Nonlinear relationships

Sources: Berry & Feldman’s Multiple Regression in Practice 1985; Pindyck and Rubinfeld’s
Econometric Models and Economic Forecasts 1991 edition; McClendon’s Multiple Regression
and Causal Analysis, 1994; SPSS’s Curvefit documentation. Also see Hamilton’s Statistics with
Stata, Updated for Version 9, for more on how Stata can handle nonlinear relationships.

Linearity versus additivity. Remember again that the general linear model is

k
Y =a+ B Xy + B Xy B X+ =a+ Y B X +&;, =E(Y)|X) +¢,

i=1
The assumptions of linearity and additivity are both implicit in this specification.

e Additivity = assumption that for each IV X, the amount of change in E(Y) associated with a
unit increase in X (holding all other variables constant) is the same regardless of the values of
the other 1Vs in the model. That is, the effect of X1 does not depend on X2; increasing X1
from 10 to 11 will have the same effect regardless of whether X2 =0 or X2 = 1.

e With non-additivity, the effect of X on Y depends on the value of a third variable, e.g.
gender. As we’ve just discussed, we use models with multiplicative interaction effects
when relationships are non-additive.

Y Gmp 1

Grp 2

e Linearity = assumption that for each IV, the amount of change in the mean value of Y
associated with a unit increase in the 1V, holding all other variables constant, is the same
regardless of the level of X, e.g. increasing X from 10 to 11 will produce the same amount of
increase in E(Y) as increasing X from 20 to 21. Put another way, the effect of a 1 unit
increase in X does not depend on the value of X.

e With nonlinearity, the effect of X on Y depends on the value of X; in effect, X
somehow interacts with itself. The interaction may be multiplicative but it can take
on other forms as well, e.g. you may need to take logs of variables. Examples:
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Dealing with Nonlinearity in variables. We will see that many nonlinear specifications can be
converted to linear form by performing transformations on the variables in the model. For
example, if Y is related to X by the equation

E(Y) =a+ /X

and the relationship between the variables is therefore nonlinear, we can define a new variable Z
= X2. The new variable Z is then linearly related to Y, and OLS regression can be used to
estimate the coefficients of the model. There are numerous other cases where, given appropriate
transformations of the variables, nonlinear relationships can be converted into models for which
coefficients can be estimated using OLS. We’ll cover a few of the most important and common
ones here, but there are many others.

Detecting nonlinearity and nonadditivity. The key question is whether the slope of the
relationship between an IV and a DV can be expected to vary depending on the context.

e The first step in detecting nonlinearity or nonadditivity is theoretical rather than technical.
Once the nature of the expected relationship is understood well enough to make a rough
graph of it, the technical work should begin. Hence, ask such questions as, can the slope of
the relationship between Xi and E(Y) be expected to have the same sign for all values of Xi?
Should we expect the magnitude of the slope to increase as Xi increases, or should we expect
the magnitude of the slope to decrease as Xi increases?

e Can do scatterplots of the IV against the DV. Sometimes, nonlinearity will be obvious. The
SPSS CURVEFIT command provides an easy way for testing for common forms of
nonlinearity. Stata has graphically-oriented routines too but I am not as familiar with them.
See Hamilton for details.

e Can often do incremental F tests or Wald tests like we have used in other situations. Stata’s
estat ovtest command can also be used in some cases; see below.
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Types of nonlinearity

1. Polynomial models. Some variables have a curvilinear relationship with each other.
Increases in X initially produce increases in Y, but after a while subsequent increases in X
produce declines in Y, e.g.

YONO

Polynomial models can estimate such relationships. A polynomial model can be appropriate if it
is thought that the slope of the effect of Xi on E(Y) changes sign as Xi increases. For many such
models, the relationship between Xi and E(YY) can be accurately reflected with a specification in
which Y is viewed as a function of Xi and one or more powers of Xi, as in

Y =a+ B X, + B X2+ B X4 A By X + &

The graph of the relationship between X1 and E(Y) consists of a curve with one or more
“bends”, points at which the slope of the curve changes signs. The numbers of bends nearly
always equals M - 1. For M = 2, the curve bends (changes sign) when X1 = -b1/2b2. If this
value appears within the meaningful range of X, the relationship is nonmonotonic. If this value
falls outside the meaningful range of X, the relationship appears monotonic (i.e. Y always
decreases or increases as X increases.)

