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Chapter 1

In tro duction to Bertini

Numerical algebraic geometry is a young and burgeoning �eld of mathematical research. It lies at
the intersection of algebraic geometry and numerical analysisand addressesproblems arising both
in the sciencesand engineeringand also in pure algebraic geometry. Bertini is a software package
for computation in numerical algebraic geometry.

1.1 What Bertini does

Generally speaking, numerical algebraic geometry provides algorithms for computing and manipu-
lating structures of an algebro-geometricnature. A number of thesealgorithms have been imple-
mented in Bertini (and more are on the way). For example, Bertini can be used to produce all
isolated solutions of a system of polynomials with complex coe�cien ts. Thesepoints can be com-
puted with up to several hundred digits of accuracy sinceBertini makes use of multiple precision
Even better, the user doesnot needto know a priori the level of precision necessaryto attain the
desiredaccuracybecauseBertini may be told to useadaptive precisionchanges.Details about such
zero-dimensionalsolving may be found in Chapter 4.

Another of Bertini's key capabilities is that it can �nd \witness points" on every irreducible
component of the algebraicset corresponding to a systemof polynomials with complex coe�cien ts.
[30] is a good referencefor the de�nitions, theory, and algorithms behind such \witness sets."
The bottom line is that Bertini will detect the irreducible decomposition of the algebraic set by
specifying at least onepoint on each component. Oncesuch a witnessset is computed, the usermay
sample any component (i.e., produce as many points on the component as desired) and perform
component membership (i.e., specify a list of points and ask Bertini to determine whether any of
the points lie on the algebraic set correspoding to the witness set).

Bertini allows the user to choosefrom several di�eren t types of runs and to specify a large
number of tolerances(although all tolerancescomewith reasonabledefault settings). The point of
this manual is to indicate how to useBertini (seex1.4) { not the theory behind the algorithms. If you
are new to numerical algebraicgeometry or would like a refresheron someof the latest algorithms,
here is a list of someof the more recent references(mostly listed by date of publication):

� General references:[19], [27], [30]
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� Finding isolated solutions: [21], [1], [19], [27], [30]

� Finding witness sets: [25], [27], [30]

� Endgames: [22], [23], [24]

� Sophisticated start systems: [19]

� Adaptiv e multiple precision: [5], [6]

� De
ation: [18]

� Intersecting solution sets: [26]

� Equation by equation solving: [29], [17]

� Applications within mathematics: [11], [7], [20], [8], [9]

� Applications in engineeringand the sciences1: [36], [37], [30], [2], [38], [34]

� Related software: [35], [12], [39], [13], [16], [32], [41]

1.2 Where Bertini may be found

The o�cial Bertini website is http://www.nd.edu/ � sommese/bertini. There you will �nd the
current version of Bertini, information regarding bug �xes and revisions,a form for reporting bugs
and providing feedback, example input �les, and license information. Scripts written in Maple,
Matlab, and/or C for creating input �les and interpreting output �les are or will be posted on the
website of Daniel Bates. Errors and suggestedchangesin this manual may also be reported on the
Bertini website via the feedback form.

The developers of Bertini are aware of the many good reasonsfor going open source, but
only the executable is presently available to the public. To download a copy of Bertini, just go
to the website, �nd the version of the executablethat best matches your computer, and click the
link to download it. This will get you a .tar.gz �le of a directory. To unpack the directory,
just type tar -zxvf FILE_NAMEat the command line in the directory in which you saved the �le
(where FILE_NAMEis the name of the �le you downloaded, e.g., BertiniLinux32_beta.tar.gz ).
The directory that is created will contain a copy of this user's manual, the executable,a directory
containing several examplesto get you started, and a README �le explaining the examples.

Cygwin users should already have GMP and MPFR installed. If they are not, there are
directions for adding modules to Cygwin on the Cygwin webpage. It is quite easy. Other Linux
usersdo not need to worry about installing GMP, MPFR, or any other packagesas we were able
to make the links to the appropriate libraries static in that case.

There is a version of Bertini that works with the latest version of OS X on Macs. Bertini
has also been used on Windows machines without Cygwin, by including appropriate dll's in the

1Jan Verschelde contains a lengthy list of polynomial systems coming from applications on his website, including
referencesto their original appearancein the literature.
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directory containing the executable�le. However, such usagehas known problems and has not yet
beenfully tested. Thus, Bertini is only supported on Windows machines if Cygwin is used.

If no version of Bertini works on your machine, pleasecontact the development team as
described on the website. It might be possible to produce versions that can be used on other
operating systems,but we can make no such guarantees.

Details about how to useBertini onceit is downloaded are given in x2.1.2.

1.3 Who is developing Bertini

Bertini is under ongoing development by the development team, which consistsof Daniel J. Bates
(Colorado State University), Jonathan D. Hauenstein(Fields Institute), Andrew J. Sommese(Uni-
versity of Notre Dame), and CharlesW. Wampler I I (General Motors Research and Development).

1.4 How to use this manual

As mentioned above, this manual is designedto provide users with the knowledge necessaryto
useBertini. For background on numerical algebraic geometry, pleaserefer to the referenceslisted
in x1.1. The best way to learn how to use Bertini is through examples,so this manual consists
mostly of examples,syntax rules, and con�guration options. In particular, Chapter 2 is key for
�rst-time users in that it provides very basic examplesand a description of how to set up and
carry out basic runs of various types. Chapter 3 is intended mostly for referenceand should be
useful (especially x3.2) when Bertini will not run due to a syntax error in the input �le. Chapters
4 and 5 give further details about and options for zero-and positive-dimensionalruns, respectively.
Algorithms and output are described in those two chapters, and details regarding the special case
of user-de�ned homotopiesare given in x2.2.3.

A few details regarding the parallel versions of Bertini are provided in Chapter 6 and the
inside workings of Bertini are provided in Chapter 7. 2 Finally, the appendix gives a detailed list
of all user-changeableoptions.

The best way to learn how to use Bertini is to try the simple problems included with the
distribution, using this manual as your guide, as described above. Daniel Bates gave a talk in
October 2006 about using Bertini, around the time the beta version was �rst released. This
talk took place at the IMA (Institute for Mathematics and its Applications) in Minneapolis, MN,
USA. It was videotaped and is available to the public by navigating through the IMA website
(http://www.ima.umn.edu { look for a link to talk materials, then the 2006Workshop on Software
for Algebraic Geometry).

1.5 Ac knowledgemen ts

The development of Bertini has beensupported generouslyby a number of sources,including the
Duncan Chair at the University of Notre Dame, the University of Notre Dame, National Science

2Please note that Chapter 7 is not maintained as frequently as the rest of this manual, so a fair bit of the
information in that chapter is actually out of date.
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Foundation grants 0410047and 0105653,General Motors, the Institute for Mathematics and its
Applications, the Arth ur J. Schmitt Foundation, the University of Notre Dame Center for Applied
Mathematics, and the Fields Institute.
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Chapter 2

Getting started

2.1 Basics of a Bertini run

Bertini is mainly a text basedprogram meaning that most of the input and most of the output
may be found in �les. After providing the input �les (described in the next subsection and in
detail in the next chapter), the user calls Bertini (as described in x2.1.2) and can �nd the output
on the screenand in �les, as described in x4.2 and x4.3 for zero-dimensionalruns and in x5.2 and
x5.3 for positive-dimensionalruns. Special techniques,such asuser-de�ned homotopies,component
sampling, and component membership testing, endpoint sharpening, and de
ation require a little
extra work, so they are treated separately.

2.1.1 How to pro vide input

For most types of runs, Bertini needsonly one �le, the input �le. The input �le consistsof an
optional list of con�gurations (e.g., the desiredaccuracy of the solutions), declarations for almost
all namesused in the de�nition of the polynomials (e.g., all variables), and the target polynomial
system itself. For example, the following simple input �le is appropriate for �nding the isolated
complex solutions of x2 � 1 (with no special con�gurations):

function f;

variable_group x;

f = x^2 - 1;

END;

Note that each line must end with a semicolonand that the entire �le is terminated with
the keyword END. All white space(spaces,tabs, and blank lines) is ignored by Bertini. Since no
con�gurations are listed, all default settings for the user-changeabletolerancesof Appendix A will
be used. Suppose,though, that you would like the endgameto compute approximations of each
solution until successive approximations agreeto 8 digits, rather than the default. Then the input
�le would have the form:
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CONFIG

FINALTOL: 1e-8;

END;

INPUT

function f;

variable_group x;

f = x^2 - 1;

END;

In this case,the beginning of the input sectionwas speci�ed by including the keyword INPUT
just beforethe declarations. This wasnecessarybecauseof the inclusion of the con�guration section
at the top of the �le, starting with the keyword CONFIGand ending with END;. The con�gurations
are just listed oneper line betweenthosekeywords. More details about the input �le can be found
in the exampleslater in this chapter, and the exact syntax is given in the next chapter. It should
be noted, though, that the input �le neednot be namedinput; any legal �le namewill su�ce. The
name input is usedhere for convenience.

