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Abstract

The geometric form of a conjecture associated with the names of Loewner and
Carathéodory states that near an isolated umbilic in a smooth surface in R3, the
principal line fields must have index < 1. Real solutions of the differential equation
02w = g , where the complex function g is given only up to multiplication by a positive
function, are intimately related to umbilics. We determine necessary and sufficient
conditions of an integral nature for real solvability of this equation, which is really a
system of two wave equations. We then construct germs of line fields of every index

1
J € §Z on S% that cannot be realised as the Gauss image of the principal line fields

near an isolated umbilic of positive curvature on any smooth surface in R®. These
include the standard dipole line field of index two and controlled distortions of it.

Introduction

For certain questions in differential geometry and hydrodynamics relating to umbilic
points and stagnation points the following problem is of prime interest: Given a smooth
complez function g with g(o) = 0, find a real function w and a positive function p ,
vanishing perhaps at o , such that 02w = pg ; we write 82 = ;{(92 — 2) + 29,0, }
for the square of the Cauchy-Riemann operator.

We emphasize that the compatibility condition Im 92?(pg) = 0 for real solvability
of &2w = pg is not useful for the problem at hand because it involves the unknown
function p . Neither is the singular equation Im[gd2w] = 0 . Theorem 2 gives a new
necessary and sufficient condition on g for real solvability of the equation 92w = g
, the criterion being the vanishing of a certain family of integrals in which g appears
multiplicatively. It is precisely this feature that makes Theorem 2 useful in the problem
02w = pg , g(o) = 0 , described above.

Before proceeding to explain the geometric results, we sketch the main ideas of our
work on the real solvability of 02w = g. After a few simple observations we see that
the existence of real solutions of the above equation on a neighbourhood of o € R?
is equivalent to the existence of real solutions of 2w = g — g(0) which are 0(r®) on
a neighbourhood of 0. Thus the right-hand side of the equation may be assumed to
vanish at o to begin with. The real and imaginary parts of the equation 92w = g give
two standard inhomogeneous wave equations to be satisfied by w. The crux of the
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proof is that there is another pair of hyperbolic equations that is better adapted to
thjls study and these are obtained from the real and imaginary parts of the equation
ﬁ@gw = ;?g after the substitution u = w/r?.

What is altogether remarkable about the resulting hyperbolic equations — and deci-
sive for the analysis of real solvability — is that, although they are singular, have vari-
able coefficients and lower-order terms, most terms appearing in the classical method of
characteristics are zero on algebraic grounds; the characteristics are orthogonal families
of circles passing through o. Because of this, the contribution from the integration of
the Cauchy data, along the non-characteristic side of the triangle used in this method,
can be made arbitrarily small by letting this side approach o. In this way one obtains
for each of these equations a representation of the solution in terms of a single integral
involving ¢ — and not four terms as might be expected from using the standard wave
equations. The equality of these two integral representations is therefore necessary for
the existence of solutions. The co-area formula is used to prove sufficiency.

The geometric source of our interest in the above equation is the principal foliation
defined on a neighbourhood of an isolated umbilic on a smooth surface in R3; these
foliations satisfy the conditions of the following definition, in suitable local coordinates
(see §2).

Definition. A smooth one-dimensional foliation F of a neighbourhood € of o0 € R?
with an isolated essential singularity at o is called a singular Hessian foliation if there
exists a smooth real-valued function w on 2 whose Hessian operator

has the following properties:

i) Hess w is not a multiple of the identity for any p € Q—{o}.
ii) The eigenspace corresponding to the large (or small) eigenvalue of Hess w is
tangent to F for each p € Q—{o}.

Clearly if F is a singular Hessian foliation so also is the orthogonal foliation F+.
Moreover it can be shown that any foliation is Hessian on a neighbourhood of a nonsin-
gular point. As examples of singular Hessian foliations we give, in §2, the flow foliation
of a steady irrotational flow near an isolated stagnation point in hydrodynamics and
the principal foliations (in a canonical set of coordinates) near an isolated umbilic on
a smooth surface in R3.

Beginning with a foliation F on a punctured neighbourhood Q—{o} of o, we may
represent it locally by a smooth unit vector field ( = a + ib and note that ¢? is a
well-defined unit vector field on Q—{o}. Let J{ = —b + ia. The condition that F be
Hessian is equivalent to

< (Hess w)(,J¢{ > = 0 on Q — {0}



for some smooth real-valued function w on €2, such that Hess w is not a multiple of
the identity on Q—{o}. With a little calculation these conditions may be rewritten
Im[w;;¢%] = 0 on Q—{o} and w;; # 0 on Q—{o}; hence w;; = p¢2 for some smooth
non-vanishing real function p on Q2—{o}. After a change in sign of w, if necessary, we
have p = |wszz| > 0 and, assuming the singularity at o to be essential, the function p
extends continuously to be zero at o.

