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ABSTRACT. Let L be a very ample line bundle on a three dimensional pro-
jective manifold )?, i.e., assume that L= i*Opn (1) for some embedding
i: X < PN, In this article, we continue a study, started in previous ar-
ticles, of the rational map, ¥ : X — PP—1, associated to |Kg + f|, where
h:=h0(Kg + L) under the assumption that the Kodaira dimension of K +L
is three. The degree properties of the map 1 when dim 1/}()? ) = 2 are studied,
e.g., it is shown that in this case if h > 6, e.g., if X is of nonnegative Kodaira
dimension, then the degree of the mapping g for Se |Z| is at most 13, and
the degree of the finite part of the Remmert-Stein factorization of ¢ is at most
4. If dim w(f) = 3 then the degree of the mapping ¥ is at most 53. Further it
is shown that the morphism associated to |3(K g + E)\ factors as the natural

morphism from X to the second reduction of (X, L) followed by an embedding.

Introduction

For simplicity let X C PV be a connected three dimensional algebraic subman-
ifold of N-dimensional complex projective space. The n > 4 dimensional analogues
of the results we discuss below are easy consequences of the three dimensional re-
sults. The very complete theory [3] of the adjunction mapping, i.e., the mapping
associated to |K ¢ + 2E|, is a powerful tool to study the relations between the curve
sections on X and the projective geometry of X. The second adjunction mapping,
i.e., the mapping associated to |K¢ + f/|, is a natural tool to study the relations

between surface sections and the projective geometry of X. Our knowledge of this
mapping is in a much more primitive state than our knowledge of the adjunction
mapping. In a series of articles [18, 4, 5] we have been studying different aspects of
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this mapping. We know that the mapping exists [18] except for a very special class
of degenerate varieties. Moreover [4] we have some strong lower bounds for the
number of sections of |K 3 + IAL|, e.g., if the Kodaira dimension of Xis nonnegative,
then h%(K ¢ + L) > 5 with equality only if (X, L) is a quintic hypersurface of P*.
In [5] we studied the case when the mapping associated to |Kg + L| has a one
dimensional image. In analogy with surface results of Beauville [1] we showed that
in this case the mapping is well behaved, e.g., if the Kodaira dimension of X is
nonnegative, and the mapping associated to |K ¢ + E| has a one dimensional image,
then the mapping is a morphism and, if h := h°(Kx + L) > 0 (e.g., h > 21), then
the image of the morphism is a curve of genus < 1 with K3 surfaces as fibers.

In this article we study the degree of the mapping associated to |K 3 + i| when
its image is two or three dimensional, and we further give a complete description
of the mapping associated to [3(K ¢ + E)|

In §1 we introduce background material we use in the form we need it and
prove a number of preliminary technical lemmas.

In §2 we prove some general facts about the rational mapping ¢ : X — Ph~1
associated to |K¢ + L.

In §3 we study the degree properties of the map 1 when dim 1/1()? ) = 2 and the
Kodaira dimension of K¢ + L is three. For example, we show that in this case if
(K5 + E) > 6, e.g., if X is of nonnegative Kodaira dimension, then the degree of
the mapping 15 for Se |E| is at most 13, and the degree of the finite part of the
Remmert-Stein factorization of ¢ is at most 4.

In §4 we study the degree properties of the map v when dim(X) = 3. For
example, we show that the degree of the mapping ¢ is at most 53. In §4 we
also show that the morphism associated to |3(Kg + E)| factors as the natural
morphism (described in §1) from X to the second reduction of ()/f , Z) followed by
an embedding.

We will study the mapping associated to |2(K ¢ + L)| in a sequel.

1. Background material

We refer to our book [3] for all the results on adjunction theory that we need
in this paper and also for a complete list of references to the original sources.

We work over the complex numbers C. Throughout the paper we deal with
projective varieties V. We denote by Oy the structure sheaf of V' and by Ky
the canonical bundle. For any coherent sheaf F on V, h*(F) denotes the complex
dimension of H(V, F).

Let L be a line bundle on V. The line bundle L is said to be numerically
effective (nef, for short) if L - C > 0 for all effective curves C on V. L is said to be
big if k(L) = dimV, where k(L) denotes the Kodaira dimension of L. If L is nef
then this is equivalent to ¢; (L)™ > 0, where ¢; (L) is the first Chern class of L and
n=dmV.

1.1. Notation. The notation used in this paper are standard from algebraic
geometry. Let us only fix the following.
~ (respectively ~), linear (respectively numerical) equivalence of line bundles;
x(L) = 3,(—=1)¢h¥(L), the Euler characteristic of a line bundle L;
|L|, the complete linear system associated to a line bundle L on a variety V,
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I'(L) = H°(L), the space of the global sections of L;

e(V), the topological Euler characteristic of V;

¢n(V), the n-th Chern class of the tangent bundle of V' for V' smooth, which for V'
compact equals e(V);

k(V) := k(Ky), the Kodaira dimension, for V' smooth;

[z], the smallest integer bigger or equal to a rational number x.

We say that a sheaf on a variety is spanned if global sections span it at all points
of the variety. Line bundles and divisors are used with little (or no) distinction.
Hence we shall freely switch from the multiplicative to the additive notation and
vice versa.

1.2. Genus formula. For a line bundle L on a variety V' of dimension n the
sectional genus, g(L) = g(V, L), of (V, L) is defined by 2¢g(L) — 2 = (Ky + (n —
1)L) - L1, Note that if |L| contains n — 1 elements Hj,... ,H,_; meeting in a
reduced irreducible curve C, then g(L) = g(C) = 1 — x(O¢), the arithmetic genus
of C.

1.3. Reductions. (see e.g., [3, Chapters 7, 12]). Let (5(:, E) be a smooth
projective variety of dimension n > 2 polarized with a very ample line bundle L.
A smooth polarized variety (X, L) is called a (first) reduction of (X, L) if there is a
morphism 7 : XX expressing X as the blowing up of X at a finite set of points,
B, such that L := (& *L)** is ample and L ~ m*L — [7=1(B)] or, equivalently,
K¢+ (n—1)L~n*(Kx + (n—1)L).

Note that there is a one-to-one correspondence between smooth divisors of |L]
which contain the set B and smooth divisors of |L|.

Except for an explicit list of well understood pairs (X' , E) (see in particular [3,
§87.2, 7.3, 7.4]) we can assume:

a) K¢ +(n— 1)L is spanned and big, and Kx + (n — 1)L is very ample. Note
that this reduction, (X, L), is unique up to isomorphism. We will refer to it
as the first reduction of ()?,E),

b) Kx + (n — 2)L is nef and big, for n > 3.

Note that h®(Kg + (n — 2)L ) = h°(Kx + (n —2)L). Indeed one has (see [3,

(7.6.1)])

(1) T(aK ¢ + bL) = T(aKx + bL)

for integers a, b with b < a(n — 1). Hence in particular
H(K4 + L) = H(Kx + L).

It thus follows that the rational map 15 associated to |K ¢ + E| has the same degree
and the same dimension and degree of the image as the rational map ¢ associated
to |KX + L|

Note also that x(Kg + (n —2)L L) > 0 implies K(Kg 4+ (n— 1)L) = n, so that
the first reduction (X, L) exists, as well as Kx + (n — 2)L is nef (see [3, (7.6.9]).

Since by the above we can assume that Kx + (n — 2)L is nef and big, from the
Kawamata-Shokurov base point free theorem (see [12], §3) we know that |m(Kx +
(n — 2)L)|, for m > 0, gives rise to a morphism ¢ : X — X' with connected
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fibers and normal image. Thus there is an ample line bundle X’ on X' such that
Kx+(n—2)L ~ ¢*K'. The pair (X', K') is known as the second reduction of (X, L).
The morphism ¢ is very well behaved (see e.g., [3, §§7.5, 7.6, 7.7 and Chapter 12]
for complete results). Furthermore X’ has terminal, 2-Gorenstein (i.e., 2K x- is a
line bundle) isolated singularities and K' ~ Kx: + (n — 2)L', where L' := (p.L)**
is a 2-Cartier divisor such that 2L =~ ¢*(2L") — D for some effective Cartier divisor
D on X which is p-exceptional (see [3, (7.5.7)]). For definition and properties of
terminal singularities we also refer to [12].

