving

in ¢ and simplifying, ¢ > %(5 1) —n+1. QE.D.
T

The following example shows that Proposition (3.5) is sharp.

Example 3.6 Let X := P? x P with L := O(1,1), and choose D € |0(2,0)|. Then
tL— D ~ O(t—2,t) has a non-trivial section if and only if ¢ > 2. Embed X in P® by
the Segre mapping. Then n = r = 4, and an easy calculation gives § := L*- D = 6.

In this case we see that the hypothesis of (3.5) is satisfied if ¢t = 2, and 2L — D
has a non-zero section; whereas the hypothesis fails if ¢t = 1 and L — D has no
non-trivial sections. Thus the inequality in (3.5) cannot be weakened.

Remark 3.7 We follow the notation and assumptions of (3.4). In general, it is
hard to make the bound in (3.4) explicit in ¢. If Y has codimension two in X, then,
after simplification, the condition for h° ((6 — 1)L ® Jy) to be positive becomes

—rn? = 3n2 4+ 6n% — 2rnd + 9n — 46n + 5rn — 6 — 61 + 56 + 5rd — r6% — 6% > 0.

Let X C PY be a nondegenerate smooth connected n-fold. Let deg(X) = d
and denote by L the restriction of Op~(1) to X. From Lemma (2.6) we know that
Opn(d) ® Jx is spanned by global sections.

Problem. What can we say about the smallest integer ¢ > 0 such that h°(Opn () ®
jx) > 07

We define the lower degree in PV, §y, of a subvariety X C PV to be the smallest
positive integer ¢ such that h%(Opn(t) ® Jx) > 0. One consequence of the above
results is that under modest conditions there must be some form of much lower
degree than d vanishing on X.

Proposition 3.8 Let X C PV be a nondegenerate smooth connected n-fold of degree
d. Let L = Opn(1)x and let 5n be the degree of the lowest-degree homogeneous form

vanishing on X. Then 0y satisfies the inequality 5 1
N —
d.

N---(n+1)
Proof. If ¢ is a positive integer for which h%(Op~(t) ® Jx) = 0 then

(N ]\f t) — BO(Opn (1)) < W(X, tL).

11
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N+t td t
By applying Lemma (3.1) we get ( + < tnft+tn

. An easy calculation
N —t+n n y

1 ((t+N)---(t
shows that this inequality is equivalent to — t+N)---(t+n) —n ) <d. From
t N---(n+1)
the definition of &y it follows that h%(Opn(dy — 1) ® Jx) = 0, and substituting
t = 0y — 1 in the last inequality completes the proof. Q.E.D.

For surfaces here is the explicit bound.

Corollary 3.9 Let X be a nondegenerate smooth connected surface of degree d in
PY. Assume N > 5. Let dy be the degree of the lowest-degree homogeneous form
vanishing on X. Then 03 + 116% + 466x + 96 < 60d.

Proof. We apply the bound in (3.8) with n = 2. Since N > 5, we get

1 ((5N+4)-"(5N+1) _2> <d.

on — 1 60

After simplifying this becomes (0 +4)(0n+3)(dn+2)(dny+1)—120 < 60d(oy —1).
Since 0y > 2 we can divide both sides by d; — 1 to obtain the desired result.Q.E.D.

For example, if X is of degree 21 then 6y < 6 and hence there is a form of the
sixth degree vanishing on X. Or again, if X is of degree 10,000 there is a form of
degree 80 vanishing on X.

Some other special cases are as follows. For threefolds in PV with N > 5 the
corresponding bound as in Corollary (3.9) is % + 106y + 36 < 20d. For threefolds
in PV with N > 6 the bound becomes 3% + 156% + 860y + 240 < 120d.

4 Some general structure results for projections

In this section we discuss some general properties of projections from a k-dimensional
subvariety Y of a given polarized variety X. We always assume that £ > 0. In §6
and §7 we will present some more refined results in the cases when Y is either a
divisor or a linear P*.

4.1 General set-up of morphisms. Let L be a very ample line bundle on X, a
smooth connected variety of dimension n > 2. Let Y be a k-dimensional connected
submanifold of X. We always assume that k > 0. We will denote by Jy the ideal
sheaf of Y in X.

Let 0 : X — X be the blowing up of X along Y and set £ = o 1(Y). Let
¥ : X — (X) be the surjective rational map given by |0*L — E|. We refer to the
mapping 1 as the projection from Y associated to L. If L ® Jy is spanned by its
global sections, then 0*L — E is spanned on X and 1 is a morphism. We have the
Remmert-Stein factorization ) = so ¢ of 1 : X — (X)), where ¢ : X — Z is a
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morphism with connected fibers onto a normal variety Z and s : Z — (X) is a
finite morphism. We will refer to ¢ : X — Z as the morphism associated to L ® Jy-.
Note there is an ample and spanned line bundle H on Z such that ¢*L — F =~ ¢*H.
We have the following commutative diagram

E - X

¢
{ lo N
Y - X% 7

where ¢ is the connected part of the rational mapping associated to |L ® Jy|.

We need the following technical lemmas.

Lemma 4.2 Let Y be a connected k-dimensional submanifold of X, a connected
projective manifold of dimension n > 2. Assume that k > 0. Let N := Ny x be
the normal bundle of Y in X. Let L be a line bundle on X. Assume that L ® Jy
is spanned by a vector subspace, V, of I'(L ® Jy) and c¢,_x(N*(L)) = 0. Then a
general element D € |V| is smooth.

Proof. A general D € |V| is smooth on X \ Y by Bertini’s theorem.

A given D € |L ® Jy| is smooth at a point y € Y if the differential in local
coordinates of the defining equation of D is not zero at y € Y. From the exact
sequence

05 J2®L > F®LSNY(L) =0

we see that D is smooth on Y if the image 0(s) of s defining D in N*(L) is nowhere
zero. Since ¢, _x(N*(L)) = 0, a general s € V goes to a nowhere vanishing section
d(s) in N*(L). Q.E.D.

Lemma 4.3 Let Y be a connected k-dimensional submanifold of X, a connected
projective manifold of dimension n > 2. Assume that k > 0. Let L be a very ample
line bundle on X. Assume that L @ Jy is spanned by global sections and let D be
a smooth element of |L @ Jy|. Let 0 : X — X be the blowing up of X along Y
and let D be the proper transform of D under o. Let ¢ : X — Z be the morphism
associated to L ® Jy as in (4.1). Let ¢5 be the restriction of ¢ to D. Then ¢5 has
lower dimensional tmage if and only if ¢ has lower dimensional image.

Proof. We follow the notation from (4.1). Assume that ¢ has lower dimensional
image. We have D € |[0*L — E|, E = 0 }(Y). Note that D is the pullback of some
divisor D C Z. From dim¢(D) < dim¢(X) < dimX we get dim¢@(D) < dimD.

To show the converse, note that by definition of D one has dim¢(D) = dim¢(X)—
1. Thus the assumption dim@(D) < dimD = n — 1 gives the result. Q.E.D.

Let us note some further general properties of the morphism ¢. The notation is
as in (4.1).
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1. (Divisorial case) If Y is a divisor, then X & X.

2. (Linear case) Assume that (Y, Ly) = (P*, Opk(1)) and that T'(L) embeds X in
P"*". Since Y is a linear space it follows that L& Jy is spanned by global sections.
The mapping given by I'(L ® Jy) coincides off of Y with the restriction to X
of the projection of P**" to P"*" %=1 from Y.

3. (Smooth case) If Y is smooth then 6L ® Jy, § = L* - Y, is spanned by global
sections by Lemma (2.6).

We have the following crude structure theorem in the case when the projection
has lower dimensional image.

Theorem 4.4 Let Y be a connected k-dimensional submanifold of X, a connected
projective manifold of dimension n > 2. Assume that k > 0. Let L be a very
ample line bundle on X. Assume that L @ Jy is spanned by its global sections.
Let 0 : X — X be the blowing up of X alongY. Let ¢ : X — Z be the morphism
associated to L& Jy as in (4.1). Let E := o= *(Y') be the exceptional divisor. Assume
n > dimZ. Then we have:

1. ¢(E) =Z;
2. Z is uniruled if codxY > 1;
3. Z s unirational if Y is unirational;

4. the restriction, Er, of E to any fiber F' of ¢ is an ample divisor on F'.