In almost all situations, Bertini will automatically create a homotopy, including a start sys-
tem, and solve the start system to �nd the start points at the beginning of each path. The only
exceptional caseis when the user provides his or her own homotopy. It is impossiblein that case
for Bertini to �nd the solutions of the start system (without homotoping to it from yet another
system). Thus, when using a user-de�ned homotopy, the user must provide a set of starting points
that are solutions to the start systemin a �le namedstart the syntax of which is given in x3.3. It
should be noted, though, that as opposedto the input �le, the start �le must actually be named
start.

The member_points �le is neededin addition to the input �le in the caseof component
membership testing. This �le contains a list of all points to betestedasto which solution componets
the points lie is identical in structure to the start �le, and must be named member_points.

One more input �le of interest that is automatically generatedas output during a run is the
witness_data �le. This is a terseform of the witnessdata of an algebraicset (i.e., the witnesspoints
and the linear slices). Although this �le could technically be produced manually, the best way to
create this �le is by executing a positive-dimensionalBertini run (in which casethe witness_data
�le is produced automatically). Since the syntax of the witness_data �le is so complicated and
has so many cases,the exact syntax will not be provided in this version of the manual. As with
the start �le, the witness_data �le must have exactly that name, and this �le must be speci�ed
in order to useeither component sampling or component membership testing.

2.1.2 How to run Bertini

Once all appropriate input �les have been created (typically just input ), running Bertini is sim-
ple. From the command line, in the directory containing the executable, just type ./bertini
FILE_NAME, where FILE_NAMEis either the name of a �le in the samedirectory or the path to a �le
in another directory (including the �le name itself). If no �le is speci�ed, Bertini will useas input
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the �le named input in the current working directory. If no �le is speci�ed and input does not
exist, Bertini will exit after printing an error messageto the screen.

One can specify the path to the executableas well, so Bertini can be run in any directory to
which the user has access.Even better, by placing the executablein a bin directory (and perhaps
logging out and then back into your account), Bertini can be called from anywhere in the �le tree
just by typing bertini (without a path). In any case,all output �les are created in the directory
from which the call is made (i.e., the current working directory). Of course, the user must have
write privelegesin that directory. Pleasenote that when using Cygwin, the executablemay not
actually be named bertini but rather bertini.exe .

Supposethe directory in which the executableresideshas the path � /bertini_dir/ , the in-
put �le of interest (namedmy_input ) is in � /input_files/ , and the current directory is � /elsewhere/ .
Then, the command� /bertini_dir/bertini � /input_files/my_input will run the polynomial
system of interest and create all output �les in � /elsewhere/ .

2.2 Some �rst examples

2.2.1 Zero-dimensional examples

Let us �rst revisit the example

function f;

variable_group x;

f = x^2 - 1;

END;

from x2.1.1.

Note that the keyword for the variables in the above example is variable_group and not
just \v ariable." This is how Bertini knows to homogenizethe input system but provide output in
complex spacerather than projective space.Alternativ ely, onemay chooseto provide homogenized
input, in which casethe output is also given in projective space(although no points at in�nit y are
identi�ed, since there is no canonical senseof in�nit y). The keyword for variables in that caseis
hom_variable_group . The input �le for a 1-homogenizedform of x 2 � 1 (where \1" indicates that
we are working in a single projective spacerather than a product) is then

function f;

hom_variable_group x, y;

f = x^2 - y^2;

END;

This homogenizedinput also shows an advantage of using Bertini: it can handle nonsquare
systems,i.e., systemsfor which the number of variablesand the number of equationsdi�er. In fact,
before any tracking is carried out, Bertini �rst computes the rank of the target system to check
whether there could be any isolated solutions. If so, it squaresthe functions up to the number
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of variables (which is reasonableby Bertini's Theorem). If not, Bertini immediately reports that
there are no isolated solutions and exits (in the caseof zero-dimensionalruns).

Bertini can also handle systemsde�ned over a product of complex or projective spaces. In
particular, if there are m terms in the product, the usermust specify m variable groups, in the form
of m lines in the input �le, each designatedby the appropriate keyword. Starting with Bertini v1.2,
projective and complex spacescan be mixed, i.e., both hom_variable_group and variable_group
can be used in a single input �le. For projective spaces,Bertini will automatically check the
homogenizationand, in caseof an error, display an error messageand quit. Here is an exampleof
an input �le for a 2-homogenizedtarget system(adapted from [15]):

variable_group z1;

variable_group z2;

function f1, f2;

f1 = (29/16)*z1^3 - 2*z1*z2;

f2 = z2 - z1^2;

END;

Now supposeyou want Bertini to follow the paths of this example very closely (correct to 8
digits before the endgameand correct to 11 digits when running the endgame)and that you want
the endgameto compute approximations of each solution until successive approximations agreeto
at least 14 digits. Then the input �le would be:

CONFIG

TRACKTOLBEFOREEG:1e-8;

TRACKTOLDURINGEG:1e-11;

FINALTOL: 1e-14;

END;

INPUT;

variable_group z1;

variable_group z2;

function f1, f2;

f1 = (29/16)*z1^3 - 2*z1*z2;

f2 = z2 - z1^2;

END;

Supposeyou then decide that you want even more accuracy - 20 digits. By default, Bertini
usesadaptive precision [5, 6] and will increasethe precision to allow successive approximations to
agreeto at least 20 digits 1.

1Note that other con�gurations should be changed as well in order to maximize either the speed or the security
of your run. Pleaserefer to the description of MPTYPE given in App endix A for details
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Bertini allows for computations to be completed using �xed precision. If you want com-
putations performed using double precision (16 digits or 52 bits of precision), you could add the
line

MPTYPE:0;

anywhere in the CONFIGsection of the input �le. Bertini also allows for any precision which has
the number of bits being a multiply of 32 and is between64 and 3328. To use128 bit precision (38
digits), you could add the lines

MPTYPE:1;

PRECISION:128;

anywhere in the CONFIGsection of the input �le.

Bertini also allows for the use of subfunctions when de�ning functions. This capability was
built in becausemany systemscoming from engineeringhave symmetry, so lumping many identical
parts of the input �le together into one subfunction results in increased e�ciency in function
evaluation. Function and Jacobian evaluation are the most expensive parts of almost all runs.
Note that subfunctions are the only namesin an input �le that do not needto be declared. Here
is an example in which the subfunction appears in every function (adapted from [30]):

variable_group x, y, z;

function f1, f2, f3;

S = x^2+y^2+z^2-1;

f1 = (y-x^2)*S*(x-0.5);

f2 = (z-x^3)*S*(y-0.5);

f3 = (y-x^2)*(z-x^3)*S*(z-0.5 );

END;

If you are reading through this manual from beginning to end, you should now be prepared
to run most zero-dimensionalexamplesjust by using the format of the �les in this section (and
perhapsreferring to the syntax rules provided in the next chapter and the table of con�gurations
provided in Appendix A).

2.2.2 Positiv e-dimensional examples

The input �les for positive-dimensional runs are almost identical to those for zero-dimensional
runs. In fact, other than a few con�guration settings, it is impossibleto distinguish between the
two. Here are the di�erences:

� To specify that Bertini should do a positive-dimesional run (rather than the default zero-
dimensionalrun), the usermust changethe TRACKTYPEin the CONFIGportion of the input �le.
For example,TRACKTYPE:1; speci�es a basic positive-dimensionalrun, 2 speci�es sampling,
and 3 speci�es membership testing.
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� The user may specify only one variable group, i.e., the system may be de�ned over either a
single complex spaceor a single projective space(no products).

Starting with Bertini v1.0, the positive-dimensional algorithms have been implemented in
both �xed precision and adaptive multiple precision.

For example, a witness set for the a�ne twisted cubic curve could be computed by Bertini
using the following input �le:

CONFIG

TRACKTYPE:1;

END;

INPUT

variable_group x, y, z;

function f1, f2;

f1 = x^2-y;

f2 = x^3-z;

END;

Using this input �le, Bertini will produce three points on the a�ne twisted cubic curve.
Supposeyou want a few more points, say 200. Then, simply changethe TRACKTYPEline to

TRACKTYPE:2;

Upon calling Bertini (assumingthe witness_data �le from the previousrun is still intact), a catalog
of all components in all dimensionswill appear on the screen. Bertini will prompt you to enter a
codimension, a component number, and a number of points (to which you would respond 2, 1, and
200, respectively). The �nal prompt asks where to print the sample points: enter 0 to print the
points to a �le called sample_points and enter 1 to print the points to the screen. Bertini would
then simply move the slicesaround and report all 200 desiredpoints.

Finally, supposeyou have a point in C3 that you think might be on the twisted cubic curve.
You could place that point into a �le named member_points (with syntax identical to the start
�le described in x3.3), change TRACKTYPEto 3, and again ensure that the witness_data �le is
intact. Bertini would then perform the component membership test on that point (and all points
listed in the member_points �le) and report which component the point appears to lie on (up to
the accuracyspeci�ed in FINALTOL).

