POISSON GEOMETRY OF THE GROTHENDIECK RESOLUTION
OF A COMPLEX SEMISIMPLE GROUP

SAM EVENS, JIANG-HUA LU

ABSTRACT. We study a Poisson structure 7w on the Grothendieck resolution X
of a complex semi-simple group G and prove that the desingularization map p :
(X, m) = (G, mo) is Poisson, where 7o is a Poisson structure such that intersections
of conjugacy classes and opposite Bruhat cells BwB_ are Poisson subvarieties. We
compute the symplectic leaves of X and show that (X, m) resolves singularities of

(G,ﬂ'o).
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1. INTRODUCTION

A complex connected semi-simple group G has a well-known Poisson structure
7 introduced by Drinfeld, and the double Bruhat cells are Poisson subvarieties of
(G,7g) [9]. Let B and B_ be opposite Borel subgroups containing a maximal torus
H and let U be the unipotent radical of B. In this paper, we consider a Poisson
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structure 7y on G such that for every conjugacy class C of G and every w in the Weyl
group W of G, the intersection CNBwB_ is an H-orbit of symplectic leaves. Further,
we construct a Poisson structure m on the Grothendieck resolution X = G xg B of
G with the following properties:

(1) The action map (G, 7s) x (X, 7) = (X, ) is Poisson;

(2) The morphism y : (X,7) — (G, 7o) given by [g,b] — gbg~',g € G,b € B is
Poisson;

(3) For t € H, let X; = G xp tU. Then X; is a Poisson submanifold of X. Let
G be simply connected. Then puy := u|x, has image the Steinberg fiber F; = u(X;),
and ¢ : Xt — F; is a desingularization. Let X;,, = X; Np ' (BwB_). Then X3, is
a single H-orbit of symplectic leaves of =.

(4) We partition X;,, into Poisson subvarieties isomorphic to smooth, rational
varieties.

It is well-known that X resolves the singularities of F;. We remark that (X, )
also resolves the singularities of the Poisson structure of (F; N BwB_,m). It is
convenient to specialize to the case where w is the identity. F; is a union of finitely
many conjugacy classes and there is a unique open conjugacy class R;. While 7
is nondegenerate at a point ¢ € R; N BB_, my becomes degenerate as we move to
points g € (F; — R;) N BB_. In contrast, 7 is nondegenerate on X; ., so (Xy¢,m) =
(F; N BB_,m) resolves the singularity of mg. Analogous statements are true for any
weW.

This situation should be compared to the Grothendieck resolution G xp b — g,
(9,Y) — Ady(Y), for g € G and Y € g. Here g is the Lie algebra of G, b is the Lie
algebra of B, and also let b and u be the Lie algebras of H and U. Then g has the
classical Kostant-Kirillov Poisson structure, and for Y € b, let Xy = G x5 (Y +u).
Then Xy, as a twisted cotangent bundle, has a well-known symplectic structure, and
Xy = ¢, (9, Z] = Ady(Z) is Poisson [4]. The image Fy = Adg(Y +u) is Poisson and
consists of finitely many G-orbits, and the rank changes depending on the dimension
of the G-orbit through a point of Fy, while Xy is symplectic.

In the process of establishing the above results, we compute the symplectic leaves
for (G, m) and (X, 7). We also prove that for a Steinberg fiber F, F N BwB_ is
normal and Cohen-Macaulay, compute its dimension, and estimate its singular set.

The paper is organized as follows. In section 2, we recall facts about (G, )
and its Drinfeld double, and use the Drinfeld double to construct my. We then
compute symplectic leaves of mg. In section 3, we recall facts about the Grothendieck
resolution, and define 7 using Poisson coisotropic reduction following ideas of Alan
Weinstein. We then establish several properties of (X, 7) and compute its symplectic
leaves. We also prove that X, is smooth. In section 4, we show how to give
coordinates on X;,. In later work, we will find log-canonical coordinates on X ,,
using these results, and investigate the combinatorial consequences, which should be
related to work of Fomin, Kogan, and Zelevinsky in [9] and [15]. In the appendix, we
recall some results from Poisson Lie theory 5.1, and establish results about coisotropic
reduction needed to construct w. We further prove algebro-geometric properties
about the singularities of ' N BwB_, where F' is a Steinberg fiber in 5.3.

Our construction is heavily influenced by ideas of Ginzburg, who emphasized the
symplectic nature of the Grothendieck resolution for the Lie algebra in geometry
and representation theory [4]. We believe our results provide the appropriate lift
of these results for the Lie algebra to the case of the group. We remark that G
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with its Poisson structure mg may be regarded as a deformation of the Lie algebra g
with its Kostant-Kirillov Poisson structure, and we hope to study this deformation
further. When G is of adjoint type, the Poisson structure my was studied in our
previous papers [7] and [8], where its extension to the wonderful compactification is
also discussed.

1.1. Notation. If G is a Lie group with Lie algebra g, and if X € A¥g, X* and X%
will denote respectively the left and right invariant k-vector fields on G whose values
at the identity element of G are X.

If 7 is a bi-vector field on a manifold P, 7 will be the bundle map

(1.1) #: T*P—TP: (7(a), B) =7(a,B), o, B¢€QYP).

By a variety, we mean a complex quasi-projective variety, and a subvariety is a
locally closed subset of a variety.

2. THE POISSON STRUCTURE 7y ON G

Let G be a connected complex semi-simple Lie group. In this section, we will recall
the definition of the two Poisson structures m; and 7y on GG. The Poisson structure
7o on G is multiplicative [17] and (G, 7g) is the standard Poisson Lie group structure
on G [16]. The Poisson structure 7y has the property that the conjugation action

(G,me) X (G,m0) — (G,mo) : (g,h) —> ghg™', g,h€C

is Poisson. The construction of 7 is a special case of the general theory of Poisson
Lie groups, which is reviewed in §5.1 in the Appendix.

2.1. The Poisson Lie group (G, ) and its dual group (G*,ms+). Let g be the
Lie algebra of G, and let 9 = g @ g be the direct product Lie algebra. Let (, ) be
the symmetric non-degenerate bi-linear form on 9 given by

(1 +y1, z2+y2) =< 21,22 > — L Y1, Y2 >, T1,T2,Y1,Y2 € §,

where < , > is a fized non-zero scalar multiple of the Killing form of g. Then clearly
(, ) is ad-invariant.

Fix a Cartan subalgebra b of g and a choice ®T of positive roots in the set ® of
roots for (g,bh). Let g=bh+ > .5 9 be the corresponding root decomposition, and

let
n= Z g% n_= Z g “

acdt acdt

The so-called standard Manin triple associated to g (see [16]) is the quadruaple
(0,94,0%,(,)), where gr = {(z,z) : = € g} is the diagonal of 9, and

(21) g:t = b—A + (n®n—) = {(m+y, —y+x_) rremz-€n,yc€ h}

In particular, both g, and g are maximal isotropic with respect to ( , ), and (, ),
which gives rise to a non-degenerate pairing between g, and gZ;.

Let Go ={(9,9) : g € G} C G x G, and G* be the connected subgroup of G x G
with Lie algebra gg;,. Then the splitting 0 = ga + g5, gives rise to multiplicative
Poisson structures 7 on G = G5 and 7« on G* making them into a pair of dual
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Poisson Lie groups [16] (see also the Appendix). If U, U_, and H are the connected
subgroups of G with Lie algebras n,n_, and § respectively, then

(2.2) G*={(nh,h'n_): ne€Un_ €U ,hec H} CGxG.
We will refer to g as the standard multiplicative Poisson structure on G.
Example 2.1. For

G=SL(2,C) = {( i 3 ) 2 a,b,c,d € Ciad — be = 1},

f<z,y>= % tr(zy) for z,y € sl(2,C), where A € C, A # 0, then the multiplicative
Poisson structure 7z on SL(2,C) is

{b,a}r =Aab, {c,a}r = Aac, {d,b}x = Abd, {d,c}r = Acd,

{d,a}x =2Xbc, {b,c}r=0.
We will denote this Poisson structure by 7.