Thus the foliation represented by ( is a singular Hessian foliation if and only if, for

some neighbourhood Q of o, there exists a function w € C>*(Q,R) and a non-negative
function p € C*°(Q— {0}, R) N C°(Q,R) vanishing only at o such that

wzz = p¢% on Q — {0}

In fact p = |wzz|. The number j € $Z which is half of the index of the vector field
¢? at o is called the index of the foliation F at o. Note that the Hessian foliations of a
smooth real function w are given by the line fields \/wzz and i\/wz:.

Checking that a foliation is Hessian involves the determination of real solvability of
one of infinitely many singular equations of the above form — one for each function
p which is positive on a punctured neighbourhood of 0 — so that it is not even clear
that there are any singular foliations which are not Hessian. We use Theorem 2 to
explicitly construct singular foliations of every index j € %Z which are not Hessian;
this is Lemma 4 of § 3. A glance at the proof of Lemma 4 makes it clear that these
foliations may be chosen so that all nearby (in a suitable sense) singular foliations are
not Hessian.

If, on the other hand, we begin with a Hessian foliation it can be seen — but
only from the geometric content of Lemma 2 — that there is an abundance of nearby
Hessian foliations. This comes about as follows; a Hessian foliation determines, via
Lemma 2, a smooth surface of positive curvature with an isolated umbilic in R3; any
deformation of this surface in R® preserving the isolated umbilic produces, via Lemma
2 again, a deformation of the original Hessian foliation through Hessian foliations. This
is reminiscent of how Backlund transformations are used to generate solutions of the
Sine-Gordon equation [18].

Near an isolated umbilic p on a smooth surface M in R* there are smooth orthogonal
foliations (the principal foliations, see §2) with a singularity at p. The Gauss curvature
at p is necessarily non-negative and, if positive, the Gauss map I' carries the principal
foliations to orthogonal foliations on S? with a singularity at s = I'(p) (the south
pole, say). In the canonical coordinates on M, given by stereographic projection, the
principal foliations appear as Hessian foliations. This is classical and due to Bonnet
([5] , or [6], p. 295) but we give our own proof of this as part of Lemma 2. What is
new about this lemma is the observation that every Hessian foliation arises in this way
from an umbilic in classical surface theory.

Umbilics of every index j < 1 are known to occur in smooth surface theory [17]
and it has been conjectured that there are none of higher index (local Carathéodory
Conjecture). We now know from Lemma 2, that this is entirely equivalent to the
conjecture that all smooth Hessian foliations have index < 1 (Loewner Conjecture). In



our paper [17] we have shown that an isolated umbilic with |j| > 1 is rather special
in that not only the gradients of the mean curvature H and the Gauss curvature K
must vanish there, but even the 3-jet of H? — K; it follows that any immersion of S? in
R3, for which the critical sets of H and K are disjoint, must have at least four umbilic
points.

Motivated by this problem, and using our criterion for real solvability of 92w = ¢
we have obtained the following geometric result which is proved in §3.

Theorem 1. For every j € %Z there are germs of singular foliations of index j on S?
which cannot be realized as the Gauss image of the principal foliations near an isolated
umbilic of positive curvature on any smooth surface in R3.

If either of the conjectures of the previous paragraph hold, then by the Euler-
Poincaré theorem every smooth immersion of S? would have at least two umbilics
(Carathéodory Conjecture); a good reference is Hamburger ([9], cf. p. 63), where this
conjecture is explicitly stated for smooth immersions. The first results on the smooth
case are in our recent paper [17]. The earlier papers [10], [4], [11] and [19] provide a
formidable analysis of the Carathéodory Conjecture in the real analytic case but there
has been some reticence in recent times about these results and the reader is referred
to the problem section compiled in Yau ([20], cf. p. 684) and also to Lang ([13], cf. p.
19).

The interested reader will find from the extensive bibliography in Lang [13], that
contemplation of the umbilic is to be found in a variety of fields, from optics to dy-
namical systems, since the late nineteenth century.