This model is easily estimated — simply compute X2 = X1 X3 = X13, etc., and regress Y on
these terms. (In practice, we usually stop at M =2 or M = 3).

Examples: Hibbs argues that domestic violence should increase across nations from low to
middle levels of economic development but decrease from middle to high levels, as a result of
the affluence accompanying high levels of industrialization. In psychology, the Yerkes-Dodson
law predicts that the relationship between physiological arousal and performance will follow an
inverted U-shaped function, i.e. higher levels of arousal initially increase performance, but after a
certain level of arousal is achieved additional arousal decreases performance.

INTERPRETATION. When M = 2, the b1 coefficient indicates the overall linear trend (positive or
negative) in the relationship between X and Y across the observed data. The b2 coefficient
indicates the direction of curvature. If the relationship is concave upward, b2 is positive, if
concave downward b2 is negative. For example, a positive coefficient for X and a negative
coefficient for X? cause the curve to rise initially and then fall.
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More generally, a polynomial of order k will have a maximum of k-1 bends (k-1 points at which
the slope of the curve changes direction); for example, a cubic equation (which includes X, X2,
and X®) can have 2 bends. Note that the bends do not necessarily have to occur within the
observed values of the Xs.

SOME POLYNOMIAL MODELS, WITH QUADRATIC TERMS: [Note: SPSS Curvefit refers to these as
quadratic models.]

b1 positive, b2 positive; Y = 2X + X? bl positive, b2 negative; Y = 2X - X?
YPPO YPNO
20 10
Tobsen/ed 7 Tobserved
10 "o Quadratic 20 "o Quadratic
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4
X1 X1
b1 negative, b2 positive; Y = -2X + X? bl negative, b2 negative; Y = -2X - X?
YNPO YNNO
20 10
10 0
0 -10
o Observed Tobserved
-10 D7Quadremc -20 TQuadratic
X1 X1
bl zero, b2 positive; Y = X? bl zero, b2 negative; Y = -X?
YOPO YONO
Tobsen/ed Tobserved
2 o Quadratic 10 "o Quadratic
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4
X1 X1
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SOME POLYNOMIAL MODELS, WITH CUBIC TERMS: [NOTE: SPSS Curvefit refers to these as cubic
models.]

b1 positive, b2 positive, b3 negative; b1 negative, b2 positive, b3 positive;
Y =2X+X*- X3 Y =-2X+ X2+ X3
YPPN YNPP
40 40
30 30
20 20
10+ 10
04 Tobsen/ed 0 E7Observed
Tl_inear Tl_inear
-10 -10 .
Quadratic Quadratic
-20 Tcubic -20 Tcubic
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4
X1 X1
b1 zero, b2 zero, b3 positive; bl zero, b2 zero, b3 negative;
Y =x® Y=-X
YOOP YOON
30 30

20 20

104 10

° Observed

° Linear

® Observed -10

° Linear

-104

-20+ -20

Quadratic Quadratic

-30 © Cubic -30 ° Cubic
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4

X1 X1

Testing whether polynomial terms are needed. As usual, you can use incremental F tests or
Wald tests to test whether polynomial terms belong in a model. In the following example, x2 is
X2, X3 is X3, and x4 is x"\4.

. use http://www.nd.edu/~rwilliam/stats2/statafiles/nonlinl.dta, clear
. nestreg, quietly: reg y x1 (x2 x3 x4)
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e +
| | Block Residual Change |
| Block | F df df Pr > F R2 in R2 |
| ——————— Fomm e e e \
\ 1 | 3.21 1 59 0.0782 0.0516 \
\ 2 | 34.10 3 56 0.0000 0.6645 0.6129

e +

This shows us that at least one polynomial term should be in the model. Or, using a Wald test,

. quietly reg y x1 x2 x3 x4
. test x2 x3 x4

(1) x2 =0
(2) x3 =0
(3) x4 =0
F( 3, 56) = 34.10
Prob > F = 0.0000

Stata also provides the estat ovtest command (ov = omitted variables; you can just use
ovtest for short). In its default form, ovtest regresses y on yhat"2, yhat*3, and yhat*4. A
significant test statistic indicates that polynomial terms should be added. In this particular
example, ovtest gives the same results as above, but that wouldn’t necessarily be true in a more
complicated model.

