Ordered Logit Models - Overview

This is adapted heavily from Menard’s Applied Logistic Regression analysis; also, Borooah’s
Logit and Probit: Ordered and Multinomial Models; Also, Hamilton’s Statistics with Stata,
Updated for Version 7.

We have talked about the analysis of dependent variables that have only two possible values, e.g.
lives or dies, wins or loses, gets an A or doesn’t get an A. Of course, many dependent variables
of interest will have more than two possible categories. These categories might be unordered
(doesn’t move, moves South, moves East) or ordered (high, medium, low; favors more
immigration, thinks the level of immigration is about right, favors less immigration). We will
briefly discuss techniques for handling each of these.

Ordinal Regression

As Menard notes, when dependent variables are measured on an ordinal scale, there are many
options for their analysis. These include

o Treating the variable as though it were continuous. In this case, just use OLS regression
or the other techniques we have discussed for continuous variables. Certainly, this is
widely done, particularly when the DV has 5 or more categories. Since this is probably
the easiest approach for readers to understand, sometimes the other approaches are tried
just to confirm that the use of OLS does not seriously distort the findings.

J Ignoring the ordinality of the variable and treating it as nominal. i.e. use multinomial
logit techniques like those we will discuss later. The key problem here is a loss of
efficiency. By ignoring the fact that the categories are ordered, you fail to use some of
the information available to you, and you may estimate many more parameters than is
necessary. This increases the risk of getting insignificant results. But, your parameter
estimates still should be unbiased.

o Treating the variable as though it were measured on a true ordinal scale. For example,
the professorial ranks of Full Professor, Associate Professor, and Assistance Professor are
ordered but you may or may not think they reflect crude measurement of some
underlying continuous variable. Stereotype logistic regression models (estimated by
slogit in Stata) might be used in such cases.

o Treating the variable as though it were measured on an ordinal scale, but the ordinal scale
represented crude measurement of an underlying interval/ratio scale. For example, the
categories “High, Medium, Low” might be rough measures for Socio-economic status or
intelligence. Ordered logit models can be used in such cases, and they are the primary
focus of this handout.
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Menard cautions that choosing the correct option requires careful judgment. In other words,
don’t just assume that because Stata has a routine called o1logit, or that the SPSS pulldown
menu for Ordinal Regression brings up PLUM, that these are necessarily the best way to go.

Ordered Logit/ Proportional Odds Models. Having made that caution, I’ll now explain how
the ordered logit models estimated by PLUM and ologit work. The ordered logit model fit by
ologit isalso known as the proportional odds model. PLUM fits this model by default, but it
can also fit other ordinal regression models.

1. In the ordered logit model, there is an observed ordinal variable, Y.
2. Y, in turn, is a function of another variable, Y*, that is not measured.
a. In the ordered logit model, there is a continuous, unmeasured latent variable Y*,

whose values determine what the observed ordinal variable Y equals.

b. The continuous latent variable Y* has various threshold points. Your value on the
observed variable Y depends on whether or not you have crossed a particular threshold. For
example, when M = 3

Yi=1if Y*is <k
Yi=2ifki<Y* <
Yi=3idY*i>x

For example, it might be that if your score on the unobserved latent variable Y* was 37 or less,
your score on Y would be 1; if your Y* score was between 37 and 53, Y would equal 2; and if
your Y* score was above 53, Y would equal 3.

Put another way, you can think of Y as being a collapsed version of Y*, e.g. Y* can take on an
infinite range of values which might then be collapsed into 5 categories of Y.

3. So, what does Y* equal? How do you estimate this model?

a. In the population, the continuous latent variable Y* is equal to

K
Y™ ZZﬂkai t& =24 +¢

k=1

Note that there is a random disturbance term, which, in this case, has a logistic distribution. This
reflects the fact that relevant variables may be left out of the equation, or variables may not be
perfectly measured.
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b. The Ordered Logit Model estimates part of the above:
K
Z = Z:kaki =E(Y ™)
k=1

C. Note that, because of the random disturbance term, the unmeasured latent variable
Y* can be either higher or lower than Z. By way of analogy, the typical person with 12 years of
education might make $30,000 a year; but any specific person with 12 years of education may
make more than that or less than that. Because of the disturbance term, i.e. because Z is not a
perfect measure of Y*, you will incorrectly classify some cases as falling within one range when
they actually fall within another. But, because you know the distribution of the error term, you
can also estimate what the probability of error is.