Proof. To show 1), assume by contradiction that the restriction, ¢ : E — Z, of ¢
to E is not surjective. Take a point x € Z \ ¢(E) and let F, = ¢~'(z) be the fiber
on z. Then the restriction (6*L — E)p, is trivial. But Ep, = O, since z ¢ ¢(E), so
that (0*L — E)p, = (0*L)p, = Ly(r,) is ample, where the last isomorphism follows
from the fact that F}, goes isomorphically to X under o, since F, N E = (). Thus
(6*L — E)p, is both ample and trivial, an absurdity that contradicts the assumption
n > dimZ.

To show 2), note that since codxY > 1, o is not an isomorphism and the
exceptional divisor is uniruled. This means that there exists an (n — 2)-dimensional
variety V and a rational map V x P! — E which is dominant. Since ¢(E) = Z by
1), we get a dominant map V x P! — Z, i.e., Z is uniruled.

To show 3), recall that E is birational to Y x P""*~1. Since Y is unirational we
have a dominant rational map P¥ — Y. Therefore, combining with the surjective
map ¢p : E — Z, we get a dominant rational map P¥ x P"*~! — Z. This implies
that Z is unirational.

To show 4), take a fiber F of ¢ : X — Z. If the restriction o of the blowing up
map is finite-to-one then oL is ample and the assertion is clear. It is easy to see
that op is finite. If not, then it follows that there is a positive dimensional fiber,
f,of op : F — o(F). This implies that f is contained in a fiber of £ — Y. But
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0*L — FE is ample on fibers of £ — Y. On the other hand, since f C F, the line
bundle ¢*L — F is trivial on f. Q.E.D.

We need the following lemma.

Lemma 4.5 Let Y be a connected k-dimensional submanifold of X, a connected
projective manifold of dimension n > 2. Assume that k > 0. Let L be a very ample
line bundle on X. Let Jy be the ideal sheaf of Y in X and let N := Ny;x be the
normal bundle of Y in X. Then L ® Jy is spanned and N*(L) is trivial if and only
if Y is the complete intersection of n — k divisors Dy, ..., D, € |L|.

Proof. The “if” part is straightforward. As to the converse, consider the exact
sequence
0 LeJE—LeJdy 3 N* (L) —0.

Set w :=n — k. Since N*(L) = Oy and L ® Jy is spanned we can find sections
S1y---5 8y € I'(L ® Jy) defining w divisors Dy, ..., D, € |[L ® Jy| on X containing
Y.

For each i = 1,...,w, D; is smooth on X \ Y by Bertini’s theorem.

For each ¢+ = 1,...,w, D; is smooth at a point y € Y if the differential in
local coordinates of the defining equation of D; is not zero at y. From the exact
sequence above we see that D; is smooth on Y if the image 0(s;) of s; defining D;
in N*(L) is nowhere zero, 1 <14 < w. Since N*(L) is trivial we can find the sections
S1y.-+,8y € (L ® Jy) such that 9(s1),...,0(s,) are independent in N*(L). It
follows that D.,..., D, are smooth as well as the intersection D; N ... N D, is
smooth.

Since dimX > 2, from the exact sequence 0 - —L — Ox — Op, — 0, we see
that h°(Op,) = 1, so the D;’s are connected, 1 < i < w.

Since D;N...N D, is at least one-dimensional, we know by the Lefschetz hy-
perplane section theorem that Dy N...N D, is connected. Since it is also smooth

of dimension dimY and contains Y we conclude that Y is the complete intersection
of Di,...,D,. Q.E.D.

We can prove now the following more refined structure result, which gives a
general lower bound for the dimension of the image of the projection.

Theorem 4.6 Let Y be a connected k-dimensional submanifold of X, a connected
projective manifold of dimension n > 2. Assume that k > 0. Let L be a very
ample line bundle on X. Assume that L ® Jy is spanned by its global sections. Let
o0: X — X be the blowing up of X alongY. Let ¢ : X — Z be the morphism from
associated to LQ Jy as in (4.1). Then dimZ > n—k—1, with equality if and only if
Z 2P * 1 and Y is the complete intersection of n—k divisors Dy, ..., D,_s € |L|.

Proof. Set w :=n — k. Let E := 0 }(Y) be the exceptional divisor. Set L := o*L
and N := Ny,x. Recall that E = P(N*(L)). Thus 7 :== op : E — Y is a P¥"!-
bundle. Let £ be the tautological line bundle of P(N*(L)). Notice that £ & (L—E)g.
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Since (L — E)pu-1 = Opw-1(1) it follows that each fiber P*~! of 7 : E — Y maps
isomorphically under the map ¢ : X — ¢(X) given by |L — E|, and hence maps
isomorphically into Z under the morphism ¢ associated to L ® Jy. This shows that
dimZ > w — 1. If dimZ = w — 1, it follows that Z = pv~1.

It also follows that Y is a complete intersection. For we have a surjective map
of locally free sheaves @dimZ“OY — L — E — 0, and, restricting to E, we have
a surjection @440y — (L — E)g — 0. Consider the P '-bundle 7 : £ — Y.

Notice that (L—E)g = &, the tautological line bundle of E = P(N*(L)). By pushing
forward under 7, we get a surjection

B @™ 0y — N*(L) = m€ — 0.

By comparing the ranks, since N*(L) has rank codxY = w = dimZ +1, we conclude
that 8 is an isomorphism, i.e., N*(L) is the trivial bundle. Thus, since L ® Jy is
spanned by global sections, Lemma (4.5) applies to give the result.

Next, we show that if Y := D, n...N D, is the complete intersection of w
divisors Ds,...,D,, € |L|, then dimZ = w — 1. We first observe that N = @&" Ly,
so that N*(L) & @"QOy is trivial. Consider the exact sequence 0 — L ® J3 —
L®Jy — N*(L) — 0. Since the morphism L ® Jy — N*(L) is surjective at the
sheaf level, L ® Jy is spanned by global sections and N*(L) is trivial, it follows that
the induced map «a:T(L® Jy) — I'(N*(L)) — 0 is surjective.

For any integer m > 2, consider the exact sequence

0 LRJMM 5 Lo Jr — S™(N*)® L — 0.

Since S™(N*) ® L = @&“Ly ™Y we have h%(S™(N*) ® L) = 0, for m > 2, and
therefore we get
NL®Jy) = =2T(LeJy), m>2.

If °(L ® J%) # 0 we thus find a section of L vanishing on Y of any given order
m > 2, which is absurd. Therefore we conclude that hA°(L ® J33) = 0 and hence
['(L®Jy) injects in I'(N*(L)), i.e., the map « is an isomorphism. Thus h°(L®Jy) =
h°(L — E) = w. Since L — E is spanned and gives the projection ¢ : X — (X)),
we thus conclude that the dimZ = w — 1. Q.E.D.

There are many results from adjunction theory [2] describing all varieties with a
given hyperplane section. Combining these results with Theorem (4.6) gives many
consequences. By way of illustration we give two useful corollaries.

Corollary 4.7 Let Y be a connected k-dimensional submanifold of X, a connected
projective manifold of dimension n > 2. Let L be a very ample line bundle on X.
Assume that k > 0 and Y is a linear P* with respect to L, i.e., L¥-Y = 1. Let o :
X — X be the blowing up of X alongY . Let ¢ : X — Z be the morphism associated
to L® Jy as in (4.1). Then dimZ =n—k — 1 if and only if (X, L) = (P", Opn(1)).
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Proof. Assume dimZ = n—k—1. Then, by (4.6), 2), Y is the complete intersection
of n — k divisors Dy,..., D, € |L|. Since Y is a linear P* it thus follows that
(X, L) = (P, Opn(1)).

If (X,L) = (P",Opn(1)), the projection from ¥ = P* has an (n — k — 1)-
dimensional image. Q.E.D.

Corollary 4.8 Let Y be a connected k-dimensional submanifold of X, a connected
projective manifold of dimension n > 3. Assume that k > 0. Let L be a very
ample line bundle on X. Assume that L @ Jy s spanned by its global sections. Let
o: X — X be the blowing up of X alongY. Let ¢ : X — Z be the morphism
associated to L @ Jy as in (4.1). Assume that Y is a K(m,1) and k > 2. Then
dimZ > n — k.

Proof. By (4.6) either we are done or Y is a complete intersection of n — k divisors
Dy,...,D,_y € |L|. Since Y is a K(m,1) with dimY > 2, this is not possible by a
result of the fourth author [19]. Q.E.D.

