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Abstract
Reactive systems' slow dynamic behavior is approximated we by evolution on manifolds of di-
mension lower than that of the full composition spaces. Thiswork addresses the construction of
one-dimensional slow invariant manifolds for dynamical sgtems arising from modeling unsteady
spatially homogeneous closed reactive systems. The relati between the systems' slow dynamics,
described by the constructed manifolds, and thermodynamis is clari ed. It is shown that other
than identifying the equilibrium state, traditional equil ibrium thermodynamic potentials provide
no guidance in the systems' actual slow invariant manifolds The construction technique is based
on analyzing the composition space of the reactive system. fle system's nite and in nite equi-
libria are calculated using a homotopy continuation method The slow invariant manifolds are
constructed by calculating heteroclinic orbits which conrect appropriate equilibria to the unique
stable physical equilibrium point. Application of the meth od to several realistic reactive systems,
including a detailed hydrogen-air kinetics model, revealghat constructing the actual slow invariant

manifolds can be computationally e cient and algorithmica lly easy.
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.  INTRODUCTION

Modeling physical problems of multi-scale nature is a formable task, even with mod-
ern computational capabilities. Typical examples are fouhin atmospheric chemistry:
biochemistry? and combustion® where a number of physical and chemical processes that oc-
cur at di erent scales exist. For simulation purposes, the gsence of a broad range of scales
incurs a large computational cosf. In the case of combustion, this cost increases with the
number of species and the number of reactioAsAlso, as the scales' range widens, solution
veri cation becomes increasingly di cult. In the literatu re, numerous methods based on
several approaches have been proposed to e ciently simgliind reduce the computational
cost of simulating reactive systems described by detailednktics5® The main challenge
for these methods is to simplify the model equations withowigni cant loss of accuracy.

For spatially homogeneous reactive systems, reaction dynas are described by a set
of non-linear coupled ordinary di erential equations (ODE). The solutions of this set of
ODEs are represented by trajectories in the species comgmsi space. Each trajectory
represents the reactive system's evolution with time for gpgci c initial condition. After a
short transient, the evolved trajectories seem to quickly d attracted to a special trajectory
and stay exponentially close to it until they reach equilibium in in nite time. *? The reactive
system's slow modes are the only active ones on this speciajéctory. This implies that
the system's slow dynamics can be described by these attraxt or manifolds which are
of smaller dimension than the full composition space dimeos.!” Thus, identifying this
manifold for a reactive system makes it possible to reducedltomputational cost by Itering
the system's fast modes. Such an approach relies on identify these manifolds within the
species composition space which describe the slow dynamits reactive system23

The dimension reduction approach can signi cantly reducehie computational cost of
modeling a detailed kinetics reactive systerft. This approach is based on representing the
chemistry of a reactive system's variables in terms of the emistry of a reduced number
of variables. Within the dimension reduction approach, twanajor techniques exist. The
rst set of methods employ local linear time scale analysitseparate the system's modes
into fast and slow, such as intrinsic low-dimensional mamifds (ILDM),° computational
singular perturbation (CSP),'%!4 and global quasi-linearization (GQL)* The dynamics are

segregated using chemical bases. These bases are geneeafeori in the ILDM and GQL,



while in the CSP they are estimated locally by iteration. Alhough ILDM is more e cient
than CSP, it is less accuraté? Furthermore, the calculated manifolds using ILDM and GQL
are not invariant.?®

The second set of methods, which is the main subject of this o employs a geometri-
cal approach to describe the multi-scale kinetics. Exammanclude the quasi-steady state
assumption (QSSA)® iterative methods®” the minimal entropy production trajectory
(MEPT) method, %27 the method of invariant manifold (MIM),?° the rate-controlled con-
strained equilibrium (RCCE) method?®?° and the invariant constrained equilibrium edge
preimage curve method (ICE-PIC)?}3 The iterative methods are the most accurate among
these approached!*? These methods are based on constructing the attractive intant
manifold from the system trajectories. Although these metids have a rapid rate of conver-
gence, they require a su ciently accurate guess to convergé On the other hand, MEPT,
MIM, RCCE and ICE-PIC employ classical thermodynamics to castruct the attractive
manifolds. The MEPT approach relies on the concept of mininm entropy production 23
Utilizing such a principle allows classical thermodynamgquantities to be used away from
equilibrium, though the validity of this principle has beencalled into question in other
elds, e.g. heat di usion.3* The RCCE, MIM and ICE-PIC approaches rely on employing
equilibrium thermodynamics potentials away from the equibrium state. By minimizing
the appropriate classical thermodynamics quantities, atasne point in the procedure, their
low-dimensional manifolds are constructed. Furthermorghe ICE-PIC method is compu-
tationally expensive?! and it is not more accurate than ILDM, though the constructed
manifold is invariant.

The slow invariant manifold (SIM) for a reactive system is a bspace in the species
composition space. It describes the asymptotic structurd the invariant attracting reactive
system's trajectories during their relaxation toward equibrium. All previously discussed
methods, and any other method based on them, are approximagj the reactive systems'
actual SIMs. The only exception is the technique presentedyDavis and Skodje!’ It is
based on a global phase space analysis of the full dynamicsaofeactive system. Such
construction has been done for small model systedis? The present paper o ers the rst
construction of a SIM for a realistic detailed kinetics sysm.

The main goal of this work is to identify a reactive system's @ual one dimensional

(1-D) SIM. We con ne our attention to isothermal systems, ahough extension to non-



isothermal systems is straightforward. This paper is orgared as follows. In Sec. Il the
mathematical foundation is presented for closed isotherrhapatially homogenous reactive
systems. Then, in Sec. Il the proposed method to construché actual 1-D SIM is presented
in a geometric frame. In Sec. IV, several test cases are intiteced, and their actual 1-D

SIMs are constructed. Moreover, comparison to other metheds conducted. Then, results
for a detailed kinetics hydrogen-air reactive system are @sented, and lastly conclusions are

stated.

Il.  MATHEMATICAL BACKGROUND

In this section, a brief description of the governing equaihns is presented. The super-
script (°) denotes evaluation at reference pressure; quantities wisuperscripts () and (%)
correspond, respectively, to the initial state and to the agjlibrium state, and quantities with

an overbar () denote the evaluation of these quantities on anolar-basis,i :e: per unit mole.

A. Model equations

We consider a closed, spatially homogenous, premixed raaetmixture of calorically
imperfect ideal gases described by detailed mass-actionddics. The mixture is con ned in
a volumeV at temperature T and pressurep. This mixture consists ofN species composed

of L atomic elements which undergd reversible reactions of the form

X X o0 _

= i =1 (1)
i=1 i=1

Here, ; is the chemical symbol of specids and for thej™ reaction, ,? and i?Oare the stoi-

chiometric coe cients of specied, denoting the number of moles of reactants and products,

respectively. For such mixtures, the total massN) remains constant throughout the reac-

tion process, and for each reaction in the mechanism the masfseach element is conserved.

Total mass and element mass balances are enforced by thedwlhg linear relations,

X X
M = Min; = Min;; (2a)

i =05 I=1inL ) =100, (2b)



whereM;; n; and | are, respectively, the molecular mass of specieshe number of moles of
specied, and the element index matrix, which provides the number of pies of element in
species. Also, j = ° [ is the stoichiometric matrix, which gives the net stoichioratric
coe cient for speciesi in reaction j. Equation (2b) demands that j lie in the right null
space of ;. In general, ; and j are non-square matrices of dimensiots N andN J,
respectively. However, j is of full rank, while j is of rank R (N L); commonly
R = (N L). In this work, we focus on systems in whicd  R. However, for the less
common systems in whichl < R, the presented analysis can be easily modi ed.