A new development (as of the December 16, 2008 releaseof Bertini) is that witness point
superset generation may now be carried out in three di�eren t ways. The default is the standard
cascadealgorithm, asdescribed in Chapter 5. The other options are to usedimension-by-dimension
slicing (with each dimension handled independently) and regeneration. The con�guration setting
WITNESSGENTYPE togglesbetweentheseoptions { pleaseseethe appendix for details.
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2.2.3 User-de�ned homotopies

Bertini generally reads in the target system from the input �le and immediately homogenizesit
(unless it is homogenized),di�eren tiates it, squaresit up if necessary, adds patch equations (see
x4.1), adds a start system,and addssomeform of homotopy (depending upon whether it is a zero-
or a positive-dimensionalrun). However, the user has the option of providing a user-de�ned (i.e.,
parameter) homotopy, in which casenone of this is done (except for automatic di�eren tiation).
In other words, if the user choosesto specify their own homotopy, they are responsible for any
homogenization,squaring, and patch equationsthat are needed(in addition to the homotopy, start
system, and starting solutions). Pleasenote that in this case,a squaresystem is necessarywhile
homogenizationand the useof patch equations is optional. The important con�guration keyword
to do this is USERHOMOTOPY.

In this case,the user must specify the variables using the keyword variable (since there are
no groups involved as far as Bertini is concerned). It is also necessaryto specify the name of the
path variable (i.e., the variable through which the homotopy moves) and at least one parameter.
The path variable may not appear in the de�nition of the functions, so if no parameter is actually
desired, it is necessaryto declare one parameter and set it equal to the path variable. Here is a
simple input �le to solve x2 by moving from x2 � 1 via a linear homotopy:

CONFIG

USERHOMOTOPY:1;

END;

INPUT

variable x;

function f;

pathvariable t;

parameter s;

constant gamma;

gamma= 0.8 - 1.2*I;

s=t;

f = (x^2 - 1)*gamma*s + (x^2)*(1-s); %Note that only s appears, not t.

END;

There are several things to note in this input �le that have not come up previously. First
are the new keywords parameter and pathvariable . Thesekeywords should only be used in this
very special caseof a user-de�ned homotopy in a zero-dimensionalrun. Also, this is the �rst time
a comment has appeared in an input �le in this manual. Note that the % sign is the comment
character for Bertini; it causesBertini to ignore the rest of that line (until a carriagereturn). White
space(tabs and spaces)is ignored in Bertini. Finally, recall that it is not su�cien t to provide only
an input �le for a user-de�ned homotopy. The user must also provide the list of starting points in
a �le called start . Here is the start �le for this example:
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2

-1.0 0.0;

1.0 0.0;

The �rst line indicates that there are two paths to be followed. Then the starting points are
provided on separatelines, with the real part of each coordinate followed by a space,the imaginary
part, and �nally a semicolon. Points are separatedby a single blank line.

If the two starting points for somesystemare (2 + I ; 1 � 3 � I ; � 5) and (1; 3:5 + I ; 2 � 0:5 � I )
in three variables, the corresponding start �le is as follows:

2

2.0 1.0;

1.0 -3.0;

-5.0 0.0;

1.0 0.0;

3.5 1.0;

2.0 -0.5;
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Chapter 3

Syntax for input �les

Syntax errors might be one of the most annoying parts of using any software! Care hasbeentaken
to provide somesyntax-checking in Bertini, although the error messageproducedupon encountering
a syntax error may be more general than hoped for by the user. Fortunately, the only input �le
with any sophisticated structure or rules is the input �le, which is described in the next section.
x3.2 might be useful if a syntax error messageis reported. Finally, x3.3 covers the simple structure
of the start and member_points �les. Output �les are described in Chapters 4 and 5.

3.1 The input �le

As described in x2.2.1, the input �le has two parts, grouped as follows (where the % symbol is the
comment character in the input �le, as usual):

CONFIG

% Lists of configuration settings (optional)

END;

INPUT

% Symbol declarations

% Optional assignments (parameters, constants, etc.)

% Function definitions

END;

The upper portion of the �le consistsof a list of con�guration settings. Any con�guration
that is not listed in the input �le will beset to its default value. A table of all con�guration settings
that may be changed, along with their default settings and acceptable ranges, may be found in
Appendix A.

The syntax for the con�guration lines is straightforward. It consistsof the nameof the setting
(in all caps), followed by a colon, a space,the setting, and a semicolon. For example, to change
the tracking type to 1 (the default is 0), simply include the following line in the CONFIGportion of
the input �le:
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TRACKTYPE:1;

The lower portion of the input �le beginswith a list of symbol declarations(for the variables,
functions, constants, and so on). All such declarations have the sameformat:

KEYWORDa1, a2, a3;

where KEYWORDdependsupon the type of declaration. All symbols used in the input �le must be
declared,with the exception of subfunctions. Here are details regarding each type of symbol that
may be usedin the input �le:

� FUNCTIONS :

Regardlessof the type of run, all functions must be named, and the namesmust be declared
using the keyword function . Also, the functions must be de�ned in the sameorder that they
were declared.

� VARIABLES

In all casesexcept user-de�ned homotopies,the variables are listed by group with one group
per line, with each line beginning with either the keyword variable_group (for complex
variable groups against which the polynomials have not been homogenized)or the keyword
hom_variable_group (for variable groups against which the polynomials have beenhomoge-
nized). Note that the usermust chooseonetype of variable group for the entire input �le, i.e.,
mixing of variable groupsis not allowed in this releaseof Bertini. Also, only onevariable group
may be used for a positive-dimesional run. For example, if there are two nonhomogenized
variable groups, the appropriate syntax would be

variable_group z1, z2;
variable_group z3;

In the caseof user-de�ned homotopies,the keyword is variable , and all variables should be
de�ned in the sameline.

� PATHV ARIABLES :

The pathvariable, often denotedby the letter \t", is the independent variable that is controlled
during homotopy continuation. In Bertini, the homotopy always movesfrom the start system
at t = 1 to the target system at t = 0. A pathvariable must be declared in the input �le
ONL Y if the user is specifying the entire homotopy (i.e., USERHOMOTOPYis set to 1). In that
case,it is alsonecessaryto declareat least oneparameter, asdescribed in the next item. The
keyword for pathvariables is pathvariable .

� PARAMETERS :

Homotopy continuation relies on the abilit y to cast a given polynomial system as a mem-
ber of a parametrized family of polynomial systems. Such parametrized families (especially
those which occur naturally) constitute one of the powerful advantages numerical methods
in algebraic geometry have over symbolic methods. Sometimesthere is only one parameter
involved, but sometimesthere are several. Pleasenote, though, that user-de�ned parameters
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should be used only in the caseof user-de�ned homotopies. Regardlessof the number of
parameters, each parameter depends directly upon the pathvariable. As a result, the user
must both declare each parameter and assign to it an expressiondepending only upon the
pathvariable to it. Here is an example:

...
parameter p1, p2;
...
p1 = t^2;
p2 = t^3;
....

For technical reasons,in the caseof a user-provided homotopy, Bertini always assumesthat
there is at least one parameter (even if there is no apparent need for one). In the casethat
the user wishesto build a homotopy depending only upon the pathvariable, it is necessary
to declarea parameter, set it to the pathvariable in the assignments section, and then to use
only that parameter (and NOT the pathvariable) in the functions. Here is an example:

...
pathvariable t;
parameter s;
...
s=t;
....

No parameters should appear in the input �le unlessthe homotopy is de�ned by the user,
and the pathvariable should never appear explicitly in any homotopy function.

� CONST ANTS :

Bertini will accept numbers in either standard notation (e.g., 3.14159or 0.0023)or scienti�c
notation (e.g., 3.14159e1or 2.3e-3). No decimal point is neededin the caseof an integer. To
de�ne complex numbers, simply use the reserved symbol I for

p
� 1, e.g., 1.35 + 0.98*I .

Pleasenote that the multiplication symbol * is always necessary, i.e. concatenation doesnot
mean anything to Bertini.

Sinceit is sometimesuseful to have constants gathered in one location (rather than scattered
throughout the functions), Bertini has a constant type. If a constant type is to be used, it
must be both declaredand assignedto. Here is an example:

...
constant g1, g2;
...
g1 = 1.25;
g2 = 0.75 - 1.13*I;
....
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Bertini will read in all provided digits and will make use of as many as possible in com-
putations, depending on the working precision level. If the working precision level exceeds
the number of digits provided for a particular number, all further digits are assumedto be
0 (i.e., the input is always assumedto be exact). This seemsto be the natural, accepted
implementation choice, but it could causedi�cult y if the user truncates coe�cien ts without
realizing the impact of this action on the corresponding algebraic set.

� SUBFUNCTIONS :

Redundant subexpressionsare common in polynomial systems coming from applications.
For example, the subexpressionx^2 + 1.0 may appear in each of ten polynomials. One of
Bertini's advantagesis that it allows for the useof subfunctions. To usea subfunction, simply
choosea symbol, assignthe expressionto the symbol, and then useit in the functions. There
is no needto declaresubfunctions (and no way to do so anyway).

...
V = x^2 + 1.0;
...
f1 = 2*V^2 + 4.0;
...