§1 Hyperbolic differential equations and real solvability of 92w = g.
The geometric motivation for the study of this equation is given in the introduction
and §2. We refer to [16] for the basics on hyperbolic equations.
A linear partial differential operator of second order

Liu] = atgy + 2bugy + cuyy + dug, + eu,

is hyperbolic if b2 — ac > 0; the coefficient functions are understood to be smooth.
Letting p = vb% —ac, the characteristic directions of the operator L are defined by

Ct: (=b+p)dy + cdx =0,
C™: (=b—p)dy + cdz =0.

The adjoint operator L* of L is defined by
L7[o] = (@0)as + 2(60)ay + (cv)yy — (dv)s — (ev),.
For any smooth function w it is straightforward to check that

(L[u] — wL*[1])dzdy = d(o + ut),



where
0 = uy(—bdxr + ady) + u,(—cdz + bdy)

and
T = (by + ¢y —e)dz — (ay + by — d)dy.

Let ABzy be a positively-oriented curvilinear triangle (which together with its interior
lies in the region of hyperbolicity of L) such that Bzy and 2y A are respectively parts of a

C~-characteristic and a C"-characteristic, as shown here.
By Stoke’s Theorem

It is easily calculated that o = Zpdu along C*; hence o + ur = +pdu + ur =
+[d(pu) — (dp)u] + ur = +d(pu) + u(r+dp) along C*. Hence

J[ (0l = urdedy = = 2putzo) + pul) + pu()

+/BzOu(T+dp)+/ZOAU(T_de/AB(Uer)

or

(1) 2puz0) = pu(A) +pu(B) = [ [ (Llul — ur*1)dedy

+/BZO“(T+‘“’)+/ZOA“(T_dp)+/43(U+“T)'

This formula will be used in the geometric situation which we now discuss.

Fig



Denote by F;~ (resp. F, ) the foliation of R?— {0}, whose leaves are the circles
of all radii — including oo — passing through o tangent to the z-axis (resp. y-axis).
These foliations are orthogonal. For zy # o, denote the leaves of these foliations
through zo by C*(z0) and C~(29). Among the closures of the bounded components of
the complement of C*(z9) UC~(29) denote by R(zg) any one of these components for
which the positively oriented boundary of R(z¢) is {R(20)NC™ (20) }U{R(20)NCT(20)}
in that order. There are two such regions R(zp), neither convex, for each zq in the first
and third quadrants and a unique one, convex, for each zy in the second and fourth
quadrants. As zy moves from the first to the second quadrant, one of the two regions
R(zp) becomes infinite and the other deforms continuously into the unique R(zo) of
the second quadrant.

Figure 2.

Similarly for the foliations Fi = e~*T F of circles tangent to the lines y = 4= at the
origin, we denote the corresponding regions by S(zg). Clearly S(zo) = e T R(e'% zp).
Similar remarks apply to the regions S(zp), depending on the location of 2, relative to
these lines.

For each zp in a ball of radius ¢ about o, at least one of the regions R(zp) and at
least one of the regions S(zy) is contained in a ball of radius cv/2.

Lemma 1. Let w be a smooth real function which is O(r®) on a neighbourhood of o.

Then for zg #0 we have
w(z0) = 2|20|? // Im l ] dxdy
R(z0) |26

_2|zo|2// z wgg dzdy
S(zo0) 2|

when R(zo) and S(zo), as defined above, lie in the domain of w.

Proof. Set wsz = ¢g. Writing w = zZu and differentiating this equation with respect to
0z = % (0r + i0,) we obtain

Wzz = 2ZUzz + 22uz.



Then the earlier identity multiplied by z%/|z|® becomes
z4 N 273 Zg
Uz ——uy = ——
L N T

and, writing n = 11 + ine for the expression on the right, the imaginary part of this
equation is

(2) AUgy + 2bUgy + cuyy + duy + euy, = —4ng,

4 sin 360 4 cos 36
and e = —

where a = —¢c = sin46,b = —cos460,d = . By a remarkable

r r
circumstance, the operator L defined by the left-hand side of this equation enjoys the
following properties:

p=1,7=0 and L*[1] = 0 since dr = 0.