The change in the number of moles of speciesvith time (t) due to chemical reaction is

described by the following systent®

dn, X .
ﬂ:V R I=1;::0;N; (3a)
dt =1
Nijiog = N5 1T=15000N; (3b)
where " " I
n; '? 1 n; i?o .
ri =k — — — ; =1;::09, 4
J J i=1 v chizl v J @

is the reaction rate given by the law of mass action. Here, fahe j™ reaction, k; and K
are, respectively, the temperature-dependent Arrheniugrietic rates given by

E; .
ki=A; T exp <—_|_’ =150 (5)

and the equilibrium \constants" given by
O T PiN=1?ij!. L .
Ky = <T exp — T =100 (6)
In Egs. (5) and (6), < = 8:314 10’ erg=mol=K is the universal gas constant, and for
each reaction the quantitiesA;; j; and E; represent the collision frequency factor, the
temperature-dependency exponent, and the activation ergy, respectively. Also, ? are the

chemical potentials given by
P=Mi(hy Ts); i=1;:::;N: (7)

Here, h; and s? are the specic enthalpy and the specic entropy of species For ideal

gasesh; and s? are constant for a givenT.



B. Thermodynamic conditions

Considering a mixture of calorically imperfect ideal gasamplies that the thermal state

equation is

X
p=§; n;: (8)

i=1

Also, the mixture Gibbs free energy G) is given by the following relation3®

X
G= Ni i, (9a)

i=1

where, I

= %+ <Tln —ﬁ%l——; P=1;:000N: (9b)

P® = N
This thermodynamic property is of special interest. The gleal minimum of G corresponds

to the reactive system's equilibrium state’” which is identi ed by the following relation
i =0, j=1;1100% (10)

Another thermodynamic property of special interest in thiswork is the mixture entropy

(S), which is de ned as

S= n;s;: (11a)

where, !

s=Ms <h —F0 . (11b)

P° iy
The di erential change of S is postulated by the second law of thermodynamic¥,though it
stated di erently in non-equilibrium thermodynamics than classical thermodynamics® In

non-equilibrium thermodynamics, the di erential change 6S is denoted a®
dS= d.S+ d;S; (12a)

in which d.S is the change in entropy due to the system's exchange of mattend energy

with its surroundings, and

dsS = idn;; (12b)



is the change in entropy due to irreversible processes withihe system. Thus, an expression
for the irreversibility production rate ( ), also known as the entropy production rate, is

introduced as®
diS 1 X dni .

Todt T 'dt

i=1
Similar to G, is a convex function in composition space with a global miniam at the

(13)

reactive system's equilibrium point.

C. Governing equations

The complete system, Eg. (3), de nes arN-dimensional composition space. But, in
any closed reactive system the total number of moles of eacleraent is conserved. By
multiplying both sides of Eq. (3a) by i, summing the result fromi = 1 to N, employing
Eq. (2b) to set the right side to zero, integrating the resuihg homogeneous di erential

equation, and applying the initial condition, Eg. (3b), we dtain

X b\
ing = ing; =150 L (24)

i=1 i=1
Generally, Eq. (14) is an underconstrained linear system &f equations for theN values of

n;3°. This implies it has solutions of the following form
!

xR
ni=n +M Dz« ; 1=1;:::;N: (15)
k=1
Here,z, = n,=M;k =1;:::;R, is a reduced composition variable which physically represts

the number of moles of specigs in M, and D is a dimensionless constant matrix of size
N R and has a full rankR. Each column vector ofDj is linearly independent of the
remaining column vectors. HoweverDj is not unique; it can be constructed in several
ways. In this work, Dic is constructed using the following procedure. First, a rowehelon
form of the ; matrix is obtained by performing a series of row operationsncEq. (3a). The
number of non-zero rows in the row-echelon form of is the rank of j; andDj, since j; and
Dik span the same column space. We use elementary row operatitmgentify the N N
lower triangular matrix (L) which, when matrix multiplied with Eq. (3a) L dn=dt= VU r,
whereU = L is an upper triangular matrix of dimensionN  R. This non-unique

matrix describes the system's linear constraints, which arobtained by integrating theN R
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homogenous ODEs that are obtained as a result of reduction tiee row-echelon form. Then,
the Dy matrix is constructed such that the rst R row vectors of it are set in the reduced
row-echelon form, while the other row vectors are obtainedsing L to re ect the system
constraints. A detailed example will be given later to illugate the construction of Dj, for
a realistic reactive system.

Equation (15) allows theN species to be represented in terms 8 dependent variables.

First, take the time derivative of Eq. (15) to get
!

dn; _ x dz,

v M D|kﬁ ;

k=1

i=1;:::;N: (16a)

Now, by substituting Eg. (3a) into Eq. (16a), we obtain
!

R
%!_i: Dikc:j—ztk ;1 =1;:0N; (16b)
k=1
where
X
L= i r, =1, N; (16c)

j=1

is the molar production rate per unit volume of species. In Gibbs notation, Eq. (16b) is

written as
\Y dz
1 = . R. | N .
Vi D @ z2 RY;, | 2R": (16d)
SinceD is non-square, we take the matrix product of both sides of E¢16d) with DT to
obtain
VT T dz R N
_ | = _ : | .
MD Il =D' D et z2R";, | 2R": (16e€)

Then, to eliminate D from the right hand side of Eq. (16e), we take the matrix prodct of
both sides by DT D ' Consequently, the rate of evolution of the species in theaetive

mixture is governed by

d
d—ztk:V_Vk; k=1;:15R; (17a)
Ziji=0 = Z; k=1;:::;R; (17b)
where
2 . 1 3
1 R X X
we==- 4 DicDj Dij Ly °; k=1;::5R; (18)
j=1 i=1 i=1



is the molar production rate of specie& in the reduced composition space, and = M=V
is the mixture mass density. So, the reactive system's soiahs, represented as trajectories,

move within the reduced composition spacB® whereR? RN,

.  METHODOLOGY

From a geometric point of view, the species speci ¢ molescorrespond to a vector in the

Euclidian composition spaceRR. This vector is given by the following relation
z=L(n) L:RVY!I RR ; (19)

where
1 1
L(in)= — DT D
(n) v

is a linear operator that accounts for all the system's constins. The evolution ofz in time

D' (n n); (20)

is described as an autonomous dynamical system of the standidorm

dz _ . R.
a—f(z), z2 R%; (21)

wheref is a set of R non-linear coupled algebraic functions. For our isothernhaystem,

these functions are polynomials of degreseconnected with a given reaction mechanism.
The construction method of the SIM is based on identifying &lthe equilibria of the

dynamical system that describes the species evolution, E(R1). In general, the set of

equilibria of such functions is complex;
222 CRjf (% =0: (22)

Also, as demonstrated by Perkd? the set of equilibriaz® contains nite and in nite equi-
libria, and both classes will be of interest. Furthermore, e equilibria can be positive
dimensional continua®' Here, Bertini ,*? a code based on homotopy continuation, is used
to obtain the system's equilibria to any desired accuracy. fien, the equilibria are connected
via trajectories obtained by numerical integration of the pecies evolution equations using
any computationally inexpensive scheme; here we use thetibdorder Runge-Kutta scheme.
Finally, we are able to identify the 1-D SIM which describeshte asymptotic structure of the

invariant attracting trajectories.



In this work, the kinetic rates and the thermodynamic propeties are calculated using the
public domain edition of the CHEMKINackage!®#4 The computational time to construct a
1-D SIM is less than ve minute on a MacBookPro 26 GHz machine. All calculations have
been performed to 100 signi cant digits. However, all the dted results have been rounded

to three signi cant digits. Integer values indicate that the reported numbers are exact.

