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In the typical analysis of aero-optical wave-front data, the three lowest-order spatial modes (namely, unsteady

piston as well as X and Y tilts) are removed from the experimentally measured wave fronts. These modes are

commonly corrupted by mechanical disturbances. In this work, an algorithm called the stitching method was

developed that takes advantage of the advective nature of the optical aberrations caused by turbulent structures to

recover the unsteady global X-tilt and piston modes from experimental time-resolved wave fronts. One-dimensional

modeling and related uncertainty analysis showed that for the wave fronts collected with sufficient sampling

frequency, the algorithm is able to correctly recover the aero-optical component of the unsteady X tilt. In this

manner, the time series of truewave fronts can be recovered. To further validate the stitchingmethod, spatiotemporal

wave-front measurements were conducted on aMach 0.6/0.1 forced shear layer. The predicted results for the rms of

the aero-optical X tilt from the stitching method agree well with the modeled results. Since the stitching method

recovers the time series of the aero-optical global X tilt, the global tilt spectrawere also computed and presented. This

information can be used by systemdesigners to specify the requirements for adaptive-optics system components, such

as fast steering mirrors in airborne directed energy systems.

Nomenclature

A, B = global X- and Y-tilt components
Ap = aperture size in the streamwise direction
Apz = aperture size in the spanwise direction
a = speed of sound
C = piston component
Corr = correlation function
D1; D2; D3 = coefficients
E = optic field
F = focal length
f = frequency
ff = forcing frequency

fs = sampling frequency
GA = global jitter transfer function, defined in Eq. (18)
KGD = Gladstone–Dale constant
kx = 2π∕Λ
L = distance of beam propagation
LOverlap = streamwise extent of overlap region

M = Mach number
Np = number of spatial points in streamwise direction

n = index of refraction
Overlap = relative overlap parameter
SG = global tilt autocorrelation spectral density
Sθ = deflection angle autocorrelation spectral density
StAp = �fAp�∕Uc

StΛ = �fΛ�∕Uc

t = time
U = function, defined in Eq. (14)
W = higher-order apertured wave front

~W true
= true wave front

~W = true apertured wave front

x = streamwise coordinate
y = wall-normal coordinate
Z = Ap∕Λ
z = spanwise coordinate
Δx = streamwise shift
Δz = spanwise shift
ϵ = Gaussian noise level
θ = deflection angle
θG = global tilt in streamwise direction
Λ = shear-layer streamwise structure size
λ = laser wavelength
ρ = fluid density
ρW = unbiased cross correlation
ρ∞ = freestream density
Σ = error in global tilt
hi = spatial averaging

Subscripts

c = convective
rms = root mean square
1 = high speed
2 = low speed
∞ = freestream

Superscripts

stitch = stitched
0 = fluctuating component

I. Introduction

A IRBORNE laser systems havemany applications including, but
not limited to, air-to-air and air-to-ground communications,

strategic missile defense, counter-unmanned-aerial-vehicle missions,
and aircraft self-protect defense. For an aircraft in flight, the turbulent
flow around the aircraft creates a complex unsteady density field. This
complex unsteady density field distorts the index of refraction near the
aircraft. The high-frequency index of refraction distortions impart
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aberrations onto the outgoing laser beam,which can severely reduce its
maximum intensity on the target. This reduction in intensity on the
target will undoubtedly degrade system performance for communica-
tion and defense applications. The problem outlined earlier in this
paragraph is the so-called aero-optics problem [1–3].
The flowfield around the aircraft not only impacts the instanta-

neous energy distribution on target but also degrades the effective
pointing of the beam. The unintentional high-frequency pointing of
the beam, or jitter, is sourced from three components. The component
of jitter caused by the flow structures on the order of the aperture size
is called the aero-optical jitter. The component of the jitter caused by
either the unsteadymotion of the platform itself or by thevibrations in
the beam director induced by the platform motion is called the base
motion-related jitter. Finally, the component of the jitter caused by
unsteady pressure field forcing the beam director is called the aero-
mechanical jitter. In a time-averaged sense, jitter enlarges the effec-
tive spot size on the target, and therefore significantly impacts on
target irradiance. To improve system performance, beam jitter must
be understood and eventually compensated for.
For airborne laser systems, mechanical disturbances will result in

the introduction of additional unsteady X/Y tilt onto the outgoing
beam. As a result, unsteady aero-optical jitter, which is a property of
the flow, is almost always corrupted by the mechanical disturbances,
making it difficult to measure directly. In addition, the far-field
irradiance pattern depends only on the statistics of the higher-order
X/Y-tilt-removed wave fronts. Therefore, the overall instantaneous
X/Y tilt, which includes both the aero-optical andmechanical jitter, is
typically removed from the measured wave fronts. When this neces-
sary step is taken, information pertaining to large-scale optical struc-
tures is lost.
Adaptive-optics systems have been developed that are able to

compensate for a significant portion of the mechanical jitter. An
optical inertial reference unit in conjunction with a fast steering
mirror and an appropriate controller can reject mechanical jitter
disturbances up to 1 kHz [4,5]. Even if the jitter rejection system
were to operate such that all mechanical jitter could be compensated
for, the aero-optical jitter would remain. This aero-optical jitter will
affect the time-averaged far-field irradiance pattern. Therefore, it is
desirable to not only quantify the overall jitter of the system but to
develop a method that can decouple aero-optical and mechanical
jitter for additional studies.
As mentioned earlier in this paper, due to the typical processing of

wave-front experimental data, all information pertaining to the aero-
optical component of the jitter is removed and lost. In thiswork, a new
algorithm is presented that takes advantage of the advective nature of
aberrations to recover the time-dependent X/Y tilt, as well as piston
modes, initially removed from experimentallymeasuredwave fronts.
It will be demonstrated that this algorithm enables the aero-optical
component of jitter to be quantified, and information pertaining to the
large-scale structures of the flow can be regained.

The aero-optics problem arises when an optical wave front

encounters a turbulent time-varying flowfield. The wave front is
aberrated due to the changes of index of refraction associated with

the variable density flowfield. The aero-optics problem is depicted

graphically in Fig. 1.
The index of refraction of a fluid varies with density as per the

Gladstone–Dale relation [6,7]:

n�x; y; z; t� � 1� KGD�λ�ρ�x; y; z; t� (1)

The frame of reference is typically chosen with the z axis in the

direction of the beam propagation and the x–y plane normal to it,
with the origin at the center of the aperture. In Eq. (1),KGD�λ� is the
Gladstone–Dale constant for a given wavelength λ. In a turbulent

flow, the density field ρ is a function of both space and time.
Therefore, the index of refraction n is a function of not only space

but also time. As a planar incident wave front propagates through

this spatiotemporally varying index of the refraction field, the phase
velocity of the light will be perturbed. This causes constructive and

destructive interferences, as well as an overall distorted beam in the

far field. This interaction of light with turbulent aerodynamic flows
that causes a degradation in system performance is called the aero-

optics problem.
Using Maxwell equations and a paraxial approximation, it is

straightforward to show [2] that after propagating through a region

of spatially–temporally changing index of refraction along the

z direction, only the phase of the optic wave will be distorted, with
the amount of the phase distortion equal to

−�2π∕λ�
Z

z�L

z�0

n�x; y; z; t� dz

The integral in this expression is called the optical path length, or

OPL:

OPL�x; y; t� �
Z

z�L

z�0

n�x; y; z; t� dz (2)

In practice, only the relative difference in the OPL over the beam

aperture is important: the so-called optical path difference (OPD),
OPD�x; y; t� � OPL�x; y; t� − hOPL�x; y; t�i,where the anglebrack-
ets indicate the spatial averaging over the beam aperture. Finally, the

true wave front can be very closely approximated as simply a negative

of the OPD: ~W true�x; y; t� � −OPD�x; y; t� [8].
The true wave front is a property of the turbulent field with a

typically unbounded index of the refraction field: n�x; y; z; t�. How-
ever, as the intensity of the laser beam is nonzero only over a finite
aperture S, only a spatially limited portion of the truewave front over

the aperture (often called an apertured wave front) of ~W�x; y; t� �

Fig. 1 Schematic of the aero-optics problem. The origin is at the center of the aperture. Reproduced with permission from the work of Wang et al. [2].
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~Wtrue�x; y; t�; �x; y� ∈ S is needed to be known. Furthermore, it is

convenient at every moment in time to split the time-varying aper-

tured wave front into a piston or spatially uniform component C�t�,
an X/Y tilt or linear component A�t�x� B�t�y, and a residual or a

higher-order component W�x; y; t�:

~W�x; y; t� � C�t� � A�t�x� B�t�y�W�x; y; t� (3)

The terms in Eq. (3) affect the far-field pattern in different ways.

