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Preface

The subject of nodal sets, or level sets in general, is an important research
topic for solutions of differential equations. In some cases, properties of nodal sets
of solutions are themselves the primary concern. In other cases, nodal sets provide
an important tool in the study of properties of solutions.

In this book, we discuss the nodal sets of solutions of homogeneous linear el-
liptic equations of the second order. Our primary concern is the measure theoretic
properties of these sets and their relation to the growth of solutions. There are
two important conjectures. The first conjecture was raised by S.-T. Yau and asks
whether the nodal sets of the eigenfunctions of the Laplacian operator in a compact
manifold have an area on the order of the square root of the corresponding eigen-
values. Eigenfunctions on flat torus illustrate that the order of the square root is
the correct one. The second conjecture was proposed by F.-H. Lin and concerns the
size of the nodal sets and the critical nodal sets of solutions of general homogeneous
elliptic differential equations.

An important aspect of the discussion is the local growth of solutions and eigen-
functions. We will show that solutions and eigenfunctions are well approximated
by polynomials, where the degree of these polynomials can be controlled. Then a
natural question arises as to whether the nodal sets of solutions and eigenfunctions
are approximated by nodal sets of these approximating polynomials.

This book has seven chapters. In Chapter 1, we briefly review prerequisite
results which will be used throughout this book. These include basic a priori esti-
mates for solutions of linear elliptic equations of the second order, basic knowledge
on Hausdorff measures and several well-known results on zeroes of analytic func-
tions. We describe these results without proof and provide references.

In Chapter 2, we discuss harmonic functions exclusively. This chapter sets the
tone for the rest of the book. In this chapter, we first introduce the frequency
function for harmonic functions and prove the important monotonicity formula.
An important consequence of this monotonicity formula is the control of vanishing
orders of harmonic functions by the frequency. In the rest of this chapter, we
estimate the size of nodal sets and critical nodal sets of harmonic functions by the
frequency. All results are optimal.

In Chapter 3, we generalize the notion of the frequency to solutions of general
linear elliptic equations of the second order. We prove a modified monotonicity
formula for solutions of linear elliptic equations under the assumptions that the
leading coeflicients are Lipschitz and other coefficients are bounded. An important
consequence is a quantitative version of the unique continuation, which plays an
essential role in the rest of this book.

vii



viii PREFACE

In Chapter 4, we discuss the structure of nodal sets of solutions of general linear
elliptic equations of the second order with the same assumptions under which unique
continuation holds. We will prove that the nodal set is countably rectifiable of
codimension 1 and that the critical nodal set is countably rectifiable of codimension
2. The proof is based on a pointwise a priori estimate for these solutions.

In Chapter 5, we study the size of nodal sets of solutions of general linear
elliptic equations of the second order. We prove optimal estimates if coefficients
are analytic and less than optimal estimates if coefficients are non-analytic. An
important aspect in the discussion is to analyze the local growth of solutions in
terms of its frequency.

In Chapter 6, we study the size of nodal sets of eigenfunctions of the Laplace-
Beltrami operator on compact Riemannian manifolds. We will prove optimal upper
bounds and lower bounds if the Riemannian manifold is analytic.

In Chapter 7, we study the size of critical nodal sets of solutions of general
linear elliptic equations of the second order. We prove a uniform estimate on the
measure of critical nodal sets in terms of the frequency. This result is far from
satisfactory. An optimal estimate exists only for planar harmonic functions.

Many results in Chapters 5, 6 and 7 are far from optimal, leaving plenty of
room for improvements. We hope this book will inspire others to work on this
fascinating area of mathematics.

Acknowledgments.

Qing Han, Fang-Hua Lin



CHAPTER 1

Prerequisite Knowledge

The main concern in this book is the measure theoretic properties of the nodal
sets of solutions of the elliptic differential equations. There is no surprise that
we will employ frequently a priori estimates in the theory of elliptic differential
equations and various integral formulas in the geometric measure theory. We will
also use very often some basic results concerning zeroes of polynomials. In this
chapter, we will give a brief review of these results. Specifically, we will review
some important results of interior estimates of elliptic differential equations, integral
formulas related to Hausdorff measures and zeros of analytic functions. We will
quote these results without proof. Those who are not familiar with these results
should not feel intimidated. They can start with Chapter 2 and refer back to this
chapter when necessary.

1.1. Elliptic Differential Equations

In this section, we will give a quick review of some basic estimates of solu-
tions of elliptic differential equations. The simplest elliptic differential operator is
the Laplacian operator A. The following result yields the interior estimates for
harmonic functions.

LEMMA 1.1.1. Let u € C(BR) be a harmonic function in B C R™. Then for
any multi-index « with |a| =m
nmem—lm!
——— max |ul.
R el
Lemma 1.1.1 will be used frequently in Chapter 2.
Now we consider general elliptic differential equations of the form

(].1].) A Wij + bju; + cu = f in By C R"™.

[Du(0)] <

We always assume (a;;) satisfies
NéP < aij(2)€g; < AP for any @ € By, £ € R™,

for a positive constant A, which is often called the ellipticity constant.
Concerning solutions of (1.1.1), we have the following Schauder estimates and
W?2P_estimates.

THEOREM 1.1.2. Let a;j, b; and ¢ be C“-functions in By and u be a C%e.
solution of (1.1.1) for some a € (0,1). Then

|U|C2va(B%) < C(lulpe(ny) + [flee(py))

where C' is a positive constant depending only on n, A\, a and the C*-norms of a;;,
b; and c.
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THEOREM 1.1.3. Let a;; be continuous functions, b; and c be bounded functions
in By and u be a W*P-solution of (1.1.1) for some p > 1. Then

||U||W2,P(B%) < C(llullzesyy + I fllLes))

where C' is a positive constant depending only on n, \, p, the module of continuity
of ai; and the L>-norms of a;;, b; and c.

Here we only stated interior estimates. Global estimates also hold if we assume,
in addition, that u|gp, can be extended to a C*“-function in By or a W?2P-function
in Bj respectively. Theorem 1.1.2 and Theorem 1.1.3 will be used throughout the
book. Their proofs can be found in [38].

Now we consider elliptic differential equations of the divergence form

A function u € H(By) is a weak solution of (1.1.2) if

/ a;juip; =0 for any ¢ € H&(Bl)'

1

The following result is referred to as the Moser’s local boundedness estimate. It is
one of the most fundamental estimates in the theory of elliptic differential equations.

THEOREM 1.1.4. Let a;; be bounded in By and u € H' be a weak solution of
(1.1.2) in By. Then

(1.1.3) supu? < C u?,
B% B

where C' is a positive constant depending only on n and A.

Here and thereafter, f denotes the average.
Another estimate we will use is the following Caccioppoli’s inequality.

LEMMA 1.1.5. Let a;; be bounded in By and u € H' be a weak solution of
(1.1.2) in By. Then

(1.1.4) ]/ v <4 |u—al,
Bl By
2
where U is the average of u in By and C is a positive constant depending only on n
and A.

The proof of Theorem 1.1.4 can be found in [38]. Lemma 1.1.5 follows from a
simple integration with the help of cutoff functions. They will be used in Chapter
3.

1.2. Hausdorff Measures

In this section, we review some basic knowledge concerning Hausdorff measures,
a class of lower dimensional measures on R™, which allow us to measure certain
very small subsets of R™. A good reference is [33].

We first recall the definition of Hausdorff measures.
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DEFINITION 1.2.1. Let A C R"™ be a nonempty subset and s be a nonnegative
integer.
(i) For any § € (0, o0], define

H3(A) = inf { Zw(s)(dlaglcj)s; Ac ¢, diamC; < 6},
j=1 j=1
where
me/? f 0
= /s 1\ € ’ ’
w(s) G+ or s € [0,00)
and

I'(s) :/ e x*tdx, for s € (0,00).
0

Note that I'(s) is the usual gamma function for s € (0, 00).
(ii) Define
H*(A) = lim H5(A) = sup H5(A).
6—0 6>0
We call H® the s-dimensional Hausdorff measure on R™.
For the empty set, we simply define H3(0) = 0 for any 6 > 0 and H*()) = 0.

Note that w(s) is the volume of the unit ball in R* if s is a positive integer.

REMARK 1.2.2. For § > ¢', H3(A) < H3 (A). Hence Hj(-) is a monotone
decreasing function of & € (0,00] and the limit in (ii) makes sense. In particular,
we have for any subset A C R™, 6 > 0 and s >0

H(A) = H5(A) = HE(A).

We note that it is necessary to require § — 0 in order to force the coverings to
follow the local geometry of the set A. This is well illustrated by a spiral in R2.

THEOREM 1.2.3. For any s € [0,00), H® is a Borel regular measure on R"™. In
other words, for any subset A C R™, there is a Borel subset B C R™ with A C B
such that H*(A) = H*(B).

The next result asserts that, for any subset A C R™, there is only one possible
s > 0 such that H*(A) is meaningful.

LEMMA 1.2.4. Let ACR" and 0 < s <t < o0.
(i) If H*(A) < oo, then H'(A) = 0.
(ii) If H'(A) > 0, then H*(A) = oo.

DEeFINITION 1.2.5. The Hausdorff dimension of a set A C R™ is defined by
dimy(A) = inf{s € [0,00); H*(A) = 0}.

It is easy to see that dimy (A4) < n. By setting s = dimy(A), we have H(A) =0
for any ¢t > s and H'(A) = oo for any t < s. We note that H*(A) may be any number
between 0 and oo inclusive. Furthermore, dims(A) need not be an integer. Even
if dimp(A) = k is an integer and 0 < H*(A) < o0, A need not be a k-dimensional
surface in any sense.

Next, we discuss some properties of Lipschitz functions. The following theorem
of Rademacher concerns the differentiability of Lipschitz functions.
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THEOREM 1.2.6. Let f : R™ — R"™ be a locally Lipschitz map. Then f is
differentiable L™-almost everywhere in R™, i.e., for L™-almost every xz € R™,

Df(z) = (O1f(x), -+ ,0mf(x)) exists and
lim ——(£(y) = f(a) = Df(x) - (y = )) = 0.

v Tyl

Now let f : R™ — R"™ be a Lipschitz map and x € R™ be a point where f is
differentiable at . Hence Df(z) : R™ — R™ is a linear map. We can view D f(x)
as an n X m matrix. With L = D f(z), we define the Jacobian of f at x by

Jf(z) = det(L*L), m <mn,
YT AT, n<m.

Sometimes, in order to emphasize the maximal possible rank, we denote the Ja-
cobian by J,,f(x) for m < n and J,f(z) if m > n. Obviously, Jf(z) = 0 if
rank(Df(x)) < min{m,n}. Now we intend to calculate

/ Jf(z)dL™(x).
A

THEOREM 1.2.7. Let f : R™ — R"™ be a Lipschitz map and m < n. Then for
any u € LY(R™)

(1.2.1) / w(x)Jp f(x)de = /R Z u(z)dH™(y).

" zef-1(y)

In particular, if f is one-to-one on an L™-measurable set A C R™, then we
obtain

/A I f(@)dz = H™(f(A)),
by taking u = x 4.

THEOREM 1.2.8. Let f : R™ — R"™ be a Lipschitz map and m > n. Then for
any u € L*(R™)

(1.2.2) /]Rm w(x)Jy f(x)de = /n /f_l(y) udH™ "dy.

We note that (1.2.1) and (1.2.2) are referred to as the area formula and the
coarea formula respectively.

Now we introduce countably rectifiable sets, which provide an appropriate no-
tion of generalized submanifolds in Fuclidean spaces. For the rest of this section,
we always assume 1 <m <n — 1.

DEFINITION 1.2.9. Let E C R™ be an ‘H™-measurable subset. F is countably
m-rectifiable if .
EcEu({Hm®rm),
j=1
where H™(Ep) = 0 and f; : R™ — R” is a Lipschitz function for j =1,2,--- .

Countably rectifiable sets are important in the geometric measure theory and
have many nice geometric properties. For example, countably rectifiable sets have
approximate tangent spaces almost everywhere and the area and coarea formulas
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hold for Lipschitz maps between countably rectifiable sets. For our purpose, we
will only review the integral geometric formula ([33], 3.2.22), an important method
in calculating the measure of countably rectifiable sets.

Let A(n,m) be the collection of (A1,--- , Ap,) with 1 < Xy < -+ < Ay, <n. For
any A € A(n,m), we denote by Py : R™ — R™ the orthogonal projection given by

PA(:El»'" axn) = (x)\u"' 799)\771)'

THEOREM 1.2.10. Suppose E is a countably m-rectifiable subset of R™, m <n
and

ay = /HO(E N P;l(y))dﬁmy for any X € A(n,m).
Then

(> ai)%gHm(E)g > ax

AEA(n,m) AEA(n,m)

The integral geometry formula plays a fundamental role in estimating measures
of nodal sets throughout this book. It has a clear geometric interpretation. For
example, in order to estimate the H!'-measure of a countably l-rectifiable subset
in R2, we need only examine the intercepts of this subset with all straight lines
parallel to axis.

1.3. Zeros of Analytic Functions

In this section, we collect some results concerning zeros of analytic functions.
We begin with the Bezout formula ([7], Corollary 1, P200), which can be viewed
as the two-dimensional version of the fundamental theorem of algebra.

LEMMA 1.3.1. Suppose P and @ are homogeneous polynomials of degree k and
I in C? respectively. If P and Q have no common factors, then

#{(21, 22); P(21, 22) = Q(21, 22) = 0} = K,
including the multiplicity.

The next result is the 2-dimensional version of the Rouché Theorem. For a
general form and a proof, refer to Lupacciolu [71].

LEMMA 1.3.2. Let Q C C? be a bounded C'-domain and f,g : Q — C2 be
holomorphic in Q and C' up to the boundary OS. If

|f(21,22) — g(21,22)| < |g(21,22)] for any (21, 22) € O,

then f~1(0) and g=1(0) are isolated in Q and the number of points in f~1(0) is the
same as that in g~1(0), counting the multiplicity.

A good choice for g in Lemma 1.3.2 is given by g = (P, Q), where P and @ are
as in Lemma 1.3.1.

Next, we collect some results on zeros of functions in real Euclidean spaces.
It is well known that real zeros do not behave as well as complex zeros. For
example, a perturbation of a function with isolated zeros may produce functions
with complicated zeros. In some special cases, we may preserve the finiteness of
ZEros.
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LEMMA 1.3.3. Let P, and P> be homogeneous polynomials of degree d > 1 in
R? such that P and Q can be written as products of distinct linear factors. Then
there exists a positive constant §, depending only on P, and P», such that for any
o2 -functions u1 and us on By C R? with

|u; — Pi|02d2(Bl) < foranyi=1,2,

there holds
#({z € Bisui(x) = uz(z) = 0}) < cd?,

where ¢ 1s a universal constant.

Lemma 1.3.3 can be viewed as Lemma 1.3.2 in the real space with g = (P, P2).
The proof of Lemma 1.3.3 is based on the Weierstrass-Malgrange Preparation The-
orem for finitely differentiable functions. It is quite complicated although the result
is easily visualized to be true. See [47] for details.

Last, we state a result concerning zeros of polynomials. See Theorem 2.1 in
[51].

LEMMA 1.3.4. Let P be a (real) polynomial of degree d in R™. If dimP~1(0) <
k, then
HM(P~H{0}N By) < ed™ 7,

where ¢ is a positive constant depending only on n.



CHAPTER 2

Nodal Sets of Harmonic Functions

In this chapter, we discuss the relation between the growth of harmonic func-
tions and the growth of their nodal sets. The growth of harmonic functions is mea-
sured by their frequency. For any harmonic function u in the unit ball B; C R",
the frequency in B is defined by

B I5, |Vul?

= 7f331 2

If w is a homogenous harmonic polynomial, its frequency is exactly its degree. In
general, the frequency controls the growth of the harmonic functions.

As we know, planar harmonic functions are simply the real parts of holomor-
phic functions in the complex plane. This simple identification is not enjoyed by
harmonic functions in higher dimensional spaces. However, harmonic functions in
R™, as analytic functions with interior estimates on derivatives, can be extended
to holomorphic functions in C™. It turns out that such an extension is extremely
important in the discussion of nodal sets. This is because the nodal sets of (general
analytic) functions in R™ are not stable in the sense that a simple perturbation may
change the structure of nodal sets. In particular, the dimension of nodal sets may
change by perturbations. However, this does not happen for holomorphic functions
in C™. In order to discuss nodal sets of harmonic functions, we first discuss complex
nodal sets of their holomorphic extensions. It is not surprising that complex anal-
ysis plays an important role in our study. For example, we use repeatedly Rouché
Theorem in C and in C2, which asserts in particular that, if an equidimensional
holomorphic map has isolated zeroes, then its holomorphic perturbation enjoys the
same property and the number of zeroes is preserved. Another property we use is
the behavior of polynomials away from their zeroes. For a suitably normalized poly-
nomial, a positive lower bound can be established for the modulus of the polynomial
outside some balls around its zeroes.

The foundation of our discussion is a monotonicity formula for frequencies
of harmonic functions. Corollaries of such a monotonicity include the doubling
condition of L2-integrals and the finite vanishing order. In fact, an integral quantity
of harmonic functions in the unit ball controls the vanishing order of harmonic
functions inside the ball.

N

2.1. Nodal Domains of Spherical Harmonics

We begin our discussion of nodal sets of harmonic functions with those of
homogeneous harmonic polynomials. Because of the homogeneity, homogeneous
harmonic polynomials in R™ can be identified with the corresponding spherical

7



8 2. NODAL SETS OF HARMONIC FUNCTIONS

harmonics, their restrictions on the unit sphere S*~!. For any integer m > 1,
we denote by H,,,(R™) the collection of all homogeneous harmonic polynomials of
degree m in R™. Obviously, H,,(R™) is a linear space.

We start with n = 2 and denote points in R? by (x,%). The general homoge-
neous polynomial P, of degree m in R? contains m + 1 coefficients. Then AP,
is a homogeneous polynomial of degree m — 2 and therefore contains m — 1 terms.
These terms have to vanish if P, is a harmonic function. This gives m — 1 relations
which must hold among the m + 1 constants if P,, is a harmonic function; so that
these constants can be expressed linearly in terms of (m+1)—(m—1) or 2 of them.
Therefore, H,,(R?) is a linear space of dimension 2. We note that Re(z + iy)™
and Im(z 4 iy)™ are linearly independent homogeneous harmonic polynomials and
hence form a basis in H,, (R?). In fact, in polar coordinates (r, ), any homogeneous
harmonic polynomial P,, of degree m is of the form

P, = ar™ cos(mé + 6p),

for some constants a and 6y € [0,27). Obviously, P,,1(0) consists of m straight
lines passing the origin and forming equal angles by any two consecutive lines. It
is natural to ask whether nodal sets of homogeneous harmonic polynomials in R™
enjoy similar simple characterizations for n > 3. In the rest of this section, we only
discuss the case n = 3.

The general homogeneous polynomial P, of degree m in R3 contains %(m +

1)(m + 2) coefficients. Then AP,, is a homogeneous polynomial of degree m — 2

and therefore contains %m(m — 1) terms. These terms have to vanish if P, is a

harmonic function. This gives 2m(m — 1) relations which must hold among the
1(m+1)(m+2) constants if Py, is a harmonic function; so that these constants can
be expressed linearly in terms of 2{(m+1)(m+2) —m(m—1)} or 2m+1 of them.
Therefore, H,,(R3) is a linear space of dimension 2m + 1. A basis of this linear
space is given in terms of Legendre functions. We now discuss how to construct
such a basis. The following brief discussion follows MacRobert [72].

Let (z,y,2) and (r,6, ¢) be the rectangular coordinate and the corresponding

polar coordinate in R3, i.e.,
x =rsinfcosp, y=rsinfsing, 2z =rcosb.

Let P, = r"Q,,(6, ) be a homogeneous harmonic polynomial of degree m in R3.
Then

10, . 0Qm 1 9Qm
1)Qm — 0 =0.
m(m+ 1)Qm + =56 (s 0=5%) + = e =0
By writing ¢ = cos 6, we have
0 oQ 1 9°Q
DQum + — ((1 — p?) =2 T —0.
By seting Qi (0, ) = f(6)g(), we obtain
10 of 1 19%
D+ == ((1—p?) == -—2=0
m{m + Hf@u(( mf)u) 1 — p? g Op?
The first two terms in this equation are independent of g, and therefore so is the

2
last. Hence, the value of ;g’@g must be a constant. Since g is 27-periodic in , we
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may take this constant to be —k? for an integer k. Thus
2
% = _k2g7
and hence
9(p) = Acos(kp) + Bsin(ky),
where A and B are constants. Then f satisfies

2
(2.1.1) %((1 - ;ﬁ)g—i) + (m(m+1) — i

which is known as Legendre’s associated equation. If fp, (1) is a solution of (2.1.1),
then

(2.1.2) " (Acos(ke) + Bsin(kg)) fm,x(cos0)

l_lulz)f:Ov

is a harmonic function wherever it is defined in R3. We are interested in only
those f x such that (2.1.2) gives a homogeneous polynomial of degree m in R3. A
lengthy calculation then yields for £k =0,1,--- ,m

(2.1.3) frg () = (1= p?)

For k = 0, we have

dm
= W(l —u)m.
This is the Legendre function. We also note that f,, , is a constant. For each fixed
positive integer m, the collection in (2.1.2) with f,, ; given by (2.1.3) for 0 < k <
m consists of 2m + 1 linearly independent homogeneous harmonic polynomials of
degree m and hence forms a basis of H,,(R3). (We note that there is only one
function for £k =0 in (2.1.2). )

Now, we examine nodal sets of these homogenous harmonic polynomials in
(2.1.2). Because of the homogeneity, it is convenient to consider the restriction of
the nodal sets to the unit sphere S?, which is called the nodal curves. These nodal
curves divide S? into a certain number of domains, called nodal domains, where
defining functions are not zero.

If kK = 0, the corresponding harmonic polynomial is a constant multiple of the
Legendre function f,,,(cosf) as in (2.1.4). A simple calculus argument shows that
fm(1) has m distinct zeros between —1 and 1, arranged symmetrically about 1 = 0.
Hence fy,(cos®) has m distinct zeros between 0 and m, arranged symmetrically
about 0 = 7. Accordingly on S?, the function f,,(cos @) vanishes on m latitude
circles. These circles are symmetrically situated with respect to the equator § = 7,
and, if m is an odd number, the equator itself is one of these circles. Similarly,
level sets of this function consist of latitude circles. Because of this division of the
sphere into zones by sets of latitude circles, the function f,(cos#) and its constant
multiples are called zonal harmonics.

If 0 < k < m, the spherical harmonic is of the form

(2.1.4) Sm (1) = fimo(p)

) ) dm+k -
(Acos(ky) + Bsin(ky)) sin® F)W(uz — 1)™] i=cos 6-
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FIGURE 2.1.1. Nodal curves of zonal harmonics.

The first factor vanishes when A cos(ky) + Bsin(kyp) = 0, i.e., when tan(kp) =
—A/B, and on S? this corresponds to k great circles through the pole 6§ = 0, the
angle between the planes of any two consecutive great circles being 7/k. The second
factor vanishes at the points # = 0 and # = 7, and the third on m—k latitude circles,
arranged like the corresponding circles in the case of zonal harmonics. Since the two
sets of circles intersect orthogonally, these harmonics are called tesseral harmonics.

FIGURE 2.1.2. Nodal curves of tesseral harmonics.

Finally, if K = m, the spherical harmonic is of the form
(A cos(my) + Bsin(mep)) sin™ 6,

which vanishes when 6 = 0 or 7, or when tan(mep) = —A/B. This corresponds on
S? to the points # = 0 and § = 7, and to m great circles through these points, the
angle between the planes of any two consecutive being 7 /m. As S? is thus divided up
into 2m sectors, these functions called sectorial harmonics. We note that sectorial
harmonics are simply linear combinations of Re(z + iy)™ and Im(x + iy)™.

Now we examine nodal sets and nodal domains of these special harmonics
closely. It is clear that the length of the nodal curves grow as the degree grows.
This in fact is a general result. The measure estimate of nodal sets constitutes an
important part of this book. Figures 2.1-2.1 (Fix the cross referencing.) also
seem to suggest that the number of nodal domains grows according to the degree.
This in fact is false. We now present examples of spherical harmonics such that the



2.1. NODAL DOMAINS OF SPHERICAL HARMONICS 11

FIGURE 2.1.3. Nodal curves of sectorial harmonics.

number of their nodal domains remains constant as degrees grow. The rest of this
section follows Lewy [68].

Let u be a spherical harmonic of degree m in R3. There is an obvious lower
bound for the number of nodal domains N,,(u). Evidently, N,,(u) > 2 since u

must change sign on S?, for 0 = u(0) = { wu. If m is even, then N,,(u) > 3. For
S2

if Np(u) = 2, the sets {u > 0} and {u < 0} of S? would be connected and each
must contain a point p and also its diametrically opposite point p’. Suppose, say,
u(p) > 0, then there is an arc o joining p to p’ on which u > 0 and the diametrically
opposite arc o’ must also belong to u > 0. If now u(gq) < 0, then also u(q’) < 0 (¢’
opposite to ¢), but it is impossible to connect ¢ to ¢’ without intersecting o U o”.

In the following, we prove that these lower bounds for N, are actually assumed.
In other words, we construct spherical harmonics of degree m whose nodal curves
divide S? in 2 resp. 3 domains for m odd resp. even. We achieve this by starting
from a particular spherical harmonic P, whose nodal curves are connected and easy
to describe, adding € times a suitable other such of the same degree where ¢ is small,
and investigating the change of the nodal curves due to this addition. The sphere
S? is the union of finitely many neighborhoods each contained in a hemisphere H.
After a rotation, H becomes z > 0. The homogeneity relation

Ty
P =2"P(—,=,1
(e,9.2) = P2, L)
reduces the study of the nodal curves of P in H to that of the zeros of polynomials
in two variables.

LEMMA 2.1.1. Suppose m > 2 is an integer and f(x) is an analytic function
in a neighborhood of 0 € R with f(0) = 1, |f(z) — 1| < M|z| and |f'(z)] < M.
Then there exists a p > 0 such that, for any € > 0 small, there is exactly one
xo > 0 satisfying x' = ef(xo), and ™ < ef(x) for v < xo and 2™ > cf(x) for
o< T <p.

PROOF. Note that Fl(z) = 2™ — ef(x) satisfies F(0) < 0 and F((2¢)V/™) >
2 — e —eM(2¢)/™ > 0 if £ small. Hence there exists an zo € (0, (2¢)'/™) with
F(xzg) = 0. Set xg = ape'/™ for some constant ay depending on e. Obviously,
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ap < %/2. Then we have
0=c"'F(xg) = a* — f(ape"™) < al’ — 14 M(2e)"/™,

or
al >1— M(2¢)/™.

Hence, for any given § > 0, we have ag > 1 — ¢ if ¢ is small enough. Then for any

T > X

F'(z) =ma™ ' —ef/(z) > ma]™ " —eM
Zmagb_lsl*l/m —eM >m(l - 5)’"*151*1/’” —eM >0,

for small e. This shows that there is no root of F(z) = 0 above xy. Obviously, such
an xg is unique. [l

LEMMA 2.1.2. Suppose ¢(z,y) = Im(x+iy)™ for somem > 2 and f is analytic
near the origin 0 € R? with f(0) = 1. Then there is a p > 0 such that for small
e>0

(2.1.5) Y(z,y) —ef(z,y) =0
has no solution in 0 < y < xtan 2l for any x € [0,21) and has exactly one solution
m

y(z) in 0 <y < ztan QL for any x € [x1, p], where x1 is the solution of
m

P(z1, z1 tan %) = ef(z1, 21 tan %)
PROOF. Set
F({E,y) = 1?(%9) - Ef(x7y) = Im(x + zy)m - Ef(fE,y)

It is easy to see that

¢(x,xtan27:n)1m(x+ixtan;n)m( z ) )

With

we have

Flz,atan o) = 2™ = £f(a') = 2™ — (2’ cos 5.’ sin 5 ).

We apply Lemma 2.1.1 to find a p such that there exists a unique z{, solving
af™ = ef(x)) in (0,p) for sufficiently small e. With z; = zcos QL, we have
m

(21,21 tan %) = ef(x1, 1 tan %)7

and
P (x, x tan %) —ef(z,ztan %) <0 for any z € [0,x1).

Consider any z € [0, p] and 0 < y < tan QL, and set 7 = y/x2 + y2. Then we
m
have ¢(z,y) = Im(x + iy)™ < r™ and

Fla.y) = (e,y) —ef <1 - .
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First, consider = € (0,21/2). Since zj, < (2¢)*/™, we have

g
om—1"

1
r< 5(26)1/7”, r’m <

This implies F(z,y) < 0 for any = € (0,21/2), if € is small. On the other hand, if
x> x1/2, 7> (1—6)e'/™/2 with § > 0 small, we have

O F =y, —ef, =mr™ cos(m —1)0 —ef,

(2.1.6) L= 6
> mgl_l/m(i) Ysin 1~ —eM' > 0,
2m

for small e. Thus F(z,ztanf) < F(m,xtani) it x > x1/2, 0 €0, i]; while
2m 2m

F(z,ztan 21) < 0if 21/2 < x < x;. Hence, there is no solution of F(z,y) = 0
m
unless © > 1. Note that (2.1.6) also shows that for z > z7 there can be no more
than one solution of F(z,y) = 0; it cannot lie on y = atan QL by Lemma 2.1.1,
m
since F(z,y) > 0 there. Since F(z,0) = —ef(x,0) < 0 for = € [0, p], there is a
. . . ™ . .
unique solution y(x) of F(z,y) =0in z € [x1,p], 0 <y < xtan2— if £ is small.
m
Note that y(x) is continuous and tends to 0 as e — 0+. O

REMARK 2.1.3. In Lemma 2.1.2, ¥ may be replaced by ¢(z, y)¥ where q(z,y) is
analytic with ¢(0,0) > 0 and the condition f(0,0) =1 by f(0,0) > 0. If £(0,0) <0
we have analogous results on replacing € > 0 by € < 0. Moreover, if ¢ is of degree
m and ¢ = 0 has a simple singular point at 0 € R? where exactly two regular
branches of ¢ = 0 meet at an angle § € (0,7), then we can introduce an analytic
transformation which carries branches into 2’ = 0 and ' = 0 and ¢ = 0 into
'y’ (a',y"), where ¢’ is analytic and ¢’(0,0) # 0. Then ¢ —ef = 0 becomes
2’y —ef'y'~! = 0 and Lemma 2.1.2 applies with m = 2.

THEOREM 2.1.4. Let m > 0 be an odd integer. There is a spherical harmonic
of degree m whose nodal curves divide S® into two domains.

It will be clear from the proof that such a spherical harmonic is an appropriate
perturbation of a sectorial harmonic.

ProOOF. Consider

F(z,y,z) =Im(z +iy)"™ — ef(z,y, 2),

where f is a spherical harmonic of degree m with f(0,0,1) > 1. We show that F
has the required property for small € > 0.

Cover S? by finitely many closed neighborhoods € each contained in a hemi-
sphere and of one of the three properties

(i) Im(z +4y)™ > 0 on Q, or Im(z + iy)™ < 0 on £;

(ii) © intersects with Im(x + 4y)™ = 0 exactly in one non-singular arc;

(iii) € contains (0,0,1) or (0,0, —1).
In addition, the diameter of € is required not to exceed limitations which depend
on f and m, but not on e. We note that, in © of (iii), the gradient of Im(x + iy)™
is not zero on Im(z + iy)™ = 0.

In each of the m sectors

2 3 2m — 2 2m —1
0<0<1,—7T<0<—7T,~-, m <p<
m m m
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of the Q of (iii) containing (0,0,1), the equation F(z,y,z) = sz(£7 y, 1) =0
defines for small ¢ a U-shaped curve tending to the two sides of the sector as e — 0,
according to Lemma 2.1.2. Similarly, the £ containing (0,0, —1) of (iii) intersects
with F(z,y, z) =0 in the m sectors

2 2m —1
1<9<—7T,--~, mn <0 < 2m,
m m m

since f(0,0,—1) = —f(0,0,1) < 1 as m is odd. The omitted sectors and the points
(0,0,1) resp. (0,0,—1) belong to F(z,y,z) # 0. Outside the Q’s of (iii), we either
have F' # 0, or F' = 0 on arcs tending to Im(x + iy)™ = 0 as € — 0. Thus, we see
that F = 0 is a non-singular curve of S? beginning, say, in the sector 0 < 8 < %

2
near (0,0, 1), arriving in T <0< pear (0,0, —1), continuing and again arriving
m

2 3
in L <9< 2T near (0,0,1), etc., and finally arriving back in 0 < 0 < T hear
m

m m
(0,0,1), and thus defines a closed Jordan curve of S? which divides S? into exactly
2 domains. ([l

The case of even m > 0 is more involved.
LEMMA 2.1.5. There is a spherical harmonic of even degree m > 0
b(@,y, 2) = wyq(r?, 2°)
with ¢(0,1) > 0.