� SIN, COS, PI, AND EXP :

Starting with Bertini v1.2, the sinefunction sin , cosinefunction cos and exponential function
exp are built into Bertini. Additionally , Bertini usesPi for the the constant � . To avoid
confusion with scienti�c notation, the constant e is not speci�cally built in Bertini, but the
user can de�ne their own constant and set it equal to exp(1) , as shown below.

...
constant EN; % Euler's number e
EN = exp(1);
...

It is important to note that Bertini will return an error if the argument of sin , cos, or
exp depends upon a variable when trying to solve a polynomial system. There is no such
restriction for user-provided homotopies.

3.2 Common syntax errors in the input �le

Common complaints about Bertini are that (a) the parser that reads in the input is very picky
and (b) the error messagesare often to general. The development team agreesand will continue to
work on this (especially during an upcoming complete rewrite). In the meantime, here is a list of
syntax rules that are commonly broken, resulting in syntax errors:

� All lines (except CONFIGand INPUT, if used) must end with a semicolon.
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� Bertini is case-sensitive.

� The symbol for
p

� 1 is I , not i . If you prefer to usei , you may de�ne i as a subfunction by
including the statement i = I; .

� In scienti�c notation, the baseis represented by e, e.g., 2.2e-4. Starting with Bertini v1.2, E
is also acceptable,e.g., 2.2E-4 .

� For multiplication, * is necessary(concatenation is not enough).

� Exponentiation is designatedby ^.

� All symbols (except subfunctions) must be declared.

� No symbol can be declared twice. This error often occurs when copying and pasting in the
creation of the input �le.

� A pathvariable and at least one parameter are neededfor user-de�ned homotopies. Please
refer to the previous section for details.

� So that you don't worry, white space(tabs, spaces,and new lines) is ignored.

3.3 The start �le

The structure of this �le is very simple. In fact, it wasdescribed fully in x2.2.3above, sopleaserefer
to that section for the basic syntax and structure. Although white spaceis ignored in the input
�le, it is important not to add extra spacesand/or lines to the start �le. The member_points �le
usesthe samesyntax as the start �le.
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Chapter 4

Details and examples regarding
zero-dimensional runs

4.1 How Bertini �nds these solutions

4.1.1 The basic idea

Bertini employs homotopy continuation to compute isolated solutions to polynomial systems.The
idea of this technique is to cast the target polynomial system in a parametrized family of systems,
one of which (the start system) has known or easily found solutions. After choosing this family,
one choosesa path from the start system to the target system, constructs a homtopy betweenthe
two, and tracks the solution paths using predictor/corrector methods (e.g., Euler's method and
Newton's method), employing adaptive steplength. This is a simpli�cation of the true situation, of
course. For complete details, pleaserefer to the referencesof x1.1.

As described above, Bertini will automatically m-homogenizethe target system if necessary
and always performs automatic di�eren tiation. If m = 1, Bertini also squaresthe system up to
the number of variables in the caseof zero-dimensionalruns. Bertini also adds m random patch
equations to the system so as to work on patches in each projective space. Once all of this is
done (if necessary),Bertini createsan m-homogeneousstart system, solves it to obtain the start
points (except in the caseof a user-de�ned homotopy), and attaches the start and target systems
into a homotopy (using the \gamma trick," which makesthe appearanceof singularities away from
t = 0 a probabilit y zero occurrence). At that point, Bertini carries out path-tracking on each path
independently and reports the �ndings to the user, as described in the next two sections.

Pleasebeaware that somepaths could fail during tracking, possiblyresulting in an incomplete
set of solutions. For example,using �xed 128-bit precisionbut asking for 200digits of accuracywill,
of course,result in path failure. Not all causesof path failure are soclear, but there is often a set of
tolerancesthat will allow convergenceof all paths. The useof adaptive precision(MPTYPE: 2 plus
someother settings { pleaseseethe appendix) will often help with convergence.Bertini reports to
the screenthe number of path failures, and there is a �le named failed paths describing each of
the failures.
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4.1.2 Endp oin t sharp ening for zero-dimensional runs

The sharpeningmodule wasdesignedto sharpen(re�ne) endpoints and display them to any number
of digits. The sharpening module can be utilized either during a tracking run or afterwards.
Since zero-dimensional runs can not currently determine if a singular solution is isolated, the
sharpening module for zero-dimensionalruns can only sharpen non-singular solutions. When using
�xed precision, endpoints can only be sharpenedto the number of digits of accuracybasedon the
precision. Using adaptive precision allows Bertini to automatically adjust the precision so that
endpoints can be successfullysharpened to any desired number of digits. After sharpening, the
endpoint is displayed using the smallest precision that is large enough to handle the number of
digits requested.

When the sharpening module is utilized, all endpoints that fail to sharpen to the requested
number of digits will be marked with a `&' in main_data.

4.1.3 Sharp en during trac king

During zero-dimensionaltracking, the sharpening module can be used to sharpen and display the
non-singularendpoints to any number of digits. That is, the paths are tracked basedon the tracking
tolerancesand then all the non-singular endpoints are sharpenedto the requestednumber of digits.
To utilize the sharpening module during tracking, simply set SHARPENDIGITS to the desired
number of digits.

4.1.4 Sharp en after trac king

After zero-dimensionl tracking has completed, the sharpening module usesthe raw_data �le to
reprocessthe endpoints and sharpen the non-singular onesto any number of digits. When the user
utilizes sharpening in this way, a menu will be displayed that allows the user to either sharpen
every endpoint, sharpen only the endpoints whosecorresponding path numbers are listed in a �le
or allows the user to manually enter the path numbers of the endpoints to sharpen. When using a
�le of path numbers, the path numbers can only be separatedwith white space. If a non-number
is reached, Bertini immediately stops reading in path numbers and attempts to sharpen the ones
that were already read. For advanced usersthat use redirected input, pleasenote that the input
commandsneedto be put onto separatelines sincebu�er clearing is usedfor scanfstabilit y.

To utilize the sharpening module after tracking, simply set SHARPENONLY to 1 and follow
the menu.

4.1.5 De
ation

De
ation hasbeenimplemented in Bertini for the positive-dimensionalcaseand will soon be avail-
able for the isolated singular endpoints found using a zero-dimensionalrun as well. Currently,
the only way to de
ate isolated singular endpoints is to usea positive-dimensionalrun to �nd the
isolated singular endpoints.
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4.1.6 Regeneration

Regenerationis an equation-by-equation method currently implemented for �nding the non-singular
isolated solutions. For more information on regeneration and equation-by-equation methods, see
[17, 29].

To utilize regeneration,simply set USEREGENERATION to 1.

One feature of the equation-by-equation methods is that previous results a�ect future results.
That is, if an error is made at a stage, it will in
uence the �nal results. Becauseof this, Bertini
allows for the regeneration to be restarted from a previous run at any stage that was previously
completed. To accomplishthis, simply set REGENSTARTLEVEL to the place where you want to
restart the regenerationfrom a previous run.

Pleaseseethe appendix for other regenerationspeci�c settings.

4.2 Output on the screen

Bertini will output to the screenone or more tables classifying the solutions that it found. In
particular, it will provide the number of real solutions, the number of nonsingular solutions, and so
on. In the casethat the userprovidesa nonhomogenizedsystem,Bertini will alsoclassifythe points
as �nite or in�nite and provide the previously-described data twice - once for the �nite solutions
and once for the in�nite solutions. Since there is no obvious notion of in�nit y in the caseof a
homogenizedtarget system, Bertini will just treat all points as �nite in this case. The number of
path crossings(if there were any) will also be reported to the screen. There is also a table of the
number of solutions of each multiplicit y. The classi�cations are basedon the settings described in
the appendix and may needadjusted basedon your speci�c system.

Perhapsthe most useful information reported to the screenare a list of output �les of interest
and the number of paths that failed during the run.

4.3 Output in �les

Depending on the case,Bertini will provide a number of �les. The main_data �le is of most interest
to most users. It contains information about the solutions in a format that is easily read by humans.
The �le named raw_data contains similar data but is better suited for manipulation by software.
In particular, the �rst two lines of raw_data (in order) are the number of variablesand the number
0 (indicating the dimension), and the last line is -1 (to indicate the end of the �le). The interesting
data lies between these lines and is broken into blocks with one block for each point. Each block
has the following structure:

solution number1

bits of precision for the endpoint

the coordinates of the solution2

1The \solution number" doesnot necessarilycorrespond to the order of the start points in the caseof a user-de�ned
homotopy. The solutions are sorted after the run, and the resulting order is the source of this \solution number."

2Each coordinate gets its own line, with the real part listed before the imaginary part.
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the norm of the function value at the endpoint

an estimate of the condition number at the most recent step of the path

the most recent Newton residual

the most recent value of the path variable, t

the error betweenthe most recent estimatesat t = 0

the value of the path variable when precision �rst increased

the cycle number usedfor the most recent estimate

successindicator (1 meanssuccessful,otherwise indicates a convergenceproblem)

A number of other (specialized) �les are produced in somecases.The contents of these�les
should come as no surprise to the user given their names: real_solutions , finite_solutions ,
nonsingular_solutions , and so on. The structure of those �les is identical of start described in
x 3.3.