d. The K Bs and the M-1 ks are parameters that need to be estimated. Once you
have done so, using the corresponding sample estimates for each case you compute

Note that there is no intercept term. You then use the estimated M-1 cutoff terms to estimate the
probability that Y will take on a particular value. For example, when M = 3,

P(Y=1)= 1
1+exp(Z, —x,)
P(Y=2)= ! - !
1+exp(Z-x,)  1+exp(Z,-x)
P(Y=3)=1- 1
1+exp(Z; - )
4. Hence, using the estimated value of Z and the assumed logistic distribution of the

disturbance term, the ordered logit model can be used to estimate the probability that the
unobserved variable Y* falls within the various threshold limits.

SPSS Example. In Statistics With Stata, Updated for Version 7, Hamilton presents a
fascinating example that shows that the space shuttle Challenger disaster of January 28, 1986,
might have been averted had NASA officials heeded the warning signs. Data cover the first 25
flights of the U.S. space shuttle. For each flight, the following variables are measured:
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Distress

The number of “thermal distress incidents” in which hot gas damaged
the joint seals of a flight’s booster rockets. Damage to the joint seals
helped lead to the Challenger disaster. This is the DV. Itis coded 1 =

None, 2=1or 2,and 3 = 3 plus.

Temp

The calculated joint temperature at launch time. Temperature depends
largely on weather. Colder temperatures cause the rubber o-rings
sealing the booster rocket joints to become less flexible and hence more

likely to have problems.

Date

Date, measured in days elapsed since January 1, 1960 (an arbitrary
starting point). The rationale for this variable is that undesirable
changes in the shuttle program and aging hardware may have caused

launches to become more risky across time.

Here is the data:

flight distress temp date z (computed)
1 none 66 7772 14.09598
2 lor2 70 7986 14.10568
3 none 69 8116 14.70623
4 MISSING 80 8213 13.11785
5 none 68 8350 15.64853
6 lor2 67 8494 16.29509
7 none 72 8569 15.67466
8 none 73 8642 15.74117
9 none 70 8732 16.55703
10 lor2 57 8799 19.03107
11 3 plus 63 8862 18.19784
12 3 plus 70 9008 17.46397
13 none 78 9044 16.19526
14 none 67 9078 18.21411
15 3 plus 53 9155 20.89439
16 3 plus 67 9233 18.72344
17 3 plus 75 9250 17.3923
18 3 plus 70 9299 18.42019
19 lor2 81 9341 16.65107
20 lor2 76 9370 17.61325
21 none 79 9407 17.2147
22 3 plus 75 9434 17.99692
23 lor2 76 9461 17.91227
24 3 plus 58 9508 21.18747
25 (Challenger) MISSING 31 9524 25.92117
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Here is what SPSS PLUM gives you when Distress is regressed on Date and Temp. Challenger
and one flight with MD are excluded, yielding an N of 23 cases. (Note that, in keeping with
SPSS’s policy of internal inconsistency, PLUM graciously reports things like DEV, and
McFadden’s R?, numbers which it prefers to keep secret in its LOGISTIC REGRESSION
routine.)

GET
FILE='D:\S0C593\SpssFiles\shuttle2.sav'.

COMPUTE Date = Yrmoda (year,month,day) - yrmoda(1960,1,1)

PLUM
distress WITH date temp
/CRITERIA = CIN(95) DELTA(0) LCONVERGE (0) MXITER(100) MXSTEP (5)
PCONVERGE (1.0E-6) SINGULAR(1.0E-8)
/LINK = LOGIT
/PRINT = FIT PARAMETER SUMMARY TPARALLEL
/SAVE = ESTPROB (Plum)

PLUM - Ordinal Regression

Warnings
There are 46 (66.7%) cells (i.e., dependent variable levels by combinations of
predictor variable values) with zero frequencies.
Case Processing Summary
Marginal
N Percentage
DISTRESS thermal 1 none 9 39.1%
distressincidents 2 1or2 6 26.1%
3 3 plus 8 34.8%
Valid 23 100.0%
Missing 2
Total 25
Model Fitting Information
-2 Log
Model Likelihood | Chi-Square df Sig.
Intercept Only 49,911
Final 37.594 12.316 2 | .002

Link function: Logit.