ProOOF. We first note

d%q dq | 0%q
a7z T2t g)

9q
or?

OzAw:xy(AquS ) ::cy(4r2

The expression in parenthesis vanishes for polynomials (12, 22) which are solutions
of

92 o2
A= (55 + 2 502
By

?

)q:(),

with 2 = 39 22, We set
Ozm—2

This finishes the proof. (]

q:(z2+r2)m+% (2’2-5-7"2)7%.

It follows that ¥ (x,y,2) = 0 on S? is the union of the great circles z = 0 and
y = 0, and latitude circles z = z; with 1 > 2z, > 29 > -+ > 2,0 > —1 where

2j = —Zm-1—-; and z; > 0 for 1 < j < m- Each of the points (0,0,+1),

5
(:I:M,O,zj), (0,£4/1— zjz-,zj) is a singularity of v which, after a suitable

rotation of S2, takes the form xyp(x,y,2) with p(0,0, z) # 0 and p analytic in the
new variables.




2.1. NODAL DOMAINS OF SPHERICAL HARMONICS 15

LEMMA 2.1.6. There is a spherical harmonic g(x,y, z) of degree m satisfying

-2
9(0,0,1) >0 andforjzl,...7mT

g(\/l—ZJZ,O7Zj)>O, g(_\/l_zj2‘707zj)<oa
(—1)7*1g(0,4/1 = 22,2;) >0, (=1)7g(0,—/1 =22, 2;) < 0.

PRrROOF. There exists a polynomial

m—1
p1 = Z ajszm_]7
J=1,3,5,--
m — 2
which equals 1 on S? at z = zj, g =1,--- Ty y =0,z > 0. We have to solve

an interpolation problem for a polynomial of degree (m — 2)/2 in 22272, Since p;

is odd in z, we have p;(—z,2) = —pi(z, 2) so that p; assumes on S? the value —1

at g(—,/1— zj?, 0, z;). There is a spherical harmonic u; of degree m for which

ui(z,0,2) = p1(z, 2), gyul(az,(),z) =0.

It is given by
y? y*
ul(xvya Z) = pl(x, Z) - jApl(x7Z) + jAQ}Ql(m? Z) T
Since the coefficients of the powers of y are odd in z, we conclude u(0,y, z) = 0.

Similarly, we construct a spherical harmonic us of degree m which is odd in y and

) -2 )

assumes the values (=1)7%" at (0, /1 —27,2;), j =1, ,mT, hence = (—1)/
-2

at (0,—/1—27,2), j = 1,--- ,mT. We have us(z,0,2) = 0. Thus we set

g = uj + us.

The ¢ constructed above vanishes at (0,0,1) but there are points (z/,0, z’) near
(0,0,1) where g > 0. Let w be a rotation of S? about the y-axis by a small angle
for which (#/,0, 2’) = w(0,0,1). Then g(w(x,y, 2)) is a spherical harmonic with the
required properties by the continuity. ([l

THEOREM 2.1.7. Let m > 0 be an even integer. There is a spherical harmonic
of degree m whose nodal curves divide S? into three domains.

PROOF. The required function is
u=1+eg

with ¢ from Lemma 2.1.5, g from Lemma 2.1.6 and € > 0 a small constant.

Figure 2.1 (Fix the cross referencing) shows schematically the nodal curves
of u on the hemisphere z > 0 for m = 10; their picture on z < 0 is obtainable by
reflection in the center z = y = 0. Note that in this reflection domains with « > 0
(u < 0) are preserved. The nodal curves of the figure are two Jordan arcs, say o1
and o9, their respective reflections o} and o5. On S2, o7 U o) and o5 N o} are the
two closed Jordan curves which divide S? in three domains.

For the figure we can likewise read the nodal curves for even m > 10 and
m < 10. For this we note that we obtain the case m = 8 by disregarding the
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FIGURE 2.1.4. An illustration for m = 10.

outermost circle and its exterior, m = 6 by disregarding also the next to outermost
circle and its exterior, etc. On the other hand, we observe that m = 12 requires
the same type of addition of curves to our figure (of m = 10) which are required
to pass from m = 6 to m = &8, that m = 14 requires the same type of addition of
curves to the figure of m = 12 as leads from m = 8 to m = 10, and so on. O

2.2. A Monotonicity Formula for Harmonic Functions

By examining the nodal curves of zonal, tesseral and sectorial harmonics in
Section 2.1, we note that their lengths grow according to degrees. This is true even
for spherical harmonics in Theorem 2.1.4 and Theorem 2.1.7 and turns out to be
a general fact. To prove this, we should first generalize the notion of degrees of
harmonic polynomials to those of arbitrary harmonic functions.

In this section, we discuss a monotonicity formula for harmonic functions, first
discovered by Almgren [5]. Important corollaries include doubling conditions and
the control of vanishing order by the frequency. The entire section follows closely
Garofalo and Lin [35], [36] and Lin [69].

Throughout this section, we always assume that w is a harmonic function in
B; C R", i.e.,

(2.2.1) Au=0 1in B;.
Define for any r € (0,1)

D) = [ v,

r

and

(2.2.2) Ny = T2
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DEFINITION 2.2.1. N(r) is called the frequency of u in B,.

We first note that D(r) can be written as a surface integral. By (2.2.1), we
have Au? = 2|Vu|?. With Green’s Theorem, we rewrite D(r) as

1
(2.2.3) D(r)= f/ Au? = / Uy,
2 /B, B,

where wu,, is the normal derivative of w.
As an example, we calculate N(r) for homogeneous harmonic polynomials.

EXAMPLE 2.2.2. If u is a homogeneous harmonic polynomial of degree k, then
N(r) is a constant and N(r) = k. To see this, we write

u(@) = r*e(0),
where ¢ is the restriction of u to S*~!. Then we have
u, = kr*1p(8),
and hence for any r > 0
rD(r) T faBr Ul
H(r) - faBT u

Now we prove the following basic result referred to as the monotonicity formula,
which was first observed by F. J. Almgren, Jr. [5].

N(r) =

THEOREM 2.2.3. Let u be a harmonic function in By C R™. Then N(r) is a
nondecreasing function of r € (0,1).
Proor. First, we have
D(r) rD'(r)

o rD(r
NOZHw T HE B

1 D'(r) H'(r)
— N(r){ =~ .
{55~
We need to calculate D'(r) and H'(r). A simple differentiation yields

1
D'(r) :/ IVl = f/ < alVu2, L s
B, T JoB r

T

L
(2.2.4) )

By applying Green’s Theorem for each i = 1,--- ,n, we have
[, vt 5= [ o)
9B, r B.
:/ |Vul? — 22/ 0j(xuj)u; + QZ/ riujuv; (v = L on 0B,)
B, 7 /B 5 /OB, r
:/ |Vl — 2/ u? — Z/ T U + QTZ/ viujujv;  (Au=0)
B, B, T /B, 7 JoB.

:/ |Vu|2—2/ u?+2r/ (viw; ) uy,.
B, B, 9B,

r

|Vul? + 2 Z/ zyu;u;;  (integration by parts of the second term)
- B,
J
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Summing over i, we get

D'(r) = 1{(71—2)/ \Vu|2+2r/ u%},
r B, 0B,
or

(2.2.5) D'(r) = D(r) +2 /BB u?.

With (2.2.3), we get

(2.2.6) -

Next, we write H(r) as
H(r)= / u?(x)dS, = r”_l/ u?(ry)dS,.
|z|=r lyl=1

This implies

H'(r)=(n- 1)7“”*2/ u*(ry)dS, + 27""*1/ u(ry)%(ry)dé’y
ly|=1 ly|=1 on
—1
_n H(r)+ 2/ Uy, -
r 9B,
Hence, we have
H’ -1 2 Uy,
(2.2.7) (1) _n=1 2op un.
H(r) r faBT u2
By substituting (2.2.6) and (2.2.7) in (2.2.4), we get
u? Uy,
N'(r) =2 () { Jomtn_ Jom |
faB,. Uy, faBT u
which is nonnegative by the Cauchy inequality. O

In the following, we provide another proof of (2.2.5) by a radial deformation,
which has its roots in the study of minimal surfaces.

ANOTHER PROOF OF (2.2.5). For any fixed r,Ar € (0,1) with r + Ar < 1

and a fixed t € (0,1 + . f;r), define a function w; : Ry — R, by
t for p <,
w(p) = 17“+Ar—p by for p > r+ Ar,
t N, + ~ forr <p<r+Ar

and define [, : R® — R”™ by
li(z) = we(|z|)x.
It is easy to see that [; is bi-Lipschitz and maps By to B;. Then in B; we set

ut =wuolt
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d
Note u? is independent of ¢ in B; \ Br4+ar. Hence %‘t
B;. Consider

I(ut):/ |Vul|?.
B

:1ut has compact support in

Since u is harmonic, we have
d
(2.2.8) Tl ) =0.

To continue, we write
)= [ weps [ waPe [ VWP =h L,
Byt By ar\Brt Bi\Byyar

u'(y) = u(@),
with y = l,(z). For I3, we have y = x with r + Ar < |y| < 1. This implies

- | vu = | Vul?,
Bi\Briar Bi\B,+ar

and

and then
d
(2.2.9) %|t:1[3 =0
For I, we have y = l;(z) =tz for |y| < tr and |z| < r, and hence
t) = u (2
i =(2)

The volume element is given by dy = t"dx. Hence we obtain

L= / IVt (y)|Pdy = t"—2/ Vu(z)|2dz = "-2D(r),
Bt B,
and then

d
(2.2.10) o o [i = (n=2)D(r).

Finally, for I5, we have

Y- (tr+Ar—|x|+ |x|—r)x’

Ar Ar

for tr < |ly| < r+ Ar and r < |z| < r+ Ar. We note that the transformation
between = and y preserves the radial direction. By setting s = |y| and p = |z| and
using polar coordinates, we have

1 ap\> 1
V) = 0+ (Vo = 0l (52) + G ITaul

0
Note that the volume element is given by dy = s"'dsdf = s"‘la—;dpd& Then we

have

r+Ar
Iy = / [Vu'|? = / / (s”lapwqu + 3”36S|V9u|2> dpd®.
Bryar\Brt r sn—1 Js ap
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Note

B r+Ar—p p-—r
s-p(t Ar + Ar)’

and

87) - Ar Ar
A straightforward calculation yields

s tr+Ar—2p+2p—r'

i‘ I _ b /HAT/ {p" N ((n=1)(r+ A1 —p) — (r+ LOr —2p))|0,pul?
dt t=1 Ar r §n—1 ’

+p" 2 ((n=3)(r+ Ar — p) + (r + &r — 2p)) |Voul* } dbdp.
By letting Ar — 0+, we obtain

d n 2 -2 2 o 1 2
%’t:llg :/Smf1 (7“ |0pul” — "% Voul )de:r/aB |Orul” — §|V9U|

:T/ (200,uf> — [Vul?),
15

r

or
d / 2 /

2.2.11 —|,_ Ia=2r u, —rD'(r).

(22.11) gl =2 ) (r)

With (2.2.8)-(2.2.11), we get

(n—2)D(r) + 2r/ u? —rD'(r) = 0.
aB,
This is (2.2.5). O

Now we discuss some corollaries of Theorem 2.2.3.

COROLLARY 2.2.4. Let u be a harmonic function in By C R™. Then the limit
of N(r) as r — 0+ exists and is equal to the order of vanishing of u at 0.

PRrROOF. The existence of the limit of N(r) as r — 0+ follows easily from the
monotonicity of N(r), by Theorem 2.2.3. Now we calculate this limit. We first
note that u does not vanish up to infinite order because of the analyticity. With
the Taylor expansion, we write

u=P+ R,

where P is a nonzero homogeneous polynomial of degree k and R is the remainder.
Both P and R are harmonic. Then we have by Example 2.2.2

[5. IVPP?
lim N(r) = —*———+ =k.
r=0 Jon, P
All terms involving R in the above limit have a higher order of r and hence vanish
asr — 0. 0

COROLLARY 2.2.5. Let u be a harmonic function in By C R™. Then for any
r<l
d ) H(r)

2.2.12
( ) dr 8 pn—1 r
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and for any 0 <ry <rg <1

T2
(2213) B _ B0 g [* M0y,
4 ] S
and
2N(’I‘2)
(22.14) T
) 1 Ty
PROOF. We write (2.2.7) as
H(r) n-1 D(r) N(r)
— = 2 = 2 s
H(r) r H(r r
or
N
ilogH(T) - ilogr"‘1 =2 (r)

dr dr r
This implies (2.2.12). A simple integration of (2.2.12) yields (2.2.13). To get
(2.2.14), we simply note by Theorem 2.2.3

exp{2 / N 41y < exp{2N(ra) / " %dr} - (”)QN(Q).

T I T1

This finishes the proof. (I

The identity (2.2.12) plays an important role in subsequent discussions. An
integration of (2.2.12) relates two surface integrals of u? through the function N(r),
as shown in (2.2.13). In particular, the L?-integral over a large sphere can be
controlled by that over a small sphere.

COROLLARY 2.2.6. Let u be a harmonic function in By C R™. Then for any
R e (0,1/2) and n € (1,2]

(2.2.15) ][ u? < PN ]/ u?,
8Byr dBr

(2.2.16) ][ u? <PV ][ u?.
B,,,R BR

PRrROOF. By Theorem 2.2.3 and taking 1 = R and ro = nR in (2.2.14), we
obtain

H(nR) <n2N(1) (R)

(’I’}R)n71 - Rn—17
which is (2.2.15). To get (2.2.16), we simply integrate (2.2.15) from 0 to R. O

Note that (2.2.15) and (2.2.16) are often referred to as the doubling condition
ifn=2.

COROLLARY 2.2.7. Let u be a harmonic function in By C R™. Then

v 2 2 _ 1 2
u® < u® < u”.
n+2N(1) Jop, By n JaB,
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PROOF. First, for any r € (0,1), we have

1) =20 oz [ M4y > I

pn—1"’

or

H(r) <r"1H(1).

/31 u2:/1H(T)dr§H(1)/1r"1dT: %H(l)

On the other hand, for any r € (0,1), we have

1
H(l): {2/ N gy < L(_) exp{2N (1 )/ éds}

This implies

_ f( )exp{ ON(1)logr} = mH(r),
or
H(r) > TQN(l)JF”_lH(l).
Hence,
2 _ ' ' AN(1)+n—17 _ 1
/Blu —/0 H(r)erH(l)/O r dr—m}[(l).
This finishes the proof. (]

We should remark that the estimate in Corollary 2.2.7 is optimal. For example,
consider in R? the homogeneous harmonic polynomial u of degree k given by

u(z) = ¥ cos k6,

where (r,0) is the polar coordinate in R2. Then it is easy to see that

27
/ u? :/ cos? k6do,
9B 0
1 27 1 27
/ u? :/ P2kt gy / cos? kOdo = 7/ cos? kode.
B, 0 0 2k+2 J,

Now, we compare the Dirichlet energy with the L?-norm of u. First, we have

f131 [Vaul? . faB1
= =N(1) >
Jp, u I, u
Then by Corollary 2.2.7, we have
Vul?
nN(1) < fo | o < N(1)(n+2N(1)
By

Next, we provide another proof of Theorem 2.2.3 and Corollary 2.2.5. We
assume w is given by

o0 o0
k
u:E Uk:E ar” Pk,
k=0 k=0
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where uy is a homogeneous harmonic polynomial of degree k in R™ and ¢y, is its

restriction to S"~!. We may assume {y} is orthonormal in L2(S"~1), i.e,

/ Prpr = O
§n—1

Since each uy is harmonic, we have by Green’s Theorem

02/ ukAuk:/ ukénuk—/ \Vuk|2
B OB B,

r T

Note ugdpuy, = kr?*=1p?. This implies

/ V|2 = k/ p2h=1p2 — fp2e—lpn—1,
B, 4B,

Therefore, we obtain

00
D(T) — Tn—l Z kai,er—l’
k=0

o0
H(r)=r""1 Z air?®
k=0

and

rD(r) iy kair?*

H(r) Dheo apr?t

Then, we have by the Cauchy inequality

(0o F2adr®) (372 afr®*) — (X3 kagr?t)®
r (S ajr?h)’”

Hence, we conclude N(r) is increasing.
Next, we note

N(r)=

N'(r) =2 > 0.

H(r) _ - 2.2k
rn—1 _Zakr '
k=0

Then we have

d o H(r)\  Yp2kair®t  2D(r)
dr &m—1 )~ Yo air?k - H(r)’

or

H N
(1 100) 520
dr T r
This is (2.2.12).
For any p € By and any r € (0,1 — |p|), we define

TfBr(p) \Vu|2

(2.2.17) N(p;r) =
Jom, ) @

The quantity N(p;r) is called the frequency of u in B,.(p).
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THEOREM 2.2.8. Let u be a harmonic function in By C R™. Then for any
R € (0,1), there exists a constant Ny = No(R) < 1 such that the following holds.
If N(0,1) < Ny, then u does not vanish in Br. If N(0,1) > Ny, then
1
N(p; 5(1 — R)) < CN(O; 1) for any p € Bg,
where C' is a positive constant depending only on n and R. In particular, the
vanishing order of uw at any point in Br never exceeds CN(0;1).

ProOOF. The monotonicity of N(0;r) implies that the vanishing order of u at
0 never exceeds N(0;1). In the following, we prove for R = 1/4.

Note that Bs/4(p) C By and Byy C Byjs(p) for any p € By/y. By Corollary
2.2.6, we have for any p € By

][ u? < C(n)42N(0,1)7[ ul.
B%(:D) B%(p)

Now, we claim

(2.2.18) f u? < ¢(n)4?N 0D 7[ u?.
9Bs5 (p) 9B1 (p)
8 2
In fact, we have by (2.2.12)
2N
(2.2.19) i1og][ u? = 2N
dr 9B,.(p) r

Hence, the function

r— U
9B (p)
is increasing with respect to . Then, we have

%
/ u? > / u? = / L 7/ u?dS dr > c(n) 7[ u?,
B%(:D) B%(p)\B%(p) 2 9B (p) 333(17)

and )
3
/ u? = / ot 7[ w?dS dr < e(n) ][ uZ.
By (p) 0 9B (p) 83% (p)

This yields (2.2.18). Integrating (2.2.19), we obtain
52N (p;7) 1

1
log][ u? — log][ u? = / ——=dr > 2N(p; 7) (10g5 —log ) .
9B (p) 9B (p) 3 r 2 8 2
8 2

This implies with (2.2.18)

c(n)N (p; %) < log (c(n)42N<o;1>> 7
or
N (p: %) < c(n)N(0;1) + ¢(n).
By the monotonicity of N(p;r), we obtain for any p € By /4 and any r < 1/2
Vi) < V(01 + ).

Therefore, the vanishing order of u at p never exceeds ¢(n)N(0;1) + ¢(n).
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To finish the proof, we claim u(p) # 0 for any p € By /4 if N(0;1) <e(n) < 1.
To prove this, we assume

which implies
Interior estimates yield

By (2.2.15), we have

1 :/ u? < 2”*122N(0;1)/ u? < c(n)/ u?.
B, 9B dB

Hence there exists a pg € 9By /5 such that |u(po)| > ca(n). Then, we have for any
p € By

[N

lu(p)| = c2(n) — c1(n)y/e(n) > 0,

if e(n) is small. O

Most of the results in this section can be generalized to analytic functions in
C. Suppose f = f(z) is an analytic function in the unit ball in C given by

f(z) = Zakzk.
k=0
Then we have
f(z) = Z kagz".
k=0

Similarly, we may define H(r), D(r) and N(r) by
H) = [ IfPde=2n 3 fafr,
lz|=r k=0

D(r) = / F()lde =3 K Jaxf? / o 2ds = 1Y Klagr2*,
[z|<r k=0 |

z|<r k=0

and
rD(r) o ZZC:OM%PT%
H(r) 2377 |ax2r2F’

Then, we conclude as before that N'(r) > 0.

N(r) =
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2.3. Measure Estimates of Nodal Sets of Harmonic Functions

In this section, we estimate the measure of nodal sets of harmonic functions in
terms of the frequency. The main result, Theorem 2.3.1, was proved by Lin [69].

We first examine an example. Consider in R? the homogeneous harmonic poly-
nomial uy given by

uq(z,y) = Re(2%) = r?cos(db).
The nodal set of uy consists of d straight lines intersecting at the origin. Hence, we
have
H* (u; ' (0) N By) = 2d.

Note that the measure of the nodal set depends on the degree linearly.

In general, we have the following result.

THEOREM 2.3.1. Suppose u is a harmonic function in By C R™. Then
(2.3.1) H"Ha € Bysu(r) = 0} <cN,

where ¢ is a positive constant depending only on n, and N is the frequency of u in
B, defined by
. f B, ‘VUP

Jop, v?
We first prove a result concerning zeros of complex analytic functions following
Donnelly and Fefferman [27].

N

LEMMA 2.3.2. Suppose f: By C C — C is analytic with
[f(O)]=1 and sup|f| <27,
B1

for some positive constant N. Then for any r € (0,1)
#{z € Br; f(z) =0} < cN,
where ¢ is a positive constant depending only on 7.
The proof is based on Blaschke factors.

Proor. Without loss of generality, we assume that f has at most countably
many zeroes in By which are denoted by {z;} and f is continuous up to 9B; with
f(z) #0 for |z] = 1. Then we write

o o Z— Zk
Fe) = e [ =22
With
max |f ()] < |£(0)2",

|z|=1

we obtain

max ef°9 < efeg(0)oN H |2k |-
|z[=1

Note that Reg is a harmonic function in B;. Hence by the maximum principle, we
obtain
1< 2V ] lznl-

Let M be the number of zeroes of f in B,. We then have 1 < 2N .M and hence
M < Nlog2/(—logr). O
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To prove Theorem 2.3.1, we also need the complexification of harmonic func-
tions. Suppose u is a harmonic function in B; C R™. Then there is an R € (0, 1),
depending only on n, such that u(z) extends to a holomorphic function @(z) on

Q={zx==z+iy € C";x € Bs,y € Br}.
Moreover,

(2.3.2) sup @] < cllullz2(08,),

where c is a positive constant depending only on n. To see this, we simply consider
the Taylor expansion of u = u(x) at any point p € Bs,4 and replace z —p € R" by
z —p € C". With the estimate of the derivatives of harmonic functions, the new
complex series converges for |z — p| < R, for some positive constant R depending
only on n. In the following, R will be fixed such that the above extension property
and (2.3.2) hold. Hence, the constant ¢ is also fixed, independent of w.

Now we are ready to prove Theorem 2.3.1.

PrOOF OF THEOREM 2.3.1. Without loss of generality, we assume

][ uw? =1.
9B,

By Corollary 2.2.5, Corollary 2.2.6 and Theorem 2.2.8, we have

f u? > 47N for any p e B%,
B (p)

where c¢ is a positive constant depending only on n. In particular, there is a point
), € Bi,16(p) such that |u(z,)| > 27N,

Now we choose p1,--- ,p, € 0By,4, with p; on the z;-axis, j = 1,--- ,n. Let
Ty, € By/16(pj) be such that

‘u(xpj)‘ >27N for any j=1,---,n.

For each j and w € S"~!, we consider

5 5

58

It is obvious f;(w;t) is an analytic function of ¢ € (—5/8,5/8). Moreover, f;(w;t)
extends to an analytic function f;(w; z) for z =t 44y, |t| < 5/8 and |y| < yo. Then
we have

fi(w;t) = u(wy, +tw) forte (-

|f(w; 0)] > 27N,
and
| fi(wst +iy)| < C,

for some positive constant C' depending only on n. Applying Lemma 2.3.2, we
obtain

1
#{tu(zy, +tw) =0, [t < 5} < C(n)N,
and in particular

Nj(w) = #{t;u(zy, +tw) =0, x,, +tw € B%@.} < C(n)N.
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By Theorem 1.2.10, the integral geometric formula, we have
H Y e B%;u(z) =0} <c(n) Xn: s N;(w)dw < C(n)N.
j=1
Now Theorem 2.3.1 follows simply by a suitable finite covering of B; /5 by balls of
radius 1/16. O

In the rest of this section, we prove the following result similar to Lemma 2.3.2.

LEMMA 2.3.3. Let f(z) be a nonzero analytic function in By = {z € C;|z| < 1}.
Then
#{f {0} N B,} <2N,
where r € (0,1) is universal and N is defined by

I |1
Jom, 1P

Lemma 2.3.3 was first proved by Lin using Taylor expansion [69]. Here, we
prove it by Rouché Theorem. The proof here follows Han [46]. We need a result of
H. Cartan, which provides an estimate from below for the modulus of a polynomial
in C away from its zeroes. See Theorem 10, P19 in Levin [67].

N =

LEMMA 2.3.4. For any given number € > 0 and complex numbers ay,--- ,aq,
there is a collection of at most d circles in C, with the sum of the radii equal to 2¢,
such that for each z lying outside these circles there holds

E d
|z —a1| - |z —az|--- |z — aq| > (E)

PrOOF. We divide the proof into several steps.

Step 1. We choose the quantity /d as the unit of measurement and show that
there are closed circles in the complex plane, having radius equal to the number of
points {ay} contained within the circle. Indeed, form the smallest convex polygon
containing all the points {ax}, and choose any vertex a; of this polygon. Clearly
there are circles of arbitrary radius that contain this point but do not contain any
other of the points {ar}. In particular, the radius can be chosen to equal the
multiplicity of the point a;.

Step 2. From among all circles with radius equal to the number of points {ay}
lying inside the circle choose one with the largest radius, mie/d, and call it Cf.
Note that no circle in the plane with radius greater than or equal to mie/d can
contain more points of the set {a;} than the number of units of measurement in
its radius. Indeed, suppose a circle of radius me/d, with m > my, contains m’ > m
points of the set {ax}. The concentric circle of radius m'e/d either contains m’
points or m” > m’ points. In the second case, we consider the concentric circle
of radius m”e/d and so forth. Since the set {ax} is finite, we eventually come
to a circle of radius me/d, larger than mie/d, that contains m points. This is
impossible, since C1 is the largest circle having this property. The points of the set
{ax} that lie inside C; will be said to be of rank m;.

Step 3. We remove the points of rank my, and for the remaining d — my points
we construct the largest circle Cy that contains the same number of points as there
are units in its radius. Let its radius be maqe/d. We show that mo < m;. Indeed,
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if this were not the case then the circle Cy would have a radius larger than mie/d,
and would contain at least as many of the original d points as there are units in its
radius. But this contradicts the result of Step 2. The points in C5 will be said to
be of rank ms. Now remove these points too, and for the remaining d — m; — mo
points we find the largest circle C3 containing the same number of points as there
are units in its radius. Suppose that its radius is mge/d. Clearly mz < mgy. The
points in C5 will be said to be of rank mg, and so forth.

We thus obtain a sequence of circles Cq, - - -, C; with radii that contain mq, - - -,
my units of measurement, respectively, where m; > --- > my; and
€
a(ml—i--u—l—ml) =e.

Step 4. We now form circles I'y, - - - ,I'; concentric with the circles Cy, -+ ,C;
but with radii twice as large. Let z be an arbitrary point lying outside all of the
new circles. Describe about z the circle C, of radius me/d, where m is some natural
number. This circle does not intersect any of the circles C; that have a radius larger
than or equal to m. Thus this circle can only contain points whose rank is less than
m. From the definition of rank, it follows that after removing all points of rank
greater than or equal to m, no circle of radius greater than or equal to me/d can
contain as many of the remaining points as there are units of measurement in its
radius. It follows from Step 2 that the circle C, can contain at most m — 1 points.

Step 5. Enumerating the points {ax} in the order of increasing distance from
z, we have

|z — ak| > ke
k d ;
and - -
‘Z7a1‘|z—ak|>d'(&)d>(g)d
This ends the proof. ([

Next, we state a simple corollary.

COROLLARY 2.3.5. Suppose p(z) = ZZ:O cx2* is a polynomial in C with

d
Z ‘Ck‘z > 1.
k=0

Then for any e € (0,1), there is a collection of at most d circles in C, with the sum
of the radii < 2e, such that for any z with |z| <1 lying outside these circles

p:)1 > ()"

ProOF. We note

d
1

o0 pl =" lenl* > 1.
271' oD, =0

Since p has d zeroes in C, we may assume
p(z) = c(z —a1) - (2 — aq).
Then for some zg € 9D, we have

1< [p(z0)| = le] - [z0 = a1] -+ |20 — ag| < |e[(1 +Jar])--- (1 + |aal),
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which implies

|z —ai| |z —ad

1+a1] 1+]aq|

Note that we only consider z with |z] < 1. We assume, for some integer d’ < d,
lag| < 2 for k < d’ and |ag| > 2 for d’ < k < d. Then for d' < k < d, we have

p(2)| >

— -1 _1
2 — ai > lax > - for any z with |2 < 1.
1+ lag| = lax]+1 "~ 3

Obviously, 1+ |ag| < 3 for k < d’. Hence we obtain

1\
= (3) ol el
A simple application of Lemma 2.3.4 yields the desired result. O
Now we are ready to prove Lemma 2.3.3.

PROOF OF LEMMA 2.3.3. Set g(z) = f(z/M) for some M > 0 to be deter-
mined. Then we have

N — MfBM 9]
faBM lg|?
We claim
#{z € Byig(z) = 0} < 2N.
We set

g(z) = Z amz™.
m=0

We assume, without loss of generality, that

1 [e.9]
(2.3.3) — lg|*> = |am|? = 1.
2 9B, 7;)

In the following, we set N, = [N], the integral part of N. Obviously, we have
N, <N <N, +1.

By (2.2.14) for analytic functions, we get

1 M2N
P < 25— [ 1ol =,
2tM Jop,, 2m

which implies

o0
Z |am|2M2m S MQN.
m=0

By N < N, + 1, we have obviously

Z |am|2M2m S MQ(N*+1).

m=0

Therefore, we obtain

(2.34) |am| < MN-=m+1 " for any m > 0.
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Note that )
m|2 __ 2 ¢
o DM D SRS v
m>2N.+1 m>2N.+1
for some universal constant ¢ > 0. We then get by interior estimates

c
(2.3.5) sup | Z amz™| < T
Bs  pm>oN, 41

We choose M large, independent of N,, such that

1
(2.3.6) > aml < 5
m=2N,+1
Set
2N, oo
(2.3.7) P.(z) = Z amz™, R.(z) = Z amz™.
m=0 m=2N,+1
Then g = P, + R.. Obviously, we have by (2.3.3) and (2.3.6)
2N
< 1
D lanf* 2 5.
2
m=0

Then by Corollary 2.3.5 with d = 2N, and possibly a different normalization con-
stant, we conclude

inf |P,| > &2M-,

dB,
for some r € (1/2,3/4) and a universal constant ¢ € (0,1). By choosing M large
enough, independent of N,, we conclude by (2.3.5)

sup | R, | < 2N+,

B34
This implies

l9() = P.(2)| < |P.(2)| for any |2 = r.
Then the Rouché Theorem implies
#{z € B,;g(2) = 0} <2N,,

and in particular
#{z € B1;g(z) = 0} < 2N..
This finishes the proof, since N, < N. O

Lemma 2.3.2 can also be proved similarly.

2.4. Singular Sets of Planar Harmonic Functions

Let u be a harmonic function in By C R%. For any p € By with u(p) = 0 and
Du(p) # 0, it is easy to see that u~1(0) is an analytic curve in a neighborhood of
p. Now we set

S(u) ={p € Bi;u(p) = 0, Du(p) = 0}.

LEMMA 2.4.1. Let u be a nontrivial harmonic function in By C R2. Then S(u)
1s isolated.
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PROOF. Method 1. We identify C = R? and write 2 = x; + izy. Setting
f(2) = ug, — iu,,, we note that f is (complex) analytic and f=1(0) = |Du|~1(0),
which is isolated.

Method 2. Now we provide a proof which does not rely on the complex struc-
ture. For any d > 2, we set

Sa(u) = {p € By; 0"u(p) =0 for any |v| < d,
0"°u(p) # 0 for some |vy| = d}.

Then we have

S(u) = U Sa(u).
d>2
This is a finite union by the finite vanishing order due to the analyticity. We prove
that Sg(uw) is isolated for each d > 2.
For any p € S4(u), there exists a nontrivial homogeneous harmonic polynomial
P of degree d such that

u(@ +p) = P(z) + O(Jz|**).
By a simple rotation, we assume in polar coordinate (r,6)
P(z) = ar?cos df,
for some nonzero constant a. A simple calculation yields
Du( +p)| = (d - Dlalr®=* + 0(r).
Hence S(u) has no other points besides p in a neighborhood of p. O

Lemma 2.4.1 illustrates that S(u) is indeed the singular part of {u = 0}. We
usually call S(u) the singular set of u. Our primary interest is to estimate the
number of points in singular sets. The entire section follows closely Han [46].

We first prove the following result.

THEOREM 2.4.2. Let u be a nontrivial harmonic function in B; C R?. Then
4 (S(u) N B%> < ¢N,
where ¢ > 0 is a universal constant and N is the frequency of u in By defined by

fBl |Vu|?