We will use in a crucial way the following theorem [3, (12.2.1)] which gives the
structure of the second reduction in the threefolds case.

THEOREM L.4. Let X be a connected smooth threefold with La very ample
line bundle on X. Assume that the first reduction (X, L) and the second reduction
(X',K", ¢ : X = X', as in (1.3) exist. Then ¢ is an isomorphism outside of an
algebraic subset Z of X' such that dim Z < 1. We have:

a) Any 1-dimensional component of Z is a smooth curve, C, such that C C
reg(X'), ¢=1(C) = DU {UD;}ic; where D and the D;’s are smooth irre-
ducible divisors. The restriction ¢p of ¢ to D is a P'-bundle pp : D = C
and Np,x|r = Op1 (1) for a fiber F of pp. Furthermore if I is not empty,
©(D;) is a point for each i € I. Let x; = p(D;), i € I. Then ¢~ (z;) =Ty,
and for each i € I, D meets By transversally along the irreducible curve, E,
Of ]Fl, with (EQ)FI = —1.

b) If z is a 0-dimensional component of Z then ¢~ (x) is a reduced divisor, D,
and either

bl) D =P? Np/x = Op2(—2);

b2) D =P? Np/x = Op2(—1);

b3) D = F,, Np/x = —G where —2G = Kp;

b4) D= ]F(), ND/X = O]FO(—].,—].),' or

b5) D = Dy U D> where D1 = Fo, Dy =2 ]P)z, N]FQ/X ~—F— f, N]pz/X =
Op2 (—2) and Dy, Dy meet transversally in a smooth rational curve
which is the irreducible curve, E, of Fy with (E?)p, = —2 and is a
line on P2.

REMARK 1.5. Let X be a smooth n-fold with L a very ample line bundle.
Assume that the first reduction (X, L) of (X, L) exists. Further assume that Kx +
(n — 2)L is nef. Then 2(Kx + (n — 2)L) is spanned by global sections.

Let p : X = Y be the morphism with connected fibers and normal image
associated to |m(Kx + (n — 2)L|, m > 0. Then Kx + (n — 2)L ~ p*L for some
ample line bundle £ on Y.

If dimY = 3 the result is proved in [18, Note added in proof].

Assume that dimY = 2. Then (X, L) is a quadric fibration under p and from
[6, §8] we know that Y is smooth and £ ~ Ky + M for some ample line bundle M
onY. Thus 2L ~ Ky + L + M.

We claim that (£ + M)? > 5. Indeed, if not,

(L+M?=L2+2L - M+ M? =4,

whence £2 = £- M = M2 = 1. Therefore £L ~ M by the Hodge index theorem.
Then Ky = Oy. This contradicts the parity condition from genus formula (1.2).
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Thus by Reider’s theorem either 2£ ~ Ky + (£ + M) is spanned, and hence
2(Kx + (n — 2)L) is spanned, or there exists an effective curve C on Y such that

L+M)-C

(£+M)-C§C-C<( 3 <1

This contradicts the ampleness of £ and M.
Assume that dimY = 1. Then (X,L) is a Del Pezzo fibration under p and
exactly the same argument as in [18, (0.5.2)] applies to say that 2£ is spanned.

1.6. Pluridegrees. Let (X,T), (X, L) be as in (1.3) with n = 3. Define the
pluridegrees, for j = 0,1,2,3, by

dj == (K¢ +X)? - I°77 and d; := (Kx + L)’ - L*77.

If ~ denotes the number of points blown up under 7 : X —» X , then because
K¢ + L=Kx+L+ >~ Ei, the invariants d], d; are related by

d0=d()—’7;d1=d1+’7;d2:d2—’7;d3=d3+’7.

We put d:= J() ,d:=dy. If Kx + L is nef, by the generalized Hodge index theorem
(see e.g., [3, (2.5.1), (13.1)], [9, (1.2)]) one has

(2) d? > ddy and d3 > dids

and the parity Lemma (13.1.1) of [3] says that

(3) d = d; mod(2) ; da = d3 mod(2).
Moreover if Kx + L is nef and big the numbers d; are positive.

We need the following versions of the double point formula (for the proofs and
full details see [4, (0.5)] and also [3, (8.2), (13.1)]).

PROPOSITION 1.7. Let (}? ,E) be a smooth projective 3-fold, polarized with a
very ample line bundle, L. Assume k(K¢ + E) > 2. Let (X,L) and 7 : X = X be
the first reduction and the ﬁrst reduction map respectively. Let (/1\], dj, 0 <5 <3,
be the pluridegrees of (X L) and (X, L) respectwely Let  be the number of points
blown up by m. Let S be a smooth element in |L|. Then

4410 (K ¢ + L) + 58x(0g) + 2h°(K ) +4 > 12dy + 17dy + d3 + (20 — d)d + 5.

There is the following slightly stronger version of the usual double point formula
(1.7).

PropPoOSITION 1.8. Let (X' E) be a smooth projective 3-fold, polarized with a
very ample line bundle, L. Let (X, L) and w: X — X be the first reduction and the
first reduction map respectively. Let d], d;j, 0 < j <3, be the pluridegrees of (X , L)
and (X, L) respectively. Let v be the number of points blown up by 7. Let S be a
smooth element in |L|. Let ¢ := h'(Ox). Then

44h°(K ¢ + L) + 60x(Os) + 2h°(K ) +2¢ — 2 > 13dy + 17d; + d3 + (20 — d)d + 57.
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PROOF. Let S be a smooth surface in |L| corresponding to S. Let Py =
h°(Kx), py(S) = h°(Kg). The proof is the same as in [4, (0.5.2)]. The only
difference is to leave the ¢ term and not using the Noether inequality K% > 2p,(S)—
4 in relation (0.5.2.5) of [4]. Thus, instead of that relation we find,

e(X) < —4h%(K ¢ + L) + 2p, + 24x(Os) — 2ds +2q — 2+ 27.
Substituting in (0.5.2.1) of [4] we get the result. O

The following inequalities follow from the log version of the usual Yau inequality
given in [20, §5] (see [4, (0.6)] or [3, (13.1.7), (13.1.8)] for full details).

PROPOSITION 1.9. (Tsuji’s inequality) Let ()/f, E) be a smooth projective 3-fold,
polarized with a very ample line bundle, L. Assume that k(K¢ +L) > 0. Let (X, L)
be the first reduction of ()?,E) Let S be a smooth element of |L|. Then we have

8
(Kx + L) + 5KS -Ls < 32(2h°(Kx + L) — x(05s)),

or
dz  di  x(Os)
0 > 24 L .
h(Kx+L)_64+24+ 5

1.10. Castelnuovo’s bound. Let C be a reduced, irreducible projective curve.
Assume that ¢ : C — P¥ is a generically one-to-one morphism, and that 1(C') does
not lie in any hyperplane. Let d denote the degree of (C) in PN. Let g(C) be
the arithmetic genus of C'. Then Castelnuovo’s bound (see e.g., [8, Theorem 3.7])
reads

d—2 d—2 N-1
g(C) < Castel(d,N) := [m] (d— N - ([m] - 1) T) ,

where [z] means the greatest integer < x.

1.11. Threefolds of log-general type. Let ()?, E), (X, L) be as in (1.3) with
n = 3 and let C/l;', d;, 5 = 0,1,2,3, be the pluridegrees as in (1.6). We say that
()? ,E) is of log-general type if Kx + L is nef and big. Hence in particular the
numbers d; are positive in this case.

Assume (X, L) of log-general type. Let S be a smooth element of |E| and S
the corresponding smooth surface in |L|. Since Kx + L is nef and big the canonical
bundle Kg of S is nef and big (see e.g., [3, (7.6.10)]), so that S is a minimal surface
of general type. Hence we have
(4) dy=Kgs-Kg <9X(05).