To investigate this, let us consider a far-field pattern of a distorted

laser beam, with a constant intensity of unity across the aperture.

For this beam, the initial optic field is given as E�x; y; t� �
exp�2πi ~W�x; y; t�∕λ�. The far-field intensity is given by Fourier

optics equations [9]:

E�x 0; y 0; t� � 1

iλF

Z
S
E�x; y; t� exp

�
−2 πi

xx 0 � yy 0

λF

�
dx dy (4)

where x 0 and y 0 are the spatial coordinates at far-field plane, andF is

the focal length of the lens used to generate the far-field pattern.

Substituting the initial optic field into Eq. (4) and using Eq. (3), it is

possible to derive the following equation for the optic field in the far

field:

E�x 0; y 0; t� � 1

iλF
exp

�
2πiC�t�

λ

�Z
S
exp

�
2πiW�x; y; t�

λ

�

× exp

�
−2πi

x�x 0 −A�t�F� � y�y 0 −B�t�F�
λF

�
dxdy (5)

The intensity distribution is the square of the amplitude of

E�x 0; y 0; t�. From Eq. (5), it is clear that the piston term C�t� does
not affect the far-field intensity at all. The unsteadyX/Y-tilt terms do

not change the far-field shape of the beam but simply cause the

whole intensity pattern to move to a different location of �x 0; y 0� �
�A�t�F;B�t�F�. Only the higher-order term, W�x; y; t�, affects the
far-field spatial distribution, potentially decreasing the peak inten-

sity on the target.
Explicit expressions for the unsteadyX/Y-tilt terms,A�t� andB�t�,

depend on the definition of unsteady tilt. In this work, we implement

the so-called Z-tilt definition [10,11]. The Z tilt is defined by the

minimization of the wave front’s L2 norm in the least-squares sense

over the aperture area S at each time instant:

min
A;B;C

kW�x;y; t�k2 �
Z
S
f ~W�x;y; t�− �C�t��A�t�x�B�t�y�g2 dxdy

(6)

This equation can be solved by forcing the partial derivatives of the

integral with respect to A, B, and C to be zero, resulting in a linear

system of equations for A, B, and C [8]:

2
664

R
S dx dy

R
S x dx dy

R
S ydxdyR

S x dxdy
R
S x

2 dx dy
R
S xy dx dyR

S y dx dy
R
S xy dx dy

R
S y

2 dx dy

3
775
2
664
C�t�
A�t�
B�t�

3
775

�

2
664

R
S

~W�x; y; t� dx dyR
S x

~W�x; y; t� dx dyR
S y

~W�x; y; t� dx dy

3
775 (7)

From here, it follows that the values for the piston and the X/Y-tilt

terms depend on the aperture size and geometry. This dependence is

known as the aperture effect [8,12–14]. For symmetric apertures, like

circular or rectangular ones, with the center of the aperture at

x � 0; z � 0, all off-diagonal terms in Eq. (7) are zero; and the

expressions for the unsteady piston and X/Y-tilt terms become

C�t� �
R
S

~W�x; y; t� dx dyR
S dx dy

; A�t� �
R
S x

~W�x; y; t� dx dyR
S x

2 dx dy
;

B�t� �
R
S y

~W�x; y; t� dx dyR
S z

2 dx dy
(8)

As mentioned before, the X/Y-tilt components, A�t� and B�t�, are
almost always corrupted by mechanical distortions and are typically
removed from the experimental data. Also, for traditional Shack–
Hartmann wave-front sensors, the pistonmodeC�t� cannot be sensed;
as a consequence, it is also removed from the measured wave fronts.
Thus, only the higher-order component W�x; y; t� can be properly
measured. The question becomes the following: Is it possible to
recover the aero-optical X/Y tilt and the piston components, as well

as to reconstruct the aperturedwave fronts ~W�x; y; t� if only the higher-
order wave frontsW�x; y; t� are available? It will be demonstrated that
under a few fairly generic assumptions, it is possible. Additionally, the
necessary guidelines and requirements to do so will be outlined.

II. Stitching Method

As discussed earlier in this paper, the X/Y-tilt and piston compo-
nents are typically removed from experimental wave-front data due
to corruption frommechanical vibration of thevarious components of
the experimental setup. Vibrations of the optical elements, optical
table, wind tunnel, aircraft, etc., also manifest as unsteady X/Y-tilt
and piston modes in the wave-front data [8,15]. As demonstrated in
Eq. (8), these modes depend on the aperture size and geometry. As
these modes are typically removed from the true wave fronts, the
statistics of the resultant measured wave fronts W�x; y; t� will also
depend on the aperture size. The aperture dependence of these
statistics is referenced in the literature as the aperture effects. This
dependence has been extensively studied by other researchers
[8,14,16,17]. In this work, we propose a method for correcting
experimentally measured wave-front data for aperture effects and,
in the process, recover the aero-optical component of the jitter.
The method proposed in this work is denoted as the “stitching

method,” and it necessitates making two assumptions in order to
implement it. First, the flowmust be primarily convective; that is, the
wave fronts can be described as ~W true�x − Uct; y�. In other words, the
flow must satisfy Taylor’s frozen flow hypothesis [18]. Second,
the true wave front must be continuous in both space and time. The
convective and continuity requirements prevent the stitching method
from being used to analyze flows that contain stationary or non-
convective features, such as unsteady shocks at transonic and super-
sonic speeds [19] or branch points brought about through deep
turbulence [20–22].

A. Stitching Concept

In the following, we will outline a generic approach to extract
unsteady pistonC�t� andX/Y-tilt terms,A�t� andB�t�, and ultimately

recover the true wave front ~Wtrue�x; y; t� or, if needed, the apertured
wave front ~W�x; y; t�. This approach assumes only the high-order
(i.e., piston/X/Y tilt removed) wave frontsW�x; y; t� are known and
the flow satisfies the two aforementioned requirements.
Let us consider a purely convective true wave front traveling

along the x direction with a constant convective speed of Uc,
~W true�x; y; t� � ~Wtrue�x −Uct; y�. At a given time instant t1, the true
wave front is schematically shown as a thin black line in Fig. 2a.
To simplify the illustration of the stitching method, we will plot
only one-dimensional (1-D) wave fronts. For a given aperture,
identified as two vertical dashed lines in Fig. 2a, the wave front

at this time instant over the aperture is defined as ~W1�x; y� ≡
~W true�x −Uct1; y�; �x; y� ∈ S; and it is indicated as a thick black line
in Fig. 2a. Using Eq. (3), the apertured wave front can be represented
as a sum of the piston and X/Y-tilt components, as well as the higher-
order wave front,

~W1�x; y� � C1 � A1x� B1y�W1�x; y� (9)
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where A1, B1, and C1 terms can be computed using Eq. (8). The
piston and the tilt term C1 � A1x is plotted as a dashed–dotted black
line in Fig. 2a.
At another time instant, t2 � t1 � Δt, thewave front convects over

the aperture by the distance of Δx � UcΔt and is plotted as a thin
green line in Fig. 2a. Therefore, it has a different apertured wave front

over the fixed aperture, ~W2�x; y� ≡ ~W�x −Uc�t1 � Δt�; y�, shown
as a thick green line in Fig. 2a. Similar to ~W1, ~W2 inside the aperture
can also be split into the piston, X/Y-tilt, and higher-order terms:

~W2�x; y� � C2 � A2x� B2y�W2�x; y� (10)

Because ~W2 is spatially different from ~W1, the terms C2, A2, and
B2 are different from C1, A1, and B1. It can be seen in Fig. 2a, where
both piston/tilt components C1 � A1x and C2 � A2x are plotted as
dashed–dotted black and green lines, respectively. In practice, only
piston/tilt-removed W1�x; y� and W2�x; y� over the aperture are
known and shown in Fig. 2b.
On the other hand, since the wave front is purely convective, the

apertured ~W2 over the fixed aperture is simply a spatially shifted

version of ~W1

~W2�x; y� ≡ ~W true�x − Uc�t1 � Δt�; y� � ~W true�x − UcΔt −Uct1; y�
≡ ~W1�x − Δx; y� (11)