Under special conditions on the cohomology of Y, we get stronger lower bounds
for the image dimension of the projection. We restrict our attention to the case in
which dimZ > n — k, since the case dimZ = n — k — 1 was covered in (4.6).

Proposition 4.9 Let Y be a connected k-dimensional submanifold of X, a con-
nected projective manifold of dimension n > 2. Assume that k > 0. Let L be a
very ample line bundle on X. Assume that L ® Jy is spanned by its global sections.
Let 0 : X — X be the blowing up of X along Y. Let ¢ : X — Z be the mor-
phism associated to L® Jy as in (4.1). Assume that h*(Y,Q)ag = 1 (or equivalently

k
Pic(Y)®Q = Q). IfdimZ > n —k, then dimZ > n — k + —— 1. In particular,
if dimZ = codxY =n — k, then n > 2k.

Proof. Let w := n — k and N := Ny/x. As in the proof of (4.6), we have a
surjective vector bundle map @¥™4*'0y — N*(L) — 0. This gives a natural
map p : Y — Grass(w,dimZ + 1) of Y in the Grassmannian of the w-dimensional
quotients of CHMZ*+1 We claim that the map p is finite. Indeed, to see this, notice
that det(N*(L)) = p*P, where P is an ample line bundle, the Pliicker bundle, on
Grass(w,dimZ + 1). Since p is a not trivial map, det(N*(L)) is spanned and not
trivial. Since Pic(Y) ® Q = Q, we thus conclude that p*P is ample. Let F be a
connected component of a positive dimensional fiber of p. Then (p*P)r = Op. This
contradicts the ampleness of p*P. Thus

k = dimY < dimGrass(w,dimZ + 1) = w(dimZ + 1 — w)

gives the desired inequality.
If dimZ = n — k, we have £k < n — k = codxY, which is the same as 2k < n.
Q.E.D.
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Theorem 4.10 Let Y be a connected k-dimensional proper submanifold of X, a
connected projective manifold of dimension n > 2. Assume that k > 0. Let L be a
very ample line bundle on X. Assume that L ® Jy is spanned by its global sections.
Let o : X — X be the blowing up of X alongY. Let ¢ : X — Z be the morphism
associated to L ® Jy as in (4.1). If B (Y,Qag = 1 for j < w:=n —k, then either
Z = Pk with Y the complete intersection of n — k divisors in |L| or dimZ > k.

Proof. By Theorem (4.6) we can assume that if the theorem is false then
k—12>dimZ > w. (11)

Let E = 07!(Y) be the exceptional divisor of 0 : X — X and let ¢ : E — Z be
the restriction to E of the morphism ¢ : X — Z. From (4.4), 1), we know that ¢ is
surjective. Let N := Ny,x be the normal bundle of Y in X. Set L = o*L. Let £ be
the tautological line bundle of P(N*(L)) = E. Notice that £ = (L — E)g. Therefore
for each fiber P¥~! of the P*"*-bundle 7 : E — Y we have (L — E)pw-1 = Opw-1(1).
This implies that each fiber F' of ¢ meets P¥~! in at most one point. It thus follows
that F' goes isomorphically to 7w(F) under 7. Since & = Op, we get a surjective
map (7*N*(L))r — & = Or — 0. Letting F' := 7(F), we have by the above
F = F' and therefore pushing forward under = we get a surjective map

We claim that
cw(N*(L)) = 0. (13)

To see this, let F' be a general fiber of ¢p and F' = w(F). Note that dimF’ =
dimE —dimZ > n—1—(k—1) = w. In view of this and the assumption that
h* (Y, Qag = 1, j < w, we see that it is enough to note that from (12) it immediately
follows that ¢, (N*(L)g) = 0.

Thus Lemma (4.2) implies that there exists a smooth divisor D € |L ® Jy]|-
Since dimX > 2, from the exact sequence 0 - —L — Ox — Op — 0, we see that
h%(Op) = 1, so D is connected. Let H € |L — E| be the divisor corresponding to
D. le., H= ¢*Z,, where Z; € |H| and L — E =~ ¢*H for some ample and spanned
line bundle H on Z. Note that by the generalized Seidenberg theorem (see e.g., [2,
(1.7.1)]), Z, is irreducible and normal since Z is irreducible and normal. Notice also
that o*D ~ H 4+ E.

Let X; := D. By construction, Y C X;. Furthermore the blowingup o : X — X
induces a blowing up map o; : X; — X; of X; along Y. We can also consider the
morphism, ¢; : X; — Zi, associated to Lx, ® Jy, where Ly, is the restriction of L
to X;. Note that ¢, is onto, dimX; = n—1, dimZ; = dimZ — 1. Hence in particular
dimZ; < k, i.e., (11) is preserved passing from Z to Z.

Thus, starting from X, = D, Z, ¢, : X, — Z;, Y C X, we proceed in such a
way that from the initial data

(k,dimZ, w)
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we reach, after w — 1 steps, the data (recall that we are working under the initial
assumption that dimZ > w)

(k,dimZ —w + 1,1).

Le., Y is a divisor in X,,_; with X,,_; & X,_1, and the morphism ¢,,_1 : X_1 —
Z,,—1 has image of dimension dimZ — w + 1. In particular, since X,,_; & X,,_1, we
can restrict ¢,,—1 to Y, so that we get a surjective map from Y to Z,,_1 (see (4.4), 1)).
By assumption we have that A*(Y, Q). = 1, and therefore that dimY = dimZ,,_;.

Thus using (11) we have
k=dimZ, 1 =dimZ —w+1=dimZ —n+k+1

which gives that n = dimZ + 1. Combined with (11) we have n < k, which contra-
dicts the hypothesis that Y is a proper submanifold of X. Q.E.D.

Corollary 4.11 LetY be a connected k-dimensional submanifold of X, a connected
projective manifold of dimension n > 2. Assume that k > 0. Assume that L is a
very ample line bundle on X such that (Y,Ly) = (P*, Opr(1)). Let 0 : X — X be
the blowing up of X alongY . Let ¢ : X — Z be the morphism associated to L ® Jy
as in (4.1). Then either Z = P"=F=1 with (X, L) 2 (P, Opn(1)) or dimZ > k.

Proof. It immediately follows by combining (4.7) and (4.10). Q.E.D.

Corollary 4.12 LetY be a connected k-dimensional submanifold of X, a connected
projective manifold of dimension n > 2. Assume that k > 0. Let L be a very
ample line bundle on X. Assume that L @ Jy s spanned by its global sections. Let
o: X — X be the blowing up of X along Y. Let ¢ : X — Z be the morphism
associated to L ® Jy as in (4.1). Assume that Y is not a complete intersection.
Further assume that h* (Y,Q)ag = 1 for j <n—k. Then dimZ > n/2.

Proof. From (4.6) and (4.10) it follows that dimZ > n — k and dimZ > k. Thus
dimZ > n/2. Q.E.D.

Let us point out some relations between the results above and Castelnuovo-
Mumford regularity theory and the Castelnuovo bound conjecture (see [6]).

Remark 4.13 Let X be an n-dimensional smooth variety in P"*" and let Y be a k-
dimensional subvariety of X of degree § := L¥-Y and L := Opn+-(1) x. Assume that
k > 0. Let g be the codimension of Y in the smallest linear subspace P¥*¢ C p"*"
containing Y. The Castelnuovo bound conjecture says that (6 — ¢ + 1)L ® Jy is
spanned by global sections. The conjecture is related to the question of Castelnuovo-
Mumford regularity, and it is known to hold when Y has dimension 1 (see [6]) or
2 (see [15]) and when Y has dimension 3 and [%] > 6 (see [17]). Assuming the
conjecture true and Y a divisor, we will show that the projection from Y associated
to L is birational except in certain specific cases (see §6).
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Remark 4.14 Let X be an n-dimensional smooth variety in P**" of degree d. Let L
be a very ample line bundle on X. From the Castelnuovo-Mumford regularity theory
developed in [7] it follows that in case n = 1, for ¢ > [%], one has h'(tL) = 0
and thus that h°(tL) = x(Ox(tL)). One might hope that this extends in higher
dimensions also. Unfortunately this is not true in dimension n > 2, as the following
example shows.

Let C; be a smooth plane curve of degree d; with L; the restriction of the
hyperplane section bundle of P? to C;. Let Ly be a very ample line bundle of degree
dy == d' + 2¢g — 2, with d’ > 0, on a smooth curve Cy of genus g := ¢g(Cy). Let
X :=C; xCy C PV and let L := p}L; ® p5Ly, where p; : X — C;, i = 1,2, are
the projections on the two factors. Note that if g(C;) > 2 for i = 1,2, then X is a
surface of general type. Since dy > 29 — 2, we have h'(L,) = 0 and hence

WLy =dy—g+1=d +g—1.