A. Equilibria; Bertini

Bertini is a software package designed to compute the solotis of polynomial systems
over C using homotopy continuation. Polynomial systems that aris from chemical reac-
tions are often poorly scaled which can lead to numerical dculties when computing the
solutions. When Bertini is used to solve polynomial systemas discussed in this work,
the polynomial systems are rst rescaled using SCLGER. SCLGEN is an algorithm that
uses both a change of variables and equation scaling to rdsd&e given polynomial system

into one which has coe cients of reduced variability and cetered about unity. For exam-

g(x)= f( z); fg;f;z; ; g2 R~}

Reference 41 provides a detailed description of using horapy continuation to describe all

solutions to a given polynomial system.

B. Finite equilibria

To obtain the dynamical system's nite equilibria, we nd all the z€ that satisfy f (z¢) = 0.
One of these nite equilibria is the reactive system's physal equilibrium point. This critical
point is of special interest; it represents the global miniom of G. Moreover, it is the only
critical point located inside the physically accessible daain (S),*® which is de ned as a
subspace within the reduced composition space where all tepecies are positive semi-
de nite and nite;

S RRjn O (23)
The rest of the nite equilibria are located outsideS; they are non-physical since at least

one of the species mole numbers is negativg,< O.
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Next, the dynamic behavior of the system within the neighbdrood of each nite equi-
librium is investigated by employing standard linearizaton techniques. For a hyperbolic
equilibrium,*® the Hartman-Grobman theorem is used to reveal its dynamicatharacter.
For a non-hyporbolic equilibrium, the Hartman-Grobman th@rem is not applicable, so the
normal form theory® is utilized to reveal the dynamical character of the equilibum. First,
we linearize the system in the neighborhood of each equililom. We start by de ning the

perturbation from the equilibrium asz®= z z® The dynamics can be described locally as

0
‘Z—Zt =J¢ 2%+ 0 z% (24)
Here,
@
Je= = (25)
@ ,_,.

is the constant Jacobian matrix evaluated at an equilibrium The stability of each equilib-
rium is determined by examining the eigenvalue spectrum; of J¢ and the corresponding
eigenvectors ;. The local time scales over which the dynamical system, EqRX), evolves
are given by the reciprocal of the real part of the system'sgenvalues, ERe( ;)j.

In general, the eigenvalues are complex, where the recipabof the real parts provides
the scales of the amplitude growth, and the reciprocal of thenaginary parts represents the
period of oscillations. The physical equilibrium point musbe a stable node* in other words,
all the eigenvalues o8¢ are real and negative. Furthermore, the ratio between the igest and
smallest time scales identi es the system's sti ness. In atition, the eigenvector associated
with the least negative eigenvalue represents the systensl®owest mode or direction in phase
space along which the trajectories approach the equilibmo.  Similarly, the eigenvector

associated with the largest eigenvalue represents the sist's fastest mode.

C. Innite equilibria

To identify the dynamical system's in nite equilibria, the projective space technique is
employed*4” This technique maps the critical points at in nity into the nite domain

where they can be easily computed. The projective space mapgp consists of the following

11



one-to-one transformation:

Z = Z—; k2fl:::;Rg; (26a)
k

Z = i; i6k; i=1;::1;R; (26b)
Zy

where z is any arbitrarily selected dependent variable, and are the state variables in the
projective space.

The projective space technique has the disadvantage of iattucing a singularity in the
dynamical system. To overcome this di culty, we de ne a transformed independent variable

in the projective space which is related ta in the original space as follows:
dt
el AN (27)

where we recall thatd is the maximum degree of polynomials irf. By employing this
mapping, the original dynamical system, Eq. (21), is recash the projective space in the

following form:

0 1 0 1

Zo Z*

Zy f1(Z1;::0ZR)  Zafk (Z4;:115ZR)

Z f Zy i Z Zy fe (210002
z _ d Kk 1 _ 7¢ k 1(Z1 R) k 1fk (Z1 R) “F@): (28
d d Zx Z it (Z1, 000 2R

Zy+1 frer (Z1;:000,2ZR)  Ziwafu (21,000 2ZR)

Zr frR(Zy;:::,2ZRr)  Zrfk(Z1;::0ZR)

where we denotedZ, = t. The nite equilibria satisfying F (Z€) = 0 of the resulting
dynamical system, Eq. (28), represent the in nite equilibia of the original dynamical system,

Eg. (21). We note here thatZ 2 RR*| though the value ofZ¢ is irrelevant.

D. Construction method

Here, the procedure for constructing the closed spatiallyomogenous reactive system's
1-D SIM is presented. In this, the following conjecture hasden found to be useful. At this

stage we have no formal proof for it.
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Conjecture : Only the system's isolated real nite and in nite equilibria are relevant to
the construction of a 1-D SIM. Furthermore, among these ediuria, only those with one
unstable eigenvector direction can be candidate membergted 1-D SIM.

As a consequence of the rst part of the conjecture, the higimensional equilibria and
the complex equilibria are not relevant to this study. Furttermore, as a consequence of
the second part of the conjecture, the real critical points ith the following dynamical
character are excluded: sinks, sources, saddles with moham one positive eigenvalue, and
non-hyperbolic equilibria with more than one positive eige/alue.

The system's nite and in nite equilibria that satisfy our c onjecture will be called candi-
date equilibria. Starting from each one of these equilibrjea heteroclinic orbit is generated
tangent to its unstable direction. This orbit is de ned to bea trajectory that connects two
critical points. Only heteroclinic orbits that connect to the physical equilibrium are relevant
to the construction of the 1-D SIM. In general, the 1-D SIM cosists of at most two branches.
Among the heteroclinic orbits, two such orbits represent th branches of the system's 1-D
SIM. These orbits can be identi ed since they are the only osethat approach the physical
equilibrium point tangent to its slowest mode.

We start the process of SIM construction by generating a hateclinic orbit from the nite
candidate point with the least positive eigenvalue. Then, & check whether the generated
orbit approaches the physical equilibrium point in the diretion of its slowest mode. Subse-
qguently, if the the physical equilibrium is not located at the origin, another orbit is generated
starting from the nite candidate point with the second lowest positive eigenvalue. If both
of these orbits approach the physical equilibrium point inhe direction of its slowest mode,
then these correspond to the SIM's two branches. Otherwisege generate a new heteroclinic
orbit from the nite candidate point with the third lowest ei genvalue, and so on. After using
all nite candidate points, we follow the same procedure usg the in nite candidate points.
This procedure, halts as soon as we construct two heterodtirorbits that approach the the
physical equilibrium point in the direction of its slowest node. If the system's physical equi-
librium is located at the origin of the species compositiorpace,n€ = 0, then the procedure
halts after we construct a single branch.

In this work we focus solely on the construction of a 1-D SIM. éWever, the procedure
can be systematically extended to construct higher-dimeimmal SIMs. This will be reported

in a future work.
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IV. MODEL PROBLEMS

In this section, we illustrate our strategy for constructig a 1-D SIM using three problems.
The rst problem is a simple but realistic reactive system. Te other two systems have been

used in the literature as prototypes for illustrating di erent techniques of constructing SIMs.

A. Zel'dovich mechanism

One of the common reaction kinetics models is the Zel'doviehechanism of nitric oxide
formation.?® This mechanism consists dfl = 5 speciesL = 2 elements, and] = 2 reversible
reactions, and the kinetic data is adopted from Baulctet al.*8, see Table I. A special case
in which the system is isochoric will be considered, and thessigned mixture temperature
and volume areT = 4000 K and V = 10° cm?, respectively. For convenience, the assigned
initial number of moles of each species is =10 3 mol.