N=2B"
faB1 u?

To prove Theorem 2.4.2, we identify C = R? and prove the following result.

THEOREM 2.4.3. There exists a universal constant M > 1 such that, for any
nontrivial harmonic function u in By C R?, with u(0) = 0, satisfying
2
MfBM |Vl <N,
Jopu v T
OB

there holds
#{'T € B%;uzl(‘r) = ’U’IQ(x) = 0} <2N.
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ProOOF. We denote by (r,6) the polar coordinates in R? and write u in the
form

u(r,0) = Z amr"™ cos(ml + 0,,),
m=1

where 0, € [0,27). We assume, without loss of generality, that

1 o0
(2.4.1) ﬂé&u%zgzﬁ,:L
In the following, we set
N, =inf{n € Zy; n> N}
In other words, N, = N if N is an integer and N, = [N] + 1 otherwise. Here [N]
is the integral part of N. Obviously, we have
N,—1<N<N,.
By (2.2.14), we get

oo 2N (0;M)
ZaanQm:—l u2§7M / u? = MANOM)
= ™™ Jop,, ™ 0B,

By N(0; M) < N < N,, we have

o0
2 3 r2m 2N,
E a,, M=" < M=,
m=1
and hence

(2.4.2) |am| < MN=""" for any m > 1.

We first choose M large, independent of N, such that

oo

1
2.4.3 ml? < =,
(243) S Janl <5

m=2N.

Now we identify C = R? and write z = 1 + iz2. Setting f(2) = ugz, — ity,,
we note that f is (complex) analytic and f~1(0) = |[Du|~1(0). A straightforward
calculation yields

o0
f(z) = Z mayefm M1t
m=1

Set
2N, 1 oo

(2.4.4) P(z) = Z Mayem 2™ R(z) = Z My efm 2™,
m=1 m=2N,

Then we get f = P 4+ R. Note that P is a polynomial in C of degree 2N, — 2 and

its coeflicients satisfy
2N, —1

1
Z |mMa,|? > 7

m=1

By Lemma 2.3.5, there exists an r € (1/2,1) and a universal € > 0 such that

|P(2)] > &?M-=2  for any |z| =1
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Moreover, by choosing a universal M large enough, independent of N,, we have by
(2.4.2)

m C _
RIS Y Imenl < 3 g < g <

m>2N, m>2N,

for any |z| < 1. This implies
[f(2) = P(2)] <[P(2)] for any |z =r.
By the Rouché Theorem, we have
#{f71(0)N B} < 2N, -2,
or
#{f1(0)N B} <2N, —2.
This finishes the proof, since N, —1 < N? O

Theorem 2.4.2 follows from Theorem 2.4.3 and Theorem 2.2.8 easily. The
proof of Theorem 2.4.2 makes an essential use of the identification R? = C. In
the following, we study the singular set from another point of view. Instead of
identifying R? as C, we put R? into C? and then consider the complexification of
harmonic functions.

Suppose u is a harmonic function in B; C R?. As discussed in Section 2.3, u
extends to a holomorphic function @(z) in Dr C C? for some universal R € (0, 1).
Moreover, for some universal constant ¢ > 0
(2.4.5) sup [a| < cllull2(a8,)-

Dr
In the following, we always denote by 4 the complexification of u. We also denote
by B,(x) and D,(z) open balls of radius r centered at z and z in R? and C?,
respectively. When the center is the origin, we simply write B, and D,. The
(complex) singular set of @ is defined by

S(a) ={z € Dg;u(z) = 1 (2) = U, (2) = 0}.

THEOREM 2.4.4. Let u be a (real) nontrivial harmonic function in By C R2.
Then for some universal constants Ry € (0,1) and ¢ > 0,

# (S(ﬂ) n DRO) < CN27

where N is the frequency of u in By defined by

I} B, |Vul?

Jop, @2
A significant aspect of Theorem 2.4.4 is that a property of the complexified
@ is determined by its restriction on the real space u = @|gz. Here we make an
important remark about the complexification 4. Since w is a harmonic function,
the holomorphic function @ satisfies 0,,,,% + 0.,.,% = 0. Theorem 2.4.4 asserts
that the singular set of u is isolated and that the number of singular points can be

estimated in terms of the frequency of the (real) function w. This result does not
hold for general holomorphic functions v satisfying

(2.4.6) Ozy 2,V + Ozy2,0 = 0.

N =
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The following example was constructed by M. Hoffman-Ostenhof, T. Hoffman-
Ostenhof and Nadirashvili [53].

EXAMPLE 2.4.5. Let v(z) = (21 — i22)?. Obviously v satisfies (2.4.6). The
singular set of v is given by {(z1, 22); 21 = 22}, which is not isolated.

Hence in order to have an isolated singular set for a holomorphic function
v = v(21, 22) satisfying (2.4.6), all the coefficients in the Taylor expansion of v have
to be real.

To prove Theorem 2.4.4, we first provide a simple but crucial calculation for
harmonic polynomials in R? and their complexifications in C2. In polar coordinates
(r,0) in R?, the homogeneous polynomial P;(x) = r%cosdf is harmonic. If we
consider a linear transform T : R? — R? given by

—b .

(2.4.7) T=(¢ . witha?+b2 =1, a,bER,
b a

then P4(T-) is also harmonic. In fact, any homogeneous harmonic polynomial of

degree d can be written in this way. Note that T in (2.4.7) is simply a rotation in

R2.

Now we consider the gradient of homogeneous harmonic polynomials. We iden-
tify R? = C and use the complex coordinate z = x;+iz,. Consider the homogeneous
polynomial

74 = (z1 —iz9)? = r?cos df — ir?sin df.

We use its real part and complex part to construct a homogeneous polynomial map
Qg : R? — R? as follows

r? cos df L[ 244z
Qa(r) = Qq(x1,72) = (_Td sind0> ~ 9 <i(zd - Zd)) ’
or

1 [ (z1 +iw)? + (z1 —iwp)?
(2.48) Qale) =5 (z‘<<x1 T i) — (3 m)d)) '
Each component is a homogeneous harmonic polynomial. In fact, Q4 is the gradient
of some homogeneous harmonic polynomial of degree d + 1.

As before, we consider a linear transform T : R? — R? given in (2.4.7). If Qg is a
homogeneous polynomial map given in (2.4.8), then T*Qg4(T'-) is also a homogeneous
polynomial map given by the gradient of some homogeneous harmonic polynomial
of degree d + 1. In fact, the converse is also true. A homogeneous polynomial map
of degree d can be expressed as T'Qq(T") for some linear transform 7' in (2.4.7) if
it is the gradient of some homogeneous harmonic polynomial of degree d + 1.

Now we extend the map Qg : R?2 — R? to Qg : C?> — C? simply by replacing
x = (z1,22) by z = (21, 22),

21+ i22)% + (21 — iz0)4
(2.4.9) Qa(z) = Qalz1,22) = % (i(((zl—:— izQ))dt((zl — izQ))d)> '

Suppose T : R? — R? is a linear transform given in (2.4.7). Set

<z{) <z1> (az1 - bzz>
B = T = .
24 29 bz1 + azs
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Then we have

U pa—

2 +izh = (a+ib)(z1 +iz2), 25 —izh = (a—ib)(z1 —i22).

Setting o = a + ib, we obtain

Qa(Tz) = % ( a(z1 + i29)% + a(z1 — izg)? )

i(ad(21 + iZz)d — dd(z1 — iZQ)d)
and

1 a®tl(z) +iz9)? + adtl(z) —izg)d
t _ 1 1 2 1 2
(24.10) T'Qu(T=) = 2 (i(ad+1(z1 +izg)d — @t (z; —izg)?)

We then conclude easily

TQUTAI = (11 +i2al + |21 — izal?).
A direct calculation shows

|21 +ize]® = |21] + |22? £ 2(y172 — T1Y0).

Then we obtain
1 d
T'QuT2) =3 (121 + |22 + 2122 — 2130))

d
+(|21)? + |22* = 2(y122 — 2192)) ) .

Note that only the even powers of yyx2 — x1y2 appear in the right side. Hence we
get

(2.4.11) IT'Qq(Tz)| > |2|%.
Next, we generalize (2.4.11) to nonhomogeneous harmonic polynomial maps.

LEMMA 2.4.6. Suppose @ : C2 — C? is given by

d
(2.4.12) Q(2) =Y ek T{Qx(Ti2),
k=0
where, for k =0,1,--- ,d, Qg : C2 — C? is the homogeneous harmonic polynomial

map given by (2.4.9), Ty, : C2 — C? is a linear transform given by

T), = (“’“ _b’“> . with a? +b2 =1, ag, by € R,
by ax

and ¢y is a complex number such that Zzzo lck|*> > 1. Then there exists an r €
(1/2,1) such that
|Q(2)| > € for any z € OD,,

for some universal constant € € (0,1).
PROOF. Set ay = ay, + ibg, for k=0,1,--- ,d. We claim

d d
1 ) _ .
(24.13)  |Q(2))* = 9 <| E cw’;i“(zl + zz2)k|2 + | E Cko/;i“(zl - 1Z2)k2) :
k=0

k=0
To prove this, we set for simplicity

w1 = 21 +iZQ, ’UJQZZl*Z.ZQ.
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Then we obtain by (2.4.10)

d , 14 Ak Lk 4 gh Tl
Q(z) chTka(Tkz) =3 ch ( hir1 1k f%+1 % )
i, oy wy)

k=0 k=0
= Zk ockaiﬂwl + ZZ o cray lwh _1 (I ’ H)
(Ek ocwﬁ“ Ek ocw';i“ 2) =11
This implies
1 1
1Q(2)|* = Z(|1 + I +|I - 1I]?) = 7(|1|2 +|111?)

= ( chak+1w1|2 + | cho/”'l wh ) :

This finishes the proof of (2.4.13).
We now apply Lemma 2.3.5 to polynomials

d
E ckazﬂwk and E CL ‘kH
k=0

For any € € (0, 1), there is a collection of dlSCS {Drk (pr)} and {Dy,(¢;)} in C, with
dorg < 2eand Y s < 2, such that

d
|Q(2)| > (160) for any z = (21, 22) € Dy with
21 +izy € UDy, (pr) or 2z —izo ¢ UDg (q1).
Now we consider the set
B’r',s(pv Q) = {(21722) S CQ; 21+ %9 € D'r(p)azl —1z3 € DS(Q)}7

and the linear transform in C? from (z1, 22) to (wy, wa)

1 ) 1 .
w1 = —F—=(21 122), Wy = —=I(21 —1292).
51 +iz2) 75— i22)

In the new coordinate system, B, s(p, q) is a polydisc

D 2
D%(T)XD ycCxC=cC

Hence by setting r = r, and s = s;, there is a collection of polydiscs {Drk/\@(pk/\@)
xDSl/ﬁ(ql/ﬁ)} such that if w = (w1, ws) is not in these polydiscs then |Q(z)| >

(e/10)¢ for the corresponding z = (21, 22). By choosing € > 0 small enough, we
find an r € (1/2,1) such that

(2

S

oD, N (U{D )

7(7) x Dy ()}) = 9.

V2

Therefore we obtain
d
Q(2)] > (160) for any z € 9D,.
This completes the proof. O

The next result relies on Lemma 1.3.2 of Section 1.3, the Rouché Theorem in
c2.
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COROLLARY 2.4.7. Suppose that f : D; C C?> — C? is holomorphic in D, and
continuous up to the boundary 0D1 and that Q is given in Lemma 2.4.6. If, for the
universal € > 0 in Lemma 2.4.6,

[f(21,22) = Q(z1,22)| <e? for any (21,22) € D1\ Dy,
then
#{f7H(0)N Dy} < d”
PROOF. By Lemma 2.4.6, there exists an r € (1/2,1) such that
|f(21,22) = Q(21,22)| < |Q(21,22)| for any (z1,22) € D;..

Lemma 1.3.1 of Section 1.3, the Bezout formula, implies

#HQ™(0)} < .

Here the multiplicity is counted. Hence by Lemma 1.3.2 of Section 1.3, we obtain

#{ /7 (0) N Dy} < d”.
This finishes the proof. (I

REMARK 2.4.8. Suppose P is a harmonic polynomial of degree d + 1, with
P(0) = 0. We write
d+1

P = Z Ay P
m=1
2

where ®,, is a homogeneous harmonic polynomial of degree m with fgl oz,
any m = 1,--- ,d+ 1. Obviously, {®,,|s: } is orthogonal in L?(S!). Now we assume
Js: P? > 1, which implies anﬁl a?, > 1. Then it is easy to see that D P, considered

as a map from C2 to C2, can be written as in (2.4.12), with Zi:o lex|? > 1/2.

=1, for

For Theorem 2.4.4, we prove the following result instead. The constant N in
Theorem 2.4.9 is not the frequency.

THEOREM 2.4.9. There are universal constants M > 1 and r € (0,1) such that
for a harmonic function u in By C R?, with u(0) = 0, satisfying

2
MfBM |Vl <N,

faBl\l u? B

there holds
#{2 € Dy; 0y, (2) = ., (2) = 0} < 4ANZ

The proof of Theorem 2.4.9 is similar to that of Theorem 2.4.3.

PROOF. For simplicity, we use the same notation to denote harmonic functions
and their complexifications. We denote by (r,0) the polar coordinates in R? and
write u in the following form

u(r,0) = Z am @ (r,0) and P, (r,0) = rom(6),
m=1

where ¢,,,(0) satisfies

/ 02 (0)dd =1 and ¢! (0) +m? e (0) = 0.
Sl
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Without loss of generality, we assume

(2.4.14) / u?=Y a3 =1.
B
In the following, we set
N,=inf{n € Zy; n> N}.

In other words, N, = N if N is an integer and N, = [N] + 1 otherwise. Here [N]
is the integral part of N. Obviously, we have

N,—1< N <N..
By (2.2.14), we get

Za MQm—M

By N(0; M) < N < N.,, we have

u? < MQN(O;M)/ W2 — MEN(O:M)

831\/[ aBl

oo
> az, M < M-,
m=1

and hence
(2.4.15) lam| < MYN="" for any m > 1.

Since {®,,} is orthonormal in L?(S'), we have for some universal constant ¢ > 0

/8 Z Am, ml Z |am|2 M2N*

Bi pm>aon, m>2N,
We first choose M large, independent of IV, such that
= 1
2
4. ml” < =
(2.4.16) > aml* < 5
m=2N,

By (2.4.5), we get for some universal R € (0,1)

c
sup | Z A @ | < U

R m>2N,

Interior estimates for holomorphic functions imply

C
(2.4.17) bup|D Z A Pr)| < RN
m>2N,
Set
2N,.—1 00
(2418) P, = Z am®m, Ri= Z AP,
m=1 m=2N,

Then u = P, + R.. Obviously, we have by (2.4.14) and (2.4.16)

2N,—1

> aml* = %

m=1
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Then D P, satisfies the assumptions in Lemma 2.4.6, with d = 2N, —2 and possibly
a different normalization constant. See Remark 2.4.8. By choosing M large enough,
independent of N,, we conclude by (2.4.17)

sup |DR,| < 272,

Py
where ¢ is the universal constant as in Corollary 2.4.7, or Lemma 2.4.6. This implies
|Du(z) — DP,(2)| < €72 for any z € Dx.
By applying Corollary 2.4.7 to Du and DP; in Dg/s, we conclude
#{|Dul~1(0) N Dpya} < (2N. — 2)2.
This finishes the proof, since N, —1 < N. (I
Now we are ready to prove Theorem 2.4.4.

PROOF OF THEOREM 2.4.4. First, we consider the case when IV is small. Let
No = No(1/4) be the constant in Theorem 2.2.8. If N < Ny, then u is never
zero in By 4 by Theorem 2.2.8. Then Harnack inequality and interior estimates for
harmonic functions and holomorphic functions imply that @ has no zeroes in Dp,,
for some universal Ry < 1. Therefore we have S(@) N Dg, = 0.

Next, we consider N > Ny. By Theorem 2.2.8, there holds for any p € By /4

fB;(P) |Vu\2
4 < C’]\]7
on, )

for some positive constant C' independent of u. For any p € By ,4, with u(p) = 0,
by the scaled version of Theorem 2.4.9, we have

#{S(@) N D, (p)} < cN?,

for some positive constants Re < 1 and ¢, independent of v and p. To finish the
proof, we consider two cases. If u is never zero in Bpg, /o, then 4 is never zero in
Dsg, R,, as in the first part of the proof. This implies that S(@) N Dag, g, = 0. If
u(p) = 0 for some p € Bg, /2, then we have

#{S(@) N Dr,(p)} < eN?,
which implies
#{S () N D%} < cN?.

We finish the proof by taking Ry = min{Ry,2R;Rs, R2/2}. O

To finish this section, we provide an example showing that the number of
complex singular points is indeed in the quadratic order of the frequency. Hence
the estimate in Theorem 2.4.4 is optimal.

ExXAMPLE 2.4.10. For any integer d > 2 and any small € > 0, consider the
harmonic polynomial u in the polar coordinate

u(x) = ercosf — r¥* 1 cos(d + 1)6.

1
d+1
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Then it is easy to see
e —rcosdf
Du(z) = ( r4sin df ) '

By (2.4.9), we have
o (e=3((z1 Fizg)? + (21 — i22)?)
Dafz) = ( *%2((21 +izp) — (21 —iz2)?) ) '

A simple calculation shows that Da(z) = 0 has d? solutions close to the origin.
Obviously, the frequency of w is in the order of d.






CHAPTER 3

Monotonicity Formulas and Doubling Conditions

In this chapter, we discuss local properties of solutions of elliptic differential
equations. Topics include a monotonicity formula and its various corollaries.

As we have seen, the monotonicity formula proved in Section 2.2 plays an
essential role in the discussion of nodal sets of harmonic functions in the rest of
Chapter 2. In this chapter, we generalize this monotonicity formula to general
linear elliptic differential equations of the second order.

We first note that important consequences of the monotonicity formula are
the doubling condition and hence the unique continuation. As is well known, the
unique continuation only holds for solutions of homogeneous linear elliptic differen-
tial equations of the second order with Lipschitz leading coefficients. In fact, there
exists an example of a nonzero solution which vanishes in an open set for some ho-
mogeneous linear elliptic differential equations of the second order with only Holder
continuous leading coefficients. Hence the monotonicity formula is not expected to
hold for equations with only Holder continuous leading coefficients.

In this chapter, we discuss the monotonicity formula and its consequences for
solutions of homogeneous linear elliptic differential equations of the second order
with Lipschitz leading coefficients. Garofalo and Lin [35] proved that the gener-
alized frequency is indeed monotone for solutions of homogeneous linear elliptic
differential equations of the second order with Lipschitz leading coefficients and
no lower order terms. A consequence of such a monotonicity formula is the dou-
bling condition. The situation is more complicated when the lower order terms
are present. Garofalo and Lin [36] proved that the doubling conditions hold when
coefficients of the lower order terms are bounded. Hence the unique continuation
holds for solutions of homogeneous linear elliptic differential equations of the second
order with Lipschitz leading coefficients and bounded lower order coefficients. We
should remark here that the unique continuation, an important topic in the theory
of elliptic differential equations, is not the main focus of this chapter. Our primary
concern is on the growth of solutions in relation to the frequency. We refer readers
to references at the end of this book for general results on the unique continuation.

3.1. A Monotonicity Formula

In this section, we discuss a monotonicity formula for solutions of elliptic dif-
ferential equations of divergence form. The entire section follows closely Garofalo
and Lin [35]. A similar formula was derived for harmonic functions in Section 2.2.

Let A(z) = (a;;(z)) be a symmetric n x n matrix-valued function in B satis-
fying the following assumptions:

43
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(1) there exists a A € (0,1) such that
(3.1.1) MNP < agi(2)€6 < AHEP for any z € By and ¢ € R™;

(ii) there exists a I' > 0 such that for any i,7 =1,--- ,n
(3.1.2) |ai;(z) — ai;(y)| < Tz —y| for any x,y € Bs.
We consider solutions u of the equation
(3.1.3) Lu = div(A(z)Vu(z)) = 9;(aij(x)0;u) =0 in By.

Under the assumptions (3.1.1) and (3.1.2), it is well known that every H!-solution
of (3.1.3) is in H2,(By).
For n > 3, we define a Lipschitz metric § = g;;(z)dz; ® dz; on B by setting

(3.1.4) Gij = ' (det A)73,

where a%(z) denote the entries of A(z)~'. Letting (g (z)) = (gij(a:))fl and
setting

(3.1.5) r(@)? = gy (0)zizy, n(x) = g% ()00, 1(2) s, 7 (),

we can easily verify that n is a positive Lipschitz function in By, whose Lipschitz
constant depends on n, A and I'. In fact,  can be written as

1 59 (@9 0)91 )i = ,a%z) (7" (2) - 7(0) g (070 + 1.

n(z) = T

Next, we introduce a new metric g = g;;(z)dz; ® dz; in B; by defining
(3.1.6) 9i(x) = n(x)gij (x).

In the intrinsic geodesic polar coordinates (r,01,--- ,6,_1) with the pole at zero,
the metric tensor g takes the form

(3.1.7) g =dr @ dr +12b;;(r,0)do; ® db;,
where b;; satisfy

(3.1.8) b;;(0,0) =9;; fori,j=1,---,n—1,
and

(3.1.9) |0pbij(r,0)| <A fori,j=1,--- ,n—1,

with a positive constant A depending on n, A and I". Such intrinsic geodesic polar
coordinates were used by Aronszajn, Krzywicki and Szarski [9]. We denote by
g% (z) the elements of the inverse matrix of g;; and set

lg(x)| = | det (gi;(x))].
In this new metric, we rewrite (3.1.3) as
(3.1.10) divy (u(x)Veu(z)) =0 in By,

where p is given by
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Here we denote by V u and divy X respectively the intrinsic gradient of a function
u and the intrinsic divergence of a vector field X on Bj in the metric g, i.e.,

n

Z o Ou 0
Vgu g 8$1 6.Tj7

Q=1
aiv,X = 15 2 /lix
! lg] —~ Ox; e

Obviously, p is a Lipschitz function in B satisfying
(3.1.11) Cy < p(x) < Cy for any z € By,
and in polar coordinates in By

(3.1.12) 1(0,0) =1, [Orpu(r,0)| <A,

where C7, Co and A are positive constants depending only on n, A and T'.
To proceed, we consider a solution u € H'(Bj) of (3.1.10) and, for any r €
(0,1), we define

(3.1.13) Dy(r) = / w|Vul2dvy,
B,

(3.1.14) Hy(r) = / pudVap,. .
OB,

Here B, represents the geodesic ball in the metric g of radius r and centered at the
origin. By (3.1.7), B, coincides with the usual Euclidean ball. Now for r € (0,1),
we define the generalized frequency of u by

rDg(r)

(3.1.15) N,(r) = —2—=,
! Hg(r)

if Hy(r) # 0. The main result in this section is the following theorem, which is
often referred to as the monotonicity formula.

THEOREM 3.1.1. Ifu € HY(By) is a nontrivial solution of (3.1.10), then there
exists a positive constant C = C(n, ) such that

(3.1.16) Ny(r) = exp(Cr)Ny(r)
is an increasing function of r € (0,1).

PrOOF. We write D(r), H(r) and N(r) instead of Dy(r), Hy(r) and Ny(r). We
start by considering N(r) in (3.1.15). A simple differentiation yields

(3.1.17) N'(r) = N(r) {i + g((:)) B Z’/((:)) } '

Therefore, the theorem will be proved if we can show

1 D'(r) H'(r)
3.1.18 — — > —C(n,A).
(3.1.18) s YD) T HE 2 ¢y

To this end, we compute the derivatives H'(r) and D'(r).
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By setting b(r,0) = |det (b;;(r,6))| and noting dVap, = r"~1\/b(r,0)dd, we
rewrite (3.1.14) as

(3.1.19) H(r) = / 1, 02 (r, 0)+/b(r B)d6.
0B1
Then we obtain
-1 1
H'(r) = LH(T) + —8p(u\/l;)u2dVaBT + 2/ puu,dVap,
r oB, Vb 8B,

T
where u, denotes the radial differentiation, i.e., u, = < Vg u, — >. Using (3.1.9),
p

(3.1.11) and (3.1.12), we have

(3.1.20) H'(r)= (

where O(1) denotes a function of (r,#) which is bounded in absolute value by a
constant C' = C(n, A).
Next, by (3.1.10) we have

/ divy (uVu?)dV, :2/ p|V gul*dVy,.
B, B,

On the other hand, the divergence theorem yields

/ divg (,qu'uQ)dVg = 2/ pun,dVap, .

™ T

n—1

r

+ 0(1)) H(r) + 2/ puu,dVap,
OB,

Hence, we have

(3.1.21) D(r) = /aB puu,dVap, .
We rewrite (3.1.20) as
n—1
(3.1.22) H'(r)= ( " +O(1)> H(r) +2D(r).

We now turn to the computation of D’(r). For any fixed r, Ar € (0,1) with

P Ar < Land a fixed £ € (0,14 — 7). define a function w; : Ry — Ry by
t for p <,
(3.1.23) wt(ﬂ) _J1 for p > r+ Ar,
tr+Ar—p+p—r forr<p<r+Ar
Ar Ar =pP= '
By (3.1.7), we have disty(x,0) = |z|. Now we define /; : R — R" by
(3.1.24) le(x) = w(|z|)z.

It is easy to see that [; is a bi-Lipschitz map from By to By. Then we set in B
ut =wuolt

For u € H'(By), we have u* € H'(Bj), and consider

I(ut):/ |Vul|?.
B
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Since w is a solution of (3.1.10), we have u € HZ (B) by the regularity of solutions

of elliptic equations of the divergence form. Note that u! is independent of ¢ in

B1 \ Byyar. Hence we have ut € H& (B1) and then

d
%|t:1

d t
(3.1.25) £|t:11(u ) =0.
To proceed, we write

I(u') :/ plVgu' *dv, +/ plVgu'|?dv,

Byt B'r-+A'r'\B7‘t

+ / plVgu'|*dv,
Bi\B,yar

=1 + I + Is.

(3.1.26)

In the following, we write
u'(y) = u(z),
with y = l;(x). For I3, we have y =  with r + Ar < |y| < 1. This implies

I3 :/ p|V gut|?dv, :/ u|V gul?dvy,,
Bl\Br+Ar Bl\Br+Ar

and then
d
(3.1.27) %|t:1[3 =0

For I, we have y = l;(z) = tx for |y| < tr and |z| < r, and hence
Y
u'(y) = u (;) .
Then we have

IVgu' W)I* = g7 ()9, ' (9)9y,u' (y) = 559" (t2) D w(w) Do ()
The volume element is given by dV, = /|g(y)|dy = t"/|g(tz)|dz. Hence, we get

I :/B |Vut|?dV, :t"_z/ p(tz)g" (t2) 0y, u(2) 0, u(z)/ |g(tz)|dz,

e B,
and

d
£|t:1
where O(r) denotes a function of (r,6) whose absolute value is bounded by C'r,
where C' = C(n,A). Last, for I, we have

B tr+ATf|x|+|x|fr -
v= Ar Ar ’

for tr < |yl <r+ Ar and r < |z| < r+ Ar. By setting s = |y| and p = |z| and
using polar coordinates, we have

(3.1.28) I = (n—2)D(r) + O(r)D(r),

1
|Vul(y)|? =|0su’(s,0)* + ?b” (5,0)09,u' (s, 6)0s, u'(s,0)

a\? 1.
0.0 (52) 2305003000000 (0. 0),
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where we denote by b the entries of the matrix (b;;)~!. Note that the volume
element is given by

- n— Js
dVy = /|g(s,0)|dy = s"""\/|g(s,0)|dsdf = s""\/|g(s, 9)\%dpd9-

Then we have

r+Ar
40
12:/ u|vgut|2dvg:/ / (Sn L2 (s, 0020, 00/ 195, O)
BT‘+A’V‘\B7‘t T Sn—1 $

+5"7‘3§,u(3, a)b” (5, 9)69111(!)7 e)aaju(p7 6) |g(57 0)') dpd0

dp
Note A
r+Ar—p p—r

S=p <t Ar + Ar ) ’
and

Os :tT+Ar—2p+ 2p—r.

Jdp Ar Ar
Then a straightforward calculation yields

d 1 / 5
— Iy = — n—1+0 r+Ar—p)—(r+Ar—2p))u
Tl =7 BT+AT\37~M{(( (P))( p) = p))i,

+ ((n —34+0(p)(r+Ar—p)+(r+A4Lr— 2,0))(|Vgu|2 - ui)}dVg

By letting Ar — 0+, we obtain

d
%|t:112 = 7q/aB “(QU,% - |Vgu‘2)dvaBM

r

or
(3.1.29) %|t:112 = 27"/6 ] pudVag, —rD'(r).
With (3.1.25), (3.1.27)-(3.1.29), we get

(3.1.30) rD'(r) — (n—2+O(r))D(r) = 2r /aB uuidVaBr.

With (3.1.22) and (3.1.30), we obtain by the Cauchy inequality
1 D'(r) H'(r)

r  D(r) H(r)

Jop mu2dVap,  [,p puu,dVap,
o8, H% _ Jam,
Jop puu,dVap, — [ip puldVap,
dB, oB,
>0(1) > =C(n,A).
This finishes the proof of (3.1.18) and hence the theorem. O

=0(1)+2

Returning to solutions of (3.1.3), we then obtain the following result.

COROLLARY 3.1.2. Let £ = div(A(z)V) be an elliptic operator in By C R",
n > 3, with A(x) satisfying (3.1.1) and (3.1.2). Then there exists a positive constant
C, depending only on n, A and I, such that

(3.1.31) N(r) = exp(Cr)N,y(r)

is an increasing function of r € (0,1).
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It is easy to check that D(r) = D,(r) and H(r) = Hy(r) in (3.1.13) and (3.1.14)
are in fact given by

D(r):/ a;;0;udjudx,

H(r)= /aB pou’dH" 1,

where (19 is a positive Lipschitz function in Bj satisfying (3.1.11) and (3.1.12), with
C1, Cy and A depending only on n, A and T'.
Next, we prove the doubling condition. We define

fBl |Vul?
Jon, v
THEOREM 3.1.3. Let £ = div(A(x)V) be an elliptic operator in By C R",
n > 3, with A(x) satisfying (3.1.1) and (3.1.2), and let w € H'(By) be a solution

of (3.1.3). Then there exist positive constants ¢1 and co, depending only on mn, A
and T, such that for any r € (0,1/2] and n € (1, 2]

][ u? SCmc2(1+1\f)]f w2,
OB, dB,

7[ u2gclan(1+N)f W2
B B

nr r

PROOF. We use the same setting for the proof of Theorem 3.1.1. Let H(r) be
defined as in (3.1.14). By (3.1.22), we get

(3.1.33) (102 (”)/ — 0(1) + 28 () ST

N:

(3.1.32)

rn—l T
where we used the definition (3.1.16) of the modified frequency, and C is the con-

stant in (3.1.31). Now, for any r < 1/2, we integrate (3.1.33) between r and nr.
Using (3.1.31), we obtain

H _
(3.1.34) log (}J[((T))n”“) < C'r +2lognN(1).
Exponentiating (3.1.34) yields
(3.1.35) H(nr) <™ 'H(r)exp (C" + 2lognN(1)).

This implies the first part of (3.1.32) with the estimate on p in (3.1.11). Integrating
(3.1.35) in r gives

(3.1.36) / pudVy < 0" texp (C" + 2lognN(1)) / pudVy.
B

nr B,

This implies the second part of (3.1.32) with (3.1.11) again. |

REMARK 3.1.4. For n = 2, we simply write (3.1.32) as

f u2 § Cl 262 N f u2 ,

0Bar 9B,

f u2 S 01 202 N f u2 ,
Ba, B

r

(3.1.37)
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where ¢; and co are positive constants depending only on n, A\ and I'. Note that
(3.1.37) is referred to as the doubling condition.

Next, we introduce the notion of the vanishing order for nonsmooth functions.
First, we note the following simple result. For any v € L?(B;) and any constants
k <1, we have

1 1 1
lim sup —l( ][ uz) ? < oo implies limsup — (][ u2) =0,
r—0+ T B, r—0+ T B,

Nl

and

[N

1 1 1
lim sup — ( ][ u?)? > 0 implies limsup — ( ][ u?)? = 0.
r—0+ T B, r—0+ T B,

=

For any u € L?(B;) with lim sup (][ u2) = 0, we define the vanishing order
B,

r—0+4
d of u at 0 by

1 1
d = sup{k; limsup — 7/ u?)? =0}.
p{ r—>0+p ,rk( ) }

r

If d is finite, we obtain

1 1
limsup—l(][ u®)? =00 for any [ > d.
r—0+ T B,

If d is infinite, we say u vanishes up to infinite order at 0. In other words, u vanishes
up to infinite order at 0 if

(3.1.38) ][ w2 = 0@,
B,

for any positive [.

