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Preface

The subject of nodal sets, or level sets in general, is an important research
topic for solutions of differential equations. In some cases, properties of nodal sets
of solutions are themselves the primary concern. In other cases, nodal sets provide
an important tool in the study of properties of solutions.

In this book, we discuss the nodal sets of solutions of homogeneous linear el-
liptic equations of the second order. Our primary concern is the measure theoretic
properties of these sets and their relation to the growth of solutions. There are
two important conjectures. The first conjecture was raised by S.-T. Yau and asks
whether the nodal sets of the eigenfunctions of the Laplacian operator in a compact
manifold have an area on the order of the square root of the corresponding eigen-
values. Eigenfunctions on flat torus illustrate that the order of the square root is
the correct one. The second conjecture was proposed by F.-H. Lin and concerns the
size of the nodal sets and the critical nodal sets of solutions of general homogeneous
elliptic differential equations.

An important aspect of the discussion is the local growth of solutions and eigen-
functions. We will show that solutions and eigenfunctions are well approximated
by polynomials, where the degree of these polynomials can be controlled. Then a
natural question arises as to whether the nodal sets of solutions and eigenfunctions
are approximated by nodal sets of these approximating polynomials.

This book has seven chapters. In Chapter 1, we briefly review prerequisite
results which will be used throughout this book. These include basic a priori esti-
mates for solutions of linear elliptic equations of the second order, basic knowledge
on Hausdorff measures and several well-known results on zeroes of analytic func-
tions. We describe these results without proof and provide references.

In Chapter 2, we discuss harmonic functions exclusively. This chapter sets the
tone for the rest of the book. In this chapter, we first introduce the frequency
function for harmonic functions and prove the important monotonicity formula.
An important consequence of this monotonicity formula is the control of vanishing
orders of harmonic functions by the frequency. In the rest of this chapter, we
estimate the size of nodal sets and critical nodal sets of harmonic functions by the
frequency. All results are optimal.

In Chapter 3, we generalize the notion of the frequency to solutions of general
linear elliptic equations of the second order. We prove a modified monotonicity
formula for solutions of linear elliptic equations under the assumptions that the
leading coefficients are Lipschitz and other coefficients are bounded. An important
consequence is a quantitative version of the unique continuation, which plays an
essential role in the rest of this book.

vii



viii PREFACE

In Chapter 4, we discuss the structure of nodal sets of solutions of general linear
elliptic equations of the second order with the same assumptions under which unique
continuation holds. We will prove that the nodal set is countably rectifiable of
codimension 1 and that the critical nodal set is countably rectifiable of codimension
2. The proof is based on a pointwise a priori estimate for these solutions.

In Chapter 5, we study the size of nodal sets of solutions of general linear
elliptic equations of the second order. We prove optimal estimates if coefficients
are analytic and less than optimal estimates if coefficients are non-analytic. An
important aspect in the discussion is to analyze the local growth of solutions in
terms of its frequency.

In Chapter 6, we study the size of nodal sets of eigenfunctions of the Laplace-
Beltrami operator on compact Riemannian manifolds. We will prove optimal upper
bounds and lower bounds if the Riemannian manifold is analytic.

In Chapter 7, we study the size of critical nodal sets of solutions of general
linear elliptic equations of the second order. We prove a uniform estimate on the
measure of critical nodal sets in terms of the frequency. This result is far from
satisfactory. An optimal estimate exists only for planar harmonic functions.

Many results in Chapters 5, 6 and 7 are far from optimal, leaving plenty of
room for improvements. We hope this book will inspire others to work on this
fascinating area of mathematics.

Acknowledgments.

Qing Han, Fang-Hua Lin



CHAPTER 1

Prerequisite Knowledge

The main concern in this book is the measure theoretic properties of the nodal
sets of solutions of the elliptic differential equations. There is no surprise that
we will employ frequently a priori estimates in the theory of elliptic differential
equations and various integral formulas in the geometric measure theory. We will
also use very often some basic results concerning zeroes of polynomials. In this
chapter, we will give a brief review of these results. Specifically, we will review
some important results of interior estimates of elliptic differential equations, integral
formulas related to Hausdorff measures and zeros of analytic functions. We will
quote these results without proof. Those who are not familiar with these results
should not feel intimidated. They can start with Chapter 2 and refer back to this
chapter when necessary.

1.1. Elliptic Differential Equations

In this section, we will give a quick review of some basic estimates of solu-
tions of elliptic differential equations. The simplest elliptic differential operator is
the Laplacian operator ∆. The following result yields the interior estimates for
harmonic functions.

Lemma 1.1.1. Let u ∈ C
(
B̄R

)
be a harmonic function in BR ⊂ Rn. Then for

any multi-index α with |α| = m

|Dαu(0)| ≤ nmem−1m!
Rm

max
B̄R

|u|.

Lemma 1.1.1 will be used frequently in Chapter 2.
Now we consider general elliptic differential equations of the form

(1.1.1) aijuij + biui + cu = f in B1 ⊂ Rn.

We always assume (aij) satisfies

λ|ξ|2 ≤ aij(x)ξiξj ≤ λ−1|ξ|2 for any x ∈ B1, ξ ∈ Rn,

for a positive constant λ, which is often called the ellipticity constant.
Concerning solutions of (1.1.1), we have the following Schauder estimates and

W 2,p-estimates.

Theorem 1.1.2. Let aij, bi and c be Cα-functions in B1 and u be a C2,α-
solution of (1.1.1) for some α ∈ (0, 1). Then

|u|C2,α(B 1
2
) ≤ C

(
|u|L∞(B1) + |f |Cα(B1)

)
,

where C is a positive constant depending only on n, λ, α and the Cα-norms of aij,
bi and c.

1
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Theorem 1.1.3. Let aij be continuous functions, bi and c be bounded functions
in B1 and u be a W 2,p-solution of (1.1.1) for some p > 1. Then

‖u‖W 2,p(B 1
2
) ≤ C

(
‖u‖Lp(B1) + ‖f‖Lp(B1)

)
,

where C is a positive constant depending only on n, λ, p, the module of continuity
of aij and the L∞-norms of aij, bi and c.

Here we only stated interior estimates. Global estimates also hold if we assume,
in addition, that u|∂B1 can be extended to a C2,α-function in B1 or a W 2,p-function
in B1 respectively. Theorem 1.1.2 and Theorem 1.1.3 will be used throughout the
book. Their proofs can be found in [38].

Now we consider elliptic differential equations of the divergence form

(1.1.2)
(
aijuj

)
i
= 0.

A function u ∈ H1(B1) is a weak solution of (1.1.2) if∫
B1

aijuiϕj = 0 for any ϕ ∈ H1
0 (B1).

The following result is referred to as the Moser’s local boundedness estimate. It is
one of the most fundamental estimates in the theory of elliptic differential equations.

Theorem 1.1.4. Let aij be bounded in B1 and u ∈ H1 be a weak solution of
(1.1.2) in B1. Then

(1.1.3) sup
B 1

2

u2 ≤ C −
∫

B1

u2,

where C is a positive constant depending only on n and λ.

Here and thereafter, −
∫

denotes the average.
Another estimate we will use is the following Caccioppoli’s inequality.

Lemma 1.1.5. Let aij be bounded in B1 and u ∈ H1 be a weak solution of
(1.1.2) in B1. Then

(1.1.4) −
∫

B 1
2

|∇u|2 ≤ C −
∫

B1

|u − ū|2,

where ū is the average of u in B1 and C is a positive constant depending only on n
and λ.

The proof of Theorem 1.1.4 can be found in [38]. Lemma 1.1.5 follows from a
simple integration with the help of cutoff functions. They will be used in Chapter
3.

1.2. Hausdorff Measures

In this section, we review some basic knowledge concerning Hausdorff measures,
a class of lower dimensional measures on Rn, which allow us to measure certain
very small subsets of Rn. A good reference is [33].

We first recall the definition of Hausdorff measures.
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Definition 1.2.1. Let A ⊆ Rn be a nonempty subset and s be a nonnegative
integer.

(i) For any δ ∈ (0,∞], define

Hs
δ(A) = inf

{ ∞∑
j=1

ω(s)
(diamCj

2
)s; A ⊂

∞∪
j=1

Cj ,diamCj ≤ δ
}
,

where

ω(s) =
πs/2

Γ( s
2 + 1)

, for s ∈ [0,∞),

and

Γ(s) =
∫ ∞

0

e−xxs−1dx, for s ∈ (0,∞).

Note that Γ(s) is the usual gamma function for s ∈ (0,∞).
(ii) Define

Hs(A) = lim
δ→0

Hs
δ(A) = sup

δ>0
Hs

δ(A).

We call Hs the s-dimensional Hausdorff measure on Rn.
For the empty set, we simply define Hs

δ(∅) = 0 for any δ > 0 and Hs(∅) = 0.

Note that ω(s) is the volume of the unit ball in Rs if s is a positive integer.

Remark 1.2.2. For δ > δ′, Hs
δ(A) ≤ Hs

δ′(A). Hence Hs
δ(·) is a monotone

decreasing function of δ ∈ (0,∞] and the limit in (ii) makes sense. In particular,
we have for any subset A ⊂ Rn, δ > 0 and s ≥ 0

Hs(A) ≥ Hs
δ(A) ≥ Hs

∞(A).

We note that it is necessary to require δ → 0 in order to force the coverings to
follow the local geometry of the set A. This is well illustrated by a spiral in R2.

Theorem 1.2.3. For any s ∈ [0,∞), Hs is a Borel regular measure on Rn. In
other words, for any subset A ⊂ Rn, there is a Borel subset B ⊂ Rn with A ⊂ B
such that Hs(A) = Hs(B).

The next result asserts that, for any subset A ⊂ Rn, there is only one possible
s ≥ 0 such that Hs(A) is meaningful.

Lemma 1.2.4. Let A ⊂ Rn and 0 ≤ s < t < ∞.
(i) If Hs(A) < ∞, then Ht(A) = 0.
(ii) If Ht(A) > 0, then Hs(A) = ∞.

Definition 1.2.5. The Hausdorff dimension of a set A ⊂ Rn is defined by

dimH(A) = inf{s ∈ [0,∞); Hs(A) = 0}.

It is easy to see that dimH(A) ≤ n. By setting s = dimH(A), we have Ht(A) = 0
for any t > s and Ht(A) = ∞ for any t < s. We note that Hs(A) may be any number
between 0 and ∞ inclusive. Furthermore, dimH(A) need not be an integer. Even
if dimH(A) = k is an integer and 0 < Hk(A) < ∞, A need not be a k-dimensional
surface in any sense.

Next, we discuss some properties of Lipschitz functions. The following theorem
of Rademacher concerns the differentiability of Lipschitz functions.
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Theorem 1.2.6. Let f : Rm → Rn be a locally Lipschitz map. Then f is
differentiable Lm-almost everywhere in Rm, i.e., for Lm-almost every x ∈ Rm,
Df(x) = (∂1f(x), · · · , ∂mf(x)) exists and

lim
y→x

1
|y − x|

(
f(y) − f(x) − Df(x) · (y − x)

)
= 0.

Now let f : Rm → Rn be a Lipschitz map and x ∈ Rm be a point where f is
differentiable at x. Hence Df(x) : Rm → Rn is a linear map. We can view Df(x)
as an n × m matrix. With L = Df(x), we define the Jacobian of f at x by

Jf(x) =

{√
det(L∗L), m ≤ n,√
det(LL∗), n ≤ m.

Sometimes, in order to emphasize the maximal possible rank, we denote the Ja-
cobian by Jmf(x) for m ≤ n and Jnf(x) if m ≥ n. Obviously, Jf(x) = 0 if
rank(Df(x)) < min{m,n}. Now we intend to calculate∫

A

Jf(x)dLm(x).

Theorem 1.2.7. Let f : Rm → Rn be a Lipschitz map and m ≤ n. Then for
any u ∈ L1(Rm)

(1.2.1)
∫

Rm

u(x)Jmf(x)dx =
∫

Rn

∑
x∈f−1(y)

u(x)dHm(y).

In particular, if f is one-to-one on an Lm-measurable set A ⊆ Rm, then we
obtain ∫

A

Jmf(x)dx = Hm
(
f(A)

)
,

by taking u = χA.

Theorem 1.2.8. Let f : Rm → Rn be a Lipschitz map and m ≥ n. Then for
any u ∈ L1(Rm)

(1.2.2)
∫

Rm

u(x)Jnf(x)dx =
∫

Rn

∫
f−1(y)

udHm−ndy.

We note that (1.2.1) and (1.2.2) are referred to as the area formula and the
coarea formula respectively.

Now we introduce countably rectifiable sets, which provide an appropriate no-
tion of generalized submanifolds in Euclidean spaces. For the rest of this section,
we always assume 1 ≤ m ≤ n − 1.

Definition 1.2.9. Let E ⊂ Rn be an Hm-measurable subset. E is countably
m-rectifiable if

E ⊂ E0 ∪
( ∞∪

j=1

fj(Rm)
)
,

where Hm(E0) = 0 and fj : Rm → Rn is a Lipschitz function for j = 1, 2, · · · .

Countably rectifiable sets are important in the geometric measure theory and
have many nice geometric properties. For example, countably rectifiable sets have
approximate tangent spaces almost everywhere and the area and coarea formulas
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hold for Lipschitz maps between countably rectifiable sets. For our purpose, we
will only review the integral geometric formula ([33], 3.2.22), an important method
in calculating the measure of countably rectifiable sets.

Let Λ(n,m) be the collection of (λ1, · · · , λm) with 1 ≤ λ1 < · · · < λm ≤ n. For
any λ ∈ Λ(n,m), we denote by Pλ : Rn → Rm the orthogonal projection given by

Pλ(x1, · · · , xn) = (xλ1 , · · · , xλm).

Theorem 1.2.10. Suppose E is a countably m-rectifiable subset of Rn, m ≤ n
and

aλ =
∫

H0
(
E ∩ P−1

λ (y)
)
dLmy for any λ ∈ Λ(n,m).

Then ( ∑
λ∈Λ(n,m)

a2
λ

) 1
2 ≤ Hm(E) ≤

∑
λ∈Λ(n,m)

aλ.

The integral geometry formula plays a fundamental role in estimating measures
of nodal sets throughout this book. It has a clear geometric interpretation. For
example, in order to estimate the H1-measure of a countably 1-rectifiable subset
in R2, we need only examine the intercepts of this subset with all straight lines
parallel to axis.

1.3. Zeros of Analytic Functions

In this section, we collect some results concerning zeros of analytic functions.
We begin with the Bezout formula ([7], Corollary 1, P200), which can be viewed

as the two-dimensional version of the fundamental theorem of algebra.

Lemma 1.3.1. Suppose P and Q are homogeneous polynomials of degree k and
l in C2 respectively. If P and Q have no common factors, then

#{(z1, z2);P (z1, z2) = Q(z1, z2) = 0} = kl,

including the multiplicity.

The next result is the 2-dimensional version of the Rouché Theorem. For a
general form and a proof, refer to Lupacciolu [71].

Lemma 1.3.2. Let Ω ⊂ C2 be a bounded C1-domain and f, g : Ω → C2 be
holomorphic in Ω and C1 up to the boundary ∂Ω. If

|f(z1, z2) − g(z1, z2)| < |g(z1, z2)| for any (z1, z2) ∈ ∂Ω,

then f−1(0) and g−1(0) are isolated in Ω and the number of points in f−1(0) is the
same as that in g−1(0), counting the multiplicity.

A good choice for g in Lemma 1.3.2 is given by g = (P,Q), where P and Q are
as in Lemma 1.3.1.

Next, we collect some results on zeros of functions in real Euclidean spaces.
It is well known that real zeros do not behave as well as complex zeros. For
example, a perturbation of a function with isolated zeros may produce functions
with complicated zeros. In some special cases, we may preserve the finiteness of
zeros.
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Lemma 1.3.3. Let P1 and P2 be homogeneous polynomials of degree d ≥ 1 in
R2 such that P and Q can be written as products of distinct linear factors. Then
there exists a positive constant δ, depending only on P1 and P2, such that for any
C2d2

-functions u1 and u2 on B1 ⊂ R2 with

|ui − Pi|C2d2 (B1)
< δ for any i = 1, 2,

there holds
#({x ∈ B 1

2
;u1(x) = u2(x) = 0}) ≤ cd2,

where c is a universal constant.

Lemma 1.3.3 can be viewed as Lemma 1.3.2 in the real space with g = (P1, P2).
The proof of Lemma 1.3.3 is based on the Weierstrass-Malgrange Preparation The-
orem for finitely differentiable functions. It is quite complicated although the result
is easily visualized to be true. See [47] for details.

Last, we state a result concerning zeros of polynomials. See Theorem 2.1 in
[51].

Lemma 1.3.4. Let P be a (real) polynomial of degree d in Rn. If dimP−1(0) ≤
k, then

Hk
(
P−1{0} ∩ B1

)
≤ cdn−k,

where c is a positive constant depending only on n.



CHAPTER 2

Nodal Sets of Harmonic Functions

In this chapter, we discuss the relation between the growth of harmonic func-
tions and the growth of their nodal sets. The growth of harmonic functions is mea-
sured by their frequency. For any harmonic function u in the unit ball B1 ⊂ Rn,
the frequency in B1 is defined by

N =

∫
B1

|∇u|2∫
∂B1

u2
.

If u is a homogenous harmonic polynomial, its frequency is exactly its degree. In
general, the frequency controls the growth of the harmonic functions.

As we know, planar harmonic functions are simply the real parts of holomor-
phic functions in the complex plane. This simple identification is not enjoyed by
harmonic functions in higher dimensional spaces. However, harmonic functions in
Rn, as analytic functions with interior estimates on derivatives, can be extended
to holomorphic functions in Cn. It turns out that such an extension is extremely
important in the discussion of nodal sets. This is because the nodal sets of (general
analytic) functions in Rn are not stable in the sense that a simple perturbation may
change the structure of nodal sets. In particular, the dimension of nodal sets may
change by perturbations. However, this does not happen for holomorphic functions
in Cn. In order to discuss nodal sets of harmonic functions, we first discuss complex
nodal sets of their holomorphic extensions. It is not surprising that complex anal-
ysis plays an important role in our study. For example, we use repeatedly Rouché
Theorem in C and in C2, which asserts in particular that, if an equidimensional
holomorphic map has isolated zeroes, then its holomorphic perturbation enjoys the
same property and the number of zeroes is preserved. Another property we use is
the behavior of polynomials away from their zeroes. For a suitably normalized poly-
nomial, a positive lower bound can be established for the modulus of the polynomial
outside some balls around its zeroes.

The foundation of our discussion is a monotonicity formula for frequencies
of harmonic functions. Corollaries of such a monotonicity include the doubling
condition of L2-integrals and the finite vanishing order. In fact, an integral quantity
of harmonic functions in the unit ball controls the vanishing order of harmonic
functions inside the ball.

2.1. Nodal Domains of Spherical Harmonics

We begin our discussion of nodal sets of harmonic functions with those of
homogeneous harmonic polynomials. Because of the homogeneity, homogeneous
harmonic polynomials in Rn can be identified with the corresponding spherical

7



8 2. NODAL SETS OF HARMONIC FUNCTIONS

harmonics, their restrictions on the unit sphere Sn−1. For any integer m ≥ 1,
we denote by Hm(Rn) the collection of all homogeneous harmonic polynomials of
degree m in Rn. Obviously, Hm(Rn) is a linear space.

We start with n = 2 and denote points in R2 by (x, y). The general homoge-
neous polynomial Pm of degree m in R2 contains m + 1 coefficients. Then ∆Pm

is a homogeneous polynomial of degree m − 2 and therefore contains m − 1 terms.
These terms have to vanish if Pm is a harmonic function. This gives m−1 relations
which must hold among the m + 1 constants if Pm is a harmonic function; so that
these constants can be expressed linearly in terms of (m+1)−(m−1) or 2 of them.
Therefore, Hm(R2) is a linear space of dimension 2. We note that Re(x + iy)m

and Im(x + iy)m are linearly independent homogeneous harmonic polynomials and
hence form a basis in Hm(R2). In fact, in polar coordinates (r, θ), any homogeneous
harmonic polynomial Pm of degree m is of the form

Pm = arm cos(mθ + θ0),

for some constants a and θ0 ∈ [0, 2π). Obviously, P−1
m (0) consists of m straight

lines passing the origin and forming equal angles by any two consecutive lines. It
is natural to ask whether nodal sets of homogeneous harmonic polynomials in Rn

enjoy similar simple characterizations for n ≥ 3. In the rest of this section, we only
discuss the case n = 3.