Notation 2.2. Throughout the paper, for each o € &', we will fix a root vector
E, € g% such that <« E,,E_, >»= 1. For a € ®*, let H, € b be such that
< Hy,z >= a(z) for all z € b, and let € a,a >=< Hy, Hy >. Set

h 2 ,/ ,/ 2 E
) C_q =4 ————L_
“ <<aa>> Ha <<aa>> “ Lo o> “

Then the linear map ¢, : s{(2,C) — g given by

Ga : 10 — h 0 1 — 00 —
o -1 @ {00 ‘o 10 ‘o

is a Lie algebra homomorphism. The corresponding Lie group homomorphism from
SL(2,C) to G will also be denoted by ¢,.

The following facts on 7 well-known [16].
Proposition 2.3. 1) Let Ag = 13 ,co+ Ea A E_q € A’g. Then (see notation in
§1.1),
2) For each simple root o, the map
¢a: (SL(2,C), 7*) — (G, mc)

is Poisson, where A, = <% a>>, and T is the Poisson structure on SL(2,C) defined
in Example 2.1.

Since 7 vanishes at elements in H, 7 is invariant under the left translation by
elements in H. By an H-orbit of symplectic leaves of 7s, we mean a set of the form
Unegh, where % is a symplectic leaf of ng. For u,v € W, let G»Y C G be the
double Bruhat cell defined by

(2.3) G“’" = BuBN B_vB_.
By [9], Theorem 1.1,
(2.4) dim(G"") = l(u) + (v) + dim(H).

Lemma 2.4. (see [11, 12, 22, 15]) The H-orbits of symplectic leaves of wg in G are
precisely the double Bruhat cells G*° for u,v € W.
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2.2. Definition of the Poisson structure my on G. Let n = dimg. Let {z;}}_;
be any basis of g, and let {§;}7_; be the basis of gg such that (z;,&) = djk for
1 < j,k < n. Define

1 n
- 525]-/\.75]- € A%.
7j=1
Let D = G x G. By §5.1, the bi-vector field 7} on D given by
(2.5) 7 = AR+ AP

is Poisson (see notation in §1.1). Let n : D — D/GA be given by d — dG,. By
Proposition 5.2 in the Appendix,

7o 1= (7))
is a Poisson structure on D/Gx.
Note that n(AY) =0, so
mo = n(AT).

Definition 2.5. Identify D/G, with G via the map
(GxQ))Ga — G: (91,92)Ga —> glggl.
We will regard my as a Poisson structure on G.

Let {y;};_; be a basis of b such that 2 < y;,y; >= 6;; for 1 < 4,5 <r = dimb.
Then for the bases of g, and g}, we can take

(2'6) {xl} = {(ylayl)a (y27y2)7 s a(yr;yr); (E )a (E 3] Ot) ‘e CI)+}
(27) {fz} = {(yla _yl)a (y27 _yQ)a s a(yTa y?‘) (Oa —-E_ a)» (EOHO) o€ (I)+}
The element A € A?0 is then given by

1 T

A= 2 z;(yz‘, i) A (Y3, i)
23) b3 S (B 0) A (B Bg) (0, F-e) A (B, )
a6¢+

For = € g, n((z,0)®) = % and n((0,z)®) = —z. It follows that

(2.9) Zyz Ay + 2 Z (BEANER, + ELAEL,)+ Y EL,ABE
aefb"‘ acdt
The following Proposition 2.6 is a direct consequence of Proposition 5.2 in the
Appendix.
Proposition 2.6. The following group actions are Poisson :
(210) (Ga 7TG) X (G77T0) — (Ga 770) : (glag) — glggfl
(2.11) (G*, —m+) x (G, m) — (G, m) : ((b,b_),g) = bgb~";
Lemma 2.7. The Poisson structure mg on G 1is invariant under the conjugation
action by every element in H.
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Proof. This follows from (2.10) and the fact that the Poisson structure 7, vanishes
at every point in H. O

Example 2.8. Let G = SL(2,C). Using < z,y >= tr(zy) for z,y € sl(2,C), we
can compute directly from (2.9) to get

{a,b} =bd, {a,c} =-cd, {a,d}=0,
{b,c} =ad —d*>, {b,d} =bd, {c,d} = —cd.
It is easy to see that a + d is a Casimir function.

2.3. Symplectic leaves of 7y in G. The following Proposition 2.9 is a direct
consequence of Proposition 5.2 in the Appendix. It is also proved in [1] by Alexseev
and Malkin.

Proposition 2.9. The symplectic leaves of my in G are precisely the connected com-
ponents of intersections of conjugacy classes in G and the G*-orbits in G, where G*
acts on G by (2.11).

The G*-orbits in G for the action in (2.11) can be easily described using the

Bruhat decomposition of G. Let W be the Weyl group of (G, H). For each w € W,
let

(2.12) UY=UnNwUw'cU and H,={hw(h):hecH}CH.

For each w € W, we will also fix a representative 1 in the normalizer Ng(H) of H
in H.

Lemma 2.10. 1) Every G*-orbit in G for the action in (2.11) is of the form G*-(hw)
for a unique w € W and for some h € H. Moreover, for any w € W and hy1,hs € H,
G* - (h1h) = G* - (haw) if and only if hihy * € Hy;

2) for any w € W and h € H, the map

UY x Hy xU_ — G* - (h) :  (n,h1,n_) —> nhhyin=?
18 a biregular isomorphism.

Proof. By the Bruhat decomposition,

G= |_| BwB_,
weWw
and for w € W, BwB_ is a union of G*-orbits. Moreover,

(2.13)
¢w: UxHXU_ — BwB_: (n,h,n_)—nhim_, neNYheHmn €U

is a biregular isomorphism. Consider a G*-orbit G* -z C BwB_. Since U xU_ C G*,
G* -z = G* - hab for some h € H. If (y,y~') € G*, then (y,y~!) - hir = hyw(y).
The remainder of 1) follows easily, and 2) follows from the fact that ¢, is a biregular
isomorphism. O

Remark 2.11. There exist conjugacy classes C' which do not intersect every G*-
orbit in G. For example, if C' is the conjugacy class of the identity element, it only
intersects G* - (hw) if w = 1. Moreover, the intersection of a conjugacy class and a
G*-orbit in G may not be connected. As an example, consider G = SL(3,C), and
let C be the conjugacy class of subregular unipotent elements, i.e.,

C={ge€SLB,C): (9—1)*=0,g#I},
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where I stands for the 3 x 3 identity matrix. As usual, we take B and B_ to consist
of all upper and lower triangular matrices in SL(3, C) respectively, and let H be the
set of all diagonal matrices. Let w be the longest element in the Weyl group W = S3
and take

0
0

8.
Il

01

10
-1 0 0
Fix h = diag(hi, ha, he) € H. It is easy to see that the G* orbit G* - (hw) in this
case is given by

hla hlb hl.’I)
G*-(hw)=<(g= hac  hez™2 0 i a,be,zeCox #0
—hgiL‘ 0 0

The reader can check that an element g € G* - (hw) lies in C if and only if a =
2/h1,b = ¢ = 0 and 22 = hy. Thus the intersection C' N (G* - (h1i)) consists of
exactly two points.

2.4. H-orbits of symplectic leaves of 7. Since the Poisson structure mg is in-
variant under conjugation by elements in H, if ¥ is a symplectic leaf of mg, so is
hXh~! for every h € H. Let ¥ be a symplectic leaf of mg. The set

H-%:={hZh': hec H}
will be referred to as an H-orbit of symplectic leaves of my.

Proposition 2.12. 1) Let C be a conjugacy class and let w € W. The rank of 7
at every point in C N (BwB_) is equal to

dim(C N (BwB_)) —dim(H/H,) = dimC — l(w) — dim(H/H,),

where [(w) is the length of w.
2) The H-orbits of symplectic leaves of my in G are precisely all the non-empty
intersections C N BwB_, where C is a conjugacy class in G and w € W.