Thus by the Kunnéth formula we have h°(L) = 3(d'+g—1),i.e., N = 3(d'+g—1)—1.
Therefore r = N — 2 = 3(d' + g — 2). Moreover d = 2d,dy = 2d;(d’' + 2¢g — 2). Thus

M]. For a fixed ¢ and taking d' > 0 and

the critical value, ¢, is ¢ = [ 3(d+9—2)

2
dy > 10 we have ¢ ~ §d1 < d; — 3. On the other hand, by using again Kunnéth

formulas we get, for t =d; — 3,
hH(tL) > h'(Og, (t)) = b (Ke,) = 1. (14)

To show that the equality h°(tL) = x(Ox(tL)) for t > ¢ = [%} is not true in gen-
eral, consider the smooth irreducible curve and the set I' of d distinct points obtained
as transversal intersection of X with a general P"*! and a general hyperplane P" of
the P, Look at the exact sequence 0 — (t —1)Le — L¢ — tLy — 0, From [7,
Theorem (3.7)] we know that H°(tL¢) — H°(tLr) is surjective for ¢ > ¢ and there-
fore H'((t — 1)L¢) injects in H'(tL¢), for t > c¢. Since h'(tL¢) = 0 for ¢t > 0, we
can conclude that h'((t — 1)L¢) = 0 for ¢ > ¢. Thus from the cohomology sequence
associated to the exact sequence 0 — (t —2)L — (t— 1)L = (t —1)Le — 0 we
infer that h%((t —2)L) = 0 for ¢ > c. From this we thus conclude that, for ¢t > ¢ — 2,
the equality h%(tL) = x(Ox(tL)) is equivalent to h'(tL) = 0. We have just shown
(see (14)) that this is not the case.

5 Examples

In this section we give some examples to illustrate the results obtained in §4. We use
the same notation as in (4.1). The following example shows that the dimension of
the image of the projection in Theorem (4.6) can actually reach all possible values.

Example 5.1 Let M be a smooth connected projective variety of dimension n — s,
s> 0. Let X := M x P°. Let L be a very ample line bundle on X. Let p: X — P*
be the product projection and set H := p*Ops(1). Let Y be the k-dimensional
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subvariety of X obtained as transversal intersection of n — k — 1 general members
of |L| and a general D,,_; € |L — H|. Assume that k > sand k > 0. Let ¢ : X — Z
be the morphism associated to L ® Jy as in the usual set up (4.1).

Let N := Ny,x be the normal bundle of ¥ in X. Note that N = (@"*"'Ly) &
(L—H)y. Welet V:= (&@" " 'Ox)® H and F := (" % 10ps) ® Ops(1). Thus
N*(L) 2V = p*F and F = P(p*F), where F is the exceptional divisor of the
blowing up, o : X — X, of X along Y. Let a, 3 be the morphisms associated
to |£«7| and |€x| respectively, where &, and 5 are the tautological line bundles
of P(p*F) and P(F). Consider the projection p : X — P°. Since F is a spanned
vector bundle on P*, it is a general fact that o : P(p*F) — PV factors through
B:P(F) — PN'. Since F is the direct sum of a trivial bundle and a very ample line
bundle, Ops(1), £ is big. This implies that dim(Imf) = dim(P(F)) =n—k+s—1.
Since dim¢(X) > dim@(FE) = dimZ, it follows that dim¢(X) > n —k + s — 1.

Consider the Koszul complex

0 A" V@ (—(n—k—=1)L)—=--- > A V®(-L) =V = Fy(L) = 0.

Set T := @™ *'Ox and note that A™(T' ® H) = A™T & (A" 'T ® H) for each
m > 1. Note also that h°(H) = s + 1 and hence h°(V) = n — k + s. From
the hypercohomology sequence associated to the Koszul complex above we see that
ho(Jy (L)) = h°(V) = n— k + s. This is immediate if L — H is assumed ample, but
otherwise requires checking a few cases. Thus we conclude that the image of the
morphism, ¢ : X — Z, associated to L ® Jy has dimension

dim¢(X) =dimZ <n—k+s—1<codxY +s— 1.

Thus we conclude that dim¢(X) =n — k + s — 1.
Note that the complete intersection situation corresponds, in our present nota-
tion, to the case s = 0 with p the constant map.

We have the following three infinite sequences of examples (for one more class
of examples see (8.3) in §8).

Example 5.2 (projection from a linear divisor) Let X be an n-dimensional projec-
tive submanifold of P?"~!. Assume that there is a linear P"~!, D C X. Let L denote
the restriction of Op2.-1(1) to X. Since the morphism, ¥ : X — (X)) associated
to |L — D| agrees with the restriction of the projection of P?*~! from D away from
D, we see that dimi(X) < n — 1. From this we conclude that (L — D)” = 0. A

-1
%forsZI

and n for s = 0, where the normal bundle of D in X is Opn—l(_sjg. Since we have
that (L — D)p = Opn-1(s 4+ 1) is ample for s > 0, we conclude that if s > 0, then
the morphism associated to |L — D| has at least an (n — 1)-dimensional image.

We now show that such examples occur for all integers n > 0 and s > 0. Fix
integers s > 0 and n > 0. Let P := P(Op2n-1(1) ® Op2a-1(s+ 1)) and let p: P —
P?"~! denote the bundle projection. Let £ denote the tautological line bundle on P

calculation given in Proposition (8.1) shows that d := L™ =
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such that p,& = Op2n-1(1) ® Op2n-1(s + 1). Note that by counting constants we see
that the transversal intersection of n general elements of |£] is a smooth n-fold X'
which maps isomorphically under p to its image X in P*"~'. Let L := Op2n-1(1) .
Let £ := @"¢. From the Koszul complex resolution of the ideal sheaf of X' we get
the exact sequence

0—detE* 5> AV o5 o 5 AN2EF 5 EF > Op — Ox — 0.

By tensoring the sequence with p*Op2:-1(1) we see that the restriction map gives an
isomorphism H®(P?"~!, Op2a-1(1)) = H°(X, L). Moreover the intersection of X’ with
the section 3 corresponding to the quotient Op2a—1(1)BOp2n-1(s + 1) = Op2a-1(1) is
a linear P"~! with respect to Op2.-1(1). Thus X’ contains a linear P*~*. Denote this
by D. Since Nx/p = Op2n-1(—5 — 1) ® s and & = Opan-1(1), and since the normal
bundle Np,x of D in X is isomorphic to the restriction of the normal bundle of ¥, we
see that Np/x = Opn-1(—s). As noted above the morphism, ¢ := px : X — P"71,
associated to L ® Jp has an (n — 1)-dimensional image.

Recall that L — D ~ ¢*H for some ample and spanned line bundle H on P"~!.
Then in the example above one has H"™' = 1. Indeed, let H = Opn-1(h). Since
L — D =~ ¢*H, we see that h°(L — D) = <h:f_1). From the exact sequence 0 —

1
L—D — L — Lp % Opn-1(1) = 0 we infer that h°(L) > h°(L — D) + n. Since

htn—1
h%(L) < 2n we conclude that h°(L — D) < n. Thus, since n > 2, ( j;ﬁ | ) <n

implies h = 1.
The following example is related to Theorem (7.1) in §7.

Example 5.3 We construct here a smooth hypersurface of degree d in P%*! con-
taining a linear P*, such that the projection from the P* associated to L := Ox(1)
has a k-dimensional image.

Consider in P?**! the degree d hypersurface defined by the equation

2k+1
d—1 _
J=0

Then X is smooth and contains the linear P¥ defined by the equations zg; 1 = -+ =
Zr41 = 0. The projection from this P* has image P*.

Example 5.4 Let X := P(€ & Opx(1)), where £ is a rank 7 vector bundle on P* of
the form & = @I_,Opr(a;), a; > 1. Then X is of dimension n = k + r. Take as P*
the section of the P"-bundle p : X — P* corresponding to the quotient

E® Opi(1) = Opi(1) — 0.