Here, i = f1;2;3;4;5g correspond to the specie§NO;N;O;O,; Nog, and | = 1;2g

correspond to the element$ N; Og, respectively. For this system has dimension 2 5:
0 1

_@ll002,

10120

and has dimension 5 2: 0 1
1 1

1 1

= 1 1
1 0

1

0

For the constraint of element conservation for each reactio Eqg. (2b), we have
0 1

- @’ %a.
00

Thus, there are two element constraints in this model.

We start by formulating the set of ODEs that describes this kietic model. Following

14



Eq. (3a), we get

0 1 0 1
Ny 1 1
n, 1 160 1
r
dB L &-vE 1 18@"A. (29a)
dt ry
Ny 1 O
Ns 0 1
where, from Eq. (4),
_ A]_T ! El ninz |
_ AT 2 E, NsN3
r, = V2 exp <T na2ny KS

Now, Eg. (29a) de nes a realRN composition space. To reduce the dimension of this
composition space, we construct the matri ;.. First, we perform a series of row operations

on Eqg. (29a) to nd all of the system constraints;i.e. we need to generate the row-echelon

form of 0 1 0 1 0 1
1 0000O n, 1 1
1 1000 n, 0o 20 1
d r
0 1100k EmnE=VEO 0 @"'A; (29b)
ra
% % 010 Ny 0O O
% % 001 Ns 0 O
or in Gibbs notation,
dn _
L o V(U r):

We note that the rank of is R =2 which corresponds to the number of the non-zero rows
ofU=1L

In Eq. (29Db) the last three equations are homogenous, so thigodel contains three linear
constraints. Moreover, it implies that the behavior ofn as a function of time is described
by the evolution of only two variables:n; and n,. The remaining variablesf ns; n4; nsg, can
be expressed in terms af; and n,. These expressions are obtained by integrating the three

homogenous equations in the system to obtain

N,+ N3 = C; (30a)
}n }n + Ny = G (30b)
2 1 2 2 4 — 21
1 1
§n1+ énz"' Ns = Cg; (30c)
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where ¢;; ¢, and c; are constants that are determined frorm . Further elementary row

operations on Eqgs. (30a-30c) reveal the following set:

N1+ Ng+2n,= ¢ +2¢c = n;+ ng+2ny; (31a)
ni+ Ny+2ns= 2C3 =n,+ n,+2n;g; (31b)
X
N+ N+ N3+ nNg+nsg=¢C+C+Cc = n;: (31c)

i=1
Equations (31a) and (31b) indicate that the total number of noles of elemental oxygen and

nitrogen are conserved. Equation (31c) states that the totaaumber of molecules is constant.

This last constraint is a consequence of including only birtexular reactions in this kinetic

model.
Now, by including the dependent variables, Egs. (30a-30cam be rearranged to obtain
O 1 0 1 O 1
ng 1 0
Ny 0 o 10 1
n
N3 = R ol 0O 1 @ LA , (32&)
101 N2
N4 C2 2 2
s L3

and by introducing the reduced composition space variablesz, = (nx n,)=M; k=1;2,

we get 0 1 0 1 0 1
ng n, 1 O
ny n, o 10 1
z
N & = a N, + M 0 1&@7A; (32b)
Z3
N4 C; in +in, 3
Ns Cs %nl %nz % %
Using Egs. (31a-31c), this system can be rewritten as
0 1 O 1 0 1
ng n, 1 O
n- n, 0 1 0 1
y
n=Bn&=Bn&E+ME 0 1@ A=n +MD z (32¢)
11 Z2
N4 Ny 2 2
Ns Ng : 1
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As we can see, this model problem is now described in tRe= 2 dimensional reactive
composition space. Using Egs. (17a) and (18), the non-lingaDE that describes the reactive

system evolution is:

i f(2) = w; (33a)
where 0 1
r r
w= t@? "a. (33b)
ri+ro

Now, for the considered system, the mixture total mass is aallated using Eq. (2a),
M =1:20 10! g. So, the mixture density is = 1:20 10 4 g=cn?. Explicitly, the

evolution of the system is

% =251 10°+1:16 10722 +6:99 10825 9.98 10421 3:22 1092221;(343)
% = 2:51 10 117 10z 698 10Fz2+8:47 10z 184 10°2,z;(34b)

where we note that the maximum degree of Eq. (34) = 2.

1. Finite equilibria

The procedure described in Sec. 111 B is used to nd the nite quilibria of the autonomous
dynamical system, Eq. (33a), which describe the evolutionf @. By equilibrating the left
hand side of Eq. (34) and using@ertini to nd all the z° that satisfy f(z°) = 0, we nd

the following nite equilibria,
R, (0= 178 10° 167 102 mol=g;
R, (2= 420 103 266 10 ° mol=g;
Ry (2= 305 103294 10° mol=g:

Here, all the nite equilibria are real isolated critical pants. The rest of the species are
obtained from Eq. (32c):

R, (n®= 214 10°% 200 103400 103170 108%3:00 103 mol;
R, (n®= 504 10% 320 10°%2:00 103125 103225 103 mol
R; (n®= 366 104353 10°%2:00 103819 10 +1:82 103 mol:
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It is clear that R; and R, are non-physical equilibria, whileR3 is a physical root that satisfy
Eq. (23); R3 is the reactive system's unique physical equilibrium point
To investigate the dynamical character of each critical pat, rst Eq. (34) is linearized

to nd J®. Following Eg. (24) we obtain
0 1
- @ 998 10" 322 10°z§ 116 10°+1:40 10z 322 10z A

(35)
847 100 1:84 10°z 1:17 100 140 10z 1:84 10°z¢

By substituting Ri; R,; and Rz into J€, linear analysis in the neighborhood of each critical
point reveals that R; is a sourceR; is a saddle, andR3 is a sink. The system's eigenvalues

and the corresponding eigenvectors associated with eachtencritical point are:

Ry :(; )=(4:18 10,235 10);([7:00 10 %;7:14 10 Y1";[361 10 %;9:33 10 '1");
Ry :(; )=( 464 1¢F;7:11 10°);([ 983 10 %;1:81 10 Y1";[1.00,2:89 10 ?");
Rz :(; )=( 173 10, 191 10°);([ 107 10 %994 10 1";[100;1:79 10 3"):

The eigenvalues' and eigenvectors' units are=& and mol=g, respectively.

Since the nite root R, has only one unstable modei.e. positive eigenvalue, it is a
candidate point for the 1-D SIM construction. Moreover, thesystem's physical fast and slow
time scales are the ones associated with its physical equilum; R3. These are, respectively,
578 10 8sand 524 10 ®s, which give rise to a sti ness ofO(10?). So, even the two
step Zel'dovich mechanism retains sti ness af = 4000 K. The multi-scale nature of this
system is clearly shown in Fig. 1, where the full dynamics ofi¢ evolution of the species are
presented. Here, the rst reaction commences d4t 10 8 s, and the system enters its last
relaxation toward the physical equilibrium state aftert 10 ° s.

Since the system's SIM might have two branches, we now nd it& nite equilibria.

2. Innite equilibria

In addition to its three nite critical points, this system h as equilibria at in nity. They
can be identi ed using the projective space technique dedged in Sec. IIIC. Arbitrarily,

we selectk = 1, so the Zel'dovich reactive system in the projective spacis realized by the
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following transformation: Zg = t;Z, = 1=z; Z, = z,=z. Subsequently, we have

42 _ 5. (36a)
d
%:9:98 1022 251 10°Z23+3:22 10°Z,Z,

1:16 1022z, 699 10°Z,Z3; (36b)
%:8:47 10°z, +2:51 10°Z?(1 Z,) 184 10°Z,

1:16 10'2,Z,+2:52 10°Z7 116 10'2,Z%2 699 10°Z3: (36¢)

By using Bertini to nd all the Z€ that satisfy F (Z¢) = 0, we nd three equilibria.