Goodness-of-Fit

Chi-Square df Sig.
Pearson 42.858 42 434

Deviance 37.594 42 .665
Linkfunction: Logit.
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Pseudo R-Square

Cox and Snell 415
Nagelkerke .468
McFadden 247

Linkfunction: Logit.

Parameter Estimates

95% Confidence Interval
Estimate | Std. Error | Wald df Sig. |Lower Bound [Upper Bound
Threshold [DISTRESS =1]| 16.4281 9.865 (2.773 1 .096 -2.908 35.764
[DISTRESS = 2]| 18.1223 10.009 |3.278 1 .070 -1.495 37.739
Location DATE .003286 .001 (6.697 1| .010 .001 .006
TEMP -.173375 .085 (4.157 1 .041 -.340 -.007

Link function: Logit.

Here is how to interpret the results:

* The model chi-square is 12.316 with 2 d.f. This is highly significant, and tells us that
date and/or temp has a significant effect on the number of thermal distress incidents.

* McFadden R? (aka pseudo R?) is
Pseudo R? = Model L* DEV, = 12.316/49.911 = .247

* The positive coefficient for DATE means that the likelihood of distress incidents did
increase with time. Similarly, the negative coefficient for TEMP implies that colder tempers
increased the likelihood of having distress incidents.

* The threshold parameters of 16.4281 and 18.1223 tell us the following. Since there are
three possible values for Y (i.e. M = 3), the values for Y are

Yi=1if Y*iis <16.4281
Yi=2if16.4281 <Y*;<18.1223
Yi=3if Y*;>18.1223

As usual, we can look at the sign and significance of coefficients when interpreting them, but it
helps to plug in some hypothetical or real data values to get a better feel for the coefficients’
meaning.

Shuttle flight 13: temperature was 78 on launch date and date equaled 9044. Hence, for Flight
13, we compute

Z, =(.003286 *9044) —.173375 * 78 =16.195334
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Note that this value is less than the lowest threshold estimate of 16.4281. For Flight 13, we can
next compute

PY =1) = 1 _ L — 5579
1+exp(Z,—x,) 1+exp(16.195334 —16.4281)
P(Y =2)= L - 1
1+exp(Zi—x,) 1+exp(Z;-x)
- L - L — 87295579 = 315
1+exp(16.195334 18.1223) 1+ exp(16.195334 —16.4281)
P(Y =3)=1- L -1 L - 1271

1+exp(Z, —x,)  1+exp(16.195334 —18.1223)

Hence, for Flight 13, which occurred more than a year earlier than Challenger under much
warmer conditions, the most likely outcome was that there would be no damage to the booster
joints. In fact, Flight 13 did not have any problems.

That is, for Flight 13, our estimate of Z is 16.195334 . This is our “best guess” for the value of
Y*i, and this value places Flight 13 in the Y = 1 threshold. But, because of the random
disturbance term, there is at least some chance that Y*; is larger than Z;, i.e. because of other
unmeasured influences there is some chance that Flight 13 was more at risk than our estimates
indicate. If so, this could move Flight 13 into one of the higher threshold categories, e.g. the Y*
value for Flight 13 could actually be 17, in which case Y would equal 2; or it might be 18.5, in
which case Y = 3. (Of course, it is also possible that the risk for Flight 13 was less than was
estimated.)

Given that our estimate of Z for Flight 13 is very close to the Cutoff point for Y =1, it is not
surprising that we find P(Y = 1) =.5579, P(Y = 2) =.315, P(Y =3) =.1271. Thatis, Y =1 isthe
most likely value for Flight 13, but Y =2 and Y = 3 also have fairly high probabilities. If the Z
value were much smaller, e.g. Z = 2, then it would be much less likely that Y* actually fell into a
higher threshold range, and we would find that P(Y = 1) would be much higher.