The general homogeneous polynomial Pm of degree m in R3 contains 1
2 (m +

1)(m + 2) coefficients. Then ∆Pm is a homogeneous polynomial of degree m − 2
and therefore contains 1

2m(m − 1) terms. These terms have to vanish if Pm is a
harmonic function. This gives 1

2m(m − 1) relations which must hold among the
1
2 (m+1)(m+2) constants if Pm is a harmonic function; so that these constants can
be expressed linearly in terms of 1

2{(m+1)(m+2)−m(m− 1)} or 2m+1 of them.
Therefore, Hm(R3) is a linear space of dimension 2m + 1. A basis of this linear
space is given in terms of Legendre functions. We now discuss how to construct
such a basis. The following brief discussion follows MacRobert [72].

Let (x, y, z) and (r, θ, φ) be the rectangular coordinate and the corresponding
polar coordinate in R3, i.e.,

x = r sin θ cos ϕ, y = r sin θ sinϕ, z = r cos θ.

Let Pm = rmQm(θ, ϕ) be a homogeneous harmonic polynomial of degree m in R3.
Then

m(m + 1)Qm +
1

sin θ

∂

∂θ

(
sin θ

∂Qm

∂θ

)
+

1
sin2 θ

∂2Qm

∂ϕ2
= 0.

By writing µ = cos θ, we have

m(m + 1)Qm +
∂

∂µ

(
(1 − µ2)

∂Qm

∂µ

)
+

1
1 − µ2

∂2Qm

∂ϕ2
= 0.

By seting Qm(θ, ϕ) = f(θ)g(ϕ), we obtain

m(m + 1) +
1
f

∂

∂µ

(
(1 − µ2)

∂f

∂µ

)
+

1
1 − µ2

1
g

∂2g

∂ϕ2
= 0.

The first two terms in this equation are independent of g, and therefore so is the
last. Hence, the value of 1

g
∂2g
∂ϕ2 must be a constant. Since g is 2π-periodic in ϕ, we
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may take this constant to be −k2 for an integer k. Thus

∂2g

∂ϕ2
= −k2g,

and hence
g(ϕ) = A cos(kϕ) + B sin(kϕ),

where A and B are constants. Then f satisfies

(2.1.1)
∂

∂µ

(
(1 − µ2)

∂f

∂µ

)
+

(
m(m + 1) − k2

1 − µ2

)
f = 0,

which is known as Legendre’s associated equation. If fm,k(µ) is a solution of (2.1.1),
then

(2.1.2) rm
(
A cos(kϕ) + B sin(kϕ)

)
fm,k(cos θ)

is a harmonic function wherever it is defined in R3. We are interested in only
those fm,k such that (2.1.2) gives a homogeneous polynomial of degree m in R3. A
lengthy calculation then yields for k = 0, 1, · · · ,m

(2.1.3) fm,k(µ) = (1 − µ2)
k
2

dm+k

dµm+k
(1 − µ2)m.

For k = 0, we have

(2.1.4) fm(µ) = fm,0(µ) =
dm

dµm
(1 − µ2)m.

This is the Legendre function. We also note that fm,m is a constant. For each fixed
positive integer m, the collection in (2.1.2) with fm,k given by (2.1.3) for 0 ≤ k ≤
m consists of 2m + 1 linearly independent homogeneous harmonic polynomials of
degree m and hence forms a basis of Hm(R3). (We note that there is only one
function for k = 0 in (2.1.2). )

Now, we examine nodal sets of these homogenous harmonic polynomials in
(2.1.2). Because of the homogeneity, it is convenient to consider the restriction of
the nodal sets to the unit sphere S2, which is called the nodal curves. These nodal
curves divide S2 into a certain number of domains, called nodal domains, where
defining functions are not zero.

If k = 0, the corresponding harmonic polynomial is a constant multiple of the
Legendre function fm(cos θ) as in (2.1.4). A simple calculus argument shows that
fm(µ) has m distinct zeros between −1 and 1, arranged symmetrically about µ = 0.
Hence fm(cos θ) has m distinct zeros between 0 and π, arranged symmetrically
about θ = π

2 . Accordingly on S2, the function fm(cos θ) vanishes on m latitude
circles. These circles are symmetrically situated with respect to the equator θ = π

2 ,
and, if m is an odd number, the equator itself is one of these circles. Similarly,
level sets of this function consist of latitude circles. Because of this division of the
sphere into zones by sets of latitude circles, the function fm(cos θ) and its constant
multiples are called zonal harmonics.

If 0 < k < m, the spherical harmonic is of the form(
A cos(kϕ) + B sin(kϕ)

)
sink θ

dm+k

dµm+k
(µ2 − 1)m|µ=cos θ.
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Figure 2.1.1. Nodal curves of zonal harmonics.

The first factor vanishes when A cos(kϕ) + B sin(kϕ) = 0, i.e., when tan(kϕ) =
−A/B, and on S2 this corresponds to k great circles through the pole θ = 0, the
angle between the planes of any two consecutive great circles being π/k. The second
factor vanishes at the points θ = 0 and θ = π, and the third on m−k latitude circles,
arranged like the corresponding circles in the case of zonal harmonics. Since the two
sets of circles intersect orthogonally, these harmonics are called tesseral harmonics.

Figure 2.1.2. Nodal curves of tesseral harmonics.

Finally, if k = m, the spherical harmonic is of the form(
A cos(mϕ) + B sin(mϕ)

)
sinm θ,

which vanishes when θ = 0 or π, or when tan(mϕ) = −A/B. This corresponds on
S2 to the points θ = 0 and θ = π, and to m great circles through these points, the
angle between the planes of any two consecutive being π/m. As S2 is thus divided up
into 2m sectors, these functions called sectorial harmonics. We note that sectorial
harmonics are simply linear combinations of Re(x + iy)m and Im(x + iy)m.

Now we examine nodal sets and nodal domains of these special harmonics
closely. It is clear that the length of the nodal curves grow as the degree grows.
This in fact is a general result. The measure estimate of nodal sets constitutes an
important part of this book. Figures 2.1-2.1 (Fix the cross referencing.) also
seem to suggest that the number of nodal domains grows according to the degree.
This in fact is false. We now present examples of spherical harmonics such that the
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Figure 2.1.3. Nodal curves of sectorial harmonics.

number of their nodal domains remains constant as degrees grow. The rest of this
section follows Lewy [68].

Let u be a spherical harmonic of degree m in R3. There is an obvious lower
bound for the number of nodal domains Nm(u). Evidently, Nm(u) ≥ 2 since u

must change sign on S2, for 0 = u(0) = −
∫

S2
u. If m is even, then Nm(u) ≥ 3. For

if Nm(u) = 2, the sets {u > 0} and {u < 0} of S2 would be connected and each
must contain a point p and also its diametrically opposite point p′. Suppose, say,
u(p) > 0, then there is an arc σ joining p to p′ on which u > 0 and the diametrically
opposite arc σ′ must also belong to u > 0. If now u(q) < 0, then also u(q′) < 0 (q′

opposite to q), but it is impossible to connect q to q′ without intersecting σ ∪ σ′.
In the following, we prove that these lower bounds for Nm are actually assumed.

In other words, we construct spherical harmonics of degree m whose nodal curves
divide S2 in 2 resp. 3 domains for m odd resp. even. We achieve this by starting
from a particular spherical harmonic P , whose nodal curves are connected and easy
to describe, adding ε times a suitable other such of the same degree where ε is small,
and investigating the change of the nodal curves due to this addition. The sphere
S2 is the union of finitely many neighborhoods each contained in a hemisphere H.
After a rotation, H becomes z > 0. The homogeneity relation

P (x, y, z) = zmP (
x

z
,
y

z
, 1)

reduces the study of the nodal curves of P in H to that of the zeros of polynomials
in two variables.

Lemma 2.1.1. Suppose m ≥ 2 is an integer and f(x) is an analytic function
in a neighborhood of 0 ∈ R with f(0) = 1, |f(x) − 1| ≤ M |x| and |f ′(x)| ≤ M .
Then there exists a ρ > 0 such that, for any ε > 0 small, there is exactly one
x0 > 0 satisfying xm

0 = εf(x0), and xm < εf(x) for x < x0 and xm > εf(x) for
x0 < x < ρ.

Proof. Note that F (x) = xm − εf(x) satisfies F (0) < 0 and F
(
(2ε)1/m

)
>

2ε − ε − εM(2ε)1/m > 0 if ε small. Hence there exists an x0 ∈
(
0, (2ε)1/m

)
with

F (x0) = 0. Set x0 = a0ε
1/m for some constant a0 depending on ε. Obviously,
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a0 < m
√

2. Then we have

0 = ε−1F (x0) = am
0 − f(a0ε

1/m) ≤ am
0 − 1 + M(2ε)1/m,

or
am
0 ≥ 1 − M(2ε)1/m.

Hence, for any given δ > 0, we have a0 > 1 − δ if ε is small enough. Then for any
x ≥ x0

F ′(x) =mxm−1 − εf ′(x) ≥ mxm−1
0 − εM

≥mam−1
0 ε1−1/m − εM ≥ m(1 − δ)m−1ε1−1/m − εM > 0,

for small ε. This shows that there is no root of F (x) = 0 above x0. Obviously, such
an x0 is unique. ¤

Lemma 2.1.2. Suppose ψ(x, y) = Im(x+iy)m for some m ≥ 2 and f is analytic
near the origin 0 ∈ R2 with f(0) = 1. Then there is a ρ > 0 such that for small
ε > 0

(2.1.5) ψ(x, y) − εf(x, y) = 0

has no solution in 0 < y ≤ x tan
π

2m
for any x ∈ [0, x1) and has exactly one solution

y(x) in 0 < y ≤ xtan
π

2m
for any x ∈ [x1, ρ], where x1 is the solution of

ψ(x1, x1 tan
π

2m
) = εf(x1, x1 tan

π

2m
).

Proof. Set

F (x, y) = ψ(x, y) − εf(x, y) = Im(x + iy)m − εf(x, y).

It is easy to see that

ψ(x, x tan
π

2m
) = Im(x + ix tan

π

2m
)m =

(
x

cos π
2m

)m

.

With
x′ =

x

cos π
2m

,

we have

F (x, x tan
π

2m
) = x′m − εf̃(x′) = x′m − εf(x′ cos

π

2m
,x′ sin

π

2m
).

We apply Lemma 2.1.1 to find a ρ such that there exists a unique x′
0 solving

x′m
0 = εf̃(x′

0) in (0, ρ) for sufficiently small ε. With x1 = x′
0cos

π

2m
, we have

ψ(x1, x1 tan
π

2m
) = εf(x1, x1 tan

π

2m
),

and
ψ(x, x tan

π

2m
) − εf(x, x tan

π

2m
) < 0 for any x ∈ [0, x1).

Consider any x ∈ [0, ρ] and 0 < y ≤ tan
x

2m
, and set r =

√
x2 + y2. Then we

have ψ(x, y) = Im(x + iy)m ≤ rm and

F (x, y) = ψ(x, y) − εf ≤ rm − ε

2
.
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First, consider x ∈ (0, x1/2). Since x′
0 < (2ε)1/m, we have

r <
1
2
(2ε)1/m, rm <

ε

2m−1
.

This implies F (x, y) < 0 for any x ∈ (0, x1/2), if ε is small. On the other hand, if
x ≥ x1/2, r ≥ (1 − δ)ε1/m/2 with δ > 0 small, we have

∂yF = ψy − εfy = mrm−1 cos(m − 1)θ − εfy

≥ mε1−1/m
(1 − δ

2
)m−1 sin

π

2m
− εM ′ > 0,

(2.1.6)

for small ε. Thus F (x, x tan θ) ≤ F (x, xtan
π

2m
) if x ≥ x1/2, θ ∈ [0,

π

2m
]; while

F (x, xtan
π

2m
) < 0 if x1/2 ≤ x < x1. Hence, there is no solution of F (x, y) = 0

unless x ≥ x1. Note that (2.1.6) also shows that for x > x1 there can be no more
than one solution of F (x, y) = 0; it cannot lie on y = xtan

π

2m
by Lemma 2.1.1,

since F (x, y) > 0 there. Since F (x, 0) = −εf(x, 0) < 0 for x ∈ [0, ρ], there is a
unique solution y(x) of F (x, y) = 0 in x ∈ [x1, ρ], 0 ≤ y ≤ xtan

π

2m
if ε is small.

Note that y(x) is continuous and tends to 0 as ε → 0+. ¤
Remark 2.1.3. In Lemma 2.1.2, ψ may be replaced by q(x, y)ψ where q(x, y) is

analytic with q(0, 0) > 0 and the condition f(0, 0) = 1 by f(0, 0) > 0. If f(0, 0) < 0
we have analogous results on replacing ε > 0 by ε < 0. Moreover, if ψ is of degree
m and ψ = 0 has a simple singular point at 0 ∈ R2 where exactly two regular
branches of ψ = 0 meet at an angle θ ∈ (0, π), then we can introduce an analytic
transformation which carries branches into x′ = 0 and y′ = 0 and ψ = 0 into
x′y′ψ′(x′, y′), where ψ′ is analytic and ψ′(0, 0) 6= 0. Then ψ − εf = 0 becomes
x′y′ − εf ′ψ′−1 = 0 and Lemma 2.1.2 applies with m = 2.

Theorem 2.1.4. Let m > 0 be an odd integer. There is a spherical harmonic
of degree m whose nodal curves divide S2 into two domains.

It will be clear from the proof that such a spherical harmonic is an appropriate
perturbation of a sectorial harmonic.

Proof. Consider

F (x, y, z) = Im(x + iy)m − εf(x, y, z),

where f is a spherical harmonic of degree m with f(0, 0, 1) > 1. We show that F
has the required property for small ε > 0.

Cover S2 by finitely many closed neighborhoods Ω each contained in a hemi-
sphere and of one of the three properties

(i) Im(x + iy)m > 0 on Ω, or Im(x + iy)m < 0 on Ω;
(ii) Ω intersects with Im(x + iy)m = 0 exactly in one non-singular arc;
(iii) Ω contains (0, 0, 1) or (0, 0,−1).

In addition, the diameter of Ω is required not to exceed limitations which depend
on f and m, but not on ε. We note that, in Ω of (iii), the gradient of Im(x + iy)m

is not zero on Im(x + iy)m = 0.
In each of the m sectors

0 < θ <
π

m
,

2π

m
< θ <

3π

m
, · · · ,

2m − 2
m

< θ <
2m − 1

m
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of the Ω of (iii) containing (0, 0, 1), the equation F (x, y, z) = zmF
(x

z
,
y

z
, 1

)
= 0

defines for small ε a U-shaped curve tending to the two sides of the sector as ε → 0,
according to Lemma 2.1.2. Similarly, the Ω containing (0, 0,−1) of (iii) intersects
with F (x, y, z) = 0 in the m sectors

π

m
< θ <

2π

m
, · · · ,

2m − 1
m

< θ < 2π,

since f(0, 0,−1) = −f(0, 0, 1) < 1 as m is odd. The omitted sectors and the points
(0, 0, 1) resp. (0, 0,−1) belong to F (x, y, z) 6= 0. Outside the Ω’s of (iii), we either
have F 6= 0, or F = 0 on arcs tending to Im(x + iy)m = 0 as ε → 0. Thus, we see
that F = 0 is a non-singular curve of S2 beginning, say, in the sector 0 < θ <

π

m

near (0, 0, 1), arriving in
π

m
< θ <

2π

m
near (0, 0,−1), continuing and again arriving

in
2π

m
< θ <

3π

m
near (0, 0, 1), etc., and finally arriving back in 0 < θ <

π

m
near

(0, 0, 1), and thus defines a closed Jordan curve of S2 which divides S2 into exactly
2 domains. ¤

The case of even m > 0 is more involved.

Lemma 2.1.5. There is a spherical harmonic of even degree m > 0

ψ(x, y, z) = xyq(r2, z2)

with q(0, 1) > 0.

Proof. We first note

0 = ∆ψ = xy
(
∆q + 8

∂q

∂r2

)
= xy

(
4r2 ∂2q

∂(r2)2
+ 12

∂q

∂r2
+

∂2q

∂z2

)
.

The expression in parenthesis vanishes for polynomials q(r2, z2) which are solutions
of

∆7q =
( ∂2

∂z2
+

6∑
i=1

∂2

∂x2
i

)
q = 0,

with r2 =
∑6

i=1 x2
i . We set

q = (z2 + r2)m+ 1
2

∂m−2

∂zm−2
(z2 + r2)−

5
2 .

This finishes the proof. ¤

It follows that ψ(x, y, z) = 0 on S2 is the union of the great circles x = 0 and
y = 0, and latitude circles z = zj with 1 > z1 > z2 > · · · > zm−2 > −1 where

zj = −zm−1−j and zj > 0 for 1 ≤ j ≤ m − 2
2

. Each of the points (0, 0,±1),

(±
√

1 − z2
j , 0, zj), (0,±

√
1 − z2

j , zj) is a singularity of ψ which, after a suitable

rotation of S2, takes the form xyp(x, y, z) with p(0, 0, z) 6= 0 and p analytic in the
new variables.
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Lemma 2.1.6. There is a spherical harmonic g(x, y, z) of degree m satisfying

g(0, 0, 1) > 0 and for j = 1, · · · ,
m − 2

2

g(
√

1 − z2
j , 0, zj) > 0, g(−

√
1 − z2

j , 0, zj) < 0,

(−1)j+1g(0,
√

1 − z2
j , zj) > 0, (−1)jg(0,−

√
1 − z2

j , zj) < 0.

Proof. There exists a polynomial

p1 =
m−1∑

j=1,3,5,···
ajx

jzm−j ,

which equals 1 on S2 at z = zj , j = 1, · · · ,
m − 2

2
, y = 0, x > 0. We have to solve

an interpolation problem for a polynomial of degree (m − 2)/2 in x2z−2. Since p1

is odd in x, we have p1(−x, z) = −p1(x, z) so that p1 assumes on S2 the value −1

at g(−
√

1 − z2
j , 0, zj). There is a spherical harmonic u1 of degree m for which

u1(x, 0, z) = p1(x, z),
∂

∂y
u1(x, 0, z) = 0.

It is given by

u1(x, y, z) = p1(x, z) − y2

2!
∆p1(x, z) +

y4

4!
∆2p1(x, z) + · · · .

Since the coefficients of the powers of y are odd in x, we conclude u1(0, y, z) = 0.
Similarly, we construct a spherical harmonic u2 of degree m which is odd in y and

assumes the values (−1)j+1 at (0,
√

1 − z2
j , zj), j = 1, · · · ,

m − 2
2

, hence = (−1)j

at (0,−
√

1 − z2
j , zj), j = 1, · · · ,

m − 2
2

. We have u2(x, 0, z) = 0. Thus we set
g = u1 + u2.

The g constructed above vanishes at (0, 0, 1) but there are points (x′, 0, z′) near
(0, 0, 1) where g > 0. Let ω be a rotation of S2 about the y-axis by a small angle
for which (x′, 0, z′) = ω(0, 0, 1). Then g

(
ω(x, y, z)

)
is a spherical harmonic with the

required properties by the continuity. ¤

Theorem 2.1.7. Let m > 0 be an even integer. There is a spherical harmonic
of degree m whose nodal curves divide S2 into three domains.

Proof. The required function is

u = ψ + εg

with ψ from Lemma 2.1.5, g from Lemma 2.1.6 and ε > 0 a small constant.
Figure 2.1 (Fix the cross referencing) shows schematically the nodal curves

of u on the hemisphere z ≥ 0 for m = 10; their picture on z ≤ 0 is obtainable by
reflection in the center x = y = 0. Note that in this reflection domains with u > 0
(u < 0) are preserved. The nodal curves of the figure are two Jordan arcs, say σ1

and σ2, their respective reflections σ′
1 and σ′

2. On S2, σ1 ∪ σ′
2 and σ2 ∩ σ′

1 are the
two closed Jordan curves which divide S2 in three domains.

For the figure we can likewise read the nodal curves for even m > 10 and
m < 10. For this we note that we obtain the case m = 8 by disregarding the



16 2. NODAL SETS OF HARMONIC FUNCTIONS

Figure 2.1.4. An illustration for m = 10.

outermost circle and its exterior, m = 6 by disregarding also the next to outermost
circle and its exterior, etc. On the other hand, we observe that m = 12 requires
the same type of addition of curves to our figure (of m = 10) which are required
to pass from m = 6 to m = 8, that m = 14 requires the same type of addition of
curves to the figure of m = 12 as leads from m = 8 to m = 10, and so on. ¤

2.2. A Monotonicity Formula for Harmonic Functions

By examining the nodal curves of zonal, tesseral and sectorial harmonics in
Section 2.1, we note that their lengths grow according to degrees. This is true even
for spherical harmonics in Theorem 2.1.4 and Theorem 2.1.7 and turns out to be
a general fact. To prove this, we should first generalize the notion of degrees of
harmonic polynomials to those of arbitrary harmonic functions.