These equilibria are

I (2°)=1(0,0);
I (2°)=(0;1:01);
I3 (Z2°)=(0;2:60);

and they represent the in nite equilibria of the original system, Eqg. (34). Here, all the
in nite equilibria are real isolated critical points.
To investigate the dynamical character of each critical pat, Egs. (36b) and (36c) are

linearized to nd J€, and the eigenvalues and corresponding eigenvectors ar&gkated:

I, 2 (; )=( 184 10%0) ([0;1]";[1:00,4:61 10 °]");
I, : (: )=(2:54 10;1:12 10) ([1:00 1:65 10 ?]";[0;1]");
I3 :(; )=(@:65 10; 290 10°) ([1:00, 1:66 10 ?]";:[0;1]"):

where the eigenvalues' units arg=mol=¢, the rst eigenvector's unit is g=mol, and the
second eigenvector is dimensionless.

It is clear that I, is a source) 3 is a saddle with one positive eigenvalue, and is a non-
hyperbolic critical point. Consequently, the Hartman-Grdoman theorem is not applicable
at ;. The normal form theory* is utilized to investigate the dynamical character of ;. It
is found that 1, is a saddle-node, which consists of two hyperbolic sectome parabolic
sector, and three separatrice¥. Only one of these separatrices is unstable. Thuk, and I3

are candidate points for constructing the system's 1-D SIM.
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3. The construction of the SIM

Now, following our 1-D SIM construction procedure, the candate points are ordered as
follows: R,, 11, and I3. So, starting from the unstable direction of the candidate @int R,
Egs. (34) are numerically integrated to generate a heteragic orbit. This orbit approaches
R3, the reactive system's physical equilibrium point, alongt$ slowest mode. So, the gen-
erated orbit represents the rst branch of the 1-D SIM. Then,starting from the unstable
direction of the candidate pointl 1, Egs. (36) are numerically integrated to generate another
heteroclinic orbit. Also, this orbit approachesR; along its slowest mode, So, it represents
the second and last branch of the reactive system's 1-D SIMgesFig. 2. Subsequently, there
is no need to check the third candidate point| 3.

In Fig. 2, part of the system's nite phase space and the SIM arshown. It can be noted

that all reaction trajectories, insideS and outside of it, are attracted to the 1-D SIM.

4. Relation between thermodynamics and the SIM

To examine the relationship between system's slow dynamiesd thermodynamics,
and G are calculated within S. In a 2-D composition space, the scalar eldsG and
can be represented by contours. Near equilibrium these conots approach ellipses. The
major axes of these ellipses are aligned with the eigenvectssociated with the largest
eigenvalue of that function's local Hessian matrixH ). Similarly, the minor axes are aligned
with the eigenvector associated with the smallest eigenva of H. Figure 3 shows several
contours of the system's Gibbs free energy and irreversikyl production rate along with
the constructed 1-D SIM for the Zel'dovich mechanism, Fig. () is far away from R3,
while Fig. 3(b) is an expansion in the vicinity ofR;. In Fig. 3(b) stretching has been
employed to expose the di erence between the contours' majminor axes and the SIM.
Even within the close neighborhood oR3 the contours' axes are not aligned with the 1-D
SIM. So, here equilibrium thermodynamics quantities canmcexplain the 1-D SIM, which
describes the system's preferred path toward equilibriumSubsequently, the gradients of

these thermodynamics scalar functions do not drive the sysh's dynamics.
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In general, in the vicinity of an equilibrium point,

G = Gj,+ %GZ:ZE z+ %ZT HE z+:::; (37a)
= et %Z:Ze z+%zT He z+:::; (37b)

whereH® is de ned as
Hi = @ié@z Z:Ze: (37¢)

Note that Hg and H® are symmetric matrices.
However, the gradients ofs and vanish at the physical equilibrium;G and have global
minima at z®. Moreover, at the equilibrium = 0. So, the deviations from equilibrium values

are described by

G Gj,.,e = }zT HE z+:::; (38a)

z' H® z+:::: (38b)

Explicitly, for the Zel'dovich model
0

1
1:49 10° 209 10

He = @ A (39a)
2.09 10 118 10¥

0 1
1:52 108 803 104
HE = @ A (39b)
8:03 10" 1:36 10
0 1
1:95 10° 184 10°
Je= @ A (39c)

306 100 173 10
So, the eigenvalues and the eigenvectors of these matrices given by
He® :(; )=(1:18 10°146 10°);([1:78 10°% 1:.00;[ 100, 178 10 °);
HE @ (; )=(1:36 10";1:52 10%);(5:97 10 % 1.00];[ 1.0C, 597 10 “");
Jeo(; )=( 173 10, 191 10°);( 107 10 %994 10 '";[1:001:79 10 3");

where for each matrix the second eigenvector yields the ditn of the slow mode. It is
clear that these eigenvectors are not aligned with each othd~or J¢, the arc-tangent of the

ratio between the second component and the rst component of, de nes the angle at
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which the 1-D SIM approachR3. Similarly, the same ratio between the second component
and the rst component of , of H and H® de ne the angles at which each scalar eld

approachesRj. These are

1:7 103

sm = tan ! % =1:79 10 °rad;
. 4

c = tan 1! % =5:97 10 “rad;
. 3

= tan ! % =1:78 10 °rad:

where all the calculations have been performed to 100 sigoant digits, though the listed
numbers are rounded to three signi cant digits. Thus, eventaR3s, the reactive system's
SIM cannot be identi ed using G or . Indeed, atRj3 the error in is small; the di erence
between gy and is O (10 ®rad). But, this error grows as we move away fronRs.
Moreover, because they are not exactly identical, other cloges of parameters would lead to
larger di erences.

To reinforce our point, we address this issue in more detaillndeed, all the system's
trajectories within S approach the equilibrium point in in nite time. This pointi s the global
minimum of G and . Near equilibrium, the system's dynamics relax onto the egmvector
associated with the slowest time scale. At the equilibriumqint, the eigenvector associated
with the smallest eigenvalue ofl® de nes the direction of the system's slowest mode. The
major/minor axes of G and contours are aligned with the eigenvectors dfig and H®,
respectively. However, it is easy to show that at equilibrion there is a relationship between
these two Hessians.

To nd this relation, we start by substituting Eq. (16a) into Eq. (13) to obtain

YRR d
= = iDik d—ztki (40)
i=1 k=1
Also, by substituting Eq. (15) into Eq. (9a), we have
|
X xR '
G= i n+ M Dz : (41)
i=1 k=1
The gradient of G with respect to the reduced composition variablez is given by
G X
g_IZ:M iDi; k=1;:15;R; (42)

i=1
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Now, by substituting Eqg. (17a) and Eq. (42) into Eq. (40), theirreversibility production

rate is given by

1% @c
= = —— W 43
T e (43)
Thus, the local Hessian of is given by
@ _ 1% @G@w , @G @w kK @G Qw,kK @G
——= = = W (44)
@@z T, 6 OrQWz QAr@z Q¢ @z @Ak
At equilibrium, G is minimized, and thus
Wij,-e = 0; k=1;:110R; (45a)
@G
— =0; k=1;::1;R: 45b
@R ,- 4 (430)
Subsequently,
@ _ 1¥ @G @w, @ @w (46a)
@@z ,_,. T . O©©@z@z O@@r@z ,.,.°
or in Gibbs notation, and using Eq. (25),
1 h [
He = = (HE J9+(HE 397 : (46b)

It is clear that the rst term on the right hand side of Egs. (46 is the transpose of the
second term.