4.4 Zero-dimensional examples

The following providesscreenshotsfor using Bertini to compute a �nite set of solutions that contain
the zero-dimensionalsolutions.

4.4.1 Basic example

Figure 4.1 presents a basic input �le, named input basic, that instructs Bertini to use all default
settings to solve x2 � 1 = x + y � 1 = 0 on C2.

Figure 4.1: Basic input �le

By default, Bertini automatically usesadaptive precision tracking [5, 6] and computesthe 2
solutions as shown in Figure 4.2.

The �le nonsingular solutions contains the coordinates for the numerical approximations
for the 2 nonsingular solutions, namely x = 1; y = 0 and x = � 1; y = 2, as displayed in Figure 4.3.
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Figure 4.2: Running Bertini using input basic

Figure 4.3: Nonsingular solutions for input basic

By inserting the line \SHARPENDIGITS: 20;" into input basic, as shown in Figure 4.4,
Bertini will automatically attempt to sharpen the nonsingular solutions so that they are correct to
20, as shown in Figure 4.5.
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Figure 4.4: input basic with sharpening con�guration

Figure 4.5: Nonsingular solutions for input basic with sharpening

4.4.2 Extended example

Figure 4.6 presents an input �le, named input extended1, that instructs Bertini to use all default
settings to solve x2 � 1 = xy � 1 = 0 on C2. By default, Bertini automatically usesadaptive
precisiontracking [5, 6] with truncation for paths appearing to be approaching solutions at in�nit y,
as shown in Figure 4.7.

Figure 4.8 presents an input �le, named input extended2, that instructs Bertini to usesolve
the samepolynomial system using securepath tracking (SECURITYLEVEL: 1), tighter tracking
tolerancesall along the paths (TRA CKTOLBEF OREEG: 1e-7& TRA CKTOLDURINGEG: 1e-7),
tighter convergencetolearancefor the endgame(FINAL TOL: 1e-12),and setsthe adaptive precision
settings appropriately for the system (COEFFBOUND: 2 & DEGREEBOUND: 2). Bertini now
computesthe solutions at in�nit y using the settings requested,as shown in Figure 4.9.

We can exploit the 2-homogeneousstructure in the systemx2 � 1 = xy � 1 = 0 by separating
x and y into separatevariable groups. Figure 4.10 presents an input �le, named input extended3,
that demonstrateshow to do this with Figure 4.11 presenting the output of Bertini to the screen.
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Figure 4.6: input extended1

Figure 4.7: Running Bertini using input extended1
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Figure 4.8: input extended2

Figure 4.9: Running Bertini using input extended2
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Figure 4.10: input extended3

Figure 4.11: Running Bertini using input extended3
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4.4.3 Regeneration example

Figure 4.12 presents an input �le, named input regeneration, to solve a system adapted from [30]
with a subfunction S. It computes the nonsingular isolated solution x = y = z = 0:5 using
regeneration[17]. Output to the screenis presented in Figure 4.13.

Figure 4.12: input regeneration
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Figure 4.13: Running Bertini using input regeneration
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Chapter 5

Details about positiv e-dimensional
runs

5.1 How Bertini �nds these solutions

Bertini carriesout many of the sameoperations in this caseasit doesin the caseof zero-dimensional
tracking, as described in x4.1, so usersshould read the previous chapter beforeproceeding.Bertini
(by default) also setsup the cascadehomotopy (seethe referencesof x1.1) and usesa total degree
start systemat the top level to get the cascadegoing1. Beforeall of this, though, Bertini computes
the rank of the target system (via the SVD) at a genericpoint so that the system can be squared
to the appropriate size (potentially decreasingboth the number of variables and the number of
polynomials), and so that the cascadewill only run through dimensionsthat might have solutions.

The cascadealgorithm producesa pure-dimensional witness superset in each dimension of
interest, meaning it does not immediately �nd the desired witness sets, but rather sets that may
contain \junk" from higher-dimensionalcomponents. This �rst step of positive-dimensionalsolving
involves slicing the algebraic set of interest by generic hyperplane sections(in the form of linear
equations with randomly chosencoe�cien ts). As mentioned in x2.2.2, as of late December 2008,
usersmay also ask Bertini to handle each dimension independently (i.e., not in a cascade)or use
regeneration,via the con�guration setting WITNESSGENTYPE. After witnesssupersetgeneration
is complete (running from codimension 1 to the codimension determined by the rank test), the
\junk" is removed from each pure-dimensionalwitnesspoint superseteither by using a membership
test or by using the local dimension test [3]. The con�guration JUNKREMO VALTEST allows the
user to select between the two junk removal algorithms. Once the junk is removed, Bertini has
a witness point set for each dimension of interest. Using the witness set, the singular witness
points are de
ated. That is, for each witness point in the witness set, Bertini createsa system of
polynomials and a witness point on a reduced component of the new system that corresponds to
the given witness point.

To break the pure-dimensionalwitness sets into components, Bertini employs a combination
of monodromy and a test known as the linear trace test. Details may be found in [30]. Once

1Bertini, as of December 2008, can also generate witness supersets via a dimension-by-dimension algorithm or
regeneration. Pleaserefer to WITNESSGENTYPE in the appendix for details.
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the breakup is complete, all data is reported to the user and also stored in a special �le named
witness_data . Component sampling and membership testing then just involve reading in this �le
and moving the linears around either to sample a given component or to test whether the points
given in member_points lie on an irreducible component of the algebraic set.

5.2 Output on the screen

There are two main parts of the output to the screenprovided by Bertini in this case.One is a table
giving the number of components, the total degree,the number of unclassi�ed singular solutions,
the number of paths, and the number of failed paths in each dimension of the cascade.The other
is a table of components listed by dimension and by degree. As with the zero-dimensionalcase,
Bertini will report an error messageto the screenin the caseof a suspectedpath crossing. Bertini
detects this by comparing path values at t = 0:1 (or someother endgamebreakpoint, as de�ned
by the user). This is not a foolproof way of detecting path crossing,but it will catch many cases.
There is also a list of �les of interest.

5.3 Output in �les

The main output �le of interest is called main_data. It contains all points in the witness set in a
format that is easily readableby humans. witness_data is a �le suited for automated reading by
a program. It contains all of the information neededto describe the witness set, in particular, the
information usedfor component sampling and membership testing.

5.4 Positiv e-dimensional examples

The following provides screenshotsfor using Bertini to compute the numerical irreducible decom-
position for a polynomial system.

5.4.1 Basic example

Figure 5.1 presents an input �le, named input sphere, that instructs Bertini to use all default
settings to compute the numerical irreducible decomposition of the spherein C3.

By default, Bertini automatically usesadaptive precision tracking [5, 6] and computes the
degree2 surfacein C3 as shown in Figure 5.2.
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Figure 5.1: input sphere

Figure 5.2: Running Bertini using input sphere
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5.4.2 Twisted cubic in P3

Figure 5.3presents an input �le, namedinput twisted cubic, that instructs Bertini to usedimension-
by-dimension slicing [28] for witness superset generation to compute the numerical irreducible
decomposition of the twisted cubic in P3. Figure 5.4 presents the output to the screenof Bertini
for computing this degree3 curve.

Figure 5.3: input twisted cubic

5.4.3 De
ation example

Figure 5.5 presents an input �le, named input Griewank Osborne [15], that instructs Bertini to
compute the numerical irreducible decomposition and sharpen the witness points for each compo-
nent to 30 digits. Bertini automatically de
ates the components that are generically nonreduced.
Figure 5.7 presents the output to the screenof Bertini and Figure 5.6 displays the main data �le
showing the isolated solution at the origin that is correct to at least 30 digits.
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Figure 5.4: Running Bertini using input twisted cubic
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Figure 5.5: input Griewank Osborne

Figure 5.6: main data �le for input Griewank Osborne
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Figure 5.7: Running Bertini using input Griewank Osborne
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5.5 Comp onent sampling and membership testing

For component sampling, Bertini reads in information about the witness set corresponding to the
target system in the input �le from the witness_data �le. It then queries the user about which
component to sample and how many points to �nd. After the user's choices are made, Bertini
simply moves the appropriate linears around (as in monodromy) and gathers the desired number
of samplepoints. Thesepoints are then simply returned to the screen.

For membership, Bertini readsin information about the witnessset asin the caseof sampling.
It then reads in from the �le member_points all points that the user would like to test. Bertini
movesthe appropriate slicesaround and reports to the screenwhether any of the points lie on the
algebraic set (and, if so, on which component they reside).
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Chapter 6

Commen ts about running Bertini in
parallel

Starting with the December 16, 2008 releaseof Bertini 1.1, parallel versionsof Bertini are avail-
able. The parallel versionsof Bertini were written using MPI and compiled using the MPICH and
MPICH2 implementations of MPI 1.1 and MPI 2.0, respectively. For more details on MPICH and
MPICH2, seehttp://www-unix.mcs.anl.go v/mpi.