Indeed the Miyaoka inequality yields do < 9x(Og). Note that the equality cannot
happen. Otherwise S is a ball quotient and hence a K (II, 1), which would contradict
[16, (1.3)]. Throughout the paper we will often use (4) in the form

x(Os) _ da+1
(5) 2 2 18

Note that since x(Og) is an integer we have the stronger integrality relation

©) X(0s) > [dz - 1] .
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Note that if (X, L) is of log-general type then the restriction, ¢g, of the second
reduction map ¢ to S coincides with the m-canonical map associated to |[mKsg|,
m > 2. This follows from the exact sequence

0—-Kx+(m—-1)(Kx+L)—>m(Kx+L)—»mKg—0,

by noting that Kx + L is nef and big. Therefore the image S’ := ¢g(S) is the
canonical model of S.

Assume that x(X) > 0. Then from [17, (1.5), (3.1)] (see also [3, (13.1.3)]), we
know that

(7) ds > dy > dy > d.

Note that if kK(X) > 0, then ()/ﬁ\' ,E) is of log-general type. Indeed, if h°(tKx) > 0
for some positive integer ¢, then t(Kx + L) gives a birational embedding, given on
a Zariski open set by sections of T'(L), and thus x(Kx + L) = 3.

The following result is not optimal, but it is more than enough for our purposes.

~

LEMMA 1.12. Let (X,E) be a smooth threefold polarized by a very ample line
bundle L. Assume that (X, L) is of log-general type. Let (X, L) be the first reduction
of (X,L). Then either |L| embeds X in P* or

1.d>d=1%>8;

2. d1 26, d223, andd321.

PROOF. We can assume that (L) embeds X in PV with N > 5. Since a
smooth § € |L| is of general type we have by a result of Castelnuovo (see [3,
Theorem (8.1.1)], [14, (0.6)]) that d > 2(N —1—2)+2>6. Thusd > d > 7. If
we show that d # 7 we are done with showing the degree lower bound. To see this
note that N = 5 since otherwise d > 2(N —1—2)+2 > 8. Thus by Castelnuovo’s
bound we conclude that g(C) < 6 for any smooth curve section of X c P5. Thus
we conclude that d; < L/i\l < 3. But then dy < 1 by the Hodge index relations (2).
Since Kx + L is nef and big we know that d3 > 1 and thus by the Hodge index
relations we conclude that d; < 1. This implies by the Hodge index relations the
absurdity that d = 1.

The inequalities d; > 6 and dy > 3 follow from the Hodge index relations and
parity conditions (3). O

The following result of the authors and M. Schneider [2, Lemma (3.3)] will be
useful.

LeEMMA 1.13. Let ()?,E) be a smooth threefold polarized by a very ample line
bundle L. Assume that ()?, E) is of log-general type. Let (X, L) be the first reduction
of (X,I). Then 6h°(Kx + L) — ds + d3 — 4x(Os) = 2h°(2K x + L). Furthermore
hP°(2Kx + L) = 0 if either 2d3 < dz, or 2ds < dy, or 2d; < d.

PROOF. The result [2, Lemma (3.3)] is stated for threefolds in P5, but the
argument for the first assertion works with no change in general. The statements
about h%(2K x + L) = 0 all follow by noting that 2Kx + L = 2(Kx + L) — L and
that Kx + L and L are nef and big. O

The following will be useful.
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LEMMA 1.14. Let ()?,E) be a smooth threefold polarized by a very ample line
bundle L. Assume that ()?, E) is of log-general type. Let (X, L) be the first reduction
of (X,I). Assume that h°(L) > 6 (which follows from |K5 + E| not giving a
birational mapping). Then

1. if d3 > 9 it follows thatd > 9, d; > 9, ds > 9;
if ds > 18 it follows that d > 10, d; > 14, ds > 16;
if d3 > 81 it follows that d > 11, dy > 23, dy > 44;
if do > 9 it follows thatd > 9, dy > 9;
if do > 19 it follows that d > 10, dy; > 14;
if do > 41 it follows that d > 11, d; > 23.

PROOF. All of these are proved the same way. For example if d3 > 81 then
using the fact that d > 8, di > 6, do > 3 we see by using the Hodge index
inequalities ddy < dj, dids < d3 repeatedly and taking account of parity (3) that
dy > 18. Using Castelnuovo’s inequality (1.10) we see that for degree at most 8
the genus ¢ of a curve section of X is bounded by 9. In this case we see by the
genus formula that d + d; < 16. This implies d > 9. But in this case Castelnuovo’s
inequality implies that ¢ < 12 and hence d + d; < 22. So d > 10. Using this,
the Hodge index inequalities repeatedly and taking account of parity we conclude
that dy > 22. Again using Castelnuovo’s inequality we get the contradiction that
d; < 20. Thus d > 11. Use d > 11 and the Hodge inequalities again to prove the
inequalities d; > 23, dy > 44. O

S Gk

We also need the following general fact.

LEMMA 1.15. Let F be a rank r generically spanned vector bundle on an ir-
reducible and reduced projective variety X such that c¢i(det(F)) = 0. Then F is
trivial, i.e., F =2 @"Ox.

ProOF. Choose r sections s; € I'(X,F) that span F at the generic point.
Then s := s; A--- A s, is a non trivial section of det F which is not zero at the
generic point. Let D = [s] be the divisor associated to s. Since ¢;(detF) = 0
we see that D is empty, and hence S is nowhere zero. Thus the s;’s are nowhere
zero and linearly independent at every point. Therefore they generate F and F is
trivial. O

For the reader’s convenience we also include the main result that we use from
[4] and which allows us to assume h := h®(Kx + L) > 6 in the nonnegative Kodaira
dimension case.

THEOREM 1.16. Let L be a very ample line bundle on a projective manifold X
of dimension 3. If the Kodaira dimension of K¢ + L is 3 then h°(K4 + L) > 2.
If the Kodaira dimension of X is nonnegative, then h°(K ¢ + L) > 5 with equality
only if (X, L) is a degree 5 hypersurface of P*.
_ COROLLARY 1.17. Let Lbea very ample line bundle on a projective manifold
X of dimension 3. If the Kodaira dimension of K¢ + L is 3 then py(S) > 2 for
any smooth Se |E|

PROOF. By Theorem (1.16) we know that h%(Ky + L) = W(Kx + L) > 2.
Then, since L is very ample, we conclude from [4, (0.11)] that

po(S) = py(S) = W°(Kg) = h°(Kg 5+ Lg) > 2.
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2. Notation and general set up

Let (X' E) be a smooth threefold polarized with a very ample line bundle L.
Assume that (X L) is of log general type, which implies that the first reduction
(X,L), 7: X 5 X, of (X L) exists and furthermore K x + L is nef and big. Let S
be a general element of |L| and let S be the corresponding smooth surface in |L|.
Recall that the restriction 7g : S8 maps S onto its minimal model, S, and S is
of general type. Recall that h®(K 4 + L) = h°(Kx + L) by (1).

Let ¢ : X — P™ be the rational map associated to [Kx + L|. Let X := ¢(X).
Since from [4, (1.2)] we know that h%(Kx + L) > 2, we have dim ¥ > 1. In this
paper we deal with the case when dim ¥ = 2,3 (see [5] for the case dim ¥ = 1). Let
h:=ho(Kx + L). Then ¥ C P*~!, 5o that

(8) deg¥ > h—dimX.

2.1. General construction. With the notation as above, let I’ C X x X be
the graph of ¢». Let p: X — I' be a smooth resolution of I'. Let 0 : X — X be
the composition of p with the product projection X x £¥ — X, andlet ¢ : X — &
be the composition of p with the product projection X x ¥ — ¥. Let ©) = soT be
the Remmert-Stein factorization of 1), where 7 is a morphism with connected fibers
and s is a finite morphism. Thus we have a commutative diagram

X-oYE) 5 C

¥

©) ol N s

xX-E % %
where E is the indeterminacy locus of 1. Then there exists a rational map r :=
Foo ' : X = C such that 1y = sor. We say that s or is the Remmert-Stein
factorization of the rational map . Note also that the general fiber, F, of r is
irreducible.