In this section, we discuss a monotonicity formula for harmonic functions, first
discovered by Almgren [5]. Important corollaries include doubling conditions and
the control of vanishing order by the frequency. The entire section follows closely
Garofalo and Lin [35], [36] and Lin [69].

Throughout this section, we always assume that u is a harmonic function in
B1 ⊂ Rn, i.e.,

(2.2.1) 4u = 0 in B1.

Define for any r ∈ (0, 1)

D(r) =
∫

Br

|∇u|2,

H(r) =
∫

∂Br

u2,

and

(2.2.2) N(r) =
rD(r)
H(r)

.
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Definition 2.2.1. N(r) is called the frequency of u in Br.

We first note that D(r) can be written as a surface integral. By (2.2.1), we
have 4u2 = 2|∇u|2. With Green’s Theorem, we rewrite D(r) as

(2.2.3) D(r) =
1
2

∫
Br

4u2 =
∫

∂Br

uun,

where un is the normal derivative of u.
As an example, we calculate N(r) for homogeneous harmonic polynomials.

Example 2.2.2. If u is a homogeneous harmonic polynomial of degree k, then
N(r) is a constant and N(r) = k. To see this, we write

u(x) = rkϕ(θ),

where ϕ is the restriction of u to Sn−1. Then we have

un = krk−1ϕ(θ),

and hence for any r > 0

N(r) =
rD(r)
H(r)

=
r
∫

∂Br
uun∫

∂Br
u2

= k.

Now we prove the following basic result referred to as the monotonicity formula,
which was first observed by F. J. Almgren, Jr. [5].

Theorem 2.2.3. Let u be a harmonic function in B1 ⊂ Rn. Then N(r) is a
nondecreasing function of r ∈ (0, 1).

Proof. First, we have

N ′(r) =
D(r)
H(r)

+
rD′(r)
H(r)

− rD(r)
H2(r)

H ′(r)

= N(r)
{

1
r

+
D′(r)
D(r)

− H ′(r)
H(r)

}
.

(2.2.4)

We need to calculate D′(r) and H ′(r). A simple differentiation yields

D′(r) =
∫

∂Br

|∇u|2 =
1
r

∫
∂Br

< x|∇u|2, x

r
> .

By applying Green’s Theorem for each i = 1, · · · , n, we have∫
∂Br

xi|∇u|2 · xi

r
=

∫
Br

∂i(xi|∇u|2)

=
∫

Br

|∇u|2 + 2
∑

j

∫
Br

xiujuij (integration by parts of the second term)

=
∫

Br

|∇u|2 − 2
∑

j

∫
Br

∂j(xiuj)ui + 2
∑

j

∫
∂Br

xiujuiνj (ν =
x

r
on ∂Br)

=
∫

Br

|∇u|2 − 2
∫

Br

u2
i −

∑
j

∫
Br

xiujjui + 2r
∑

j

∫
∂Br

νiuiujνj (4u = 0)

=
∫

Br

|∇u|2 − 2
∫

Br

u2
i + 2r

∫
∂Br

(νiui)un.



18 2. NODAL SETS OF HARMONIC FUNCTIONS

Summing over i, we get

D′(r) =
1
r

{
(n − 2)

∫
Br

|∇u|2 + 2r

∫
∂Br

u2
n

}
,

or

(2.2.5) D′(r) =
n − 2

r
D(r) + 2

∫
∂Br

u2
n.

With (2.2.3), we get

(2.2.6)
D′(r)
D(r)

=
n − 2

r
+

2
∫

∂Br
u2

n∫
∂Br

uun
.

Next, we write H(r) as

H(r) =
∫
|x|=r

u2(x)dSx = rn−1

∫
|y|=1

u2(ry)dSy.

This implies

H ′(r) = (n − 1)rn−2

∫
|y|=1

u2(ry)dSy + 2rn−1

∫
|y|=1

u(ry)
∂u

∂n
(ry)dSy

=
n − 1

r
H(r) + 2

∫
∂Br

uun.

Hence, we have

(2.2.7)
H ′(r)
H(r)

=
n − 1

r
+

2
∫

∂Br
uun∫

∂Br
u2

.

By substituting (2.2.6) and (2.2.7) in (2.2.4), we get

N ′(r) = 2N(r)

{ ∫
∂Br

u2
n∫

∂Br
uun

−
∫

∂Br
uun∫

∂Br
u2

}
,

which is nonnegative by the Cauchy inequality. ¤

In the following, we provide another proof of (2.2.5) by a radial deformation,
which has its roots in the study of minimal surfaces.

Another proof of (2.2.5). For any fixed r,4r ∈ (0, 1) with r + 4r < 1

and a fixed t ∈ (0, 1 +
4r

r + 4r
), define a function wt : R+ → R+ by

wt(ρ) =


t for ρ ≤ r,

1 for ρ ≥ r + 4r,

t
r + 4r − ρ

4r
+

ρ − r

4r
for r ≤ ρ ≤ r + 4r,

and define lt : Rn → Rn by
lt(x) = wt(|x|)x.

It is easy to see that lt is bi-Lipschitz and maps B1 to B1. Then in B1 we set

ut = u ◦ l−1
t .
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Note ut is independent of t in B1 \Br+4r. Hence
d

dt

∣∣
t=1

ut has compact support in
B1. Consider

I(ut) =
∫

B1

|∇ut|2.

Since u is harmonic, we have

(2.2.8)
d

dt

∣∣
t=1

I(ut) = 0.

To continue, we write

I(ut) =
∫

Brt

|∇ut|2 +
∫

Br+4r\Brt

|∇ut|2 +
∫

B1\Br+4r

|∇ut|2 = I1 + I2 + I3,

and
ut(y) = u(x),

with y = lt(x). For I3, we have y = x with r + 4r ≤ |y| ≤ 1. This implies

I3 =
∫

B1\Br+4r

|∇ut|2 =
∫

B1\Br+4r

|∇u|2,

and then

(2.2.9)
d

dt

∣∣
t=1

I3 = 0.

For I1, we have y = lt(x) = tx for |y| < tr and |x| < r, and hence

ut(y) = u
(y

t

)
.

The volume element is given by dy = tndx. Hence we obtain

I1 =
∫

Brt

|∇ut(y)|2dy = tn−2

∫
Br

|∇u(x)|2dx = tn−2D(r),

and then

(2.2.10)
d

dt

∣∣
t=1

I1 = (n − 2)D(r).

Finally, for I2, we have

y =
(

t
r + 4r − |x|

4r
+

|x| − r

4r

)
x,

for tr ≤ |y| ≤ r + 4r and r ≤ |x| ≤ r + 4r. We note that the transformation
between x and y preserves the radial direction. By setting s = |y| and ρ = |x| and
using polar coordinates, we have

|∇ut(y)|2 = |∂su
t|2 +

1
s2

|∇θu
t|2 = |∂ρu|2

(
∂ρ

∂s

)2

+
1
s2

|∇θu|2.

Note that the volume element is given by dy = sn−1dsdθ = sn−1 ∂s

∂ρ
dρdθ. Then we

have

I2 =
∫

Br+4r\Brt

|∇ut|2 =
∫ r+4r

r

∫
Sn−1

(
sn−1 ∂ρ

∂s
|∂ρu|2 + sn−3 ∂s

∂ρ
|∇θu|2

)
dρdθ.
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Note

s = ρ

(
t
r + 4r − ρ

4r
+

ρ − r

4r

)
,

and
∂s

∂ρ
= t

r + 4r − 2ρ

4r
+

2ρ − r

4r
.

A straightforward calculation yields

d

dt

∣∣
t=1

I2 =
1
4r

∫ r+4r

r

∫
Sn−1

{
ρn−1

(
(n − 1)(r + 4r − ρ) − (r + 4r − 2ρ)

)
|∂ρu|2

+ ρn−3
(
(n − 3)(r + 4r − ρ) + (r + 4r − 2ρ)

)
|∇θu|2

}
dθdρ.

By letting 4r → 0+, we obtain

d

dt

∣∣
t=1

I2 =
∫

Sn−1

(
rn|∂ru|2 − rn−2|∇θu|2

)
dθ = r

∫
∂Br

(
|∂ru|2 −

1
r2

|∇θu|2
)

=r

∫
∂Br

(
2|∂ru|2 − |∇u|2

)
,

or

(2.2.11)
d

dt

∣∣
t=1

I2 = 2r

∫
∂Br

u2
n − rD′(r).

With (2.2.8)-(2.2.11), we get

(n − 2)D(r) + 2r

∫
∂Br

u2
n − rD′(r) = 0.

This is (2.2.5). ¤

Now we discuss some corollaries of Theorem 2.2.3.

Corollary 2.2.4. Let u be a harmonic function in B1 ⊂ Rn. Then the limit
of N(r) as r → 0+ exists and is equal to the order of vanishing of u at 0.

Proof. The existence of the limit of N(r) as r → 0+ follows easily from the
monotonicity of N(r), by Theorem 2.2.3. Now we calculate this limit. We first
note that u does not vanish up to infinite order because of the analyticity. With
the Taylor expansion, we write

u = P + R,

where P is a nonzero homogeneous polynomial of degree k and R is the remainder.
Both P and R are harmonic. Then we have by Example 2.2.2

lim
r→0

N(r) =

∫
B1

|∇P |2∫
∂B1

P 2
= k.

All terms involving R in the above limit have a higher order of r and hence vanish
as r → 0. ¤

Corollary 2.2.5. Let u be a harmonic function in B1 ⊂ Rn. Then for any
r < 1

(2.2.12)
d

dr
log

H(r)
rn−1

= 2
N(r)

r
,
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and for any 0 < r1 < r2 < 1

(2.2.13)
H(r2)
rn−1
2

=
H(r1)
rn−1
1

exp{2
∫ r2

r1

N(r)
r

dr},

and

(2.2.14)
H(r2)
rn−1
2

≤
(

r2

r1

)2N(r2) H(r1)
rn−1
1

.

Proof. We write (2.2.7) as

H ′(r)
H(r)

− n − 1
r

= 2
D(r)
H(r)

= 2
N(r)

r
,

or
d

dr
log H(r) − d

dr
log rn−1 = 2

N(r)
r

.

This implies (2.2.12). A simple integration of (2.2.12) yields (2.2.13). To get
(2.2.14), we simply note by Theorem 2.2.3

exp{2
∫ r2

r1

N(r)
r

dr} ≤ exp{2N(r2)
∫ r2

r1

1
r
dr} =

(
r2

r1

)2N(r2)

.

This finishes the proof. ¤

The identity (2.2.12) plays an important role in subsequent discussions. An
integration of (2.2.12) relates two surface integrals of u2 through the function N(r),
as shown in (2.2.13). In particular, the L2-integral over a large sphere can be
controlled by that over a small sphere.

Corollary 2.2.6. Let u be a harmonic function in B1 ⊂ Rn. Then for any
R ∈ (0, 1/2) and η ∈ (1, 2]

−
∫

∂BηR

u2 ≤ η2N(1) −
∫

∂BR

u2,(2.2.15)

−
∫

BηR

u2 ≤ η−1η2N(1) −
∫

BR

u2.(2.2.16)

Proof. By Theorem 2.2.3 and taking r1 = R and r2 = ηR in (2.2.14), we
obtain

H(ηR)
(ηR)n−1

≤ η2N(1) H(R)
Rn−1

,

which is (2.2.15). To get (2.2.16), we simply integrate (2.2.15) from 0 to R. ¤

Note that (2.2.15) and (2.2.16) are often referred to as the doubling condition
if η = 2.

Corollary 2.2.7. Let u be a harmonic function in B1 ⊂ Rn. Then

1
n + 2N(1)

∫
∂B1

u2 ≤
∫

B1

u2 ≤ 1
n

∫
∂B1

u2.
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Proof. First, for any r ∈ (0, 1), we have

H(1) =
H(r)
rn−1

exp{2
∫ 1

r

N(r)
r

dr} ≥ H(r)
rn−1

,

or
H(r) ≤ rn−1H(1).

This implies ∫
B1

u2 =
∫ 1

0

H(r)dr ≤ H(1)
∫ 1

0

rn−1dr =
1
n

H(1).

On the other hand, for any r ∈ (0, 1), we have

H(1) =
H(r)
rn−1

exp{2
∫ 1

r

N(s)
s

ds} ≤ H(r)
rn−1

exp{2N(1)
∫ 1

r

1
s
ds}

=
H(r)
rn−1

exp{−2N(1) log r} =
1

rn−1+2N(1)
H(r),

or
H(r) ≥ r2N(1)+n−1H(1).

Hence, ∫
B1

u2 =
∫ 1

0

H(r)dr ≥ H(1)
∫ 1

0

r2N(1)+n−1dr =
1

n + 2N(1)
H(1).

This finishes the proof. ¤

We should remark that the estimate in Corollary 2.2.7 is optimal. For example,
consider in R2 the homogeneous harmonic polynomial u of degree k given by

u(x) = rk cos kθ,

where (r, θ) is the polar coordinate in R2. Then it is easy to see that∫
∂B1

u2 =
∫ 2π

0

cos2 kθdθ,∫
B1

u2 =
∫ 1

0

r2k+1dr

∫ 2π

0

cos2 kθdθ =
1

2k + 2

∫ 2π

0

cos2 kθdθ.

Now, we compare the Dirichlet energy with the L2-norm of u. First, we have∫
B1

|∇u|2∫
B1

u2
= N(1)

∫
∂B1

u2∫
B1

u2
.

Then by Corollary 2.2.7, we have

nN(1) ≤
∫

B1
|∇u|2∫

B1
u2

≤ N(1)
(
n + 2N(1)

)
.

Next, we provide another proof of Theorem 2.2.3 and Corollary 2.2.5. We
assume u is given by

u =
∞∑

k=0

uk =
∞∑

k=0

akrkϕk,
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where uk is a homogeneous harmonic polynomial of degree k in Rn and ϕk is its
restriction to Sn−1. We may assume {ϕk} is orthonormal in L2(Sn−1), i.e,∫

Sn−1
ϕkϕl = δkl.

Since each uk is harmonic, we have by Green’s Theorem

0 =
∫

Br

uk4uk =
∫

∂Br

uk∂nuk −
∫

Br

|∇uk|2.

Note uk∂nuk = kr2k−1ϕ2
k. This implies∫

Br

|∇uk|2 = k

∫
∂Br

r2k−1ϕ2
k = kr2k−1rn−1.

Therefore, we obtain

D(r) = rn−1
∞∑

k=0

ka2
kr2k−1,

H(r) = rn−1
∞∑

k=0

a2
kr2k,

and

N(r) =
rD(r)
H(r)

=
∑∞

k=0 ka2
kr2k∑∞

k=0 a2
kr2k

.

Then, we have by the Cauchy inequality

N ′(r) = 2

(∑∞
k=0 k2a2

kr2k
) (∑∞

k=0 a2
kr2k

)
−

(∑∞
k=0 ka2

kr2k
)2

r (
∑∞

k=0 a2
kr2k)2

≥ 0.

Hence, we conclude N(r) is increasing.
Next, we note

H(r)
rn−1

=
∞∑

k=0

a2
kr2k.

Then we have

d

dr

(
log

H(r)
rn−1

)
=

∑∞
k=0 2ka2

kr2k−1∑∞
k=0 a2

kr2k
=

2D(r)
H(r)

,

or
d

dr

(
log

H(r)
rn−1

)
= 2

N(r)
r

.

This is (2.2.12).

For any p ∈ B1 and any r ∈ (0, 1 − |p|), we define

(2.2.17) N(p; r) =
r
∫

Br(p)
|∇u|2∫

∂Br(p)
u2

.

The quantity N(p; r) is called the frequency of u in Br(p).
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Theorem 2.2.8. Let u be a harmonic function in B1 ⊂ Rn. Then for any
R ∈ (0, 1), there exists a constant N0 = N0(R) ¿ 1 such that the following holds.
If N(0, 1) ≤ N0, then u does not vanish in BR. If N(0, 1) ≥ N0, then

N
(
p;

1
2
(1 − R)

)
≤ CN

(
0; 1

)
for any p ∈ BR,

where C is a positive constant depending only on n and R. In particular, the
vanishing order of u at any point in BR never exceeds CN(0; 1).

Proof. The monotonicity of N(0; r) implies that the vanishing order of u at
0 never exceeds N(0; 1). In the following, we prove for R = 1/4.

Note that B3/4(p) ⊂ B1 and B1/4 ⊂ B1/2(p) for any p ∈ B1/4. By Corollary
2.2.6, we have for any p ∈ B1/4

−
∫

B 3
4
(p)

u2 ≤ c(n)42N(0,1) −
∫

B 1
2
(p)

u2.

Now, we claim

(2.2.18) −
∫

∂B 5
8
(p)

u2 ≤ c(n)42N(0,1) −
∫

∂B 1
2
(p)

u2.

In fact, we have by (2.2.12)

(2.2.19)
d

dr
log−

∫
∂Br(p)

u2 =
2N(p, r)

r
.

Hence, the function

r 7→ −
∫

∂Br(p)

u2

is increasing with respect to r. Then, we have∫
B 3

4
(p)

u2 ≥
∫

B 3
4
(p)\B 5

8
(p)

u2 =
∫ 3

4

5
8

rn−1 −
∫

∂Br(p)

u2dS dr ≥ c(n) −
∫

∂B 5
8
(p)

u2,

and ∫
B 1

2
(p)

u2 =
∫ 1

2

0

rn−1 −
∫

∂Br(p)

u2dS dr ≤ c(n) −
∫

∂B 1
2
(p)

u2.

This yields (2.2.18). Integrating (2.2.19), we obtain

log−
∫

∂B 5
8
(p)

u2 − log−
∫

∂B 1
2
(p)

u2 =
∫ 5

8

1
2

2N(p; r)
r

dr ≥ 2N
(
p;

1
2
) (

log
5
8
− log

1
2

)
.

This implies with (2.2.18)

c(n)N
(
p;

1
2
)
≤ log

(
c(n)42N(0;1)

)
,

or
N

(
p;

1
2
)
≤ c(n)N(0; 1) + c(n).

By the monotonicity of N(p; r), we obtain for any p ∈ B1/4 and any r ≤ 1/2

N(p; r) ≤ c(n)N(0; 1) + c(n).

Therefore, the vanishing order of u at p never exceeds c(n)N(0; 1) + c(n).
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To finish the proof, we claim u(p) 6= 0 for any p ∈ B1/4 if N(0; 1) ≤ ε(n) ¿ 1.
To prove this, we assume ∫

∂B1

u2 = 1,

which implies ∫
B1

|∇u|2 ≤ ε(n).

Interior estimates yield

sup
B 1

2

|∇u| ≤ c1(n)
√

ε(n).

By (2.2.15), we have

1 =
∫

∂B1

u2 ≤ 2n−122N(0;1)

∫
∂B 1

2

u2 ≤ c(n)
∫

∂B 1
2

u2.

Hence there exists a p0 ∈ ∂B1/2 such that |u(p0)| ≥ c2(n). Then, we have for any
p ∈ B1/2

|u(p)| ≥ c2(n) − c1(n)
√

ε(n) > 0,

if ε(n) is small. ¤

Most of the results in this section can be generalized to analytic functions in
C. Suppose f = f(z) is an analytic function in the unit ball in C given by

f(z) =
∞∑

k=0

akzk.

Then we have

f ′(z) =
∞∑

k=0

kakzk.

Similarly, we may define H(r), D(r) and N(r) by

H(r) =
∫
|z|=r

|f |2dσ = 2π

∞∑
k=0

|ak|2r2k+1,

D(r) =
∫
|z|≤r

|f ′(z)|dz =
∞∑

k=0

k2|ak|2
∫
|z|≤r

|z|2k−2dz = π

∞∑
k=0

k|ak|2r2k,

and

N(r) =
rD(r)
H(r)

=
∑∞

k=0 k|ak|2r2k

2
∑∞

k=0 |ak|2r2k
.