The generalsyntax for running Bertini in parallel is

mpirun -np NUM_PROCESSES./bertini FILE_NAME

where NUM_PROCESSESis the number of processesto use and FILE_NAMEis the name of the input
�le. If NUM_PROCESSESis 1, Bertini runs in serial mode. Otherwise, Bertini uses1 processas the
head (master) processand the other processesas workers.
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Chapter 7

A bit about how Bertini works

7.1 Data typ es and linear algebra

Of the available computational mathematics software packages(e.g., Maple and Matlab) and li-
braries (e.g., Linpack and LAPack) of which we are aware, only Maple supports multiprecision

oating point arithmetic. However, to maximize control over various other aspects of the software,
it was decidedto write Bertini without relying on such existing software platforms. As a result, it
was necessaryto build basic data typesand linear algebra subroutines, which are the topic of this
section.

7.1.1 Basic data t yp es

The GMP-based library called MPFR provides data types for arbitrary precision 
oating point
numbers as well as basic declaration, assignment, and arithmetic functions. The basic 
oating
point type in MPFR is the mpf_t data type, which contains a �eld for the precisionof the instance
and a several �elds for the data itself. Using MPFR, bits may only be assignedin packets of 32.

The use of MPFR data types and functions is very computationally expensive, so it was
necessaryto have available in Bertini duplicate data types and functions. One set of types and
functions usesentirely basicC double data typeswhile the other set of typesand functions usesthe
MPFR typesand functions. Although this dualit y makescode-writing and maintenancesomewhat
tedious, it is a simple solution to the needfor both types.

The most basic nontrivial data type in Bertini is the complex number, which is a structure
consisting of two of the basic 
oating point type (double or mpf_t), named \r" and \i" for obvious
reasons. Vectors (and the identical data type, points) and arrays are then built as structures
consistingof an array of complexnumbersand oneor two integer �elds containing the dimension(s)
of the instance. Many more advancedstructures are included in Bertini.

Adaptiv e precision introducesa special problem obviously not present with �xed precision
runs: Bertini must somehow convert from regular precisiontypesand functions to multiple precision
versions. The solution to this problem usedin Bertini is to have both versionsof any given function
available and to build a control function sitting over thesetwo functions. When called, the control
function will begin by calling the regular precision version of the function. The regular precision
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version must be able to recognizewhen higher precision is neededusing, for example, the criteria
developed in [5, 6].

Once the regular precision version of the function at hand runs out of precision, it returns a
special error code to the control function. The control function then usesspecial MPFR functions
for copying regular precisiondata into MPFR data typesto convert all necessarydata from regular
precision to the minimum level (64 bits) of multiple precision. After the conversion of all data to
multiple precision types, the control function calls the multiple precision version of the function.
That version of the function may then usethe criteria to judge whether higher precision is needed,
and if so, it can handle the precision increaseitself, without reporting back to the control function.

There is at least onemajor drawback to this way of implementing the functions of numerical
algebraic geometry. Every function comesin several versions. For example, for the power series
endgame,there is currently a �xed regular precision version, a �xed multiple precision version, a
version for regular precision that knows how to watch for precisionproblems, an analogousversion
for multiple precision,and a control function sitting over the adaptive precisionversions. Whenever
a bug is found or an extension is made, the developer must be very careful to correct or extend
every version of the function.

It should also be noted that when one extends precision in MPFR, the added digits are
chosen randomly. Although this may cause concern in some contexts, Bertini makes use of a
re�ning function basedon Newton's method to make certain the extendedprecision versionsof all
data typeshave adequateaccuracyimmediately following precision increases.Note that this is not
a concern with the numerical data in the input �le. Indeed, integers in input are stored exactly,
and all 
oating point numbers are stored as rational numbers with denominators the appropriate
factor of ten. Then, when straight-line program evaluation begins,thesenumbersare computed to
the current working precision. The useof rational numbers to represent numerical data forcesany
digits added beyond the original precision of the input data to be set to zero, working under the
assumption that the user is providing exact (or at least as exact as possible) information.

7.1.2 Linear algebra

Although moresophisticatedtechniquescould beemployed(e.g.,Strassen-likematrix multiplication
formulas), Bertini includesnaive implementations of arithmetic and norms for matrices and vectors.
The in�nit y norm is usedalmost exclusively throughout Bertini. Gaussianelimination with pivoting
is used for matrix inversion, and failure is declared in that subroutine if any pivot is smaller than
somethreshold that has been hardcoded in the sourcecode as a formula basedon precision. As
with the basic data typesand most other sorts of subroutines, there are two copiesof each linear
algebraic operation, one in regular precision and one in arbitrary precision.

One of the endgames,the power seriesendgame,makes useof interpolation. Basic Hermite
interpolation hasbeenimplemented sincederivativesare readily available all along the path. These
implementations of interpolation allow for an arbitrary number of data points.

The most sophisticated linear algebra routine in Bertini is the computation of the SVD of a
matrix. The singular valuedecomposition of a matrix yields asa byproduct the condition number of
the matrix, which is just the ratio of the largest and the smallest nonzero(interpreted numerically,
of course)singular values. An implementation of the numerical computation of the singular value
decomposition of a matrix is included in Bertini. [33] is another excellent resourceregarding the
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singular value decomposition.

7.2 Prepro cessing of input �les in Bertini

Beforeany actual tracking is carried out, Bertini passesthrough a preprocessingstage. It is during
this part of the run that Bertini read in all of the data contained within the various input �les and
converts the polynomials of the •input �le to straight-line format. All such information is currently
written to several �les at the end of the preprocessingstage. The main part of Bertini, the tracker,
then reads in these�les at the beginning of the tracking phase.

The fundamental storage structure for polynomials in Bertini is the straight-line program.
A straight-line program of a polynomial (or a function in general) is a list of unary and binary
operations that may be usedto evaluate the polynomial (or function). For example, the expression
(x + y)2 � z may be broken into the following straight-line program:

t1 = x + y,

t2 = t2
1,

t3 = t2 � z.

Then, to evaluate the expression,one may simply substitute in the values of x, y, and z as
they are needed.The next sectiondescribesseveral advantagesto using straght-line programs. The
sectionafter that describesspeci�cally how Bertini converts polynomials in input into straight-line
programs.

7.2.1 Adv antages of using straigh t-line programs

There are several advantages to using straight-line programs for the representation of polynomial
systems. For one, it allows for the use of subfunctions, as described above. Also, it sidestepsthe
di�cult y of expressionswell by allowing for non-standard expressionrepresentation, e.g., many
more operations are neededto evaluate the expansion of (x + y)4 (at least 17 operations) than
are neededwhen evaluating the factored form of the expression. Finally, the use of straight-line
programs makesautomatic di�eren tiation and homogenizationvery easy.

To homogenizea polynomial systemgivenby a straight-line program, onemust �rst record the
breakup of the variables into m variable groups and add onenew variable to each of the m groups.
Then, when parsing the system into a straight-line program (as described in the next section),
for each operation, one must simply compare the multidegrees of the operands and multiply in
copiesof the appropriate new homogenizingvariables as needed. For example, if the operands of
an addition have multidegrees [0; 1; 0] and [1; 2; 0], before recording the straight-line instruction
for this operation, one must record two extra instructions corresponding to multiplying the �rst
operand by the �rst and secondhomogenizingvariables. After a systemis homogenized,it is again
just a matter of bookkeeping to produce the corresponding start system and to solve this start
system in order to produce the set of start points.

Automatic di�eren tiation is also very simple in the straight-line program setting. Please
note that automatic di�eren tiation is not the sameas numerical or approximate di�eren tiation -
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the result of automatic di�eren tiation is as exact as the input (even if the input is exact). The
idea of automatic di�erenation is to producea set of instructions for evaluating the derivative of a
polynomial (or other function) given a straight-line program for the evaluation of the original poly-
nomial (or function). There are many variations on the basic method, but the most basic method
(called forward automatic di�eren tiation) is usedwithin a pair of loops to produce instructions for
evaluating the Jacobian of a polynomial system in Bertini. For a good referenceabout automatic
di�eren tiation, pleaserefer to [14].

After producing the straight-line program for a polynomial system,onemay read through the
set of instructions, writing down appropriate derivative evaluation instructions for each evaluation
instruction. For example,given an instruction x � y wherex and y are memory locations, onecould
produce a set of three instructions for evaluating the derivative of this instruction. In particular,
the �rst instruction would be to multiply the derivative of x (which should already have a memory
location set aside) by y, the next would multiply x by the derivative of y, and the third would add
these two, storing the result in the appropriate memory location. Naturally , there is a great deal
of bookkeepinginvolved, but that is just a matter of careful implementation.

7.2.2 Implemen tation details for straigh t-line programs

BeforeBertini performs path-tracking techniquesor any other methods, it calls a parser to convert
the Maple-style, human-readableinput �le into straight-line program. This preprocessingstagealso
includes automatic m-homogenizationand automatic di�eren tiation, as described in the previous
section. Details of how to uselex and yacc(or the variants 
ex and bison) to parsepolynomial sys-
tems into straight-line programs and details about the actual straight-line program data structure
in Bertini are given in this section. To learn about the useof lex and yacc in general,pleaserefer
to [10].