Thus, ~W2 provides information about the true wave front in the

region, shifted upstream of the aperture byΔx. Thus, thewave fronts,
collected over the aperture at later times, can be used to reconstruct

the true wave front farther upstream of the aperture.
When the measuredW2 is shifted byΔx, it does not coincide with

the measuredW1 in the overlapping region, as shown in Fig. 2c. This

is expected because the different piston/tilt components were

removed from the corresponding aperturedwave fronts. It alsomeans

that the difference between W1 and the shifted W2 inside the over-

lapping region should only be a linear function in space, shown as a

dashed–dotted line in Fig. 2c:

ΔW�x ∈ Overlap; y� � W2�x − Δx; y� −W1�x; y�
� �D1 �D2x�D3y�Overlap (12)

All the D terms in Eq. [12] can be directly computed by fitting a

spatial plane to the difference.
Note that for a fixed aperture of size Ap in the x direction (that is,

x ∈ �−Ap∕2; Ap∕2�), the difference in Eq. (12) is defined only inside
the overlapping region for spatial points x ∈ �−Ap∕2; Ap∕2 − Δx�,
with the spatial extent of LOverlap � Ap − Δx in the x direction; see
Fig. 2c. Obviously, if Δx � UcΔt > Ap, there is no overlapping

region to compute the difference. Therefore, the sampling frequency

of the wave-front collection, fs � 1∕Δt, should be larger than the

Uc∕Ap. In practice, as will be shown later, the overlap region should

Fig. 2 Representations of a) true convectivewave front ~Wtrue�x;t� at two different times (thin lines), aperturedwave fronts (thick lines), and their piston/
tilt components inside aperture (dashed–dotted lines); b) piston/tilt-removed wave fronts; and c) W1�x� (black line), shifted W2�x − Δx� (green line),

difference ΔW (dashed–dotted line), and reconstructed shifted ~W2�x − Δx� (dashed line).
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be about 50% of Ap or larger, giving an even higher required
sampling frequency.
Finally, due to the requirement that wave fronts be continuous, the

wave fronts should be the same in the overlapping region. To guar-
antee it, the linear difference, computed using Eq. (12), can be added
to the shifted W2 to reconstruct the true wave front upstream of the
aperture:

Reconstructed shifted ~W2�x − Δx; y� � W1�x; y�
� �D1 �D2x�D3y�Overlap (13)

The reconstructed shifted ~W2 is shown in Fig. 2c as a thick dotted

line. In construction, both W1 and the reconstructed shifted ~W2

exactly match in the overlapping region.
If the third measured wave front, ~W3�x; y� ≡ ~W true�x − Uc

�t1 � 2Δt�; y�, measured at the latter time of t1 � 2Δt, is given, the
outlined procedure is applied to the reconstructed shifted ~W2 and the
W3, shifted upstream by 2Δx, to recover a linear correction function.
Once the linear correction function is computed, it is added to the
shiftedW3 to restore the wave-front continuity.
The entire process can be repeated for each wave front given in the

time sequence. At every step, another properly shifted and linearly
corrected wave front is added to the previously matched or stitched
wave fronts, resulting in a continuous wave-front strip, which is
recovered upstream of and over the aperture, as shown as a thick line
in Fig. 3.
At the end of the procedure, the overall stitched wave front might

have a nonzero global X/Y tilt and piston, as seen in Fig. 3. This is
because the tilt-removedW1�x; y� was used as an anchor to start the
stitching method, with the unknown amount of piston and X/Y tilt
removed from it. By design of the stitchingmethod, it recovers only a
differential piston and X/Y tilt between the adjacent wave fronts in
order to recover the wave-front continuity. Thus, the unknown X/Y
tilt, removed from the first wave front, was essentially removed from
all reconstructed wave fronts, resulting in a global nonzeroX/Y tilt in
the reconstructed wave front. Because it is reasonable to assume that
the overall global X/Y tilt in the reconstructed wave front is zero for a
sufficiently large reconstructed wave-front strip, we can simply
remove the global piston and X/Y tilt from the final reconstructed
wave front, as shown in Fig. 3. A detailed discussion and the analyses
of the uncertainty associated with this global X/Y-tilt removal can be
found in Ref. [23].

B. Computing Convective Speed

As alluded to in the preceding text, the convective velocity of the
optical structures is a necessary parameter in order to use the stitching
method. More precisely, the common overlapping region between
frames is a required quantity; and itmust be identified for the stitching
algorithm to be applied. The convective velocity of the flow in

conjunction with the sampling frequency used in the experiment
defines the overlap present in adjacent wave-front images. For certain
flows such as boundary layers [14,24,25] and shear layers [26,27],
the convective velocity has been extensively studied and can be
assumed to be constant and known.More analyses on the assumption
of a constant convectivevelocity in the stitchingmethod can be found
in Ref. [23]. If the convective velocity is unknown or believed to be
nonconstant but slowly varying in time, a quasi-instantaneous con-
vective velocity can be computed by cross correlating wave fronts
with different streamwise offsets. Finding the streamwise shift that
corresponds to the largest correlation will give the approximate
distance traveled by the optical structures between the two frames.
The computed distance traveled by the optical structures can then be
divided by the time difference between frames to give the average
convective velocity of the optical structures for a given subsequent
pair of wave fronts.
Recall that from Eq. (12), if W2 is shifted by Δx � UcΔt, the

difference between the shiftedW2 andW1 is a linear function only, if
the wave front is purely convective. It can be rewritten in the follow-
ing way:

U�D1;D2;D3;Δx�

�
Z
Overlap

fW2�x−Δx;y�−W1�x;y�− �D1�D2x�D3y�g2 dxdy

(14)

where the overlap region depends on the shift Δx. TheU function is
positive and, for purely convective wave fronts, has a minimum of
zero if Δx � UcΔt. For any other streamwise shifts, the U function
will be positive. Thus, Eq. (14) can be used to compute both D
coefficients and the spatial shift Δx by finding the minimum value
of U. Because U is a linear function of D coefficients, for a given
guess of the shift,D coefficients can be found in a similar fashion as in
deriving Eq. (7). After substituting D coefficients into Eq. (14), the
values ofU can be found for different guesses of the spatial shift. The
minimum ofUwill give the proper value of the spatial shift, which is
needed to apply the stitching method. It can also be used to calculate
the quasi-instantaneous convective speed, corresponding to the pair
of the wave fronts.
As will be shown later, if the aperture is sufficiently large, the

instantaneous X/Y tilt (removed from each frame) is small, and the
measured wave fronts are close to the true wave fronts. In this case,
we can use the standard cross-correlation function to find Δx:

Corr�Δx� �
Z
Overlap

W2�x − Δx; y�W1�x; y� dx dy (15)

For pure convective wave fronts, the correlation is maximum if
Δx � UcΔt. Because the wave fronts are given over discrete spatial
points, the standard parabolic fit near the maximum can be used to
improve the estimate of Δx.
Figure 4 shows an example of computing the spatial shift using two

realistic two-dimensional wave fronts measured over a rectangular
aperture. The two wave fronts have the same structure, outlined by a
dotted line, located at different spatial regions for each wave front. If
the wave front W2 is shifted properly, the outlined structure in the
shifted wave front will match the structure inW1 in the overlapping
region, resulting in the largest correlation value.

C. Average the Adjacent Frames

In practice, the structure in the overlapping region might not be
exactly the same for the adjacent wave fronts. One source of the
mismatch is that the structuremight slightly evolve between the times
the two wave fronts were collected. Another source is measurement
noise. To avoid spatial discontinuity in the reconstructed wave front
on the perimeter of the overlapping region, a linear weighting
approach was used where, in the overlapping region between the
two wave fronts, each wave front is multiplied by a weighting
function that varies linearly in the streamwise direction from zero

Fig. 3 The final reconstructed wave front plotted with the tilt-removed
version.
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to one, as demonstrated in Fig. 5. The reconstructed wave front in the

overlapping region is a sum of the adjacent weighed wave fronts.

In summary, the stitching method is executed in a loop. At each

iteration of the loop, the following steps are performed:

1) Compute the spatial offsetΔx between two adjacent wave fronts
using either Eq. (14) or, for large apertures, Eq. (15).
2) Compute the linear correction function by performing a linear

fit to the difference between the properly shifted wave fronts
using Eq. (12).
3) Compute the reconstructed shifted wave front using Eq. (13).
4) Compute the spatially extended wave front by averaging over

the properly weighed wave fronts, as illustrated in Fig. 5.