THEOREM 3.1.5. Let £ = div(A(z)V) be an elliptic operator in By C R",
n > 3, with A(x) satisfying (3.1.1) and (3.1.2), and let w € H'(By) be a solution
of (3.1.3). If u vanishes up to infinite order at 0, then u =0 in B.

PrOOF. With C = ¢;2%" | we obtain by (3.1.37) for any i

. . 1
2 7 2 7 l 2
7Z ungl u—C|B2_17]1 u”,
B, —i |Ba-i |l Jo-i

with [ > 0 to be chosen. Now we take [ such that C27™ = 1. This yields by

(3.1.38)
: ][
2 l 2 .
u” < (wp) ——— u“ —0 as?— oo.
Ay

This implies u =0 in Bj. (]

REMARK 3.1.6. In fact, there holds for the vanishing order d of u at 0
d<c1+ceN for any x EB%7

where ¢; and co are positive constants depending only on n, A and I'. This can be
seen easily by the expression of C and the choice of [ in the proof of Theorem 3.1.5.

Next, we prove u? satisfies a reverse Holder inequality.
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THEOREM 3.1.7. Let L = div(A(:U)V) be an elliptic operator in By C R",
n > 3, with A(z) satisfying (5.1.1) and (5.1.2), and let u € H'(By) be a solution
of (8.1.3). Then for any 6 >0

fe=l
(3.1.39) (][ u2<1+5>) §c12C2N7[ u?,
B, B,

T

where c¢1 and co are constants depending only on n, A and T'.

PRrROOF. By Theorem 1.1.4, we have for any r € (0,1/2)

sup u? < c]/ u2,
B Ba,

where c¢ is a positive constant depending only on n and A. On the other hand, we
trivially have for any § > 0

™
<][ u2(1+6)> < supu?.
B, B.
We obtain (3.1.39) easily with (3.1.37). O

Next, we prove that |Vu|? also satisfies doubling conditions and a reverse Holder
inequality. For the next result, we set

ur:][ U.
B

r

THEOREM 3.1.8. Let L = div(A(J;)V) be an elliptic operator in By C R",
n > 3, with A(z) satisfying (3.1.1) and (8.1.2), and let w € H'(By) be a non-
constant solution of (3.1.3). Then for any r € (0,1/4)

(3.1.40) ][ |vu|2§c1202N0][ |Vul?,
B2r

B,

and

L n+2
2 2n
(3.1.41) (]/ |Vu|2> < 12020 (][ |Vu|f+2> ,
B, B,

where Ny is given by
[5. [Vul?
T o e
T 8B, r

and ¢y and co are constants depending only on n, A and T.

PrOOF. If u is a solution of (3.1.3), so is v — u,. The assumption that v is not
constant and the maximum principle imply

inf/ lu —u,|* > 0.
" JoB,

Hence Nj is well-defined and finite. By applying (3.1.32) to u— u,., we have for any

r e (0,1/4)
f |u—ur|2 §012CQN°7[ \u—ur|2,
By, B

s
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where ¢y and co have the stated dependence. Now Lemma 1.1.5 applied to u — u,

yields
][ Vul? < %J[ = w2,
BQT r B4

T

where c¢ is a positive constant depending only on n and A\. On the other hand, the

Poincaré inequality yields
][ lu —u,|? < cr27[ |Vul?.

T

We then obtain (3.1.40) easily.
The proof of (3.1.41) is similar. By applying (3.1.32) to u — u,, we have for

any r € (0,1/4)
f lu — u,|? §cl202N07[ lu — u,)?,
Ba, B,

where ¢y and c; have the stated dependence. Now Lemma 1.1.5 applied to u — u,.

yields
c
][ |Vu|2§—27[ lu —u,|?,
B ™ JB,

r T

where ¢ is a positive constant depending only on n and A. On the other hand, the
Poincaré inequality yields
n+2

][ lu —u,|? < er? <][ |Vu|n2l3) .
B, B

d

We then get (3.1.41) similarly. O

3.2. Doubling Conditions

In this section, we discuss the elliptic equation of the form

(3.2.1) Lu = —0;(a;;(x)0;u) + bi(x)du+ c(x)u=0 in By CR™
We assume
(i) there exists a A € (0,1) such that
(3.2.2) aij(v)&& > ME|? for any x € By and ¢ € R™;
ii) there exists a I' > 0 such that for any i,j =1,--- ,n
(i) yi,j=1,",
(3.2.3) laij(z) — aij(y)| < Tz —y| for any x,y € Bi;

(iii) there exists a x > 0 such that
(3.2.4) laij(x)] + |bi(z)| + |e(z)] < & for any x € By.

In the following, we write A(z) = (a;;j(z)) as a symmetric n x n matrix-valued
function in By and write b = (by,--- ,b,).
By introducing a metric g as in (3.1.6), we write (3.2.1) as

—divy (u(x)Vgu) + by(z) - Vou + cg(z)u =0,

where by is a vector field given by b, = Gb/vdetG and ¢, = ¢/VdetG, for
G = (gij). Note that (v/det G)~! is a bounded Lipschitz function whose bounds
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depend only on n, A, I' and . Therefore, b, and ¢, satisfy the same assumption
(iii) as b and c. For the ease of notations, we simply write
(3.2.5) —div,y (u(x)Vgu) + b(z) - Vyu + c(z)u = 0.

To proceed, we consider a solution u € H(By) of (3.2.5) and, for any r € (0, 1),
we introduce

(3.2.6) H,y(r) = /8 iV,
(3.2.7) I,(r) = / (1| Vgul® +ub - Vyu + cu?)dVy,
(3.2.8) Dy(r) = / JIV yul2dv,.

Here, B, represents the geodesic ball in the metric g of radius 7 and centered at the
origin. By (3.1.7), B, coincides with the usual Euclidean ball. Now for r € (0,1),
we define the generalized frequency of u by

rly(r)
(3.2.9) Ny(r) Hy(r)’
if Hy(r) # 0. The main result in this section is the following theorem, which was
proved by Garofalo and Lin [36].

THEOREM 3.2.1. Let u € H'(By) be a nonzero solution of (3.2.5). Then there
exist constants ro, c1 and co, depending only on n,k and I', such that
(3.2.10) Ny(r) < 14 caNg(ro)  for any r € (0,rg).

Before proving Theorem 3.2.1, we establish some lemmas.

LEMMA 3.2.2. For any u € H*(B,) with r > 0, there holds
472

2
(3.2.11) / u? < l/ = [ |Vul
B, n JoB, n= JB,

PrOOF. A simple calculation shows

o[ ([, s

2 a2 ([ . gyl ) 'dp

n 9B, n

r 5 2
=— ut — — |z|uw,,.
n.JoB, n.Jp

T

Then we have for any ¢ > 0

1 1
/ uzﬁi/ u2+(5/ u2+f/ |as|2Vu|2).
B, n JoB, n B, €JB,
We get (3.2.11) by taking € = n/2. O

LEMMA 3.2.3. Let u € HY(By) be a nonzero solution of (3.2.5). Then there
exist constants ro and C, depending only on n,x and T, such that

(3.2.12) Dy(r) <2I4(r)+ CHgy(r) for any r € (0,79),
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and

(3.2.13) Dy(r) > =14(r) — CHy(r) for any r € (0,r).

N =

PrOOF. First, we have by the definition of I,(r)

/ p|Vgul® =I,(r) — / (ub - Vgu+ cuz)dVg
B

r r

<Iy(r) +/ (Julo||Vgul + |c|u?)dV.

r

By the Cauchy inequality and (3.2.11), we obtain

1
/ 1|V gul® <I,(r) + 1/ 1|V gul?dVy + Cli/ pu?dv,
B, B, :

T

1
<I,(r) + (1 + Ckr?) /B |V gul*dVy + Crr /aB pudVag, .

We get (3.2.12) by taking Ckr? < 1/4. We may prove (3.2.13) similarly. O
REMARK 3.2.4. It is clear that we may take rg = 1 if k is sufficiently small.

COROLLARY 3.2.5. Let u € H'(By) be a nonzero solution of (5.2.5). Then
there exists a constant Ty, depending only on n,k and ', such that

(3.2.14) Hy(r) #0  for any r € (0,ro).
PRrROOF. We argue by contradiction. Assume Hgy(r) = 0 for some r € (0,r¢],
where 74 is as in Lemma 3.2.3. The definition of Hy(r) implies u = 0 on 0B,.

Equation (3.2.5) and the divergence theorem yield I,(r) = 0. By (3.2.12), we get
Dy(r) =0 and hence w = 0 in B,, which leads to a contradiction. O

Corollary 3.2.5 implies that r +— Ny(r) is absolutely continuous on (0,7¢).
Therefore, if we set

Qg = {r € (0,70); Nyg(r) > max{1, Ny(ro)} },

then €2, is an open subset of R. Hence there holds a decomposition
(3.2.15) Qo = |J(a;,b5)  with a;,b; ¢ Q.
j=1

Obviously in Q,,, we have Ny(r) > 1, or

Hy(r)

(3.2.16) < Iy(r).

COROLLARY 3.2.6. Let u € H'(By) be a nonzero solution of (3.2.5). Then
there exists a constant C, depending only on n,x and I', such that

(3.2.17) Dy(r) < Cly(r), /B u?dV, < Cr?I,(r) for anyr € Q.

PrOOF. Note (3.2.17) follows readily from (3.2.12), (3.2.11) and (3.2.16). O

Now we are ready to prove Theorem 3.2.1.
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PROOF OF THEOREM 3.2.1. We write D(r),I(r), H(r) and N(r) instead of
Dy(r), I4(r), Hy(r) and Ng(r). Asin (3.1.17), we have
1 I'(r) H’(r)}

N'(r) = N () {r AN TR0

Therefore, the theorem will be proved if we can show
1 I'(r)y H'(r)

3.2.18 - —
(3:2.18) F I T HD

where C' is a positive constant depending only on n, x and I.
As in (3.1.20), we have

> —C for any r € Q,,,

—1
(3.2.19) H'(r) = (n —+ 0(1)) H(r) + 2/ pu,dVis, |
or
H'(r) n-1 Jop, tuu,dVos,
3.2.20 = +0(1)+2—07————,
( ) H(r) r (1) Jop, Hu?dVap,

where O(1) denotes a function of (r,#) which is bounded in absolute value by a
constant C.
Since u is a solution of (3.2.5), we have

/ divy (uVgu?)dV, = 2/ (1| Vgul* +ub - Vyu+ cu®)dVy = 2I(r).

r r

On the other hand, the divergence theorem yields

/ div, (,quuQ)dVg = 2/ puu,dVap, .

T r

Hence, we have
(3.2.21) I(r) z/ puu,dVap, .
9B,

To compute I’(r), we employ a radial deformation, as used in the proof of
Theorem 3.1.1, combined with first variation estimates. Hence, we have

Py = (=2 1 om)ie) + 2/53 ju2dVos,

r

.

n—2

(3.2.22) + / (ub - Vyu+cu®)dVop, — / (ub - Vyu+ cu®)dV,
OB, B,

—%/ pup(b-Vgu—f—cu)dVg.

r

We omit details. By (3.2.16) and (3.2.17), we obtain for any r € £,

1 1
;/B (|ub -Vgul + |c|u2)dVg + ;/B p(|upb -Vgu| + |cuup|)dVg < CI(r).

T

In deriving this inequality, we have used |0,u| < |V u|. This implies for r € €,

+0(1))J(7«)+2/

OB,

n—2

(3.2.23) I'(r) = ( ,uuf,dVaB,,_—l—/ (ub-V yu+tcu®)dVpp, .

r 8B,
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The Cauchy inequality now yields

2
I(r)? = ( / uuupdVaBr> < / pu*dVp, / pudVop,
9B, aB,. 9B,

=H(r) / uuidVaB,,_.

T

By (3.2.16), we have

(3.2.24) I(r) < T/BB pudVap, for any r € Q.

On the other hand, (3.2.7) gives

(3.2.25) I'(r) = / u|Vgul*dVap, +/ (ub - Vgyu+ cu®)dVap, .
B, B,

Comparing (3.2.25) with (3.2.23) and using (3.2.24), we obtain for any r € Q,,

n—2
/ 1 Vgul*dVop, < (——= +O(1))I(r) + 2/ uu?)dVaBr
(3.2.26) Br " OB

<C / pudVap, .
OB,

Now, we discuss two cases.
Case 1. Let us assume

2
(3.2.27) / ,uu2dVaBT/ ,uuidVaBT <2 </ ,uuu,,dVaBT> .
OB, OB 0B,

r

Then, we have by (3.2.26) and (3.2.27)

<C </ uquVaBr/ ,u|vgu|2dV[)BT>
OB, OB,

1

2

(3.2.28) < c( / puldVip, / ,uuidVaBr)
0B, 0B,

<C puu,dVap, = CI(r).
OB,

Hence by (3.2.23) and (3.2.28), we obtain

/ ub - VgudVaBT
0B,

T -9 u2dVyp,
(3.2.29) ) _n=2 oay+ o Jom, 11y WVos,
TR T, it Vs,

Substituting (3.2.20) and (3.2.29) in (3.2), we get by the Cauchy inequality
1 I'(r)y H'(r)

Jos, pupdVos, B Jop, Huu,dVop,
faB,\ ’uuupdV63r f[‘)BT Mu2dV33T
> 0(1) > —C(n, A).

(3.230) r I(r) H(r)

—0(1) +2

Case 2. Let us assume

2
(3.2.31) / uu2dV337,/ uuidVaBT, > 2 </ uuupdVaBT) .
0B, B dB

r r
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By (3.2.16), (3.2.26) and the Cauchy inequality, we have for any r € .,

| i (ub - Vgu+ cu?)dVasp, |
B,

1

2
go(/ uu2dV3Br/ u|Vu2dVaBT> +CH(r)
(3.2.32) 0B 0B:

IN

C (H(r)/a /w?,dVaB,)é +CH(r)

.

IN

/ pudVop, + CH(r) < / ,uuidVaBr + CI(r).
OB, 0

r

Substituting (3.2.32) in (3.2.23), we obtain

-2
I'(r) > <n +O(1)> I(r) +/ pu2dVap, ,
or
I'ry _n-—2 Jop. 1u2dVap,
3.2.33 > +001)+ ————.
( ) I(r) T (1) Jop, Huu,dVap,

Substituting (3.2.20) and (3.2.33) in (3.2) and using (3.2.31), we get

1 I'(r) _ H'(r) faBT /‘u%dVé?Br faBT puu,dVop,

_ =0(1 + _
(3.2.34) r o I(r) H(r) (1) faBT puu,dVap, f[)BT pudVap,
>0(1) > =C(n,A).

Now, (3.2.30) and (3.2.34) allow us to conclude the existence of a positive
constant C, depending only on n, x and I', such that

N'(r)
N(r)
For any component (a;,b;) in the decomposition (3.2.15), we obtain

N(r) < CN(b;)exp{b; —r} < Cmax (1,N(r¢)) for any r € (a;,b;).
This finishes the proof. U

(3.2.35) > —C for any r € Q,,.

Next, we derive the doubling condition.

THEOREM 3.2.7. Let u € H'(By) be a nonzero solution of (3.2.1). Then there
exist constants o, co, c1 and cy such that, for any p € B, /4 and any r € (0,79/4),

][ u2 < COQClNg(O,r0)+cQ][ u27
OB, 0B,

Bar. B,

where Ty, ¢y, c1 and co are positive constants depending only onn, A\, k and T".

and

PROOF. The proof is similar to that of Corollary 2.2.5. With (3.2.21), we
rewrite (3.2.19) as

n—1

H;(r)( " +0(1)>Hg(r)+2[g(r),
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or
Hy(r)\’ Ny (r)
3.2.36 i =0(1) +2—L—=.
(3.2.36) () o + 2™
We integrate with respect to r as before. O

We also have the following result.

COROLLARY 3.2.8. Let u € HY(By) be a nonzero solution of (3.2.1). Then
there exist constants ro and C' such that, for any s,r € (0,79) with s <,

(3.2.37) f u? < C u?,
8B, OBy

and

(3.2.38) ][ u? < C u?,
B, oB,

where 1o and C are positive constants depending only on n, A and T.

PROOF. The proof is similar to that of Corollary 2.2.7. By (3.2.36) and (3.2.12),

we obtain for any 7 € (0,70)
(Hg(r)>l > _C

Tn—l

where ¢ is as in Lemma 3.2.3 and C' is a positive constant depending only on n, A
and I". Now a simple integration implies (3.2.37). Another integration of (3.2.37)
in s yields (3.2.38). O

1,(r) o Dy(r)
Hy(r) " Hy(r)

REMARK 3.2.9. Lemma 3.2.3 implies that are comparable

1,
to each other. Hence in Theorem 3.2.7, we may replace Ny(r) = :_{‘QET; by
o
rD,(r)
N¥(r) = =22,
I ) Hyg(r)

In applications, it is convenient to use integrals without weights related to
coefficients of equations. For the next result, we define for any p € By and r €
(Oa 1- ‘p|) f ‘ |2

"B, Vu
N(pr) = =72
Jop ¥

THEOREM 3.2.10. Let u € H(By) be a nonzero solution of (5.2.1). Then there
exist constants o, co, c1 and cy such that, for any p € B, /4 and any r € (0,79/4),

1
(3.2.39) N(p, Zro) <1+ caN(0,79),
and
(3.2.40) ][ u? < cg2erN(Oro)+ez ][ u2,
Bar(p) B,(p)

where rg, ¢y, 1 and co are positive constants depending only onn, A\, k and T".

PrOOF. The proof is similar to that of Theorem 2.2.8 and is omitted. (]
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Now, we consider a general elliptic differential equation of non-divergence form

(3.2.41) aijaiju +b;0;u+cu=0 in B{l C R".
If a;; € Lip and b;, c € L*°, we write (3.2.41) as

0; (aijaju) + (bl — 8ja¢j)8iu +cu=0 in Bj.
Then results established in this section hold for solutions of (3.2.41).

In the following, we rewrite (3.2.41) as a differential equation of divergence form
with no lower order terms. For this, we require higher regularities of coefficients.
For (x,2,11) € BT C R"*! we define

0@, Tni1) = (2 — Tosa)u(a).

Then v satisfies

(3.2.42) al(-;-)aijv + bgl)aiv =0 in Bt c R
where
= ().
and
b<.1)={b" fori=1,---,m,
! —(2—=xpt1)c(x) fori=mn+1.

Next, we let
w(xaxn+17xn+2) = (2 - $n+2)v($,vn+1) for (xaanrlvanrQ) € B;L+2 c Rn+27

and let M be a large number. Then w satisfies

(3.2.43) al) 9w =0 in By*? C R™2
where o
1
(af}) ~E2 (2= Zata)

(i) ={ T
() 2 ) e

Obviously, (3.2.43) is uniformly elliptic if M is large. We also note that
w(xaxn+17xn+2) =0 for (1‘,1‘n+1,1'n+2) c B’{H_Q

if and only if u(x) = 0 for & € B}". Moreover, we have for any p € B} C R"™ and

r<1/4
/ w? g/ uz,
B2 (p,0) Br(p)

/ w? > / uZ.
B3 (p,0) Bg,.(p)
Now, we consider

(3.2.44)

By assuming a;; € C?(By), we rewrite (3.2.45) as
ai(aijaju) + b;0;u =0,

with
bl' = 7(93'0,1']' .
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For (z,2,41) € B} € R we define
(&, Tngn) = u(z).
Then @ satisfies

(3.2.46) di(a;;0;4) =0 in Bt Cc R

-y (ag)  wpgab
(aw) - ($n+1bT M2 .
Obviously, (3.2.46) is uniformly elliptic if M is large. Inequalities similar to (3.2.44)
hold for w replaced by % and balls in R"*? replaced by those in R”*!. Note that @

satisfies the doubling condition by Theorem 3.1.3. Hence, a doubling condition of
u can also be derived from that of .

where

3.3. Compact Classes of Operators and Solutions

For two positive constants A < 1 and k > 1, and for a continuous monotone
function w : RT — RT such that lim,_+ w(t) = 0, we denote by L(\,k,w) the
class of linear elliptic operators of non-divergence form

L = aij(x)0s;2; + bi(2)0y, +c(x) in By C R,

if a;;(x), bi(z) and ¢(x), 4,5 = 1,--- ,n, satisty the following conditions:
() MEI* < ag(2)&&; < AHER, for any © € By and € € R™;
(i) >0 [bs(z)| + |e(z)] < K, for any = € By;
(iii) |aij(x) — aij(y)| < w(|z —yl), for any z,y € By, 4,5 =1,2,--- ,n.
For any £ € L(\, k,w) and any u satisfying

(3.3.1) Lu=0 in B; with / u? <1,
B

there holds for any r € (0,1)
(3.3.2) ||u||W2.p(BT) <,

where C' is a positive constant depending only on n, A, x, w, p and (1 —r)~L.

Suppose (a;;) is a constant matrix satisfying the condition (i), and let £y =
;ijOr,z,;- Then it is obvious that Lo € L(A, k,w), for any £ > 0 and any continuous
and monotone function w.

Let £ € L(A\, k,w). For any zg € B and p € (0,1 — |x¢|), we define L, , by
(3.3.3) Lag,p = i (w0 + p2)0p,; + pbi(wo + p2)0s, + pPe(xo + px).

Obviously, L, , € L(\, k,w). This is the translation and scaling invariant property
of L(\, k,w), analogous to that of minimal surfaces.

Finally, we note that the class L(\, k,w) possesses a certain compactness. More
precisely, let L, k =1,2,---, be a sequence of operators in £(\, k,w). Then, there
is a subsequence Ly, {k'} C {k}, such that Ly converges to an elliptic operator
L € L(\, k,w) in the following sense: for any sequence of solutions ugs of L ug =0
in By, with [ B u?, < 1, there is a subsequence of {uy } which converges weakly in
L?(By) to some u € L?(By) satisfying Lu = 0 in By. By (3.3.2), it is then easy
to conclude such a subsequence converges to u in VVliCp (B1). We should point out
that, in the above convergence, the limit function u may be identically zero. It is
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crucial for us to rule out such bad limits in the discussion of nodal sets of solutions.
On the other hand, it is obvious by (3.3.3) that, if £ € L(\, k,w), ¢ € B; and
p — 0, then L, , converges to Ly, = ai;(20)0z,2; € L(N, K,w).

In order to find nontrivial limiting solutions of L., for any x¢ € B; under
a sequence of translations and scalings, we need to control the local growth of
solutions of operators in L£(\, k,w). For this purpose, we introduce the following
subclass Sy of solutions.

Let u € L?(Bj) be a solution of Lu = 0 in By for some £ € L(\, k,w). Then
we say u € Sy if

(3.3.4) ][ u? < 4N][ u?(x),
By (x0) By (o)

for any x¢ € By3 and 0 < 2r < 1 — [zo].
When w(t) =T't, then (3.3.4) is valid for a constant

N =C(n,\ k,T) - Ny,

provided z € B,, and r € (0,7¢) for some positive constant rg = ro(n, A, %, I'). Here
Ny is defined by
To fBTO [Vul?

J. OBy, u?

H =
This is a consequence of Theorem 3.2.7.

The class Sy has the following important compactness property. Consider any
Ly € LI\, k,w) and uy € Sy satisfying Lrup = 0 in By with fBl u? = 1. Then
there are subsequences Ly and uys such that £y converges to some £ € L(\, Kk, w)
and uys converges to u in Wli’é”(Bl) such that Lu = 0. Moreover, u # 0 in B;. This
compactness result is very important in discussions later on.

The discussion in this section holds also for operators of divergence form. For
constants o, A € (0,1) and k > 1, we denote by L(A, &, @) a class of elliptic operators
of divergence form

L = 0y, (aij(x)0x;) + bi(7)0z, + c()
whose coefficients satisfy (i), (ii) and

(iii)’ |ai;(z) — a5 (y)| < K|z —y|*, for any z,y € By and ¢,j =1,--- ,n.

For any £ € L(\, k,«) and any u satisfying Lu = 0 in By with fBl u? =1,
instead of (3.3.2) we have for any r € (0,1)

‘U|Cl,a(BT) <,

where C' is a positive constant depending only on n, A, k, a and (1 —7)~!. Instead
of (3.3.3), we define for £ € L(\, Kk, a)

Lag.p = 0s, (ai(wo + px)0y,) + pbi(zo + p)da, + pc(z0 + p),
for any zg € By and any p € (0,1 — |zo]).






CHAPTER 4

Structures of Singular Sets

For a harmonic function in an open set in R?, the subset of critical points in the
nodal set is exactly the singular part of the nodal set. For this reason, this subset
of critical points is called the singular set. It is well known that the singular set of
a 2-dimensional harmonic function is isolated. Around each point in the singular
set, the nodal set consists of finitely many analytic curves intersecting at this point,
forming equal angles. In fact, the number of singular points can be estimated in
terms of the growth of harmonic functions. For details, see Section 2.4.

In this chapter, we study the structure of the critical nodal sets, or the singular
sets, of solutions of homogeneous elliptic differential equations of the second order.
In Chapter 7, we will study the size of the critical nodal sets.

We consider a homogeneous elliptic differential equation of the form

n
EuEZa” 8”u+2b )O;u~+c(z)u=0 in By CR",
i,j=1
where the coefficients a;; satisfy
n
Z aij(x)&€; > NE|? for any € € R, z € By,
i,j=1
for some positive constant A. We assume a;; are Lipschitz and b; and c are at least
bounded. The Lipschitz condition for the leading coefficients is essential. It implies
the unique continuation for the operator £. In other words, if a solution u vanishes
to an infinite order at a point in Bj, then wu is identically zero. For details, see
Chapter 3.
For any C? solution u in By, we define the nodal set and the singular set by

N(u) = {p € Bi;u(p) = 0},
S(u) = {p € Bi;u(p) = [Ou(p)| = 0}.

)
) =
By the implicit function theorem, N (u)\S(u) i
at least locally. In this chapter, we study S
(n — 2)-rectifiable.

In order to study the structure of singular sets, we need to study the local
behavior of solutions at these points. First, we blow up solutions and study blow-
up limits. We expect the blow-up limits to be simple to analyze. Second, we
study relations between the blow-up limit at one point and those at nearby points.
Geometrically, this translates to studying the property of tangent planes at each
point first and then studying the relation between a tangent plane at one point and
those at nearby points.

is an (n—1)-dimensional hypersurface,
(u) and prove that S(u) is countably

63
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Bers [13] proved that a classical solution of an elliptic differential equation,
with a finite vanishing order at some point, must be asymptotic to a nonzero ho-
mogeneous polynomial with degree equal to the vanishing order. Moreover, this
polynomial satisfies a constant coeflicient elliptic equation. This result is essential
in our discussion. It implies the existence and the uniqueness of the homogeneous
blow-up limit. We should emphasize that the uniqueness of blow-up limits is rarely
enjoyed by most problems. Then a natural choice of some subspace of the singular
set of the blow-up limit can be associated to that of our solution. We need to
establish that this subspace serves as a tangent space in some weak sense. In order
to do this, we need to study relations of blow-up limits at various points. In other
words, we need a uniform version of Bers’ result. Specifically, we need a priori es-
timates on the homogeneous polynomials and error terms in the Bers’ asymptotic
formulas. These estimates were proved by Han [45]. Such results, in their simplest
form, state as follows. Suppose u is an H'-solution of a linear elliptic differential
equation in Bj. If for some integer d, u satisfies

|u(2)]

lim sup 2]
x

z—0

p @)l

|4

< 00,

then

< Cllull2(my),
|| <3

where C' is a constant depending only on coefficients of the equation and the integer
d. A result of this type is of interest on its own. It, in some sense, generalizes a
priori estimates on higher order derivatives for smooth solutions.

4.1. Singular Sets of Smooth Solutions

In this section, we discuss the structure of singular sets of solutions of homo-
geneous elliptic differential equations of the second order with smooth coefficients.
We consider the homogeneous linear elliptic differential equation of the form

(4.1.1) Lu= Z a;j(z)0u + Z bi(z)0;u+ c(x)u =0 in B; C R,
i=1

ij=1
where the coefficients a;; satisfy

n

(4.1.2) Z a;j(x)&& > MNE? for any € € R™, 2 € By,

ij=1
for some positive constant .
We first prove a result due to Caffarelli and Friedman [17].

LEMMA 4.1.1. Let a;j,b;, ¢ be smooth in B; C R™ satisfying (4.1.2) and u be a
smooth solution of (4.1.1) in By. Then S(u) is contained in a countable union of
(n — 2)-dimensional smooth manifolds.

PRrROOF. For any p € Bj, we define the vanishing order O(p) of u at p by
O(p) = Ou(p) = {d; 0"u(p) =0 for any [v| < d,
0" u(p) # 0 for some |vy| = d}.
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Obviously, O(p) > 2 for p € S(u). For any d > 2, we set
Sa(u) = {p € B1; O(p) =d}.

Then we have

(4.1.3) S(u) = | Sa(u).

d>2

This is a finite union by the unique continuation. We prove that Sg(u) is (n — 2)-
dimensional for each fixed d > 2.
For any p € Sy(u), there exists a |3| = d — 2 such that §%v(p) # 0 for v = %u.
Now applying 9 to (4.1.1) and evaluating at p, we obtain
n
Z aij(p)0ijv(p) = 0.
i,j=1
First, the Hessian matrix (Bzv(p)) has a nonzero eigenvalue. Next, we may diago-
nalize

(aQU(p)) = diag(Alv Tty )\n)
Then we have
ar(p)A1 + -+ an(p)An =0,

for some positive constants ai(p),- - - ,a,(p). By assuming \; # 0, we have another
nonzero eigenvalue, and hence we may assume As # 0. Note

aalv(p) = ()\1,0 70)3 8327)(])) = (Oa A2,0,- - 70)

By applying the implicit function theorem to ;v and dqv, we conclude that {Ov =
0,0ov = 0} is an (n — 2)-dimensional smooth manifold in a neighborhood of p.
Obviously, this manifold contains Sg(u) in a neighborhood of p. O

Lemma 4.1.1 illustrates that S(u) is indeed the singular part of {u = 0}. We
usually call S(u) the singular set of u.

Now, we discuss fine structures of S(u). Suppose u is a smooth function in Bj.
For any p € By, we define the vanishing order O(p) of u at p, as in the proof of
Lemma 4.1.1, by

O(p) = Ou(p) = {d; 0"u(p) =0 for any |v| < d,
0" u(p) # 0 for some |vy| = d}.

Alternatively, the vanishing order can be defined as an integer d satisfying

lim sup \u(x)|d
a—p TPl
. [u(z)]

limsup ————5— = oo.
zﬂpp |z — p|d+t

Y

Moreover, there exists a nonzero homogeneous polynomial P of degree d such that
u(w) = P(z —p) +o(|z — p|?).

For convenience, we call the nonzero homogeneous polynomial P the leading poly-
nomaal of u at p.
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LEMMA 4.1.2. Suppose that {Ly}72, is a family of elliptic operators in By
of the form (4.1.1), with smooth coefficients satisfying (4.1.2), and that uy is a
smooth solution of Lyux = 0 in By for k =0,1,2,---. Suppose that L — Ly in
the sense that the corresponding coefficients converge in C"™(B1) and that ug — ug
in C™(By) for any integer m > 1. Then

(4.1.4) limsup O,, (0) < Oy, (0).

k—o00

If, in addition, O,, (0) = d and Py is the leading polynomial of uj at 0 for k =
1,2, -+, then the following conclusions hold:
(1) if Ou,(0) > d, then

P, — 0 uniformly in By as k — oo;
(71) if Ouy(0) =d, then
P — Py uniformly in By as k — oo,
where Py is the leading polynomial of ug at 0.

Lemma 4.1.2 follows easily from interior estimates. Now we state the main
result in this section, which was proved by Han [43].

THEOREM 4.1.3. Let a;;,b;, ¢ be smooth in By C R™ satisfying (4.1.2) and u be
a smooth solution of (4.1.1) in By. Then there exists the following decomposition

n—2

S) = J ' (w),
j=0

where each S7(u) is on a countable union of j-dimensional C' manifolds, j =
0,1, -+, n—3, and S"~%(u) is on a countable union of (n — 2)-dimensional C*P
manifolds for some 3 € (0,1).

PROOF. The proof consists of several steps. For each fixed integer d > 2, we
study
Sa(u) = {p € S(u); O(u) = d}.
Step 1. We study local behaviors at each point. For any y € By, N Sy(u) and

1
any r € (0, 5(1 —yl)), we set

(4.1.5) Uy () = _ulytrn) for any x € Bs.

(f o w)lul?)

Then, we have for any integer m > 1

(4.1.6) Uy, — P inC™(By) asr—0,

[N

where P = P, is a non-zero homogeneous polynomial of degree d satisfying
n
(417) Z Aij (y)&ijP = 0.
i,j=1

Moreover, ||P|z2(s8,) = 1. Note that P is the normalized leading polynomial of u
at y.
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Since P is a non-zero homogeneous polynomial of degree d, we have
Sq(P) = {z;0"P(z) =0 for any |v| <d—1}.

Obviously, 0 € S4(P) by the homogeneity of P. Now we claim that Sy(P) is a
linear subspace and

(4.1.8) P(z) = P(x +z) for any x € R" and z € S4(P).
To see this, we take any z € S4(P). Then we have
D¥P(z) =0 forany |v| <d-—1.