. quietly reg y x1
. ovtest

Ramsey RESET test using powers of the fitted values of y
Ho: model has no omitted variables

F(3, 56) = 34.10
Prob > F = 0.0000
2. Exponential models. We often think that variables will increase exponentially rather

than arithmetically. For example, each year of education may be worth an additional 5% income,
rather than, say, $2,000. Hence, for somebody who would otherwise make $20,000 a year, an
additional year of education would raise their income $1,000. For those who would otherwise be
expected to make $40,000, an additional year could be worth $2,000. Note that the actual dollar
amount of the increase is different, but the percentage increase is the same. Such relationships
can often be modeled as

Y — e(a+[a§< +&)

When § is positive, the curve has positive slope throughout, but the slope gradually increases in
magnitude as X increases. When 3 is negative, the curve has a negative slope throughout and the
slope gradually decreases in magnitude as X increases, with the curve approaching the X axis as
Y gets infinitely large. (NOTE: SPSS Curvefit refers to this particular model as a growth
model.)
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When § is positive and small in magnitude (around .25 or less)  * 100 is approximately equal to
the percentage increase in E(Y) associated with a unit increase in X, e.g. if § = .10, then a 1 unit
increase in X will produce about a 10% increase in E(Y).

To estimate the exponential model using OLS: If we take the logarithm of both sides we get
INY=a+ X +¢

We therefore merely compute a new variable which equals In Y and regress the Xs on it, e.g. in
SPSS

COMPUTE LNY = LN(Y)

Here is a graph of such a relationship. The curved line is a plot of X versus Y, where there is an
exponential relationship between the two.

YEXP

30

20

104

° Observed

Linear

-10 o Exponential
-4 -3 -2 -1 0 1 2 3 4

X1

Following is an example of an exponential growth model. It shows the problems that occur if you
instead use a linear model of constant growth.
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Exponential (growth) model.
Income starts at $10,000 and grows 10% a year, compounded annually

Year Income Increase in $ Regr Prediction  [LN(Income) Increase inIn($)  Regr Prediction
1 $ 10,000.00 ($12,279.83) 9.2103404 9.21034
2 $ 11,000.00 $ 1,000.00 ($7,651.47) 9.3056506 0.09531 9.30565
3 $ 12,100.00 $ 1,100.00 ($3,023.11) 9.4009607 0.09531 9.40096
4 $ 13,310.00 $ 1,210.00 $1,605.24 9.4962709 0.09531 9.49627
5 $ 14,641.00 $ 1,331.00 $6,233.60 9.5915811 0.09531 9.59158
6 $ 16,105.10 $ 1,464.10 $10,861.96 9.6868913 0.09531 9.68689
7 $ 17,715.61 $ 1,610.51 $15,490.31 9.7822015 0.09531 9.7822
8 $ 19,487.17 $ 1,771.56 $20,118.67 9.8775116 0.09531 9.87751
9 $ 21,435.89 $ 1,948.72 $24,747.02 9.9728218 0.09531 9.97282
10 $ 23,579.48 $ 2,143.59 $29,375.38 10.068132 0.09531 10.06813
11 $ 25,937.42 $ 2,357.95 $34,003.74 10.163442 0.09531 10.16344
12 $ 28,531.17 $ 2,593.74 $38,632.09 10.258752 0.09531 10.25875
13 $ 31,384.28 $ 2,853.12 $43,260.45 10.354063 0.09531 10.35406
14 $ 34,522.71 $ 3,138.43 $47,888.81 10.449373 0.09531 10.44937
15 $ 37,974.98 $ 3,452.27 $52,517.16 10.544683 0.09531 10.54468
16 $ 41,772.48 $ 3,797.50 $57,145.52 10.639993 0.09531 10.63999
17 $ 45,949.73 $ 4,177.25 $61,773.88 10.735303 0.09531 10.7353
18 $ 50,544.70 $ 4,594.97 $66,402.23 10.830613 0.09531 10.83061
19 $ 55,599.17 $ 5,054.47 $71,030.59 10.925924 0.09531 10.92592
20 $ 61,159.09 $ 5,559.92 $75,658.94 11.021234 0.09531 11.02123
21 $ 67,275.00 $ 6,115.91 $80,287.30 11.116544 0.09531 11.11654
22 $ 74,002.50 $ 6,727.50 $84,915.66 11.211854 0.09531 11.21185
23 $ 81,402.75 $ 7,400.25 $89,544.01 11.307164 0.09531 11.30716
24 $ 89,543.02 $ 8,140.27 $94,172.37 11.402475 0.09531 11.40247
25 $ 98,497.33 $ 8,954.30 $98,800.73 11.497785 0.09531 11.49778
26 $108,347.06 $ 9,849.73 $103,429.08 11.593095 0.09531 11.59309
27 $119,181.77 $ 10,834.71 $108,057.44 11.688405 0.09531 11.68841
28 $131,099.94 $ 11,918.18 $112,685.80 11.783715 0.09531 11.78372
29 $144,209.94 $ 13,109.99 $117,314.15 11.879025 0.09531 11.87903
30 $158,630.93 $ 14,420.99 $121,942.51 11.974336 0.09531 11.97434
Average $ 54,831.34 $ 54,831.34