In the highly unusual case in whichHg is diagonal with identical eigenvalues, the SIM
can be identi ed by consideration of the eigenvectors ¢ €. In that case, the eigenvectors of
J¢ are aligned with those oH ¢. However, essentially all practical reactive systems havég
which are not diagonal and do not have identical eigenvalue$hus, Hg operates onJ® in a
non-uniform way, such that the eigenvalues and the eigentecs of H® are not the same as
those ofJ®. Thus, the system's dynamics cannot be deduced fromor G. In conclusion, we
can state that any approach that employes equilibrium therrmdynamic potentials to deduce

a reactive system's dynamics is faulty.

B. Thermodynamics-based SIM

The second example in this work is identical to the second exale presented by

Lebiedz!® A simple closed reactive system contains three species givay the following
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kinetics model: A + A B C. Using the same argument, described in the original
work,'® that the total mass is conserved, the dimension of the comgtien space of this
model problem is reduced fronN =3to N 1 =2. Also, for convenience, the dimension-
less variablesc, and cg in the original work!® are denoted here byz; and z,, respectively.
The evolution of the reactive system is described by

le

i 10 °z, Zz% (47a)
% = 2+(1 100z, z) 105 (47b)

which is in the form of Eq. (21), and it is clear thatd = 2.
To construct the actual SIM for this system, we use the procede of Sec. Ill. For this

system, two nite equilibria are found,

R, (z%= 999 10°999 10* ;
R, (2= 100 104999 10*%:

The two nite equilibria are isolated points with real coordnates. Also, linear analysis in
the neighborhood of each equilibrium reveals thaR; is a sink andR, is a saddle. The

eigenvalues and the associated eigenvectors at the equilibare:

Ry :(; )=( 100 10% 200 10 *( 1:02 10 31:007;[1:00,1:93 10 4");
Ry :(; )=( 100 1072200 10%( 979 10 %1.00];[1:00 2:05 10 *):

It is clear that R; is the system's unique equilibrium point, andR; is a candidate saddle; its
eigenvalue spectrum contains only one positive eigenvalugince the physical equilibrium is
non-trivial, a second candidate point could exist at in nity.

To investigate the existence of such equilibrium at in nity the projective space technique
is employed. By choosind = 2, the projective space is realized by the following tranefma-
tion: Zo=t,Z, = z:=%; Z, = 1=2. The reactive system's behavior at in nity is described
by the following set of ODEs,

dZo

= 7y, (48&)
d
% =10 52, Z2+10 52,7,(1001+7;, Z,) Z5; (48b)
% = Z2Z,+10 5Z3(1001+Z; Z)): (48c)
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For this system there are two equilibria,

i (Z2%)=(0;0);
2 (2 =( L0):

Stability analysis in the neighborhood of these equilibrizeveals thatl, is a stable proper
node with ;= , = 1, while |, is a non-hyperbolic critical point with ; = , = 0.
Using the normal form theory we nd that I ; is a hon-hyperbolic node which consists of two
hyperbolic sectors and two parabolic sectors.

SinceR; is the only critical point with one unstable direction, it is the only candidate
point for this system. Consequently, the system's SIM has none branch. In Fig. 4,
the system's SIM is presented. Several trajectories havedregenerated to examine the

attractiveness of the SIM.

1. Global phase space

To obtain a better understanding of the dynamics of this sysim, sketches of the global
phase portrait are illustrated in Fig. 5. Because of scaling ects, it is di cult to graphically
illustrate the global dynamical behavior. First, in Fig. 5@), the view of the projective space
in the transformed coordinates is shown. Since there are tvwmnks for this system,R; and
|,, there are two basins of attractiorf’® Each basin contains only one sink, which all the
trajectories inside of it approach. The shaded area reprags part of the basin of attraction
for R;. Also, illustrated in dashed lines, the fast invariant marfolds of R, and R; de ne
the boundary between the two basins and the two parts of the k@ of attraction for Ry,
respectively.

Next, a projection of the system's Poincae sphef&* onto a 2-D plane is presented in
Fig 5(b). The Poincake sphere is a central projection techique which maps the composition

space onto a sphere, and is de ned as

Z

R 3T (492)
Zp

U = —, 49b

= P (49b)
1

T P (49¢)
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This technique has been used before in the literature to anak the global dynamics of
reactive systems.”?2 The major disadvantage of this technique is that it is not a oe-to-one
transformation, though it is useful for analyzing low dimesional systems. In Fig. 5(b), the
circle's boundary represents in nity and the shaded area ithe basin of attraction for R;.
Also, I, and 1, are antipodal points to the in nite critical points |, and1,.*° These antipodal
points, or images, appear as a consequence of not using a mene mapping. Figure 5
clearly shows that the constructed 1-D SIM is an accurate da$ption of the asymptotic

behavior of the system's trajectories, though it consistsf@nly one branch.

2. SIM and MEPT

This system, described by Eqg. (47), has been employed by Leth#® to present the MEPT
method. The MEPT method is based on minimizing a classical énmodynamic potential,
which in this case is the entropyS. To compare the system's actual 1-D SIM to its MEPT,
a series of calculations were performed to reproduce the MEPBYy following the same
procedure described in the original work? we were able to reconstruct the MEPT for this
system. This is given by the dashed line in Fig. 6, and is identl to the one presented in
Ref. 19.

Figure 6(a) is identical to Fig. 4 of Ref. 19, Fig 6(b) shows aider range of the system's
nite composition space, and Fig. 6(c) is a closer look at theystem's dynamical behavior
near the physical equilibrium. Figure 6 clearly shows thathe MEPT is not an attractive
manifold. Consequently, it cannot correspond to the SIM ofhe system. From Figs. 5
and 6, we can state that this particular system's SIM contais only one branch, which can
be constructed by direct numerical integration starting fom the candidate pointR,. In
addition, no trajectory but the SIM is attractive. We note that, due to the fact that all
trajectories within the basin of attraction for R, will approach Ry, this possibly misled the
author of Ref. 19 to the incorrect conclusion that the MEPT coesponds to the SIM, or
more generally that the MEPT provides an e ective construdbn technique for systems'
SIMs.
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C. Simple hydrogen-oxygen reactive system

This example is adopted from Sec. Il of Reat al.,> where it serves as a model problem
for illustrating how to construct the ICE-PIC manifold. Here, it is used to demonstrate the
simplicity of extending our proposed technique to higherithensional reactive systems, and
to comment on the ICE-PIC method.

The reaction mechanism containdN = 6 species,L = 3 elements, andJ = 6 reversible
reactions, see Table Il. A special case in which the systemis®baric, identical to Renet
al.?, will be considered. The assigned mixture temperature andgssure arel = 3000 K
and p = 1 atm, respectively. The initial conditions are i, = 3:03 10 4;n, = 1:01
10 4n; =3:03 10 n, =2:32 10 °%ng =1:11 10 %ng = 3:32 10 3 mol. Here,

i = f1;2;3;4;5;6g corresponds to the speciekH,; O; H,0; H; OH; N »g, respectively. This
gives rise toM =1:01 10 ! g.

The reactive system in this model problem is described intie = N L = 3 dimensional

reactive composition space. The system's only constraingse the conservation of elements;

thus, the ODEs that describe the system evolution are of theofm

dz _ : 3.
i f(z); z2R*: (50)

The dynamics are fully described byH,; O; H,Og, and the rest of the specied,H; OH; N »q,

are given by the system's constraints, Eq. (15),

2n;+2n3+2n,+ ns=1:25 10 3 mol; (51a)
n,+ ns+ ng=4:15 10 % mol; (51b)
2ng =6:64 10 3 mol; (51c)

which are identical to those given by Reret al.?!