D. Variable Aperture Approach

Once the wave fronts have been stitched by adding the proper
amount of the aero-optical piston and X/Y tilt to each shifted wave
front to ensure the continuity of the resulted wave front, we can then
begin the process of recovering the aero-optical component of the
jitter. As stated earlier in this paper, the stitching method produces

long strips of wave-front data, Ŵstitch�x − Uct; y�, where the recon-
structed wave front is convected at a constant speed Uc. Again, it is
important to note that these new time series of wave-front data have
been corrected for any corruptions caused by mechanical vibration
present in the experiment. From the recovered wave front, both the
local jitter or local deflection angles and the global tilt for a given
aperture can be recovered. To recover the local deflection angle, we
can use the definition of the deflection angle as a negative gradient of
the wave front. For instance, the true streamwise deflection angle,

denoted as ~θ, can be computed as

~θ�x; y; t� � −
d ~Wstitch�x − Uct; y�

dx

Similarly, the global aero-optical jitter can be recovered by applying
Eq. (7) or, for round or rectangular apertures, by using Eq. (8). Since
we now have long strips of the reconstructed wave front, we can re-
aperture them to any arbitrary aperture size or to match the exper-
imental aperture. To do so, the long stitched wave front is “pulled”
through the aperture of arbitrary size Ap at a velocity of Uc. Snap-
shots are then taken at a sample rate of fs to build back up a stack of
reconstructed wave fronts. This process can be seen schematically
in Fig. 6.
Now that the times series ofwave-front datawith arbitrary aperture

size is generated and the global aero-optical tilt is extracted from each
wave front, we can study the global tilt statistics for different aper-
tures. In the following sections, wewill develop a model for the aero-
optical global tilt and apply the stitching technique to investigate the
statistics of aero-optical global tilt created by a forced shear layer.

III. One-Dimensional Model of the Global Tilt

The main quantity of interest in this work is the aero-optical
component of the global tilt in the streamwise direction,X tilt, present
in experimental wave-front data. This quantity was denoted as the A
coefficient in the previous sections to simplify the derivation of the
stitching method, but we now would like to use θG notation for the
rest of the paper to explicitly emphasize a connection to a local jitter θ.
In this paper, we will focus only on the streamwise component of the
global jitter, and we will not consider the spanwise global Y tilt. We
have shown that the stitching method is one option in recovering the

Fig. 5 Illustration of final averaging step in stitching algorithm. A

spatially linear weighting function is applied to each wave front in over-
lapping region, and the resulting reconstructed stitched wave front is
taken to be a sum of two adjacent weighed wave fronts.

Fig. 6 Variable aperture approach applied to a stitched wave front.

Fig. 4 Demonstration of the computation of spatial shift (overlap). The

quantity Δx can be found using a cross correlation between the wave
fronts using Eq. (15). Flow direction is from left to right.
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global tilt. In this section, we will present a one-dimensional filter

model that can be used to predict the amplitude of the global stream-

wise X tilt in case of a purely convective single-harmonic wave front.

For simplicity, for the rest of the paper, we will refer to it as the

global tilt.
The foundation for the filter model presented in this section was

first developed in Ref. [8]. The transfer function GA, defined later in

the section and used in the filter model, was initially derived in

Ref. [13]. In this work, we will first rederive the filter model for

completeness and then apply it in a newway as a means to predict the

aero-optical component of the global tilt from local deflection angle

spectra.
We begin with a one-dimensional purely convecting true wave

front consisting of a single harmonic:

~W true�x; t� � sin

�
2π

Λ
�x −Uct�

�
(16)

where Uc is the convective velocity of the wave front, and Λ is the

spatial period of the wave front. Ultimately, we are interested in how

the global tilt changes with the aperture size Ap. To do this, we

consider the definition of global tilt, which is defined in Eq. (7).
To get an explicit equation for the streamwise global tilt θG�t;Ap�,

we can substitute the model wave front given in Eq. (16) into Eq. (8)

to obtain

θG�t� �
6Λ

h
Λ sin

�
πAp
Λ

�
− πAp cos

�
πAp
Λ

�i
cos

�
2πtUc
Λ

�
π2Ap3

� kx cos�2πft� ⋅
�
3
sin�πZ� − �πZ� cos�πZ�

�πZ�3
�

(17)

where f � Uc∕Λ is the frequency, which is associated with the

traveling wave front, Z ≡ Ap∕Λ � �Apf�∕Uc, and kx � 2π∕Λ is

the structure wave number. Recall that the local streamwise jitter is a

negative spatial derivative of the true wave front, θ � −d ~W true∕dx.
Thus, for the model wave front, the local streamwise jitter at the

center of the aperture, x � 0, is θ�t� � kx cos�2πft�. By comparing

this expression with Eq. (17), we recognize that the first term of

Eq. (17) is simply the local jitter. Therefore, the term in square

brackets in Eq. (17) acts as a transfer function from local jitter θ to

global tilt θG. We denote this transfer function as GA:

GA�Z� � 3
sin�πZ� − �πZ� ⋅ cos�πZ�

�πZ�3 (18)

A plot of GA�Z� is presented in Fig. 7.

For a single frequency traveling harmonic, GA�Z� relates the
amplitude of local jitter to the amplitude of global tilt over a given
aperture, θG�t;Z� � GA�Z�θ�t�. As a consequence, the autocorrela-
tion spectral densities for local jitter and global tilt are related as well:

SG�f;Z� � �GA�Z��2Sθ�f� (19)

where the transfer function acts as a low-pass filter. Thus, bymeasuring
only the autocorrelation spectral density of the local jitter (deflection
angle) Sθ�f� and assuming a purely convective wave front, we can
compute the autocorrelation spectral densities of the global tilt and
determine the global tilt rms value θG;rms for different apertures:

θG;rms�Ap� �
�Z

∞

−∞
Sθ�f� ⋅GA�Z�2 df

�
1∕2

(20)

where, again, Z � Apf∕Uc. This is a crucial result, and it is worth
restating. By measuring the local jitter only, we can approximate the
global tilt foranyaperture as longas the spatial growth is small enough,
thewave fronts can be treated as purely convective, and an uncorrupted
local jitter measurement can be obtained. Because local jitter is a point
quantity, and therefore is not influenced by aperture effects, this is an
impactful result. Remember, the local jitter still can be corrupted by
mechanical vibrations, and the stitchingmethod can be used to remove
these contamination, as discussed in the previous section.
It is easy to see fromEq. (20) that if awave front is approximated as

a sinewave, as in Eq. (16), the rms value of global tilt θG;rms reduces to

θG;rms�Z� � θrms ⋅ jGA�Z�j (21)

The rms of global tilt fromEq. (21), plotted for various aperture sizes,
is shown in Fig. 8 where, for convenience, the value of the local jitter
θrms was set to be unity.
The global tilt becomes smaller for larger apertures. Also, the sharp

dropouts present in θG;rms are related to Z values, whereGA�Z� � 0.
FromEq. (18), theseZvalues satisfy the equation tan�πZ� � πZwith
solutions Z � 1.43; 2.46; 3.47; 4.48; : : : . At these Z values, the
global tilt is exactly zero for any amplitude of the local jitter in the
case of a single-harmonic wave front.