Income Regressed on Year Log Income Regressed on year

$180,000.00 13

$160,000.00

514000000 2

$120,000.00

$100,000.00

o $80000.00
£

< $60,000.00

$40,000.00

$20,000.00

E

§(20,000.00)

§(40,000.00) 0 5 10 15 20 25 20 35

Note that income increases 10% per year. In absolute terms, the growth is small at first ($1,000 a year) and then
gets bigger and bigger ($14,420 in year 30). The linear regression model (left-hand side) predicts a constant growth
of about $4,628.36 a year. Hence, it overestimates growth in the early years and underestimates it later. OLS works
much better with the exponential growth model (right-hand side), where the dependent variable is the log of income.
Note that %' = 1.1, which shows that there is 10% annual growth.
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Another common exponential function, especially popular in economics, is
Y =aX’e
which, when you log each side, becomes

InY =lna+ A(InX) +Ine

Ergo, to estimate this model, you compute new variables that equal In Y and In X. This model
says that every 1% increase in X is associated with a 3 percentage change in E(Y), e.g. if B =1, a
1% increase in X will produce a 1% increase in Y. Economists generally refer to the percentage
change E(Y) associated with a 1% increase in X as the elasticity of E(Y) with respect to X.
[NOTE: SPSS Curvefit calls this particular model a power model.]

3. Piecewise regression/Switching regression models. Suppose we think that a variable
has one linear effect within a certain range of its values, but a different linear effect at a different
range. For example, we might think that each additional year of elementary school education is
worth $5,000, and each year of college education is worth $8,000, i.e. all years of education are
not equally valuable. Piecewise regression models and the more general switching regression
models provide a means for dealing with this.

A piecewise regression model allows for changes in slope, with the restriction that the line being
estimated be continuous; that is, it consists of two or more straight line segments. The true
model is continuous, with a structural break. The data might follow a pattern such as the
following:

Y

X

Here, at the point of the structural break, the slope becomes steeper, but the line remains
continuous.

A switching regression model is similar, except that both the intercept and slope can change at
the time of the structural break; the regression line need not be continuous. This might look
something like
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Here, both the slope and the intercept change at the time of the structural break, and the line is no
longer continuous. In the case of education, this might occur because of some sort of
“certification” effect; e.g. you get a “bonus” just for having some college.

With both piecewise and switching regressions, the key is to figure out where the meaningful
split points are. You also don’t want to do this indiscriminately, as with a large sample, it can be
fairly easy to come up with statistically significant but substantively trivial deviations from
linearity. When the breakpoints are not known, more advanced techniques can be used to
estimate them and the parameters of the model. Pindyck and Rubinfeld discuss these models
further.