Thus we have a commutative diagram

¥

X — X
T

ot }: 1s

X L v

We will denote K := Kx+ L. Then r is the meromorphic map given by the complete
linear system |K|. It is a general fact, see, e.g., [11, Chapter II, 7.17.3], that the
smooth resolution p : X — T' can be chosen such that there exists a spanned line
bundle K on X such that

(10) K ~o*K - &,

for some effective divisor £ on X with o () set theoretically equal to the base locus
of |K|, and T(K) = I'(K) under the map given by the inclusion 0. C K. Note
that 7 is the morphism given by |K| and K = 7*H for some ample and spanned line
bundle H on Y.
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If dim ¥ = 2, let  be a general fiber of 1) and let f be a general fiber of r. Then
note that

(11) #s(L-f)=L-f,

where #s denotes the degree of s.
The following simple lemma is useful.

LEMMA 2.2. Let ()?,Z) be a smooth threefold polarized by a very ample line
bundle L. Assume that ()?, E) is of log-general type. Let (X, L) be the first reduction
of ()?,E) Assume further that |Kx + L| gives a rational map, v. If h°(Kx) > 0
then v is a birational map.

PrOOF. Indeed if h%(Kx) > 0 a section of I'(Kx) gives an embedding I'(L) <
I'(Kx + L) and hence, since L is very ample off a finite set of points, |Kx + L|
defines a birational map, 1, defined on a Zariski open set by sections of L. O

We also need the following general fact.

LEMMA 2.3. Let ()/(: ,E) be a smooth threefold polarized by a very ample line
bundle L. Assume that k(X) > 0. Assume further that |Kx + L| gives a rational
map, Y, having a 2-dimensional image. Let 1 = sor be the Remmert-Stein factor-
ization of ¢ as in (2.1). Assume that the base locus B of |Kx + L| is of codimension
at least two. Then v is not a morphism and the general fiber f of r meets B.

PRrROOF. First note that B is not empty. To see this note that since Kx + L
is big, it would follow from B being empty that Kx + L is the pullback of a line
bundle from the lower dimensional image under .

To see that ¢ is not a morphism choose a small complex neighborhood U of
x € B such that (Kx + L)y is isomorphic to the trivial bundle and set Z := BNU.
Using this trivialization a basis of H°(Kx + L) restricts to a set of holomorphic
sections fy, ... , fnv which only have Z as common zeros on U and such that the map
[fo,---, fn] has a two dimensional image. For ¢y = [fo,-.. , fn] to be a morphism
at z it is necessary that there is a holomorphic function g on U and holomorphic
functions ho, ... ,hny on U such that f; = gh; for all ¢ and hg(z) # 0 for some k. If
this happened then we would have all of the f; zero on the nontrivial zero set of g.
This contradicts the codimension at least two hypothesis since Z contains the zero
set of g.

With the same notation as in (2.1),let K = Kx+ L, 0*K ~ 7*H + £, where o :
X - X,7: X - Y and H is an ample and spanned line bundle on Y. Let Dy, D,
be general members of [7*H|. Since H is spanned we have that D1NDy ~ (H-H)f,
where f is a general fiber of 7. From (8) and (1.16) we conclude that H - H > 3.
If the general fiber f of r does not meet B, it thus follows that o(D1) N o (D) is
disconnected on X, since otherwise Dy N D2 would consist of only one fiber.

Since the line bundle £ := Ox(c(D1)) on X agrees with Kx + L off the set B
whose codimension is at least two, it follows that Kx + L ~ L.

Look at the Koszul complex

0= —2L— L& L= Ox = Ou(py)no(py) = 0.

Since £ is nef and big h*(—2L) = h*(=L) = 0 for i < 3. On the other hand
h°(Ox) = 1 and h®(Oy(p,)ne(Ds)) > 2 by disconnectedness. This leads to a con-
tradiction. Thus we conclude that the general fiber f of r meets B. O
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3. The second adjunction mapping: the case of a 2-dimensional image

We follow the notation in §2. In this section we assume that the rational map
¥ : X — P™ associated to |Kx + L| as an image ¥ := ¢(X) of dimension 2. Let §
be a general fiber of 1.

We have the following general bounds.

LEMMA 3.1. Let ()?,E) be a smooth threefold polarized by a very ample line
bundle L. Assume that ()?, E) is of log-general type. Let (X, L) be the first reduction
of ()?,E) Assume further that |Kx + L| gives a rational map, v, having a 2-
dimensional image. Let § be a general fiber of ¥ and let K = Kx + L. Let h :=
h%(Kx + L). Then

1. dy =K-L-L>0;

2.dy=L-K-K>L-§(h-2);

3. d3=K-K-K>K-§f(h—2)>h—-2.

ProoOF. Notation as in §2. Since K is nef and big and L is ample one has

dy > 0. Write H := K. Then o¢*K =~ H + & by (10). Compute
dy = o*K-0*K-0c*L=0*K-(H+E)-0*L
= (H+&)-H-0"L+0*K-£-0"L
H-H-c*L+E -H-0*L+c*K-E-0"L.
Clearly 6*K - & -0*L > 0. Also, H-H -0*L = (L-f)degX > L-f(h —2) by (8).
Noting that L and H are spanned and & is effective we have £ - H - ¢*L > 0, and

thus 2) is proved.
To show 3), compute

ds = (0*K)® = (0*K)?- (H+€E)
> (K2 H=H+E) -H-0c*K>H -H- -o*K,

where the two inequalities follow from the fact that H, £ are effective and o*K
is nef. By using (8) and the fact that £ -f > K- f > 0 since K is nef and big
and f moves in a family covering X (see also [3, (2.1.2)]), we have H - H - o*K =
(K-f)deg® > K -f(h —2) > h — 2, so we are done. O

We can prove now the main result of this section.

THEOREM 3.2. Let ()?, Z) be a smooth threefold polarized by a very ample line
bundle L. Assume that ()?, E) is of log-general type. Let (X, L) be the first reduction
of ()?,E) Assume further that |Kx + L| gives a rational map, 1, having a 2-
dimensional image. Let § be a general fiber of ¥ and let K = Kx + L. Let h :=
hO(Kx + L).

1. Ifh>6, e.g., if 6(X) >0, then L-§< 13;

2. If h=25, then L-§ < 14;

3. Ifh=4, then L-§<17;

4. If h =3 then L-§ < 24.

PROOF. We can assume without loss of generality that h%(Kx) = 0 since
otherwise 9 has a 3-dimensional image (see (2.2)).
Assume that L-f > 14. Using relation (5) and Lemma (3.1), 2) we have for any

dy +1 14(h—-2)+1
smooth S € |L| that x(Og) > 2; > ( 9 )+ and thus by Lemma (1.13)
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that
14h—-2)+1

ds +6h > 4 +14(h — 2),

12
i.e., that ds > 78h—40. Therefore from Tsuji’s inequality (1.9) we obtain d; < 51.

If h > 15 then dy > 13 - 14 = 182. Using Castelnuovo’s inequality and the Hodge
inequality dd, < d? as in Lemma (1.14) we obtain d > 14 and d; > 52.
If h = 14 then proceeding the same way we obtain dy > 168 and dy > 50. Thus

509
using Tsuji’s inequality (1.9) and Lemma (1.13) we obtain x(Og) < 57 and thus

x(Og) < 18. Then Miyaoka’s inequality (4) contradicts dy > 168.
If h = 13 then proceeding the same way we obtain dy > 154 and d; > 45. Thus

using Tsuji’s inequality (1.9) and Lemma (1.13) we obtain x(Og) < %, and thus

x(Og) < 17. Again (4) contradicts da > 154.
If h = 12 then proceeding the same way we obtain dy > 140 and d; > 43.