Furthermore the £ characteristics through zy # o of the operator L, are respectively,
the leaves CF(z) of the foliations Fi. Now choose A € C*(zp) and B € C~(z) on
the boundary of R(zy) and apply Eq. (1) with A and B approaching o. The relevant
term is the line integral over AB. Since w = O(r®) the gradient of u is bounded and
this line integral tends to zero as A and B approach o. In the limit we have

u(zp) = 2 // n2dzdy.
R(zo0)
This gives the formula

24(4)25
w(z0) = 2 |20|? //R( | Im lW] dzdy.
Zo

If instead we had worked with the real part of the complex equation, the correspond-
ing differential equation for u would be

(3) AUgy + 2bugy + cuyy + dug + eu,, = 4y,

4 cos 36 4 sin 360
and e =

where a = —c = cos460,b = sin46,d = . For this new operator

. r N r
L the associated quantities are p = 1,7 = 0 and L*[1] = 0 since d7 = 0; the associated
+ characteristics of L are the leaves of the foliations fli respectively. Arguing from

Eq. (1) as above we obtain
u(zo) = —2// mdzdy
S(zo)



or

Zrwzz
w(2p) :—2|z0|2//5( | Re l [0 ]dxdy.

This completes the proof of Lemma 1.

Suppose we are given a smooth complex-valued function g on an open neighbourhood
Q of o satisfying the additional assumption g(0) = 0. Let N be the set of zy € 2 such
that at least one of the regions R(zp) and at least one of the regions S(zg) is contained
in 2. N is a punctured neighbourhood of o.

We stress that if the equation w;; = ¢g has a real solution w on a neighbourhood of
o then, since g(0) = 0, the function w — {2-jet of w at o} is necessarily another solution
of this equation with the additional property that it is O(r®) near o. Thus by Lemma
1 a necessary condition for real solvability of wsz = ¢ on (2 is the condition:

ztg ztg
(*) // Im [—] dedy = // Re [——] dxdy
R(z0) |26 S(z0) |26

for all zp € N. Suppose conversely (*) holds for all zp € N. Then for each zp € N
the common value %u(zo) of the two integrals defines a smooth real-valued function u
on N which extends continuously to zero. Expressing u by the left-hand integral over
R(zp), we will use the co-area formula to show that u satisfies the differential equation
(2) on N. Similarly, by using the right-hand integral over S(zy), u is seen to satisfy
the differential equation (3) on N. From the proof of Lemma 1 we then see that the
smooth real-valued function w = r2u on N satisfies the equation wz; = g on N.
However, the function g being smooth, the equation wzz = ¢g always has a smooth
complex solution on a neighbourhood of o. It follows easily that the function w con-
structed in the previous paragraph, extends to be smooth on a neighbourhood of o. In

what follows y 4 will denote the characteristic function of the set A.

Theorem 2. Let g be a smooth complex-valued function defined on a neighbourhood
of 0. Then the equation wszs = g has a smooth real-valued solution on a neighbourhood

of o if and only if
: z*
// Im [(XR(ZO) + le<zO>)W(g(Z) —9(0)) | dzdy =0
R2

for all zg in a punctured disk about o.

1 I
Proof. Since wzz = g(o0) has a real solution w = 3 Re [g(0)z?], we may effectively

assume g(0) = 0. The necessity follows from Lemma 1. Then by the remarks preceding
the statement, in order to prove sufficiency we must prove that the function

u(zo) = 2 / / Im [%g(z)] dzdy

R(z0)



satisfies the differential equation (2).
The co-area formula (cf. [8], p. 249 or [7], p. 118 ) in dimension 2 states that

& h
h dxdy :/ / dH | dk
//{f>T} T ( =y I V£ >

where h : R? — R is integrable and f : R?> — R is a Lipschitz function with
ess.inf.|| Vf || > 0 and dH is Hausdorff 1-dimensional measure; as a consequence

7)) Jyens ¥
— h dxdy = — dH
dT' J Jis>my {f=T} | VI

for almost all 7. We will be interested in such a formula for the case where h is bounded
with compact support and

flz,y) = fH(z,y) = ﬁ

For each § > 0 the function

. 1 1
5 (z,y) = —mln{5—27m}y

satisfies the conditions of the co-area formula on the support of A. Applying the formula
to fgr and letting & — 0 we obtain the co-area formula for f*. Similar considerations

apply to

B —z
f(z,y) = PN
The vector fields
X = % = r%(cos 26, sin 26)
and
+
Y = % = r%(sin 26, — cos 26)

are tangent to the leaves Ct and C'~, respectively.