IV. Uncertainty Analysis

In the application of the stitching method, several factors are
important. In this section, we will present a parametric study on the
impact of aperture size, spatial resolution, temporal resolution, and
noise on the accuracy of the stitching method. Just as in Sec. III, we
will use a single sinewavewith a known convective velocity, given in
Eq. (16), to perform the uncertainty analysis. In our analysis, we

0 1 2 3 4 5 6

Z=Ap/

-0.2

0

0.2

0.4

0.6

0.8

1

G
A
(Z

)

Fig. 7 Global tilt transfer function GA�Z�

0 1 2 3 4 5

10-2

100

Fig. 8 Normalized rms of global tilt θG;rms vs Z � Ap∕Λ for the single

sine model
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assume that the convective speed is constant. Although a slowly
varying convective speed will undoubtedly add additional uncer-
tainty to the reconstruction of the global tilt, this effect is not
addressed here and is left for the future work. As a starting point, a
long time series of wave fronts over a fixed aperture with given
discrete spatial points was generated. At every frame in time, the
global tilt and pistonwere computed using Eq. (8) and saved as a time
series. To simulate the experiments, the global tilt and piston were
removed from each frame to form a time sequence of the higher-order
wave fronts. The time series of global tilt was then used to compute
the root mean square of the tilt θG;rms. This parameter will be used to
evaluate the accuracy of the stitching method.
To further model the experimental conditions, once the tilt and

pistonwere removed fromallwave fronts, zero-meanone-dimensional
Gaussian noise with a standard deviation ϵ was added to each time-
frame. In practice, the noise is sensor related; for a Shack–Hartmann
wave-front sensor, it mostly comes from uncertainty in computing
local deflection angles used to reconstruct wave fronts. Additional
uncertainly is also sourced from the least-squares fit of the wave front
to the measured slopes. In addition, note that the sine wave in Eq. (8)
has a fixed amplitude of unity. In general, ϵ should be viewed as a
percentage of noise relative to the wave-front amplitude. The resultant
wave-front sequencewas input into the stitchingmethod. The stitching
method uses each frame to reconstruct one long wave-front strip in
space. If the wave-front stitching algorithm did a perfect job of
reconstruction, therewould be no difference between the stitchedwave
front and the original sine wave. It was already shown in Sec. III that
with no noise added, andwith a sufficient amount ofwave-front frames
to stitch, the stitching method converges onto the original sine wave.

Thevarying value of noise added to eachwave-front frame changes the

computed tilt and piston in the overlapping region. This deviation from

the actual tilt and piston is the major source of uncertainty.
Once the stitched wave front has been determined, the stitched

wave front was apertured down just as was previously done with the

original sine wave. On this new wave-front time series, the recon-

structed global tilt was computed for each frame. The temporal rms of

the global tilt for the original sine wave θG;rms and for the wave front

produced by the stitching method θstitchG;rms were then compared. The

error between the two quantities is a global tilt error, which was

defined as follows:

Σ
�
Ap

Λ
; Np;Overlap; ϵ

�
� jθG;rms − θstitchG;rmsj

θG;rms

(22)

where Ap∕Λ is the nondimensional aperture size, and Np is the

number of spatial points contained in thewave front over the aperture.

The parameter ofOverlap � �Ap − Δx�∕Ap, whereΔx � Uc∕fs, is
the percentage of overlap between frames, relative to the aperture

size, and is determined by the convective velocity Uc and the sam-

pling frequency fs. Finally, ϵ is the standard deviation of the one-

dimensional Gaussian random noise added to each 1-D wave-front

frame in time.
In Fig. 9, the resultant error in global tilt Σ with ϵ � 0.01 is

plotted for various overlap percentages. The three curves in each

figure represent different numbers of points in each wave

front: Np � 20; 30; 50.

a)
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Fig. 9 Error in estimating global tilt Σ defined in Eq. (22) for different number of spatial points Np for a) ϵ � 0.01, Overlap � 70%; b) ϵ � 0.01,
Overlap � 50%; and c) ϵ � 0.01, Overlap � 20%.
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For the large parameter of Overlap � 70%, we see that the stitch-

ing method does a very good job predicting the global tilt, except for

at four points. At those four locations (Ap∕Λ ≈ 1.4; 2.5; 3.5; 4.5), the
real global tilt for the sine wave approaches zero, as shown in Fig. 8.

This causes the resultant error to tend toward infinity. For the follow-

ing analysis, wewill ignore these four locations and focus on the error

at other aperture sizes.
For the parameter of Overlap � 50%, the stitching method still

does a good job across all aperture sizes, except at the same four

locations mentioned before. For the parameter of Overlap � 20%,

we begin to see the effects of spatial resolution. Because the number

of points Np is fixed as the aperture grows, the spatial resolution

decreases. The simulation was done in this way to mimic the experi-

ment. In typical experiments, the number of points across the aperture

is usually fixed by the lenslet array size and magnification of the

optical setup. The number of points across the aperture seen in the

experiment is typically between 25 and 50. For very poor spatial

resolution of Np � 20 at the parameter of Overlap � 20%, the

global error is larger than 0.2 for Ap∕Λ > 2, and so the stitching

method cannot accurately reproduce the global tilt. But, if a sufficient

number of points of NP > 50 is used, even at this low overlap

percentage, the stitching method is still within approximately 20%

of the actual value of θG;rms.

We can now plot the same error but for an increased noise param-

eter. The various error plots for ϵ � 0.05 can be seen in Fig. 10.
For the large parameter of Overlap � 70%, we see that the stitch-

ing method does a good job when for the higher spatial resolution

of Np > 30. Ignoring the performance dropouts caused by the real

global tilt reaching aminimum, for apertures smaller thanAp∕Λ ≈ 3,
the stitchingmethodmaintainsΣ < 0.2 for all spatial resolutions. The
error begins to increase significantly nearAp∕Λ ≈ 3 for theNp � 20

and 30 cases.
For the parameter of Overlap � 50%, we once again see the

impact of spatial resolution.With the increased noise parameterwhen
compared to the ϵ � 0.01 simulations, the stitchingmethod becomes
more sensitive to spatial resolution and overlap percentage. The error
begins to increase significantly aboveAp∕Λ ≈ 2 for theNp � 20 and

30 cases. The Np � 50 case begins to see a significant reduction in

performance above Ap∕Λ ≈ 3.
For the parameter of Overlap � 20%, we see an overall poor

performance across all apertures and spatial resolutions. With this
increased level of noise, there is not enough common information in
the frames for the stitching method to predict the global tilt.
In summary, the presented uncertainty analysis revealed that hav-

ing an Overlap value of at least 50% would result in a reasonably
small error of Σ < 0.1 in reconstructing the global tilt using the
stitching method if the experimental noise, relative to the wave-
front amplitude, is less than a few percent. Using the definition of
the Overlap parameter, it provides a recommendation for choosing
the sampling frequency, namely, fs > 2Uc∕Ap. The stitching
method tends to work better for small or moderate aperture-to-scale
ratios: Ap∕Λ < 3.

V. Experimental Setup

The experiments were conducted to develop and provide evidence
for the efficacy of the stitching method. All wind-tunnel experiments

0 1 2 3 4 5
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0.5

1

1.5

a)
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b)
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Fig. 10 Representations of the global tilt error, ϵ, for a) ϵ � 0.05, Overlap � 70%; b) ϵ � 0.05, Overlap � 50%; and c) ϵ � 0.05, Overlap � 20%
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were conducted at the University of Notre Dame’s Tri-Sonic Wind
Tunnel Facility. The facility is an indraft tunnel design with inter-
changeable test sections. Photographs of the shear-layer test section
can be seen in Fig. 11.
As shown in Fig. 11, the test section has two inlets. The upper

inlet is the high-speed inlet, and the lower inlet is for low-speed
flow. The high-speed inlet is square and has a 48.5-to-1 contraction
nozzle that reduces the area from 0.4227 to 0.0087 m2. The low-
speed section undergoes a slight expansion from 0.0157 to

0.0276 m2. The low-speed inlet is filled with narrow tubes that
dropped the total pressure of the low-speed flow due to their wall
shear stress. The velocity ratio of the shear layer could be adjusted
by adjusting the overall length of the low-speed inlet. The two flows
are separated by a splitter plate 76.2mm from the upper wall, shown

in Fig. 12a. The test section is 101.6 mm in width. The high-speed
inlet was set toM � 0.6, whereas the low-speed section was set to
M � 0.1. The static pressure was matched at the splitter plate. The
lower wall of the test section is sloped at 6.35 deg to compensate for
the viscous-related total pressure losses and to ensure the static
pressure in the test section is constant in the streamwise direction.
Additional details about Tri-Sonic Wind Tunnel Facility can be
found in Ref. [28].