P(z) = Z a,z”,
|

v|=d

By assuming

we have

This implies
P(z+z) = P(z) for any x € R".
Note that P is a homogeneous polynomial of degree d. Then, we have
P(x+ Az) = P(z) for any x € R” and A\ € R.
Therefore, we obtain
D"P(Az) =0 for any |v| <d-1.

Hence Az € §4(P) for any A € R. Now it is not difficult to conclude that S;(P) is
a linear subspace and that (4.1.8) holds. Next, we observe that dimSg(P) < n — 2
for d > 2. In fact, (4.1.8) implies P is a function of n-dimS,(P) variables. If
dimS4(P) = n — 1, P would be a degree d monomial of one variable satisfying
(4.1.7). Hence d < 2, which leads to a contradiction.

Step 2. We define for each j =0,1,2,...,n — 2,

Sﬁ(u) = {y € Sq(u); dimS4(P,) = j}.

We claim that Sg (u) is on a countable union of j-dimensional C'! graphs. In fact,
we prove that, for any y € S (u), there exists an = 7(y) such that S/ (u) N B,(y)
is contained in a (single piece of) j-dimensional C* graph.

To show this, we let ¢, be the j-dimensional linear subspace Sq(P,) for any
Yy E Si(u). For any {yx} C Sg(u) with y, — y, we first prove

(4.1.9) Angle <7y, £y, >— 0.
To prove (4.1.9), we assume y = 0 and p, = |y—k — £ e S" ! Note py, € Sa(uo,|y,|)
o Yl

g ) = — )

2
(JE aBka\ u2>
See (4.1.5) for notations. We may show by an elementary calculation that

Liug,jy,| =0,
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where L is some second order elliptic operator with a similar structure as L.
Moreover, for £ as in (4.1.1), we have
n
Ek — £0 = Z aij(O)O”'ij,
ij=1
in the sense that corresponding coefficients converge in C™(B;) for any m. Then
by applying Lemma 4.1.2, we obtain that P, vanishes at { with an order at least
d, i.e.,
Op,(§) > d.

Since P, is a homogeneous polynomial of degree d, then Op, (§) = d and £ € £,,.
This implies (4.1.9).

By (4.1.9), we obtain that, for any y € Sé(u) and any small ¢ > 0, there exists
an r = r(y, &) such that

(4.1.10) S5(u) N B, (y) C By(y) N Ce(Ly),

where
C:(ty) = {z e R"; dist(z, £,) < €|z|}.
Let P, and P be leading polynomials of u at y; and y = 0, respectively. By Lemma
4.1.2, we have
P, — P uniformly in C%(By).
This implies
Ly, — 4, ask— oo,
as subspaces in R"™. By an argument similar to proving (4.1.9), we may prove that
the constant r in (4.1.10) can be chosen uniformly for any point z € Eé(u) in a

neighborhood of y. In other words, for any y € Sg(u) and any small € > 0, there
exists an r = r(e,y) such that

S7(u) N By(2) C Br(2) N Co(£,) for any z € S)(u) N B,(y).

For ¢ > 0 small enough, this clearly implies that S}(u) N B,(y) is contained in a
j-dimensional Lipschitz graph. By (4.1.9) this graph is C!.

Step 3. S} 7?(u) is on a countable union of (n — 2)-dimensional C*# manifolds,
for some 0 < § < 1.

Take any p € 8372 (u), say p = 0, and let P be the leading polynomial of u
at 0. Then dimS;(P) = n — 2. By denoting R" = R? x Sy4(P,), we know P is a
homogeneous harmonic polynomial of degree d in R?. Using polar coordinates (r, )
in R?, we have

P = ar?cosdf

by some rotation, where a is a nonzero constant.
For any = € S}~ ?(u) which is close to 0, write x = (2!, 2?) with 2! € R?,2? €
R"~2. Since Du(z) = 0, then

DP(z) = —D(u — P)(z).
Obviously, we have

(4.1.11) |zt < Olx)?,
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or

(4.1.12) '] < Cla|F 7T,

for some constant C' > 0. Hence the local (n—2)-dimensional C* manifold containing

S77?(u) in a neighborhood of 0 is in fact Cha at 0. O
By setting

n—3
Sy(w) = J 8§ 72(w) and Sy(u) = | J [ Si(w).
j=0d>2

d>2

we have the following corollary of Theorem 4.1.3.

COROLLARY 4.1.4. Let u be a solution as in Theorem 4.1.3. Then

S(u) = Sy(w) | J Sy (u),

where the Hausdorff dimension of Sp(u) is at most n—3 and Sy(u) is on a countable
union of (n—2)-dimensional C? manifolds for some 3 € (0,1). Moreover, for any
p € Sy(u) the leading polynomial of w at p is a polynomial of two variables after
some rotation of coordinates.

We often call Sg(u) and Sp(u) the good part and the bad part of S(u) respec-
tively.

To conclude this section, we illustrate by an example that in R3 the singular
set can be any closed subset in a line segment.

ExAMPLE 4.1.5. For any closed subset K C R, let f be a nonnegative smooth
function vanishing exactly on K with |ff”| + |f"?| < 1/4. Then u(wz,y,z) = 2y +
f?(z) satisfies the elliptic differential equation

Ugg + Uyy + Usz — (F2)"(2)tzy = 0,
and its singular set is {(0,0)} x K.

4.2. Asymptotic Expansions

In this section, we derive an asymptotic expansion for solutions of elliptic dif-
ferential equations with an estimate on the leading polynomial and the error term.
Such a uniform expansion plays an essential role in the discussion of the structure
of singular sets later on. The entire section follows Han [45].

For homogeneous equations, such an asymptotic expansion was proved by Bers
[13]. Specifically, he proved that a solution of a homogeneous linear elliptic dif-
ferential equation, which vanishes at 0 with order d, is asymptotic to a nonzero
homogeneous polynomial of degree d. It is reasonable to think that derivatives of
order less than d of such a solution at 0 are zero, that derivatives of order d are
given by the coefficients of such a polynomial and that whether the derivatives of
order d are Holder continuous is determined by the error term. Necessary a priori
estimates on the leading polynomials and the error terms were provided by Han
[45].

A consequence of such an expansion with an estimate on leading polynomials
and error terms is the pointwise Schauder estimate. As we know, Schauder esti-
mates play an important role in the theory of elliptic differential equations, and are
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the basis for the existence and regularity of solutions. In general, a priori estimates,
or the regularity, of solutions in a set depend on properties of the coefficients and the
nonhomogeneous terms in the same set. As a corollary of the uniform asymptotic
expansion, we obtain Schauder estimates on higher order derivatives by comparing
solutions with polynomials. One advantage of such a method is that we do not
need to differentiate equations to get equations for derivatives. Hence, assumptions
on coefficients and nonhomogeneous terms can be weakened. In order to discuss
the regularity of solutions at one point, we only need appropriate assumptions on
coefficients and nonhomogeneous terms at this particular point.

As the first step, we need to obtain an a priori estimate on solutions themselves
with respect to their vanishing orders. Such a result, in its simplest form, is as
follows. Suppose u is a solution of some homogeneous linear elliptic differential
equation. If for some integer d,

|u(2)]

lim sup o < 00,
x—0 ‘xl
then
[u(z)|
sup < Clu|p=(B
jal<t |2 o

where C' is a constant depending only on the coefficients of the equation and the
integer d.

We first discuss solutions of Poisson equations with a prescribed asymptotic.

LEMMA 4.2.1. Letp >n/2, v > 0 and a € (0,1) be constants and d > 2 be an
integer. For any f € LP(By) with

(4.2.1) 1o s,y <Ar?7 2% for any r <1,
there exists a function uw € W2P(By) such that
(4.2.2) Au=f in By,
and

lu(x)| <Cv|z|™™  for any x € By,
(4.2.3) 2 0
ZrzHDluHLp(BT) <Cyr oty for any r < 1,

i=1

where C' is a positive constant depending only on n,p,d and a.

REMARK 4.2.2. In general, Lemma 4.2.1 does not hold if « = 0 or a« = 1. The
following example shows that « cannot be 0. In B C R™, with R < 1, we consider

Au:l’%ix% n+2 + 1
2z> | (—logla)!/?  2(—logla])*/?

where the right side is continuous in Bg if we set it equal to zero at the origin.
Hence it satisfies (4.2.1) for d = 2, « = 0 and any p > 1. The function

u(z) = (27 — a3)(~log |z])'/* € C(Br) N C*(Br \ {0})
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satisfies the above equation in B\ {0}. It is easy to check that D*u € L?(Bg) for
any p > 1. A similar calculation shows that

1
ID*ul| o s,y = (/ (—logp)gp"‘ldp> +O(r#) forr <R.
0

Therefore, we have

1
T—EHDQUHLP(BT) —o00 as r—0.
P

PRrROOF OF LEMMA 4.2.1. We prove for n > 3. The case n = 2 can be discussed
similarly.
We denote by T" the fundamental solution of the Laplacian operator and set

wie)= [ Ty
lyl<1
Then w satisfies
Aw = f in Bj.
Global W?2P estimates and the explicit expression for w imply

(4.2.4) lwllw2s(s,) < CUlwllzes) + 1 flles)) < C-

For each y # 0, consider the Taylor expansion of I'(z — y) at = 0. For each
nonnegative integer k, denote by I'y, the k-th order terms, i.e.,

B

Ti(z,y) = Y fo(—y)%, for y # 0.
|8=k '

It is easy to see that for each y # 0
ATk(,y) =0 in By,
and

(4.2.5) |DPT(x) for any x € By,

'S e

where C' is a positive constant depending only on n and |3|. Set

d
(4.2.6) o) = [ ey
yI<l k=0

We first show that v is well-defined in By. Then v is a harmonic polynomial of
degree < d. In fact, we show by (4.2.1)

(4.2.7) lvo(z)] < Cy in By.
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The proof is based on a direct calculation. By setting 1/p’ =1 — 1/p, we have for
any ¢ € By

d

wai<ey [ M,

= <1 ly

OZ / |n$gk)|2dy

k=0 i=1

d oo 1
SCZ (/1 . _/dy>
n _ N

P

e

|f (y)l”dy>

gl

Now we set

d
(4.2.8) w(z) = w(z) —v(z) = /| | {F(x —y) =Y Tilx, y)} f(y)dy.
y|<1 k=0

Obviously, we have Au = f. We show that u vanishes with the order at least d + «
at z = 0.
Fix 0 < || < § and split this integral into three parts as follows

.[1 = I'(x — d )
/|y|<zx| (z — ) (y)dy

d

I = — Ty (z, dy,
2 /y|<2z|;;) k(z,y) f(y)dy

d
Iy = / [F(:v —y) =Y Ti(z, y)} F(y)dy.
2le|<Iy|<1 =

1
7

Again denote p’ = % Then by the Holder inequality, we have
’ 1
C P P P

e ) g ([ e
y\<2m |1‘ Y| ly|<2|z|
L/ 1
P P
eads) ([ iy
( 2] <3|z |Z|(" 2p! ) ( ly|<2|=|

O ——(n 2) |Z‘|d 2+a+p —C’}/|J}|d+a
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provided p > n/2. For I, we use a similar method as that for (4.2.7). By (4.2.5),
we have

d
15| < CZ |w|k/ Mdy

lyl<2lz) 1Y

< CZW Z/r\ 2zl |y|n(+yk)|2dy

<|y|<=F
1

= 1
[e%s} 1 o7 L
<C E |I|k E / ————dy . / |f(y)\pdy
k=0 o \/ 5 ‘<|y|<2‘ L [y|(nth=2p Jyl < 22!
d —(nt+k—2) d—2+a+2
|£L" |x\ p
<01l ( >
k=0 =0

d | d—k+a
=C k =
DY (2 )
k=0
d oo i
_ d+a
- Ol zz(w =)
k=0 i=

< Cryla|e.

For I3, we proceed as follows. For z, y satisfying 2|z| < |y|, by the Taylor expansion,
we have

d 2B
F(x—y)—kzF(xy > DﬁF@fvy)ﬂ,,
c=0

|Bl=d+1
where 6 = 0(x,y) € (0,1). By (4.2.5), this is bounded by

a4 a4

|y _ gx‘n—&-d—&-l—Q < C|y|n+d—1’
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since |z| < |—22/| For any @ € By s, there exists an integer M such that 2~ !z| <

1 < 2M|z|. Then we have by extending f = 0 outside B

|[3| S |.’L‘|d+1/ ‘f(y)| dy
2

o|<|yl<1 |Y[" T

M—1

X X n+d—1
il <|yl<2i+1]z| Yl

e

M-1

1
< | / e dy
Z 2 o] <|y|<2i+1|g| |y|(PFATLP

=1
: ( / | If(y)l”dy>
ly|<2it+1|x]
M-—1

i L —(n+d—1 i —24a+2
< Oyl 37 (@Ma]) T (@12t
=1
M—1 1

_ d+1

- Cy|x| Z (2i|x‘)1—a
i=1
M—1

o 1

i=1

< Crla|™*e.
This finishes the proof of the first part of (4.2.3). Since Au = f in By, W?2?
estimates imply

2

) ) n 1
4.2.9 | D < Cyrdtets < =
( ) izzlr | D*ul|1r B,y < Cyr or any r < 1
By (4.2.4) and (4.2.7), the estimate (4.2.9) can be extended to Bj. O

COROLLARY 4.2.3. Let p > n/2, v> 0 and a € (0,1) be constants and d > 2
be an integer. For any f € LP(By) with

d—2+a+3

I flle B,y <7 for any r <1,

and any solution w € W?P(By) of Au = f in By, there exists a harmonic polynomial
P, of degree < d such that

u(z) = P(@)] < (v + [ull ooy 2| for any x € By,
where C' is a positive constant depending only on n,p,d and a.

PROOF. By Lemma 4.2.1, there exists a v € WP (By) satisfying Av = f in By
such that
lo(z)| < Cylz|*™  for any z € By,
and

llvllLe (s, < Cr.
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Note that A(u —v) =0 in B;. We write
u(z) —v(z) = Pa(z) + Ra(z),
where Py is a polynomial of degree < d and R, satisfies
|Ra(2)| < Cllu = vllpo(pylel™ < C (v + lullpr(sy) 2]

for any = € B%. Now we have u = Py + v + R4, and u — P; has the required
estimate. [l

Next, we control the leading polynomials and error terms in a uniform way.
Roughly speaking, if a solution u vanishes with order d at 0, then “derivatives” of
order up to d — 1 vanish at 0 and “derivatives” of order d and the error term can
be estimated uniformly.

Suppose that £ is a second order homogeneous linear elliptic operator in By C
R™ given by

(4.2.10) L = a;j(x)0s;2; + bi(2)0y, +c(x) in By C R,
where the coefficients a;;,b; and c verify the following assumptions:
(4.2.11) MNP < aij (066 < A7HEP for any € € R™;
(4.2.12) > laij(x \+Z|b ) +le(z)] < K for any x € By;
52
(4.2.13) Z la;;(z) — a;;(0)] <w(|z]) for any = € By,
1,7=1

for some positive constants A, x, and some continuous and increasing function w :
Rt — R* with w(r) — 0 as 7 — 0+.

We should emphasize that assumptions (4.2.11) and (4.2.13) are made only at
the origin.

We first prove an interior estimate with balls centered only at origin.

LEMMA 4.2.4. Let L be a second order elliptic operator in By with the form
(4.2.10) satisfying (4.2.11)-(4.2.13) and u a W?P solution of Lu = f in By for
some f € LP(By) with p > n/2. Then there holds for any r < R

2
> D ull e,y < C(llullLosa) + 71 fllLe(Bar))
i=1

where C' and R are positive constants depending only on A,k and w.
PROOF. Set Ly = a;;(0)0;;. Then we write Lu = f as
Lou = —(aij(m) — ajj (0))8,»ju —bi(x)0;u — c(x)u + f.

By introducing cut-off functions, we have for any 0 <r < R <1

1D e, <0{<w<R> D2l o

Cf(e

+ (R())2||U||LP(BR + | £l e Bn)}
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where € is an arbitrary positive constant and the constant C' depends only on A,
and w. Choose € such that Ce = 1/4. Then for any R such that Cw(R) < 1/4, we
obtain for any 0 <r < R

1 1
[D*ul| e,y < §||D2UHLP(BR) +C {(R_T)QHUMP(BR) + HfHLP(BR)} :

By a standard iteration, we get for any r < R

1
1D%ulrcay < { sz lulancan + U luscon -
Hence for any r > 0 with Cw(2r) < 1/4, we obtain

TQHDQUHLF(BT) < C(HUHLP(BW) + 7"2||f||Lv(Bm.))-

We finish the proof by using interpolation inequalities. (I

For subsequent results, we need more assumptions on leading coefficients. We
assume, in addition,

(4.2.14) > llaij — ai;(0)]

i,7=1

(B, < Krots  for any r < 1,

for some constants K > 1 and a € (0,1).

THEOREM 4.2.5. Let L be a second order elliptic operator in By with the form
(4.2.10) satisfying (4.2.11)-(4.2.14) and u a W?P? solution of Lu = f in By for
some f € LP(By) with p > n/2. Suppose, for some homogeneous polynomial @Q of
degree d — 2, f satisfies

(4.2.15) If = Qllr(s,y <Ar? 2Tt for any r < 1,

for some integer d > 2 and constant v > 0. Then if

(4.2.16)

lim sup ———=—=||u|lL»(B,) < o0,
ST B R (Br)

for some 3 € (0,1], there holds

ntm
(4.2.17) lull s,y < Cllullzrisy +7 + 1@l o)™ = forr <1,

where C' is a constant depending only on n,p,d, A\, k, a and K. Moreover, there
ezists a homogeneous polynomial P of degree d such that

(4218) aij(O)aijP = Q m Rn,

(4219)  |P(@)] < C(y+ lullosy) + [Qlle(s) 2" in By,

(42200 Ju(@) - P@)| < C(v + [ull ooy + 1Qllr(e) 21 in B
and

2
Ti D’L U_P P(B..
(42.21) ; 1D*( )N ze(s,)

<C(v + llullpr sy + ||Q||Lp(131))7’d+a+% for any r < R,

where C' and R are constants depending only on n,p,d, \, a, k, K and w.
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PRrROOF. We prove Theorem 4.2.5 in two steps.
Step 1. The existence of the homogeneous polynomial P.
We set for nonnegative integer k

lull e (5,
(4.2.22) Gk = SUP ket 2

for some 0 < a1 < . We prove ¢, < oo as long as §+ kay < 1. By (4.2.16), we
know ¢y < 0.
Lemma 4.2.4 implies for any r < R

2
ZTZ'HDiUHLP(BT») < C(llullLr(B,,) + 7“2||f||Lp(BQT))

=1
(4.2.23) ’ Cigen n
< C{Con IS 4 (v + ||Q||Lp(31))7"d+”}

<C(co+v+ ||Q||Lp(31))7°d_l+ﬁ+%'

Set £ = a;;0;; and Lo = a;;(0)9;;. Without loss of generality, we assume a;;(0) =
0;; and Lo = A. We write Lu = f as

Eu:Qibiaiuicu*l*(f—Q)EQer).
By taking LP-norms in B, and combining with (4.2.23), we get for any » < R
18lzre,) < CO Mooz + 7l llzr,) + 1 = Qllirsa))
<C(co+7v+ ||Q||LP(BI)>rd72+min(ﬁ,a)+%-

Take a homogeneous polynomial P; of degree d such that LoP; = (). Then, we
have

(4.2.24)

Lu—P)=(Lo—L)P+ 6
n
== 3" (4 — ay(0)9 Py + 9.
1,7=1
By (4.2.14), we get for any r <1
I (aij — aij(0))0ij Pill Lo,y < ClIPrllpocp)r T e,

where C' is a positive constant depending only on n,d,p and K. Therefore, u — P,
satisfies

L{u—P)=¢ in B,
with
(42.25)  [16llLo(B,) < Clco+7+ QlLo(my) + 1Pillopy))rt 20+,

for any r < R. It is obvious that (4.2.25) also holds for any ¢ to replace p with
1< ¢ <p. By (4.2.23), we get for any r < R

2
ZriHDi(U - Pl)HLP(BT)
i=1

< Cleo+ 7+ 1Qllzo(my) + I PrllLesy)r® 5.
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We write £(u — Py) = ¢ as
Lo(u—P1)=(Lo—L)(u—P)+¢
= — (aij — a;5(0)) 0y (u — Py) + .
For any ¢ with n/2 < g < p, we have
1(aij — aij(0))8ij(u — P1)l| Lacs,)

(4.2.26)

< gy — g Ol g2y 1D~ Pr)lsnis,y
< Cllagj — ai; )| 2 ) - (co + v+ 1Qll o) + 1Py o)) r? =205,
If p > n, we take ¢ = p/2 > n/2. Then, we have L - p and hence
p—q

| (ai; — ij(0))ij(u — P1)||pa(s,)
< Cleo+ 7+ 1QllLo(my) + 1Pl Lo(syy)rt 24t

If p < n, we may take any ¢ with n/2 < ¢ < p. Then we have

> p and hence

lazj — aij O 2, ) < Cllai — ai; 0)[| 55, < CrieTw) D,

This implies
H(aij - aij(0)>aij(u = P1)llpacs,)
— ap=a)  n

< C(CO + + ||Q||LP(Bl) + ||P1||Lp(31))7°d 3+6+ q +q.

In both cases, we conclude for some a7 < « and some g with n/2 < g <p
1(ai; — ai;(0)) 0| Lacm,)

(4.2.27) Csipian
< C(CO+'7+ HQ”LP(BI)+||P1||LP(B1))7” a,

for any r < R.
If a3 + B < 1, we apply Corollary 4.2.3 to u — P; with p replaced by ¢. By
(4.2.25)-(4.2.27), there exists a polynomial Py with degree < d — 1 such that

lu(z) — Py(z) — Po(z)|
< C{eo+7+1Qllr(my) + ullposyy + | PillLesy } 12|,
or
|u(z) — Po(z)]
< C{eo+7+ luller) + 1QlLr (1) + | PillLesy } 2T,
for any x € Bg. By (4.2.16), this implies Py = 0 and

lim s

T

OP d—TAtar+t ullLe(s,) < oo

Hence ¢; < oo. This is an improvement, compared with (4.2.16). We can repeat
the above argument. We assume, by choosing a smaller 3 if necessary, that

ko +0<1l<(k+1)ar+0=ap
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for some nonnegative integer k. By repeating the above argument k times, we

obtain
1

up ——— [
0 rd*1+kﬁ+0¢1+;

lim s
rT—

Then we get instead of (4.2.27)
I(ai; = ai3(0)) 0|l a5,
< Clex +7+ 1QllLr(sy) + 1Prllosy)rd ™" oot a,

UHLP(BT) < Q.

for any r < R. By Corollary 4.2.3 again, there exists a polynomial P, of degree < d
with L£oP; = 0 such that

|u(x) = Pi(z) — Pa(z)|
< C{eo+7+ llullzr sy + 1QN osyy + 1 Pill oy § 2|0,

for any € Bg. Set P = P; + P5. Then LoP = @ and (4.2.16) implies that P is
homogeneous of degree d. In particular, we have

. 1
(4.2.28) limsup ——— [[ullzr(,) < .

r—0 1 P

Now set )

¢ = sup ——= ||u|| zr(B,) < 0.

sup g 1,
By essentially the same argument, we obtain for any x € Bg
lu(z) — P(z)|

< C{e++ lullerzy) + 1QlLr (s + I1PrllLesy) } ||t

Step 2. Estimates of P and u — P.
We prove the required estimates under the additional assumption

(4.2.30) laij(z) — ai; (0)] + |bi(z)| + |c(z)] <n for any = € By,

(4.2.29)

for some small > 0, depending only on n,p,d, A\, K, @, K and w. The general case
can be recovered by a simple transformation x — Rz for an appropriate R € (0,1).
Set ¥ = u — P and

e (B,

4.2.31 6 =su =
( ) P TratT

r<1
This is finite by (4.2.29). Then we write Lu = f as
Lp=f—LP=(f-Q)+ (Lo—L)P,
since LoP = Q). By Lemma 4.2.4, we have for any r < R

2
> Do,

(4.2.32) =1 . .
< C(YllLr oy + 7" I1f = QllLr(By) + 7 (Lo — L)P|lLr(Bs,,))

< CE+7+ |Pllus(s))rdots.
We write Lu = f as
Loy = —(as; = a55(0)) 05 = b0 — ¥ + (f = Q) + (Lo = L)P = F.
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Then we have by (4.2.30) for any » < R
(4.2.33) 1F N Lo(s,) < C6 + + [Pl Logp,))r® 2 5.
Now we apply Corollary 4.2.3 to obtain a polynomial P of degree < d such that
1o = Pllzecs,y < C8+75 + [¥llzoy + 1 Pllpsy)rtes forr < R.
Condition (4.2.31) implies P = 0. Hence we have
Wllzo(z,y < C08+7 + [¥llLe(zy) + 1PllLos))r 7 forr < R.
It is obviously true for R < r < 1. By taking the supremum over r € (0, 1], we get
6 <CMé+v+ ¥lles) + [1Pllze(sy))-
If n is small such that Cn < 1/2, we have
6 <C(y+ I1Plleryy + 19l Lr(By))s

or

Wllzocz,y < COr+ I1PIeo(syy + 19llo))rF7 forr < 1.
By (4.2.33), we get

IF(lze(B,) < C(y+ |Pllzes,) + ||¢||Lv(Bl))7’d_2+a+%~

Hence Corollary 4.2.3 implies
(1.2.34) W(@)| < Oy + [Pllanca) + [llzoan)lal ™ in B
By the definition of ¢, we have

P@)| < Ju(@)] + C(y + [ull oy + [Plom (sl in Bg.
Again interior estimates imply

lu(z)] < C(y + llullLr(B,y) + 1Qllzr(By)) in Br.
We then obtain
[P@)| < COy+ lullzo(myy + QUL sy) + CIPl~(myylel ™ in Br.

Suppose P restricted to S*~! attains its maximum at e. Choose x = re. Then we
get by the homogeneity of P

Pl oo () < C(y + [ullLosy) + 1Qllr(5:)) + CIP|Loe (5,
Choosing r small, we obtain

[P,y < COy + lullLesy) + 1@l Lr(51)),
or
|P(z)| < C(y+ |ullLe(my) + 1Qll e (my)|2|*.

This is (4.2.19). With (4.2.34), we get (4.2.20). Then (4.2.21) follows from interior
estimates. g

REMARK 4.2.6. We can prove a similar result for integer d < 2. Except f €
L?(B;), we do not need any extra assumptions on f. Then (4.2.18) holds with
Q =0 and (4.2.19)-(4.2.21) hold with 5 = || f]| Lo (5,)-
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Not only do we have a priori estimates on higher order derivatives, we can
also prove the continuity of these derivatives. Since “derivatives”of solutions are
given by coefficients of polynomials, we just need to prove the convergence of such
polynomials. In the following, we compare leading polynomials of two solutions.
For i = 1,2, we suppose that £; is a second order elliptic operator as in Theorem
4.2.5 and that u; is a W?2P solution of L;u; = f; in By for some f; € LP(B;) with
p > n/2. Suppose, for some homogeneous polynomial @; of degree d — 2, f; satisfies

1fi = Qillze () < 772 TOTS for any r < 1,

for some positive constants ; > 0. We assume
lim sup %HWHLP(BT) < 00,
r—0 77
and P; is the homogeneous polynomial of degree d given by Theorem 4.2.5.
We subtract two equations to get

(4.2.35) Lo(ug —uy) = (L1 — Lo)ug + (fo— fr) = F.
We write uy = Py + 1. By (4.2.19)-(4.2.21), we have

[Pi(x)] < Con + [[ua ]| osyy + 1@l o)) 2] in By,
and

2
Z | D1 || Lo (B, (0))
i=0
<C(n + lurllLe(sy) + 1Q1llLo(s)r* ™+ for any r < R.
The function F' begins with the homogeneous polynomial of degree d — 2
Q = (a2,ij(0) — a1,45(0)) 0 P + (Q2 — Q1),

and the error term has the estimate

2 1
[F = Qllr(s,) < [L1— Lo <ZTi||Di¢1LP(BT) + ZT”DiPlHLP(BT))

1=0 =0
+I(fr — Q1) — (f2 — Q2)lLr(B,),

where |£; — L5] denotes the maximal difference of corresponding coefficients of £,
and Lo. Set 7 such that

[(f1 — Q1) — (fo — Q2)|lzr(B,) < Ard=2 et S for any r < 1.

Hence, we have

£ = QllLr(B,) S{W + ClLy — La|(n1 + lurllze(m))

+ ||Q1LP(BI))}Td_2+a+Z for any r < R.

We apply Theorem 4.2.5 to (4.2.35) to obtain
|P1(z) — Py(2)] < Cilz|? in By,

and
[(u1(2) = Pi(2)) — (u2(a) = Po(a))] < Culal ™ in By,
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where C, is a positive constant satisfying

C. < O{w s — wall o5y + Q1 — Qsll oo

1 Lol + ey + ||Q1||Lp<31>>},

for a constant C' depending only on n,p,d, A, o, k, K and w.
Hence we have the following result.

COROLLARY 4.2.7. Let {L£;}32, be a sequence of second order elliptic operators
in By with the form (4.2.10) satisfying (4.2.11)-(4.2.14) and {u;}32, a sequence
of W2P functions such that each w; is a solution of Lyu; = f; in By for some
fi € LP(By) with p > n/2. Suppose that L; — Ly as i — oo in the sense that
the corresponding coefficients converge in the sup-norm and that, for a sequence of
homogeneous polynomials {Q;}52, of degree d — 2, f; satisfies

1
SuUp ————+= - (B < oo,
rzll) Td72+a+g ||f0 QO”L (Br)
and
1
HQz - QOHLP(Bl)-l-S_liIl) m”(ﬁ - Qz) - (fO - QO)HLP(BT) — 0

as 1 — 00,

for some integer d > 2. If
. 1 .
limsup ——[|ul[Lr(p,) <00 foranyi=1,2,---,
r—0 T P

and
u; — ug in LP(By) as i — oo,
then
sup —— |u;(z) —up(z)| = 0 asi— oo.
< |7

Moreover, if {P;}5°, is the sequence of homogeneous polynomials of degree d for
{u;}32o as in Theorem 4.2.5, then

1
|P; — Polpoe(py+ sup | (ui(2) — Pi(x)) — (uo(z) — Po(2))]
lz|<3 ||
—0 as ©— o0.
In the rest of this section, we prove a pointwise Schauder estimate. The result

to be established is not employed directly in this book. We first introduce some
terminology.

DEFINITION 4.2.8. Let u be an LP function in By for 1 < p < co. For a € (0,1)
and d a nonnegative integer,

(i) u is C? at 0 in the LP sense, u € C¢,(0), for d > 1, if for some polynomial
P of degree not exceeding d — 1,

1
lim sup ——||u — P|| 1, < o0
r—»Op rit+s I v s,) ’
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(i) u is C%* at 0 in the LP sense, u € C'zl’po‘(O), if for some polynomial @ of
degree not exceeding d,

) 1
limsup ———[lu — Ql[r(5,) < oo
r—0 T p

In Definition 4.2.8, the polynomials P and @ are unique if they exist. It is
easy to check that u € C'h*(0) implies u € C’g/p’a/ (0) for any a, o’ € [0,1) and any
integers d, d’ with d' + o' < d+ a.

We also define the corresponding semi-norms as follows:

1
[ulca, (0) =inf sup T u— P|lprp

P o<r<1ir
0 f !
o (0) =1af sup “grarzllu = Qllerzn,

where the infimums are taken in the space of polynomials P of degree at most
d — 1 and the space of polynomials @) of degree at most d, respectively. For the
completeness, we define

1
[ulco, (0) = sup —=|ullLe(s,)-

o<r<1 7P

We check easily that, for any integers d > 0, [ > 1 and any constants «, 8 € (0,1),
if u € C4The(0), then

l
> [uloge (0 +Z oz (0) < C{[u]cy, (0) + [ul pagrne ()}
k=1

where C' is a positive constant depending only on n,p,d, [, « and (.
We first discuss a special case. For the following result, it is convenient to write
2
Z al,a” = aijaij + bzaz + c.
lv|=0
THEOREM 4.2.9. Let L be a second order ellptic operator in By with the form
(4.2.10) satisfying (4.2.11)-(4.2.13) and u a W?P solution of Lu = f in By for
some f € LP(By) with p > n/2. Suppose that d > 2 is a nonnegative integer such
that

1
limsup ——||u 1y < 00
0 T'd+;|| ||L7’(B,) )
1
limsup ——||f < 0.
nsup |1

If, for some a € (0,1) and some integer I > 0, f € C2TH0) and a, €

ClL;HlVHa(O) for any |v| > max{2 — 1,0}, then u € C¢ET*(0). Moreover,
d+l
> luler. (0) + [u]gasia (0)
k=d

d—2+1
<c{lulzray + 3 oy, 0+ [legsene 0}

k=d—2
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where C' is a positive constant depending only on n,p,d,l, \, K, o, w, [GV]CQP (0) for
k=d—2,---,d=2+1 and [a)] i-241v1+a(0) for [v] >2—1.
P

The assumptions on coefficients can be put in the following form
forl=0: a;; € C7n(0);
forl=1: a;; € C;1*(0),b; € C,(0);
for 1 >2: a;; € CLH¥(0),b; € CL1T(0), ¢ € CL,2T(0).