This guarantees that & ~ Opk(1), where &« is the restriction to P* of the tau-
tological bundle L := & of X. Hence in particular § := LF - P¥ = 1, ie., P¥ is
linear.
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Let 0 : X — X be the blowing up of X along the P¥. Note that o induces the
blowing up, 7 : F' — P", at one point, z, of each fiber ' = P" of p. Consider the
morphism ¢ : X — Z associated to L ® Jp«. Note that the restriction ¢, for each
fiber F' = P", is the morphism given by the line bundle |7*Op+(1)—7~*(z)|. Therefore
¢7, being the projection of P" from the point z, has lower dimensional image. Since
the fibers F' = P" cover X we thus conclude that ¢ has lower dimensional image.

6 The divisorial case

In this section L always denotes a very ample line bundle on a n-dimensional projec-
tive manifold X, such that its global sections, I'(L), embed X in a projective space
P"*7. Let Y = D be a smooth connected divisor on X of degree § = L"~!- D. We
assume n > 2 since the case n = 1 is trivial.

Recall that 0L — D is spanned (see Lemma (2.6)). In the present case we can
say considerably more. Let us first show the following fact.

Lemma 6.1 Let L be a very ample line bundle on a connected projective manifold
X of dimension n. Let D be a smooth divisor of degree § = L™ ' - D. Then either
(X,L,0x(D)) = (P", Opn(1), Opn(9)), or the restriction (L — D)p is an ample line
bundle on D.

Proof. By the conductor formula (2.2) and the adjunction formula we have that

is nef. By general adjunction theoretic results (see e.g., [2, (7.2.1)]) we know that
Kx + (n+ 1)L is either ample or (X, L) = (P, Opn(1)). Therefore we see from
(15) that if (L — D)p is not ample then Kxp+ (n+1)Lp is not ample and hence
(X, L) = (P", Opn(1)). In this case Ox (D) = Opa(0). Q.E.D.

Next, we recall the following definition.

Definition 6.2 A line bundle, L, on a projective variety, X, is k-ample for an
integer k > 0, if mL is spanned for some m > 0, and the morphism X — P¢ defined
by I'(mL) for such an m has all fibers of dimension < k.

Theorem 6.3 Let L be a very ample line bundle on a connected projective manifold
X of dimensionn > 2, such that T'(L) embeds X in P"*". Let D be a smooth divisor
on X of degree 6 = L™ ' - D. Then 6L — D is 1-ample except in the case when
(X,L,0x(D)) = (P", Opa(1), Opn(9)).

Proof. Let F be a fiber of the morphism associated to |0 L — D| and assume dimF' >
2. Then (6L — D) ~ Op, so that Dr = §Lp is ample. This implies that D N F
contains an effective curve, C, and D-C > 0. But (L — D)-C = 0 since 6L — D is
trivial on F. If (X, L, Ox (D)) % (P", Opn(1), Opn(d)) this contradicts the ampleness
of (0L — D)p (see (6.1)). Q.E.D.

If § > 1 we can say more.
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Theorem 6.4 Let L be a very ample line bundle on a connected projective manifold
X of dimensionn > 2, such that T'(L) embeds X in P"*". Let D be a smooth divisor
on X of degree 6 = L™ '-D > 1. Assume that (X,L,Ox(D)) % (P", Opa(1), Opx(6)).
Then the morphism associated to |0L — D| is birational; moreover, 6L — D is very
ample if n > r + 2.

Proof. First assume n > r + 2, or, equivalently, 2dimX — (n+7) > 2. Then by the
Barth-Lefschetz theorem (see e.g., [2, (2.3.11)]) we conclude that Pic(X) = 7 with
generator the restriction of the hyperplane section bundle on projective space. Since
0L — D is spanned and not trivial unless (X, L, Ox (D)) = (P", Opn(1), Opn(d)) (see
(6.1)), we conclude that L — D is a multiple of the restriction of the hyperplane
section bundle on projective space. Thus 0L — D is very ample.

We next assume that n < r + 1. Then

0—1>

n
0—1)— 1

and Proposition (3.5) applies to say that h°((6 — 1)L — D) > 0, from which it easily

follows that the morphism associated to |§L — D| is birational. Q.E.D.

Look at the embedding X C P"*" and let ¢ be the codimension of D in the small-
est linear subspace P"~1*¢ C P"*" containing it. Let us assume that the Castelnuovo
bound conjecture holds true, i.e., (6 — ¢+ 1)L — D is spanned by its global sections
(compare with (4.13)). Clearly we have

r>q—1 (16)
Recall also the usual relations
d>r+1 and 6 > ¢+ 1. (17)

Proposition 6.5 Let L be a very ample line bundle on a connected projective man-
ifold X of dimension n > 2, such that T'(L) embeds X in P"*". Let D be a smooth
divisor on X of degree 6 = L™ ' - D > 1. Let q be the codimension of D in the
smallest linear subspace P19 C P"*" containing it. Assume that (6 —q+ 1)L — D
18 spanned by its global sections. Then

1. Ifn>r+2, (6 —q+ 1)L — D is very ample unless X = P" and §L ~ D;

2. If n <r+1, then the morphism associated to |(6 — g+ 1)L — D| is birational
unlessq=r1+1 and eithern=r+1orn<r+1andd=r+2.

Proof. Assume n > r + 2. Let d := L". We have the following fact.
Claim. (0 — ¢+ 1)L — D is not trivial unless X 2 P", §L = D.
Proof of Claim. Assume D =~ (6 — ¢ + 1)L. Dotting with L" ! gives (§ — g+ 1)d =
L"1'-D=¢,or(d—1)5 =d(g—1). Using (17) this gives (d—1)(¢g+1) < d(g—1),
or

2d < g+ 1. (18)
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Since by (17) and (16), d > r+ 1 > ¢, we find ¢ < 1. Thus (18) yields d = ¢ =1
and hence 7 = 0 by (17). Therefore X 2 P", D ~ ¢L. O

Since n > r 4 2 is equivalent to 2dimX — (n 4+ r) > 2, by the Barth-Lefschetz
theorem (see e.g., [2, (2.3.11)]) we have Pic(X) = z. Since (§—q¢+1)L— D is spanned
and by the Claim we can assume it is not trivial, we conclude that (6 —¢+ 1)L — D
is very ample. This shows 1).

As for 2), assume n < r + 1. If the morphism associated to [(§ — ¢+ 1)L — D|
is not birational, then h°((6 — ¢)L — D) = 0. Thus, by Proposition (3.5), § — ¢ <

n
—-1) - 1
r+1(5 )—n+1,or
0—1 (1— >< — 1
G-0(1- ") <an (19)
or, by using r > ¢ — 1 from (16),
r+1-n
—1)|{— <L 1—n. 2
(¥ )< r+1 )‘H " 20

If » + 1 = n, then equality holds in (20) and hence in particular r = ¢ — 1, i.e., D
spans P**". If r + 1 > n, inequality (20) yields d —1 < r+1, or 6 < r + 2. Since
g <6 —1 by (17), inequality (19) gives

n

(5_1)(1_ r+1

This implies r + 2 < §. Thus § = r + 2. Also, at each step, equalities hold true.
Therefore g =90 —1=r+1. Q.E.D.

n
<65—1-— < (6 —
7"+1)_5 1—-n or n<(6—1)

Example 6.6 Notation as in (6.5). We give here an example in the range n = r+1
where |(0—q+1)L— D| is spanned but the morphism associated to it is not birational,
D spans P"*" and the projection from D has an (n — 1)-dimensional image.

Consider the Segre embedding X = P! x P* ! < P**" = p2* 1 r =p—1, and let
p1: X = P! py: X — P! be the projections on the two factors. Denote O(a, b) :=
piOpi(a) ® pyOpn-2(b), for given integers a, b. Let L := O(1,1), so that h°(L) = 2n.
Take a smooth divisor D in the linear system |O(2,1)|. We have d:= L™ =n and
§:= L"'. D =n+1. Consider the exact sequence 0 = L —D — L — Lp — 0.
Note that L — D = O(—1,0), so h%(L — D) = 0 and, by using Kunnéth’s formulas,
h*(L — D) = 0. Therefore h°(L) = h®(Lp). This means that D spans P"*" = p?n—1
orq=r+1=n. Then (§—g+1)L—D =2L—D = 0(0,1). Thus (§—¢+1)L—D
is not big, so that the projection from D associated to it is not birational, and has
an (n — 1)-dimensional image.

Example 6.7 Notation as in (6.5). We give here an example in the range r = n,
where (§ — g + 1)L — D is spanned but not ample, in fact is l-ample, and the
morphism associated to it is birational.