439
Thus using Tsuji’s inequality (1.9) and Lemma (1.13) we obtain x(Og) < 57 and

thus x(Og) < 16. Using the double point formula (1.7) we find that d > 55 and
the Hodge inequality d? > dd,, together with parity condition (3), gives d; > 89
contradicting dy < 51.

This same reasoning takes care of the cases h = 7 to 11.

If h = 6 then proceeding the same way we obtain dy > 56 and d; > 25. From
Lemma (1.13) we get ds > 4x(Og) +20. Using Tsuji’s inequality with these bounds
for d; and ds we find x(Og) < 8. Using the double point formula (1.7) and the
Hodge inequalities gives d > 39 and d; > 47. Using dy > 56 and the Miyaoka
inequality we obtain x(Og) > 7. Then Lemma (1.13) yields d3 > 48. This gives a
contradiction to Tsuji’s inequality

48 47 7
6 > a + 2 + 3 > 6.
Assuming that L - §f > 15 the same reasoning leads to a contradiction in the case
h=5.

Now assume that h = 4 and L -§ > 18. From dy > 18(h — 2) > 36 and
relation (5) we conclude that x(Og) > 5. From Lemma (1.13) we conclude that
ds > 36—24+20 = 32. From dy > 36, the inequality d > 10 from Lemma (1.14) and
the Hodge inequality dds < d2, together with the parity condition, we conclude that
dy > 20. From Tsuji’s inequality we conclude that x(Og) < 5. Using the double
point formula (1.7) with A = 4, x(Os) < 5 we conclude that d > 28 and d; > 37.
Using this we conclude from Tsuji’s inequality the contradiction that x(Og) < 4.

Assuming that L-f > 25 the same reasoning used in the above paragraphs leads
to a contradiction in the case h = 3. O

Let 1) = sor be the Remmert-Stein factorization of 1) as in §2. In the remaining
part of this paragraph we will give a bound for the genus of a general (connected)
fiber of r and for the degree of the finite morphism s.

First, we need the following general bound for the degree of a general fiber f
of r.

PROPOSITION 3.3. Let (X' ,E) be a smooth threefold polarized by a very ample
line bundle L. Assume that (X,L) is of log-general type. Let (X,L) be the first
reduction of (X, L). Assume further that |Kx + L| gives a rational map, 1, having
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a 2-dimensional image. Let 1) = sor be the Remmert-Stein factorization of ¥ and
let f be a general fiber of the connected part r. Let BB be the base locus of |Kx + L|.
Then

1.L-f>3;
2. L-f>4if k(X)>0 and dimB =0;
3. L-f>4if w(X)=3.

PROOF. Let us prove that L - f > 3. Assume L - f < 2. Then f = P
Since f moves in a h®(Ny,x)-dimensional family, the normal bundle Ny, x of f
in X is generically spanned and hence it is spanned since f = P!. Therefore
det Ny/x = Op1(a) for some integer a > 0 and the adjunction formula gives

KX|f ~ Kf —det(Nf/X) ~ O]p1(—2 —a).

Thus (Kx +L)- f < —-1if L-f=1and (Kx +L)-f=0if L-f = 2. The first
case contradicts the nefness assumption of Kx + L, the latter case contradicts the
bigness assumption of Kx + L (see e.g., [3, (2.1.2)]).

To show 3), assume L - f = 3. Then Castelnuovo’s bound gives g(f) < 1. Let
f be a desingularization of f. Hence g(f) < g(f) €1, so that either f = P! or
f is an elliptic curve. In both the cases the additivity of the Kodaira dimension,
K(X) <2+ k(f) <2, contradicts the assumption x(X) = 3.

To show 2), assume L - f = 3. Since k(X) > 0, the same argument as above,
by using the additivity of the Kodaira dimension, shows that the only possibility is
g(f) = 1 and f is a smooth elliptic curve. Since f moves in a h°(N},x )-dimensional
family, the normal bundle N} sx of f in X is generically spanned and therefore
deg(det Ny,x) > 0.

Assume deg(det Ny/x) > 0. Then from K; ~ Kx|; + det(Ny,x) we conclude
that Kx - f < 0. Since x(X) > 0 this contradicts the fact that f moves.

So we can assume deg(det Ny, x) = 0 and therefore Lemma (1.15) implies that
Ny x is trivial. Since dimB = 0, Lemma (2.3) applies to say that the general
fiber f meets B. Then there exists a pencil of fibers f through a point z € B. By
deformation theory this implies that deg(det Ny,x) > 0, contradicting the present
assumption. [l

ProPOSITION 3.4. Let ()?,E) be a smooth threefold polarized by a very ample
line bundle L. Assume that (X',f/) is of log-general type. Let (X,L) be the first
reduction of ()/(:, E) Assume further that |Kx + L| gives a rational map, 1, having
a 2-dimensional image. Let ¥ = sor be the Remmert-Stein factorization of ¥ and
let f be a general fiber of the connected part v. Let h:= h°(Kx + L). Then

1. g(f) <66 if h > 6, e.g., if K(X) > 0;

2. g(f) < if h=5;

3. g(f) <120 if h = 4;

4. g(f) <253 if h = 3;

5. g(f) <26 if ¢ is a morphism and h > 0 (e.g., h > 77).

ProOOF. By Theorem (3.2) and (11) we know that L-f <13ifh > 6, L-f < 14
ifh=5L-f<17if h=4and L-f <24if h = 3. Since the maximum genus g(f)
is taken when f is a plane curve, the genus formula gives the desired bounds in 1),
2), 3) and 4).
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Assume now that 1) is a morphism, so that Kx|; = Ky and hence, by using
the lower bound L - f > 3 from (3.3),
K-f=Kp+L-f>2(f)+1.
Thus Lemma (3.1) gives do > L- f(h—2) > 3(h—2) and d3 > K- f(h—2) >
(29(f) + 1)(h — 2). Therefore Tsuji’s inequality (1.9) and Miyaoka’s inequality (5)
yield
Qe(NH+1D(h=2) d h=2 1

> a4 - 4 I
(12) h2 64 24 + 6 + 18
Assume g(f) > 27. Then (12) leads to
55 h—2 1
> 2 h—2)+ —= 4 —
h2 64 (h )+ 6 + 18’
which implies h < 76. O

We give now some bound for the degree of the finite morphism s of the Remmert-
Stein factorization of the morphism 1 = sor as in §2.

ProrosiTioN 3.5. Let ()/ﬁ\' ,E) be a smooth threefold polarized by a very ample
line bundle L. Assume that ()?,E) is of log-general type. Let (X,L) be the first
reduction of ()/(\', E) Assume further that |[Kx + L| gives a rational map, ¢, having
a 2-dimensional image. Let B be the base locus of |Kx + L|. Let ¢ = sor be the
Remmert-Stein factorization of 1 and let f be a general fiber of the connected part
r. Let #s be the degree of the finite morphism s. Let h := h%(Kx + L). Then

1
1. #s< L—3f (and hence #s < 4) if h > 6, e.g., if K(X) > 0;
2. #s <3 if k(X)) >0 and dimB =0 ;
3. #s <3 if K(X) =3.

1
PROOF. Let § be a general fiber of 1. Recall that #s < 13 by (11). Assume

L-f
hO(Kx + L) > 6. Thus Theorem (3.2) implies that L - § < 13, so we conclude that

1
#s < L—3 Hence in particular #s < 4 since L - f > 3 by (3.3), 1). This shows
1). By (3.3), 2) we get 2). If k(X) = 3, (3.3), 3) yields L - f > 4 and hence the
argument above gives #s < L—f <3. O

REMARK 3.6. Notation as in Proposition (3.5). Assume x(X) > 0. Then if
#s = 4, the fiber f is a smooth elliptic cubic. Indeed, by looking over the proof
of (3.5), wee see that #s = 4 implies L - f = 3. Then g(f) = 1 by Castelnuovo’s
bound. If f is singular, let fbe a desingularization of f. Then g(f) = 0, so that
f = P! and hence we have the contradiction x£(X) < k(f) + dim(X) < 0. Thus f
is smooth and we are done.