PROOF. We prove Theorem 4.2.9 by an induction on [. For [ = 0, it is Theorem
4.2.5. Note that (4.2.14) is equivalent to a;; € C,(0). For an illustration, we prove

for [ = 1. By assumptions, there exist homogeneous polynomials Q4_o and Qg4—1
(0) 5(0) 1)

of degrees d — 2 and d — 1 respectively, homogeneous polynomials a;;",b;”" and a;;

of degree 0 and 1, such that

Hf B Qd_2 B Qd_lan(Br) < [f]c‘z;vra (O)Td_1+a+%7

0 1
lai; — af — )| Locs,) < [aijloite(0)

16: = b\l Lo (5, < [bileg, (0)r*F,

1 n
r -&-a—&-p7

for any » < 1. Write ¢ = f — Qq—2 — Qq—1- By Theorem 4.2.11, there exists a
homogeneous polynomial P, satisfying (4.2.18)-(4.2.21). Set ¥ = u — P;. Then ¢
satisfies

LY = Qa—1+ ¢+ (aij — i;(0))0ij Py + b;0;Py + cPy = f.
It is easy to see that the polynomial
Q = Qd—l + al(»Jl»)aL'de + bgo)a,'Pd
is homogeneous with degree d — 1 satisfying
If = Qllr(s,) < {[f]cg;1+a(0) + CHPdHLP(Bl)} pi=itetsy,

for any r < 1. By (4.2.21), we have

1
limsup ——~= < 00.
T*}Op ’]“d+a+z ||¢HLP(B,)

We apply Theorem 4.2.5 to ¢ with d replaced by d + 1. Hence, there exists a
homogeneous polynomial P, of degree d + 1 satisfying

a;(0)0;; Pa1 = Q.
and

|Pag1(2)] <Cu|(@)|™* for & € Brys,
(@) = Payr(2)] <Cila| ™+ for & € Bpy,

where

Ci < C([f]cg;Ha (0) + ¥l zr(Br) + ||15d||Lp(Bl) + ||Q||Lp(Bl))'
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By the expression for Q and estimates on 1) and P;, we obtain

C. <C([flog++(0) + gy 0)
+1Quzlircay) + 1@t lzscan + lulsca, )

<O (Wilzrcay + flogs(0) + log 0+ legyro0)).
This finishes the proof for [ = 1. (I

THEOREM 4.2.10. Let L be a second order elliptic operator in By with the form
(4.2.10) satisfying (4.2.11)-(4.2.13) and let u be a W?P solution of Lu = f in
By for some f € LP(B;) with n < p < oo. If, for some constant a € (0,1) and
some integer d > 2, f € C’Z;Q’O‘(O) and a;j,b;,c € C’Z;ZO‘(O), then v € C42(0).
Moreover,

[U}cgg (0) < C{||U|LP(B1) + 1 fllze By + [f]cgp%a(o)},

where C' depends only on n,p,d, A\, k,a,w and the C’g;Q’a(O)—norms of a;j,b;, c.
The requirement on p in Theorem 4.2.10 is stronger than that in Theorem 4.2.9.

PRrROOF. By W?2P estimates and the Sobolev embedding, we have
_n 1
u(z) = Pu(a)] < C{l[ull o,y + 1fllosy) } 2277 for any |2] < 3
where P, is a polynomial of degree not greater than 1 and satisfies
1
> IDP0)] < C {llullLosyy + 1 lr(m) } -
i=0
Consider the equation satisfied by u — P,

L(u—P*):f—biaiP*—cP*EF.

It is straightforward to check that u— P, and F satisfy the assumptions in Theorem
4.2.9 for u and f, with d and [ in Theorem 4.2.9 replaced by 2 and d — 2. Hence
Theorem 4.2.10 follows from Theorem 4.2.9 directly. (]

REMARK 4.2.11. Both Theorem 4.2.9 and Theorem 4.2.10 hold for integer d
with d = 1. No extra assumptions are needed for coefficients a;;, b;, ¢ and nonho-
mogeneous term f. Only || f||1»(p,) appears in the right side of the estimates.

4.3. Singular Sets of Non-Smooth Solutions

In this section, we study the structure of singular sets of non-smooth solutions.
The uniform asymptotic expansion discussed in the previous section plays an im-
portant role. First, we generalize the notion of the vanishing orders and leading
polynomials to nonsmooth solutions.

We consider the homogeneous elliptic equation of the form

n n
(4.3.1) Lu= Z a;j(x)0;u + Z bi(x)0iu+ c(x)u=0 in By C R",
i=1

,j=1
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where the coefficients satisfy the following assumptions

n

Z ai;(2)&& > NE?, for any € € R™, x € By,

(4.3.2) w
Z\a” |+Z|b )|+ le(z)| <k, for any x € By,
ij=1
and
(4.3.3) Z la;j(z) — ai;(y)| <T|lz—vy|, foranyx,y € By,
,j=1

for some positive constants A,k and I'. The Lipschitz condition (4.3.3) for the
leading coefficients is essential. It implies the unique continuation for the operator
L. In other words, if a solution w of (4.3.1) vanishes to an infinite order at a point
in By, then u is identically zero. For details, see Chapter 3.

Suppose u is a C? solution of (4.3.1) in B;. By the unique continuation, for
any p € By, there exists an integer d satisfying

lim sup [u(@)]
a—p |7 =D
. [u(z)]

limsup ————5— = oo.
zﬂpp |l‘ _p|d+1

7 < 00,

Then by Theorem 4.2.5, there exists a homogeneous polynomial P of degree d such
that
u(@) = P(x —p) + O(lz — p| ™).

In fact, we also have a priori estimates on P and the error term. We claim that P
is not identical zero. Otherwise, by Theorem 4.2.5 u(z) = O(|z — p|™®) implies
u(z) = O(]z — p|**!), which is a contradiction. Naturally the integer d, the degree
of the polynomial, is called the vanishing order of u at p, denoted by O(p) or
O.(p). For convenience, we call the nonzero homogeneous polynomial P the leading
polynomial of u at p.

LEMMA 4.3.1. Suppose {Li}72, is a family of second order elliptic operators
in By of form (4.2.10) satisfying (4.2.11)-(4.2.14) and that uy, is a W>P solution of
Liug = 0in By fork=0,1,2,---, and for some p > n/2. Suppose that L, — Lo in
the sense that the corresponding coefficients converge uniformly and that ur — ug
in LP(By). Then
(4.3.4) limsup O,, (0) < O,,(0).

k—o0
If, in addition, O,, (0) = d and Py is the leading polynomial of uy at 0 for k =
1,2,---, then the following conclusions hold:
(1) if Ou,(0) > d, then
Py — 0  wuniformly in By as k — oo;
(1) if O, (0) = d, then
P, — Py wuniformly in By as k — oo,

where Py is the leading polynomial of ug at 0.
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PROOF. We prove (4.3.4) only for the case O,, (0) = d for k = 1,2,---. By
Theorem 4.2.5, we have for k =1,2,--- |
(43.5) ju ()] < Clallull Loz in B,

for some R < 1, where C and R are independent of k. By the Sobolev embedding
theorem, uy — wp in L°°(B;) as k — oco. Hence by taking the limit, it is easy to
see that u vanishes at 0 with the order at least d. This proves (4.3.4), and hence
(4.3.5) holds also for £ = 0. Moreover, by interior estimates, we get
2
ZriHDiUOHLP(BT) < C’rd+%||uo|\Lp(Bl) for any r < R.
i=1
This implies
||(,Ck — EO)UOHLP(BT) < Crd_2+%\£k — £O|||UOHLP(Bl) for any r < R,
where |L£ — Lo| denotes the maximal difference of corresponding coefficients of Ly
and Ly. Note |Ly — Lo] — 0 as k — oo.
It is obvious that uy — ug vanishes at 0 with an order at least d and satisfies
L’k(uk - UQ) = (ﬁo — Lk)UO in Bl.
By Theorem 4.2.5 again, we get
luk (@) — uo(x)| < Cla|™{|Lx — LolluollLr(my) + lux = uollLr(pyy}  in Br.

If ug vanishes at 0 with an order more than d, we let Py = 0. If ug vanishes at
0 with order d, we let Py be the leading polynomial of ug. In both cases uy — ug
begin with a polynomial P, — Py of degree d. By Theorem 4.2.5, we obtain

|Pi() = Po(x)] < Cla|{|Lr — LollluollLr(m,) + llur — wollr(zy)}  in Br.
This implies that P, — Py in C%(By) as k — oo. O

Now we state the main result concerning the structure of singular sets in this
section, which was proved by Han [43].

THEOREM 4.3.2. Let u be an H?-solution of (4.5.1) in By with (4.5.2)-(4.3.3).
Then there exists the following decomposition

n—2
Sy = |J 8w,
j=0

where each S7(u) is on a countable union of j-dimensional C* manifolds, j =
0,1, -+, n—3, and S""%(u) is on a countable union of (n — 2)-dimensional C1-#
manifolds for some 3 € (0,1).

PROOF. The proof is similar to that of Theorem 4.1.3, with Lemma 4.1.2 re-
placed by Lemma 4.3.1. In the proof of Step 3, instead of (4.1.11) and (4.1.12), we
have by (4.2.21) and the Sobolev embedding theorem, for a fixed a € (0, 1),

‘xl‘d—l S C|$|d—1+a’
or
(4.3.6) |zt < Olz|*TasT

for some constant C > 0. O
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Similar to Corollary 4.1.4, we also have the following result.

COROLLARY 4.3.3. Let u be a solution as in Theorem 4.3.2. Then

S(u) = Sy(w) | J Sy (w),
where the Hausdorff dimension of Sp(u) is at most n—3 and Sy(u) is on a countable
union of (n—2)-dimensional CP manifolds for some 3 € (0,1). Moreover, for any

p € Sy(u) the leading polynomial of w at p is a polynomial of two variables after
some rotation of coordinates.



CHAPTER 5

Measure Estimates of Nodal Sets of Solutions

In this chapter, we discuss measure estimates of nodal sets of solutions of linear
elliptic equations of the second order. In Section 2.3, we proved the following result
for harmonic functions. Suppose u is a harmonic function in By C R™ with

Jp, IVul?

N="3——.
faB1 u?

Then
H! {1: € By; u(z) = O} < ¢N,

where c is a positive constant depending only on n. The quantity N is the frequency
and it controls the local growth of harmonic functions. In this chapter, we generalize
this result to solutions of general linear elliptic differential equations of the second
order.
Suppose u is a nonzero solution of the second-order linear elliptic differential
equation of the form
n n
Lu= Z i () Dy u + Z bi(x)Dy,u+ c(x)u=0 in By C R™.
i,j=1 i=1
We assume that the leading coefficients are Lipschitz and all other coefficients are
bounded. As for harmonic functions, we introduce the frequency of u as before by

fBl |Vul?
faB1 u?

We proved in Section 3.2 that u satisfies the following doubling condition

1 1
2 2
f U2 S 9c1 N+-co f U2 ,
Bz (p) B;(p)

for any p € B3 and r < 1o, where c1, c2 and 7 are positive constants depending
only on n, the ellipticity constant, the Lipschitz constant for leading coefficients and
the L>°-norms of all coefficients. This implies in particular that « cannot vanish to
order more than ¢; N + co. Hence u is approximated by polynomials of degree not
more than ¢y N + ca, if u is smooth.

The following conjecture was proposed by Lin [69], motivated by the desire to
understand to what extent the nodal sets of solutions can be described quantita-
tively by those of harmonic polynomials.

N =

CONJECTURE 5.0.1. There holds
H{x € Biju(z) = 0}) < CN,

89



90 5. MEASURE ESTIMATES OF NODAL SETS OF SOLUTIONS

where C' is a positive constant depending only on the coefficients.

In this chapter, we prove that Conjecture 5.0.1 holds for the analytic case. We
also present a partial result for the smooth case.

5.1. Nodal Sets of Analytic Solutions

In this section, we will discuss nodal sets of solutions of elliptic differential
equations with analytic coefficients.

Suppose that £ is a homogeneous linear elliptic operator of the second order in
B; C R” given by

(5.1.1) L= a;j(x)0p,2; + bi(x)0z, + c(x).
We assume
(5.1.2) MéEP < aij(z)€:&; < ATHEPP for any € By and € € R™,

for some positive constant .

Throughout this section, we assume that all coefficients a;;, b; and c are analytic
in By. A theorem due to Morrey and Nirenberg [74] asserts that any solution u of
(5.1.1) is analytic. Moreover, there exists a positive constant R € (0, 1), depending
only on a;;, b; and ¢, such that u can be extended to a holomorphic function % in
Dp = {z € R";|z| < R} and 1 satisfies

Il 22 (pg) < Cllullz2(sy),

where C' is a positive constant depending only on a;;, b; and c.

In Section 2.3, we derived an optimal measure estimate of nodal sets of harmonic
functions. A similar result due to Lin [69] holds for solutions of (5.1.1) with analytic
coefficients.

THEOREM 5.1.1. Let a;;, b; and ¢ be analytic functions in By satisfying (5.1.2)
and u be a solution of (5.1.1) satisfying

7f By [Vul® <N
Jop,w? 7
for a positive constant N. Then
H'"\({z € By;u(z) = 0}) < CN,
where C' is a positive constant depending only on n, A and the coefficients.

The proof of Theorem 5.1.1 follows closely that of Theorem 2.3.1 for harmonic
functions. The doubling condition of harmonic functions plays an important role in
the proof. Such a doubling condition was proved for arbitrary solutions of (5.1.1)
in Chapter 3, specifically in Theorem 3.2.7. We omit details.

5.2. Nodal Sets of Non-Analytic Solutions: A Compactness Argument

In this section and the next, we will discuss nodal sets of solutions of elliptic
differential equations with nonanalytic coefficients. Again, £ is a homogeneous
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linear elliptic operator of the second order in B; C R™ of the form (5.1.1) with
leading coefficients (a;;) satisfying (5.1.2). Furthermore, we assume

n
(5.2.1) Z |bi(z)] + |c(x)| < k  for any x € By;
i=1
(5.2.2) Z |laij(z) — aij(y)| <Tlz —y| for any x,y € By,
ig=1

for some positive constants k and I". We denote by L(\, «,T") the collection of all
such linear operators. We also denote by Sy the collection of all H'-functions v in
B; satisfying

r fBr(p) | Du|?
JoB, ) @

For any B,.(y) C By, set

< N for any B,(p) C B;.

(5.2.3) w(y;r) = sup (r|Dai;| + r|bi| + 72|c]).
Br(y

Obviously, we have
w(y;r) <r(k+7T) for any B,(y) C B;.

The main result in this section is the following theorem due to Han and Lin [49].
The proof here follows an argument employed first by Hardt and Simon [51].

THEOREM 5.2.1. Suppose u € Sy is a nonzero solution of Lu =0 in By C R"
for some L € L(A\, k,T"). Then there exists a positive constant ry, depending only
onn, N and \, such that

(5.2.4) H" Hax € B.(20); u(z) =0} < CoNr™™ ' for any o € By andr <ry,
where Cy is a positive constant depending only on n, A\, k and T.

We first describe ideas in proving Theorem 5.2.1. The nodal set u=1(0) is
naturally decomposed into two parts, a good part, where the gradient is not zero,
and a bad part, where the gradient is zero. A subset of the good part where the
gradient is not small is well approximated by the nodal set of a harmonic function
and hence enjoys a good measure estimate. At the same time, the rest of the good
part and the bad part, where the gradient is small including zero, can be covered by
finitely many balls. Such a decomposition with estimates and finite coverings can
be carried out in a uniform way at any small scale. Theorem 5.2.1 is then proved
by an iteration and a compactness argument.

‘We now prove several lemmas.

LEMMA 5.2.2. Suppose that L is a linear operator in By C R™ of the form
(5.1.1) satisfying (5.1.2) with a;;(0) = 0;; and w(0;1) < e, for a small positive
constant £, depending only on n, and that u is a solution of Lu = 0 in By satisfying
for some N > 1

\v4 2
Jo IVl _

f831 (G
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Then there exists a harmonic function ¢ in Bsz,y such that

3

P fB§ Vel
4

(5.2.5) —f
IBB% @

< CN,

and for any a € (0,1)

lulcr.a(p,) + |@loras,) <C (/ u2> ,
1 1 9B,

1
2
lu— ¢lora,) <Cw(0;1) (/ u2> ,
B OB,

where C' is a positive constant depending only on n, a and A.

N|=

(5.2.6)

Proor. Without loss of generality, we assume

/ u?=1.

OB1

/ u? < C,
By

/ |Vul> < N.
B1

Here, by Remark 3.2.4 we may take rg = 1 in Corollary 3.2.8. An interior W2P-
estimate applied to Lu = 0 in B; implies for any p > 1

Then we have by Corollary 3.2.8

and

(5.2.7) [ullwzr(zs) < Cllullzzsy < C,

where C' is a positive constant depending only on n, p, A and w(0;1).
Now, we write (5.1.1) as
—Au = (aij — JU)(’)”u + b;0;u + cu,
and solve
—Ap=0 in B%,

(5.2.8) @=u on 33%.

Multiplying (5.2.8) by ¢ —u and integrating in Bs,4, we obtain

B3
4

or

/ IV|* = Vu-Ve.
B

3 B3
4 4

By the Cauchy inequality, we have

/ Vol? < / Vul?.
B§ B§

1 4
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This implies (5.2.5). Next, we note
A — @) = (a;; — 8;:)0;iu+ b;Ou+cu= f in Bs,
(5.2.9) (=) = (a5 = 04)0, f 3
u—p=0 on BB%.
By (5.2.7) and the global WP estimate, we have
lu = ellwarsy) < CllfHLp(B%> < Cw(0 Dlullwer(sy) < Cw(0;1),

where C' is a positive constant depending only on n and p. By taking p large and
the Sobolev embedding theorem, we obtain

3
4

|U|Cl,a(3 y < C,

and
|u — <p|cl,a(3%) < Cw(O; 1).
This implies (5.2.6) easily. O
Now we set

Dul?
f51|7|§]\77 u? =1}

HY = {u € H'(B,);u is harmonic in By, 5
faBn u 9By

LEMMA 5.2.3. The set H, is compact in local L?-norm or local C*-norm for
any k > 0.

PrOOF. For any u € H},, we have by Corollary 2.2.6

/ u? < ¢(N),
0B

for a constant ¢(IV) depending only on N. This implies by Corollary 2.2.7

/ u2+/ |Du|? < ¢(N).
B1 B4

Therefore, any sequence {u,,} in H} has a uniform H'-bound in B;. Then there
exists a subsequence {u,, } and a uw € H'(B) such that

U — w strongly in L?(B1) and  w,, — u weakly in H'(By).

Obviously, u in a harmonic function in B;. Moreover, by interior estimates for
harmonic functions, we get for any integer k > 0 and any r € (0,1)

Upy — u in CF(B,).

This implies fBBl/z u? =1 and by Theorem 2.2.3 for each 1,
r Dul? r Du,,y|?
M: im MSN for any r € (0, 1).

faBru m’—oo faBTUm/

By Theorem 2.2.3 again, we have u € H}; easily. O
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LEMMA 5.2.4. For any harmonic function uw € Hy in By, there exist finitely
many balls By, (z;) with r; < 1/2 such that

(5.2.10) { € By; [Du(z)| <~v(N)} C UB” (xs),
and
(5.2.11) dormt< %

where v(N) is a positive constant depending only n and N.

The proof is based on a “doubling compactness argument”, the local compact-
ness of {|Du| = 0} for any C'-function u and the local compactness of H} as in
Lemma 5.2.3.

ProOOF. Take an arbitrary ug € Hy. By Lemma 4.1.1, we have

H" 1 {|Dug| = 0} = 0.
Then there exist countably many balls B, (x;) with r; < 1/2 such that

(5.2.12) {| Duo| = 0} | B, (x:),
and
(5.2.13) » orrtt< %

By the compactness of {|Dug| = 0}, we assume that {B,,(z;)}, satisfying (5.2.12)
and (5.2.13), consists of finitely many balls. Set

1
“Lwf Dl
Wwo) =3, Jut ., 1Pwl

Obviously v(ug) > 0. Consider any u € Hy such that
u— Uo|01(3%) < y(uo).
It is easy to see
{x € By; [Du(z)| < v(uo)} C UBH (x;).
Now the collection 1
By (uo) (u0) = {u € Hy; |u— UO‘CI(B%) < V(Uo)}

is an open ball in Hy. Note that HJ} is compact under the local C'-norm by
Lemma 5.2.3. Hence, there exist uy,...,u, € Hy such that

m
Hy C UB’Y(Ui)(ui)’
i=1
where m = m(N) is a positive constant depending only on n and N. Set

N)= mi
v(N) 15251%7@)

This finishes the proof. U

Next, we prove the following “nodal set comparison lemma”.
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LEMMA 5.2.5. There exists anng = no(n) € (0,1/2] such that for anyn € (0, no]
and any wi,wy € 01’1/2(32) with

(5.2.14) lwilciae <1, j=1,2, and |w; —walcn < %ni
there holds
H" ! (Ba—y N {wy = 0, |Dwy| > n})
< (1 +ey/mH" (B N {wa = 0,[Dwy| > n/2}).

PROOF. Set SO = {w1 = O}, S| = {’LU1 = O, |D’LU1| > 77} and Sy = {’wg =
0, |[Dwsy| > n/2}, and take an x € Ba_,, N Sy. By (5.2.14), we have for 7 small

n_ 3
: ; |Dw1|2n—g>1n on B%(x),
5.2.15
3
|Dws| = n — g —n’ > n on By (w).
25

Setting v; = |Dw;|~*Dw;, we get for j = 1,2

(5:2.16)  |w;(y1) = vi(y2)| < en” My —yo|? <en? for any y1,ya € Bays (w),
and

(5.2.17)  |ri(y) = va(y)| < en” ! [Dwi(y) — Dwa(y)| < en®  for any y € Byys(x).
In particular, by (5.2.16) and (5.2.17) we have

(5.2.18) lva(y) — vi(z)| < en?  for any y € Boys ().
We note
(5.2.19) So N Bpa(xz) # 0.
In fact, using (5.2.14), (5.2.15) and the fact that w;(x) = 0, we have
wy (x + T]4V1(:E)) > %775, w1 (:1: -t (3:)) < %775,
and hence

Wy (:E + 7741/1(:10)) >0, ws (x - 7741/1(96)) < 0.

We then get wa (2 + On*vy(z)) = 0 for some 6 € (0,1) and thus establish (5.2.19).
Next, with z € 51 N Bg,n as above and with 7T, denoting the hyperplane
containing = and normal to 14 (z), we claim

Sk N Bys(x) = Bys(z) N grapthw];
= Bs(x)N{y+ w’;(y)yl(x); yeT,NBys(x)}, k=0,2,
where Y% € C* (T, N B, (x)) with

(5.2.20)

(5.2.21) |DYE(y)| < en?, k=0,2.

Indeed, by (5.2.16) and (5.2.18) it is clear that S, N Bays () is contained in a union
of such graphs over the larger domain 7, N Bsys(x). An elementary argument
using (5.2.15) and the mean-value theorem for functions of 1 variable then justifies
(5.2.20) and (5.2.21), which assert that Sy N B,s(x) consists of a single piece of
graph over T, N B,s(x) with a controlled gradient.
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Note that (5.2.19) and (5.2.21) guarantee

(5.2.22) W0(y) — V2(y)| < ent +en’nt < e

The required area comparison is now fairly evident from (5.2.20)-(5.2.22). Specifi-
cally, let { B3 /4(2;)};=1,...,~5 be a maximal pairwise-disjoint collection of balls with
z; €51N Bg,n. Then

7
2

for any y € T,, N B,3(x).

(5.2.23) {By32/2(xj)}j=1,. v cover Sy N Ba_y,
and there is a ¢ = ¢(n) such that if 7 C {1,--- , N}, then
(5.2.24) NjerBys(z;) #0 = F has < c elements.
Let ¢1,--- ,¢n be a partition of unity for S N Bg_n with

(5.2.25) support ¢; C By (), ¢; = ¢ on Bysjo(x;) and [Dej| < ¢/n’.
Then
H*1(S1 N Byyy)
N

N
_ pidH™ ! = / F)(y)dy
Z/SMWB 3(;cj) ! ; Tm.ﬁBne,(xj) /

Z /T oy O Z / ~ E})(w)dy

ﬂB 3(rJ)
< H" (SN By) +Z/ — F})(y)dy,
ﬂB n3 :EJ)
where (in the notation of (5.2.20))
Fi(y) = ¢5(y +vs,niley) /1 + [DYE (y)]2 k=0,2.
In view of (5.2.20), (5.2.21), (5.2.22), (5.2.24) and (5.2.25), we conclude
H™ 1(51032 77) (1—|—Cf)Hn 1(5’2032)
as required. O
The following lemma plays an important role in the proof of Theorem 5.2.1.

LEMMA 5.2.6. Suppose N is a positive integer. Then there exists a positive
constant wy such that, for any y € By and r < 1/2, if w(y;2r) < wn, then there
exist finitely many balls {B;} in Ba,(y), with rad(B;) < r/2 for each i, such that

B,(y) nu~ {0} N |Dul~H{0} C UBi,

(5.2.26) H" ({0} N B (y) \|J Bi) < ONv™ 1,

and

1
(5.2.27) » ot < 57“”_1.

%
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Lemma 5.2.6 asserts that the nodal set u~1(0) is decomposed into two parts, a
good part and a bad part. The good part has an optimal measure estimates as in
(5.2.26) and the bad part is covered, roughly speaking, by finitely many balls, as
in (5.2.27).

ProOF. Consider the transformation

T =y 4+ 2re.
Then, by Lu = 0 in Ba,(y), we have
Li=0 in By,
where
L= ()00, + > bi(2)0a, + &(x)
i,j=1 i=1
n n
= aij(y +2r2)0z,2; + Z 2rb;(y + 2rz)0,, + (2r)%c(y + 2rz),
i,j=1 i=1
and )
ey — M+ 2r)

 Nullzeoman@y |
Obviously, we have

sup (| Da;| + bl + 1)
= sup (2r|Dagj|+ 2r|b;| + (2r)?|c|) = w(y; 2r).
B2 (y)

Note
lill20m,) =1 and || Dl z2p,) < CVN.

By Lemma 5.2.2, we get a function ¢ in Bj/4 satisfying
d”(O)a”gD =0 in B%,

%IB% |D<,0|2 B
(5.2.28) W Zow
and
(5.2.29) |alcl’%<3g) + |@‘cl=%(3g) <G,

i — @\01(5%) < Cuw(y;2r),

where C is a positive constant depending on n, A and w(y; 2r). By Corollary 2.2.6,
we have
lellz20m,) 22_CN||<P||L2(8B%) = 2_CN||11HL2(6B%)
>2"N|i|| p20m,) = 27N,

and hence

D
{z € By IDp(@)] <27y} c dwe By POyt
4 4 H‘PHL2(6B%)
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where y(N) is as in Lemma 5.2.4. By applying Lemma 5.2.4 to ¢/[|¢[|r2(a8, ,) in
Bjs/4, we obtain finitely many balls { B (#;)} such that

(5.2.30) {m € By; [Dp(z)| < 2_CN7(N)} c B @),
and
1
~n—1 -
(5.2.31) E;ri <3

If Cw(y;2r) <279Ny(N), then
(52.32) @ {0} N By N[Da"' {0} C a {0} N By N{|Dyp| < 27“Ny(N)}.

If Cw(y;2r) < (2_CN7(N))5/2, then we have by (5.2.29) and Lemma 5.2.5
1
H" (w0} N By N {|Da| > 3 -27Ny(N)})

<2H" (o7 {0} N Bz N {| Dy > i 27Ny (V) }).

Note that ¢ is a solution of a constant coefficient elliptic equation in Bj/, with the
frequency at most CN. By Theorem 2.3.1, we have

H" (e~ {0} N Bz) <CN,

and hence
(5.2.33) H' (@ {0} N By n{|Dy| > 27N4(N)}) < ON.
By (5.2.32) and (5.2.33), we obtain

a~'{0} N By n|Dal~'{0} | By, (%),
and

H* @ {0} n By \ | Br.(#:)} < ON.
We complete the proof by transforming Bl/; back to B, (y) by © — (z—vy)/2r. O

REMARK 5.2.7. We note that the constant wy in Lemma 5.2.6 has the form
wy = 27N (1)),

where C is a positive constant depending only on n, A,k and I and v(N) is as in
Lemma 5.2.4.

Now we are ready to prove Theorem 5.2.1. The proof is based on an iteration
of Lemma 5.2.6.

PROOF OF THEOREM 5.2.1. We only consider the case xyp = 0. Choose any
r < 1/2 such that w(0;2r) < wy, with wy as in Lemma 5.2.6. We use an iteration
process to prove Theorem 5.2.1. To begin with, we define

$o = {Br}
We claim that we may find ¢1, ¢o, - - -, each of which consists of a collection of balls,
such that for any £ > 1
rad(B) < Z for any B € ¢y,

24
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Z (rad(B))n_l S %7&1—17

Beg,
and
H*H(wH(0)N U B\ U B) < %C’Nr"il,
Begy—1 Begy
where C is a positive constant depending only on n and A\. We should note that ¢,
is constructed in such a way that

B, nu {0} n|Dul~{0} ¢ | J B.
Beg,

Observe that

v O)nB.clJ @ On( |J B\ | B))
=1

Begp_1 Bede
uN @ only U B).
=0 j=t BE®;

Hence we have

o
H"  (u™ (0) N B,) <CN () % + ggz %)r“*1 < 20N

1 j=t
To prove the claim, we construct {¢,} by an induction. Note ¢9 = {B,}.
Suppose ¢g, ¢1,...,¢s_1 are already defined for £ > 1. To construct ¢,, we take
an arbitrary B = B,(y) € ¢¢—1, with p < 1/2. Obviously, w(y;2p) < w(0;2r) <
wy. Then by Lemma 5.2.6, there exist finitely many balls {B,, (z;)}, with B; =

B, (x;) C Ba,(y) for each 4, such that

By(y) nu= {0} N |Dul7H{0} C UBi,

(5.2.34) H" (w0} N B,(y) \|JBi) < CNp" !,
and
1
2. (171 < Z n—ll
(5.2.35) Zr <50
To conclude, we set
and
o= J ¢
Bepe—1

Then we have by (5.2.34)
H w0y |J B\ U B)y<en >

Begy_1 Beg, By, (zi)€de-1
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and by (5.2.35) and by an induction

n— 1 n—
(5.2.36) >ooorrt< T !
By (wi)Ede
for each £ > 1. Therefore, we obtain
n— - 1 n—
(5.2.37) H (wH{oyn | B\ | B) < 5T ONT L
Begp—1 Begy
This finishes the proof. (I

Now we can estimate the nodal set in any ball.

COROLLARY 5.2.8. Suppose u € Sy is a nonzero solution of Lu = 0 in By C R"
for some L € L(\, k,T"). Then

(5.2.38) H" ! ({« € By; u(z) = 0}) < C(N),
where C(N) is a positive constant depending only on N, as well as n, A,k and T.

PRrOOF. We cover B/, by balls { B, (z)} with the number of balls < ¢(n)r".
Therefore, we get

H" ' ({z e By u(z) = 0}) <7y CoN.
This finishes the proof. ([l

REMARK 5.2.9. We note that the constant rn in Theorem 5.2.1 and the con-
stant C'(N) in Corollary 5.2.8 are given by

e 5
rn =Cq '2 CUN(V(N)) )
C(N) =Co2%N (v(N)) " - N,
where Cj is a positive constant depending only on n, A\, x and I and «(N) is as in
Lemma 5.2.4.

5.3. Nodal Sets of Non-Analytic Solutions: An Explicit Estimate

In this section, we give an explicit estimate on nodal sets of solutions of elliptic
differential equation. The entire section follows closely Hardt and Simon [51].

To obtain an explicit estimate on nodal sets, we need to find an explicit ex-
pression of v(NN) in Lemma 5.2.4 in terms of N. We will do this only for harmonic
polynomials.

If we consider a homogeneous harmonic polynomial of the form u = r? cos(df)
of degree d in R?, then |Du(zx)| = d|z|¢~! and

{z € R%|Du(z)| < dr*™'} = B,.

Hence in this case we simply take v(d) = d/2%! and one ball By, to satisfy Lemma
5.2.4.
We first prove a result concerning the growth of harmonic polynomials.
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LEMMA 5.3.1. Let ¢ be a harmonic polynomial of degree d in R™. Then for
anyr>1
(5.3.1) |l Lo (B,) < cd® ¢l Le(m,),
where ¢ is a positive constant depending only on n.
It is likely that (5.3.1) holds without the factor d"/2.