Then, we conclude as before that N ′(r) ≥ 0.
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2.3. Measure Estimates of Nodal Sets of Harmonic Functions

In this section, we estimate the measure of nodal sets of harmonic functions in
terms of the frequency. The main result, Theorem 2.3.1, was proved by Lin [69].

We first examine an example. Consider in R2 the homogeneous harmonic poly-
nomial ud given by

ud(x, y) = Re(zd) = rd cos(dθ).
The nodal set of ud consists of d straight lines intersecting at the origin. Hence, we
have

H1(u−1
d (0) ∩ B1) = 2d.

Note that the measure of the nodal set depends on the degree linearly.
In general, we have the following result.

Theorem 2.3.1. Suppose u is a harmonic function in B1 ⊂ Rn. Then

(2.3.1) Hn−1{x ∈ B 1
2
;u(x) = 0} ≤ cN,

where c is a positive constant depending only on n, and N is the frequency of u in
B1 defined by

N =

∫
B1

|∇u|2∫
∂B1

u2
.

We first prove a result concerning zeros of complex analytic functions following
Donnelly and Fefferman [27].

Lemma 2.3.2. Suppose f : B1 ⊂ C → C is analytic with

|f(0)| = 1 and sup
B1

|f | ≤ 2N ,

for some positive constant N . Then for any r ∈ (0, 1)

#{z ∈ Br; f(z) = 0} ≤ cN,

where c is a positive constant depending only on r.

The proof is based on Blaschke factors.

Proof. Without loss of generality, we assume that f has at most countably
many zeroes in B1 which are denoted by {zk} and f is continuous up to ∂B1 with
f(z) 6= 0 for |z| = 1. Then we write

f(z) = eg(z)
∏ z − zk

1 − z̄kz
.

With
max
|z|=1

|f(z)| ≤ |f(0)|2N ,

we obtain
max
|z|=1

eReg ≤ eReg(0)2N
∏

|zk|.

Note that Reg is a harmonic function in B1. Hence by the maximum principle, we
obtain

1 ≤ 2N
∏

|zk|.

Let M be the number of zeroes of f in Br. We then have 1 ≤ 2N · rM and hence
M ≤ N log 2/(− log r). ¤
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To prove Theorem 2.3.1, we also need the complexification of harmonic func-
tions. Suppose u is a harmonic function in B1 ⊂ Rn. Then there is an R ∈ (0, 1),
depending only on n, such that u(x) extends to a holomorphic function ũ(z) on

Ω = {z = x + iy ∈ Cn;x ∈ B 3
4
, y ∈ BR}.

Moreover,

(2.3.2) sup
Ω

|ũ| ≤ c‖u‖L2(∂B1),

where c is a positive constant depending only on n. To see this, we simply consider
the Taylor expansion of u = u(x) at any point p ∈ B3/4 and replace x− p ∈ Rn by
z − p ∈ Cn. With the estimate of the derivatives of harmonic functions, the new
complex series converges for |z − p| < R, for some positive constant R depending
only on n. In the following, R will be fixed such that the above extension property
and (2.3.2) hold. Hence, the constant c is also fixed, independent of u.

Now we are ready to prove Theorem 2.3.1.

Proof of Theorem 2.3.1. Without loss of generality, we assume

−
∫

∂B1

u2 = 1.

By Corollary 2.2.5, Corollary 2.2.6 and Theorem 2.2.8, we have

−
∫

B 1
16

(p)

u2 ≥ 4−cN for any p ∈ B 1
4
,

where c is a positive constant depending only on n. In particular, there is a point
xp ∈ B1/16(p) such that |u(xp)| ≥ 2−cN .

Now we choose p1, · · · , pn ∈ ∂B1/4, with pj on the xj-axis, j = 1, · · · , n. Let
xpj ∈ B1/16(pj) be such that

|u(xpj )| ≥ 2−cN for any j = 1, · · · , n.

For each j and w ∈ Sn−1, we consider

fj(w; t) = u(xpj + tw) for t ∈ (−5
8
,
5
8
).

It is obvious fj(w; t) is an analytic function of t ∈ (−5/8, 5/8). Moreover, fj(w; t)
extends to an analytic function fj(w; z) for z = t+ iy, |t| < 5/8 and |y| < y0. Then
we have

|fj(w; 0)| ≥ 2−cN ,

and
|fj(w; t + iy)| ≤ C,

for some positive constant C depending only on n. Applying Lemma 2.3.2, we
obtain

#{t;u(xpj + tw) = 0, |t| <
1
2
} ≤ C(n)N,

and in particular

Nj(w) ≡ #{t;u(xpj + tw) = 0, xpj + tw ∈ B 1
16
} ≤ C(n)N.
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By Theorem 1.2.10, the integral geometric formula, we have

Hn−1{x ∈ B 1
16

;u(x) = 0} ≤ c(n)
n∑

j=1

∫
Sn−1

Nj(w)dw ≤ C(n)N.

Now Theorem 2.3.1 follows simply by a suitable finite covering of B1/2 by balls of
radius 1/16. ¤

In the rest of this section, we prove the following result similar to Lemma 2.3.2.

Lemma 2.3.3. Let f(z) be a nonzero analytic function in B1 = {z ∈ C; |z| < 1}.
Then

#{f−1{0} ∩ Br} ≤ 2N,

where r ∈ (0, 1) is universal and N is defined by

N =

∫
B1

|f ′|2∫
∂B1

|f |2
.

Lemma 2.3.3 was first proved by Lin using Taylor expansion [69]. Here, we
prove it by Rouché Theorem. The proof here follows Han [46]. We need a result of
H. Cartan, which provides an estimate from below for the modulus of a polynomial
in C away from its zeroes. See Theorem 10, P19 in Levin [67].

Lemma 2.3.4. For any given number ε > 0 and complex numbers a1, · · · , ad,
there is a collection of at most d circles in C, with the sum of the radii equal to 2ε,
such that for each z lying outside these circles there holds

|z − a1| · |z − a2| · · · |z − ad| >
(ε

e

)d

.

Proof. We divide the proof into several steps.
Step 1. We choose the quantity ε/d as the unit of measurement and show that

there are closed circles in the complex plane, having radius equal to the number of
points {ak} contained within the circle. Indeed, form the smallest convex polygon
containing all the points {ak}, and choose any vertex aj of this polygon. Clearly
there are circles of arbitrary radius that contain this point but do not contain any
other of the points {ak}. In particular, the radius can be chosen to equal the
multiplicity of the point aj .

Step 2. From among all circles with radius equal to the number of points {ak}
lying inside the circle choose one with the largest radius, m1ε/d, and call it C1.
Note that no circle in the plane with radius greater than or equal to m1ε/d can
contain more points of the set {ak} than the number of units of measurement in
its radius. Indeed, suppose a circle of radius mε/d, with m ≥ m1, contains m′ > m
points of the set {ak}. The concentric circle of radius m′ε/d either contains m′

points or m′′ > m′ points. In the second case, we consider the concentric circle
of radius m′′ε/d and so forth. Since the set {ak} is finite, we eventually come
to a circle of radius mε/d, larger than m1ε/d, that contains m points. This is
impossible, since C1 is the largest circle having this property. The points of the set
{ak} that lie inside C1 will be said to be of rank m1.

Step 3. We remove the points of rank m1, and for the remaining d−m1 points
we construct the largest circle C2 that contains the same number of points as there
are units in its radius. Let its radius be m2ε/d. We show that m2 ≤ m1. Indeed,
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if this were not the case then the circle C2 would have a radius larger than m1ε/d,
and would contain at least as many of the original d points as there are units in its
radius. But this contradicts the result of Step 2. The points in C2 will be said to
be of rank m2. Now remove these points too, and for the remaining d − m1 − m2

points we find the largest circle C3 containing the same number of points as there
are units in its radius. Suppose that its radius is m3ε/d. Clearly m3 ≤ m2. The
points in C3 will be said to be of rank m3, and so forth.

We thus obtain a sequence of circles C1, · · · , Cl with radii that contain m1, · · · ,
ml units of measurement, respectively, where m1 ≥ · · · ≥ ml and

ε

d
(m1 + · · · + ml) = ε.

Step 4. We now form circles Γ1, · · · ,Γl concentric with the circles C1, · · · , Cl

but with radii twice as large. Let z be an arbitrary point lying outside all of the
new circles. Describe about z the circle Cz of radius mε/d, where m is some natural
number. This circle does not intersect any of the circles Cj that have a radius larger
than or equal to m. Thus this circle can only contain points whose rank is less than
m. From the definition of rank, it follows that after removing all points of rank
greater than or equal to m, no circle of radius greater than or equal to mε/d can
contain as many of the remaining points as there are units of measurement in its
radius. It follows from Step 2 that the circle Cz can contain at most m− 1 points.

Step 5. Enumerating the points {ak} in the order of increasing distance from
z, we have

|z − ak| >
kε

d
,

and
|z − a1| · · · |z − ak| > d!

( ε

d
)d >

(ε

e
)d.

This ends the proof. ¤

Next, we state a simple corollary.

Corollary 2.3.5. Suppose p(z) =
∑d

k=0 ckzk is a polynomial in C with
d∑

k=0

|ck|2 ≥ 1.

Then for any ε ∈ (0, 1), there is a collection of at most d circles in C, with the sum
of the radii ≤ 2ε, such that for any z with |z| ≤ 1 lying outside these circles

|p(z)| >
( ε

10

)d

.

Proof. We note
1
2π

∫
∂D1

|p|2 =
d∑

k=0

|ck|2 ≥ 1.

Since p has d zeroes in C, we may assume

p(z) = c(z − a1) · · · (z − ad).

Then for some z0 ∈ ∂D1, we have

1 ≤ |p(z0)| = |c| · |z0 − a1| · · · |z0 − ad| ≤ |c|(1 + |a1|) · · · (1 + |ad|),
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which implies

|p(z)| ≥ |z − a1|
1 + |a1|

· · · |z − ad|
1 + |ad|

.

Note that we only consider z with |z| ≤ 1. We assume, for some integer d′ ≤ d,
|ak| ≤ 2 for k ≤ d′ and |ak| > 2 for d′ < k ≤ d. Then for d′ < k ≤ d, we have

|z − ak|
1 + |ak|

≥ |ak| − 1
|ak| + 1

>
1
3

for any z with |z| ≤ 1.

Obviously, 1 + |ak| ≤ 3 for k ≤ d′. Hence we obtain

|p(z)| ≥
(

1
3

)d−d′

|z − a1| · · · |z − ad′ |.

A simple application of Lemma 2.3.4 yields the desired result. ¤

Now we are ready to prove Lemma 2.3.3.

Proof of Lemma 2.3.3. Set g(z) = f(z/M) for some M > 0 to be deter-
mined. Then we have

N =
M

∫
BM

|g′|2∫
∂BM

|g|2
.

We claim
#{z ∈ B 1

2
; g(z) = 0} ≤ 2N.

We set

g(z) =
∞∑

m=0

amzm.

We assume, without loss of generality, that

(2.3.3)
1
2π

∫
∂B1

|g|2 =
∞∑

m=0

|am|2 = 1.

In the following, we set N∗ = [N ], the integral part of N . Obviously, we have

N∗ ≤ N ≤ N∗ + 1.

By (2.2.14) for analytic functions, we get

1
2πM

∫
∂BM

|g|2 ≤ M2N

2π

∫
∂B1

|g|2 = M2N ,

which implies
∞∑

m=0

|am|2M2m ≤ M2N .

By N ≤ N∗ + 1, we have obviously
∞∑

m=0

|am|2M2m ≤ M2(N∗+1).

Therefore, we obtain

(2.3.4) |am| ≤ MN∗−m+1 for any m ≥ 0.
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Note that
1
2π

∫
∂B1

|
∑

m≥2N∗+1

amzm|2 =
∑

m≥2N∗+1

|am|2 ≤ c

M2N∗
,

for some universal constant c > 0. We then get by interior estimates

(2.3.5) sup
B 3

4

|
∑

m≥2N∗+1

amzm| ≤ c

MN∗
.

We choose M large, independent of N∗, such that

(2.3.6)
∞∑

m=2N∗+1

|am|2 ≤ 1
2
.

Set

(2.3.7) P∗(z) =
2N∗∑
m=0

amzm, R∗(z) =
∞∑

m=2N∗+1

amzm.

Then g = P∗ + R∗. Obviously, we have by (2.3.3) and (2.3.6)
2N∗∑
m=0

|am|2 ≥ 1
2
.

Then by Corollary 2.3.5 with d = 2N∗ and possibly a different normalization con-
stant, we conclude

inf
∂Br

|P∗| > ε2N∗ ,

for some r ∈ (1/2, 3/4) and a universal constant ε ∈ (0, 1). By choosing M large
enough, independent of N∗, we conclude by (2.3.5)

sup
B3/4

|R∗| < ε2N∗ .

This implies
|g(z) − P∗(z)| < |P∗(z)| for any |z| = r.

Then the Rouché Theorem implies

#{z ∈ Br; g(z) = 0} ≤ 2N∗,

and in particular
#{z ∈ B 1

2
; g(z) = 0} ≤ 2N∗.

This finishes the proof, since N∗ ≤ N . ¤

Lemma 2.3.2 can also be proved similarly.

2.4. Singular Sets of Planar Harmonic Functions

Let u be a harmonic function in B1 ⊂ R2. For any p ∈ B1 with u(p) = 0 and
Du(p) 6= 0, it is easy to see that u−1(0) is an analytic curve in a neighborhood of
p. Now we set

S(u) = {p ∈ B1;u(p) = 0, Du(p) = 0}.

Lemma 2.4.1. Let u be a nontrivial harmonic function in B1 ⊂ R2. Then S(u)
is isolated.
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Proof. Method 1. We identify C = R2 and write z = x1 + ix2. Setting
f(z) = ux1 − iux2 , we note that f is (complex) analytic and f−1(0) = |Du|−1(0),
which is isolated.

Method 2. Now we provide a proof which does not rely on the complex struc-
ture. For any d ≥ 2, we set

Sd(u) = {p ∈ B1; ∂νu(p) = 0 for any |ν| < d,

∂ν0u(p) 6= 0 for some |ν0| = d}.

Then we have
S(u) =

∪
d≥2

Sd(u).

This is a finite union by the finite vanishing order due to the analyticity. We prove
that Sd(u) is isolated for each d ≥ 2.

For any p ∈ Sd(u), there exists a nontrivial homogeneous harmonic polynomial
P of degree d such that

u(x + p) = P (x) + O(|x|d+1).

By a simple rotation, we assume in polar coordinate (r, θ)

P (x) = ard cos dθ,

for some nonzero constant a. A simple calculation yields

|Du(x + p)| = (d − 1)|a|rd−1 + O(rd).

Hence S(u) has no other points besides p in a neighborhood of p. ¤

Lemma 2.4.1 illustrates that S(u) is indeed the singular part of {u = 0}. We
usually call S(u) the singular set of u. Our primary interest is to estimate the
number of points in singular sets. The entire section follows closely Han [46].

We first prove the following result.

Theorem 2.4.2. Let u be a nontrivial harmonic function in B1 ⊂ R2. Then

#
(
S(u) ∩ B 1

2

)
≤ cN,

where c > 0 is a universal constant and N is the frequency of u in B1 defined by

N =

∫
B1

|∇u|2∫
∂B1

u2

.

To prove Theorem 2.4.2, we identify C = R2 and prove the following result.

Theorem 2.4.3. There exists a universal constant M > 1 such that, for any
nontrivial harmonic function u in BM ⊂ R2, with u(0) = 0, satisfying

M
∫

BM
|∇u|2∫

∂BM
u2

≤ N,

there holds
#{x ∈ B 1

2
;ux1(x) = ux2(x) = 0} ≤ 2N.
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Proof. We denote by (r, θ) the polar coordinates in R2 and write u in the
form

u(r, θ) =
∞∑

m=1

amrm cos(mθ + θm),

where θm ∈ [0, 2π). We assume, without loss of generality, that

(2.4.1)
1
π

∫
∂B1

u2 =
∞∑

m=1

a2
m = 1.

In the following, we set

N∗ = inf{n ∈ Z+; n ≥ N}.

In other words, N∗ = N if N is an integer and N∗ = [N ] + 1 otherwise. Here [N ]
is the integral part of N . Obviously, we have

N∗ − 1 ≤ N ≤ N∗.

By (2.2.14), we get
∞∑

m=1

a2
mM2m =

1
πM

∫
∂BM

u2 ≤ M2N(0;M)

π

∫
∂B1

u2 = M2N(0;M).

By N(0;M) ≤ N ≤ N∗, we have
∞∑

m=1

a2
mM2m ≤ M2N∗ ,

and hence

(2.4.2) |am| ≤ MN∗−m for any m ≥ 1.

We first choose M large, independent of N∗, such that

(2.4.3)
∞∑

m=2N∗

|am|2 ≤ 1
2
.

Now we identify C = R2 and write z = x1 + ix2. Setting f(z) = ux1 − iux2 ,
we note that f is (complex) analytic and f−1(0) = |Du|−1(0). A straightforward
calculation yields

f(z) =
∞∑

m=1

mameiθmzm−1.

Set

(2.4.4) P (z) =
2N∗−1∑
m=1

mameiθmzm−1, R(z) =
∞∑

m=2N∗

mameiθmzm−1.

Then we get f = P + R. Note that P is a polynomial in C of degree 2N∗ − 2 and
its coefficients satisfy

2N∗−1∑
m=1

|mam|2 ≥ 1
2
.

By Lemma 2.3.5, there exists an r ∈ (1/2, 1) and a universal ε > 0 such that

|P (z)| > ε2N∗−2 for any |z| = r.
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Moreover, by choosing a universal M large enough, independent of N∗, we have by
(2.4.2)

|R(z)| ≤
∑

m≥2N∗

|mam| ≤
∑

m≥2N∗

m

Mm−N∗
≤ c

MN∗
< ε2N∗−2,

for any |z| < 1. This implies

|f(z) − P (z)| < |P (z)| for any |z| = r.

By the Rouché Theorem, we have

#{f−1(0) ∩ Br} ≤ 2N∗ − 2,

or
#{f−1(0) ∩ B 1

2
} ≤ 2N∗ − 2.

This finishes the proof, since N∗ − 1 ≤ N . ¤

Theorem 2.4.2 follows from Theorem 2.4.3 and Theorem 2.2.8 easily. The
proof of Theorem 2.4.2 makes an essential use of the identification R2 = C. In
the following, we study the singular set from another point of view. Instead of
identifying R2 as C, we put R2 into C2 and then consider the complexification of
harmonic functions.

Suppose u is a harmonic function in B1 ⊂ R2. As discussed in Section 2.3, u
extends to a holomorphic function ũ(z) in DR ⊂ C2 for some universal R ∈ (0, 1).
Moreover, for some universal constant c > 0

(2.4.5) sup
DR

|ũ| ≤ c‖u‖L2(∂B1).

In the following, we always denote by ũ the complexification of u. We also denote
by Br(x) and Dr(z) open balls of radius r centered at x and z in R2 and C2,
respectively. When the center is the origin, we simply write Br and Dr. The
(complex) singular set of ũ is defined by

S(ũ) = {z ∈ DR; ũ(z) = ũz1(z) = ũz2(z) = 0}.

Theorem 2.4.4. Let u be a (real) nontrivial harmonic function in B1 ⊂ R2.
Then for some universal constants R0 ∈ (0, 1) and c > 0,

#(S(ũ) ∩ DR0) ≤ cN2,

where N is the frequency of u in B1 defined by

N =

∫
B1

|∇u|2∫
∂B1

u2
.

A significant aspect of Theorem 2.4.4 is that a property of the complexified
ũ is determined by its restriction on the real space u = ũ|R2 . Here we make an
important remark about the complexification ũ. Since u is a harmonic function,
the holomorphic function ũ satisfies ∂z1z1 ũ + ∂z2z2 ũ = 0. Theorem 2.4.4 asserts
that the singular set of ũ is isolated and that the number of singular points can be
estimated in terms of the frequency of the (real) function u. This result does not
hold for general holomorphic functions v satisfying

(2.4.6) ∂z1z1v + ∂z2z2v = 0.
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The following example was constructed by M. Hoffman-Ostenhof, T. Hoffman-
Ostenhof and Nadirashvili [53].

Example 2.4.5. Let v(z) = (z1 − iz2)2. Obviously v satisfies (2.4.6). The
singular set of v is given by {(z1, z2); z1 = iz2}, which is not isolated.

Hence in order to have an isolated singular set for a holomorphic function
v = v(z1, z2) satisfying (2.4.6), all the coefficients in the Taylor expansion of v have
to be real.