The time evolution of the species is shown in Fig. 7. The muscale nature of this
system is clearly seen. Also, it can be noted that the times athich the rst reaction event
commences and that at which the system relaxes onto its eqbiium are approximately

t=10 °sandt 10 3s, respectively.
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1. The construction of the SIM

We use the method described in Sec. Il to construct the SIM fdhis system. First, all

the system's nite equilibria are identi ed. There are fteen isolated critical points; eight of

them are complex and seven are real. The real critical pointse:

R, (0= 167 10%304 103353 10°
R, (%= 644 10%121 102% 7:12 10°3

mol=g;

mol=g;

Ry (2= 647 103 201 102 219 103 mol=g;

Ry, (z%= 198 103504 103942 10°3

mol=g;

Rs (2= 121 103 445 103503 103 mol=g;

Re (z%)= 272 103%334 10 %4472 10°3
R, (z%= 203 103310 104307 10°

It is clear that Ry;R;;R3; and Rs are non-physical equilibria.

mol=g;

mol=q:

MoreoverR, and Rg are

also non-physical critical points; this can be shown by coming the values of other species

using the system's constraints, Eq. (51). ThusR; is the system's unique physical equilibrium

point, consistent with the results in Fig. 7.

Figure 8 shows part of the system's nite composition spacell the nite equilibria,

and the system'sS within the dashed simplex. The dynamical behavior analysiithin the

neighborhood of each critical point reveals thaR; and R; are sinks, andR;; R,; R4; Rs and

Re are saddles. The eigenvalue spectrum associated with eactite critical point is:

R, : ()= 667 10° i1.00 10%292 10° s %

R, : ()= 184 10% 170 10 1:27 10 s %

Rs: ()= 297 10° i264 10; 103 10 s %

Rs: ()= 162 10:894 1¢; 465 10

s L

Rs : ()= 213 10° i671 105322 10* s %

Re : ()= 628 10° 437 10157 10°0 s %

R, : ()= 177 10, 908 10¢°; 559 10 s %

The fastest and slowest time scales associated with the plog equilibrium R, are 565

10 8sand 179 10 *s, respectively. This will give rise to a sti nessO(10%), which indicates
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that the system's trajectories, inside the physical domaijrwill relax onto the SIM at a steep
angle; the fast modes will be exhausted rapidly.

To explore the existence of equilibria at in nity, the projective space technique is em-
ployed. We selectk = 2, though other choices would work as well. So, the reactiv&/stem
in the projective space is realized by the following transfmation: Zo = t;Z, = z;=%,7Z, =
1=z, and Z3 = z3=2. It is found for this system there are two equilibria locatedat in nity,
but neither of them are isolated; one is a 1-D equilibrium anthe other is a 2-D equilib-
rium. Consequently,R;; Ry; Rs and Rg are the only candidate points, since the eigenvalue
spectrum of the corresponding Jacobian's contains only on@stable mode.

To construct the SIM, the dynamical system, Eq. (50), is nunrecally integrated, starting
from the candidate points, in the direction of the unstable rade pointing towardsR;. First,
we generate a heteroclinic orbit starting fromR,, since it has the slowest unstable mode
among the candidate points. The generated orbit connects thi R; along its slowest mode.
Thus, it represents the rst branch of the system's 1-D SIM. Then, we generate another
heteroclinic orbit starting from Re. This orbit also approachesR; along its slowest mode
to form the second branch of the 1-D SIM. Subsequently, therns no need to generate
trajectories starting from the other candidate pointsR, and Rs.

The system's 1-D SIM is presented in Fig. 9. Although the SIM ds been constructed
and it can be illustrated, the right branch of the SIM is not pesented entirely due to scaling
e ects. Some trajectories in Fig. 9 have been generated fromside the system'sS, while
others have been initiated from its boundary. The attractieness of the SIM is revealed by
visually examining the relaxation of several trajectoriesapidly onto it. This observation is
consistent with our previous prediction that has been obtaed based on the sti ness of the

system.

2. Comparison to ICE manifold

In this section, we compare the constructed SIM with the pragusly published® ICE
manifold. Calculations are rst performed to reproduce thdCE manifold for the considered
reactive system.

Generation of the ICE manifold is based on minimizing a claissal thermodynamics po-

tential. First, the constrained equilibrium manifold (CEM) is developed by varying one
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dependent variable to minimize the system's Gibbs potentidor each combination of the
rest of the dependent variables. The intersection betweehé CEM and S de nes a closed
curve. Then, starting from several points located on the céed curve, trajectories are gen-
erated. The collection of all these trajectories providee ICE manifold. Figure 10 shows
the 1-D SIM and the 2-D ICE manifold. The computed ICE manifd is identical to that
illustrated in Fig. 4 of Ren et al.?!

From Fig. 10, it is clear that there are trajectories withinS which are not attracted to
the 2-D ICE manifold. However, all the system's trajectorig are attracted to the 1-D SIM.
Although it is di cult to visualize in Fig. 10, the 2-D ICE man ifold does not contain the
system's SIM: the 1-D SIM is not a subset of the 2-D ICE manifdl The error of the ICE
manifold grows as we move away frolR;. Consequently, the 2-D ICE manifold cannot fully
identify the system's SIM.

V. DETAILED HYDROGEN{AIR MECHANISM

In this section, the 1-D SIM for a detailed hydrogen-air kingc system is constructed.
The reactive system is based on the detailed kinetic mecham extracted from Miller et
al.,®! and it has been widely used in the literaturé?®* This mechanism consists o = 19
reversible reactions involvingN = 9 species which are composed &f = 3 elements, see
Table Ill. The system is an isochoric stoichiometric hydrogn-air mixture which is initially
at p =107 dyne=cnf and T = 1500 K .

Utilizing the conservation of the three element§H; O; N g, the H, Air reactive system

can be described by the following autonomous dynamical sgst,

%= f(z); z2R" (52)
Here,i = f1;2;3;4,5;69 correspond to the speciefH,; O,; H; O; OH; H,0g, respectively.
The rest of the speciesf HO,; H,0O;; N,g, are recast using Eq. (15).

The full dynamics of the species evolution are obtained by tegrating Eq. (52), see
Fig. 11. Att 10 & s, the species growth rates change slightly, which indicatebat
signi cant dissociation reactions are induced. For 10 <t < 10 ® s, the minor species
continue to increase rapidly with di erent growth rates. Onthe other hand, the major

speciesH,; O,; and N, have essentially constant specic moles. Just pagt 10 © s all
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the species undergo signi cant change, and the radicals'e@ ¢ moles reach their maximum
values. Att 10 ° s, an exothermic recombination of radicals commences formgirthe
predominant productH,O, which continues up tot  5s, after which the system approaches
the equilibrium state. Figure 11 clearly illustrates the miti-scale nature of this system.
The rst step in constructing the SIM, following the methoddogy presented in Sec. llI,
is to nd all of the system's real isolated equilibria, nite and in nite. For this system 284
nite equilibria and 42 in nite equilibria are found. Of the nite equilibria, one is 3-D, one is
2-D, six are 1-D, and 276 are 0-D. Of the 276 0-D equilibria, @0e real and 186 are complex.
Of the 42 in nite equilibria, six are 1-D, and 36 are 0-D. Of te latter 0-D equilibria, 18
are complex and 18 are real. One of the 90 real nite critical@nts represents the unique

physical equilibrium state of the system. This correspond®

Ry (z%) = 198 10°%900 10 ;172 10 %
2:67 10 %366 10 ’;1:44 102 mol=g:

Then, the dynamical character of each of the 108 isolated teaite and in nite critical
points is determined. It is found that among them there are dgy 14 candidate points for
constructing the SIM; all of them are nite. The other critical points are either sources,
sinks, or saddles with more than one unstable direction. Byamining the trajectories that
emanate from the candidate points, only two are connected ti R;9 tangent to its slowest

mode via heteroclinic orbits. These two candidate points ar

R (2°) = 626 10°343 10° 230 105
480 10 7; 154 10 °1:44 102 mol=g;
Ro (z° = 334 10°% 150 10°%527 10°;
882 101 666 10 ’;1:44 102 mol=g;
and these two heteroclinic orbits combine to provide the twbranches of the 1-D SIM. Fig-
ure 12 shows a 3-dimensional projection of the 1-D SIM embezttinside the 6-dimensional

composition space. Since only the slow modes are present e SIM, this 1-D manifold

provides the best description of the system's slowest dynass.
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VI.  CONCLUSIONS