Assume k(X) = 3. Then if #s = 3, the fiber f is a plane quartic. Indeed
#s = 3 implies L - f = 4. If f lies in PV with N > 3, Castelnuovo’s bound yields
9(f) = 1 and hence we have the contradiction k(X) < &(f) + dim(X) < 2. Thus
f lies in P2,

We conclude this section by recalling an example from [13] which shows that
the rational map ¢ can have a 0-dimensional base locus.
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EXAMPLE 3.7. From Fujita’s lists of Del Pezzo 3-folds (see [10, (8.11)]) we
know that there exists a polarized threefold (X, M), M ample line bundle on X,
such that Kx ~ —2M and M3 = 1. In [13] it is shown that L := 3M is very ample,
Kx + L ~ M is not spanned and has a single point as base locus. Furthermore
hO(Kx + L) = 3, so that |[Kx + L| gives a birational map ¢ : X — P2 The
invariants are d3 = 1, dy = 3, d; =9, d = 27.

4. The second adjunction mapping: the case of a 3-dimensional image

Notation as in §2. In this section we assume that the rational map ¢ : X — P"
associated to |Kx + L| as an image ¥ := (X)) of dimension 3. Our aim is to give
a bound for the degree ¢ := #4 of ¢. From Lemma (2.2) we can assume

(13) h(Kx) =0.
Let h := h°(Kx + L). Then we have
(14) dy > t(h —3).

Indeed, ¥ C P*~! and therefore deg® > h — dim ¥ = h — 3, so that

dg = (Kx + L)® > tdeg)(X) > t(h — 3).
Let S be a general smooth member of |L|. We claim that if ¢ > 5 then
(15) do =K% >3h—T.

By Beauville’s generalization of an inequality of Castelnuovo [1] we know that if
the rational map given by |Kg| is generically one-to-one then

dy > 3h*(Og) — 7> 3h — 1T,

where the last inequality follows from (13). Thus we can assume that |Kg| does
not give a generically one-to-one map. Therefore, since Lg is very ample outside of
a finite set of points, h%(Kg— Lg) = 0. Thus since h®(K x) = 0, the map H°(K x +
L) - H°(Kg|c) is injective for any smooth C' € |Lg|. Then h < h%(Kgc). We
conclude from Clifford’s theorem that

deg(K5|C) dy

with equality implying that C' is hyperelliptic. But since Kx + 2L is very ample
by the main result of [19] and its restriction to C' is K¢ we conclude that C is not
hyperelliptic and thus that d; > 2h — 1. By this inequality, inequality (14), and the

Hodge index theorem we conclude that
d2 > dsd; > t(h —3)(2h —1).
Noting that h > 4 it is a straightforward check that for ¢ > 5 we have t(h — 3)(2h —
1) > (3h — 7)%, whence inequality (15).
Using this and Miyaoka’s inequality (5) we conclude that for ¢ > 5
h—2
(16) x(0s) > =

Let us now give a bound for the degree of 1.

h(Ksic) <

PROPOSITION 4.1. Let ()?,Z) be a smooth threefold polarized by a very am-
ple line bundle L. Assume that |K¢ + L| gives a rational map, v, having a 3-

dimensional image. Let h := h°(K 3 +E) and let t :== #[p\ be the degree of 12 Then
t < 53.
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PROOF. Let (X, L) be the first reduction of (X, ). Let 1 be the rational map
associated to |[Kx + L|. By recalling the discussion following (1), we can without
loss of generality work with X, L, 1.

Since the result is trivial for hypersurfaces in P4, we can assume without loss
of generality that h°(L) > 6. Thus we have that a smooth § € |L| is a general
type surface embedded in P™ with m > 4 and its image on X is a smooth minimal
model surface of general type S.

Now assume that ¢ > 54. Thus d3 > 54(h — 3) by (14). Using this and the
inequality (16) in Tsuji’s inequality (1.9) we conclude that

(17) h + 4d; < 275.

Since v has a three dimensional image, it follows that h > 4. We use the inequality
(17) and a bootstrap procedure to deal with the cases h > 5 and then turn with
more a detailed argument to deal with the case h = 4.

If h > 5 then d3 > 108. By Lemma, (1.14) we conclude that d > 11. Using the
Hodge inequalities and parity conditions repeatedly we conclude that d; > 25 and
dy > 52. From Miyaoka’s inequality (5) we conclude that x(Og) > 6. From Tsuji’s
inequality we obtain

54(h—3) 25 6
2

> 2\ 9, 29
hz —— tu™

Simplified this gives h > 9. If h > 10 then ds > 378 and by using the Hodge
inequalities and the reasoning of Lemma (1.14) we conclude that d > 13, dy > 41,
and d» > 125. From dy > 125 we conclude that x(Og) > 14. From Tsuji’s
inequality we obtain
54(h—3) 41 14
> Yy

h2 64 + 24 + 2
Simplified this gives h > 39. Then (14) gives d3 > 1998 and from the Hodge
inequalities and parity conditions as in Lemma (1.14) we conclude that d; > 80.
This contradicts the inequality (17).

We now do the case with h = 4. From the inequality (14) we conclude that
ds > 54. By Lemma, (1.14) we conclude that d > 10. Using the usual Hodge index
relations and parity conditions repeatedly we conclude that

d>10, dy >18, dy>32, d;>54.
By Miyaoka’s inequality we have x(Og) > 4. Then Tsuji’s inequality (1.9) gives
54 18 x(Os)
4=h>2 4 =L XIS)
hegtut Ty
which implies x(Os) = 4. Using the double point formula (1.7) with h = x(Os) = 4
with the Hodge inequalities and parity conditions repeatedly we conclude that
d>45, dy >49, dy >52, dz > 54.
In particular we have the contradiction x(Ogs) > 6 from Miyaoka’s inequality. O

REMARK 4.2. It can be shown by the same reasoning that ¢ < 32 for h < 17.
Unfortunately the lack of lower bound for d; involving h linearly prevents us from
showing this for all A.

REMARK 4.3. Tt is worth emphasizing that if h°(Kx) > 0 then ¢t = 1 (see
(2.2)). Further note that if p,(£) > 0 where by py(X) we mean h*(Ox) for X, a
desingularization of ¥ := dim (X)), then h%(Kx) > 0 and ¢ = 1.
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THEOREM 4.4. Let ()?, E) be a smooth threefold polarized by a very ample line
bundle L. Assume that (X, L) is of log-general type. Assume further that |K ; + L|

gives a rational map, 1&, having a 3-dimensional image. Let h := hO(K)? + E) and
let t := #1) be the degree of 1. Then t < 31 if ¢(X) = 0.

Proor. Let (X, L) be the first reduction of ()/(\' , E) As in the last proposition
it suffices to work with X, L, and the rational map ¢ associated to |Kx + L|.

We assume that ¢ > 32 and deduce a contradiction. Since ¢(X) = 0 we have
q(S) = 0 and using the exact sequence

0=Kx > Kx+L—+Ks—0
we get
(18) x(Os) > h+1.
Then Tsuji’s inequality (1.9), (14) and (18) yield

s RB=3) htl di
= 64 2 24

or
d; < 24.

We claim that d; < 24 implies that A < 6. Indeed if h > 7 we have d3 > 128 by
(14). Using Lemma (1.14) we see that d > 11, d; > 23, d» > 44. Using the Hodge
inequalities (2) and parity conditions (3) repeatedly we have the contradiction d; >
27.

If h = 6 then d3 > 96 and Lemma (1.14) implies that d > 11, d; > 23, and
ds > 44. One more application of the Hodge inequalities yields dy > 48. From
Tsuji’s inequality using d; > 23 and d3 > 96 we conclude that x(Og) < 7. From
the double point formula (1.7) with x(Os) < 7 and h = 6 combined with the Hodge
inequalities we conclude that d > 50 and the contradiction d; > 64.