To prove Theorem 2.4.4, we first provide a simple but crucial calculation for
harmonic polynomials in R2 and their complexifications in C2. In polar coordinates
(r, θ) in R2, the homogeneous polynomial Pd(x) = rd cos dθ is harmonic. If we
consider a linear transform T : R2 → R2 given by

(2.4.7) T =
(

a −b
b a

)
, with a2 + b2 = 1, a, b ∈ R,

then Pd(T ·) is also harmonic. In fact, any homogeneous harmonic polynomial of
degree d can be written in this way. Note that T in (2.4.7) is simply a rotation in
R2.

Now we consider the gradient of homogeneous harmonic polynomials. We iden-
tify R2 = C and use the complex coordinate z = x1+ix2. Consider the homogeneous
polynomial

z̄d = (x1 − ix2)d = rd cos dθ − ird sin dθ.

We use its real part and complex part to construct a homogeneous polynomial map
Qd : R2 → R2 as follows

Qd(x) = Qd(x1, x2) =
(

rd cos dθ
−rd sin dθ

)
=

1
2

(
zd + z̄d

i(zd − z̄d)

)
,

or

(2.4.8) Qd(x) =
1
2

(
(x1 + ix2)d + (x1 − ix2)d

i((x1 + ix2)d − (x1 − ix2)d)

)
.

Each component is a homogeneous harmonic polynomial. In fact, Qd is the gradient
of some homogeneous harmonic polynomial of degree d + 1.

As before, we consider a linear transform T : R2 → R2 given in (2.4.7). If Qd is a
homogeneous polynomial map given in (2.4.8), then T tQd(T ·) is also a homogeneous
polynomial map given by the gradient of some homogeneous harmonic polynomial
of degree d + 1. In fact, the converse is also true. A homogeneous polynomial map
of degree d can be expressed as T tQd(T ·) for some linear transform T in (2.4.7) if
it is the gradient of some homogeneous harmonic polynomial of degree d + 1.

Now we extend the map Qd : R2 → R2 to Qd : C2 → C2 simply by replacing
x = (x1, x2) by z = (z1, z2),

(2.4.9) Qd(z) = Qd(z1, z2) =
1
2

(
(z1 + iz2)d + (z1 − iz2)d

i((z1 + iz2)d − (z1 − iz2)d)

)
.

Suppose T : R2 → R2 is a linear transform given in (2.4.7). Set(
z′1
z′2

)
= T

(
z1

z2

)
=

(
az1 − bz2

bz1 + az2

)
.
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Then we have

z′1 + iz′2 = (a + ib)(z1 + iz2), z′1 − iz′2 = (a − ib)(z1 − iz2).

Setting α = a + ib, we obtain

Qd(Tz) =
1
2

(
αd(z1 + iz2)d + ᾱd(z1 − iz2)d

i
(
αd(z1 + iz2)d − ᾱd(z1 − iz2)d)

)
,

and

(2.4.10) T tQd(Tz) =
1
2

(
αd+1(z1 + iz2)d + ᾱd+1(z1 − iz2)d

i
(
αd+1(z1 + iz2)d − ᾱd+1(z1 − iz2)d)

)
.

We then conclude easily

|T tQd(Tz)|2 =
1
2
(
|z1 + iz2|2d + |z1 − iz2|2d

)
.

A direct calculation shows

|z1 ± iz2|2 = |z1|2 + |z2|2 ± 2(y1x2 − x1y2).

Then we obtain

|T tQd(Tz)|2 =
1
2

((
|z1|2 + |z2|2 + 2(y1x2 − x1y2)

)d

+
(
|z1|2 + |z2|2 − 2(y1x2 − x1y2)

)d
)

.

Note that only the even powers of y1x2 − x1y2 appear in the right side. Hence we
get

(2.4.11) |T tQd(Tz)| ≥ |z|d.

Next, we generalize (2.4.11) to nonhomogeneous harmonic polynomial maps.

Lemma 2.4.6. Suppose Q : C2 → C2 is given by

(2.4.12) Q(z) =
d∑

k=0

ckT t
kQk(Tkz),

where, for k = 0, 1, · · · , d, Qk : C2 → C2 is the homogeneous harmonic polynomial
map given by (2.4.9), Tk : C2 → C2 is a linear transform given by

Tk =
(

ak −bk

bk ak

)
, with a2

k + b2
k = 1, ak, bk ∈ R,

and ck is a complex number such that
∑d

k=0 |ck|2 ≥ 1. Then there exists an r ∈
(1/2, 1) such that

|Q(z)| > εd for any z ∈ ∂Dr,

for some universal constant ε ∈ (0, 1).

Proof. Set αk = ak + ibk, for k = 0, 1, · · · , d. We claim

(2.4.13) |Q(z)|2 =
1
2

(
|

d∑
k=0

ckαk+1
k (z1 + iz2)k|2 + |

d∑
k=0

ckᾱk+1
k (z1 − iz2)k|2

)
.

To prove this, we set for simplicity

w1 = z1 + iz2, w2 = z1 − iz2.
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Then we obtain by (2.4.10)

Q(z) =
d∑

k=0

ckT t
kQk(Tkz) =

1
2

d∑
k=0

ck

(
αk+1

k wk
1 + ᾱk+1

k wk
2

i(αk+1
k wk

1 − ᾱk+1
k wk

2 )

)

=
1
2

( ∑d
k=0 ckαk+1

k wk
1 +

∑d
k=0 ckᾱk+1

k wk
2

i(
∑d

k=0 ckαk+1
k wk

1 −
∑d

k=0 ckᾱk+1
k wk

2 )

)
=

1
2

(
I + II
I − II

)
.

This implies

|Q(z)|2 =
1
4
(
|I + II|2 + |I − II|2

)
=

1
2
(
|I|2 + |II|2

)
=

1
2

(
|

d∑
k=0

ckαk+1
k wk

1 |2 + |
d∑

k=0

ckᾱk+1
k wk

2 |2
)

.

This finishes the proof of (2.4.13).
We now apply Lemma 2.3.5 to polynomials

d∑
k=0

ckαk+1
k wk and

d∑
k=0

ckᾱk+1
k wk.

For any ε ∈ (0, 1), there is a collection of discs {Drk
(pk)} and {Dsl

(ql)} in C, with∑
rk ≤ 2ε and

∑
sl ≤ 2ε, such that

|Q(z)| >
( ε

10

)d

for any z = (z1, z2) ∈ D1 with

z1 + iz2 /∈ ∪Drk
(pk) or z1 − iz2 /∈ ∪Dsl

(ql).

Now we consider the set

Br,s(p, q) = {(z1, z2) ∈ C2; z1 + iz2 ∈ Dr(p), z1 − iz2 ∈ Ds(q)},
and the linear transform in C2 from (z1, z2) to (w1, w2)

w1 =
1√
2
(z1 + iz2), w2 =

1√
2
(z1 − iz2).

In the new coordinate system, Br,s(p, q) is a polydisc

D r√
2
(

p√
2
) × D s√

2
(

q√
2
) ⊂ C × C = C2.

Hence by setting r = rk and s = sl, there is a collection of polydiscs {Drk/
√

2(pk/
√

2)
×Dsl/

√
2(ql/

√
2)} such that if w = (w1, w2) is not in these polydiscs then |Q(z)| >

(ε/10)d for the corresponding z = (z1, z2). By choosing ε > 0 small enough, we
find an r ∈ (1/2, 1) such that

∂Dr ∩
(
∪{D rk√

2
(

pk√
2
) × D sl√

2
(

ql√
2
)}

)
= ∅.

Therefore we obtain

|Q(z)| >
( ε

10

)d

for any z ∈ ∂Dr.

This completes the proof. ¤

The next result relies on Lemma 1.3.2 of Section 1.3, the Rouché Theorem in
C2.
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Corollary 2.4.7. Suppose that f : D1 ⊂ C2 → C2 is holomorphic in D1 and
continuous up to the boundary ∂D1 and that Q is given in Lemma 2.4.6. If, for the
universal ε > 0 in Lemma 2.4.6,

|f(z1, z2) − Q(z1, z2)| < εd for any (z1, z2) ∈ D1 \ D 1
2
,

then
#{f−1(0) ∩ D 1

2
} ≤ d2.

Proof. By Lemma 2.4.6, there exists an r ∈ (1/2, 1) such that

|f(z1, z2) − Q(z1, z2)| < |Q(z1, z2)| for any (z1, z2) ∈ ∂Dr.

Lemma 1.3.1 of Section 1.3, the Bezout formula, implies

#{Q−1(0)} ≤ d2.

Here the multiplicity is counted. Hence by Lemma 1.3.2 of Section 1.3, we obtain

#{f−1(0) ∩ Dr} ≤ d2.

This finishes the proof. ¤

Remark 2.4.8. Suppose P is a harmonic polynomial of degree d + 1, with
P (0) = 0. We write

P =
d+1∑
m=1

amΦm,

where Φm is a homogeneous harmonic polynomial of degree m with
∫

S1 Φ2
m = 1, for

any m = 1, · · · , d+1. Obviously, {Φm|S1} is orthogonal in L2(S1). Now we assume∫
S1 P 2 ≥ 1, which implies

∑d+1
m=1 a2

m ≥ 1. Then it is easy to see that DP , considered
as a map from C2 to C2, can be written as in (2.4.12), with

∑d
k=0 |ck|2 ≥ 1/2.

For Theorem 2.4.4, we prove the following result instead. The constant N in
Theorem 2.4.9 is not the frequency.

Theorem 2.4.9. There are universal constants M > 1 and r ∈ (0, 1) such that
for a harmonic function u in BM ⊂ R2, with u(0) = 0, satisfying

M
∫

BM
|∇u|2∫

∂BM
u2

≤ N,

there holds
#{z ∈ Dr; ũz1(z) = ũz2(z) = 0} ≤ 4N2.

The proof of Theorem 2.4.9 is similar to that of Theorem 2.4.3.

Proof. For simplicity, we use the same notation to denote harmonic functions
and their complexifications. We denote by (r, θ) the polar coordinates in R2 and
write u in the following form

u(r, θ) =
∞∑

m=1

amΦm(r, θ) and Φm(r, θ) = rmϕm(θ),

where ϕm(θ) satisfies∫
S1

ϕ2
m(θ)dθ = 1 and ϕ′′

m(θ) + m2ϕm(θ) = 0.
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Without loss of generality, we assume

(2.4.14)
∫

∂B1

u2 =
∞∑

m=1

a2
m = 1.

In the following, we set

N∗ = inf{n ∈ Z+; n ≥ N}.

In other words, N∗ = N if N is an integer and N∗ = [N ] + 1 otherwise. Here [N ]
is the integral part of N . Obviously, we have

N∗ − 1 ≤ N ≤ N∗.

By (2.2.14), we get
∞∑

m=1

a2
mM2m =

1
M

∫
∂BM

u2 ≤ M2N(0;M)

∫
∂B1

u2 = M2N(0;M).

By N(0;M) ≤ N ≤ N∗, we have
∞∑

m=1

a2
mM2m ≤ M2N∗ ,

and hence

(2.4.15) |am| ≤ MN∗−m for any m ≥ 1.

Since {ϕm} is orthonormal in L2(S1), we have for some universal constant c > 0∫
∂B1

|
∑

m≥2N∗

amΦm|2 =
∑

m≥2N∗

|am|2 ≤ c

M2N∗
.

We first choose M large, independent of N∗, such that

(2.4.16)
∞∑

m=2N∗

|am|2 ≤ 1
2
.

By (2.4.5), we get for some universal R ∈ (0, 1)

sup
DR

|
∑

m≥2N∗

amΦm| ≤ c

MN∗
.

Interior estimates for holomorphic functions imply

(2.4.17) sup
D R

2

|D(
∑

m≥2N∗

amΦm)| ≤ c

RMN∗
.

Set

(2.4.18) P∗ =
2N∗−1∑
m=1

amΦm, R∗ =
∞∑

m=2N∗

amΦm.

Then u = P∗ + R∗. Obviously, we have by (2.4.14) and (2.4.16)

2N∗−1∑
m=1

|am|2 ≥ 1
2
.
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Then DP∗ satisfies the assumptions in Lemma 2.4.6, with d = 2N∗−2 and possibly
a different normalization constant. See Remark 2.4.8. By choosing M large enough,
independent of N∗, we conclude by (2.4.17)

sup
D R

2

|DR∗| < ε2N∗−2,

where ε is the universal constant as in Corollary 2.4.7, or Lemma 2.4.6. This implies

|Du(z) − DP∗(z)| < ε2N∗−2 for any z ∈ DR
2
.

By applying Corollary 2.4.7 to Du and DP∗ in DR/2, we conclude

#{|Du|−1(0) ∩ DR/4} ≤ (2N∗ − 2)2.

This finishes the proof, since N∗ − 1 ≤ N . ¤

Now we are ready to prove Theorem 2.4.4.

Proof of Theorem 2.4.4. First, we consider the case when N is small. Let
N0 = N0(1/4) be the constant in Theorem 2.2.8. If N ≤ N0, then u is never
zero in B1/4 by Theorem 2.2.8. Then Harnack inequality and interior estimates for
harmonic functions and holomorphic functions imply that ũ has no zeroes in DR1 ,
for some universal R1 < 1. Therefore we have S(ũ) ∩ DR1 = ∅.

Next, we consider N ≥ N0. By Theorem 2.2.8, there holds for any p ∈ B1/4∫
B 1

4
(p)

|∇u|2

4
∫

∂B 1
4
(p)

u2
≤ CN,

for some positive constant C independent of u. For any p ∈ B1/4, with u(p) = 0,
by the scaled version of Theorem 2.4.9, we have

#{S(ũ) ∩ DR2(p)} ≤ cN2,

for some positive constants R2 < 1 and c, independent of u and p. To finish the
proof, we consider two cases. If u is never zero in BR2/2, then ũ is never zero in
D2R1R2 , as in the first part of the proof. This implies that S(ũ) ∩ D2R1R2 = ∅. If
u(p) = 0 for some p ∈ BR2/2, then we have

#{S(ũ) ∩ DR2(p)} ≤ cN2,

which implies
#{S(ũ) ∩ DR2

2
} ≤ cN2.

We finish the proof by taking R0 = min{R1, 2R1R2, R2/2}. ¤

To finish this section, we provide an example showing that the number of
complex singular points is indeed in the quadratic order of the frequency. Hence
the estimate in Theorem 2.4.4 is optimal.

Example 2.4.10. For any integer d ≥ 2 and any small ε > 0, consider the
harmonic polynomial u in the polar coordinate

u(x) = εr cos θ − 1
d + 1

rd+1 cos(d + 1)θ.
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Then it is easy to see

Du(x) =
(

ε − rd cos dθ
rd sin dθ

)
.

By (2.4.9), we have

Dũ(z) =
(

ε − 1
2

(
(z1 + iz2)d + (z1 − iz2)d

)
− i

2

(
(z1 + iz2)d − (z1 − iz2)d

) )
.

A simple calculation shows that Dũ(z) = 0 has d2 solutions close to the origin.
Obviously, the frequency of u is in the order of d.





CHAPTER 3

Monotonicity Formulas and Doubling Conditions

In this chapter, we discuss local properties of solutions of elliptic differential
equations. Topics include a monotonicity formula and its various corollaries.

As we have seen, the monotonicity formula proved in Section 2.2 plays an
essential role in the discussion of nodal sets of harmonic functions in the rest of
Chapter 2. In this chapter, we generalize this monotonicity formula to general
linear elliptic differential equations of the second order.

We first note that important consequences of the monotonicity formula are
the doubling condition and hence the unique continuation. As is well known, the
unique continuation only holds for solutions of homogeneous linear elliptic differen-
tial equations of the second order with Lipschitz leading coefficients. In fact, there
exists an example of a nonzero solution which vanishes in an open set for some ho-
mogeneous linear elliptic differential equations of the second order with only Hölder
continuous leading coefficients. Hence the monotonicity formula is not expected to
hold for equations with only Hölder continuous leading coefficients.

In this chapter, we discuss the monotonicity formula and its consequences for
solutions of homogeneous linear elliptic differential equations of the second order
with Lipschitz leading coefficients. Garofalo and Lin [35] proved that the gener-
alized frequency is indeed monotone for solutions of homogeneous linear elliptic
differential equations of the second order with Lipschitz leading coefficients and
no lower order terms. A consequence of such a monotonicity formula is the dou-
bling condition. The situation is more complicated when the lower order terms
are present. Garofalo and Lin [36] proved that the doubling conditions hold when
coefficients of the lower order terms are bounded. Hence the unique continuation
holds for solutions of homogeneous linear elliptic differential equations of the second
order with Lipschitz leading coefficients and bounded lower order coefficients. We
should remark here that the unique continuation, an important topic in the theory
of elliptic differential equations, is not the main focus of this chapter. Our primary
concern is on the growth of solutions in relation to the frequency. We refer readers
to references at the end of this book for general results on the unique continuation.

3.1. A Monotonicity Formula

In this section, we discuss a monotonicity formula for solutions of elliptic dif-
ferential equations of divergence form. The entire section follows closely Garofalo
and Lin [35]. A similar formula was derived for harmonic functions in Section 2.2.

Let A(x) =
(
aij(x)

)
be a symmetric n × n matrix-valued function in B̄1 satis-

fying the following assumptions:

43
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(i) there exists a λ ∈ (0, 1) such that

(3.1.1) λ|ξ|2 ≤ aij(x)ξiξj ≤ λ−1|ξ|2 for any x ∈ B̄1 and ξ ∈ Rn;

(ii) there exists a Γ > 0 such that for any i, j = 1, · · · , n

(3.1.2) |aij(x) − aij(y)| ≤ Γ|x − y| for any x, y ∈ B1.

We consider solutions u of the equation

(3.1.3) Lu ≡ div
(
A(x)∇u(x)

)
= ∂i

(
aij(x)∂ju

)
= 0 in B1.

Under the assumptions (3.1.1) and (3.1.2), it is well known that every H1-solution
of (3.1.3) is in H2

loc(B1).
For n ≥ 3, we define a Lipschitz metric ḡ = ḡij(x)dxi ⊗ dxj on B1 by setting

(3.1.4) ḡij = aij(detA)
1

n−2 ,

where aij(x) denote the entries of A(x)−1. Letting
(
ḡij(x)

)
=

(
ḡij(x)

)−1 and
setting

(3.1.5) r(x)2 = ḡij(0)xixj , η(x) = ḡkl(x)∂xk
r(x)∂xl

r(x),

we can easily verify that η is a positive Lipschitz function in B1, whose Lipschitz
constant depends on n, λ and Γ. In fact, η can be written as

η(x) =
1

r2(x)
ḡkl(x)ḡik(0)ḡjl(0)xixj =

1
r2(x)

(
ḡkl(x) − ḡkl(0)

)
ḡik(0)ḡjl(0)xixj + 1.

Next, we introduce a new metric g = gij(x)dxi ⊗ dxj in B1 by defining

(3.1.6) gij(x) = η(x)ḡij(x).

In the intrinsic geodesic polar coordinates (r, θ1, · · · , θn−1) with the pole at zero,
the metric tensor g takes the form

(3.1.7) g = dr ⊗ dr + r2bij(r, θ)dθi ⊗ dθj ,

where bij satisfy

(3.1.8) bij(0, 0) = δij for i, j = 1, · · · , n − 1,

and

(3.1.9)
∣∣∂rbij(r, θ)

∣∣ ≤ Λ for i, j = 1, · · · , n − 1,

with a positive constant Λ depending on n, λ and Γ. Such intrinsic geodesic polar
coordinates were used by Aronszajn, Krzywicki and Szarski [9]. We denote by
gij(x) the elements of the inverse matrix of gij and set

|g(x)| = |det
(
gij(x)

)
|.

In this new metric, we rewrite (3.1.3) as

(3.1.10) divg

(
µ(x)∇gu(x)

)
= 0 in B1,

where µ is given by

µ = η−n−2
2 .
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Here we denote by ∇gu and divgX respectively the intrinsic gradient of a function
u and the intrinsic divergence of a vector field X on B1 in the metric g, i.e.,

∇gu =
n∑

i,j=1

gij ∂u

∂xi

∂

∂xj
,

divgX =
1
|g|

n∑
i=1

∂

∂xi
(
√
|g|Xi).