A. Shear-Layer Forcing

A regularized shear layer represents a natural candidate for the
application of the stitching method due to a presence of well-defined
vortical structures and the related aero-optical distortions. To regu-
larize shear layer, external forcing was used. An in-depth analysis on
the forcing technique can be found in Refs. [28,29], and so only
essential information relevant to the current experiment will be
provided here. Three voice-coil actuators were mounted on the
splitter plate to periodically force the shear layer at the end of the
splitter plate. A photograph of the voice-coil actuators mounted to
the splitter plate can be seen in Fig. 13a. Thevoice-coil actuatorswere
Panasonic EAS3P127A 8 Ω, 0.5 W speakers. The speakers were
trimmed by about one-fifth of their diameter, as shown in Fig. 13,
such that they could be mounted flush to the trailing edge of the
splitter plate.
In Ref. [28], it was shown that a forcing signal comprising the

fundamental harmonic at the forcing frequency and a 10%-amplitude
subharmonic at half of the forcing frequency did the best job at
regularizing the shear layer. The forcing frequency for this experi-
ment was chosen to be 640 Hz because it has been shown to be a
good choice of forcing frequency to regularize the shear layer for the
streamwise location of our measurements [28]. It was found that at
this frequency, the edges of the actuators were displaced by about
1 mm from peak to peak [28]. Finally, it was shown in Ref. [28] that
the growth rate of the forced shear layer is suppressed over the
region of the optical measurements. As the stitching method relies
on the assumption of the streamwise homogeneous flow, it makes
the forced shear layer a good candidate to apply the stitching
method.

B. Optical Measurements

Side and top views of the optical setup used in this work can be
seen in Fig. 12. The laser for this experiment was shone in the wall-
normal direction (from bottom to top). This can be seen schemati-
cally in Fig. 12a. A schematic of the optical setup used is presented
in Fig. 12b. For this work, a Neodymium-dopedYttrium aluminium
Garnet (Nd:YaG) laser was first expanded to 18mmusing aMelles–
Griot refractive beam expander and then passed through a cube
beam splitter cube. From the beam splitter, the beam was expanded
again to 180mmusing a custom-made off-axis 1∶10 reflective beam

Fig. 11 Shear-layer test section installed in the Tri-Sonic Wind Tunnel Facility.

Fig. 12 Schematic of Notre Dame’s Tri-Sonic Facility with the shear-
layer test section installed: a) side view of the test section, and b) top view
of the optical setup.
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expander. This 180 mm beam was sent up through the test section
and reflected back through the same optical path using a large flat
return mirror. This is the so-called double path setup that

increases the signal-to-noise ratio of wave-front measurements.
The center of the aperture was set at 275 mm downstream of the
splitter plate. After the beam splitter cube on the reimaging side

of the optical setup, an optical relay comprising two 1500 mm
lenses was used. Wave-front measurements were performed using

a Vision Research Phantom v1611. Mounted to the camera was a
lenslet array with a pitch of 0.3 mm and a focal length of
38.2 mm. The sampling frequency was set at 40 kHz, and time-

resolved two-dimensional wave fronts were collected. The col-
lected wave fronts had 36 subapertures in the spanwise direction
and 60 subapertures in the streamwise direction. A total number

of 45,700 frames were collected. To describe aero-optical results,
a frame of reference was chosen with the x axis denoting the

downstream direction and the z axis aligned in the spanwise
direction. The origin of the frame of reference was chosen to
be in the center of the aperture. Table 1 summarizes the param-

eters related to the data collection. Also, fs denotes the sampling
frequency, ff denotes the forcing frequency, Ap denotes the

aperture size in physical space in the streamwise direction, and
Apz denotes the aperture size in physical space in the spanwise
direction.
Forced shear-layer parameters are given in Table 2. In Table 2,

the indices “1” and “2” denote flow quantities in the high- and the
low-speed regions of the shear layer, respectively. Λ denotes the

size of a large coherent shear-layer structure, defined as a distance
between the minima of the autocorrelation function in the stream-
wise direction. The Λ length was measured from a conventional
normalized unbiased autocorrelation function of the forced shear-
layer wave front:

ρW�Δx;Δz� �
hW�x; z; t�W�x� Δx; z� Δz; t�ioverlap

hW�x; z; t�2ioverlap
(23)

where the angle brackets denote averaging over time and space in
the overlapping region. The autocorrelation function and a slice of it
in the streamwise direction are plotted in Fig. 14. From Fig. 14b, the
structure size was estimated to be Λ � 0.140 m. Finally, the con-
vective speed of the shear-layer structures was computed as Uc �
Λ ⋅ ff � 90 m∕s.
To demonstrate the stitchingmethod for differentOverlap param-

eters for a fixed aperture size, the wave-front data were down-
sampled to two different frequencies: fdowns � 4 and 2 kHz. At
these downsampled frequencies, Overlap parameters were found

to be Overlap � �Ap −Uc∕fdowns �∕Ap � 87 and 75%, respec-
tively. Later, we will refer to these wave-front sets as the full
aperture set of 83% and the full aperture set of 75%. To investigate
the effect of the aperture size on the accuracy of the global tilt

reconstruction, the wave fronts for the fdowns � 4 kHz case were
also spatially clipped to an aperture with the same spanwise size
but one-half of the full aperture in the streamwise direction,
centered in the middle of the full aperture. Instantaneous piston
and X/Y-tilt modes were also removed from this dataset. Later, we
will refer to the wave-front set over the smaller aperture as the
small aperture set. For the small aperture set, Overlap is 75%. A
summary of all cases is provided in Table 3.
Note that the streamwise extent of the small aperture set is only

0.64Λ. As discussed before, the X/Y-tilt-removal results in a
modification of the spatial statistics of the residual wave fronts.
As a consequence, important information about wave fronts at
spatial scales larger than the aperture size is also removed. Fur-
thermore, even correlations for spatial separations smaller than the
aperture will be modified [14]: It is illustrated in Fig. 14b, where
the slice of the cross-correlation function for the small aperture set
is plotted as a dashed line. The cross-correlation function is
significantly different from the one calculated from the full aper-
ture set; for instance, the distance between the local minima was
only 0.078 m. The stitching method reintroduces the aero-optical-
only component of the piston and the X/Y tilt back to the wave
fronts collected over a finite aperture. As a result, the stitching
method recovers the lost information and can be used to calculate
aero-optical statistics of thewave fronts for any aperture, including
large ones.

VI. Results

A. Aero-Optical Environment of the Forced Shear Layer

Figure 15 shows two representativewave fronts at random differ-
ent time instances for the full aperture set from the forced, regular-
ized shear layer. The wave fronts have well-defined structures,

Fig. 13 Photograph of a) the voice-coil actuators mounted on the splitter plate, from Ref. [29]; and b) details of the voice-coil actuators.

Table 1 Forced shear-layer

experiment parameters

Parameter Value

Subapertures 36 × 60

Ap, m 0.180

Ap∕Λ 1.27

Apz, m 0.108

fs, Hz 40,000

ff , Hz 640

Table 2 Forced shear-layer
flow parameters with estimated

uncertainties

Parameter Value

M1 0.60� 0.01

M2 0.100� 0.003

a1, m∕s 333� 10

a2, m∕s 344� 5

Uc, m∕s 90� 3

ρ1, kg∕m3 0.99� 0.01

Λ, m 0.140� 0.005
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which are due to localized regions of lower pressure (and, conse-
quently, lower density) inside the vortical structures. The regular
vortical structures, characteristic of shear layers, are caused by an
inflection instability mechanism [30]. The structures are nearly
uniform in the spanwise direction. The unbiased autocorrelation
functions for the forced shear layer, presented in Fig. 14a, also show
that the forced shear layer has a high degree (larger than 0.6) of the
correlation in the spanwise direction across the entire aperture. All
of these observations suggest that the forced shear-layer wave fronts
can be approximated as single-frequency spanwise-uniform wave
fronts convecting at a constant speed.
The main assumption to implement the stitching method is that

the flow has to be sufficiently homogeneous in the streamwise
direction. In other words, the forced shear-layer growth should be
minimal over the aperture. To inspect shear-layer growth over the
aperture, we can treat the Shack–Hartmann measurements as a
two-dimensional array of deflection angles at different spatial
points. So, one way to check shear-layer growth is to study a
two-dimensional map of the temporal root mean square of the
deflection angles θrms�x; z� over the aperture. Figure 16a presents

two-dimensional distribution of θrms�x; z� normalized by the value
of θrms at the center of the aperture. Except for the first 20% of the
aperture, θrms does not significantly vary along the streamwise
direction. The spatial distribution of deflection angles does exhibit
higher values along the middle of the aperture at z � 0 when
compared to the locations close to the edges in the spanwise
direction. This indicates a small degree of the spanwise nonun-
iformity; a similar conclusion was made in the previous section
when analyzing the spanwise cross correlation. Another way to
check the streamwise homogeneity is to inspect deflection angle
spectra for various streamwise locations along z � 0. The plots of
the deflection angle spectra for the forced shear layer at selected
streamwise locations can be seen in Fig. 16b. There is a strong
spectral peak at the forcing frequency of 640 Hz, as well as a
weaker harmonic at 1280 Hz, present at all locations. This is
indicative of a regularized structure passing over the aperture as
a result of the forcing. Again, with the exception of the upstream
streamwise location of x∕Ap � −0.25, the spectral energies over a
wide range of frequencies stay approximately the same at other
locations of the aperture. All of it indicates that over the aperture,
the flow can be treated as approximately homogeneous in the
streamwise direction.
Figure 17 shows the reconstructed wave front using the full

aperture set (Overlap � 87%) where several nearly spanwise-
uniform large-scale structures can be clearly observed. The struc-
tures are slightly stronger along the z � 0 line, which is consistent
with the two-dimensional map of θrms (presented in Fig. 16a) as
well as with lower values of the cross-correlation function for large
spanwise separations (shown in Fig. 14a). As a reminder, this

a)