Shuttle flight 25, Challenger: Remember, Challenger’s own data was not used when
calculating these parameters. Hence, it would have been possible for a NASA official to use
these numbers on launch day to predict the likelihood of a problem. On Challenger’s Launch
Date, Date equaled 9524, and the temperature at launch time was 31 Fahrenheit (the previous
coldest launch had been at 53 Fahrenheit). Hence, for Challenger,

Z, =(.003286 *9524) —.173375*31=25.9212

Note that this value is much higher than the upper threshold estimate of 18.1223 presented by
PLUM. Using the formulas presented earlier and the threshold estimates, we can now compute
the probabilities of Challenger falling into each of the three different distress categories:
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P(Y

P(Y

P(Y

1

1

=1)=

1

1

1+exp(Z, —x,) 1+ exp(25.9212 —16.4281)

=.0000754

1

1

=2)=

=.000410 —.0000754 =.0003346

1

1

=.99959

=3)=1-

1+exp(Z, —x,)

=1-—
1+ exp(25.9212 —18.1223)

1rep(Z, —5,) 1texp(Z, —x,) 1+exp(25.9212-18.1223) 1+ exp(25.9212 —16.4281)

Hence, based on the experience from the previous 23 flights, there was virtually no chance that
Challenger would experience no damage to its joint seals. Indeed, it was a virtual certainty that
Challenger would experience 3 or more damage incidents.

In summary, in the case of Challenger, our estimate of Z is 25.9212, which is far above the upper
threshold limit. It is possible that the actual risk faced by Challenger was less than this, e.g.
maybe Challenger’s score on Y* was really only 23. But, it is very unlikely that the Y* value for
Challenger was actually < 16.4281. It is also possible, but still not very likely, for Challenger
that 16.4281 < Y* < 18.1223. If, say, the estimate of Z for Challenger had been 18.5, there
would have been a much better chance that the true value of Y* fell into one of the lower
threshold ranges.

Incidentally, if you run OLS regression instead, the predicted value for Challenger is 4.63 and
the predicted value for Flight 13 is 1.65. The Challenger estimate of 4.63, of course, isn’t a
legitimate value for Y, but it is consistent with the finding that launching on that day was very

risky.

Other Output Available from PLUM. Notice that we specified /SAVE=ESTPROB (Plum) on
the Plum command. This causes SPSS to save the predicted probabilities as part of the .sav file,
with each variable name starting with the arbitrarily chosen prefix of PLUM. Thus,

Formats pluml 1 plum2 1 plum3 1

List

FLIGHT

O ~Joy Ul bW

NRPRPRRPRPRRPRRPRRRERERE
O W Jo U WNE O

TEMP

66
70

80
68
67
72
73
70
57
63
70
78
67
53
67
75
70
81
76

_ (£8.4) .
List flight temp date distress pluml 1 plum2 1 plum3 1 .

DATE DISTRESS

7772
7986
8116
8213
8350
8494
8569
8642
8732
8799
8862
9008
9044
9078
9155
9233
9250
9299
9341
9370

=N

NN WWWWEREKHEHWWNRERRPEDNRE-.

PLUML 1

L9115
.9107
.8484

.6856
.5332
.6799
.6653
.4678
.0689
.1456
.2620
.5580
L1436
.0114
.0915
.2760
.1200
. 4445
L2341

PLUM2 1

.0710
.0716
L1198

.2367
.3282
L2405
.2501
.3593
.2183
.3355
.3969
.3150
.3335
.0475
L2626
.3988
.3060
.3687
.3904

PLUM3 1

.0175
L0177
.0318

L0777
.1386
.0796
.0846
L1729
L7128
.5189
L3411
L1271
.5229
L9412
. 6459
.3252
.5739
.1868
.3754
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21 79 9407 1 .3129 .3996 .2875
22 75 9434 3 L1724 .3589 .4687
23 76 9461 2 .1848 .3675 L4477
24 58 9508 3 .0085 .0361 .9554
25 31 9524 . . .
Number of cases read: 25 Number of cases listed: 25

Note that PLUM does NOT provide predicted probabilities for Case 25, which was missing on
distress (and which, of course, is the case we most wanted the predicted probabilities for!) As
we’ll see, Stata handles this better.

Plum also provides a means of testing whether the assumptions required for its use are
reasonable:

Test of Parallel Line&

-2 Log
Model Likelihood | Chi-Square df Sig.
Null Hypothesis 37.594
General 36.827 7167 2 .682

The null hypothesis statesthat the location parameters (dop
coefficients) are the same across response categories.

a. Linkfunction: Logit.

If this chi-square value is insignificant (which it is) then the use of Plum is justified. If the value
is significant, then you may want to consider another approach, such as the multinomial or
generalized ordered logit models presented later.

Corresponding Stata Analysis. Here is the corresponding analysis using Stata’s ologit
command.