Let X := P(®"1Op1 ® Opi(1)). Let & be the tautological bundle of X and let
F be a fiber of the bundle projection X — P!. Let L := £ + F and take a smooth
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divisor D € |£ + 2F|. Note that both £ + F and £ 4+ 2F are very ample (see e.g., [2,
(3.2.4)]).

A standard check shows that d = L = n+1, § = L"'- D = n + 2 and
h*(L) = 2n+1, h®(L — D) = h°(—F) = 0, h'(L — D) = 0. Thus X C P?", ie,
g=r+1=n+1. Then

6—g+1)L—D=2L-D=¢.

The line bundle ¢ is spanned but not ample (see e.g., [2, (3.2.4)]) and the morphism
associated to || is the blowing up X — P" of P* along P" 2. Hence in particular £
is 1-ample.

7 The linear case

Let X be a smooth connected projective variety of dimension n, polarized by a
very ample line bundle L. In this section we discuss some further results about the
structure of projection maps from a k-dimensional subvariety Y of X, in the case
when Y is a linear P*¥ with respect to L.

In (7.1) we show that if the morphism, ¢, associated to L ® Jy as in (4.1)
has image dimension n — k, then ¢ has P* % as image and X is a hypersurface
in P"*!. Next we show in (7.2) that assuming “Hartshorne’s conjecture” we have
a stronger lower bound for the dimension of the image of ¢. Finally we prove in
(7.4) a spannedness result for the adjoint bundle (see also (8.6) for more adjunction
theoretic structure type results in the case when Y is a codimension 1 linear P"!).

Let us explicitly point out the following fact: if ¥V is a smooth k-dimensional
subvariety of (X, L) of degree § = L* - Y, then, since 6L ® Jy is spanned by global
sections by Lemma (2.6), the morphism associated to |[tL ® Jy| is birational for
t > §+ 1. In particular, if Y is a linear P¥ with respect to L and the projection from
Y associated to tL has lower dimensional image, then necessarily ¢ = 1.

In the case when Y is a linear P¥ and the projection has image dimension one
bigger than the lowest possible value we have the following result. We recall Theorem
(4.6) for a general lower bound for the image dimension of ¢ and we refer back to
(5.3) which gives in fact an example of the situation discussed below.

Theorem 7.1 Let L be a very ample line bundle on X, a connected projective man-
ifold of dimension n > 2. Let Y be a subvariety of X with (Y, Ly) = (P*, Opk(1)).
Let 0 : X — X be the blowing up of X along Y. Let ¢ : X — Z be the morphism
associated to L ® Jy as in (4.1). Assume that dimZ = codxY =n — k and k > 2.
Then X is a hypersurface in P" 1.

Proof. Set w := n — k. Since L — E is spanned and gives the projection 7 :
X — 9(X) and since dimZ = w, we have a surjection of locally free sheaves
®&v 05 — L — E — 0. Hence, restricting to E, we have an exact sequence

0= K—a""0p— (L-E)g —0.
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Consider the Pw_l—bungle map 7 : E — Y. Let N := Nx/y be the normal bundle of
Y in X. Notice that (L — E)g = £, the tautological line bundle of E = P(N*(L)).
By pushing forward under 7, we get an exact sequence on Y

0— K — @“"0y - N*(L) 21,6 — 0. (21)

By comparing the ranks, since N*(L) has rank codxY = w, we conclude that K is
a line bundle.

Since Y & P* k > 2, the first cohomology of a line bundle is zero, i.e., h*(Y, K) =
0. This means that the sections of ®@“T*Oy surject onto the sections of N*(L), so
RY(N*(L)) < w+ 1.

Notice that L — F ~ ¢*(H) for some ample line bundle H on Z. Since the
restriction ¢y : E — Z is onto by (4.4), we have h°(N*(L)) = h°((L — E)g) >
h°(H) = h°(L — E). Thus

P(L® Jy)=h"(L—-FE)<w+1. (22)
Now look at the exact sequence
0—-LeJy - L— Ly —0.

Recall that Ly =2 Opk(1) since Y is a linear P*. Therefore, by (22), h°(L) <
R(L ® Jy) + h°(Ope(1)) < w +k + 2 = n + 2. Thus, either I'(L) embeds X
as hypersurface in P"*!, or else h°(L) = n + 1 and X = P". However, the latter is
ruled out by the assumption dimZ > n — k. Q.E.D.

A minor modification of the proof of the theorem above gives us the following
result, which states that assuming “Hartshorne’s conjecture” (see [8]) the image
dimension of ¢ has a stronger lower bound unless X is a complete intersection.

Proposition 7.2 Let X be a smooth connected projective variety of dimension n >
2. Let L be a very ample line bundle on X. Let Y be a linear P* with respect to
the embedding given by T'(L). Let 0 : X — X be the blowing up of X along Y.
Let ¢ : X — Z be the morphism associated to L ® Jy as in (4.1). Assume that
Hartshorne’s conjecture is true and that X is not a complete intersection. Then
dim¢(X) > codxY + £ — 1.

Proof. First note that for k¥ < 2 the bound on dim¢@(X) follows from Theorem (4.6)
and Corollary (4.7), so we can assume k > 3.

Set w :=n —k = codxY and z := dim¢@(X). Exactly the same argument as
in the proof of Theorem (7.1) gives us an exact sequence 0 — K — &*t'0y —
N*(tL) — 0 on Y, where K is a vector bundle of rank z+1—w and N is the normal
bundle of ¥V in X.

Assume, by contradiction, that z < w+%—1, and therefore rank(K) = z4+1—w <
%. Thus from (2.7) we know that K splits as a direct sum of line bundles on P*
(here we are using our present assumption that & > 3). Then the first cohomology

27



of K is zero. This means that the sections of ®*T!Oy surject onto the sections of
N*(L), so h°(N*(L)) < z+ 1. Again, as in the proof of (7.1), we thus conclude that

W(L®Jy)<z+1. (23)

Now look at the exact sequence 0 — L ® Jy — L — Ly — 0. Recall that
Ly = Opi(1) since Y is a linear P*. Therefore, by (23), h°(L) < h°(L ® Jy) +
h%(Ogk(1)) < 2z + k + 2. Thus I'(L) embeds X in P***¥*+! A direct numerical check
shows that the inequality z < w + g — 1 implies n > %(z + k +1). Since we are
assuming that Hartshorne’s conjecture is true, we thus conclude that X is a complete
intersection. Q.E.D.

We need the following result. The case when £ = 1 also follows immediately
from a result of Ilic [12].

Theorem 7.3 Let X be a connected projective manifold of dimension n > 2. As-
sume that X is a P" '-bundle 7 : X — C over a smooth curve C with fibers linear
with respect to L, a very ample line bundle on X. Let Y C X be a linear P* with
respect to the embedding given by T'(L). Let 0 : X — X be the blowing up of X
along Y. Let ¢ : X — Z be the morphism associated to L @ Jy as in (4.1). Then
dimZ < n if and only if either

1. dimn(Y) =1, dimY =1 and Y is a section of m corresponding to a surjection
from the vector bundle w,L onto a direct summand Op1(1); or

2. dimm(Y)=0,k=n—1, and (X,L) = (P" ! X P!, Opn-1,p1(1,1)).

Proof. We leave the reader to check the straightforward assertion that dimZ < n
in cases 1) and 2). Assume now that dimZ < n.

If dim7(Y) = 1, then since P* cannot map onto a curve if k£ > 2, we conclude
that £k = 1 and C = P'. Since Y and fibers of 7 are linear, we conclude that Y
meets any given fiber transversely in exactly one point. Thus Y corresponds to a
surjection m,L — Op1(L-Y) = Op1(1). Using the fact that 7, L is very ample and
a direct sum of line bundles, it is a simple check that m.L — Opi(L-Y) = Op1(1)
splits.

Assume now that dimn(Y) = 0. If the codimension of Y is one, then we have
0=(L-Y)"=L"—nL"™!'-Y = L" — n. From this we see that 7L is a very
ample rank n vector bundle of degree n. This immediately implies that (X, L) =
(Pn_l X IP’I, Opn—lxpl(l, 1))

Now we consider the case when the codimension of YV is greater than one. Since
Ny x = Ope @ (@"’I’kopk(l)), it is a straightforward consequence of Lemma, (4.2)
and the fact that N*(L) is spanned, that we can choose n — k — 1 smooth divisors
Dy,...,D, j_1in |L® Jy| all meeting transversely in a smooth (k+ 1)-dimensional
subvariety Xy, := Dy N ...N D, ;1 containing Y as a divisor. But since it
follows from the last paragraph that (Xji1, Lx,,,) = (P* X P!, Opryp1(1,1)) we infer
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that mx,,,+Lx,,, = ®*Opi(1). Thus we conclude that m.L & (&" % 'Opn) @
(@*1Op1(1)). Since 7,L is very ample, we conclude that n = k + 1. Q.E.D.