To use lex and yacc (or their variants), one must produce two �les that, together, describe
how to convert the input structure into an output structure. For example, these�les convert from
Maple-style input �les to straight-line programs (in the form of a list of integers) in Bertini. The
main part of the lex �le contains descriptions of the tokens to be detected within the input �le.
In the caseof Bertini, theseinclude tokenssuch as integers, 
oating point numbers, string names,
and other implementation-speci�c words such as \v ariable_group" and \END".

The main part of the yacc �le consistsof an ordered set of rules to which the tokensmay be
set. There are a variety of nuancesin creating such a yacc �le, but the main idea is to create a list
of unambiguous rules that together completely specify the structure of the input �le. For example,
the �rst two rules of the Bertini yacc �le specify that the input �le should have the structure of
a \command" followed by a \command_list" or followed by the word \END." Each command is
then a declaration or an assignment, and so on. The main part of this set of rules for Bertini is the
de�nition of an \expression", the right hand side of a polynomial de�nition. Each expressionis a
sum of terms, each term is a product of monomials, each monomial is somekind of primary, and
each primary is a number, a name, or another expressioncontained in a pair of parentheses.

Bertini does not only convert from Maple-style input to straight-line programs. Consider
the example of f = (x + y)2 � z given above. By moving through the yacc rules, Bertini would
�rst recognizex + y. Since x and y are variables that were presumably already declared before
this statement, they have already beenassignedaddressesin an \evaluation array" of the complex
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numbers type. A few constants like 0, 1, I =
p

� 1, and Pi = 3:1415926:::: are so important that
they are given the �rst few addressesin this array, after which all other namesand numbers that
appear in the input �le are given addresses.Assuming f , x, y, and z were already declaredbefore
this assignment statement, the evaluation array would look like:

index 0 1 2 3 4 5 6 7
name I Pi 0 1 f x y z

The �rst instruction is then t1 = x + y, written \+ t1 x y" for convenience. This is then
converted into addressnotation as \+ 8 5 6", i.e., the sum of the valuesin memory locations 5 and
6 is stored in memory location 8. When the 2 is encountered, it is also assignedan addressin the
evaluation array. In the end, the array is as follows, where I R means\in termediate result":

index 0 1 2 3 4 5 6 7 8 9 10 11
name I Pi 0 1 f x y z IR 2 IR IR

To save work, all operations are assignedinteger codes(in particular, their ASCII codes), so,
for example, \+ 8 5 6" becomes\43 8 5 6." Table 6.1 lists all currently supported operations and
their corresponding codes.

Table 7.1: LEGAL OPERATIONS IN BERTINI
Operation ASCII Code

+ 43
- (binary) 45

* 42
/ 47
^ 94
= 61

- (unary) 78 (for N)
sin 83 (for S)
cos 67 (for C)
exp 88 (for X)

Thus, the Bertini-st yle straight-line program for the current examplewould be \43 8 5 6 94 10
8 9 42 11 10 7 61 4 11." If m-homogenizationwas being carried out during parsing, Bertini would
simply comparethe degreesof each operand while parsing and add extra instructions corresponding
to multiplication by a homogenizingvariable, as necessary. Once the straight-line program for a
polynomial systemhas beencreated, a function called di� readsthrough the straight-line program
one instruction at a time, creating instructions for the Jacobian of the system,as described above.
Finally, Bertini concatenatesthe two straight-line programs to make one complete straight-line
program for computing the function and derivative valuesof the polynomial system.
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App endix A

Con�gurations

A.1 Optional con�gurations

Bertini is highly con�gurable by utilizing over 50 userchangeablecon�gurations, which is bene�cial
for attacking a wide rangeof problems. The list of possiblecon�gurations is presented below along
with a brief description of each. For convenience,the con�guration settings having the highest level
of importance are listed in Table A.1, while those that are alsoavailable but may not be of interest
to the typical user are given in Table A.2. Additionally , the description of each con�guration is
listed in the sameorder that they appear in the tables.
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Table A.1: Con�guration settings of particular interest
NAME ACCEPTABLE VALUES DEFAULT VALUE

TRA CKTYPE 0, 1, 2, 3 0
MPTYPE 0, 1, 2 0

PRECISION � 64 and � 3328 96
ODEPREDICTOR 0,3,4,5,6,7,8 5

TRA CKTOLBEF OREEG > 0 1e-5
TRA CKTOLDURINGEG > 0 1e-6

FINAL TOL > 0 1e-11
MAXNORM > 0 1e5

MINSTEPSIZEBEF OREEG > 0 and � MAXSTEPSIZE 1e-14- �xed precision
MINSTEPSIZEDURINGEG > 0 and � MAXSTEPSIZE 1e-15- �xed precision

IMA GTHRESHOLD > 0 1e-8
COEFFBOUND > 0 1000

DEGREEBOUND > 0 5
TARGETTOLMUL TIPLIER � 1 10

AMPMAXPREC � 64 and � 3328 1024
CONDNUMTHRESHOLD > 0 1e8
PRINTP ATHMODULUS � 0 20

RANDOMSEED � 0 0
SINGVALZER OTOL > 0 1e-12
USERHOMOTOPY 0, 1 0
SHARPENDIGITS � 0 0
SHARPENONLY 0,1 0

WITNESSGENTYPE 0,1,2 0
JUNKREMO VALTEST 0,1 1

REDUCEDONL Y 0,1 0
ENDGAMENUM 1,2,3 1

NUMSAMPLEPOINTS � 2 and � 32 2
USEREGENERATION 0,1 0

SECURITYLEVEL 0,1 0
SECURITYMAXNORM > 0 1e4
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Table A.2: Other con�guration settings
NAME ACCEPTABLE VALUES DEFAULT VALUE

SCREENOUT 0, 1 0
OUTPUTLEVEL -1, 0, 1, 2, 3 0

STEPSFORINCREASE � 1 5
MAXNEWTONITS � 0 2

MAXSTEPSIZE > 0 and � 1 0.1
NBHDRADIUS > 0 and < 1 1e-100

ENDGAMEBDR Y > 0 and < 1 0.1
TARGETTIME � 0 and < 1 0

MAXNUMBERSTEPS > 0 10000
SAMPLEFACTOR > 0 and < 1 0.5
MAX CYCLENUM � 1 6

AMPSAFETYDIGITS1 anything 1
AMPSAFETYDIGITS2 anything 1

MAXNUMPTSF ORTRA CE > 0 5
MAXNUMMONLINEARS > 0 5

MAXNUMBADLOOPSINMON > 0 10
INTRINSICMUL TIPLIER � 0 and � 1 0.75

REGENSTARTLEVEL � 0 0
REGENREMO VEINF 0,1 1

SLICETOLBEF OREEG > 0 1e-7
SLICETOLDURINGEG > 0 1e-8

SLICEFINAL TOL > 0 1e-11
MINCYCLETRA CKBA CK > 0 4
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Con�gurations

� TRA CKTYPE

Set to 0 for zero-dimensionaltracking, 1 for numerical irreducible decomposition, 2 for com-
ponent sampling, or 3 for the component membership test.

� MPTYPE

Indicates the level of precision to be used. Set to 0 for regular precision, 1 for higher pre-
cision, or 2 for adaptive precision. If MPTYPE is 1, the user should also set PRECISION
to the desired level of precision. Note that in the caseof MPTYPE is 2, Bertini will auto-
matically begin each path with regular precision, regardlessof the setting of PRECISION.
Also, if MPTYPE is 2, COEFFBOUND, DEGREEBOUND, AMPSAFETYDIGITS1, and
AMPSAFETYDIGITS2 should be set up; pleaserefer to the descriptions of those settings
for details. Starting with Bertini v1.2, DEGREEBOUND is computed and COEFFBOUND
is approximated when not using a user-de�ned homotopy. The user-provided bounds take
precedenceover the computed bounds.

� PRECISION

This indicates the level of precisionto use(in bits) if MPTYPE=1. Standard settings include
64 bits (roughly 19 decimal digits), 96 (28), 128 (38), 160 (48), 192 (57), 224 (67), and 256
(77). In general,N bits is equivalent to bN ln(2)

ln(10) c decimal digits. The maximum is 3328bits
(roughly 1000digits), and this setting has no e�ect if MPTYPE=0 or 2.

� ODEPREDICTOR

This indicates which ODE method to utilize to predict the next point on the path. The
available predictors are Euler (0), Heun{Euler (3), Norsett (4), Fehlberg (5), Cash{Karp (6),
Dormand{Prince (7) and Verner (8). See[4] for more details.

� TRA CKTOLBEF OREEG

The desiredtracking tolerance during the non-endgameportion of the path. In other words,
the goal of the corrector steps is to have two iterates within TRA CKTOLBEF OREEG of
each other (using the in�nit y norm).

� TRA CKTOLDURINGEG

The sameas TRA CKTOLBEF OREEG, except that it is usedin the endgameportion of the
path.

� FINAL TOL

This is the toleranceto which the endpoints of successfulpaths will be accurate. For example,
if FINAL TOL is 1e-11,the �rst 11 digits of the endpoint will be correct.