-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

x (m)

-1

-0.5

0

0.5

1

W
(

x,
z 

=
 0

)

 = 0.140 m

Full aperture
Small aperture

b)

Fig. 14 Representations of a) normalized unbiased autocorrelation of shear-layer wave front, and b) centerline slice of normalized unbiased
autocorrelation. Normalized unbiased autocorrelation of small aperture set also plotted as a dashed line.

Table 3 Different apertures and Overlap
parameters used in the stitching reconstruction

Case Ap∕Λ fdowns , Hz Overlap, %

Full, 87% overlap 1.27 4000 87
Full, 75% overlap 1.27 2000 75
Small, 75% overlap 0.64 4000 75

Fig. 15 Representative wave fronts for the forced shear layer. These two frames were taken at random different time instances.
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wave front was reconstructed from X/Y-tilt-removed wave fronts
collected over the fixed aperture size of Ap∕Λ � 1.27. Then, the
wave front at any smaller or larger aperture can be computed.
Again, the stitching method can be applied as long as the shear
layer can be approximated as homogeneous in the streamwise
direction. Although this approximation is reasonable for small
apertures, it will eventually fail for sufficiently large apertures
over which the shear-layer growth rate in the streamwise direc-
tion cannot be ignored. So, the global tilt results for large
simulated apertures (to be presented later in this section) are
expected to deviate from the results from the real shear layers
collected over large apertures. The error analysis associated with
applying the stitching method to the spatially growing flows can
be found in Ref. [23].

B. Global Aero-Optical Jitter

Once the aero-optical X/Y-tilt and piston components are reintro-
duced into the wave fronts using the stitching method, the global tilt
over any given aperture can be extracted. This is done by applying
the given aperture to the reconstructed wave front, where time has
been traded for space, and extracting the aero-optical only global tilt
via a linear fit using Eq. (8). By moving the aperture at the constant
convective speed in the streamwise direction over the reconstructed
wave front, the time series of the global tilt can also be extracted, as

schematically shown in Fig. 6. Note that in this work, the aperture is

applied only in the streamwise direction, whereas the spanwise

aperture size Apz stays the same.
Before presenting the results of the global tilt reconstruction via

the stitching method, it is useful to develop a scaling law for the

jitter. Recall that the deflection angle is a gradient of the wave front:

θ � −∇W. If thewave front has a characteristic length scaleΛ, then
the amplitude of jitter characterized by the temporal root-mean-

square value θrms is related to the amplitude of the wave front

characterized by OPDrms as θrms ∼ OPDrms∕Λ. In Ref. [12], it was

derived that the level of aero-optical distortions for the shear layer

follows this scaling law of OPDrms ∼ KGDρ∞M
2
cΛ, where ρ∞

denotes the freestream density and Mc � �U1 −U2�∕�a1 � a2� is
a convective Mach number [26]. Using this equation, for the

presented experiment, the convective Mach number was calculated

to be Mc � 0.24. The freestream density was replaced with the

density at the high-speed side of the shear layer to get the following

scaling law for jitter:

θrms ∼ KGDρ1M
2
c (24)

Using this equation, wewill normalize both the local jitter θ and the
global tilt θG by KGDρ1M

2
c.

Fig. 17 Reconstructed wave front, ~Wstitch�x;z�, using the stitching method from the full aperture set (87%).
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Fig. 16 Representations of a) spatial map of θrms�x;z�, normalized by θrms�x � 0;z � 0�; and b) deflection angle energy spectra of local jitter Sθ at
different streamwise positions along centerline z � 0.
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We can then move on to applying the stitching method to our
forced shear-layer wave fronts and apply the variable aperture
approach, as discussed earlier in this paper, to extract the aero-optical
component of the global tilt for different simulated apertures. The
extracted values can be used to compute various statistics of the
global tilt for different simulated apertures.
Using both full aperture and small aperture sets, the normalized

values of the rms of global aero-optical tilt of θG;rms∕�KGDρ1M
2
c�

for a range of the simulated apertures were computed and are
shown in Fig. 18. The global tilt is equal to the local jitter at Ap �
0 and generally decreases with the increasing simulated aperture,
with dropouts around Ap∕Λ ≈ 1.4; 2.5; 3.5; 4.5, and so on. These
dropouts occur for the aperture sizes where the transfer function
GA [Eq. (7)] is equal to zero and the global tilt values are expected
to significantly decrease. The results for the full aperture of 87 and
75% are nearly identical, showing the robustness of the stitching
method to theOverlap parameter. The results for the small aperture
set also agree with the results from the full aperture sets up to
Ap∕Λ ≈ 5. Above this value, the predictions of the global tilt
values from the small set become consistently below the full
aperture results, although they still differ by less than a factor of
two. These results are consistent with the uncertainty analysis.
Also, for the small aperture set and the simulated apertures larger
than Ap∕Λ ≥ 5, there is a small but growing mismatch between
both the rms values of the global tilt and the locations of the local
dropouts as compared to the full aperture results. One possible
reason for this mismatch is that the stitching method relies on
computing the instantaneous convective speed using the data in the
overlapping region. Since the number of overlapping points is
smaller for the small aperture set, the computed convective speed
has a larger uncertainty, possibly resulting in this bias error in
calculating the values and the dropout locations. To investigate
that, the global tilt for the small aperture set was also computed by
keeping the convective speed constant, and the results were found
to be similar to the ones presented in Fig. 18. Further investigation
is needed to address this bias error at small aperture sets.Wewould
like to point out that this bias error is present only for the small
aperture data because the large aperture does a very good job
reconstructing the global jitter.
Overall, the presented results provide some guidance on the choice

of the aperture size of Ap∕Λ ≳ 1 and a number of the overlapped
points Noverlap ≳ 20 − 30 to correctly compute the values of the

global tilt over a wide range of the simulated apertures. As was
mentioned before, for large apertures for real flows, the assumption
of the homogeneous flow over the aperturewill most probably fail for
most turbulent flows; and the stitching method in the presented form
will provide incorrect results.

Because the forced shear layer can be approximated as a
single-frequency convecting wave front, the single sine model
[Eq. (21)] was able to correctly predict the values of global tilt at
different simulated apertures, including the locations of the drop-
outs, seen in Fig. 18. The single sine model predicts the global tilt
at these aperture values to be exactly zero; see Fig. 8. In reality,
other frequencies present in the wave fronts will result in nonzero
values of the global tilt at these dropout locations. The values of
the normalized aero-optical global tilt, computed using the filter
model [Eq. (20)], agree well with the values near the local
maxima in the global tilt; they also correctly identify the locations
of the local minima, as shown in Fig. 18. Since the filter model
takes into account other frequencies present in the wave front, the
values at these local minima are finite and agree reasonably well,
within a factor of 1.5, with the results from the stitching method.
Both models were able to correctly predict the values of the
global tilt at the local maxima, which are identified as an
envelope line in Fig. 18. This envelope line can be used as a
conservative estimate of the global tilt values for various simu-
lated apertures.
The extracted global tilt time series can also be used to compute

global tilt energy autocorrelation spectral densities SG�f;Ap�
for various simulated apertures. The results for several simulated
apertures, reconstructed using both the full aperture set and the
small aperture set, are shown in Fig. 19. The local jitter autocorre-
lation spectral density Sθ�f� is also plotted in Fig. 19 for compari-
son. Results are plotted as a function of the Strouhal number, based
onΛ and the convective speedUc: StΛ � fΛ∕Uc. All spectra have a
strong peak at StΛ � 1, corresponding to the forcing frequency. As
discussed before (see Fig. 7), the aperture effect works as a
low-pass filter, suppressing a contribution to the global tilt from
small-scale high-frequency structures. For progressively larger
apertures, the spectral energy of the global tilt is significantly
reduced. As discussed before, the dropouts in the spectra corre-
spond to the frequencies where Z � Apf∕Uc ≈ 1.4; 2.5; 3.5;
4.5; : : : . Also, all global tilt spectra are lower than the local jitter
spectrum at the low frequencies (StΛ1), andwewill discuss this later
in this paper.
The reconstructed global tilt spectra for all processed wave-front

sets show a very good agreement among themselves over a wide
range of frequencies. The spectra computed from the small aperture
set for large (StΛ ≳ 5) frequencies have slightly larger energies as
compared to the ones from the full aperture sets. These results also
demonstrate the ability of the stitching method to correctly recon-
struct the global tilt, originally removed from the wave-front data,
reasonably independently of the choice of the aperture size and the
Overlap parameter.