Furthermore, it is easily checked that the operator Y X coincides with the operator

1
§T4L, where L is as defined in the proof of Lemma 1. Applying both operators to the

function §u introduced above and using the co-area formula, we have
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1 z*
Z|zo|4(Lu)|<:Z0 = YZOX// Im lwg] dxdy
R(C)
1 z*
=-Y, / ———— Im l—g] ds
Co- IV |21°

Y., 2 z*
|z|* Im [—g} ds
1Yo ll Je- (o) K

= || Y., | (Izl2 Im [%QD

54
z

= _|Zo|4 Im [—69]
121°71,

=Y |

>4
Hence Lu = —4 Im [f?gl , which is Eq.(2).
z

Similarly, from the other integral representation of u, we find

- 74
Lu=4Re |+—=9g]|,
|2|°

which is Eq. (3). The construction of w, and the verification that it is smooth, now

follows the lines given in the preamble to Theorem 2. This ends the proof of Theorem
2.

Noting the construction in the previous proof, and the fact that any two real-valued
solutions of wzz = ¢(0) differ by a function of the form a + B3z + vy + §(x? + y?) where
a, 3,7 and ¢ are real, we have the following result:

Corollary 1. Let g be a smooth complex-valued function on a neighbourhood of o which
satisfies the condition of Theorem 2. Then any real-valued solution of the equation
wzz = g 18 of the following form:

w(z,y) = a+ Br+yy +6(z® +y*) + % Re [g(0)2”]

—|—2(:1:2+y2)// Im [%(g(w)— g(0)) | dudv.

R(z)

§2 Hessian foliations in hydrodynamics and geometry.
Let V = we; + ves be the velocity vector field of a steady irrotational flow of a
compressible fluid in a simply-connected region  in R2. The pressure p, density p and
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the external force G = GG1e; + G2eo per unit mass of fluid are all independent of time.
Irrotationality of the flow means V is the gradient V¢ of some function ¢ and so

Uy — Uz =0
and invariance of mass under the flow is expressed by div(pV) = 0 or
(p)e + (pv)y = 0.

The equations of motion are
1 1
V(| V|*) =G - =Vp.
VIV ) =G =~
In the absence of external forces the first component of the equations of motion is

(pu)ufc + Pz + (,OU)Ux =0

or
(pu® + p)s — (pu)zu + (pv)v, =0

which, by the earlier two equations, can be written

(pu® + p)s + (puv), = 0.

Thus
dg = —puvda + (pu” + p)dy

for some smooth function g defined in a neighbourhood of o. Similarly the second
equation of motion means that

dh = (pv* + p)dx — puvdy
for some smooth function h defined near o. Now the differential hdxr + gdy is also

closed and so equal to dw for some smooth function w on 2. The function w is uniquely
determined to within a linear function and a little computation shows that

1
wzz = —Zp(u + iv)?

or, if preferred,
1
Wzz = —§kC2,

where ¢ = (u 4 iv)/vu? + v? is the unit vector field determined by the flow foliation
and k = p(u? + v?)/2 is the kinetic energy density of the flow. Thus the flow lines
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in this example define a Hessian foliation. The stagnation points of the flow are those
points where wsz = 0.

Let F be an orientable foliation defined by a smooth unit vector field { on a neigh-
bourhood 2 of o with an isolated singularity of o. Assuming that F is a singular
Hessian foliation, there exists a smooth real function w defined on € which solves

22:——k2
w 2{

with k£ a smooth non-vanishing real function on Q—{o0}. Clearly o must be an isolated
zero of wy; and after a possible sign change in w we may assume 2k = |wzz| > 0. It
would be of interest to know under what conditions a solution w of the above equation
arises from hydrodynamics in the manner of the previous paragraph.

This discussion can be found in Loewner [15] who, according to Titus [19], made
the following conjecture (see p. 75 of [19] for remarks on the smooth case).

Loewner’s Conjecture. Let w be a smooth real-valued function defined on a neigh-
bourhood of o in R? such that wzz has an isolated zero at o. Then the index of wzz at
0 1s at most two.

In fact Loewner conjectured that an isolated zero of 07w has index < n, if w is
real-valued [19] ( see also Bol[4] p.418).

Differential geometry also provides examples of singular Hessian foliations. A piece
of smooth surface in R® may be thought of as an orientable 2-manifold M together
with a smooth map f : M — R3 which is an immersion, i.e., the differential Sy
is injective for each p € M. The induced Riemannian metric ¢ on M is defined by
9p(X,)Y) = < f., X, f.,Y > for each pair X,Y € T,(M); here <,> denotes the
inner product on R®. Let & be a unit normal field to the immersion f, i.e., £ is a
unit vector-valued function on M such that {(p) is orthogonal to f, (7),(M)) for each
p € M. Since £ is a unit vector field, its derivative X¢ with respect to any X € T,,(M)
is orthogonal to {(p) and so can be written f. (A,(X)) for some endomorphism A, of
T,(M). This operator A on M is called the second fundamental form of the immersion
f with respect to the unit normal field &.