Proof. By Proposition 2.9, every symplectic leaf ¥ in C N BwB_ is a connected
component of CNG* - (hw), where h € H. Since C intersects G* - (hw) transversally,

dim(%) = dim(C) + dim(G* - (hb)) — dim(G) = dim(C) — I(w) — dim(H/H,),

using Lemma 2.10 (2) to compute dim(G* - (hw)). This gives 1). To prove 2), let
CNG* - (h)) = UE; be the decomposition into connected components. We show
that H-¥; = CNBwB_. Clearly, H-3; C CN BwB_. By the comments preceding
the proof, it follows that either H -¥; = H-YX;or H-X;,NH -3; =0.

We claim that H - (C N G* - (hw)) = C N BwB_. For this, consider the subgroup
H, = {hw(h™') : h € H} and note that H = H,H, . The image of the map

a:HxG" - (hw) - BwB_

is easily seen to be ¢, (UY x H,H,, x U_) = BwB_, using (2.13) and Lemma 2.10.
Since C is conjugation invariant, the claim follows easily. Thus, BwB_ = UH - %;.
By Proposition 4.10 of [8] with D = G x G, A = Gp, C = Bx B_, and X = G,
it follows that C'N BwB_ is smooth and connected. Thus, it suffices to prove that
H -3, is open in BwB_.
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Let B =¢, ca: HxY; - U¥x HxU_, and let By = py o B, where py is
the projection to H. Then the differential of Sy maps the tangent space to {e} x ¥;
to By, the Lie algebra of H,,. Arguing as above, one sees the differential of Sz has
image h. It follows that the differential of o has dimension greater than or equal
to dim(%;) + dim(h/b,) = dim(C N BwB_), using the first part of this proposition.
It follows that o : H x ¥; — C N BwB_ is a submersion, so H - ¥; is open in
CNBwB-_. O

By Remark 2.11, a conjugacy class in G need not intersect every Bruhat cell
BwB_. Recall [13] that a conjugacy class C in G is called regular if dimC =
dim G — dim H [13].

Proposition 2.13. If C is a regular conjugacy class in G, then for every w € W,
C N (BwB-) # 0.

Proof. By Proposition 5.1 of [6], CN BwB is nonempty. It follows easily that CN Bw
is nonempty, which implies the result. U

2.5. The intersections of Bruhat cells and Steinberg fibres. It is convenient
to replace conjugacy classes by the associated Steinberg fibers [13]. In this subsection,
we assume G is simply connected.

Let r = dim H, let {aq, a9,... ,a,} be the set of simple roots, and consider the
corresponding fundamental weights wi,ws, ... ,wy, ie., w; € h* foreach 1 < 57 < r
and wj(hq,) = 6 for 1 < j,k < r. Denote by x; the character of the irreducible
representation with w; as the highest weight. Then the Steinberg map is the map
[13]

(2.14) x: G—C: x(9) = (x1(9), x2(9);--- , x+(9))-
For z € CT, let

F,:=x"'(2) Cc G.

F, is called a Steinberg fiber in G. Clearly each F, is a closed subvariety of G. The
following results about Steinberg fibers are proved in §4.14 of [13].

Proposition 2.14. For every z € C",
1) F, is a finite union of conjugacy classes in G;
2) F, contains a unique reqular conjugacy class R, which open and dense in F,;
3) F, is irreducible and F,\R, is of codimension at least 2 in F,.

Lemma 2.15. For any z € C", h € H, and w € W, F, N (G* - (hw)) is nonempty.
In particular, F, N BwB_ is nonempty.

Proof. By Proposition 2.13, R, N BwB_ # (). The second claim follows. By Propo-
sition 2.12 2), H - (R, N G* - (hw)) = R, N BwB_, which implies the first claim. [

Corollary 2.16. For any z € C" and w € W,

1) F, N BwB_ is an irreducible (possibily singular) Poisson subvariety of (G, mp)
with dimension dim G — dim H — [(w);

2) F, N BwB_ is a finite union of H-orbits of symplectic leaves.

Proof. Since both F, and BwB_ are Poisson subvarieties of G with respect to m,
their intersection is a Poisson subvariety. The rest of 1) follows from Proposition
5.8 of the Appendix. Since F, is a finite union of conjugacy classes, 2) follows from
Proposition 2.12. ]
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Proposition 2.17. (see Theorem 5.12, Proposition 5.13, and Theorem 5.14 of the
Appendiz) For any z € C" and w € W, the set of of smooth points of F, N BwB_ is
ezactly R,NBwB_. Moreover, F,NBwB_ is normal, and is a complete intersection
i BwB_.

Example 2.18. Consider again G = SL(3,C) with B and B~ being the subgroup
of upper and lower triangular matrices respectively. Let wy be the longest element
in the Weyl group W. Then

a by
BwgB_ = Bwgy = ¢c z 0 |:abcz,yecCxz#£0,y#£0
1
-—— 0 0
zy

Let U be the unipotent subvariety of G. Then U N (Bwy) can be identified with the
subset of C° with coordinates (a, b, ¢, z,y) given by

a+z =3,
am—bc+%=3,
z#0,y #0.

By the Jacobian criterion, U N (Bwy) is singular exactly at the subregular elements

2 0 vy
0 1.0 ], y#o.

1
—500

For other w, Proposition 2.17 for Y N BwB_ can be verified directly.

3. THE POISSON STRUCTURE m ON G xg B

3.1. The Grothendieck resolution and the Springer resolution. ([24])
Let B act on G x B from the right by

(3.1) (GxB)xB—GxDB: ((g,b), b1) — (gb1, by bby).
Then the map
(3.2) p: GxpB-—G: [g,b > gbgt.

is called the Grothendieck (simultaneous) resolution of G. In §3.3, we will define a
Poisson structure 7 on G x g B, and in §3.4, we will show that (G xp B, 7) can be
regarded as a “desingularization” of (G, my). We first state some properties of the
Grothendieck resolution.

Lemma 3.1. p: G xg B — G is surjective. For x € G, p~'(z) is finite if and only
if © is a reqular element in G.

Recall that if V' is an irreducible variety and V; of smooth points, a desingulariza-
tion of V' is a pair (X, ), where X is an irreducible smooth variety and £ : X — V
is a proper morphism such that 7 maps ¢~(V;) isomorphically to V.

For each t € H, since tU is invariant under the conjugation action by B, we have
the smooth subvariety

Xt 2:GXBtU

of GxpB. Clearly, GxpB = | J;c iy X} is a disjoint union. Set F; = u(Xy). F; = Fyo)
when G is simply connected.
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Proposition 3.2. (Grothendieck, see [24, Theorem 4.4], [25, Corollary 6.4]) Let G
be simply connected. For each t € H, (X, u|x,) is a desingularization (called the
Springer resolution) of F.

For t € H and w € W, let
Fyw=F,NBwB_ CQ(,
By Example 2.18, F},, is in general a singular variety.
3.2. A desingularization of F} ,.
Definition 3.3. Fort € H and w € W, let
Xiw =X Np '(BwB-) C G xp B.
Clearly (Xt ) = Frap. In particular, X, # 0 for any ¢t € H and w € W by Lemma
2.15.

Theorem 3.4. Foranyt € H andw € W, Xy, is smooth. If G is simply connected,
(Xtow, plx, ) 18 a desingularization of Fyy,. In particular,

dim X, = dim G — dim H — [(w).
Proof. 1t suffices to prove X, is smooth, which follows from the following Lemma

with X = X}, Z =G,Y = BwB_, and f = p. Aty = pu(z) €Y, let Cy be the
conjugacy class of y. Then T, (Cy) C p«(T5 (X)), so

Ty(G) = Ty(Cy) + Ty(ByB-) C p«(Tx(Xt)) + Ty (ByB-) C T, (G),
and the hypothesis of the Lemima is satisfied. O

Lemma 3.5. Let f : X — Z be a morphism of smooth algebraic varieties, and let
Y C Z be a smooth subvariety. Suppose for all z € f~1(Y), fu(To(X)) + Ty (Y) =
Tf(z)(Z). Then f~1(Y) is smooth.