Stata Example. The mkspline command makes it easy to estimate piecewise regression
models.

. use http://www.nd.edu/~rwilliam/stats2/statafiles/blwh.dta, clear
. mkspline educl 12 educ2 = educ, marginal
. reg income educl educ2

Source | SS df MS Number of obs = 500
————————————— e e e F( 2, 497) = 618.37
Model | 28662.6998 2 14331.3499 Prob > F = 0.0000
Residual | 11518.5495 497 23.1761559 R-squared = 0.7133
————————————— e Adj R-squared = 0.7122
Total | 40181.2493 499 80.5235456 Root MSE = 4.8142

income | Coef. Std. Err. t P>|t| [95% Conf. Interval]
_____________ +________________________________________________________________
educl | .9064348 .1097101 8.26 0.000 .690882 1.121988

educ?2 | 1.599544 .1652037 9.68 0.000 1.274961 1.924128

cons | 12.4063 1.167048 10.63 0.000 10.11335 14.69926

In the above, we are allowing for education to have one effect for grades 1-12 (reflected by
educl), and a different effect at higher grades (educ2). The marginal option specifies that the
new variables are to be constructed so that, when used in estimation, the coefficients represent
the change in the slope from the preceding interval. A key advantage of this is that it makes it
possible to test whether the change in slope is significant, i.e. if the effect of educ2 is not
significant then the effect of education does not change after the break point. The above tells us
that each of the first 12 years of education produces an additional $906 in average income. For
years 13+, the effect of each year is about $1,600 greater, or about $2,506 altogether. The T
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value for educ? tells us the difference in effects across years is statisticially significant, i.e.
college years produce greater increases in income than do earlier years of schooling.

However, the default is to construct the variables so that the coefficients will measure the slopes
for the intervals rather than the difference in the slopes. So, if you don’t use marginal, you get

. mkspline educ3 12 educ4 = educ
reg income educ3 educ4

Source | SS df MS Number of obs = 500
————————————— t-—— F( 2, 497) = 618.37
Model | 28662.6998 2 14331.3499 Prob > F = 0.0000
Residual | 11518.5495 497 23.1761559 R-squared = 0.7133
————————————— Fom Adj R-squared = 0.7122
Total | 40181.2493 499 80.5235456 Root MSE = 4.8142

income | Coef. Std. Err. t P>t [95% Conf. Interval]
_____________ +________________________________________________________________
Educ3 | .9064348 .1097101 8.26 0.000 .690882 1.121988

Educéd | 2.505979 .0883207 28.37 0.000 2.332451 2.679507

cons | 12.4063 1.167048 10.63 0.000 10.11335 14.69926

Personally, I do not like this latter approach as well, since it doesn’t tell you whether the effects
of education significantly differ after the break point or not. But, a simple test command will
give you that information:

. test educ3=educ4

(1) educ3 - educ4d

Il
o

F( 1, 497)
Prob > F

93.75
0.0000

. display 93.75*.5
9.6824584

Note that the square root of the F value, 9.68, is the same as the T value for educ?2 in the previous
regression. Hence, it is largely a matter of personal preference whether you use the marginal
option or not. Either way, the results will be equivalent to each other and you can test whether
effects change after the breakpoint.
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A listing of the first 20 cases in the data set makes clear how Stata has computed the variables:

. list educ educl educ2 educ3 educ4 in 1/20

B ettt it L P +
| educ educl educ?2 educ3 educd |
| === |
1. | 2 2 0 2 0
2. | 4 4 0 4 0 |
3. 8 8 0 8 0 |
4. | 8 8 0 8 01
5. | 8 8 0 8 0 |
| === |
6. | 10 10 0 10 0
7. | 12 12 0 12 0 |
8. | 12 12 0 12 0 |
9. | 12 12 0 12 0 |
10. | 12 12 0 12 0 |
| === |
11. | 12 12 0 12 0 |
12. | 13 13 1 12 1
13. | 14 14 2 12 2
14. | 14 14 2 12 2
15. | 15 15 3 12 3
|- |
16. | 15 15 3 12 3
17. | 16 16 4 12 4
18. | 16 16 4 12 4
19. | 17 17 5 12 5
20. | 21 21 9 12 9
e ettt ettt P +

As we see, when the marginal parameter is specified, educl = educ, while educ2 = max(0,
educ —12). Hence, the slope for educ2 shows you the difference in effects between the first 12
years of education and any later years.