It can be easily seen that A is symmetric with respect to g. Away from the points
where A, = A, the eigenspaces of A corresponding to the large and small eigenvalues
of A determine smooth foliations, which we call the principal foliations. The points
p € M where A, = AI, for some real number A are called umbilic points of the
immersion f. If A # 0 then ¢ : M? — S? is a diffeomorphism of a neighbourhood D of
p in M onto a neighbourhood A of £(p) in S?; after a change of frame in R® we may
assume &(p) = (0,0,—1). Then, under the stereographic projection from (0,0,1), the
coordinate z = x+14y on a neighbourhood Dy of the point 0 € C gives local coordinates
on the neighbourhood D of p € M. These we call Bonnet coordinates on M. In fact
we now go on to see that there is no loss of generality in taking A # 0.
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Even if A = 0 above we may replace f by F = oo f, where ¢ is inversion in the unit
sphere about o € R® which may be taken not to lie in f(M). Then it can be easily
verified that F'is a smooth immersion and that

< f,£>

<hHf>

is a unit normal field to the immersion F'. It is then a simple matter to verify that the
second fundamental form of F' is

N=¢-2 f

B=<ff>A-2<f¢t>1.

In particular p is also an umbilic of the immersion F' and the principal foliations of
F on M even coincide with those of f. If the origin of R? is chosen not to lie in the
tangent plane f,.(7,(M)), then B, = \I,,, where X\ # 0.

Returning to the Bonnet coordinates introduced in the first paragraph we have

z2—Z

(1) £(z) =(z+ 2, - 22— 1) /(1 + 2Z2) .

A vector X tangent to M is principal if and only if < f.(X) x &(X),& > = 0, where X
denotes the vector cross product. Suitably interpreted, the equation for principal lines
is therefore < df x d§,£ > = 0 or in Bonnet coordinates

< (fadz + [2dZ) x (§dz + €dZ), € > =0
or
<X €€ > d+ < (fo X o+ f2 X &),€ > dzdZ + < fz x &, > d2° = 0.
This simplifies to
< f e xE>dP H{< [, e xE>+ < f2,6, xE>YdedZ + < [z, x€E>dZ2=0.

Direct computation gives £, x & = £, and, from this and its conjugate, the previous
equation reduces to

< [0l >d2? +{< f5,6 > — < fo,& >Hdzdz — < f5,6 >dZ* =0 .
Since £ is normal to the immersion we know < f,,£ > = 0, and so
< f25,§ >+ < [2,& > =0.
,From this and its conjugate, the previous equation reduces to

< fzafz > dzz_ < fiafz > d22 = 0.
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Now consider the Bonnet function

w(z)=(1422) < f,£>.
On differentiation we have

Wy = (L4 22) < f,,& >+ < f,226, + (1 + 22)E,, >
=(1422) < f,,& >,

since direct differentiation of Eq. (1) shows

E.o = =228, /(1 + 22).
Now the equation for principal lines takes the simple form
w,,dz? —wssdz? =0

or
Im[u)ggdZQ] =0.

The umbilics correspond to points where ws;; = 0. Since p € M is an isolated
umbilic it follows that o is an isolated zero of ws; and that wzz = p¢? on a punctured
neighbourhood of o for some smooth non-vanishing function p, { being a local unit
vector field representing either of the two principal foliations.

Hence in a Bonnet coordinate neighbourhood of an isolated umbilic the principal
foliations are singular Hessian foliations (of the Bonnet function).

Lemma 2.

(i) Let f: M? — R® be a smooth surface. Then on some neighbourhood U of each
p € M there ezist local coordinates z = x + iy with z(p) = o, and a smooth real
function w(z) such that the Hessian foliations of w coincide with the principal
foliations of f on U.

(i) Let w: U — R be a smooth real function on a neighbourhood of o in R?*. Then
there exists an immersion f : U — R® of some neighbourhood U of p = o in R?
such that the principal foliations of f coincide with the Hessian foliations of w
onU.

(iii) In (i) and (ii) the point p is an isolated umbilic of f if and only if o is an
isolated zero of the vector field wsz, and the index of p as an umbilic of f is
equal to half of the index of the vector field wzs at o.

Proof.