3.3. Definition of the Poisson structure m on G xpg B. Recall that 7}, is the
Poisson structure on G x G given in (2.5). Let ¢ be the projection

¢: GxG—> (G xG)/Ba.

Lemma 3.6. 7 := ¢(n})) is a well-defined Poisson structure on (G x G)/Ba. More-
over, equip Ga = G with the multiplicative Poisson structure we. Then the action
of (Ga, mg) on ((G x G)/Ba, ™) by left multiplication is a Poisson action.

Proof. 1t is well-known [16, 10] that B, is a Poisson subgroup of (Ga, 7¢). By
Lemma 5.1 in the Appendix, the action of (Ba,7s) on (G x G,7}) by right mul-
tiplication is a Poisson action. Thus (see [17] or Proposition 5.6) 7 := ¢(73) is a
well-defined Poisson structure on (G x G)/B,. Again by Lemma 5.1 in the Appen-
dix, the action of (G4, 7¢) on ((G X G)/Ba, 7)) by left multiplication is a Poisson
action. O

We will define a Poisson structure m on G x g B as a coisotropic reduction of 77.
For this, we embed G x g B into (G X G) /B, via the following construction. Consider
the biregular isomorphism

(3.3) v: GXG—GxG: (g,z)— (92, g9).
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Then for b € B,

P(gh, b xb) = (g, z) - (b, b).
For t € H, let Q; = 9(G x tU) and let Q = %(G x B). Then

(3.4) Q:={(gtn, g): g€ G,neU}.

(3.5) Q=Ueg@Q:={(gb, g9) : g€ G,be B} CG xG.

Thus, Q is stable under right multiplication by elements of B,, and 1 descends
to a biregular isomorphism, also denoted v, ¥ : G xgp B — Q/Ba. In particular,

P(Xy) = Qt/Ba.

Consider the morphism 7 : G x G — G, 7(g,z) = gr ' and define 7 : (G x
G)/Br — G by the same formula. Note that 7o = fi, where i : G X G — G
is the morphism (z,y) — zyz !. Since G x G = Uyew (B x B_)(w,e)GA and
7((B x B_)(w,e)Gx) = BwB_, it follows that 7~} (BwB_) = (B x B_)(w,e)Gx.-
Thus,

(3:6) ¢(u~'(BwB-)) = (@N7 ' (BwB-))/Bs = (QN (B x B_)(w,¢)Gx)/Ba.
Similarly, for all h € H and the representatives w for w € W from section 2.3,
(3.7) P(p (G - (hb)) = (Q N G*(hw,e)Ga)/Ba.

In particular, @ N ((B x B_)(w,e)GA) # 0 for any w € W.

We will show that Q/Ba = G x g B is a Poisson submanifold of (G x G)/B, with
respect to 7. We will do this by using Proposition 5.6 in the Appendix. We first
need some lemmas. Recall the definition of a coisotropic submanifold of a Poisson
manifold from §5.2 in the Appendix.

Lemma 3.7. For any t € H, tU is a coisotropic submanifold of (G, ).

Proof. By Remark 5.4, it suffices to show that m(b) € Tp(tU) A TpG for every b =
tn € tU with n € U. We will use the formula for 7y in (2.9). It is easy to see that
for each o € ®*, EER(b) € Ty(tU) and EL(b) € Ty(tU). Moreover, for 1 < i < r,
since (' —y7')(b) € Ty(tU),
yE () A gR(b) = yE () A R — 4E)(b) € Ty(tU) ATHG.
Hence my(b) € Tp(tU) A TpG. U
Recall that for t € H, Q; C G x G is given in (3.4).

Lemma 3.8. Foranyt € H, Q;y C G X G is coisotropic with respect to the Poisson

structure 7rj; .

Proof. Consider the map

m: GxG—G: (g1,92) — 97 g0
By the definition of 7y, the map

n: GxG—G: (g91,92) — g195 "

is Poisson. Let 7: G x G — G x G : d — d~!. Then it is clear from the definition
of 7} that 7 preserves wj;. Thus ; =7 o 7 is Poisson.

Let t € H. By Lemma 3.7, Ut ! C G is a coisotropic submanifold of G with
respect to the Poisson structure mp. Note that Q; = ny *(Ut™'). Since n; : (G x
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G,75) — (G, m) is a Poisson submersion, it follows from [26] that 77 }(Ut™!) is
coisotropic in D with respect to 7}). U
Recall from §5.2 that the characteristic distribution of 7} on @ is by definition
the image of the bundle map
7h e (TQ)*: — TQ,

where (T'Q;)* is the conormal bundle of Q; in G x G, and 7} : T*(GxG) — T(G x Q)
is defined as in (1.1).

Lemma 3.9. For any t € H, the characteristic distribution of 7} on Q; coincides
with that defined by the Ba-action on Q; by right multiplication.

Proof. Fix g € G and n € U and let d = (gtn, g) € Q;. We will use formula (5.4) in
the proof of Lemma 5.3 in the Appendix to compute 7} ((TyQ;)*). First, we have
TiQ:t =1ag9a +lgn®0) =14 (Ad(g,g)(gA +(ne O))) )
Identify d with 9* via the bilinear form ( , ), and for (z,y) €, let () be the right
invariant 1-form on D whose value at the identity element is (z,y). Then
(TzQ)*F = {(@2)(d) : z = Adyy withy € b}.
For £ = Adyy with y € b, by formula (5.3) in the proof of Lemma 5.3 in the
Appendix,
7?; (a(w,w)(d)) = ldplAdgl(wa ),
where p; : 0 — ga is the projection with respect to the decomposition 0 = ga + g5;.
Since y € b, we have
p1Ady (2, 2) = pi1(Adyy, y) = (v, ¥)-
Thus ﬁﬁ(a(z,z) (d)) = l4(y, y), which is exactly the infinitesimal generator of the B

action on Q; by right translation in the direction of y. O

Theorem 3.10. /B, is a Poisson submanifold of (G x G)/Ba with respect to the
Poisson structure m in Lemma 3.6.

Proof. For each t € H, it follows from Proposition 5.6 that ();/B, is a Poisson
submanifold of (G x G)/B, with respect to 7. Since

Q/BA = U Qt/BA7
teH
it follows that @/ B, is a Poisson submanifold of ((G x G)/Ba, 7). O
Definition 3.11. Identify G x g B with Q/B, via the isomorphism % in (3.3). The

Poisson structure on G x g B corresponding to the Poisson structure 7w on /B, will
also be denoted by .

We now summarize some of the properties of the Poisson structure m on G xg B.
Recall the Grothendieck resolution p : G xg B — G in (3.2). Let o be the left action
of G on G x g B given by

(38) o: gl[g7b]) :[glgab]a g, 91 EGabEB'

For each t € H, recall from §3.1 that X; = G xgtU C GxgB. Let p: GxgB —
G/ B be the projection [g,b] — gB for g € G,b € B.
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Proposition 3.12. 1) The Grothendieck map p: (G xp B, ) — (G, m) is a Pois-
son map;

2) With the Poisson structure m on G Xp B, o is a Poisson action by the Poisson
Lie group (G,7¢);

3) For each t € H, Xy is a Poisson submanifold of G xp B with respect to the
Poisson structure 7;

Proof. 1) follows from the definition of 7 and the definition of 7y in §2.2, 2) follows
from Lemma 5.1 in the Appendix, and 3) follows from the definition of 7 and the
proof of Theorem 3.10. ]

We now prove one more property of 7. Let ¢ : G — G/B be the projection
g — gB. Since B is a Poisson subgroup of (G, 7¢), ¢(7g) is a well-defined Poisson
structure on G/B, making (G/B,q(ng)) a Poisson (G, m¢)-homogeneous space. In
particular, ¢(ms) is invariant under the left translation by elements in H.