� MAXNORM

For post-processing,this is the cuto� for �nite versusin�nite endpoints. Also, for user-de�ned
homotopies, if any point on the path exceedsMAXNORM, tracking will be terminated since
the path appearsto be going to in�nit y.
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� MINSTEPSIZEBEF OREEG

This is the smalleststeplength that Bertini will allow during the non-endgameportion of each
path. If a predictor/corrector step fails and causesthe steplength to drop below this level,
the path will be declareda failure. Sinceadaptive precision veri�es the precision is su�cien t
for the step size,the user should not adjust this con�guration when using adaptive precision.

� MINSTEPSIZEDURINGEG

The sameasMINSTEPSIZEBEF OREEG, except that it holds in the endgameportion of the
path.

� IMA GTHRESHOLD

Endpoints are considered real if the imaginary parts of the coordinates are all less than
IMA GTHRESHOLD in absolute value.

� COEFFBOUND

When usingadaptiveprecision(MPTYPE is 2), it is necessaryto provide a bound on the sums
of the absolutevaluesof the coe�cien ts of the polynomials. In other words, COEFFBOUND
must bound the sum of the absolutevaluesof the coe�cien ts of every polynomial in the poly-
nomial system. Starting with Bertini v1.2, COEFFBOUND is automatically approximated
when not using a user-de�ned homotopy with a user-provided bound taking precedenceover
the computed bound.

� DEGREEBOUND

As with COEFFBOUND, DEGREEBOUND must be provided whenever adaptive precision
(MPTYPE is 2) is used. DEGREEBOUND is simply a bound on the degreesof the polynomi-
als in the system. Starting with Bertini v1.2, DEGREEBOUND is automatically computed
when not using a user-de�ned homotopy with a user-provided bound taking precedenceover
the computed bound.

� TARGETTOLMUL TIPLIER

Two endpoints will be consideredequal if they di�er by lessthan the �nal tolerance(FINAL-
TOL) times a factor, named TARGETTOLMUL TIPLIER.

� AMPMAXPREC

This is the maximum precision(in bits) allowed whenusingadaptive precision(to avoid in�nit
loops.

� CONDNUMTHRESHOLD

For basic zero-dimensionaltracking, this is the cuto� for determining singular versus non-
singular. For regenerationand positive-dimensionaltracking, singular versusnon-singular is
basedon the corank of the Jacobian rather than a �xed bound.

� PRINTP ATHMODULUS

This is the frequency with which Bertini will print out path numbers while running. It has
no e�ect on the run. The idea is that infreqeunt updates leaves the user wondering how the
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run is progressing,while frequent updates can be tedious. Only path numbers divisible by
PRINTP ATHMODULUS will be printed (unless it is set to 0, in which casepath numbers
are not printed).

� RANDOMSEED

If set to zero, di�eren t random numbers will be chosenfor each run. Otherwise, the random
number generator will be seededwith RANDOMSEED, allowing the user to repeat runs
identically.

� SINGVALZER OTOL

A singular value will be consideredzero if it is less than SINGVALZER OTOL in absolute
value. This e�ects the rank determination at the beginning of each zero- and positive-
dimensional run.

� USERHOMOTOPY

Set to 0 to useautomatic homotopies,1 to useuser-de�ned homotopies.

� SHARPENDIGITS

When using the zero-dimensionalsolver, setting this to a positive integer will instruct Bertini
to sharpen the non-singular solutions to that many (decimal) digits. When using component
sampling, setting this to a positive integer will instruct Bertini to sharpen the samplepoints
to that many (decimal) digits.

� SHARPENONLY

Set to 0 to useregular tracking methods, 1 to start the sharpening module. The sharpening
module useseither the witness data from a positive-dimensionalsolve or the raw data from
a zero-dimensionalsolve to sharpen solutions to any number of digits.

� WITNESSGENTYPE

Set to 0 to use the standard cascadealgorithm for witness superset generation, 1 to have
Bertini handle each dimension separately, and 2 to have Bertini useregeneration.

� JUNKREMO VALTEST

Set to 0 to use a membership test for junk removal and set to 1 to use the local dimension
test of [3].

� REDUCEDONL Y

Set to 1 to �nd only reduced components during a positive-dimensional run, 0 to �nd all
components.

� ENDGAMENUM

Set to 1 to usethe fractional power seriesendgame,set to 2 to usethe Cauchy endgame,and
set to 3 to usethe Cauchy trackback endgameof [4].
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� NUMSAMPLEPOINTS

The number of sample points used in the endgameto create the approximation. With 2
samplepoints, the power seriesendgamegeneratesa 3rd order approximation.

� USEREGENERATION

Set to 1 to use regeneration in a zero-dimensional run, 0 otherwise. During a positive-
dimensional run, setting to 1 usesregenerationto compute a witness superset.

� SECURITYLEVEL

Set to 0 to have Bertini truncate paths that appear to be headedto in�nit y, 1 otherwise.

� SECURITYMAXNORM

When SECURITYLEVEL is 0, this is the cuto� to truncate paths. That is, if two successive
approximations are larger than SECURITYMAXNORM, the path is truncated.

� SCREENOUT

Set to 1 to have all output printed to the screenas well as to the appropriate output �le.
Otherwise set to 0. A setting of 0 should su�ce unlessdebugging.

� OUTPUTLEVEL

The levels -1 to 3 provide a di�eren t amount of path tracking information to the output �le.
A setting of 0 should su�ce unlessdebugging.

� STEPSFORINCREASE

This is the number of consecutive successfulpredictor/corrector stepstaken beforeattempting
to increasethe steplength.

� MAXNEWTONITS

This is the maximum number of corrector steps allowed after any given predictor step. Ex-
perienceindicates that this should be set no higher than 3 and with 2 being more e�ectiv e at
avoiding pathcrossing.

� MAXSTEPSIZE

This is the largest steplength that Bertini will allow during the run as well as the starting
steplength.

� NBHDRADIUS

Tracking will halt if the value of the pathvariable comeswithin NBHDRADIUS of the target
value of the pathvariable.

� ENDGAMEBDR Y

This is the value of the pathvariable at which the tracking method being employed switches
from basic path-tracking to the indicated endgame.

� TARGETTIME

This is the desiredvalue of the pathvariable, almost always 0.
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� MAXNUMBERSTEPS

This is the most steps that may be taken during the endgameon any one path (to avoid
wasting computational power on paths that are not converging well).

� SAMPLEFACTOR

This is the factor used to determine the geometrically-spacedsample points for all of the
endgames.For example,if ENDGAMEBDR Y is 0.1and SAMPLEFACTOR is 0.5, the sample
points will be 0.1, 0.05, 0.025,etc.

� MAX CYCLENUM

In the power seriesendgame,this provides a basic idea of what cycle numbers to test.

� AMPSAFETYDIGITS1

The �rst of the two safety digit settings for adaptive precision. Bertini will go to higher preci-
sion the higher that theseareset. Converselysetting theseto benegative is not recommended,
but will likely make Bertini track the paths faster.

� AMPSAFETYDIGITS2

SeeAMPSAFETYDIGITS1.

� MAXNUMPTSF ORTRA CE

Monodromy will be usedto break pure-dimensionalwitness sets into irreducible components
until either the maximum number of monodromy loops(seethe next two settings) is exceeded
or the number of unclassi�ed points drops below MAXNUMPTSF ORTRA CE. Either way,
the exhaustive trace test will then be called to �nish the classi�cation combinatorially .

� MAXNUMMONLINEARS

This is the maximum number of di�eren t linears to try during monodromy beforegiving up
and going to the exhaustive trace test.

� MAXNUMBADLOOPSINMON

This is the stopping criterion for using each monodromy linear. In particular, new loops
will continue to be chosenusing the same target linear until either all points are classi�ed
(or at least enough are - seeMAXNUMPTSF ORTRA CE) or there have been MAXNUM-
BADLOOPSINMON consecutive uselessloops. A loop is uselessif it doesnot yield any new
groupings among the points.

� INTRINSICMUL TIPLIER

Regenerationand dimension-by-dimensionslicing for numerical irreducible decomposition can
useintrinsic slicing. This setting determineswhen to switch from intrinsic slicing to extrinsic
slicing. For example,a setting of 0.75 instructs Bertini to useintrinsic slicing when the ratio
of variables using intrinsic versus extrinsic formulations is less than 0.75. In particular, 0
meanstotally extrinsic and 1 meanstotally intrinsic.
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� REGENSTARTLEVEL

If you are restarting a regeneration run, use this setting to start at a previously completed
regenerationlevel.

� REGENREMO VEINF

Set to 1 to remove in�nite endpoints, 0 otherwise.

� SLICETOLBEF OREEG

Similar to TRA CKTOLBEF OREEG, but for moving slicesduring regeneration.

� SLICETOLDURINGEG

Similar to TRA CKTOLDURINGEG, but for moving slicesduring regeneration.

� SLICEFINAL TOL

Similar to FINAL TOL, but for moving slicesduring regeneration.

� MINCYCLETRA CKBA CK

Minim um cycle number to utilize the back-tracking method of [4].
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