We have presented a robust method of constructing a 1-D SIMrfa closed, spatially ho-
mogenous, isothermal, reactive system described by degailkinetics. The SIM corresponds
to the exact description of the slow dynamics in the composiin space of the reactive system.
The construction method is based on a geometrical approachat relies upon nding and
examining the dynamical behavior of all of the system's ciital points. It has been shown
that the construction of a 1-D SIM is algorithmically easy ad computationally e cient. The
resulting procedure provides a useful tool to signi cantlyeduce the computational cost asso-
ciated with modeling reactive systems. In this work, we hav®cused on constructing a 1-D
SIM, though the method presented can be modi ed to construdiigher-dimensional SIMs.
Also, we restrict this work to isothermal reactive systemghough the method presented can
be adjusted for non-isothermal reactive systems. We will pert in these two aspects in the
future.

We have investigated the relationship between thermodynans and a reactive system's
SIM. It has been demonstrated that a reactive system's 1-D BIdoes not coincide with the
path identi ed by minimizing a classical thermodynamic furction, such as , S, or G, even
near the equilibrium state. This point has been con rmed by anathematical proof which
shows that equilibrium thermodynamic potentials do not aloe determine reactive systems'

dynamics during their approach towards the physical equidrium.
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TABLE I Zel'dovich mechanism of nitric acid formation. The species araNO; N;O;O>; and N».

j Reaction Aj cm3= molsK i ,- E; [cal=mol]
1 N+O, NO+O 5:841 10° 1.01 61956
2 N+NO Ny;+O 21:077 102 0:00 (0]0)
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TABLE II: Simple hydrogen-oxygen kinetics mechanism. The gecies areH,; H; O; OH; H ,0; and

No.

. . (r N9

j Reactiom® Aj  mol=cm? =) =g=K | i Ej [cal=mol]
1 O+H, H+OH 5.08 10 2.7 62900
2 Hy+OH H,O+H 216 108 1.5 34300
3 O+ H,O 20H 297 1P 2.0 134000
4 Hy+M 2H+ MP 458 10%° 1:4 1043800
5 O+H+M OH+MP 471 10 1:0 0.0
6 H+OH+M H,O+ MP 380 10% 2.0 0.0
@ Unless otherwise speci ed, the third body collision e ciency coe cients are unity, = 1.

b The non-unity third body collision e ciency coe cients are :

37
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TABLE IlI: Reaction mechanism rate coe cients for hydrogen -air mixture

P
1 N 0 )
mol=cm® (! =1 ¥) =g=K i j

j Reaction? A Ej [cal=mol]
1 Hy;+ O, 20H 1:70 10% 0:000 47780
2 OH+H; HO+H 117 10° 1:300 3626
3 H+0O, OH+O 513 10'% 0:816 16507
4 O+H, OH+H 1:80 109 1:000 8826
5 H+O0,+M HOp+ MP 2110 108 1:000 0
6 H+20, HOz+ O 6:70 10 1:420 0
7 H+ O+ N, HO2+ Ny 6:70 10%° 1:420 0
8 OH+ HO; H0+ 0Oz 500 10 0:000 1000
9 H+HO, 20H 250 10" 0:000 1900
10 O+ HO, O+ OH 4:.80 108 0:000 1000
11 20H O+ H0 6:00 1C° 1:300 0
12 H;+M 2H + M€ 2:23  10% 0:500 92600
13 O+ M 20+ M 1:85 104 0:500 95560
14 H+OH+M HO+ M 750 107 2:600 0
15 H+ HO,; Hy+ O 250 10%° 0:000 700
16 2HO, H02+ Oy 2:00 10% 0:000 0
17 H;0,+M 20H + M 1:30 10Y 0:000 45500
18 H;0,+H HO,+ Hj 1:60 10%? 0:000 3800
19 H,0,+ OH H,O+ HO> 1:00 10% 0:000 1800
8 Unless otherwise speci ed, the third body collision e ciency coe cients are unity, = 1.

b The non-unity third body collision e ciency coe cients are :
¢ The non-unity third body collision e ciency coe cients are :

4 The non-unity third body collision e ciency coe cients are :

38

Ho =3:3; H,O0 =21.
H, =3; H,0=6; H =2
H,O = 20.



[mol ]

N
|_\
(=)

16'° 10° 10° 10

FIG. 1: The time evolution of species for the Zel'dovich modé problem.
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FIG. 2: A region of the nite phase space for the Zel'dovich mehanism. The solid dots represent

nite critical points, the open circle represents an in nit e critical point, the arrows indicate the
ow directions, and the dashed simplex represents the physially accessible domain of the system;

S. The SIM is illustrated as a thick line, the thin lines represent trajectories, and R3 represents
the system's physical equilibrium state.
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FIG. 3: (a) The SIM for the Zel'dovich mechanism near the physcal equilibrium state Rs, and
(b) is a blow-up of the top panel in the vicinity of R3. The solid lines and the dashed lines
represent di erent iso-levels of the system's irreversiblity production rate and Gibbs free energy,
respectively. The solid dots represent nite critical points, and the open circle represents an in nite

critical point.
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FIG. 4: A small region of the actual nite phase space for Lebedz system*® The thick line is the
SIM, the thin lines represent trajectories, the dashed lins represent the fast invariant manifolds,
and the arrows indicate the ow directions. R, is a non-physical nite critical point and R

represents the system's physical equilibrium point.
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FIG. 5: Sketches of (a) the projective space portrait and (b)the global phase portrait for Lebiedz
system?® Solid dots represent nite critical points, the shaded arearepresents the basin of attrac-
tion of the system's physical equilibrium state R4, the thick line represents the SIM, the dashed
lines represent the fast invariant manifolds, and the thin lines are trajectories. Open circles denote

critical points at in nity and their images ( I;).
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FIG. 6: The dashed line represents the calculated MEPT and tle thin lines represent trajectories
in the phase space of the Lebiedz systerf. Figure (a) is identical to Fig. (4) in Ref. 19, while (b)
is a wider range of the system's nite composition space, andc) is a blow-up near the system's

physical equilibrium, R;. Di erent set of trajectories are illustrated in each gure .
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FIG. 7. The time evolution of species for the simple hydrogeroxygen reactive system, identical to

that Ren et al.2?
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FIG. 8: A region of the nite phase space for the simple hydrogn-oxygen reactive systenf!
The dashed simplex represents the physically accessible ahain of the system S, the solid dots
represent nite equilibria, and the unique critical point i nside the polygon, R7, represents the

physical equilibrium point.
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FIG. 9: The SIM for the simple hydrogen-oxygen reactive sysem as a thick line. The solid dots

represent nite critical points, Ry represents the system's physical equilibrium state, the dahed

simplex representsS, and the thin lines illustrate several trajectories.
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FIG. 10: A comparison between the actual 1-D SIM, illustrated as thick line, and the 2-D ICE
manifold for the simple hydrogen-oxygen reactive system. Te solid dots represent nite critical
points, R represents the system's physical equilibrium state, and tle dashed simplex represents

S. Thin lines represent trajectories insideS. The ICE manifold is identical to the one presented in

Ref. 21.
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FIG. 11: The time evolution of species for the hydrogen-air eactive system.
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FIG. 12: The 1-D SIM for the detailed H, Air mechanism. The solid dots represent nite critical

points, and Rjg represents the system's physical equilibrium state.
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