If h = 5 then d3 > 64 and Lemma (1.14) implies that d > 10, d; > 14, d» > 16.
Using the Hodge inequalities and parity conditions repeatedly yields that d > 10,
dy > 20, and d2 > 36. From Tsuji’s inequality using d; > 20 and d3 > 64 we
conclude that x(Og) < 6. From the double point formula (1.7) with x(Os) < 6
and h = 5 combined with the Hodge inequalities we conclude that d > 45 and the
contradiction d; > 52.

Finally if h = 4 and ds > 32 then Lemma (1.14) implies that d > 10, d; > 14,
d2 > 16. This and the Hodge inequalities, taking account of parity conditions,
yields that d > 10, d; > 16, and d» > 23. From Tsuji’s inequality using di > 16
and ds > 32 we conclude that x(Og) < 5. From the double point formula (1.7)
with x(Os) < 5 and h = 4 combined with the Hodge inequalities we conclude that
d > 37 and the contradiction d; > 37. O

5. On embeddings of the second reduction

Notation as in §2. Consider the second reduction (X',L'), ¢ : X — X',
L' := (p.L)** of (X,L). Recall that X' has terminal 2-Gorenstein singularities,
and 2L' and K' := Kx/ + L' are line bundles. In this section we will show that
3(Kx: + L") gives an embedding on X’ (see Corollary (5.4) below). We will derive
this fact from the following more general result.
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THEOREM 5.1. Let ()?, E) be a smooth threefold polarized by a very ample line
bundle L. Assume that (A A) is of log-general type. Let (X,L), w : X > X,
(X',L"), ¢ : X = X' be the first and the second reduction as in (1.3). Let L be a
line bundle on X'. Let S be a smooth surface in |L| and let S :=7(5), ' = ¢(S).
Let ps : S — S’ and Lg be the restrictions of ¢ and L to S and S’ respectively.
Assume that

i) the image of T'(p*L) = T'(p5Ls) is surjective and spans psLs;

ii) the morphism, o, defined by |p§Ls:| factors as o = s o pg, where s is an

embedding.

Then L is very ample.

ProOF. First note that L, cp*E are spanned by global sections. To see this,
take a point z € X and let 7 € X such that z = m(Z). By Bertini’s type theorem
(see e.g., [3, (1.7.9)]) there exists a smooth Ae |L| passing through Z. Then the
image A := 77(121\) is a smooth divisor in |L| passing through z. Let A’ := p(A).
Since by the assumption i) the image of I'(¢* L) — I'(p% La’) spans ¢% Lar, we see
that ¢*L is spanned at x. Since this is true for any point z € X, we conclude that
©* L is spanned, and hence £ is also spanned.

Thus we have a commutative diagram

X
]
(19) ol N

X 2 P,

where ®, ®' are the morphisms given by ¢*£ and L respectively. To show that £
is very ample is equivalent to show that @' is an embedding.
By condition ii) we have a commutative diagram

(20) psd N\

IIZ

I'(£) and T'(p5Ls) = T'(Lg), the as-
‘s is the restriction

where s is an embedding. Since I'(p*L
sumption ii) gives a surjection I'(£) — I'(Ls), and hence s =
of &' to S'. R

Take two distinct points z{,z5 € X' and let Z1,Zy € X such that n(Z;) := z;
and ¢(x;) = =}, i = 1,2. By Bertini’s type theorem (see e.g., [3, (1.7.9)]) we
know that there exists a smooth divisor A € |E| passing through 71, Z». Then the
image A := m(A) is a smooth divisor in |L| passing through z1, z». Furthermore
A" := p(A) is a surface passing through z}, z}. Now, since s is an embedding, we
have s(z}) # s(z4). But s(z}) = o(z;), i = 1,2, by the commutativity of diagram
(20). Therefore o(z1) # o(za). Since o(z;) = ®(x;) = ®'(z}), i = 1,2, by the
commutativity of diagram (19), we thus conclude that ®'(x;) # ®'(z2), and hence
®’ separates x1, T2. This shows that @’ is one-to-one.

We need the structure of the second reduction map described in Theorem (1.4).
Let Z be the algebraic subset of X', of dimension < 1, such that ¢ is an isomorphism
outside of Z. Let Zy C Z be the subset of Z consisting of all 0-dimensional
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components of Z and let Z; C Z be the set of points z' belonging to the 1-
dimensional components of Z and such that ¢~1(z') is a divisor (see (1.4), a)).
Then from (1.4) we know that

e ZyUZ is a finite set of points, X' is smooth outside of ZyU Z; and ¢~ (z')

is a reduced (possibly reducible) divisor for z' € Zo U Z;.

First consider the case when z' € X'\ Z. Let v' be a tangent direction at z',
i.e., v' is a non-zero element of 7Tx- ./, where Tx' denotes the tangent bundle of X"'.
Choose points Z € X, z € X such that 7(Z) = z, p(z) = «'. Let 7, v be nonzero
elements of 7% -, Tx, respectively such that dmz(¥) = v, dpz(v) = v', where
drz, dp, denote the differential maps. Then d(p o m)z(®) = v'. By [3, (1.7.9)]
there exists a smooth surface A € |L| with # € A and ¥ € T4z Therefore the

image A := m(A) is a smooth divisor in |L| passing through z and with v € Thz-
Furthermore A’ := p(A) is a surface passing through z'; z' is a smooth point of A’
and v' € Tar 4.

We want to show that d®’, (v') # 0, where d®!, is the differential map. Since
s is an embedding, we have ds;/(v') # 0. By the commutativity of diagram (20),
one has ds,/ (v') = do,(v) = d®,(v) and d®,(v) = d®’,(v") by the commutativity
of diagram (19). Thus d®!, (v') # 0 and we are done.

Assume now that ' € Z \ (Zyp U Z;) and that v’ is a tangent direction at z'.
Then by using the structure of the second reduction map given in (1.4), i.e., that the
restriction ¢ x\,-1(2\(z,uz,)) is the blowup of the smooth curve Z \ (Zo U Z;), we
can find points T € X , ¢ € X and nonzero elements v, v of T)?,i’ Tx,» respectively
such that dnz(0) = v, dp,(v) = v'with all the same properties above. Then the
same argument as above applies to give the result.

It remains to consider the case when 2’ € ZyU Z;. By o) we know that in both
cases D := ¢~ !(z') is a reduced divisor.

Look at diagram (19). Note that ®' being an embedding at =’ is equivalent to

(21) <I>'*mq>,(w,) = My'.
CrAaM 5.2. Let D = ¢~1(2') and let Jp be the ideal sheaf of D in X. Then
(®*My(4))e = JIp,z for every x € D implies relation (21).

ProoF. Note that ¢*m, = Jp. Therefore, by the commutativity of diagram
(19) and by the assumption, we have, for each = € D,

(22) (((I)I o ‘P)*mé(w))w = (‘I)*mé(z))w =JIps = (P myr)s.
Now,
(23) (B 0 ) M) = 9" (B Ma(y)) = @ P Mg (4.

By combining (22) and (23) we get
(go*@'*m@(z/))m = (go*mw/)w, x € D.

Therefore ¢*®"*mg: 51y = @*m,s and hence since X' is normal and ¢ has connected
fibers ®'*mg(,) = m,. This proves the claim. O

Thus we are reduced to show that, for each z € X,

Recall that @ is the morphism defined by ¢*£. Write M := ¢*L. Since sections of
Op(1) vanishing at ®(z) pull back to sections of M ® Jp,z, it is enough to show
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that T(M ® Jp) spans M ® Jp in a neighborhood U of D (i.e., that T'(M ® Jp)
spans M ® Jp . at z for each z € D).

CramM 5.3. Notation as above. Let N := Np,x be the normal bundle of D in
X. IT(M®JIp) spans M@N* then I'(M® Jp) spans M® Jp in a neighborhood
U of D.