When the marginal parameter is not specified, educ3 = min(educ, 12) and educ4 = max(0,
educ —12). Hence, the slope for educ4 shows you the effect for each additional year of
education after year 12.

Closing Comments. Visual inspection and empirical tests can often be inconclusive in
determining which nonlinear transformation is best. For example, both an exponential model
and a piecewise regression model can appear to be consistent with the data:

YEXP

Y

4 3 2 0 1 2 3 4 X

Remember, too, the presence of random error terms will cause the observed data to not show as
clear of relationships as we have depicted here. In the end, theoretical concerns need to guide
you in determining which transformations are most appropriate for the data.
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Appendix: The underlying math for piecewise regression.

The piecewise regression model can be written as

E(Y)=a+AX, +B[(X, —structural_break_ value) * Breakdummy]

where breakdummy = 1 if X1 is greater than the structural break value, 0 otherwise. Note that
the main effect of breakdummy is NOT included in the model; this implies that the intercept is
the same both before and after the structural break.

So, in the case of education, the structural break value would be 12. Those with 12 years of
education or less would be coded 0 on the dummy variable (and the interaction), and those with
more than 12 years of education would be coded 1 on the dummy. On the interaction term, their
value would be [years of education - 12].

The switching regression model can be written as

E(Y) =a+ X, + £ Breakdummy + S[( X, —structural _break_ value) * Breakdummy]

Both of the above correspond to the coding used by the marginal option of Stata’s mkspline
command. As noted in the Stata example, you can reparameterize these depending on whether
you’d rather have the coefficients represent the slope of the interval or the change in the slope
from the preceding interval.
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Appendix: Using SPSS for Piecewise Regression.

In SPSS, we might write control cards such as the following:

RECODE EDUC (0 THRU 12 = 0) (13 THRU HI = 1) INTO COLLEGE.
COMPUTE COLLEDUC = COLLEGE * (EDUC - 12).
REGRESSION /VARIABLES = INCOME EDUC COLLEDUC/

DEPENDENT = INCOME/ ENTER EDUC / ENTER COLLEDUC.

Regression

Model Summary

Adjusted | Std. Error of

Model R R Square | R Square [the Estimate

1 .8122 .659 .659 5.24332

2 .845P 713 712 4.81416
a. Predictors: (Constant), EDUC

b. Predictors: (Constant), EDUC, COLLEDUC

ANOV A
Sum of
Model Sguares df Mean Square F Sig.
1 Regresson [26490.026 1 26490.026 |963.539 | .0002
Residual 13691.224 498 27.492
Total 40181.249 499
2 Regression [28662.700 2 14331.350 |618.366 | .000P
Residual 11518.549 497 23.176
Total 40181.249 499

a. Predictors: (Constant), EDUC
b. Predictors: (Constant), EDUC, COLLEDUC
C. Dependent Variable: INCOME

Coefficient$

Unstandardized Standardized

Coefficients Coefficients
Model B Std. Error Beta t Sig.
1 (Constant) 3.703 811 4.568 | .000
EDUC 1.830 .059 .812 |31.041 .000
2 (Constant) 12.406 1.167 10.631 .000
EDUC .906 .110 .402 | 8.262 | .000
COLLEDUC 1.600 .165 471 9.682 .000

a. Dependent Variable: INCOME

The coefficient for COLLEDUC indicates whether years in college had a different effect on
income than did earlier years of schooling. An insignificant T value would indicate that there
was no difference. Since COLLEGE is not included in the model, the predicted line will be
continuous. Here, we we see that each year of college education has a significantly larger effect
than each year of education for grades 1-12.

From the above, we can infer that, for grades 1-12, each additional year of education increases

average income by $906. After grade 12, however, each additional year is worth $2,506 (you get
this by adding the coefficients for EDUC and COLLEDUC).
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