Lemma 3.13. [10] The H-orbits of symplectic leaves of () in G/B are precisely
the intersections (Bu.B) N (B_v.B) for u,v € W,v < u.

Proposition 3.14. The projection p : (G xg B, m) = (G/B, q(7¢)) is Poisson.

Proof. By the definition of 7}, the formula (2.8) for A, and Remark 5.4, B x B is a
coisotropic submanifold of G x G with respect to 7;;. Thus by Corollary 2.25 of [26],
(B x B)/B, is coisotropic in (G x G)/Ba with respect to 7, and hence (B x B)/Ba
is coisotropic in (Q/Ba, ). Since (B xp B) = (B x B)/B,, B x g B is coisotropic
in G x g B with respect to m. It follows that for any z = [e,b] € G xp B with b € B,
p(m(x)) = 0. It follows that both ¢(7g) and p(n) vanish at eB. Since the action o
is Poisson, it follows that p(7) is (G, 7g) homogeneous, and since g(w¢) is obviously
(G, ) homogeneous, q(7g) = p(). O

3.4. Symplectic leaves of 7 in G xp B. Let t € H. By Proposition 3.12, X; =
B x pgtU is a Poisson submanifold of 7 in G x g B. By Proposition 5.6, to understand
the symplectic leaves of m on G xp tU = Q;/B, for t € H, it suffices to understand
intersections of Q; with symplectic leaves of 7]} in D = G x G.

Recall that w is a representative for w in the normalizer Ng(H) of H in G.

Lemma 3.15. Symplectic leaves of 7}, are connected components of non-empty in-
tersections

Ywuhp = G (h,e)Ga N Gale, h'4)G*,
where h,h' € H and w,u € W. Moreover, Yy yhp = B yur b if and only if

w = wi,u = ui,hhy' € Hy and h'(k))~' € H,, where H, and H, are defined in
(2.12).

Proof. By Lemma, 5.3 in the Appendix, symplectic leaves of 7}, are the connected
components of non-empty intersection of (G*,G,) and (G, G*) double cosets in
GxG. By Lemma 2.10, (G*,GA) and (G, G*) double cosets in G x G are respectively
of the form G*(hw,e)G, and Ga(e, h'u)G*, where h,h' € H and w,u € W. The
rest of Lemma 3.15 also follows from Lemma 2.10. O

Now for ¢t € H, we note that Q; C GAG*. Indeed, let t; € H be such that 7 = t.
Then for any g € G and n € U, (gtn,g) = (gt1,gt1)(t1n,t]') € GoG*. For each
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weWand h € H, let
(3.9) Yh = G*(hb, e)Ga N GAG* C G X G.

Then Q; can only have non-empty intersections with symplectic leaves of 7}, lying
inside the ¥p,;’s. Recall the subgroups UY and H,, of G from (2.12).

Lemma 3.16. For h,t € H, and w € W, Q; N Xpy # 0, and the intersection is
transversal. Moreover,

dim(Qy N Shy) = dim G + dimU® — dim(H/H,,).

Proof. Since Q; = 7~'_1(Fx(t)) and G*(hii, e)Ga = T7HG* - (hb)), Qs N G* (kb €)Ga
is nonempty by Lemma 2.15. Since @Q; C GAG*, Q¢ N Xy, is nonempty. To check
the intersection is transversal, note that for any d € Q; N Xy,

TaQt + TaXphiy D Ta9a + 1ag™ = 140 = TyD.

Since 7 is a G,-fiber bundle and G,G* is open in D, dim(2,;) = dim(G) + dim(G* -
(ha)). Thus, by Lemma 2.10,

dim(Q: N Epy) = dim Q; + dim Xy — dim D = dim G + dimU"Y — dim(H/H,,).
O

Recall that for h € H and w € W, G* - (hw) denotes the G*-orbit in G through
ha, where the group G* acts on G by (2.11).

Corollary 3.17. The symplectic leaves of m in G X B are precisely the connected
components of the intersections Xy N pu~t(G* - (hab)), where t,h € H,w € W. More-
over,

dim(X; N p~ (G* - (hab))) = 2l(wo) — I(w) — dim(H/H,,).

Proof. By Proposition 5.6, the fact that @ C GAG* and Lemma 3.15, symplectic
leaves in @;/B, are connected components of (X N Q;)/Ba. Since ¥(u~1(G* -
(hw))) = Zhw/Ba and 9(X;) = Q¢/Ba, the description of symplectic leaves follows.
The dimension formula is an easy consequence. O

Remark 3.18. We recall that a Poisson variety (Z,7) is called regular if = has
constant rank. Thus, Corollary 3.17 implies that X; N p~!(G* - (kb)) is regular.
When G is simply connected, p : X; N Y(G* - (hh)) — F; N G* - (hir) may be
regarded as a resolution of the singular Poisson structure on F; N G* - (hw).

3.5. H-orbits of symplectic leaves of 7 in G xp B. Recall that the Poisson
structure m; on G vanishes at points in H. Thus the action of H on G xg B by ¢
in (3.8) preserves the Poisson structure 7. Recall also that a smooth Poisson variety
(X, m) is called regular if m has constant rank. The following Corollary 3.19 is a
direct consequence of Corollary 3.17.

Corollary 3.19. The H-orbits of symplectic leaves of w in G X B are precisely the
smooth irreducuble subvarieties X;,,, where t € H and w € W. The dimension of
the symplectic leaves in Xy s 21(wo) — l(w) — dim(H/Hy,). In particular, (X, )
s a regular Poisson variety.
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4. GEOMETRY OF X

In this section we will construct for every ¢ € H and w € W an open embedding
from C*2Hwo)=l(w) ¢ Xt w- In a later paper, we will use these results to construct
a set of 2/(wp) — I(w) log-canonical rational functions on X;,, with respect to the
Poisson structure 7. In [15], this problem is resolved for double Bruhat cells G*.

4.1. Relation between X;,, and X;,. Let wy be the longest element in W. We
relate X;,, with X, for any w € W. Recall that 0 : G x (G xp B) - G xp B is
the action of G on G xp B given by

U(gla[gab]) = [glgab]a glaQEGabEB'

For u,v € W, recall that the double Bruhat cell G»¥ = BuBN B vB_ C G is
an H-orbit of symplectic leaves of 7, where H acts on G by left translation (see
Lemma, 2.4).

Lemma 4.1. For any w e W,
o (GHT0 X Xy ) € X

Proof. Let [(g,tn)] € Xyw,, s0 g € G, n € U, and gtng™' € Bwy. If g1 € GLw ™ 'wo,
97" € B_wy'wB_, so since BwyB_ = Buy,

1([919,b]) = gigtng ‘97! € BwyB_wy'wB_ = BwB-_.
]

Since G "0 and Xiw, are Poisson submanifolds of (G, 7s) and (X;,m) (see
Lemma 2.4 and Corollary 3.19), Proposition 3.12 implies the following result.

Corollary 4.2. For w € W, equip GLw™ w0 yith the Poisson structure e and Xy
the Poisson structure w. Then

-1
o: (GHY o ) x (Xt ™) — (X, )
is a Poisson map.

4.2. A decomposition of X;,,. We now partition X;,, into smooth rational
subvarieties. We first set up some notation.

Notation 4.3. Let Gy = B_B. For g € B_B, we write
9 =I[g]-[glolgl+, where[g]- € U_,[glo € H,[g]+ € U.
For v € W, let U, = UNoU_v !. Then it is well-known that
U, — Bv.B: m— mv.B
is a biregular isomorphism for any v € W.
Fix t € H. Recall that
Xtwo = {[9,tn) € G xp B: g € G,n € U,gtng * € Buwyg}.

By Theorem 3.4, dim X} ,,, = l(wo). Let again p: G xp B = G/B : [g,b] — ¢.B be
the projection. For u € W, set

(4.1) Xt = Xtwo NP~ (Bwou - B).
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By the Bruhat decomposition, we have the disjoint union

(4.2) Xt,wo = |_| X:;u,'wo'
ueW

The following result is well-known, and follows from [5], Corollary 1.2, and [8],
Proposition 4.10.

