
Homework Problems 9
Due Monday, December 1, 2008

In Problems 1, 2, and 3, let Bt with t ≥ 0 denote a Brownian motion with
filtration Ft := σ(Bs for s ≥ 0).

Problem 1 Show that for each θ ≥ 0

Xt := e

(
θBt− θ2t

2

)

is a Martingale relative to the filtration Ft for t ≥ 0, i.e., show that E(|Xt|) < ∞ and
that for t ≥ s, E(Xt|Fs) = Xs.

Problem 2 Expanding

e

(
θBt− θ2t

2

)
=

∞∑

j=0

Hj(t, Bt)
θj

j!
,

it follows from Problem 1 that for each j ≥ 0, the stochastic process Hj(t, Bt) is a
Martingale relative to Ft for t ≥ 0. Compute Hj(t, Bt) for j ≤ 5.

Problem 3 Write down the integral that computes the function

p(t) := P (−1 ≤ Bt ≤ 1).

Plot p(t) when 0 ≤ t ≤ 1.

Problem 4 Let Nt for t ≥ 0 denote the Poisson process with parameter λ = 1, i.e.,
the Poisson process with

P (Nt = k) =
tk

k!
e−t.

Define the process Xt := Nt − t for t ≥ 0. Show that Xt and X2
t − t are Martingales

relative to the filtration
Ft := σ(Ns for s ≥ 0).

Problem 5 Using the notation of Problem 4, show that for each θ ≥ 0

E
(
e(θNt+t−teθ)|Fs

)
= e(θNs+s−seθ)

for t ≥ s ≥ 0.
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