Obviously, µ is a Lipschitz function in B1 satisfying

(3.1.11) C1 ≤ µ(x) ≤ C2 for any x ∈ B̄1,

and in polar coordinates in B̄1

(3.1.12) µ(0, 0) = 1,
∣∣∂rµ(r, θ)

∣∣ ≤ Λ,

where C1, C2 and Λ are positive constants depending only on n, λ and Γ.
To proceed, we consider a solution u ∈ H1(B1) of (3.1.10) and, for any r ∈

(0, 1), we define

Dg(r) =
∫

Br

µ|∇gu|2dVg,(3.1.13)

Hg(r) =
∫

∂Br

µu2dV∂Br .(3.1.14)

Here Br represents the geodesic ball in the metric g of radius r and centered at the
origin. By (3.1.7), Br coincides with the usual Euclidean ball. Now for r ∈ (0, 1),
we define the generalized frequency of u by

(3.1.15) Ng(r) =
rDg(r)
Hg(r)

,

if Hg(r) 6= 0. The main result in this section is the following theorem, which is
often referred to as the monotonicity formula.

Theorem 3.1.1. If u ∈ H1(B1) is a nontrivial solution of (3.1.10), then there
exists a positive constant C = C(n, Λ) such that

(3.1.16) N̄g(r) = exp(Cr)Ng(r)

is an increasing function of r ∈ (0, 1).

Proof. We write D(r),H(r) and N(r) instead of Dg(r),Hg(r) and Ng(r). We
start by considering N(r) in (3.1.15). A simple differentiation yields

(3.1.17) N ′(r) = N(r)
{

1
r

+
D′(r)
D(r)

− H ′(r)
H(r)

}
.

Therefore, the theorem will be proved if we can show

(3.1.18)
1
r

+
D′(r)
D(r)

− H ′(r)
H(r)

≥ −C(n, Λ).

To this end, we compute the derivatives H ′(r) and D′(r).
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By setting b(r, θ) = |det
(
bij(r, θ)

)
| and noting dV∂Br = rn−1

√
b(r, θ)dθ, we

rewrite (3.1.14) as

(3.1.19) H(r) = rn−1

∫
∂B1

µ(r, θ)u2(r, θ)
√

b(r, θ)dθ.

Then we obtain

H ′(r) =
n − 1

r
H(r) +

∫
∂Br

1√
b
∂ρ(µ

√
b)u2dV∂Br + 2

∫
∂Br

µuuρdV∂Br ,

where uρ denotes the radial differentiation, i.e., uρ = < ∇gu,
x

ρ
>. Using (3.1.9),

(3.1.11) and (3.1.12), we have

(3.1.20) H ′(r) =
(

n − 1
r

+ O(1)
)

H(r) + 2
∫

∂Br

µuuρdV∂Br ,

where O(1) denotes a function of (r, θ) which is bounded in absolute value by a
constant C = C(n, Λ).

Next, by (3.1.10) we have∫
Br

divg

(
µ∇gu

2
)
dVg = 2

∫
Br

µ|∇gu|2dVg.

On the other hand, the divergence theorem yields∫
Br

divg

(
µ∇gu

2
)
dVg = 2

∫
∂Br

µuuρdV∂Br .

Hence, we have

(3.1.21) D(r) =
∫

∂Br

µuuρdV∂Br .

We rewrite (3.1.20) as

(3.1.22) H ′(r) =
(

n − 1
r

+ O(1)
)

H(r) + 2D(r).

We now turn to the computation of D′(r). For any fixed r,4r ∈ (0, 1) with

r + 4r < 1 and a fixed t ∈
(
0, 1 +

4r

r + 4r

)
, define a function wt : R+ → R+ by

(3.1.23) wt(ρ) =


t for ρ ≤ r,

1 for ρ ≥ r + 4r,

t
r + 4r − ρ

4r
+

ρ − r

4r
for r ≤ ρ ≤ r + 4r.

By (3.1.7), we have distg(x, 0) = |x|. Now we define lt : Rn → Rn by

(3.1.24) lt(x) = wt(|x|)x.

It is easy to see that lt is a bi-Lipschitz map from B1 to B1. Then we set in B1

ut = u ◦ l−1
t .

For u ∈ H1(B1), we have ut ∈ H1(B1), and consider

I(ut) =
∫

B1

|∇ut|2.
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Since u is a solution of (3.1.10), we have u ∈ H2
loc(B1) by the regularity of solutions

of elliptic equations of the divergence form. Note that ut is independent of t in

B1 \ Br+4r. Hence we have
d

dt

∣∣
t=1

ut ∈ H1
0 (B1) and then

(3.1.25)
d

dt

∣∣
t=1

I(ut) = 0.

To proceed, we write

I(ut) =
∫

Brt

µ|∇gu
t|2dVg +

∫
Br+4r\Brt

µ|∇gu
t|2dVg

+
∫

B1\Br+4r

µ|∇gu
t|2dVg

=I1 + I2 + I3.

(3.1.26)

In the following, we write
ut(y) = u(x),

with y = lt(x). For I3, we have y = x with r + 4r ≤ |y| ≤ 1. This implies

I3 =
∫

B1\Br+4r

µ|∇gu
t|2dVg =

∫
B1\Br+4r

µ|∇gu|2dVg,

and then

(3.1.27)
d

dt

∣∣
t=1

I3 = 0.

For I1, we have y = lt(x) = tx for |y| < tr and |x| < r, and hence

ut(y) = u
(y

t

)
.

Then we have

|∇gu
t(y)|2 = gij(y)∂yiu

t(y)∂yj u
t(y) =

1
t2

gij(tx)∂xiu(x)∂xj u(x).

The volume element is given by dVg =
√
|g(y)|dy = tn

√
|g(tx)|dx. Hence, we get

I1 =
∫

Brt

|∇ut|2dVg = tn−2

∫
Br

µ(tx)gij(tx)∂xiu(x)∂xj u(x)
√
|g(tx)|dx,

and

(3.1.28)
d

dt

∣∣
t=1

I1 = (n − 2)D(r) + O(r)D(r),

where O(r) denotes a function of (r, θ) whose absolute value is bounded by Cr,
where C = C(n, Λ). Last, for I2, we have

y =
(

t
r + 4r − |x|

4r
+

|x| − r

4r

)
x,

for tr ≤ |y| ≤ r + 4r and r ≤ |x| ≤ r + 4r. By setting s = |y| and ρ = |x| and
using polar coordinates, we have

|∇ut(y)|2 =|∂su
t(s, θ)|2 +

1
s2

bij(s, θ)∂θiu
t(s, θ)∂θj u

t(s, θ)

=|∂ρu(ρ, θ)|2
(

∂ρ

∂s

)2

+
1
s2

bij(s, θ)∂θiu(ρ, θ)∂θj u(ρ, θ),
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where we denote by bij the entries of the matrix (bij)−1. Note that the volume
element is given by

dVg =
√
|g(s, θ)|dy = sn−1

√
|g(s, θ)|dsdθ = sn−1

√
|g(s, θ)|∂s

∂ρ
dρdθ.

Then we have

I2 =
∫

Br+4r\Brt

µ|∇gu
t|2dVg =

∫ r+4r

r

∫
Sn−1

(
sn−1 ∂ρ

∂s
µ(s, θ)u2

ρ(ρ, θ)
√
|g(s, θ)|

+sn−3 ∂s

∂ρ
µ(s, θ)bij(s, θ)∂θiu(ρ, θ)∂θj u(ρ, θ)

√
|g(s, θ)|

)
dρdθ.

Note

s = ρ

(
t
r + 4r − ρ

4r
+

ρ − r

4r

)
,

and
∂s

∂ρ
= t

r + 4r − 2ρ

4r
+

2ρ − r

4r
.

Then a straightforward calculation yields

d

dt

∣∣
t=1

I2 =
1
4r

∫
Br+4r\Br

µ
{(

(n − 1 + O(ρ))(r + 4r − ρ) − (r + 4r − 2ρ)
)
u2

ρ

+
(
(n − 3 + O(ρ))(r + 4r − ρ) + (r + 4r − 2ρ)

)
(|∇gu|2 − u2

ρ)
}
dVg.

By letting 4r → 0+, we obtain

d

dt

∣∣
t=1

I2 = r

∫
∂Br

µ
(
2u2

ρ − |∇gu|2
)
dV∂Br ,

or

(3.1.29)
d

dt

∣∣
t=1

I2 = 2r

∫
∂Br

µu2
ndV∂Br − rD′(r).

With (3.1.25), (3.1.27)-(3.1.29), we get

(3.1.30) rD′(r) −
(
n − 2 + O(r)

)
D(r) = 2r

∫
∂Br

µu2
ρdV∂Br .

With (3.1.22) and (3.1.30), we obtain by the Cauchy inequality

1
r

+
D′(r)
D(r)

− H ′(r)
H(r)

= O(1) + 2

∫
∂Br

µu2
ρdV∂Br∫

∂Br
µuuρdV∂Br

−
∫

∂Br
µuuρdV∂Br∫

∂Br
µu2dV∂Br

≥ O(1) ≥ −C(n, Λ).

This finishes the proof of (3.1.18) and hence the theorem. ¤

Returning to solutions of (3.1.3), we then obtain the following result.

Corollary 3.1.2. Let L = div
(
A(x)∇

)
be an elliptic operator in B1 ⊂ Rn,

n ≥ 3, with A(x) satisfying (3.1.1) and (3.1.2). Then there exists a positive constant
C, depending only on n, λ and Γ, such that

(3.1.31) N̄(r) = exp(Cr)Ng(r)

is an increasing function of r ∈ (0, 1).
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It is easy to check that D(r) = Dg(r) and H(r) = Hg(r) in (3.1.13) and (3.1.14)
are in fact given by

D(r) =
∫

Br

aij∂iu∂judx,

H(r) =
∫

∂Br

µ0u
2dHn−1,

where µ0 is a positive Lipschitz function in B1 satisfying (3.1.11) and (3.1.12), with
C1, C2 and Λ depending only on n, λ and Γ.

Next, we prove the doubling condition. We define

N =

∫
B1

|∇u|2∫
∂B1

u2
.

Theorem 3.1.3. Let L = div
(
A(x)∇

)
be an elliptic operator in B1 ⊂ Rn,

n ≥ 3, with A(x) satisfying (3.1.1) and (3.1.2), and let u ∈ H1(B1) be a solution
of (3.1.3). Then there exist positive constants c1 and c2, depending only on n, λ
and Γ, such that for any r ∈ (0, 1/2] and η ∈ (1, 2]

−
∫

∂Bηr

u2 ≤ c1η
c2(1+N) −

∫
∂Br

u2,

−
∫

Bηr

u2 ≤ c1η
c2(1+N) −

∫
Br

u2.

(3.1.32)

Proof. We use the same setting for the proof of Theorem 3.1.1. Let H(r) be
defined as in (3.1.14). By (3.1.22), we get

(3.1.33)
(

log
H(r)
rn−1

)′

= O(1) + 2N̄(r)
exp(−Cr)

r
,

where we used the definition (3.1.16) of the modified frequency, and C is the con-
stant in (3.1.31). Now, for any r < 1/2, we integrate (3.1.33) between r and ηr.
Using (3.1.31), we obtain

(3.1.34) log
(

H(ηr)
H(r)

η−n+1

)
≤ C ′r + 2 log ηN̄(1).

Exponentiating (3.1.34) yields

(3.1.35) H(ηr) ≤ ηn−1H(r) exp
(
C ′ + 2 log ηN̄(1)

)
.

This implies the first part of (3.1.32) with the estimate on µ in (3.1.11). Integrating
(3.1.35) in r gives

(3.1.36)
∫

Bηr

µu2dVg ≤ ηn−1 exp
(
C ′ + 2 log ηN̄(1)

) ∫
Br

µu2dVg.

This implies the second part of (3.1.32) with (3.1.11) again. ¤

Remark 3.1.4. For η = 2, we simply write (3.1.32) as

−
∫

∂B2r

u2 ≤ c12c2N −
∫

∂Br

u2,

−
∫

B2r

u2 ≤ c12c2N −
∫

Br

u2,

(3.1.37)
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where c1 and c2 are positive constants depending only on n, λ and Γ. Note that
(3.1.37) is referred to as the doubling condition.

Next, we introduce the notion of the vanishing order for nonsmooth functions.
First, we note the following simple result. For any u ∈ L2(B1) and any constants
k < l, we have

lim sup
r→0+

1
rl

(
−
∫

Br

u2
) 1

2 < ∞ implies lim sup
r→0+

1
rk

(
−
∫

Br

u2
) 1

2 = 0,

and

lim sup
r→0+

1
rk

(
−
∫

Br

u2
) 1

2 > 0 implies lim sup
r→0+

1
rl

(
−
∫

Br

u2
) 1

2 = ∞.

For any u ∈ L2(B1) with lim sup
r→0+

(
−
∫

Br

u2
) 1

2 = 0, we define the vanishing order

d of u at 0 by

d = sup{k; lim sup
r→0+

1
rk

(
−
∫

Br

u2
) 1

2 = 0}.

If d is finite, we obtain

lim sup
r→0+

1
rl

(
−
∫

Br

u2
) 1

2 = ∞ for any l > d.

If d is infinite, we say u vanishes up to infinite order at 0. In other words, u vanishes
up to infinite order at 0 if

(3.1.38) −
∫

Br

u2 = O(rl),

for any positive l.

Theorem 3.1.5. Let L = div
(
A(x)∇

)
be an elliptic operator in B1 ⊂ Rn,

n ≥ 3, with A(x) satisfying (3.1.1) and (3.1.2), and let u ∈ H1(B1) be a solution
of (3.1.3). If u vanishes up to infinite order at 0, then u ≡ 0 in B1.

Proof. With C = c12c2N , we obtain by (3.1.37) for any i

−
∫

B1

u2 ≤ Ci −
∫

2−i

u2 = Ci|B2−i |l 1
|B2−i |l

−
∫

2−i

u2,

with l > 0 to be chosen. Now we take l such that C2−nl = 1. This yields by
(3.1.38)

−
∫

B1

u2 ≤ (ωn)l 1
|B2−i |l

−
∫

2−i

u2 → 0 as i → ∞.

This implies u ≡ 0 in B1. ¤

Remark 3.1.6. In fact, there holds for the vanishing order d of u at 0

d ≤ c1 + c2N for any x ∈ B 1
2
,

where c1 and c2 are positive constants depending only on n, λ and Γ. This can be
seen easily by the expression of C and the choice of l in the proof of Theorem 3.1.5.

Next, we prove u2 satisfies a reverse Hölder inequality.
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Theorem 3.1.7. Let L = div
(
A(x)∇

)
be an elliptic operator in B1 ⊂ Rn,

n ≥ 3, with A(x) satisfying (3.1.1) and (3.1.2), and let u ∈ H1(B1) be a solution
of (3.1.3). Then for any δ > 0

(3.1.39)
(
−
∫

Br

u2(1+δ)

) 1
1+δ

≤ c12c2N −
∫

Br

u2,

where c1 and c2 are constants depending only on n, λ and Γ.

Proof. By Theorem 1.1.4, we have for any r ∈ (0, 1/2)

sup
Br

u2 ≤ c −
∫

B2r

u2,

where c is a positive constant depending only on n and λ. On the other hand, we
trivially have for any δ > 0(

−
∫

Br

u2(1+δ)

) 1
1+δ

≤ sup
Br

u2.

We obtain (3.1.39) easily with (3.1.37). ¤

Next, we prove that |∇u|2 also satisfies doubling conditions and a reverse Hölder
inequality. For the next result, we set

ur = −
∫

Br

u.

Theorem 3.1.8. Let L = div
(
A(x)∇

)
be an elliptic operator in B1 ⊂ Rn,

n ≥ 3, with A(x) satisfying (3.1.1) and (3.1.2), and let u ∈ H1(B1) be a non-
constant solution of (3.1.3). Then for any r ∈ (0, 1/4)

(3.1.40) −
∫

B2r

|∇u|2 ≤ c12c2N0 −
∫

Br

|∇u|2,

and

(3.1.41)
(
−
∫

Br

|∇u|2
) 1

2

≤ c12c2N0

(
−
∫

Br

|∇u|
2n

n+2

)n+2
2n

,

where N0 is given by

N0 = sup
r

∫
B1

|∇u|2∫
∂B1

|u − ur|2
,

and c1 and c2 are constants depending only on n, λ and Γ.

Proof. If u is a solution of (3.1.3), so is u−ur. The assumption that u is not
constant and the maximum principle imply

inf
r

∫
∂B1

|u − ur|2 > 0.

Hence N0 is well-defined and finite. By applying (3.1.32) to u−ur, we have for any
r ∈ (0, 1/4)

−
∫

B4r

|u − ur|2 ≤ c12c2N0 −
∫

Br

|u − ur|2,
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where c1 and c2 have the stated dependence. Now Lemma 1.1.5 applied to u − ur

yields

−
∫

B2r

|∇u|2 ≤ c

r2
−
∫

B4r

|u − ur|2,

where c is a positive constant depending only on n and λ. On the other hand, the
Poincaré inequality yields

−
∫

Br

|u − ur|2 ≤ cr2 −
∫

Br

|∇u|2.

We then obtain (3.1.40) easily.
The proof of (3.1.41) is similar. By applying (3.1.32) to u − ur, we have for

any r ∈ (0, 1/4)

−
∫

B2r

|u − ur|2 ≤ c12c2N0 −
∫

Br

|u − ur|2,

where c1 and c2 have the stated dependence. Now Lemma 1.1.5 applied to u − ur

yields

−
∫

Br

|∇u|2 ≤ c

r2
−
∫

B2r

|u − ur|2,

where c is a positive constant depending only on n and λ. On the other hand, the
Poincaré inequality yields

−
∫

Br

|u − ur|2 ≤ cr2

(
−
∫

Br

|∇u|
2n

n+2

)n+2
n

.

We then get (3.1.41) similarly. ¤

3.2. Doubling Conditions

In this section, we discuss the elliptic equation of the form

(3.2.1) Lu = −∂i

(
aij(x)∂ju

)
+ bi(x)∂iu + c(x)u = 0 in B1 ⊂ Rn.

We assume
(i) there exists a λ ∈ (0, 1) such that

(3.2.2) aij(x)ξiξj ≥ λ|ξ|2 for any x ∈ B̄1 and ξ ∈ Rn;

(ii) there exists a Γ > 0 such that for any i, j = 1, · · · , n

(3.2.3) |aij(x) − aij(y)| ≤ Γ|x − y| for any x, y ∈ B1;

(iii) there exists a κ > 0 such that

(3.2.4) |aij(x)| + |bi(x)| + |c(x)| ≤ κ for any x ∈ B1.

In the following, we write A(x) =
(
aij(x)

)
as a symmetric n × n matrix-valued

function in B̄1 and write b = (b1, · · · , bn).
By introducing a metric g as in (3.1.6), we write (3.2.1) as

−divg

(
µ(x)∇gu

)
+ bg(x) · ∇gu + cg(x)u = 0,

where bg is a vector field given by bg = Gb/
√

det G and cg = c/
√

det G, for
G = (gij). Note that (

√
det G)−1 is a bounded Lipschitz function whose bounds
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depend only on n, λ, Γ and κ. Therefore, bg and cg satisfy the same assumption
(iii) as b and c. For the ease of notations, we simply write

(3.2.5) −divg

(
µ(x)∇gu

)
+ b(x) · ∇gu + c(x)u = 0.

To proceed, we consider a solution u ∈ H1(B1) of (3.2.5) and, for any r ∈ (0, 1),
we introduce

Hg(r) =
∫

∂Br

µu2dV∂Br ,(3.2.6)

Ig(r) =
∫

Br

(
µ|∇gu|2 + ub · ∇gu + cu2

)
dVg,(3.2.7)

Dg(r) =
∫

Br

µ|∇gu|2dVg.(3.2.8)

Here, Br represents the geodesic ball in the metric g of radius r and centered at the
origin. By (3.1.7), Br coincides with the usual Euclidean ball. Now for r ∈ (0, 1),
we define the generalized frequency of u by

(3.2.9) Ng(r) =
rIg(r)
Hg(r)

,

if Hg(r) 6= 0. The main result in this section is the following theorem, which was
proved by Garofalo and Lin [36].

Theorem 3.2.1. Let u ∈ H1(B1) be a nonzero solution of (3.2.5). Then there
exist constants r0, c1 and c2, depending only on n, κ and Γ, such that

(3.2.10) Ng(r) ≤ c1 + c2Ng(r0) for any r ∈ (0, r0).

Before proving Theorem 3.2.1, we establish some lemmas.

Lemma 3.2.2. For any u ∈ H1(Br) with r > 0, there holds

(3.2.11)
∫

Br

u2 ≤ 2r

n

∫
∂Br

u2 +
4r2

n2

∫
Br

|∇u|2.