PRrOOF. This is an immediate consequence of Nakayama’s lemma. O

Thus by Claim (5.3) we are reduced to show that I'(M ® Jp) spans M N}, «
or, equivalently, that

e T(M® Jp) spans M @ N,y at x for each z € D.

Let £ := DN S be the transversal intersection of D with a general S € |L| that
contains . We know that /£ is either a smooth rational curve with L-£ =1 or a
reducible conic, i.e., the union of two distinct lines meeting in z. Let Mg be the
restriction of M = ¢*L to S, let J; be the ideal sheaf of £ in S, and let N} be the
normal bundle of £in S, N' = Np,x. We claim that the result follows from the
following three facts.

a) (Mg ® J;) spans Ms ® Ny at z, for each z € D;
b) the restriction map I'( M ® Jp) = I'(Ms ® J;) is onto;

Indeed, we have the diagram

TMs®J)) — (Ms®N;)/m,=C
g1 Ty
TM®Jp) X MRN*)/m,=C

where m,, is the ideal sheaf of z in S, the morphisms «, § are onto by conditions a),
b) respectively. Furthermore by c) there exists a map -y which makes the diagram
commute. Hence in particular v is an isomorphism and therefore p is onto. This
gives e).
Thus it remains to prove conditions a), b), c).

Proof of a). By the assumption ii), we know that |Mg| = |p%Ls | defines a mor-
phism, o, which factors as ¢ = s o g, where s is an embedding. In particular s is
an embedding at the points 2’ € S’ such that D := p~(z'), L= DN S = p5'(2')
(see diagram (20)). This means that the map

F(,CSI ®m$/) — F(ﬁSI ® (mz,/mi,)) -0

is onto, where m, is the ideal sheaf of z' in S’. Since Ms ® Jp = @5 (Ls ® my),
this implies that (Mg ® J¢) spans M ® N at  for each z € D.
Proof of b). Let M, be the restriction of M to £. We have a commutative diagram

0 - TM®Jp) 3 TM) ST(Mp)=TD(Op)=C — 0
Bl 74 , 5l
0 - TMs®T) & TMs) LHTM)=TO)=C — 0

where o/, p' are onto since Mg, M, are spanned because M = ¢*[ is spanned.
Therefore § is an isomorphism. Take a € (Mg ® J;). Then since -y is surjective by
assumption p(a) = (b) for some b € I'(M). But o/(b) = 0 since o/ (b) = p'(vy(b)) =
p'p(a) = 0. Thus b € (M ® Jp) and therefore a = §(b), i.e., 8 is onto.
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Proof of ¢). Since D, S are both Cartier divisors on X, and £ is the transversal
intersection £ = DN S, we have

W/x)ie = N3 x)js = Op(=D)s = O(—0) = N
0

Let ( ) e a smooth threefold polarized by a very ample line bundle L.
Assume tha t (X, L) is of log-general type. Let (X L), 7 : X —» X, be the first
reduction of (X, L). For a general smooth surface S € |L|, let S = 7(S5). Then

(25) h'(2K3s) = 0.

To see this note that since Kx + L is nef and big, the restriction Kg is nef and big
on S. Therefore h!(2Ks) = 0 by the Kawamata-Viewheg vanishing theorem.

COROLLARY 5.4. Let ()? ,f) be a smooth threefold polarized by a very ample
line bundle L. Assume that (X',f/) is of log-general type. Let (X,L), m : X o X,
(X',L"), ¢ : X = X' be the first and the second reduction as in (1.3). Then
3(Kx: + L") is very ample.

ProOOF. Let X' := Kx + L'. Then ¢*K' ~ K. Since the canonical model
S := ¢(S) of § has rational Gorenstein singularities we have Ky ~ Kg. From
[18, (2.2.2)] we know that 2(Kx + L) is spanned. Then 3(Kx + L) ~ ¢*(3K') is
spanned. Since h!(Kx + 2K) = 0, from the exact sequence

0> Kx+2K—>3K—>3Ksg—0

we infer that
T(*(3K")) 2 T(3K) = I'(¢5(3Ks)) = T'(3Ks)

is onto.

By using Lemma (1.12), Corollary (1.17) and (25) we know from the canonical
embedding theorem of surfaces (see [7, (1.2)]) that 3K%, ~ 3Kg gives an embed-
ding, s, for any surface S’ = ¢(S), S smooth member of |L|. This means that the
morphism, o, defined by |p%(3KY, )| factors as o = s o pg. Then Theorem (5.1)
applies to say that 3K’ is very ample. O

REMARK 5.5. Notation as in (5.4). Let S be a smooth surface in |Z| and let
S = 7r(§), S’ := ¢(S). The same arguments as above show that if [tKg/| gives an
embedding for each smooth S € |L| and if the restriction map p; : '(¢(Kx + L)) —
T'(tKs) is onto for ¢t > 1, then t(Kxs + L') is very ample.

Note that for ¢ > 2 the surjectivity of the map p; follows from the exact sequence

0—-tKx+(t-1)L—->t(Kx+L)—>tKs—0.

Indeed, h'(tKx + (t—1)L) = h'(Kx + (t—1)(Kx + L)) = 0 by Kawamata-Viewheg
vanishing theorem since Kx + L is nef and big.

We conclude this section by pointing out an extension to higher dimension of
the above results.

A straightforward modification of the proof of Theorem (5.1), which is in fact
easier since the structure of the second reduction is simpler in dimension n > 4 (see
[3, §7.5]), proves the following.
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THEOREM 5.6. Let ()?, E) be a smooth n-fold, n > 4, polarized by a very ample
line bundle L. Assume that ()/(:,E) is of log-general type. Let (X,L), m : X > X,
(X", L"), ¢ : X = X' be the first and the second reduction as in (1.3). Let L be a
line bundle on X'. Let S be a smooth surface obtained as transversal intersection
of n — 2 general members of |E| and let S := 7r(§), S'" = p(S). Let pg: S = 5’
and Lg: be the restrictions of ¢ and L to S and S’ respectively. Assume that

i) the image of T'(¢*L) — T(psLsr) is surjective and spans ¢5Ls;

ii) the morphism, o, defined by |psLs:| factors as o = s o pg, where s is an

embedding.

Then L is very ample.

The theorem above gives rise to the following n-dimensional version of Corollary
(5.4).

COROLLARY 5.7. Let ()?,E) be a smooth n-fold, n > 4, polarized by a very
ample line bundle L. Assume that (X',f) is of log-general type. Let (X,L), m :
X 5 X, (X',L'), ¢ : X - X' be the first and the second reduction as in (1.3).
Then 3(Kx: + (n —2)L') is very ample.

PROOF. Denote by X,_; a general smooth element of |L| and let L,_; :=
Lg _ . Similarly X,_» denotes a general smooth element of [L,_1| and in general

X denotes a smooth general element of |L; 1|, where L;;1 := Ly, i=2...,n—

1, and L, = E, X, = X. Then X, coincides with the surface S obtained as
transversal intersection of n —2 general members of |L|. Let 7 be the first reduction

~

map and let X; = 7(X;), 4 = 2,...,n — 2. Then X, coincides with the surface
S := 7(S). From the exact sequences

0— KXi+1 + (m - 1)(KX1'+1 + /I'Li-i-l) - m(KXi+1 + (Z - 1)Li+1) - mKXi -0,

by noting that u := % >i—1,s0that Kx, , + %Li+l is nef and big
since Kx, ., + (i —1)Lip1 =~ (Kx + (n — 2)L)x,,, is nef and big, we conclude that
the restriction map I'(m(Kx +(n—2)L)) — I'(mKy) is surjective and therefore the
restriction, g, of ¢ to S coincides with the m-canonical map associated to |mKg|,
m > 2.

Let X' := Kx» + (n — 2)L'. Then ¢*K' = K. Since the canonical model
S" :=(S) of § has rational Gorenstein singularities we have K ~ Kg'. Now the
same argument as in the proof of (5.4), by using Theorem (5.6), gives the result. O
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