0 1 2 3 4 5 6 7 8 9 10

Ap/

10-2

10-1

100

G
,r

m
s/ (

K
G

D
1
M

c2
)

Full, 87%
Full, 75%
Small, 75%
Single Sine
Filter Model
Envelope

Fig. 18 θG;rms∕�KGDρ1M
2
c�, reconstructed from full and small aperture sets. Analytical predictions using the single sinemodel [Eq. (21)] and filtermodel

[Eq. (20)] also shown for comparison.
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Recall that the global tilt transfer function GA�Z� given in
Eq. (18) relates autocorrelation spectral densities of the local jitter
and the global tilt over a given aperture; see Eq. (19). Thus, the
ratio between aerocorrelation spectral densities of the global tilt

and local jitter should give SG∕Sθ � GA�Z�2. Since we have
reconstructed the global tilt spectra, we can directly compute the

spectral ratio and compare it with GA�Z�2. Figure 20 shows the
results for several different simulated apertures computed using
both the full and the small aperture sets and plotted as a function of

Z � Ap∕Λ � �Apf�∕Uc. The filter model G2
A�Z� from Eq. (19) is

also plotted for comparison. With the exception of the low
frequencies (StAp1 − 2), the results match the analytical global tilt

filter function quite well, including the locations of the spectral
dropouts. As expected from the error analysis, the global tilt
spectra at a large simulated aperture of Ap∕Λ � 4 deviate more

from the theoretical transfer function G2
A�Z�, especially for the

small aperture set. Overall, the generally good agreement between
the experimentally measured spectral ratios and the filter model
verifies this simple analytical model and the underlying assump-
tions, at least for the forced shear layer.
As noted before, the experimental spectral ratios are consistently

below the analytical filter function at low frequencies.We believe the
reason for this discrepancy is not related to the potential issues with
the stitching method but rather with the accuracy of the measurement
of the local jitter spectra. It was demonstrated in other turbulent flows,
like boundary layers, that the deflection angle spectra are typically
corrupted at low frequencies bymechanical vibrations and other low-
frequency phenomena; see Refs. [14,31,32]. These contaminations

will result in larger spectral values of the deflection angle spectra and,
as a consequence, in lower values of the spectral ratio, SG∕Sθ, at low
frequencies.
It should be noted once again that the filter model, which is a

transfer function from the local jitter to the global tilt spectra,was able
to predict the experimental results of both the global tilt spectra and
overall global tilt values of tilt verywell. The filtermodel is based on a
single point measurement of the local deflection angle (jitter); so, by
simply measuring the local jitter, which is unaffected by the aperture
size, it is possible to develop a very good approximation for the global
tilt at various apertures.
The results presented in this paper can be used to benchmark

adaptive-optics systems for use in airborne directed energyplatforms.
For many geometries used in flight systems, a strong shear layer is
typically present for looking in the downstream direction angles. The
aero-optical component of the global tilt presented in this paper can
be used to inform the jitter budgets developed when choosing an
adaptive-optics system.

VII. Conclusions

One of the major quantities of interest for airborne laser systems is
the unsteady pointing of the beam, or jitter. In airborne systems, the
beam jitter is usually thought of as sourced from three components.
These three components are the base motion related jitter, the aero-
mechanical jitter, and the aero-optical jitter. The base motion com-
ponent of the jitter is sourced primarily from vibration and unsteady
motion of the platform itself. The aeromechanical component of the
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Fig. 19 Autospectral densities of normalized local jitter and global tilt calculatedusing stitchingmethod from full aperture sets and small aperture set for
different simulated apertures of Ap∕Λ equal to a) 0.5, b) 1, c) 2, and d) 4. StΛ � fΛ∕Uc.
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jitter results from the dynamic forcing of the beam director by the

flow. The base motion-related jitter and the aeromechanical jitter can

be described as being sourced frommechanical disturbances. Finally,

the aero-optical component of the jitter is sourced from density

variations in the flow itself. In typical experiments, it is not practically

feasible to separate the mechanically sourced beam jitter from the

aero-optical jitter. To compensate for the mechanical disturbances in

the experiment, the three lowest-order spatialmodes (X tilt, Y tilt, and

piston) are commonly removed from each wave front. It is these low-

order modes that are responsible for the unsteady pointing of the

beam. Therefore, in the typical analysis of wave-front data, informa-

tion pertaining to the aero-optical component of the jitter is lost. In

this work, an algorithm was developed that takes advantage of the

advective nature of aberrations to compensate for the X/Y-tilt and

piston removal in the experiment. The algorithm presented in this

paper and called the stitching method is able to restore information

pertaining to the aero-optical component of the jitter.
The stitching method has two assumptions necessary for its appli-

cation. First, the flowmust be primarily convective. Second, thewave

front measured must be continuous in both space and time. If wave

fronts are sampled at sufficiently high frequency, there will be an

overlap between frames. By measuring the X/Y tilt and the piston

in the overlapped region of the consecutivewave fronts, the removed

X/Y-tilt and piston components can be determined. These compo-

nents can then be added back into the wave fronts to restore informa-

tion pertaining to aero-optical jitter.
The stitching method presented in this work was extensively

modeled. A one-dimensional sine wave with added Gaussian noise

was used as amodel wave front, and the stitchingmethodwas used to

extract the globalX tilt. It was shown that for lownoise environments,

the stitching method did an excellent job matching the known global

jitter, with the error remaining below 25%. There are regions of large

error denoted as dropouts that occur when the real global tilt of the

modeled sine wave approaches zero. In addition to the error model-

ing, a global tilt transfer function was derived. This global tilt transfer

function called the filter model relates the local jitter to the global

jitter over a given aperture.
To demonstrate the stitchingmethod, experiments were performed

in Notre Dame’s Tri-Sonic Wind Tunnel Facility using the shear-

layer test section. The shear layer was forced using a spanwise row of

voice-coil actuators mounted at the trailing edge of the splitter plate.

Forcing was done to regularize the shear layer and provide a more

coherent structure for the stitching algorithm. It was shown that

shear-layer forcing regularized the shear layer over the aperture and

generated a strong coherent shear-layer vortical structure. The stitch-

ing method along with the aforementioned filter model were applied

to the forced shear-layer data to compute stitched wave fronts. Using

these stitched wave fronts, the normalized jitter rms for the forced

shear layer as a function of simulated aperture sizes was calculated.

This normalized jitter rms matched very well with predictions from

the filter model. In addition, global tilt energy spectra were computed

for various simulated aperture sizes. As expected, as the aperture size

increased, the overall global tilt energy decreased. Finally, the ratio

between the global tilt energy and local tilt energy was calculated.

This ratio serves as a direct computation of the global tilt transfer

function. The ratio between the global tilt energy and the local tilt

energy measured experimentally matched well with the predictions

of the filter model.
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Fig. 20 Ratio between global tilt spectra and local jitter spectrum,SG�f;Ap�∕Sθ�f�, calculated using data from full aperture and small aperture sets for

different simulated apertures of Ap∕Λ equal to a) 0.5, b) 1, c) 2, and d) 4. Filter model G2
A�Z� from Eq. (19) also plotted.
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