The case k = 1 of the following spannedness result for the adjoint bundle follows
from [12].

Theorem 7.4 Let X be a smooth connected projective variety of dimension n > 2.
Let L be a very ample line bundle on X. Let Y C X be a linear P* with respect
to the embedding given by T'(L). Let o0 : X — X be the blowing up of X along Y.
Let ¢ : X — Z be the morphism associated to L ® Jy as in (4.1). Assume that
dimZ < n. Then Kx + (n — 1)L is spanned by global sections unless either

1. (X,L) =2 (P",0m(1),1<k<n-1, withdimZ =n—k—1; or

2. (X,L) = (Q,09(1)), Q a quadric in P", 1 <k < [%], with dimZ = n — k;
or

3. (X,L) is a scroll, m : X — C, over a smooth curve C, i.e., Kx + nL ~ n*H
for some ample line bundle H on C, with either

(a) dimn(Y) =1, dimY =1 and Y is a section of w corresponding a surjec-
tion from the vector bundle m,L onto a direct summand Opi(1); or
(b) dimm(Y)=0,k=n—1, and (X,L) = (P" ' x P!, Opn-1,p1(1, 1)).
Proof. From general adjunction theory results we know that Kx + (n — 1)L is
spanned unless either
(i) (X,L) = (P", Opn(1)); or
(i) (X,L) =2 (Q,0q(1)), Q a quadric in P"™; or
(iii) (X, L) is a scroll, 7 : X — C, over a smooth curve C, i.e., Kx +nL ~ m*H
for some ample line bundle H on C.

In case (i), by looking at the projection of P* from P*, we see that 1 < k <n — 1
with dimZ =n — k — 1.

In case (ii) we see that 1 < k < [%] with dimZ = n — k, by looking at the
projection of P"*! from P*.

In case (iii), use Theorem (7.3). Q.E.D.

Corollary 7.5 Let X be a smooth connected projective variety of dimension n > 2.
Let L be a very ample line bundle on X. Let Y C X be a linear P* with respect to
the embedding given by T'(L). Let ¢ : X — Z be the morphism associated to L ® Jy
as in (4.1). Assume that dimZ < n. Let N := Ny,x be the normal bundle of Y in
X. If (X, L) is not as in one of cases 1), 2), 3) of (7.4), one has ¢;(N) <n—2—k.

Proof. By the assumption, Kx + (n — 1)L is spanned. On the other hand,
(Kx+(n—1)L)y Ky —det N+ (n — 1)Ly = Opr(n — 2 — k) — det N.

Since (Kx + (n — 1)L)y = Op(b) for some nonnegative integer b, we thus conclude
that det N = Opx(a) for some integer a < n — 2 — k. Q.E.D.
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8 The linear case in codimension 1

Let X be a smooth connected projective variety of dimension n > 2. Let L be a
very ample line bundle on X. Let P be a linear P"~! C X with respect to L, i.e.,
§ = L™ '- P =1. Recall that in this case the line bundle L — P is spanned (see the
discussion after Lemma (4.3)). We follow the notation of (4.1), with the exception
of denoting Y by P to emphasize its special nature. Thus we let ¢ : X — (X)) be
the morphism associated to |L — P| and ¢ = s o ¢ the Remmert-Stein factorization
of 1 with ¢ : X — Z having connected fibers and s : Z — ¢(X) finite.

In this section we study the projection from P, a linear P"~!, under the assump-
tion that n > dim¢(X). For shortness, it is convenient to refer to the situation
above simply saying that (X, L, P) is a P"~!-degenerate triple.

First, let us state the following preliminary facts.

Proposition 8.1 Let X be a connected n-dimensional manifold and let L be very
ample line bundle on X. Assume that (X,L,P) is a P" '-degenerate triple. Let
N := Npn-1/x = Opn-1(—5) be the normal bundle of P := P"! in X. Then we have:

1. s > —1, with equality only if (X, L) = (P", Opx(1));

2. if s > 0, the morphism v : X — (X)) associated to |L — P| has an (n — 1)-
dimensional tmage with all fibers having dimension one; and ¥p is finite; and

(s+1)" —

1
3. the degree of (X, L) is given by d := L" = for s > 1 and by n for

s=0.

Proof. Items 1) and 2) follow immediately from Lemma (6.1) and Theorem (6.3).
As for 3), note that since L — P is not big we have (L — P)" = 0. Then

d= jz:(—nj1 (") L. pi.

J

By noting that L" 7 - P/ = Op(1)" 7 - Op(—s)/ ! = (=1)7 " 1s7 ! we find d =

n

> <7;> s/~1. This gives the result. Q.E.D.

=1

In light of the above results we will assume that (X, L) % (P", Opx(1)), i.e.,
Np/x =2 Opn-1(—s) with s > 0.

Let H be the ample line bundle on Z such that L — P ~ ¢*(H). Set h = H" !
and t = L - f for a general fiber f of ¢. We have Lp — Pp & Opn-1(s + 1) = ¢1(H).
Since t = deg ¢p, we conclude that

th=(s+1)"". (24)

Note that the restriction ¢p : P"~! — Z is a t-to-one finite morphism.
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Remark 8.2 Note that by (2.4) and (2.5) applied to the finite map ¢p we conclude
that Z is Cohen-Macaulay, has t-factorial singularities, and Pic(Z) = Z.

Let us give one more class of examples.

With the notation as above, assume that (X, L, P) is a P"~'-degenerate triple
with s > 0 and t = 1. Since the restriction ¢p is an isomorphism under this
assumption we see that, by using also relation (24), (Z,H) = (P"* !, Opn-1(s + 1)),
and that ¢ is a P'-bundle (see also [2, (3.2.1)]). We let V := ¢,Ox(P) and

=L =0, (Ox(P)QL) = (Ox(P)@¢"H) =V @ Opn-r(s +1).  (25)
Then X Z P(€) = P(V).

Proposition 8.3 If s > 0 andt =1 then (X, L) = (P(Opn-1(s + 1) ® Opn-1(1)), &),
where & denotes the tautological line bundle on P(Opn-1(s + 1) & Opn-1(1)).

Proof. From the exact sequence 0 - Ox — Ox(P) — Pp = Opn-1(—s) — 0, by
taking the direct image and since the higher direct image functor R'¢,Ox is zero
for i > 0, we get the exact sequence 0 — Opn-1 = V' — Opn-1(—s) — 0. Since
h'(Opn-1(s)) = 0 we see that this sequence splits. Thus £ = ¢, L 2V ® Opn-1(s +
1) 2 Opn-1(s + 1) ® Opa-1(1). From this the result is clear. Q.E.D.

From relation (24) we see that s = 0 implies ¢ = 1. This gives the following
consequence.

Corollary 8.4 If s =0 then (X, L) = (P"' X P!, Opn-1,p1(1, 1)).

Remark 8.5 Note that the example of a P* '-degenerate triple given by P" blown
up at one point 2z, p : X — P, with L = p*Opu(2) — P, P = p !(z), fits in
Proposition (8.3) with s = 1.

By the above, we can work from now on under the extra assumptions that s > 1
and ¢ > 2, where Npn-1/x = Opn-1(—5) and ¢t = deg gpn-1.

We can now carry out some more adjunction theoretic analysis, improving, in
the case of a codimension 1 linear projective space, the results proved in (7.4). We
will also assume n > 3, since the problem is completely solved when n = 2 (see
[18], [2, §8.4]). For the structure of the first reduction map occurring in the theorem
below we refer to [2, Chap. 7].