(i) As we saw above, beginning with an immersion f we can always use inversion to
obtain an immersion F' whose Gauss map is non-degenerate at p. Choosing Bonnet
coordinates z on a neighbourhood U of p for the immersion F', the principal foliations
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of F' are the Hessian foliations of its Bonnet function w. As we saw above, the
principal foliations of f and F' agree so that (i) follows.

(i) Conversely let w be a smooth real function defined on a neighbourhood of o € R2.
Then 1 = w/(1 + 2Z) may be considered, via the stereographic projection (1), as a
function of the unit position vector £ on S? in a neighbourhood of (0,0,—1) € S2.
Let f. = Vi + (¢ + )€, where V denotes the standard connexion on S2. The
differential of f. is Hess ¥ + (¢ + ¢)I, so that f. is an immersion in a neighbourhood
of o, for almost all ¢, and has support function < f., & >= 1 + c¢. By definition, the
associated Bonnet function of this immersion is

w=(1422)(Y+c¢) =w+c(l + 22).

In particular wg; = wzz. Hence the principal foliations of f coincide with the Hessian
foliations of w.

(iii) This is clear from the remarks in the introduction, since wzs = p¢?, where p is
non-vanishing and ( represents one of the principal foliations on a punctured neigh-

bourhood of 0. This ends the proof of Lemma 2.

We record here, from the early work of Hamburger ([9], p. 63 ) on the subject, the
original form of

Carathéodory’s Conjecture. Any smooth immersion of S? in R3 has at least two
umbilics.

Such attempts as have been made on this problem (all in the analytic case) have
been through the following stronger conjecture (in its analytic form).

Local Carathéodory Conjecture. An isolated umbilic on a smooth surface in R>
has index < 1.

;From (i) and (ii) of Lemma 2 we have:

Corollary. The Loewner conjecture and the local Carathéodory conjecture are equiv-
alent.

§3 Applications to foliations and geometry.
The first application gives a criterion for a singular foliation to be Hessian.
Representing the foliation F locally on a punctured neighbourhood of its singularity
o by a smooth unit vector field ¢, we have seen that n = (2 is a well-defined smooth
unit vector field with a singularity at o; we call n the square of the foliation F. The
result below follows immediately from the discussion in the introduction and Theorem
2 , with g = pn . Observe the relevance of vanishing at o .

Lemma 3. Let F be a singular foliation on a punctured neighbourhood of o and let
n denote its square. Then F is a singular Hessian foliation if and only if there exists
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a smooth positive function p on a punctured neighbourhood of o such that pn extends
smoothly to o and

54

. z
//R2 p Im l(XR(zo) +1 Xs(zo))W n| dxdy =0

for all zg in a punctured disk about o.

Example. For the singular dipole foliation of index two, given by the field 2> on C
4

we have n = ﬁ. Therefore it is not Hessian, by Lemma 3. This is the simplest of all
z

1

index 2 foliations of C and is obtained by transforming by — a foliation of C by parallel
z

lines.

The criterion of Lemma 3 is the basis for the next result.

Lemma 4. For each j € %Z there exists a smooth singular foliation of index j on a
punctured disk about o € R?> which is not Hessian on any neighbourhood of o.

Proof. If a smooth foliation F with an isolated singularity at o is Hessian then, by
Theorem 3, there exists a smooth positive function p on a punctured neighbourhood
of o such that

=4
. z
//Rz p Im [(XR(ZO) +1 XS(ZO))W n| drdy =0

for all 2y in a punctured disk about o; here 7 stands for the square of F.

Now suppose that there exists a smooth vector field v = v; +iv2 on a neighbourhood
2 of a o0 such that

(i) o is an isolated zero of v of index n € Z

and
(ii) vy and ve are non-negative on the sector 3 defined by % <0<m.
Then vz%v defines a smooth singular foliation of index j = (n + 4)/2 with square
4
n= %. If this foliation is Hessian then

// P I [(XR(e0) + i X(e0) V] dzdy = 0
r2 |2[2|v]

for all zy on a punctured disk about o, p being smooth and positive away from o.
Choosing zp = ai with o > 0, the regions R(zp) and S(p) are pictured here:
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Figure 3.
Notice that Im [(XR(z) + iXs(z0))v] takes the values vy,v1 4+ v2 and vy, on R(zo) —
S(z0), R(z0) N S(z0) and S(z9) — R(20) respectively, and is otherwise zero. As these
regions lie in ¥ it follows from condition (ii) on v and the above integral identity that
v = 0 on R(z9) N S(zp). This contradicts the condition (i) on v. Hence the singular
foliation v/z4v is not Hessian.