PROOF. We set for any r > 0

H<pH?=][ &
B

s

and claim for any r > 0 and 6 > 1

lellor < %Il

To see this, we simply note that

d .
lell? = > _air®,
=0

for some constants ag, a1, - ,aq, and then
d d
Il = 0 20?2 < 6215 a2 = 6242
i=0 i=0

Fix an r > 1 and consider any = € 0B, and s > r. Then we have

p(z) = ][ ©,
Bs_r(x)

(o)) < (7{? . sf) (%) (1,7)
(=) (h#)

Now we choose s appropriately to minimize the function

Sn+2d

§)=——"+—.
f( ) (S 7 T)"
A simple calculation shows that f(s) attains its minimum in (r,00) at
n
Smin = (]- + ?d> r,

and the corresponding minimum is given by

2 1in 2d
= (4 by (14 2y g

and hence

Nl
D=

IN

Hence, we obtain for any r > 1

ole(s,) < e(n)d2r )| L2 (s,)-
This ends the proof. O

Now we prove the following result.
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LEMMA 5.3.2. There are positive constants 6 € (0,1/2), c¢o and ¢, depending
only on n, such that, if v is a harmonic polynomial of degree d in R™ with supp, |¢—
©(0)| = 1 and |Dp(0)| < (0e)4=1, then for any e € (0,1/2]

L"({z € By;dist(z, {|Dy| < (0)*"'}) < e}) < cde?loge™".
From the proof below, we have
co=(2n —1)(1 + g) +3.
Moreover, we may write the conclusion in the form
HZ ({z € By;|Dy| < (0)?71}) < ede?loge™".

It seems likely that Lemma 5.3.2 may be true without the factor loge~! in the right
hand side, but such an inequality would not significantly improve the main results
in this section.

PROOF. The proof is a fairly straightforward application of Lemma 1.3.4 to-
gether with standard estimates for harmonic functions and the coarea formula.
First note that we have d > 2 and that for each z € By and each ¢ € (0,1/2]

(5.3.2) sup |D?p| > 0(20¢)42,

Be(z
where § = 0(n) € (0,1/2) is a constant depending only on n. Indeed, the given

facts about ¢ imply for some positive constant ¢ = ¢(n)

(5.3.3) sup | D?p| > ¢~ 1.
B

Then we have d > 2. Also if (5.3.2) were false for a given z € By, then standard
estimates for derivatives of harmonic functions would imply for any multi-index «
with 2 < |a| < d

1

LID%(:)] < ct(et) 1!,
which for small § = 6(n) contradicts (5.3.3) and the fact that each component of
D?¢ is a polynomial of degree < d — 2. In the following, we fix § = (n) so that
(5.3.2) holds.

Take any y € By with |Dp(y)| < (0e)4!. Since each component of D2y is a
harmonic polynomial of degree < d — 2, by Lemma 5.3.1 we have

(5.3.4) oe sup |D3p|+ sup |D?p| < cd?(1+ 20)%sup|D?y|,
B(14o0)e B(14o)e B,

for any o € (0,1/4], where ¢ = ¢(n).
Let 71 be a unit vector in R” and § € B.(y) such that

(535) |D7'1T1(10(g)‘ = Sup |D2g0|
Be(y

Now we claim for a v = y(n) small enough and any unit vectors £ and 7 in R™

(5.3.6) [Denp(x) = Denp(y)| < e[ Dryrp(y)| - for any @ € Bpe(y),

and

(5:3.7) [Dep(z)| < ce[Dryrp()] - for any a € Bpse(9),
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where

(5.3.8) B =ryd 1+3),

for a small v = v(n). To see this, we take any 3 € (0,0). Then by (5.3.4), we get
(5.3.9) |Denep(a)—Denp(y)| < eBo'd? (1420)|Dry 7y p(5)|  for any & € Bye(y).

Thus we select 0 = ¢~ 1d~! and 3 as in (5.3.8) for suitable ¢ = ¢(n) and v = y(n)
such that

n 1
cBordz(1+20)% < ey < 7

Later on, we may choose v smaller. This implies (5.3.6) easily. We also have

(5.3.10) |Denp(2)] < 2|Dry 7y 0(9)|  for any x € Bpe(9),
and
(5.3.11) |Drr ()] < 2|Dryryp(z)|  for any x € Bpe(y).

Also for any = € Bg.() and any unit vector £ € R™, we have by (5.3.2) and (5.3.11)
[Dep(@)| <[Dep(y)| + |Dep(y) — Dep(y)| + [Dep(y) — Dep ()|
_ o, 2 _
S(es)d ! + €|DT17'1<)O(y)| =+ 7|DT1T1§0(y)‘

< cg| Dy p(H)]-
This is (5.3.7).
Next, let O, be a collection of orthonormal basis of R™ such that for any or-

thonormal basis {71, -, 7,} of R™ there exists an orthonormal basis {71, ,T,} €
O, with

(5.3.12) I~ <B, i=1,--,n.

We can, and we will, choose O, in such a way that

(5.3.13) the number of elements in O, < ¢3' ™™,

for some constant ¢ = ¢(n).
With § € B:(y) as in (5.3.5), let 71, -+ , 7, be an orthonormal basis of R™ such
that
|D717190@)‘ = max ‘DTJ'T]-‘P@)L
je{l, - n}

|Dzyry0(4) . maxn} ‘DT_77_7¢(37)|,

| :36{2;”';
DT@'TJ‘()O(?) :Oa 27&.]

Furthermore, since Z;‘L=1 D;. ;¢ =0, we have

|DT27'2<10(37>| 2 (n - 1)_1|D71T190(g)"
Then by (5.3.6), (5.3.10) and (5.3.12), we can select an orthonormal basis 71, - -,
7n € O such that

lp11(z)] > ¢™"  max }|90jj(x)|v

je{l,,n
5.3.14 )| > ¢! max ii(z)l,
(53.14) fen(e)| 2 e max[oy()

|pij (@) < evleni ()], i #J,
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for any x € Bp.(¥), where we use the notation ¢;;(x) = Dz 7 o(x). To see (5.3.14),
we note

wij(z) = afaéDTlew(x),
for an orthogonal matrix (a¥). Then
¢ij (@) = Drryp(x) = (afaj — 670)) Dryrp(x).
By (5.3.12), we have |afal — 676} < ~ for each i, j, k and I. Then (5.3.10) implies
|0ij(2) = Dryryp(2)| < Cy|Dryrp(5)| for any @ € Bpe (7).
With (5.3.6), we have
|0ij(2) = Driryp(§)] < CY|Drirp(y)|  for any x € Bpe().

Taking ¢ = j = 1, ¢ = j = 2 and other combinations of ¢ and j respectively, we
obtain
(1 +eN)|Drir ()],

(14 1) Dryry 0(9)];

(1 =) Drr 0(@)] < lp11 ()

| <
(5.3.15) (1= c9)|Dryry0(§)] < |p22(2)| <

and
lpij ()| < (0 + CY|Driry 0()],
for any « € Bg.(g). We then have (5.3.14) easily.
With ¢; = Dz ¢, we consider the map (¢1,¢2) @ Bg(y) € R" — R? and
denote by J its Jacobian, that is,
J = VIDp12|Dgs? — (D1 - Dpo)?.
Then, we have by (5.3.14) and (5.3.15)

TP= > (eavi —engin)’ > (pripm — ¢1)” > el Drne@)* in Ba:(p),

1<i<j<n
and by (5.3.7)
(5.3.16) Tt < (pi(m) + p3(x))
Also by (5.3.14), (5.3.15) and (5.3.2), we have
|p22(2)]; [r1(2)] = (0)*™*  for any & € Bse(y),

J(z) for any = € Bg.(7).

and hence

(5.3.17) |2l 1] > ¢ B(0) 1,

on a subset A of Bg.(y) with £"(A4) > ¢! (Be)", where ¢ = ¢(n).
We set f = (¢1,p2) and g = 1/(? + ¢32) in Theorem 1.2.8, the coarea formula.
By (5.3.16) and (5.3.17), we obtain

d—1 d—1

e tanFE)en < 52/ / (s2 + %)
(5.3.18) B(c—1e)d=1 JB(c—1g)d—1
D H'({w € Bo(y)i i () = s, 02() = t})dsdt,

O

for a suitable ¢ = c¢(n). Here we used the fact that |Dy| < ¢! in Bs.
Now select a maximal pairwise-disjoint collection of balls {B./2(y;)}j=1,-..m
with y; € {& € By;|Dyp| < (0e)47'}, and sum over j after replacing y by y; in
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(5.3.18). Then (keeping in mind that O., has < cd™~11+7/2) elements by (5.3.13)),
we get

L"({x € By;dist(z, {|Dy| < (62)?11) < e})

Cd_l Cd—l

gcd(%*n(”%)ﬁ/ / (52 +12)~
ﬁ(c—ls)d—l B(Cflg)dfl

.rr(loaanfz ({z € Ba;p1(z) = s, p2(x) = t})dsdt.

The required inequality now follows from Lemma 1.3.4, because
dimy{z € Ba;p1(z) = s, 02(x) =t} <n—2 forae. (s,t) € (0,1) x (0,1),

by the coarea formula, and because

ot a !
2+ )" Ydsdt < cloga™?
( 2

for each « € (0,1/2). O

REMARK 5.3.3. We may cover {|Dy| < (62)4=1} by a collection of balls of
radius € such that the balls of the same centers and radius /2 are pairwise disjoint.
Then by Lemma 5.3.2, the number of balls is < ed®e? " loge™!.

Now let us recall that £(\, k,T") is the collection of all linear operators of the
form (5.1.1) with coefficients satisfying (5.1.2), (5.2.1) and (5.2.2) and that Sy is
the collection of all H'-functions u in B, satisfying

rfBT(p) | Dul?

5>— <N for any B,(p) C B:.
faBr(p) u

In the following, we always assume that u € H!(Bj) is a solution of Lu = 0 for
some L € L(\, k,T). We further assume that u € Sy satisfies the following doubling

condition
1

][ u? < ZQN]/ u?  for any r € (0,-).
9Ba, 9B, 4

For any y € By, we introduce w(y;r) as in (5.2.3), i.e.,
w(y;r) = sup (r|Dagj| + r|b;| +r%|c|).
Br(y)

Obviously, w(y;r) — 0 as r — 0.
Now we prove that any solution can be well approximated by harmonic poly-
nomials in small balls. Compare this with Lemma 5.2.2.

LEMMA 5.3.4. Suppose u € Sy is a nonzero solution of Lu = 0 in By C R"
for some L € L(\,k,T"). For any B = B,.(y) withy € By, and r € (0,1/4), let

u(y + rz)

up(z) = ——-7
(Fopa, @ v)?

1
<.
for la] < o

If for some r < R < 1/(2r)

(5.3.19) w(y; Rr)(cR)N < %,
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then there exists a harmonic polynomial Pg of degree < 2NN such that

C\N
lup — Pglci(p,) < w(y; Rr)(CR)N + (E) ,
and
1
2
uBlors py T 18l 5, = s, B

where C' is a positive constant depending only onn, A, kK and T.

Proor. We first note that up is defined in By, with 3%83 u% = 1. For any
R € (3,1/r), there exists an integer I such that R/2"*! < 3 < R/2!. Using the
doubling condition [ times, we have

Foa @™ =)™
8BR 833

dijuB,i]’ + biuB,i +cup =0 in B%,

Now up satisfies

where

a;j(z) = ai;(y +rx), l;z(ac) =rbi(y+rx), éx)=r’cly+re).

fullr = (f, w)?

T

By introducing

and by the (scaled) interior W?2P-estimates in Bop C By, we have

ugllp.r + RIIDusllp,r + R*||D*up|lpr < Cllusll22r < (CR)Y,

where C is a positive constant depending only on 7, p, the module of G;; in Bag,
‘Zlij|Loo(B2R), Rlbi|Loo(BQR) and R2|6|L°°(BQR)- ‘We note

Séup(\dijl +RIbi| + R*el) = sup (laij| + Rrlbs| + (Rr)?|e])

Barr(y)
< sup(jaig| +[bil +]el) AT+
1
For p large, we have by the Sobolev embedding
(5.3.20) lup|re=(B,) + RIDUB|1(Bg) + R T [Duplcany) < (CR)V.
We rewrite the equation as
—Aug = fp = (@i; — 6;5)up,ij + biup,i + cup.
Note
R\ f8llp,r <|dij = 85| (8,) R*ID*u|lp, & + Rlbs| L (85) Rl Dt |1,
+ R[e| oo (B lunllp.r

< sup (|aij — 04| + Rr|b;| + (Rr)2|c\)

- (R*|D*upllp,r + Rl|Dupllp,r + |usl
<w(y; Rr)(CR)".

p,R)
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Let v be the harmonic function in Bg with v = ug on OBg. Note
(5.3.21) A(ufB _vi ; gB O:@ii’_
Then we obtain by the (scaled) global W?2P-estimates

lup = vllp,r + RID(up = v)llp,r + BR[| D*(up — v)|lp,r
<CR?||f5llp,r < w(y; Br)(CR)Y
and the Sobolev embedding
lup = v|r () + RID(up — )| () + RTD(up — v)]oa(sy)
<w(y; Rr)(CR)N.

This implies in particular

(5.3.22)

lug — vl w(y; Rr)(CR)Y,

1,1 <
C2(Bs2)

<({ W
OB3
if w(y; Rr)(CR)N < 1/2.
Next, multiplying Av = 0 by up — v and integrating in Bg as in the proof of

Lemma 5.2.2, we have
/ Vol < / Vus/”.
BR BR

R Vol?
.[BR‘ ol <

faBR o

Then by Corollary 2.2.5, we have

Lo @ ool
OBn 3 OBs 3

Since v is a harmonic function, then for any r > 0

o0
][ v? = E a2, r?m,
3B, 0

and hence

=

<

)

N =
| o

This implies in particular

and hence -
Z a?,LR2m S 2(?)21\/
m=0
Therefore, we get
RN «— R\ 2N
(g) Z a$n32m < 2(3) )
m=2N+1
and hence -
Z a2,32m < 2(%)21\1.
m=2N+1

Let Pp be the polynomial of degree < 2N in the Taylor expansion of v, we have

9 3 2N
]éBS(U_pB) <o(3)".
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We then get by interior estimates for harmonic functions

|’U—PB|

C\ 2N
Cch3(By) (R) :

The C*/2-bounds on up and Pp follow from the interior estimates in Bs easily. [

The following result is an improved version of Lemma 5.2.6.

LEMMA 5.3.5. Suppose u € Sy is a nonzero solution of Lu = 0 in By C R"
for some L € L(\,k,T). For any € > 0, there exists an r(N,e) such that, for any
B = B,(y) with u(y) =0, y € By/5 and r < 1(N,¢), there exist finitely many balls
B; with radius er and centers in B,(y) Nu~=1(0) such that

H"_l(BT(y) Nu~t(0)\ UiB;) < c(n)Nr™—t,
and
#{B;} < cN%e* "loge™!.

ProOF. For any B = B,(y) with u(y) =0, r <1/2 and |y| < 1/2, we write

u(y + rx) 1
up(r) = ———=+ for |z| < —.
By Lemma 5.3.4, if for some r < R < 1/(2r)
1
(5.3.23) w(y; Rr)(cR)N < 3
then there exists a harmonic polynomial Pg of degree < 2N such that
C\nN
(5.3.24) lug — Pglci(s,) < w(y; Rr)(CR)N + (E) ,
1
2
(5325) |uB|Cl’%(B2) + |PB|CI’%(BQ) <C, 5, PB > Za
and
1 L 3
(5.3.26) =< (7[ P <o,
2 9Bs 2
where C' is a positive constant depending only on n and .
Set o
N
n° = w(y; Rr)(CR)N + (E) .

We claim that, if n < ng, with 7y as in Lemma 5.2.5, then
H" 1 (B1 Nugz'(0) N {|DPg| > n}) < c(n)N.
In fact, we have by Lemma 5.2.5
H*H(BrNug' (0) N{|DPs| > 1})
<H"(By g (0) N {[Dus| > 2n})

1
<2H" ' (B, N P5'(0) N {|DPgs| > Z”}) < c¢(n)N.
Now we discuss the set

By Nuzt(0) N {|DPg| < n}.
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We assume this set is not empty. In other words, there exists an xg € By such that
up(zo) = 0 and |DPp(xo)| < n. By (5.3.24) and (5.3.26), we have |Pg(zo)| < 7
and [, 0Bs P% > c. Hence Lemma 5.3.2 is applicable. Now we require

(5.3.27) n < (0)?N L.

By Remark 5.3.3, there are at most cd®e?~"loge~! balls of radius /2 covering
{|DPg| < n}. We drop any ball B; if B;Nuj"(0) = (). Otherwise, we replace B; by
a ball with the center in u5'(0) N By and radius e. To satisfy (5.3.27), we require

1 C 1
w(y; Br)(CR)N < = (6)°N-D ()N < Z(g)PCN -1,
2 R 2
Hence we take
R= (g)lo
c )
and require
C\10 C\ 20N
wly: (Z) ) = ()
where C' is a positive constant depending only on n, A, x and I'. O

REMARK 5.3.6. We note that w(y; Rr) < Rr(x +T) for any y € By /2 and any

Rr < 1/2. Then we may take
€ )20N+10

r(N,e) = (6

The main result in this section is the following theorem due to Hardt and Simon
[51].

THEOREM 5.3.7. Suppose u € Sy is a nonzero solution of Lu =0 in By C R"
for some L € L(\, k,T"). Then

H”fl({x € By(z0); u(z) =0}) < CoNrm~t

—ca N

(5.3.28)
Jor any xg € By and v < (c1N) ,

where Cy, ¢1 and co are positive constants depending only on n, \,k and T.

PROOF. We fix € such that

1L

Necloge™
cN¢eloge %

or
e =CN—(otD),

Next, we take any r < r(N,e). Then we proceed as in the proof of Theorem 5.2.1
and get

H" ' (w {0} N B,) < ch”*l(i

1 =1 .
51 +£EZ 27) < 2CNr™ .
(=1 j=t
We end the proof by substituting the expression of € in (NN, ¢) in Remark 5.3.6. O

Similar to Corollary 5.2.8, we have the following result.



110 5. MEASURE ESTIMATES OF NODAL SETS OF SOLUTIONS

COROLLARY 5.3.8. Suppose u € Sy is a nonzero solution of Lu =0 in By C R”
for some L € L(\, k,T"). Then
(5.3.29) H" ({2 € By; u(z) = 0}) < (a1 V)=,

where ¢1 and co are positive constants depending only on n, A,k and I.



CHAPTER 6

Measure Estimates of Nodal Sets of Eigenfunctions

In this chapter, we discuss measure estimates of nodal sets of eigenfunctions.
The following conjecture was proposed by Yau [89]. Suppose (M™,g) is a smooth
n-dimensional connected and compact Riemannian manifold (without boundary).
Consider an eigenfunction u corresponding to the eigenvalue A, i.e.,

Agu+AIu=0 on M.
CONJECTURE 6.0.1. There holds
aVA <H" ({z € M;u(z) = 0}) < caV\,
where ¢; and ¢y are positive constants depending only on (M, g).

The optimality is shown by eigenfunctions sin(kix1) sin(kexs) - - - sin(k,x,,) on
T" =S! xSt x ... xSt

In this chapter, we prove that Conjecture 6.0.1 holds for the analytic case. The
main result is the following theorem due to Donnelly and Fefferman [27].

THEOREM 6.0.2. Suppose (M™,g) is an analytic n-dimensional connected and
compact Riemannian manifold (without boundary) and u is a smooth function sat-
isfying Agu + Au =0 on M for some positive constant A\. Then

VA <H Y {z € Miu(z) = 0}) < eaV\,
where ¢1 and ca are positive constants depending only on (M, g).
It is still open whether Conjecture 6.0.1 holds if (M, g) is only smooth. The
result we have for the smooth case is far from optimal.
6.1. Upper Bounds

In this section, we will prove the upper bound in Theorem 6.0.2, following an
argument by Lin [69].
We first prove that u satisfies a doubling condition.

LEMMA 6.1.1. Suppose (M™, g) is a smooth n-dimensional connected and com-
pact Riemannian manifold (without boundary) and w is a smooth function satisfying
Agu+Iu =0 on M for some positive constant \. Then

(6.1.1) ][ u? < 2“57[ u?  for any x € M, r € (0,rq),
Bay(x) B, (z)

where 1o and ¢ are positive constants depending only on (M, g).

We note that the analyticity is not assumed for (M, g).

111
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PRrROOF. We first note that A > Ay for some positive constant Ay depending
only on (M, g). For any (x,z,41) € M X R, set
W(x, 2ni1) = u(z) cosh(V ALy 41).

Then @ satisfies
Agﬂ+ﬂn+1 n+1 = 0 in M xR.

By a suitable scaling in the metric g, we assume that the injectivity radius of (M, g)
is not less then two. We also normalize % so that

/ u? =1.
Mx(—1,1)

/ < ecﬁ.
Mx(—2,2)

Hence, for some xy € M, we have

Then it is easy to see

(6.1.2) / a* > c(g, M) > 0,
Bl(Io)X(—l,l)
and
(6.1.3) / a2 < eV,
BQ($0)><(7272)

Proceeding as in the proof of Lemma 2.2.8 with the help of Theorem 3.1.1, we
obtain

(6.1.4) / a2 > re VAT for any x € Bs3(wo),r € (0,1/4),
B, (x)X(—mr,r)

where ¢ is a positive constant depending only on ¢ in Ba(xg).

Recall that M is connected. For any x € M, we join z¢ and = by an overlapping
chain of balls with radius 1/4 whose centers are separated by a distance at most
1/8. Using (6.1.2), (6.1.3) and (6.1.4) inductively, we have for any x € M

/ > 4—0(\/X+1)7
B (

1 )X (—%,%)

and in general for any r € (0,1/4)

/ 72 > ,rc(ﬁJrl)’
B, ()X (—r,r)

where ¢ is a positive constant depending only on the diameter of (M, g), the el-
lipticity bound of A, and the Lipschitz continuity of g on any By(x), * € M. In
particular, we get

/ < 4c(ﬁ+1)/ @’ for any x € M.
By (z)x(—1,1)

By (@)x(~1.%

By arguments as in the proof of Lemma 2.2.8 again, we obtain

1
(6.1.5) / a2 < 26(VA+D) / a* for any x € M,r € (0, -).
B ()X (—2r,2r) B, (x)x(=r,T) 4



6.1. UPPER BOUNDS 113

With the explicit expression of @ in terms of u, we then have easily
1
/ u? < 26(ﬁ+1)/ u?  for any x € M,r € (0, ~).
Ba(x) B, (z) 4
This ends the proof. O

Now we are ready to prove the upper bound in Theorem 6.0.2.

THEOREM 6.1.2. Suppose (M™,g) is an analytic n-dimensional connected and
compact Riemannian manifold (without boundary) and u is a smooth function sat-
isfying Agu 4+ Au =0 on M for some positive constant \. Then

(6.1.6) H ' ({z € M;u(x) = 0}) < eV,
where ¢ is positive constant depending only on (M, g).

PROOF. We use the same setting as in the proof of Lemma 6.1.1. In view of
(6.1.5), we apply Theorem 5.1.1 to @ in By/s(x) x (=1/2,1/2) for any z € M.
Therefore, we get by a simple covering

%, %); (@, 2np) = 0}) < VA,

Note @~ 1{0} = u=1{0} x R. This implies (6.1.6) easily. O

H™({(z, xpg1) € M x (—

We have the following result when (M, g) is only smooth.

THEOREM 6.1.3. Suppose (M™,g) is a smooth n-dimensional connected and
compact Riemannian manifold (without boundary) and u is a smooth function sat-
isfying Agu + Au =0 on M for some positive constant X\. Then

H* ' ({r € M;u(z) =0}) < AV,
where ¢ is positive constant depending only on (M, g).
It is unknown whether the estimate in Theorem 6.1.3 can be improved.

PrOOF. The proof is similar as that of Theorem 6.1.2 with Theorem 5.1.1
replaced by Corollary 5.3.8. O

To end this section, we prove a growth estimate in sup-norms. Suppose (M", g)
is an analytic n-dimensional connected and compact Riemannian manifold (without
boundary) and u is a smooth function satisfying Aju + Au = 0 on M for some
positive constant A. As in Section 5.1, u can be extended to a holomorphic function
in {z +iy;x € M, ly| < R}, for some positive constant R depending only (M, g).

LEMMA 6.1.4. Suppose (M™,g) is an analytic n-dimensional connected and
compact Riemannian manifold (without boundary) and w is a smooth function sat-
isfying Agu + Au = 0 on M for some positive constant A\. Then there exists a
positive constant R, depending only on (M, g), such that
(6.1.7) max |u(z)] < VA szxT |u(z)| for anyp e M, r € (0,R),

|z—p|<T z—p|<
2

where ¢ is a positive constant depending only on (M, g).
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PrOOF. We use the same setting as in the proof of Lemma 6.1.1. As in Section

5.1, @ can be extended to a holomorphic function @(w) for Rew € M x (=R, R)
and |Imw| € (=R, R)""! € R"*! with the estimate

max |a(w)] < c][ a
[w—(p,0)|<r Bay(p)x (—2r,2r)

By (6.1.5), we have

2 forany pe M, r € (0, R).

max |a(w)] < ¥ max |a(y)| for any p € M, r € (0, R).
lw—(p,0)|<r ly—(p,0)I<3

This implies (6.1.7) with help of the explicit expression of @ in terms of w. O

6.2. Lower Bounds

In this section, we will prove the lower bound in Theorem 6.0.2. The entire
section follows Donnelly and Fefferman [27].
We first show that there are sufficiently many nodal points on M.

LEMMA 6.2.1. Suppose (M™,g) is a smooth n-dimensional compact Riemann-
ian manifold (without boundary) and u is a smooth function satisfying Agu+Au =0
on M for some positive constant . Then u vanishes at some point in each ball of
radius at most cA=Y/2, for some positive constant ¢ depending only on (M, g).

PROOF. Let w be the first Dirichlet eigenfunction of A in a ball B.y-1/2(p).
If u is positive in this ball, then v = w/u assumes an interior maximum. At this
interior maximum point,

1
0 =7 = —(wiu — wu,),
v u(wu wu;)

and
1 1 1
0> Av = ﬁ(qu —wAu) > ﬁ( - iAuw + )\uw) > 0,
for ¢ sufficiently large. This leads to a contradiction. (Il

LEMMA 6.2.2. Suppose (M",g) is a smooth n-dimensional compact Riemann-
ian manifold (without boundary) and u is a smooth function satisfying Agu+Au =0
on M for some positive constant . If u(p) = 0 for some p € M, then

(6.2.1) min{/ u+,/ u > c/ lul,
Ba)\—l/2(p) Ba/\—l/Z(p) Ba/\—l/Z(p)

where a and ¢ are positive constants depending only on (M, g), a being sufficiently
small.

Here u* and u~ denote the positive part and negative part of u respectively.

PROOF. Let a be sufficiently small. If we rescale B,y-1/2(p) to the ball of radius
1, then the operator A + X is a small perturbation of the Euclidean Laplacian on
the unit ball. Thus, we have for any 7 € (0,a\™1/2)

(6.2.2) 0=u(p) = /{| e }gp(x)u(m)d@,
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where ¢ is a positive function with C~! < ¢(x) < C and df denotes the volume ele-
ment on the standard unit sphere S"~!. Multiplying (6.2.2) by 7" ! and integrating

in r, we get
/ pu = 0.
B -1/2(p)
‘We then obtain

/ put = / pu” = %/ lul.
Ba)\—l/Z(p) Ba/\—l/Z(p) Bak71/2(p)

We obtain (6.2.1) from the bounds on ¢. O

Next, we prove the following result due to Briining [15], which yields an affir-
mative answer to the lower bound in Conjecture 6.0.1 for n = 2.

THEOREM 6.2.3. Suppose (M?, g) is a smooth 2-dimensional compact Riemann-
ian manifold (without boundary) and u is a smooth function satisfying Agu+Au =0
on M for some positive constant A. Then

H' ({o € Miu(e) = 0}) > VA,
where ¢ is a positive constant depending only on (M, g).

PROOF. Take any p € M with u(p) = 0. Then close to p, u~1{0} has the same
structure as Rez* = 0 for some k. Now consider a ball B,,-1/2(p) as in Lemma
6.2.2 for sufficiently small a. If we rescale B,y-1/2(p) to the ball of radius 1, then
the operator A + A is a small perturbation of the Euclidean Laplacian on the unit
ball. The maximum principle implies that u~!{0} cannot form closed loops in
Byx-1/2(p). Hence, we have

Hl (U_l{O} N Ba)\*l/Z (p)) 2 G)\_l/Q.

By Lemma 6.2.1, we take disjoint balls {B,,-1/2(p)} with u(p) = 0 and the number
of the balls at the order of O(\). We finish the proof by a simple addition. (]

The higher dimensions are more complicated. We describe a general method to
get a lower bound of the measure of nodal sets. This is based on the isoperimetric
inequality. Consider a continuous function u defined in a ball B, C R" such that
{u = 0} is countably (n — 1)-rectifiable. We set

Bf ={z € By;u(z) >0}, B, ={z € By;u(z) <0}.
The isoperimetric inequality implies
n—1
(6.2.3) H" N (uw'{0} N B,) > ¢(n) (min{L"(B;}), L"(B;)}) ™

There are three cases for the relation between £™(B;") and L™ (B, ):
(i) L™(B;f) and L™(B; ) are comparable;
(if) L™(B) < L™(B;);
(iii) L™(B;) > L™(B;").
In order to get a lower bound, it suffices to prove that £"(B;") and L"(B, ) are
comparable. In other words, we need to prove that (ii) and (iii) cannot occur.
Next, we prove a general result.
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LEMMA 6.2.4. Let u be a continuous function defined in B, C R™ such that
{u = 0} is countably (n — 1)-rectifiable,

(6.2.4) min{/r u+/ u} > /B |ul,

and

(6.2.5) (f @)t <ud 1l

for some positive constants cy and p. Then

n—1/ —1 2=l g
(6.2.6) H  (u{0}NBy) >cu™ " » "7,
where ¢ is a positive constant depending only on n and cg.
PRrROOF. By the Cauchy inequality and (6.2.5), we have for any measurable set

G C B,
2 n 2 n 2 2 £(G) uh?
([upP<er© [ <ee [ <] )

T r

or

L"(G) >

i fG|u| 2 .n
UQ(fBT |UI) £1(Br)

By (6.2.4) and taking G = B, we get

Lr(BF) > %w, Lr(Br) > S,

With (6.2.3), we finish the proof. O

With Lemmas 6.2.1-6.2.4, we will proceed to estimate the lower bound in Theo-
rem 6.0.2 as follows. We take sufficiently many balls B,y -1/2(p) on M where (6.2.4)
and (6.2.5) hold. Then we have

_ 2(n—1)

Hn_l (U_l{O} n Ba)\—l/z (p)) > cl o ()\—I/Q)n—l.

The number of balls is in the order of \*/2. Then by summing up in these balls,

we obtain
2(n—1)

H w0y > ep™ o AY2,

In order to get the optimal lower bound, x should be independent of .
We note that it is easy to get (6.2.5) for u depending on A. In fact, we have
the following result.

THEOREM 6.2.5. Suppose (M™,g) is a smooth n-dimensional compact Rie-
mannian manifold (without boundary) and u is a smooth function satisfying Agu+
Au =0 on M for some positive constant \. Then

H' ({z € Miu(z) =0}) > V2,

where ¢ is a positive constant depending only on (M, g).
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PrOOF. This is a simple consequence of the doubling condition. We take a
ball B,(p), with r = aA~'/2, as in Lemma 6.2.2 for sufficiently small a. First, a
standard a priori estimate implies

1
sup |u| < c(7{3 ( )|u‘2)2,
2r (P

B:-(p)

and hence with Lemma 6.1.1
sup [uf < VN ),
By (p) B

Then we have

1
][ uf? < Jul o 5, () f ] < ¥ ( f uf?)? f ),
B.(p) B, (p) B..(p) B, (p)

"

(]f |u|2)%s(:ﬁ][ .
B..(p) B..(p)

Therefore, we can take y = ¢V in (6.2.5). Lemma 6.2.4 implies
H" (w0} N B, (p)) = c VA"

or

This completes the proof. O

Note that the previous proof does not yield the optimal lower bound. In the
following, we will prove that (6.2.5) holds in sufficiently many balls B,y-1/2(p) on
M with u(p) = 0 for a constant p depending only on (M, g), independent of A. It

suffices to prove
o\ L o\ L
(f  @tedf
B,  -1/2(p) B, \-1/2(p)

for sufficiently many balls B,y —1/2(p) on M with u(p) = 0 for a constant ¢ depending
only on (M,g). This is a much improved doubling condition with the doubling
coefficient independent of .

We need some preparations.