Proof. A simple calculation shows∫
Br

u2 =
∫ r

0

(∫
∂B1

u2(ρω)dω

)
ρn−1dρ

=
rn

n

∫
∂B1

u2(rω)dω − 2
n

∫ r

0

(∫
∂B1

u(ρω)uρ(ρω)dω

)
ρndρ

=
r

n

∫
∂Br

u2 − 2
n

∫
Br

|x|uuρ.

Then we have for any ε > 0∫
Br

u2 ≤ r

n

∫
∂Br

u2 +
1
n

(
ε

∫
Br

u2 +
1
ε

∫
Br

|x|2|∇u|2
)

.

We get (3.2.11) by taking ε = n/2. ¤

Lemma 3.2.3. Let u ∈ H1(B1) be a nonzero solution of (3.2.5). Then there
exist constants r0 and C, depending only on n, κ and Γ, such that

(3.2.12) Dg(r) ≤ 2Ig(r) + CHg(r) for any r ∈ (0, r0),
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and

(3.2.13) Dg(r) ≥
1
2
Ig(r) − CHg(r) for any r ∈ (0, r0).

Proof. First, we have by the definition of Ig(r)∫
Br

µ|∇gu|2 =Ig(r) −
∫

Br

(
ub · ∇gu + cu2

)
dVg

≤Ig(r) +
∫

Br

(
|u||b||∇gu| + |c|u2

)
dVg.

By the Cauchy inequality and (3.2.11), we obtain∫
Br

µ|∇gu|2 ≤Ig(r) +
1
4

∫
Br

µ|∇gu|2dVg + Cκ

∫
Br

µu2dVg

≤Ig(r) +
(1
4

+ Cκr2
) ∫

Br

µ|∇gu|2dVg + Cκr

∫
∂Br

µu2dV∂Br .

We get (3.2.12) by taking Cκr2 < 1/4. We may prove (3.2.13) similarly. ¤

Remark 3.2.4. It is clear that we may take r0 = 1 if κ is sufficiently small.

Corollary 3.2.5. Let u ∈ H1(B1) be a nonzero solution of (3.2.5). Then
there exists a constant r0, depending only on n, κ and Γ, such that

(3.2.14) Hg(r) 6= 0 for any r ∈ (0, r0).

Proof. We argue by contradiction. Assume Hg(r) = 0 for some r ∈ (0, r0],
where r0 is as in Lemma 3.2.3. The definition of Hg(r) implies u = 0 on ∂Br.
Equation (3.2.5) and the divergence theorem yield Ig(r) = 0. By (3.2.12), we get
Dg(r) = 0 and hence u = 0 in Br, which leads to a contradiction. ¤

Corollary 3.2.5 implies that r 7→ Ng(r) is absolutely continuous on (0, r0).
Therefore, if we set

Ωr0 =
{
r ∈ (0, r0);Ng(r) > max{1, Ng(r0)}

}
,

then Ωr0 is an open subset of R. Hence there holds a decomposition

(3.2.15) Ωr0 =
∞∪

j=1

(aj , bj) with aj , bj /∈ Ωr0 .

Obviously in Ωr0 , we have Ng(r) > 1, or

(3.2.16)
Hg(r)

r
< Ig(r).

Corollary 3.2.6. Let u ∈ H1(B1) be a nonzero solution of (3.2.5). Then
there exists a constant C, depending only on n, κ and Γ, such that

(3.2.17) Dg(r) ≤ CIg(r),
∫

Br

u2dVg ≤ Cr2Ig(r) for any r ∈ Ωr0 .

Proof. Note (3.2.17) follows readily from (3.2.12), (3.2.11) and (3.2.16). ¤

Now we are ready to prove Theorem 3.2.1.
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Proof of Theorem 3.2.1. We write D(r), I(r),H(r) and N(r) instead of
Dg(r), Ig(r), Hg(r) and Ng(r). As in (3.1.17), we have

N ′(r) = N(r)
{

1
r

+
I ′(r)
I(r)

− H ′(r)
H(r)

}
.

Therefore, the theorem will be proved if we can show

(3.2.18)
1
r

+
I ′(r)
I(r)

− H ′(r)
H(r)

≥ −C for any r ∈ Ωr0 ,

where C is a positive constant depending only on n, κ and Γ.
As in (3.1.20), we have

(3.2.19) H ′(r) =
(

n − 1
r

+ O(1)
)

H(r) + 2
∫

∂Br

µuuρdV∂Br ,

or

(3.2.20)
H ′(r)
H(r)

=
n − 1

r
+ O(1) + 2

∫
∂Br

µuuρdV∂Br∫
∂Br

µu2dV∂Br

,

where O(1) denotes a function of (r, θ) which is bounded in absolute value by a
constant C.

Since u is a solution of (3.2.5), we have∫
Br

divg

(
µ∇gu

2
)
dVg = 2

∫
Br

(
µ|∇gu|2 + ub · ∇gu + cu2

)
dVg = 2I(r).

On the other hand, the divergence theorem yields∫
Br

divg

(
µ∇gu

2
)
dVg = 2

∫
∂Br

µuuρdV∂Br .

Hence, we have

(3.2.21) I(r) =
∫

∂Br

µuuρdV∂Br .

To compute I ′(r), we employ a radial deformation, as used in the proof of
Theorem 3.1.1, combined with first variation estimates. Hence, we have

I ′(r) =
(n − 2

r
+ O(1)

)
I(r) + 2

∫
∂Br

µu2
ρdV∂Br

+
∫

∂Br

(
ub · ∇gu + cu2

)
dV∂Br − n − 2

r

∫
Br

(
ub · ∇gu + cu2

)
dVg

− 2
r

∫
Br

ρuρ

(
b · ∇gu + cu

)
dVg.

(3.2.22)

We omit details. By (3.2.16) and (3.2.17), we obtain for any r ∈ Ωr0

1
r

∫
Br

(
|ub · ∇gu| + |c|u2

)
dVg +

1
r

∫
Br

ρ
(
|uρb · ∇gu| + |cuuρ|

)
dVg ≤ CI(r).

In deriving this inequality, we have used |∂ρu| ≤ |∇gu|. This implies for r ∈ Ωr0

(3.2.23) I ′(r) =
(n − 2

r
+O(1)

)
I(r)+2

∫
∂Br

µu2
ρdV∂Br +

∫
∂Br

(ub·∇gu+cu2)dV∂Br .
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The Cauchy inequality now yields

I(r)2 =
(∫

∂Br

µuuρdV∂Br

)2

≤
∫

∂Br

µu2dV∂Br

∫
∂Br

µu2
ρdV∂Br

=H(r)
∫

∂Br

µu2
ρdV∂Br .

By (3.2.16), we have

(3.2.24) I(r) ≤ r

∫
∂Br

µu2
ρdV∂Br for any r ∈ Ωr0 .

On the other hand, (3.2.7) gives

(3.2.25) I ′(r) =
∫

∂Br

µ|∇gu|2dV∂Br +
∫

∂Br

(
ub · ∇gu + cu2

)
dV∂Br .

Comparing (3.2.25) with (3.2.23) and using (3.2.24), we obtain for any r ∈ Ωr0∫
∂Br

µ|∇gu|2dV∂Br ≤
(n − 2

r
+ O(1)

)
I(r) + 2

∫
∂Br

µu2
ρdV∂Br

≤ C

∫
∂Br

µu2dV∂Br .

(3.2.26)

Now, we discuss two cases.
Case 1. Let us assume

(3.2.27)
∫

∂Br

µu2dV∂Br

∫
∂Br

µu2
ρdV∂Br ≤ 2

(∫
∂Br

µuuρdV∂Br

)2

.

Then, we have by (3.2.26) and (3.2.27)∣∣∣∣∫
∂Br

ub · ∇gudV∂Br

∣∣∣∣ ≤ C

(∫
∂Br

µu2dV∂Br

∫
∂Br

µ|∇gu|2dV∂Br

) 1
2

≤ C

(∫
∂Br

µu2dV∂Br

∫
∂Br

µu2
ρdV∂Br

) 1
2

≤ C

∫
∂Br

µuuρdV∂Br = CI(r).

(3.2.28)

Hence by (3.2.23) and (3.2.28), we obtain

(3.2.29)
I ′(r)
I(r)

=
n − 2

r
+ O(1) + 2

∫
∂Br

µu2
ρdV∂Br∫

∂Br
µuuρdV∂Br

.

Substituting (3.2.20) and (3.2.29) in (3.2), we get by the Cauchy inequality

1
r

+
I ′(r)
I(r)

− H ′(r)
H(r)

= O(1) + 2

∫
∂Br

µu2
ρdV∂Br∫

∂Br
µuuρdV∂Br

− 2

∫
∂Br

µuuρdV∂Br∫
∂Br

µu2dV∂Br

≥ O(1) ≥ −C(n, Λ).

(3.2.30)

Case 2. Let us assume

(3.2.31)
∫

∂Br

µu2dV∂Br

∫
∂Br

µu2
ρdV∂Br > 2

(∫
∂Br

µuuρdV∂Br

)2

.
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By (3.2.16), (3.2.26) and the Cauchy inequality, we have for any r ∈ Ωr0∣∣ ∫
∂Br

(ub · ∇gu + cu2)dV∂Br

∣∣
≤ C

(∫
∂Br

µu2dV∂Br

∫
∂Br

µ|∇u|2dV∂Br

) 1
2

+ CH(r)

≤ C

(
H(r)

∫
∂Br

µu2
ρdV∂Br

) 1
2

+ CH(r)

≤
∫

∂Br

µu2
ρdV∂Br + CH(r) ≤

∫
∂Br

µu2
ρdV∂Br + CI(r).

(3.2.32)

Substituting (3.2.32) in (3.2.23), we obtain

I ′(r) ≥
(

n − 2
r

+ O(1)
)

I(r) +
∫

∂Br

µu2
ρdV∂Br ,

or

(3.2.33)
I ′(r)
I(r)

≥ n − 2
r

+ O(1) +

∫
∂Br

µu2
ρdV∂Br∫

∂Br
µuuρdV∂Br

.

Substituting (3.2.20) and (3.2.33) in (3.2) and using (3.2.31), we get

1
r

+
I ′(r)
I(r)

− H ′(r)
H(r)

= O(1) +

∫
∂Br

µu2
ρdV∂Br∫

∂Br
µuuρdV∂Br

− 2

∫
∂Br

µuuρdV∂Br∫
∂Br

µu2dV∂Br

≥ O(1) ≥ −C(n, Λ).

(3.2.34)

Now, (3.2.30) and (3.2.34) allow us to conclude the existence of a positive
constant C, depending only on n, κ and Γ, such that

(3.2.35)
N ′(r)
N(r)

≥ −C for any r ∈ Ωr0 .

For any component (aj , bj) in the decomposition (3.2.15), we obtain

N(r) ≤ CN(bj) exp{bj − r} ≤ C max
(
1, N(r0)

)
for any r ∈ (aj , bj).

This finishes the proof. ¤

Next, we derive the doubling condition.

Theorem 3.2.7. Let u ∈ H1(B1) be a nonzero solution of (3.2.1). Then there
exist constants r0, c0, c1 and c2 such that, for any p ∈ Br0/4 and any r ∈ (0, r0/4),

−
∫

∂B2r

u2 ≤ c02c1Ng(0,r0)+c2 −
∫

∂Br

u2,

and
−
∫

B2r

u2 ≤ c02c1Ng(0,r0)+c2 −
∫

Br

u2,

where r0, c0, c1 and c2 are positive constants depending only on n, λ, κ and Γ.

Proof. The proof is similar to that of Corollary 2.2.5. With (3.2.21), we
rewrite (3.2.19) as

H ′
g(r) =

(
n − 1

r
+ O(1)

)
Hg(r) + 2Ig(r),
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or

(3.2.36)
(

Hg(r)
rn−1

)′

= O(1) + 2
Ng(r)

r
.

We integrate with respect to r as before. ¤

We also have the following result.

Corollary 3.2.8. Let u ∈ H1(B1) be a nonzero solution of (3.2.1). Then
there exist constants r0 and C such that, for any s, r ∈ (0, r0) with s < r,

(3.2.37) −
∫

∂Bs

u2 ≤ C −
∫

∂Br

u2,

and

(3.2.38) −
∫

Br

u2 ≤ C −
∫

∂Br

u2,

where r0 and C are positive constants depending only on n, λ and Γ.

Proof. The proof is similar to that of Corollary 2.2.7. By (3.2.36) and (3.2.12),
we obtain for any r ∈ (0, r0) (

Hg(r)
rn−1

)′

≥ −C,

where r0 is as in Lemma 3.2.3 and C is a positive constant depending only on n, λ
and Γ. Now a simple integration implies (3.2.37). Another integration of (3.2.37)
in s yields (3.2.38). ¤

Remark 3.2.9. Lemma 3.2.3 implies that
Ig(r)
Hg(r)

and
Dg(r)
Hg(r)

are comparable

to each other. Hence in Theorem 3.2.7, we may replace Ng(r) =
rIg(r)
Hg(r)

by

N∗
g (r) =

rDg(r)
Hg(r)

.

In applications, it is convenient to use integrals without weights related to
coefficients of equations. For the next result, we define for any p ∈ B1 and r ∈
(0, 1 − |p|)

N(p; r) =
r
∫

Br(p)
|∇u|2∫

∂Br(p)
u2

.

Theorem 3.2.10. Let u ∈ H1(B1) be a nonzero solution of (3.2.1). Then there
exist constants r0, c0, c1 and c2 such that, for any p ∈ Br0/4 and any r ∈ (0, r0/4),

(3.2.39) N(p,
1
4
r0) ≤ c1 + c2N(0, r0),

and

(3.2.40) −
∫

B2r(p)

u2 ≤ c02c1N(0,r0)+c2 −
∫

Br(p)

u2,

where r0, c0, c1 and c2 are positive constants depending only on n, λ, κ and Γ.

Proof. The proof is similar to that of Theorem 2.2.8 and is omitted. ¤
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Now, we consider a general elliptic differential equation of non-divergence form

(3.2.41) aij∂iju + bi∂iu + cu = 0 in Bn
1 ⊂ Rn.

If aij ∈ Lip and bi, c ∈ L∞, we write (3.2.41) as

∂i

(
aij∂ju

)
+

(
bi − ∂jaij

)
∂iu + cu = 0 in B1.

Then results established in this section hold for solutions of (3.2.41).
In the following, we rewrite (3.2.41) as a differential equation of divergence form

with no lower order terms. For this, we require higher regularities of coefficients.
For (x, xn+1) ∈ Bn+1

1 ⊂ Rn+1, we define

v(x, xn+1) = (2 − xn+1)u(x).

Then v satisfies

(3.2.42) a
(1)
ij ∂ijv + b

(1)
i ∂iv = 0 in Bn+1

1 ⊂ Rn+1,

where

(a(1)
ij ) =

(
(aij) 0

0 1

)
,

and

b
(1)
i =

{
bi for i = 1, · · · , n,

−(2 − xn+1)c(x) for i = n + 1.

Next, we let

w(x, xn+1, xn+2) = (2 − xn+2)v(x, vn+1) for (x, xn+1, xn+2) ∈ Bn+2
1 ⊂ Rn+2,

and let M be a large number. Then w satisfies

(3.2.43) a
(2)
ij ∂ijw = 0 in Bn+2

1 ⊂ Rn+2,

where

(a(2)
ij ) =

 (a(1)
ij ) − b(1)

2 (2 − xn+2)

−
(

b(1)

2

)T

(2 − xn+2) M2

 .

Obviously, (3.2.43) is uniformly elliptic if M is large. We also note that

w(x, xn+1, xn+2) = 0 for (x, xn+1, xn+2) ∈ Bn+2
1

if and only if u(x) = 0 for x ∈ Bn
1 . Moreover, we have for any p ∈ Bn

1 ⊂ Rn and
r < 1/4 ∫

Bn+2
r (p,0)

w2 ≤
∫

Bn
r (p)

u2,∫
Bn+2

3r (p,0)

w2 ≥
∫

Bn
2r(p)

u2.

(3.2.44)

Now, we consider

(3.2.45) aij∂iju = 0 in Bn
1 ⊂ Rn.

By assuming aij ∈ C2(B1), we rewrite (3.2.45) as

∂i(aij∂ju) + bi∂iu = 0,

with
bi = −∂jaij .
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For (x, xn+1) ∈ Bn+1
1 ⊂ Rn+1, we define

ũ(x, xn+1) = u(x).

Then ũ satisfies

(3.2.46) ∂i(ãij∂j ũ) = 0 in Bn+1
1 ⊂ Rn+1,

where

(ãij) =
(

(aij) xn+1b
xn+1b

T M2

)
.

Obviously, (3.2.46) is uniformly elliptic if M is large. Inequalities similar to (3.2.44)
hold for w replaced by ũ and balls in Rn+2 replaced by those in Rn+1. Note that ũ
satisfies the doubling condition by Theorem 3.1.3. Hence, a doubling condition of
u can also be derived from that of ũ.

3.3. Compact Classes of Operators and Solutions

For two positive constants λ ≤ 1 and κ ≥ 1, and for a continuous monotone
function ω : R+ → R+ such that limt→0+ ω(t) = 0, we denote by L(λ, κ, ω) the
class of linear elliptic operators of non-divergence form

L = aij(x)∂xixj + bi(x)∂xi + c(x) in B1 ⊂ Rn,

if aij(x), bi(x) and c(x), i, j = 1, · · · , n, satisfy the following conditions:
(i) λ|ξ|2 ≤ aij(x)ξiξj ≤ λ−1|ξ|2, for any x ∈ B1 and ξ ∈ Rn;
(ii)

∑n
i=1 |bi(x)| + |c(x)| ≤ κ, for any x ∈ B1;

(iii) |aij(x) − aij(y)| ≤ ω(|x − y|), for any x, y ∈ B1, i, j = 1, 2, · · · , n.
For any L ∈ L(λ, κ, ω) and any u satisfying

(3.3.1) Lu = 0 in B1 with
∫

B1

u2 ≤ 1,

there holds for any r ∈ (0, 1)

(3.3.2) ‖u‖W 2,p(Br) ≤ C,

where C is a positive constant depending only on n, λ, κ, ω, p and (1 − r)−1.
Suppose (aij) is a constant matrix satisfying the condition (i), and let L0 =

aij∂xixj . Then it is obvious that L0 ∈ L(λ, κ, ω), for any κ > 0 and any continuous
and monotone function ω.

Let L ∈ L(λ, κ, ω). For any x0 ∈ B and ρ ∈ (0, 1 − |x0|), we define Lx0,ρ by

(3.3.3) Lx0,ρ ≡ aij(x0 + ρx)∂xixj + ρbi(x0 + ρx)∂xi + ρ2c(x0 + ρx).

Obviously, Lx0,ρ ∈ L(λ, κ, ω). This is the translation and scaling invariant property
of L(λ, κ, ω), analogous to that of minimal surfaces.

Finally, we note that the class L(λ, κ, ω) possesses a certain compactness. More
precisely, let Lk, k = 1, 2, · · · , be a sequence of operators in L(λ, κ, ω). Then, there
is a subsequence Lk′ , {k′} ⊂ {k}, such that Lk′ converges to an elliptic operator
L ∈ L(λ, κ, ω) in the following sense: for any sequence of solutions uk′ of Lk′uk′ = 0
in B1, with

∫
B1

u2
k′ ≤ 1, there is a subsequence of {uk′} which converges weakly in

L2(B1) to some u ∈ L2(B1) satisfying Lu = 0 in B1. By (3.3.2), it is then easy
to conclude such a subsequence converges to u in W 2,p

loc (B1). We should point out
that, in the above convergence, the limit function u may be identically zero. It is
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crucial for us to rule out such bad limits in the discussion of nodal sets of solutions.
On the other hand, it is obvious by (3.3.3) that, if L ∈ L(λ, κ, ω), x0 ∈ B1 and
ρ → 0, then Lx0,ρ converges to Lx0 ≡ aij(x0)∂xixj ∈ L(λ, κ, ω).

In order to find nontrivial limiting solutions of Lx0 for any x0 ∈ B1 under
a sequence of translations and scalings, we need to control the local growth of
solutions of operators in L(λ, κ, ω). For this purpose, we introduce the following
subclass SN of solutions.