To complete the proof of Lemma 4, it remains only to construct fields v of every index
n € Z satisfying (i) and (ii). For the terminology and results used in the construction
we refer the reader to [3], [14] or the work [2]. For each of the fields v constructed, 3
will be a hyperbolic sector and a neighbourhood of o will be a union of a finite number
of hyperbolic and elliptic sectors. In particular, we note Bendixson’s formula ([14], p.
222) for the index

where e and h denote the number of elliptic and hyperbolic sectors, respectively. We
give the phase portrait of v for (i) n > 0, (ii) n < 0 and (iii) » = 0 in the figure below
and this completes the proof.
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Figure 4.

This last result and Lemma 2 now give Theorem 1 (announced in the introduction),
the main result of this paper.

Proof of Theorem 1. If p is an isolated umbilic of positive curvature on a smooth surface
in R3, we may assume its Gauss image is the south pole s € S2. Let S denote the Gauss
image of one of the principal foliations around p. Then, by Lemma 2 of §2, the singular
foliation F = o(S) must be Hessian; here o denotes stereographic projection from the
north pole of S2. Thus if we take F to be any of the singular foliations constructed in
Lemma 4, it follows that the singular foliation S = ¢=1(F) around s € S? is never the
Gauss image of a principal foliation.

§4 Concluding remarks

There are new directions in which the investigation of the local Carathéodory con-
jecture might now proceed.

Theorem 2 and its consequence, Lemma 3, are in the spirit of the classical moment
problems of Stieltjes and Hamburger [1], [12]. The following line of reasoning might
be used to verify that a given singular foliation /g (with g(0) = 0) is Hessian. Let us
suppose that there exists a smooth positive kernel p : D x D — R on the unit disk such
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4
that the functions ¢,(w) = Im l(XR(Z) + ixg(z))%g(w)] associated to each z € D—
w

{0} satisfy the following infimum condition

inf Z ck¢2k (Z) <0

zeD—{o}

for any finite collection of z;, € D— {0} and c; € R; here

V2. (2) Z/DP(Z,w)qbzk(w)dwdw.

On the subspace £ of C(D, R) generated by the constants and the functions 1,
we define a linear functional A by A\(1) = 1 and \(¢,) = 0 for all 2 € D— {o}. By
the infimum condition above, A is a non-negative linear functional, i.e., A(f) > 0 if
f € £ with f >0 on D. By the Krein-Rutman theorem A extends to a non-negative
linear functional A on C(D,R) and, by Riesz’s theorem, A is represented by integration
against a probability measure p. In particular

/D (/D p(2,w)Pq, (w)dwdu‘;> du(z) =0

for each z;, € D—{o}. By Fubini’s theorem

/D p(w)d,, (w)dwdw = 0

for each z, € D— {o}, where p(w) = [, p(z,w)du(z). These integral identities for
the ¢., are, by Lemma 3, sufficient to guarantee that the foliation ,/g is Hessian. If
this procedure could be carried out for a foliation /g of index > 2 we would have
a counterexample to the Loewner conjecture and therefore to the local Carathéodory
conjecture.

When g = (22+b2%)2,0 < b < 1, the foliation /g has index 2. It can be shown, from
Lemma 3, that this foliation is not Hessian for b close to 0. The procedure outlined
above might be used to decide this question when b is close to 1.

The foliations from hydrodynamics in §2 are singular Hessian foliations with integer
index at o. The kind of argument given in [17], p. 178, shows that the index is < 1,
at least if the derivatives of the velocity components of all orders at o are not all zero.
If on the other hand we are given a singular Hessian foliation F of integer index on a
neighbourhood of o, one might attempt to impose the hydrodynamic formalism of §2
on this foliation. If this can be carried out then, by the remarks above, the Loewner
and local Carathéodory conjectures would be shown to be essentially true in the case
of integral index.

It is of interest to note also from §2 that a hydrodynamic foliation in a neighbour-
hood of an isolated stagnation point o naturally gives rise to a function w whose Hessian
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gives this foliation. This function w may then be used to construct a smooth surface
M in R?® with an isolated umbilic and under this correspondence the streamlines cor-
respond to principal curvature lines and the stagnation point to an umbilic. This is
done via Lemma 2. It seems very remarkable that the hydrodynamic foliations have
such canonical ties to surface theory, and the characterization of this class of surfaces
deserves further study.
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