. use http://www.nd.edu/~rwilliam/stats2/statafiles/shuttle2.dta, clear
(First 25 space shuttle flights)

. * Date has been added to shuttle2.dta, but here is the command that created it.
. * gen date = mdy( month, day, year)

. ologit distress date temp, nolog

Ordered logit estimates Number of obs = 23
LR chi2 (2) = 12.32
Prob > chi2 = 0.0021
Log likelihood = -18.79706 Pseudo R2 = 0.2468
distress | Coef. Std. Err. z P>|z| [95% Conf. Intervall]
_____________ o
date | .003286 .0012662 2.60 0.009 .0008043 .0057677
temp | -.1733752 .0834473 -2.08 0.038 -.336929 -.0098215
_____________ o

cutl | 16.42813 9.554813 (Ancillary parameters)

cut2 | 18.12227 9.722293

Stata also makes it easy to get the predicted Z values and the predicted probability of each of the
three possible outcomes. Recall that, by default, Stata’s predict command computes values
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for all cases in the data, not just those that were included in the analysis. Sometimes, this can be
dangerous; but in this case it is nice because it gives us predicted values for Challenger, case 25.

* Compute the Z value
. predict z, xb

* Get the predicted probabilities for each of the three possible outcomes.
. * Specify one var for each outcome
. predict none onetwo threeplus, p

list flight temp date distress z none onetwo threeplus

- +
| flight temp date distress z none onetwo threep~s |
[ === \
1. | STS-1 66 7772 none 14.09598 .9115049 .0709674 .0175277
2. | STS-2 70 7986 1 or 2 14.10568 .9107192 .0715853 .0176955
3. STS-3 69 8116 none 14.70623 .8483726 .1198293 .031798
4. | STS-4 80 8213 . 13.11785 .9647798 .0285567 .0066635
5. | STS-5 68 8350 none 15.64853 .6855931 .236687 .0777198
| = e oo \
6. | STS-6 67 8494 1 or 2 16.29509 .5332105 .3282149 .1385746
7. STS-7 72 8569 none 15.67466 .6799332 .2404531 .0796137
8. | STS-8 73 8642 none 15.74117 .6652908 .2500842 .084625
9. | STS-9 70 8732 none 16.55703 .4678189 .359285 .1728961
10. | STs_41-B 57 8799 1 or 2 19.03107 .0689493 .2182961 .7127547 |
=== \
11. | STs 41-C 63 8862 3 plus 18.19784 .1455785 .3355387 .5188827 |
12. | STS 41-D 70 9008 3 plus 17.46397 .261954 .3969255 .3411205 |
13. | STs_41-G 78 9044 none 16.19526 .5579556 .3149626 .1270818 |
14. | STS 51-A 67 9078 none 18.21411 .143566 .33349 .522944 |
15. | STs 51-C 53 9155 3 plus 20.89439 .0113597 .04749 .9411502
=== \
16. | STS 51-D 67 9233 3 plus 18.72344 .091512 .2625642 .6459238 |
17. | STS 51-B 75 9250 3 plus 17.3923 .2760438 .398755 .3252012 |
18. | STS 51-G 70 9299 3 plus 18.42019 .1200389 .3060272 .5739338 |
19. | STsS 51-F 81 9341 1 or 2 16.65107 .4444934 .3687458 .1867608
20. | STS 51-I 76 9370 1 or 2 17.61325 .2341337 .3904446 .3754217 |
| = o e oo \
21. | STs_51-J 79 9407 none 17.2147 .3129053 .3995974 .2874972 |
22. | STs_61-A 75 9434 3 plus 17.99692 .1723883 .3589076 .468704
23. | STS 61-B 76 9461 1 or 2 17.91227 .1848028 .3675054 .4476918
24. | STS 61-C 58 9508 3 plus 21.18747 .0084984 .0360675 .955434 |
25. | STs_51-L 31 9524 . 25.92117 .0000754 .0003346 .99959 |
e +

Note that the values for flights 13 and 25 are the same as we previously computed.

If you have downloaded and installed spost9, you can use the brant command to do Brant’s
test of ologit’s parallel regression/ proportional odds assumption:

. brant

Brant Test of Parallel Regression Assumption

Variable | chi?2 p>chi?2 df
_____________ o
All | 0.83 0.662 2
_____________ o
date | 0.81 0.369 1

temp | 0.22 0.643 1

A significant test statistic provides evidence that the parallel
regression assumption has been violated.

The insignificant chi-square value suggests that o1 ogit’s assumptions are met.
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