Theorem 8.6 Let X be a smooth connected n-dimensional variety, n > 3, and let L
be very ample line bundle on X. Assume that (X, L, P) is a P"~'-degenerate triple.
Let N := Npn-1/x = Opn-1(—5). Assume that s > 1 and t := deg¢p > 2. Then
the first reduction exists, i.e., there exists a map @ : X — X' expressing X as the
blowup of a projective manifold X' at a finite set B with Kx + (n — 1)L ~ n*H for
a very ample line bundle H on X'. Moreover it follows that 7 is an isomorphism
unless B is a single point, s =1, and P :=P" ! = 7~ 1(B).
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Proof. Set P :=P""'. If Kx + (n — 1)L is not spanned, then (X, L) is as in one
of cases 1), 3) of (7.4) (notice that case 2) of (7.4) is excluded because we have
dimP > [g]) In case 1) we have that Kx + (n + 1)L is trivial, which implies that
Op~ (Kx+ (n+1)L)p =~ Opn-1(s + 1). Thus s = —1. In case 3), we have ¢ = 1.
Therefore both cases 1), 3) of (7.4) are excluded in view of our present assumptions
that s > 1 and t > 2.

Therefore we can assume that Ky + (n—1)L is spanned. It follows [2, §7.3] that
either Kx + (n — 1)L is nef and big or:

1. Kx 2 —(n—1)L; or

2. (X, L) is a quadric fibration, 7 : X — C, over a smooth curve C, i.e., Kx +
(n—1)L = 7*H for some ample line bundle H on C; or

3. (X,L)isascroll, 7 : X — S, over a smooth surface S, i.e., Kx + (n — 1)L =
7*H for some ample line bundle H on S.

In the first case we have that Oy = (Kx + (n — 1)L); for a general fiber f of
¢. Since (1 —n)L - f = (1 —n)t = Kx - f = deg(K) we conclude that n = 3 and
t=L- f =1, contradicting our present assumption ¢ > 2.

Since P = P"~! can’t map to a curve by Lemma, (2.3), we conclude in the second
case that P is a component of a fiber of 7. But since n > 3 fibers are either
irreducible quadrics, or two P"~!’s meeting in a P"~2. Indeed multiple fibers don’t
happen, since otherwise we could slice down to a surface and have P! as a multiple
fiber, which is a classical standard impossibility. If we are in the case of two P"~!’s
meeting in a P2, then we have negative normal bundle for each P"~' and we can
contract one P*! to get a map of the other P* ! to a (n — 1)-dimensional image but
with the intersection P* 2 going to a point, which is not possible again by Lemma
(2.3).

In the third case we know from a result of the fourth author [20, Theorem (3.3)]
that 7 is a P*“2-bundle. Thus we conclude that P is a section with n = 3. Indeed
since fibers of 7 are one dimensional we conclude that P meets a general fiber f
of 7 in a finite nonempty set. Since L — P is nef and L - f = 1 we conclude that
P-f=1.Since (L — P)- f =0 it is clear that 7 is the same as ¢ and ¢ = 1.

Thus we see that Kx + (n—1)L is big and the first reduction 7 : X — X’ exists.
Assume that 7 is not an isomorphism. Let F' be a positive dimensional fiber of 7.
We know that F is a linear P* ! with respect to L and Npjx &2 Opn-1(—1). If we
show that F' = P then we see that s = 1 and the theorem will be proved. Thus
assume that F' is not P. Then we see that F'N P is empty or we would have the
absurdity that 7 maps the positive dimensional subset F'N P of P to the point 7 (F)
without mapping P to the same point. Thus we have Lp & Opn-1(1). Therefore we
see that F is a section of ¢ : X — Z. Thus we conclude that ¢ is a P!-bundle over
P" L. Restricting the bundle to a bundle ¢g : S — R on a smooth curve R on Z,
we find a P'-bundle S over R with two disjoint curves, P NS and F'N S, each with
negative self intersection since both the normal bundles Np,x, Ny x are negative.
This is absurd. Q.E.D.
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We conclude this section by considering the special case of a threefold X.

8.7 The three dimensional case. We use the same notation and assumptions as
above. In particular in view of the results above we make the blanket assumption
that s > 1 and ¢t > 2.

Theorem 8.8 Let X be a smooth threefold and L a very ample line bundle on X.
Assume that (X, L, P) is a P*-degenerate triple. If s =1 and t := deg ¢p > 2, then
t = 4. In this case X s the blowing up at one point of the complete intersection of
three quadrics in PS.

Proof. If s = 1 then by Proposition (8.1), 3) we see that L?> = 7. Note that we
use the classification of degree 7 manifolds given in [13]. By Theorem (8.6) we can
assume that Kx + 2L is nef and big. Thus quadric fibrations over curves and scrolls
over curves and surfaces are ruled out. By using the degree 7 classification, two
possibilities remain.

1. X is the blowing up at one point, 7 : X — X', of the complete intersection
X' of three quadrics in P®, with 7 the first reduction map; or

2. there exists a morphism p: X — C of X to a curve C given by the complete
linear system |m(Kx + L)| for m > 0.

In the first case we know from [13] that L embeds X into P°. This X contains
the positive dimensional fiber of 7 and thus since projection from this linear P?
must map to P? we conclude that this is an example with s = 1. Let f = P!
be a fiber of ¢ : X — Z. To see what ¢ is, note that Kx + L being nef yields
t=L-f>—-Kx-f =2 By Theorem (8.6) we know that P coincides with the
exceptional divisor of m. Moreover, —Kx» = Ox/(1) = L', the polarization of the
first reduction X', which satisfies the condition L & 7*L' — P. Then

Ky =2nm"Kx+2P=2 —-L—-P+2P=—L.

Hence we have Kx - f = deg(Ky) = 0. Thus we cannot have ¢ = 2 since this would
imply f was rational. Since we are assuming ¢t > 2 we conclude by relation (24) that
t must equal 4.

In the second case p(P) must be a point by Lemma (2.3) and therefore (Kx +
L)p =2 Op. Since (Kx + L)p = Op(s — 2) we get the contradiction s = 2. Q.E.D.

Combining Theorem (8.6) and Theorem (8.8) we have the following result.

Corollary 8.9 Let X be a smooth threefold and L a very ample line bundle on X.
Assume that (X, L, P) is a P*-degenerate triple. If s > 1 and t := deg ¢p > 2, then
either X s the blowing up at one point of the complete intersection of three quadrics
in P, or Kx + 2L is very ample.
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Proof. By (8.6) and (8.8) we know that either s = 1 and X is the blowing up at
one point of the complete intersection of three quadrics in P® or X is isomorphic to
its own first reduction. Q.E.D.

Theorem 8.10 Let X be a smooth threefold and L a very ample line bundle on X.
Assume that (X, L, P) is a P*-degenerate triple. Further assume s > 2. Then the
case t = 2 does not occur.

Proof. By Corollary (8.9) we can assume that (X, L) is its own first reduction.
A simple check of the list of pairs with Kx + L not nef (see [2, §7.3]) shows that
they cannot occur if s > 2. Thus we can assume that Kx + L is nef. We know
that there is a morphism with connected fibers p : X — W of X onto a normal
variety W, given by |m(Kx + L)| for m > 0, with Kx + L = p*H for some ample
line bundle H on W. Note that if £ = 2 then the general fiber of ¢ : X — Z is a
conic. Thus Kx + L must be trivial on the general fiber of ¢. Then there exists
a surjective morphism ¢ : Z — W such that g o ¢ = p, whence dimW < 2. Note
also that dimW > 0. Indeed otherwise Ky + L would be trivial and therefore, since
(Kx + L)p 2 Op(s — 2), we would have s = 2. But t = s = 2 contradicts relation
(24).

The divisor P can not be in a fiber of p. If it was we would have (Kx+L)p = Op.
This would imply s = 2. Then again ¢t = s = 2 contradicts relation (24). By using
Lemma (2.3) we conclude that dimW = 2 and, since P must map onto W, that all
fibers of p are one dimensional. By the above, (X, L) is a quadric fibration over the
surface W. Then by Besana’s results [3] we know that W is smooth and thus by
Lazarsfeld’s theorem (see e.g., [2, (3.1.7)]) we know that W is P2. We also see that
the maps p and ¢ are the same.

Note that by pulling back to P we have

m(Kx +L)p =2 Op(m(s—2)) = (L—P)p = ¢ppH = Op2(s + 1).

This gives s + 1 = m(s — 2) and hence either s =5, m =2, L — P = 2(Kx + L),
ors=3, m=4,L — P =4(Kx + L). Assume s = 5. Then, since ¢t = 2, relation
(24) gives h = H?> = 18. But since L — P = 2(Kx + L) we have the absurdity
that 18 = H? = 4H?. Assume s = 3. Then h = H? = 8 from relation (24) and
L — P = 4(Kx + L) gives the absurdity 8 = H* = 16 H>. Q.E.D.
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