Proposition 4.4. Foru,v € W, B_u.BNBv.B is nonempty if and only ifu <wv. If
nonempty, it is smooth and connected, and its dimension is [(v)—1(u). In particular,
B_uBNBuB=u.B.

Lemma 4.5. Letu € W. If X', # 0, then u < wou and
P(Xiw,) C (B-u.B) N (Bwou.B).
Proof. Assume that [g,tn] € X}, , where g € G and n € U. Since g € BwouB and
gtng~! € Bwy, g € (Bwg) 'BwouB = B_uB. Thus
g € B_uB N BwyuB.
By Proposition 4.4, u < wyu. ]
For w € W such that u < woyu, set
Ruwou = (B—u.B) N (Bwou.B) C G/B.
Consider the isomorphism )y, : Uy — Bwou.B : m — mwou.B. Note that
Ywou (Uwou N B_uBu_le_l) = Ru,wous

as can be shown using the Bruhat decomposition Uy, = Uyew Uwou ﬂB,vBu_le_ 1

Recall that
B_ xUnNu~'Uu— B_uB, (z,y) — zty
is an isomorphism of varieites. Thus, for m € Uyq, N B_uBuflwa L
maigts = zu€" (m), for unique z € B_,£%(m) € U Nu~ ' Uu.
It follows that mwy € Gy, and
(4.3) €% UpouNB_uBu™twy! — UNu™0u: m— 4 maig)4 0.

Define
(4.4)

T Ruwou X (UNuU_u) — Xy 1 (maboi. B, my) — [(maigi, tmi€%(m))]
for m € Upgu N B_uB'lflfwa1 and m; € U Nu U_u.

Proposition 4.6. For any u € W such that u < wou, J{* is an embedding and the
image of Ji* is Xi.,.. In particular, X3, is smooth and irreducible and

dim X3, = l(wo) — I(u).
Proof. Since
Uwou X U — Xy = (m, n) — [mabgt, tn]

is an embedding, it follows that Ji* is an embedding. We show that ImJy* C X7, .
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Let m € Upygu N B_uBuflwo_l, and write mwou = b_u&"(m) for unique b_ € B_.
Then for any m; € U N4~ 'U_1,

(mairgts) (tm1 €% (m)) (mabos) ™! = mabottm £4(m)E% (m) 14"t € BwyB_ = Buy.

It follows easily that ImJ* € X¢,, .

Define an inverse to Ji* as follows. Let [(g,tn)] € X{,,,. By Lemma 4.5, we can

assume without loss of generality that g = mwot with m € Uy N B_uBu_le_ L

Uniquely factor

n=miny, m € UNu U_u, ny € UNu V.
Let
K} ([(mwyt, tming)]) = (mwet.B, my).
Let [(g,tmin1)] € X}, with g = mot as above. Since gtng~' € Buy,
g € 1y Bmabgtitn = B_utmyn, = B_in,.

Thus, by the definition of {%, ny = £%(m), and it follows that K}* and J}* are inverse
isomorphisms.
By Proposition 4.4, it follows that X/, is smooth and irreducible, and that

dim X3!, = l(wou) — I(u) + I(u) = l(wo) — I(u).

O

When u =1 € W, the open subset th,wo of X}, is especially simple. Indeed, let
(4.5) E:=¢': UNB_wyB_ — U : m+— [maiy],.

Then using the biregular isomorphism U N B_woB_ — R1 4, : m — ma.B, the
isomorphism J; := J} in (4.4) simplifies to

(4.6)  Jp: Riwy — Xiy, : mig. B — [mabg, t&(m)], m €U NB_wyB-_

whose inverse is the restriction to th’w of the projectionp : GxpB — G/B : [g,b] —
gB. The following Lemma 4.7 can be checked directly.

Lemma 4.7. The image of & in (4.5) is again U N B_woB_ and
(4.7 &: UNB_wyB_- — UNB_wyB_: m v+ [map]+
1s bireqular with inverse given by
(4.8) n=¢"': UNB_wyB- — UNB_wyB_: n+— [naiy ]+-
Moreover, for m € UN B_woB_, £(tmt™1) = wo(t)é(m)wo(t71).
Since X}, is open in the Poisson subvariety (Xy,,m), X}, is a Poisson subva-
riety of (G x g B,m). On the other hand, by Lemma 2.4, G4 = BN B_wyB_ is
a Poisson subvariety of (G, 7g) Since 7¢ is invariant under right multiplication by

elements in H, the quotient G**°/H has a well-defined Poisson structure which we
will still denote by mg.

Lemma 4.8. The map
(4.9) Jp (Gl’wo/H, Tg) — (th,wo’ ) gH — Jy(guwo.B)

is a Poisson isomorphism.
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Proof. By Lemma 3.13, it follows that R1 ,, is a Poisson subvariety of (G/B, ¢(7¢)),
and using Proposition 4.4, ¢(ws) vanishes at wy.B € G/B. Since the action of
(G,me) on (G/B, q(ng)) by left translation is Poisson, the map

(G, m6) — (Riwos 4(ma)) : g+ gup.B, g€ G

is Poisson. The projection (X}, ., ) — (Riu,, (7)) is Poisson by Proposition
3.14, so its inverse

Jy (Rl,woa Q(WG)) — (th,woa 7T)7
is a Poisson isomorphism. The result follows. O

Consider the map
(4.10)
Pt (Gl’wflwo, 7e) X (GVY/H, wg) — (Xtaw, ™) = (91,92) — o(91, Ji (g2t B)).
Theorem 4.9. p; is a Poisson open embedding.

Proof. By Corollary 4.2, the action map o of G on G X g B restricts to give a Poisson
map

(4.11) a: (GY) 16) X (Xt ™) — (Xtws 7)-

Since J; is Poisson, it follows that pt is Poisson and the image is in X;,, by Lemma
4.1. The morphism U x U — X given by (m,n) — [mng,&(n)] is easily seen to be
an embedding, since £ is injective. It follows that p; is injective, and it is an open
embedding by the same argument as in [9], proof of Theorem 1.2, p. 358. O

Remark 4.10. In a later paper, we will use the open embedding p; to find log-
canonical coordinates on an open subset of X;,,, and study the associated cluster
algebra.

5. APPENDIX

5.1. Poisson Lie groups. In this appendix, we recall some general facts on Poisson
Lie groups that are used in the construction of the Poisson structure my on G in §2.
Some of the omitted details in this section can be found in [1] and [16].

Recall that a Poisson bi-vector field 7 on a Lie group G is said to be multiplicative
if the map m : G x G — G : (g1,92) — g192 is a Poisson map with respect to 7.
A Poisson Lie group is a Lie group G with a multiplicative Poisson bi-vector field
Te. An action o : G x P — P of a Poisson Lie group (G, ) on a Poisson manifold
(P, 7, ) is said to be Poisson if o is a Poisson map.

If (G, 7¢) is a Poisson Lie group, then mg(e) = 0, where e € G is the identity
element. The linearization of 7 at e is the linear map 65 : g — A%g given by
dg(x) = [Z,7s](e), where for x € g, & is any vector field on G with Z(e) = z, and
[Z,7¢] is the Lie derivative of 7y by Z.

Two Poisson Lie groups (G, ) and (G*, 7g+) are said to be dual to each other if
their Lie algebras g and g* are dual to each other and if the dual map of J; : g — A%g
is the Lie bracket on g* and the dual map of 04+ : g* — A?%g* is the Lie bracket on g.

One important class of Poisson Lie groups is constructed from Manin triples.
Recall that a Manin triple is a quadruple (9, g, g%, (, )), where 9 is an even dimen-
sional Lie algebra, ( , ) is a symmetric non-degenerate invariant bilinear form on 9,
g and g* are Lie subalgebras of 9, both maximally isotropic with respect to ( , ), and
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gNg* = 0. The bilinear form ( , ) gives rise to a non-degenerate pairing between g
and g*, so g* can indeed be regarded as the dual space of g.