PROPOSITION 6.2.6. Suppose F is holomorphic on Dy C C and |F|pe(p,) <
|F(0)]ed. Assume F(x) is real and nonnegative for |x| < 1. For d sufficiently
large, cover |x| <1 by disjoint subintervals Q; of length ca/d. Then for any given
€ > 0, there exists a subset E of measure less than € such that

|logF(x)—logf F|<e3 foranyzeQ;\E,

i

where c3 is a positive constant depending on € but not on d.
ProoOF. Without loss of generality, we assume F(0) = 1. By Lemma 2.3.2,
(6.2.7) F has at most O(d) zeroes in |z| < 3/2.

Now fix an r close to 3/2 such that F(z) # 0 for |z| = r and let {z;} be the
collection of zeroes of F' in {|z| < r}. We write

2 Z—2)/T
F(z) = e )Hi—ikz)//rz for |z| < r.
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Then it is easy to see

(6.2.8) max ReG < cd.

|z|=r

With F(0) = 1, we get e®¢(©) > 1 or ReG(0) > 0. The mean value property of
harmonic functions implies

(6.2.9) ][ ReG > 0.
{I21=r1

By (6.2.8), (6.2.9) and the Poisson kernel representation of harmonic functions, we
obtain

(6.2.10) max |[VReG| < cd.

l2l=1

Define f(z) = >, log|z — 2x|. Using (6.2.10) and elementary arguments, we
have

\logF(x)—log][ F|<|10gf(:r)—10g][ ef|+ ¢ forany z € Q.
Qi

Qi

Here we used the fact that the length of each Q; is less than cy/d. Now we claim
(6.2.11) |f'| < cd outside a set E; of measure less than ae.

To see this, we assume Imzj, < 0 since |x — z;| = |z — Zi|. If all Imz;, < 0, then the
definition of the Hilbert transform H ([85], P130) yields

f=HO a), aq=—Im( !
k

).

Clearly, ||gk|lzr < ¢, with ¢ independent of . The weak type (1,1) property of H
([85], P187) completes the proof for Imz; < 0. Since these estimates are uniform
in zp, the result also holds for Imz; < 0.

Suppose z,z; € @Q; and let A; be the set of roots z; with Rez, of distance less
than m(Q;) = O(1/d) from Q;. We decompose

f@) =) logle =zl + Y logla — 2| = bi(x) + gi(x)

zR€A; zEA;

zZ — Zk

and estimate each of the two terms.

Define F5 to be the union of those @; with A; containing more than ¢ roots.
By (6.2.7), we require the measure m(Es) < ase. If Q; is not contained in s, then
let Q;e C @Q; be the subset of z € Q; with |z — 2| < ¢/d for some z;. We assume

e 1
m(Qie) < ag < §m(Qi)-
Now we claim that, if Q; is not contained in Fs, then for any = € Q; \ Q;«,
(6.2.12) |bi () — max bi(z)| < ¢,
and
(6.2.13) bl ()] < cd.

In fact, for any = € Q; \ Qie,

log |z — 2| > m%xlog|x —zk| — ¢ for any zj, € A;.
reEQ;
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Summing over zj yields

. > . —_
bi(x) > max bi(z) — ¢,

which implies (6.2.12). Now (6.2.13) is immediate from the definitions of F2 and
Qis-

We now turn to g;. Note gi = f' — b;. If Q; is not contained in Fy U Es U Q;e,
then

(6.2.14) there exists an z; € Q; \ Qi with |g}(z;)| < cd.

This follows easily from (6.2.11) and (6.2.13).
It is also necessary to estimate the second derivative. Clearly

g7 (@) < e Y fo -zl
Zk¢AL
and the right hand side has a constant order of magnitude for x € @);. Thus

> gl @) Qi <3 [ o= 2l < e,
i ’ k

z|<1,|Jz—Rezk|>cd 1!

Hence there exists a union F3 of intervals @; with m(Fs3) < ase so that if Q; is not
contained in F3 then

(6.2.15) max |g;'(z)] < ed?.

Now suppose @; is not contained in £y U Ey U E3 U Q.. Let x; € Q; be as in
(6.2.14). By (6.2.14), (6.2.15) and Taylor’s formula with remainder, we have

(6.2.16) lgi(z) — gi(z:)| < ¢ for any z € Q;.

Then using (6.2.12), (6.2.16) and elementary arguments, we obtain

|log f(x) —logf el <c forany z € Q;\ Q.

i

This completes the proof. (Il

We now turn to several complex variables.

PROPOSITION 6.2.7. Suppose F' is holomorphic on D3 C C" and |F|pep,) <
|F(0)]ecrd. Assume F(z) is real and nonnegative on the cube Q given by |z;| < 1,
i=1,--- ,n, in R™. Additionally, suppose that F(x) =1 on any hyperplane x; = 0,
i=1,---,n. Ford sufficiently large, subdivide Q into cubes Q; of sides ca/d. Then
for any given € > 0, there exists a subset E of measure less than € such that

|logF(x)flog][ F|<ecz foranyzxe@;\E,

i

where c3 is a positive constant depending on € but not on d.

PrOOF. This follows from Proposition 6.2.6 by induction. We successively
average over each coordinate direction. The extra technical hypothesis that F' =1
on each coordinate hyperplane is crucial for this argument. [
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We proceed to remove the technical hypotheses in Proposition 6.2.7. Define
maps T; by
T}‘(l‘l,"' ,.%'n) :(Z‘l,.TQ,"' sy Ljy Tjljg1y 7371'7,) ] = 17 , L — 17
Tn(xla te 73;71) :(xnxla T2,y Tg, ,.Tn).

Set T = TnTn—l . ~T1 and W = T2.

LEMMA 6.2.8. W maps every coordinate hyperplane {x; = 0} to the origin.
The Jacobian determinant of W wvanishes along the coordinate hyperplanes only.
There exists an open set U C Q so that W : U — W(U) is a diffeomorphism.

PRrROOF. The first two statements are verified by direct computations. The last
assertion then follows from the inverse function theorem. O

Now we prove the main ingredient in the proof of the lower bound.

PROPOSITION 6.2.9. Suppose k is a sufficiently large integer depending only
on n and F is holomorphic on D3 C C" and |F|p~(p,,) < |F(0)|ecr?. Assume
F(z) is real and nonnegative on the cube @ given by |x;| <1,i=1,---  n, in R™.
Suppose R is a suitable cube contained in Q. For d sufficiently large, subdivide R
into cubes R; of sides ca/d. Then for any given € > 0, there exists a subset E of
measure less than € such that

\logF(m)—logf F|<cs foranyz € R\ E,
R;

where c3 is a positive constant depending on € but not on d.

PrROOF. We assume F(0) = 1. Choose R C W(U) where W(U) is obtained
from Lemma 6.2.8. The function F' o W satisfies the hypotheses of Proposition
6.2.7. The conclusion of Proposition 6.2.7 then implies that if ; C U, we have
outside a set of measure of ase

|log F(x) —1og][ F| <cg,
W(Q:)
since the Jacobian of W is bounded on U. For d sufficiently large, we assume that

each R; is contained in some W (Q);) except for a union of R; whose total measure
is less than age. Also, we require that

-1 < m(R;)
m(Qi)
We then finish the proof by elementary arguments. (Il

<ec.

Now we are ready to prove the lower bound in Theorem 6.0.2.

THEOREM 6.2.10. Suppose (M™,g) is an analytic n-dimensional compact Rie-
mannian manifold (without boundary) and u is a smooth function satisfying Agu+
Au =0 on M for some positive constant X. Then

(6.2.17) H" ' ({z € Mu(z) =0}) > eV,

where ¢ is positive constant depending only on (M, g).



6.2. LOWER BOUNDS 121

PROOF. It suffices to consider the nodal sets contained in a single coordinate
patch U. By Lemma 6.2.1, there is at least one nodal point inside every ball of
radius a; A"'/2. Cover U by cubes Q; of sides asA~'/2, as > a1, so that there exists
a nodal point z; in the middle tenth of Q;. Choose a3 so that B; = B, -1/2 (z;) is
completely contained in the middle one half of @Q);.

We now apply Proposition 6.2.9 for the nonnegative function u2. The required
hypotheses are guaranteed by (6.1.7). Hence there exists a fixed cube R C U so
that for any sufficiently small ¢ > 0

|log u?(x) — log][ u?|<c foranyz € RNQ;\ E,
where F' is a subset of measure less than € and c¢ is a positive constant depending
on € but not on d. Let R; = RN Q; \ E. Then we conclude easily that half of the
Q; satisfy

(6.2.18) m(R;) > (1 — ase)m(Q;).

Here m denotes the measure. Let S denote the set of those Q; satisfying (6.2.18).
Fix & > 0 sufficiently small and consider only those Q; € S. Then clearly we have

(6.2.19) 7[ u2§c][ u?,
B.

where ¢ is a positive constant depending only on (M, g), independent of A. By a
similar argument as in the proof of Theorem 6.2.5, we get

(f, )t <ef 1l

i

By Lemma 6.2.4, we obtain
H (w0} N By) > (A2
Summing over those @; € S satisfying (6.2.18), we obtain
H* H(u"t{0}) > Z H* (w0} N B;) > eV
Qi€S
This completes the proof. [l






CHAPTER 7

Measure Estimates of Singular Sets

In this chapter, we discuss the geometric measure of singular sets of solutions
of linear elliptic differential equations of second order.

We begin with a simple example. Consider a homogenous harmonic polynomial
of degree d in R?. By using polar coordinates 1 = rcosf and zo = rsiné in
R? = {(x1,22)}, we assume P(x) = r?cosdf. A direct calculation shows

P = dri 1t cos(d —1)8, dyP = —dr?'sin(d — 1)6.

Therefore, both 0; P and 02 P are products of d — 1 distinct homogeneous linear
functions. Now assume u is a smooth perturbation of P in By. Then, it is not hard
to imagine that the critical set of u has at most (d — 1)? points in B;. As we see,
this is quite difficult to prove if u is only smooth.

In Section 2.4, we discussed singular sets of planar harmonic functions and
derived an optimal estimate on the number of points in singular sets. In this
chapter, we discuss singular sets of solutions of general elliptic differential equations.
We consider the homogeneous elliptic differential equation of the form

n n
Lu= Z a;;(x)0;u + Zbi(x)aiu +ce(x)u=0 in By CR",
i=1

ij=1

where the coefficients a;; satisfy
n
Y ai(@)&; = NP for any £ €R”, @ € By,
i,j=1

for some positive constant A. We assume a;; are Lipschitz and b; and c are at least
bounded. The Lipschitz condition for the leading coefficients is essential. It implies
the unique continuation for the operator £. In other words, if a solution u vanishes
to an infinite order at a point in Bj, then wu is identically zero. For details, see
Chapter 3.
Set
f B ‘VU‘Q
Jop, @

It is proved in Chapter 3 that u satisfies

N =

][ u? < g4erlVte ][ u?(z) for any g € B1, r < 1,
Bar (a0) B, (o) ’

where c1, c2 and 19 < 1/3 are positive constants depending only on n, the ellipticity
constant A, the Lipschitz constant of leading coefficients and the L°°-norms of all
coefficients. We then conclude that the vanishing order of u at any point p € By,

123
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does not exceed ¢; N 4 c2. The quantity IV is called the frequency of u in By. It
controls the vanishing order of wu.

The following conjecture concerns the size of singular sets in terms of the fre-
quency. It was proposed by Lin [69].

CONJECTURE 7.0.1. Let u be a solution of Lu = 0 in By C R™. Then
H{x € Biiu(x) = [Dul(z) =0} < CN?,
where C' is a positive constant depending only on the elliptic operator L.

At this time, it is known to be true only for planar harmonic functions. It is
open even for harmonic functions in the general dimension.

7.1. Singular Sets of Harmonic Functions

In this section, we discuss singular sets of harmonic functions in arbitrary di-
mension. We first examine an example.

EXAMPLE 7.1.1. Consider the harmonic polynomial in R3

2
2 2 3
u(z1, 2, r3) = x7x3 + THT3 — 3% — €T3

A simple calculation shows
Du(zy, 2, 23) = (20123, Ta3, 45 + x5 — 205 — €).
Then we have
0 for € < 0,
S(u) = ¢{(0,0,0)} for e =0,
{(z1,29,0);2{ + 23 =¢} fore>0.
The dimension of the singular set S(u) changes according to the sign of .
Example 7.1.1 illustrates that a serious problem arises if we study singular
sets only in real spaces. This suggests that we need to study the singular set for
holomorphic extensions of harmonic functions in the complex space. Results on the
structure of singular sets in Chapter 4 play an important role.
The main result in this section is the following theorem, which was proved by

Han, Hardt and Lin [47] for solutions of general elliptic differential equations with
smooth coefficients.

THEOREM 7.1.2. Suppose u is a harmonic function in By C R™ with

Vul|?
N = dp Vel 2‘ :
faBlu

Then
M2 (S() 1 By) < C(N),

where C(N) is a positive constant depending only on n and N.

The key result is the following lemma. We denote by B, and D,. balls of radius
r in R™ and C™ respectively.
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LEMMA 7.1.3. Let P be a homogeneous harmonic polynomial of degree d > 2
and of two variables in R™. Then there exist positive constants € and r, depending
on P, such that for any harmonic function u in By with

|u — Plpe(B,) <&,
there holds
H"2(|Du| {0} N B,) < c(n)(d — 1)%r" 2.

PROOF. First, there exists a universal constant R € (0, 1) such that u(z) can
be extended to a holomorphic function w(z) in Dg with
(7.1.1) |u — Plci(pg) < c(n)|u — P|ps(p,) < ce.
In the following, we assume [, P? = 1.
We first prove for n = 2. By (2.4.11), we have
|DP(2)] 2 col2|",
where c¢g is a positive universal constant. By taking e small in (7.1.1), we get
|Du(z) — DP(z)| < |PD(z)| for any |z| = R.
Note that Lemma 1.3.1, the Bezout’s formula, implies
#{|DP|7*(0)} = (d — 1)* (including the multiplicity).
By Lemma 1.3.2, the Rouché Theorem in C2, we have
4{1Dul71(0) N Dr} < (d - 1)°.
This implies in particular
#{|Dul~1(0) N Br} < (d — 1),

Next, we discuss the general dimension. We temporarily denote by Z the co-
ordinates in R™ and by Z the corresponding complex coordinates. In the following,
we set Du = (f, f) and DP = (g,0). Here we treat f and g as maps from C" to
C?. Then we have

9P = o2 +[27) 7
and
|f — gl (pg) < ce.

Now we introduce a change of coordinate £ = Oz in R™ with an orthogonal
matrix O = (0;;) to be chosen. Then in C", we have Z = Oz. In the following, we
evaluate f and ¢ in z. For simplicity, we still write f and g, instead of f o O and
g o O. Then we have

d—1
n n 2
(7.1.2) 19(2)]? > o <| > ozl + 20%%2) .
i=1 =1

Note that only the first two rows of the matrix O appear in (7.1.2).
For any p € R” and any 1 < i < j < n, denote by P;;(p) the 2-dimensional
hyperplane
{(p1s- s pic1s 20 Pit1s o P15 25, D1, D) b
and simply write P;;(p) = {(%, #;)} when there is no confusion. We also set P;; =
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Fixany 1 <14 < j <n. We consider f and g restricted on P;;. A straightforward
calculation shows that

) a1
> co (Jorizi + 0152 |* + 02izi + 02jzj|2) :

|g Py

(7.1.3) 2 s
>co (ea|zil® + 12507) 7,

where
e — 0100 )2
(01202] 01j 021) }
2 2 2 2 S
07; + 01; + 03; + 03

P!
. = min { 2(0%+ o8, + 0 + 03,

Therefore, we require that, in the orthogonal matrix O, any 2 x 2 submatrices in
the first two rows have nonzero determinants. If we write g = (g1, g2), then each
g; is a product of d — 1 homogeneous linear functions with real-valued coefficients.
We again apply Lemma 1.3.2, the Rouché Theorem in C?, to get the following
conclusion. There exists a constant 7;; such that for any holomorphic function
v:Dp C C? ={(z,2j)} — C? with

(7.1.4) lv—g

P;; Loo(D%) < UL

there holds
(7.1.5) #(™H0} N D%) < (d— 1)

Here we denote by D% the ball (centered at origin) with radius R in C2.

Take
— 1 3
s o P
For any p € R® and any 1 < i < j < n, set v, = f’Pij (p). By taking € small in
(7.1.1), we have

!Uij,p — 9Py Lo (p2) < 2n < nij.
Then we have
#(v;5, {0} N DR) < (d—1)%
Obviously [Du|~*{0} NP;;(p) C vi}lp{O}. If we set 7;; as the projection
T (T1, @) = (T, i1, i1y Tty Tj1y o+ Tpy) € R"2,
then we have shown, in particular, that for any ¢ € Bg_g CR"2and any 1 <i <
J<n
#(|Dul = {0} N w5 (q) N Br) < (d—1)%
Hence Theorem 1.2.10, the integral geometric formula, implies

H"2(|Du|~*{0} N BR)

< Z /BI,‘2 #(|Du|_1{0} N Wigl(q) N BR)dHn—Qq < C(’I’L)(d _ 1)2R"_2.

1<i<j<n

This finishes the proof. O

As the first step in proving Theorem 7.1.2, we show the following result.
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LEMMA 7.1.4. Suppose u is a nonconstant harmonic function in By C R™ with
llull2(B,) = 1. Then there exist positive constants C(u) and e(u), depending on n
and u, and a finite collection of balls {B,,(x;)} with r; < 1/8 and x; € S(u) such
that for any harmonic function v in By with

|u — | (By) < €(u),

there hold
H 2 (S(v) N Bl/z\ UB,, (xl)) < C(u),

ZTZL_Q < 2n1—1 :

Lemma 7.1.4 illustrates that the singular set S(v) of v is decomposed into two
parts, a good part and a bad part. The good part has a measure estimate and the
bad part is covered by small balls. The key point here is that the estimate for the
good part and the covering for the bad part can be made uniform for harmonic
functions v close to some wu.

and

PROOF. Let u be given in Lemma 7.1.4. By Lemma 4.1.4, we have
S(u) = Sp(u) U Sy(u),

where Sp(u) has the Hausdorff dimension not exceeding n—3, Sy(u) is on a countable
union of (n — 2)-dimensional C'' manifolds and for any p € S,(u) the leading
polynomial of v at p is a homogeneous harmonic polynomial of 2 variables after an
appropriate rotation. In particular, we have

H™2(Sy(u)) = 0.

Then, there exist at most countably many balls B,,(x;) with r; < 1/8 and z; €
Sp(u) such that

(7.1.6) Sy(u) € | Br, (1),
and
(7.1.7) » o< 2:71.

We claim for any y € Sg(u) N Bs4, there exist positive constants R < 1/8,
r < R, n and ¢, depending only on u and y, such that, for any harmonic function
v satisfying

(7.1.8) |u7v\Loo(BR(y)) <,
then
(7.1.9) H"2{S(v) N B,(y)} < er™ 2.

We postpone the proof of (7.1.9).

It is obvious that the collection of { B, (z;)} and { B, (y)}, y € S4(u), covers
S(u). By the compactness of S(u), there exist x; € Sp(u), i =1,--- ,k = k(u), and
y; € Sg(u), j=1,---,1=1(u), such that

k l
(7.1.10) S(u) N Bsyy C <U B,, (:m)) U U Bs; (y5) |

i=1
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with r; <1/8,i=1,--- ,k,and s; <1/8,j=1,---,l. Since S(u) is closed, there
exists a positive constant p = p(u) such that

l

(7.1.11) {x € Bsy4; dlSt(.’I} S(u < p} C (U By, (z; > U U

Jj=
It is easy to see that for such a p there exists a positive constant § = §(u) such that
lu —v|c1(B,,,) < 0 implies

(7.1.12) S(v) N Bz C {x € Byq; dist(z,S(u)) < p}.
Denote
k
B, = U Bm xz U BSJ yj
i=1

Now we take €(u) < d(u) small enough such that, for any harmonic function v in
B, the condition

[u—v|pepy) <ée(u)
implies for each j =1,--- I = Il(u),
[ = vl (B, < 0(Y5,w)-
Therefore, there hold by (7.1.6), (7.1.7), (7.1.10)-(7.1.12),
S(v)N By C (S(v)NBy) U (S(v)NGu),

H”fQ( mgu SCZS —2

j=1

k
U - (T4)s rlgl and ZT"Q_QTL

i=1
Now we prove (7.1.9) under the assumption (7.1.8). For any y € Sy(u) N By,
we have

C(u

and

u(z +y) = P(x) +¢(x) for any z € Bu,
where P is a nonzero homogeneous harmonic polynomial of degree d with2 < d < N
and v (z) satisfies, by interior estimates,

(7.1.13) [v(x)| < Clz|?*  for any |z| < 1/8,

for a positive constant C' depending only on N and n. Here N is the largest
vanishing order of u in By/,. By an appropriate rotation, P is a function of two
variables. Hence we may assume P is defined in R? x {0} with R" = R? x R"~2,
We abuse the notation by saying that P is defined in R2. Let e, and r, be the
constants given in Lemma 7.1.3 for P. By (7.1.13), we take a positive constant
R = R(y,u) < 1/8 such that

1
\@WLOO(BR) < 58

Choose 1 small, depending on R and ¢,, such that (7.1.8) implies

1 1
| fa (4= Vlz=(Br@) < 56
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Then
1

7
By considering the transformation = — y + Rz, we have

(v=P(=9)|r>Brw) < e«

1
|ﬁ’l}(y +R ) — P|L°°(Bl) < Ek.

Hence we apply Lemma 7.1.3 to P. After transforming back to Bg(y), we get for
some r < Rr,

H"2(|Dv|~H{0} N B,) < ¢(n)(d — 1)%r" 2.
Therefore, we obtain (7.1.9). O

The proof of Theorem 7.1.2 is based on an iteration of Lemma 7.1.4. In order
to do this, we need to introduce a class of compact harmonic functions. Consider
a positive integer N and denote by Hpy the collection of all harmonic functions u
in By C R” satisfying

(7.1.14) ][ u?(z) dr < 4N ][ u?(z) de,
Bar(z0) By (z0)

for any 2o € By3 and 0 < 2r < dist(zo,dB;). Obviously, Hy is invariant under
dilations and translations. Specifically, if v € Hy, then ug,, = u(xo + 1) € Hy
for any xg € By/3 and 0 < 2r < dist(xg,dB1). The class Hy has the following
important compactness property.

LEMMA 7.1.5. For any fixed positive integer N, the collection

Hy = {u € 'HN;/ u?(z)dr = 1}

B

2

is compact under the local L*°-metric.

PROOF. The proof is straightforward. Suppose ux € HL. By (7.1.14) and a
covering argument, we have for any R € (0,1)

lurllc2(Br) < ¢(N,R), k=1,2,---.

Then there is a subsequence uys such that ux converges to a harmonic function u
locally in C%(By). In (7.1.14) with u replaced with uy, we take the limit k — oo.
Hence (7.1.14) holds for v and then u € Hy. It is obvious that fB1/2 u?(x)dr =
1. [

Now we prove the following result.
THEOREM 7.1.6. Let N be a positive integer. Then for any u € Hy,
H" 2 {S(u)N By} <C,
where C' is a positive constant depending on N and n.

Theorem 7.1.2 follows readily from Theorem 7.1.6. To prove Theorem 7.1.6,
we need an improved version of Lemma 7.1.4.
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LEMMA 7.1.7. Suppose N is a positive integer. Then there exists a positive
constant C, depending only on n and N, such that for any v € Hy there exists a
finite collection of balls { By, (z;)}, with r; < 1/4 and z; € S(u), such that

H"2 (S(u) N By 2\ U B, (2:)) < C,
and

DN =

IURE

By comparing Lemma 7.1.4 and Lemma 7.1.7, we note that the constant C' in
Lemma 7.1.4 depends on the function v and that the constant C' in Lemma 7.1.7
depends only on the class Hpy, independent of specific functions in this class.

PROOF. Take an arbitrary function ug € Hy. Consider any u € Hi with
lug — u|Loo(B7/8) < np. We take 19 = no(up) small such that

1o < e(uo),

where e(ug) is the constant given in Lemma 7.1.4. Then by Lemma 7.1.4, there
exist a positive constant C(up) and finitely many balls {B,, (z;)}, with z; € S(uo)
and r; < 1/8, such that, for any u € H} with |ug — u|Loo(B7/8) < No,

H=2 (S(u) 1 B\ U By, () < Cluo),

and

1

-2

Z r? S on—1"

If S(u) N By, (x;) # 0, we take &; € S(u) N By, (x;). Obviously By, (x;) C Bay, (Z;).
Therefore, for such a u by renaming radii and centers, we find a finite collection of

balls {B;,(x;)}, with z; € S(u) and r; < 1/4, such that

H"? (S(u) N B2\ U By, (xl)) < C(up),
and
1
ne2 g2
DB
By Lemma 7.1.5, H} is compact under local L>°-metric. Hence there exist uq, -,
Uy € HY and 01 = n(u1), -+, nm = n(uy) such that for any u € H}, there exists
a k, 1 <k <m, with the property
[u = wk|L=(B,,5) < Nk
Denote
C = max{C(u1), - ,C(up)}.
Such a constant C' is finite and depends only on the class Hy. |

Now we are ready to prove Theorem 7.1.6. The iteration scheme in the proof
was first introduced by Hardt and Simon [51] and already used in Chapter 5.

PrROOF OF THEOREM 7.1.6. We use an iteration process to prove Theorem
7.1.6. To begin with, define

$o = {B1/2}
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We claim that we may find ¢1, ¢2, - - -, each of which consists of a collection of balls,
such that for any £ > 1
1 1
rad(B) < 550 for any B € ¢y,
n—2 1
(I‘ad(B)) S ?,

and

where C' is the positive constant given in Lemma 7.1.7. Observe that

SwnByclJ(swn( |J B\ U B)
/=1

Begp—1 Begy

uswnlJ U B
£=0

j=¢ Beg;
Hence we have

1 — 1

>1 =t

To prove the claim, we construct {¢,} by an induction. Note ¢9 = {Bj/5}.
Suppose ¢g, ¢1,...,¢e_1 are already defined for some ¢ > 1. To construct ¢y, we
take B = B, (y) € ¢¢—1, with r < 1/2; and consider the transformation

Ty 4+ 2re.

Then, @(z) = u(y + 2rx) is a harmonic function in B;. Obviously, & € Hy. Hence
we apply Lemma 7.1.7 to @ to obtain a collection of balls {Bs, (z;)}, with s; < 1/4
and z; € S(@), such that

12 (S(@) N By\U B, (2)) < C,

and

N | =

POLAE
Now transform Bj /o back to B,(y) by
r—=y
2r
We obtain that, for B = B,(y) € ¢¢_1, there exist finitely many balls {B,,(x;)} in
Bo-(y), with r; <r/2, such that

X —

- <s<u> B\ B, <xi>) <2

and )
n—2 < = n—2.
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Then we set

o7 = U{Bi(xi)}a

and
o= J o

Begyp—1

Hence we obtain
H 2| Swn |J B\ |J B|<C 2
Bede—1 Bede By, (zi)€¢e—1
and by induction
11 Wy 1
ri < 5 e Z rp TS 20

By (zi)€¢e

for each ¢ > 1. This concludes the proof. ([

7.2. Singular Sets of Smooth Solutions

In this section, we discuss the geometric measure of singular sets for smooth
solutions. The main result is the following theorem proved by Han, Hardt and Lin
[47].

THEOREM 7.2.1. Suppose that L is an elliptic operator of the form (4.5.1)
satisfying (4.3.2) and (4.3.3) and that u is a C™-solution of Lu = 0 in By with

fBl |Vul|?
faB1 u?

for some positive constant Ny. Then

H 2 (S(w) N By) < C,

S N07

where C is a positive constant depending on Ny, X and the CM-norms of the co-
efficients a;;, b; and c, for some positive constant M depending on Ny, A\, k and
Ir.

The key result is the following lemma for functions in R2.

LEMMA 7.2.2. Let P be a homogeneous harmonic polynomial of degree d > 2
in R2. Then there exists a positive constant &, depending only on P, such that for
any u € C?¢(By) with

lu — P‘Cde(Bl) <6,
there holds
#(|Du|~*{0} N B%) <c(d—1)%

where ¢ 1s a universal constant.

Lemma 7.2.2 replaces Lemma 1.3.2, the Rouché Theorem in C2, in the proof
of a result similar to Lemma 7.1.3. Lemma 7.2.2 follows easily from Lemma 1.3.3
with (Pl,PQ) = VP.

Now we sketch the proof of Theorem 7.2.1.
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PROOF OF THEOREM 7.2.1. The proof consists of several steps.
Step 1. Set

Sy(u) = {p €S(u); the leading polynomial of u at p is

a polynomial of two variables by an appropriate rotation}.
By Corollary 4.1.4, we have
M2 (S(u) \ Sy(u)) = 0.

Then for any € > 0, there exist at most countably many balls B,,(z;) with r; < e
and z; € S(u) \ Sy(u) such that

(7.2.1) S(u) \ Sg(u) C UB” (24),
and
(7.2.2) > o < (e w),

where y(g,u) — 0 as ¢ — 0.
We claim for any y € Sg(u) N Bs)y, there exist R = R(y,u), » = r(y,u) and
¢ = c(y,u), with r < R, such that

(7.2.3) H" 2 {B,(y) N S(u)} < er™ 2.

The proof of (7.2.3) is based on Lemma 7.2.2 and the fact that the degree of the
leading polynomial at any p € S,(u) is at most coN. We omit details.

It is obvious that the collection of { B, (z;)} and { B, (y)}, y € Sy(u), covers
S(u). By the compactness of S(u), there exist z; € S(u)\Sy(u), i = 1,--+ ,k =
k(e,u), and y; € Si(u), j=1,---,1 =1(e,u), such that

(7.2.4) S(u) N Baya © (UL By, (20)) | (U B, ()

withr; <e,i=1,--- ,k,and s; <¢,j=1,---,1.

Step 2. In Step 1, The constant 7 in (7.2.2) and ¢ in (7.2.3) depend on u. To
improve the results established in Step 1, we should work in a compact class of
elliptic operators satisfying (4.3.1)-(4.3.3) and in a compact class of solutions with
controlled frequency. Then by a compactness argument, we conclude the following
result. Let u be as given in Theorem 7.2.1. For any € > 0, there exist positive
constants C(e) and y(¢), depending only on € and Ny, as well as A, k, I and n, with
v(g) — 0 as e — 0, such that there exists a collection of balls {B,, (z;)} with r; < e
and z; € S(u) such that

H" 2 (S(u) N By s \UB,, (z;)) < C(e),
and
D P <a(e).
We emphasize that C(g) and v(¢) are independent of w.

Step 3. We use the standard iteration process to prove Theorem 7.2.1. To
begin with, define

$o =1{B12} -
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Fix an € > 0. We claim that we may find ¢, ¢, - - -, each of which consists of a
collection of balls, such that for any ¢ > 1

(2¢)°
rad(B) < 5

3 (rad(B)" 7 < 4(e),

Begy

for any B € ¢y,

and

H 2 Swn |J B\ | B <ClenE)]!

Bege—1 Begy

where C(g) and 7(e) are given in Step 2. Observe that

S(u)ﬂBl/QCU S(u)n ( U B\ UB

=1 Bego_1 Beg,
u(swnlJ U B
=0 j=t BEp;
Hence we have
H=2 (S() 1 Byya(0)) < C() 4 B + inf S B
>1 j=
< 2C(e),

provided we take € small so that v(¢) < 1/2.

To prove the claim, we construct {¢¢} by an induction. Note ¢g = {By,2},
independent of €. Suppose ¢g, ¢1,...,¢s_1 are already defined for some £ > 1. To
construct ¢y, we take B = B,.(y) € ¢¢—1, with r < 1/2. Consider the transformation
x +— y + 2rz. Then, via Lu = 0 in Ba,(y), we have

Lu=0 in Bl,

where

n

= Z (Y +2r2)0p,a, +22rb (y + 2rx)0y, + (2r)2c(y + 2rz),
j=1 i=1

and
u(x) = u(y + 2rz).

Note that Step 2 can be applied to £ and 4. Hence we obtain a collection of balls
{Bs, (%)} with s; < e and z; € S(@) such that

H" 2 (S(@) N By \ UBs, (2:)) < C(e),

and

D s <A(e)
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Now transform B, /5 back to B.(y) by  — (z—y)/2r. Then for B = B,.(y) € ¢¢_1,
there exist finitely many balls { B, (z;)} in Ba,(y), with r; < 2er, such that

2 <S<u> "B, \UB. <mi>> < Clep?,

and

Z,,qz—? < T7L_2’)/(€).
i

Now we set

o7 = U{Bi(%)},

and
o= |J o
Beopy_1
Hence we obtain
H 2 Swn |J B\ | B| <Ce) P2
Bedo—1 Beg, By, (zi)€de-1
and by an induction
(2€)€ n—2 P4
n<s ) e,
By, (zi)E€¢e

for each ¢ > 1. This concludes the proof. O
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