Assume that (9,g,9% (, )) is a Manin triple. Let {z;} be a basis of g and let {¢;}
be the dual basis of g*. Let

1
A:§Z§i/\xi€/\20.
2

Then A is independent of the choices of the bases, and the Schouten bracket [A, A] €
A30 is ad-invariant. Let D be a connected Lie group with Lie algebra 0. Define the
bi-vector fields 75 on D by
7t = AR+ AL
where A® and AL are respectively the right and left invariant bi-vector fields on G
with values A at the identity. Then 7, and 7}, are Poisson structures on D (see [16],
Proposition 3.4.1 for a proof that 7w is Poisson, and use the fact that left and right-
invariant vector fields commute to see 13, 75] = [75, 7], so 75 is Poisson). Let
G and G* be the connected subgroups of D with Lie algebras g and g* respectively.
Then it is easy to check that both G and G* are Poisson submanifolds of (D, 7).
Set
e =Tplg and  7ge = =7 |-

Then (G, 7g) and (G*,mg+) is a pair of dual Poisson Lie groups. Moreover, (G, 7¢)
and (G*, —mg~) are Poisson subgroups of (D, 75 ) (this follows using Remark 2.3.5 in
[16]). Thus, any Poisson action of (D, ;) on a Poisson manifold restricts to Poisson
actions of (G, mg) and (G*, —7g~).

The following Lemma 5.1 is immediate from definitions.

Lemma 5.1. The two actions
(D,75) x (D, 7)) — (D,7}) : (d1,d2) — dids
(D,7}) x (D, —7,) — (D,n}) = (di,d2) — dido
are Poisson.

A proof of the following Proposition 5.2 can be found in [1], and follows from
results of [3] and Lu-Yakimov-2. We give an outline of the proof for completeness.

Proposition 5.2. Assume that G is a closed subgroup of D, and let n: D — D/G
be the natural projection. Then

mo = 1(mp) = n(AT)
is a well-defined Poisson structure on D/G. Moreover, the actions
(G, 1) X (D/G, my) — (D/G, m) : (g,dG) — gdG,
(G*,—me) X (D/G, my) — (D/G, m) : (u,dG) — udG
are Poisson, and symplectic leaves of my in D/G are precisely the connected compo-

nents of non-empty intersections of G and G* orbits in D/G.

Proof. The element A € A% is mapped to 0 under the projection @ — 9/g. Thus
n(AF) = 0. Since n(AF) is clearly well-defined, my is well-defined. Now the Poisson
action of (D, 75 ) on (D, n3) by left multiplication restricts to give Poisson actions of
(G, 7g) and (G*, —mg+ ), which clearly descend to give Poisson actions on (D/G, m).
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Note that since g+ g = 0, for any d = dG € D/G, where d € D, the G orbit G.d
and the G* orbit G*d intersect transversally at d. In particular, Ty((G.d) N (G*d)) =
Ta(G.d) NTy(G*d)). Thus, to prove the statement about the symplectic leaves of y,
it is enough to check that T;(G.d) N Tg(G*d)) coincides with the tangent space to
the symplectic leaf of my at d. To this end, identify T4(D/G) = 0/Adgg. Then my(d)
becomes the element pg(A) € A%2(0/Adgg), where pg : 0 — 0/Adyg is the projection.
Let A : 9 — 0 be the map

n

- 1 1 x
i=1
Let S4 be the symplectic leaf of mg through d. Then by definition,
TQSQ =5 (]\(Addg)) C D/Addg

For any = + € € Adyg,
(51) Ao+ =5(-8=a-3(@+8=—E+3(+)

It follows that py(A(Adag)) = pa(g) Npa(e*) = T4(G.d) N Ty(G*d)).
]

The following Lemma 5.3 on the symplectic leaves of 77, in D is proved in [1]. We
give a slightly different proof here for completeness. Moreover, (5.3) and (5.4) in our
proof of Lemma 5.3 are used in the proof of Lemma 3.9.

Lemma 5.3. Symplectic leaves of 7 in D are precisely the connected components
of non-empty intersections of (G, G*)-double cosets and (G*, G)-double cosets in D.

Proof. Let d € D. Then
Ta(G*dG) + Ty(GdG™) = rqg" + lag + rag + lgg* = 740 = TyD.
Hence G*dG and GdG* intersect transversally at d. Let 3 be the symplectic leaf of
7} through d. It is enough to show that
T% = T,(G*dG) N T,(GdG™).

Let 74 : T*D — TD be the bundle map defined by 7} (see (1.1)). Identify ? with
?* via (, ), and for z € g and £ € g, let az4¢ be the right invariant 1-form on D
with value z + £ at the identity element of D. From definitions and (5.1),

(5.2) 78 (agte) (d) = raA(z + &) + IgA(Ad (7 + €))
(5.3) =—rqg(&) + 14 (pgAdd_l(x + f))
(5.4) = rq(z) — lq (pgrAd7 " (z + ),

where pg : 0 — g and pg« : 0 — g* are the projections with respect to the de-
composition 9 = g+ g*. Thus T;X C Ty(G*dG) N Ty(GdG*). Conversely, if
vg € Tg(G*dGQ) N Ty(GdG*), then

vg = —74(§) +la(z1) = ra(w) — la(&1)

for some z,z1 € gand £,&; € g*. Thenz1+&; = Adgl(:ﬁ-f), S0 vg = 7g (Qzie)(d) €
T42. Hence TyY = Td(G*dG) N Td(GdG*)
]
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5.2. Coisotropic reduction. In this section, we prove a fact, Proposition 5.6, that
is used in the study of the Poisson structure 7 on G xpg B in §3. Since we can not
find the statement in the literature, we give a proof here for completeness.

By definition, a Poisson vector space is a pair (V, ), where V is a vector space
and m € A2V. Assume that V is finite dimenaional. For such a pair (V,7), let 7 be
the linear map

T V=V (7€), n) =n&mn), &neV®

and set V; = #(V*) C V. By definition, a subspace V; of V is a Poisson vector
subspace of (V, ) if Vi D V. This is the case if and only if 7 € A?Vq, so that (Vi, )
is a Poisson vector space.

Recall [26] that a subspace U of V is said to be coisotropic with respect to 7 if
#(UL) C U, where

Ult={¢cV*: (£,x)=0,VreU}.
Remark 5.4. It is easy to check that U is coisotropic if and only if 1 € UAV C A?V.

If (V,m) is a Poisson vector space, and p : V. — V/W is the projection, then
(V/W,p(r)) is a Poisson vector space.

Let U be a coisotropic subspace of (V,7), and let ¢ : V — V/#(U') be the
projection. Set @ = ¢(n). (V/#(U'), w) is a Poisson vector space.

Lemma 5.5. Let U be a coisotropic subspace of (V, ), let ¢ : V — V/7(UL) be the
projection, and set w = ¢(7).

(5.5) (V/7#(U))o = d(UNVz) CU/FUL) C V/7(UL).
In particular, (U/7(U'), w) is a Poisson vector subspace of (V/7(U'), w).

Proof. The map ¢* : (V/#(U+))* — V* gives an isomorphism between (V/#(U*))*
and 7~1(U). Thus,

o ¢ (V/a(UH)") = 7(7~H(U)) =UN#(V*).

Using the identity po7o¢* = @&, we obtain (V/#(UL))w = ¢(UNVy). The remaining
statements follow easily. O

Let (P, 7p) be a Poisson manifold. A submanifold ) C P is said to be coisotropic
if 7#,((T,Q)*) C T,Q for every g € Q, where (T,Q)* is the conormal bundle of
Q@ in P and 7, is the bundle map from T*P to TP given in (1.1). In this case,
Cg = 7,((T,Q)?) is called the characteristic distribution of Tp on Q.

Proposition 5.6. Assume

1) (P,mp) is a Poisson manifold with a free right Poisson action by (B,7g) and
P/B is a manifold,

2) @ is a B-invariant coisotropic submanifold of (P,7p) and the characteristic
distribution of m on Q) is the same as the distribution defined by the B-action,

3) For each g € Q, Q intersects with the symplectic leaf Sy of mp through q cleanly,
i.e., QN S, is a submanifold and T,(Q N Sy) = T,Q NTyS,.

Let ¢ : P — P/B be the projection. Then, ¢(mp) is a well-defined Poisson struc-
ture on P/B, and Q/B is a Poisson submanifold of P/B with respect to ¢(mp).
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Moreover, for each q € Q, the symplectic leaf of ¢(mp) in Q/B through ¢(q) is the
connected component of (Q NS,) through ¢(q).

Proof. By the definition of Poisson action, ¢(7p) is a well-defined bi-vector on P/B,
and it is easy to check it is Poisson. By the last statement of Lemma 5.5, Q/B is
a Poisson submanifold of (P/B, ¢(wp)). (5.5) of Lemma 5.5 gives the assertion on
symplectic leaves. O

5.3. Singularities of intersections of Bruhat cells and Steinberg fibers. For
an affine variety X with ring of regular functions O(X) and g1,...,g9x € O(X),
let V(g1,--.,9x) denote the common vanishing set of g1, ..., gk, and let (g1,...,9k)
denote the ideal in O(X) generated by g1,...,9x. If Y C X is Zariski closed, let
I(Y) be the ideal of regular functions vanishing on Y.

Proposition 5.7. Let C' be a conjugacy class in G and let w € W. Assume C' N
BwB_ is nonempty. Then C N BwB_ is smooth and irreducible, and dim(C N
BwB_) = dim(C) — l(w).

Proof. This follows from Proposition 4.10 of [8], taking X = G, D = G x G, A as
the diagonal in D, and C = B x B_. O

Assume G is simply connected and let x : G — C" be the Steinberg map with
Steinberg fiber F, = x~!(z) for z = (21,...,2;) € C". For a Bruhat variety BwB_,
let

fi = Xi|Bw37 - Zi-

Proposition 5.8. (1) F,NBwB_ =V (f1,..., fr)-
(2) F, N BwB_ is nonempty and irreducible
(8) dim(F, N BwB_) = d = dim(G) — r — l[(w).

Proof. Since F, =V (x1 —21,---,Xr — %), (1) is clear. By Lemma 2.15, F, N BwB_
is nonempty. Let V be an irreducible component of V(f,..., f;) and note that
dim(V) > dim(G) — r — l(w). Let F, = U ,C,, be the decomposition of F, into
conjugacy classes with C,;, = R, the unique regular conjugacy class in F,. Then
F,NBwB_ = Uj=1,...n,y>wC% N ByB_. If i > 1 or y > w, then by Proposition 5.7,

dim(C,, N ByB_) = dim(C,,) — l(y) < dim(R,) — l(w) = d.
It follows easily that V(fi,..., fr) is irreducible. O
Lemma 5.9. BwB_ is Cohen-Macaulay for all w € W.

Proof. By a Theorem of Ramanathan, B_wB_/B_ is Cohen-Macaulay in G/B_
[21]. The result now follows easily using the fact that the smooth morphism G —
G/B_ is a locally trivial bundle in the Zariski topology and using the isomorphism
B_wB_ = BwywB_ given by left multiplication by . U

Lemma 5.10. (see [14], Lemma 7.1) Let Y be an irreducible Cohen-Macaulay affine
variety of dimension n, and let f1,...,fr € O(Y). Let X =V (f1,..., fr). Suppose
(1) X is irreducible and
(2) there is a smooth point y € X such that (df )1(y),...,(df),(y) are linearly inde-
pendent.

Then dim(X) = n —r and the ideal (f1,..., fr) = I(X).
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Remark 5.11. Our statement is more general than the statement in [14]. The proof
is identical, once we recall a basic fact about Cohen-Macaulay varieties. The ideal
(fi,---»fr) = Q1N ---N Qs has a minimal primary decomposition. The Cohen-
Macaulay condition ensures that if P, = \/Q; for i = 1,...,s, the varieties V(P;) all
have the same dimension (by Theorem 17.6 in [20]).

Theorem 5.12. (f1,...,f,) is the ideal of the irreducible variety F, N BwB_ in
BwB_ . Moreover, F, N BwB_ is Cohen-Macaulay.

Proof. By Lemma, 5.9, BwB_ is Cohen-Macaulay. By Proposition 5.8, F, N BwB_ is
irreducible. Recall that (x1 — 21,--.,xr — 2r) is the ideal of F, and R, is the smooth
locus of F, ([13], Theorem 4.24). In particular,

R, ={y € F,:(dx)1(y),.-.,(dx)r(y) are linearly independent on T,(G)}

and Ty (R,) is defined in Ty(G) by the vanishing of (dx)i(y),- .., (dx)-(v).

Since R, and BwB_ are smooth locally closed subvarieties of G and R, meets
BwB_ transversally, R, N BwB_ is smooth and locally closed in F, N BwB_. Let
y € R,NBwB_ and let X be a nonzero covector in the span of (dx)1(y),- .., (dx)r(y)-
Since T,(R,) + Ty(BwB_) = T,(G), it follows that A is nonzero on T,(BwB_).
Thus, the restrictions (df)i(y),. .., (df)r(y) of (dx)i(y),---, (dx)r(y) to Ty(BwB_)
are linearly independent. Since Ty(BwB_) = Ty(BwB_), we can apply Lemma
5.10 to deduce the first assertion. Since BwB_ is Cohen-Macaulay, F, N BwB_ is
Cohen-Macaulay using [23], Corollary, page 65. O

Proposition 5.13. (1) Let BwB_,, be the smooth locus of BwB_. Then R, N
BwB_  is the smooth locus of F, N BwB_ .
(2) The singular locus of F, N BwB_ has codimension at least 2.

Proof. By Theorem 5.12, the ideal sheaf of F, N BwB_, is generated by fi,..., fr.
By the Jacobian criterion, the smooth locus of F, N BwB__ is the set of points y €
F,NnBwB_ where (df)1(y),- .., (df)r(y) are linearly independent on T, (BwB_ ).
Let y € R, N BwB_ ¢ be in BvB_. Using transversality as in the proof of Theorem
5.12, it follows that (df)i(y),...,(df)r(y) are linearly independent on T,(BvB_),
so they are linearly independent on T, (BwB_,,) D T,(BvB_). Conversely, if y €
F, — R, (dx)1(y),- .., (dx)r(y) are linearly dependent in T)(G). As a consequence,
their restrictions (df)1(y), - .., (df ), (y) are linearly dependent on T, (BwB_ ), which
gives (1). For (2), note that if y is a singular point of F, N BwB_, then either y
is a singular point of BwB_ or y is a singular point of F, N BwB_ . Since the
singular set of BwB_ has codimension at least two [2], it suffices to show that the
singular set of F, N BwB_ , has codimension at least two. Let F, = U}";C,, be the
decomposition into conjugacy classes. By (1), the singular set of F, N BwB_  is
contained in

Usz,z'ZQCzi N BvB_.
By [13], Theorem 4.24, if i > 2, dim(C},) < dim(R;,) — 2. Since dim(C,, N BvB_) =

i

dim(C,,) — I(y) by Proposition 5.7, it follows that if > 2,
dim(C,, N BvB_) < dim(R, N BvB_) — 2 < dim(F, N BwB_) — 2.
(2) follows. O
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Theorem 5.14. F, N BwB_ is normal.

Proof. Since F, N BwB_ is Cohen-Macaulay by Theorem 5.12, condition Sy of Serre
is satisfied (see [20], p.183). Part (2) of Proposition 5.13 is equivalent to condition
R; of Serre, so the theorem follows using Serre’s normality criterion ([20], Theorem
23.8). O
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