Let u ∈ L2(B1) be a solution of Lu = 0 in B1 for some L ∈ L(λ, κ, ω). Then
we say u ∈ SN if

(3.3.4) −
∫

B2r(x0)

u2 ≤ 4N −
∫

Br(x0)

u2(x),

for any x0 ∈ B2/3 and 0 < 2r < 1 − |x0|.
When ω(t) = Γt, then (3.3.4) is valid for a constant

N = C(n, λ, κ, Γ) · N0,

provided x ∈ Br0 and r ∈ (0, r0) for some positive constant r0 = r0(n, λ, κ, Γ). Here
N0 is defined by

N0 =
r0

∫
Br0

|∇u|2∫
∂Br0

u2
.

This is a consequence of Theorem 3.2.7.
The class SN has the following important compactness property. Consider any

Lk ∈ L(λ, κ, ω) and uk ∈ SN satisfying Lkuk = 0 in B1 with
∫

B1
u2

k = 1. Then
there are subsequences Lk′ and uk′ such that Lk′ converges to some L ∈ L(λ, κ, ω)
and uk′ converges to u in W 2,p

loc (B1) such that Lu = 0. Moreover, u 6≡ 0 in B1. This
compactness result is very important in discussions later on.

The discussion in this section holds also for operators of divergence form. For
constants α, λ ∈ (0, 1) and κ ≥ 1, we denote by L(λ, κ, α) a class of elliptic operators
of divergence form

L = ∂xi(aij(x)∂xj ) + bi(x)∂xi + c(x)
whose coefficients satisfy (i), (ii) and

(iii)′ |aij(x) − aij(y)| ≤ κ|x − y|α, for any x, y ∈ B1 and i, j = 1, · · · , n.
For any L ∈ L(λ, κ, α) and any u satisfying Lu = 0 in B1 with

∫
B1

u2 = 1,
instead of (3.3.2) we have for any r ∈ (0, 1)

|u|C1,α(Br) ≤ C,

where C is a positive constant depending only on n, λ, κ, α and (1− r)−1. Instead
of (3.3.3), we define for L ∈ L(λ, κ, α)

Lx0,ρ ≡ ∂xi

(
aij(x0 + ρx)∂xj

)
+ ρbi(x0 + ρx)∂xi + ρ2c(x0 + ρx),

for any x0 ∈ B1 and any ρ ∈ (0, 1 − |x0|).





CHAPTER 4

Structures of Singular Sets

For a harmonic function in an open set in R2, the subset of critical points in the
nodal set is exactly the singular part of the nodal set. For this reason, this subset
of critical points is called the singular set. It is well known that the singular set of
a 2-dimensional harmonic function is isolated. Around each point in the singular
set, the nodal set consists of finitely many analytic curves intersecting at this point,
forming equal angles. In fact, the number of singular points can be estimated in
terms of the growth of harmonic functions. For details, see Section 2.4.

In this chapter, we study the structure of the critical nodal sets, or the singular
sets, of solutions of homogeneous elliptic differential equations of the second order.
In Chapter 7, we will study the size of the critical nodal sets.

We consider a homogeneous elliptic differential equation of the form

Lu ≡
n∑

i,j=1

aij(x)∂iju +
n∑

i=1

bi(x)∂iu + c(x)u = 0 in B1 ⊂ Rn,

where the coefficients aij satisfy
n∑

i,j=1

aij(x)ξiξj ≥ λ|ξ|2 for any ξ ∈ Rn, x ∈ B1,

for some positive constant λ. We assume aij are Lipschitz and bi and c are at least
bounded. The Lipschitz condition for the leading coefficients is essential. It implies
the unique continuation for the operator L. In other words, if a solution u vanishes
to an infinite order at a point in B1, then u is identically zero. For details, see
Chapter 3.

For any C2 solution u in B1, we define the nodal set and the singular set by

N (u) = {p ∈ B1;u(p) = 0},
S(u) = {p ∈ B1;u(p) = |∂u(p)| = 0}.

By the implicit function theorem, N (u)\S(u) is an (n−1)-dimensional hypersurface,
at least locally. In this chapter, we study S(u) and prove that S(u) is countably
(n − 2)-rectifiable.

In order to study the structure of singular sets, we need to study the local
behavior of solutions at these points. First, we blow up solutions and study blow-
up limits. We expect the blow-up limits to be simple to analyze. Second, we
study relations between the blow-up limit at one point and those at nearby points.
Geometrically, this translates to studying the property of tangent planes at each
point first and then studying the relation between a tangent plane at one point and
those at nearby points.

63
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Bers [13] proved that a classical solution of an elliptic differential equation,
with a finite vanishing order at some point, must be asymptotic to a nonzero ho-
mogeneous polynomial with degree equal to the vanishing order. Moreover, this
polynomial satisfies a constant coefficient elliptic equation. This result is essential
in our discussion. It implies the existence and the uniqueness of the homogeneous
blow-up limit. We should emphasize that the uniqueness of blow-up limits is rarely
enjoyed by most problems. Then a natural choice of some subspace of the singular
set of the blow-up limit can be associated to that of our solution. We need to
establish that this subspace serves as a tangent space in some weak sense. In order
to do this, we need to study relations of blow-up limits at various points. In other
words, we need a uniform version of Bers’ result. Specifically, we need a priori es-
timates on the homogeneous polynomials and error terms in the Bers’ asymptotic
formulas. These estimates were proved by Han [45]. Such results, in their simplest
form, state as follows. Suppose u is an H1-solution of a linear elliptic differential
equation in B1. If for some integer d, u satisfies

lim sup
x→0

|u(x)|
|x|d

< ∞,

then

sup
|x|< 1

2

|u(x)|
|x|d

≤ C‖u‖L2(B1),

where C is a constant depending only on coefficients of the equation and the integer
d. A result of this type is of interest on its own. It, in some sense, generalizes a
priori estimates on higher order derivatives for smooth solutions.

4.1. Singular Sets of Smooth Solutions

In this section, we discuss the structure of singular sets of solutions of homo-
geneous elliptic differential equations of the second order with smooth coefficients.

We consider the homogeneous linear elliptic differential equation of the form

(4.1.1) Lu ≡
n∑

i,j=1

aij(x)∂iju +
n∑

i=1

bi(x)∂iu + c(x)u = 0 in B1 ⊂ Rn,

where the coefficients aij satisfy

(4.1.2)
n∑

i,j=1

aij(x)ξiξj ≥ λ|ξ|2 for any ξ ∈ Rn, x ∈ B1,

for some positive constant λ.
We first prove a result due to Caffarelli and Friedman [17].

Lemma 4.1.1. Let aij , bi, c be smooth in B1 ⊂ Rn satisfying (4.1.2) and u be a
smooth solution of (4.1.1) in B1. Then S(u) is contained in a countable union of
(n − 2)-dimensional smooth manifolds.

Proof. For any p ∈ B1, we define the vanishing order O(p) of u at p by

O(p) = Ou(p) = {d; ∂νu(p) = 0 for any |ν| < d,

∂ν0u(p) 6= 0 for some |ν0| = d}.
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Obviously, O(p) ≥ 2 for p ∈ S(u). For any d ≥ 2, we set

Sd(u) = {p ∈ B1; O(p) = d}.

Then we have

(4.1.3) S(u) =
∪
d≥2

Sd(u).

This is a finite union by the unique continuation. We prove that Sd(u) is (n − 2)-
dimensional for each fixed d ≥ 2.

For any p ∈ Sd(u), there exists a |β| = d− 2 such that ∂2v(p) 6= 0 for v = ∂βu.
Now applying ∂β to (4.1.1) and evaluating at p, we obtain

n∑
i,j=1

aij(p)∂ijv(p) = 0.

First, the Hessian matrix
(
∂2v(p)

)
has a nonzero eigenvalue. Next, we may diago-

nalize (
∂2v(p)

)
= diag(λ1, · · · , λn).

Then we have
a1(p)λ1 + · · · + an(p)λn = 0,

for some positive constants a1(p), · · · , an(p). By assuming λ1 6= 0, we have another
nonzero eigenvalue, and hence we may assume λ2 6= 0. Note

∂∂1v(p) = (λ1, 0 · · · , 0), ∂∂2v(p) = (0, λ2, 0, · · · , 0).

By applying the implicit function theorem to ∂1v and ∂2v, we conclude that {∂1v =
0, ∂2v = 0} is an (n − 2)-dimensional smooth manifold in a neighborhood of p.
Obviously, this manifold contains Sd(u) in a neighborhood of p. ¤

Lemma 4.1.1 illustrates that S(u) is indeed the singular part of {u = 0}. We
usually call S(u) the singular set of u.

Now, we discuss fine structures of S(u). Suppose u is a smooth function in B1.
For any p ∈ B1, we define the vanishing order O(p) of u at p, as in the proof of
Lemma 4.1.1, by

O(p) = Ou(p) = {d; ∂νu(p) = 0 for any |ν| < d,

∂ν0u(p) 6= 0 for some |ν0| = d}.

Alternatively, the vanishing order can be defined as an integer d satisfying

lim sup
x→p

|u(x)|
|x − p|d

< ∞,

lim sup
x→p

|u(x)|
|x − p|d+1

= ∞.

Moreover, there exists a nonzero homogeneous polynomial P of degree d such that

u(x) = P (x − p) + o(|x − p|d).

For convenience, we call the nonzero homogeneous polynomial P the leading poly-
nomial of u at p.
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Lemma 4.1.2. Suppose that {Lk}∞k=0 is a family of elliptic operators in B1

of the form (4.1.1), with smooth coefficients satisfying (4.1.2), and that uk is a
smooth solution of Lkuk = 0 in B1 for k = 0, 1, 2, · · · . Suppose that Lk → L0 in
the sense that the corresponding coefficients converge in Cm(B1) and that uk → u0

in Cm(B1) for any integer m ≥ 1. Then

(4.1.4) lim sup
k→∞

Ouk
(0) ≤ Ou0(0).

If, in addition, Ouk
(0) = d and Pk is the leading polynomial of uk at 0 for k =

1, 2, · · · , then the following conclusions hold:
(i) if Ou0(0) > d, then

Pk → 0 uniformly in B1 as k → ∞;

(ii) if Ou0(0) = d, then

Pk → P0 uniformly in B1 as k → ∞,

where P0 is the leading polynomial of u0 at 0.

Lemma 4.1.2 follows easily from interior estimates. Now we state the main
result in this section, which was proved by Han [43].

Theorem 4.1.3. Let aij , bi, c be smooth in B1 ⊂ Rn satisfying (4.1.2) and u be
a smooth solution of (4.1.1) in B1. Then there exists the following decomposition

S(u) =
n−2∪
j=0

Sj(u),

where each Sj(u) is on a countable union of j-dimensional C1 manifolds, j =
0, 1, · · · , n − 3, and Sn−2(u) is on a countable union of (n − 2)-dimensional C1,β

manifolds for some β ∈ (0, 1).

Proof. The proof consists of several steps. For each fixed integer d ≥ 2, we
study

Sd(u) = {p ∈ S(u);O(u) = d}.
Step 1. We study local behaviors at each point. For any y ∈ B1/2 ∩ Sd(u) and

any r ∈
(
0,

1
2
(1 − |y|)

)
, we set

(4.1.5) uy,r(x) =
u(y + rx)(∫

− ∂Br(y)|u|2
) 1

2
for any x ∈ B2.

Then, we have for any integer m ≥ 1

(4.1.6) uy,r → P in Cm(B2) as r → 0,

where P = Py is a non-zero homogeneous polynomial of degree d satisfying

(4.1.7)
n∑

i,j=1

aij(y)∂ijP = 0.

Moreover, ‖P‖L2(∂B1) = 1. Note that P is the normalized leading polynomial of u
at y.
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Since P is a non-zero homogeneous polynomial of degree d, we have

Sd(P ) = {x; ∂νP (x) = 0 for any |ν| ≤ d − 1}.

Obviously, 0 ∈ Sd(P ) by the homogeneity of P . Now we claim that Sd(P ) is a
linear subspace and

(4.1.8) P (x) = P (x + z) for any x ∈ Rn and z ∈ Sd(P ).

To see this, we take any z ∈ Sd(P ). Then we have

DνP (z) = 0 for any |ν| ≤ d − 1.

By assuming
P (x) =

∑
|ν|=d

aνxν ,

we have
P (x) =

∑
|ν|=d

aν(x − z)ν .

This implies
P (x + z) = P (x) for any x ∈ Rn.

Note that P is a homogeneous polynomial of degree d. Then, we have

P (x + λz) = P (x) for any x ∈ Rn and λ ∈ R.

Therefore, we obtain

DνP (λz) = 0 for any |ν| ≤ d − 1.

Hence λz ∈ Sd(P ) for any λ ∈ R. Now it is not difficult to conclude that Sd(P ) is
a linear subspace and that (4.1.8) holds. Next, we observe that dimSd(P ) ≤ n − 2
for d ≥ 2. In fact, (4.1.8) implies P is a function of n-dimSd(P ) variables. If
dimSd(P ) = n − 1, P would be a degree d monomial of one variable satisfying
(4.1.7). Hence d < 2, which leads to a contradiction.

Step 2. We define for each j = 0, 1, 2, . . . , n − 2,

Sj
d(u) = {y ∈ Sd(u); dimSd(Py) = j}.

We claim that Sj
d(u) is on a countable union of j-dimensional C1 graphs. In fact,

we prove that, for any y ∈ Sj
d(u), there exists an r = r(y) such that Sj

d(u) ∩ Br(y)
is contained in a (single piece of) j-dimensional C1 graph.

To show this, we let `y be the j-dimensional linear subspace Sd(Py) for any
y ∈ Sj

d(u). For any {yk} ⊂ Sj
d(u) with yk → y, we first prove

(4.1.9) Angle < yyk, `y >→ 0.

To prove (4.1.9), we assume y = 0 and pk =
yk

|yk|
→ ξ ∈ Sn−1. Note pk ∈ Sd(u0,|yk|)

for

u0,|yk|(x) =
u(|yk|x)(∫

− ∂B|yk|u
2
) 1

2
.

See (4.1.5) for notations. We may show by an elementary calculation that

Lku0,|yk| = 0,
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where Lk is some second order elliptic operator with a similar structure as L.
Moreover, for L as in (4.1.1), we have

Lk → L0 ≡
n∑

i,j=1

aij(0)∂ij ,

in the sense that corresponding coefficients converge in Cm(B1) for any m. Then
by applying Lemma 4.1.2, we obtain that Py vanishes at ξ with an order at least
d, i.e.,

OPy (ξ) ≥ d.

Since Py is a homogeneous polynomial of degree d, then OPy (ξ) = d and ξ ∈ `y.
This implies (4.1.9).

By (4.1.9), we obtain that, for any y ∈ Sj
d(u) and any small ε > 0, there exists

an r = r(y, ε) such that

(4.1.10) Sj
d(u) ∩ Br(y) ⊂ Br(y) ∩ Cε(`y),

where
Cε(`y) = {z ∈ Rn; dist(z, `y) ≤ ε|z|}.

Let Pk and P be leading polynomials of u at yk and y = 0, respectively. By Lemma
4.1.2, we have

Pk → P uniformly in Cd(B1).

This implies
`yk

→ `y as k → ∞,

as subspaces in Rn. By an argument similar to proving (4.1.9), we may prove that
the constant r in (4.1.10) can be chosen uniformly for any point z ∈ Lj

d(u) in a
neighborhood of y. In other words, for any y ∈ Sj

d(u) and any small ε > 0, there
exists an r = r(ε, y) such that

Sj
d(u) ∩ Br(z) ⊂ Br(z) ∩ Cε(`z) for any z ∈ Sj

d(u) ∩ Br(y).

For ε > 0 small enough, this clearly implies that Sj
d(u) ∩ Br(y) is contained in a

j-dimensional Lipschitz graph. By (4.1.9) this graph is C1.
Step 3. Sn−2

d (u) is on a countable union of (n−2)-dimensional C1,β manifolds,
for some 0 < β < 1.

Take any p ∈ Sn−2
d (u), say p = 0, and let P be the leading polynomial of u

at 0. Then dimSd(P ) = n − 2. By denoting Rn = R2 × Sd(Pp), we know P is a
homogeneous harmonic polynomial of degree d in R2. Using polar coordinates (r, θ)
in R2, we have

P = ard cos dθ

by some rotation, where a is a nonzero constant.
For any x ∈ Sn−2

d (u) which is close to 0, write x = (x1, x2) with x1 ∈ R2, x2 ∈
Rn−2. Since Du(x) = 0, then

DP (x) = −D(u − P )(x).

Obviously, we have

(4.1.11) |x1|d−1 ≤ C|x|d,
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or

(4.1.12) |x1| ≤ C|x|1+
1

d−1 ,

for some constant C > 0. Hence the local (n−2)-dimensional C1 manifold containing
Sn−2

d (u) in a neighborhood of 0 is in fact C1, 1
d at 0. ¤

By setting

Sg(u) =
∪
d≥2

Sn−2
d (u) and Sb(u) =

n−3∪
j=0

∪
d≥2

Sj
d(u),

we have the following corollary of Theorem 4.1.3.

Corollary 4.1.4. Let u be a solution as in Theorem 4.1.3. Then

S(u) = Sg(u)
∪

Sb(u),

where the Hausdorff dimension of Sb(u) is at most n−3 and Sg(u) is on a countable
union of (n−2)-dimensional C1,β manifolds for some β ∈ (0, 1). Moreover, for any
p ∈ Sg(u) the leading polynomial of u at p is a polynomial of two variables after
some rotation of coordinates.

We often call Sg(u) and Sb(u) the good part and the bad part of S(u) respec-
tively.

To conclude this section, we illustrate by an example that in R3 the singular
set can be any closed subset in a line segment.

Example 4.1.5. For any closed subset K ⊂ R, let f be a nonnegative smooth
function vanishing exactly on K with |ff ′′| + |f ′2| < 1/4. Then u(x, y, z) = xy +
f2(z) satisfies the elliptic differential equation

uxx + uyy + uzz − (f2)′′(z)uxy = 0,

and its singular set is {(0, 0)} × K.

4.2. Asymptotic Expansions

In this section, we derive an asymptotic expansion for solutions of elliptic dif-
ferential equations with an estimate on the leading polynomial and the error term.
Such a uniform expansion plays an essential role in the discussion of the structure
of singular sets later on. The entire section follows Han [45].

For homogeneous equations, such an asymptotic expansion was proved by Bers
[13]. Specifically, he proved that a solution of a homogeneous linear elliptic dif-
ferential equation, which vanishes at 0 with order d, is asymptotic to a nonzero
homogeneous polynomial of degree d. It is reasonable to think that derivatives of
order less than d of such a solution at 0 are zero, that derivatives of order d are
given by the coefficients of such a polynomial and that whether the derivatives of
order d are Hölder continuous is determined by the error term. Necessary a priori
estimates on the leading polynomials and the error terms were provided by Han
[45].

A consequence of such an expansion with an estimate on leading polynomials
and error terms is the pointwise Schauder estimate. As we know, Schauder esti-
mates play an important role in the theory of elliptic differential equations, and are
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the basis for the existence and regularity of solutions. In general, a priori estimates,
or the regularity, of solutions in a set depend on properties of the coefficients and the
nonhomogeneous terms in the same set. As a corollary of the uniform asymptotic
expansion, we obtain Schauder estimates on higher order derivatives by comparing
solutions with polynomials. One advantage of such a method is that we do not
need to differentiate equations to get equations for derivatives. Hence, assumptions
on coefficients and nonhomogeneous terms can be weakened. In order to discuss
the regularity of solutions at one point, we only need appropriate assumptions on
coefficients and nonhomogeneous terms at this particular point.

As the first step, we need to obtain an a priori estimate on solutions themselves
with respect to their vanishing orders. Such a result, in its simplest form, is as
follows. Suppose u is a solution of some homogeneous linear elliptic differential
equation. If for some integer d,

lim sup
x→0

|u(x)|
|x|d

< ∞,

then

sup
|x|<1

|u(x)|
|x|d

≤ C|u|L∞(B1),

where C is a constant depending only on the coefficients of the equation and the
integer d.

We first discuss solutions of Poisson equations with a prescribed asymptotic.

Lemma 4.2.1. Let p > n/2, γ > 0 and α ∈ (0, 1) be constants and d ≥ 2 be an
integer. For any f ∈ Lp(B1) with

(4.2.1) ‖f‖Lp(Br) ≤ γrd−2+α+ n
p for any r ≤ 1,

there exists a function u ∈ W 2,p(B1) such that

(4.2.2) ∆u = f in B1,

and

|u(x)| ≤Cγ|x|d+α for any x ∈ B 1
2
,

2∑
i=1

ri‖Diu‖Lp(Br) ≤Cγrd+α+ n
p for any r ≤ 1,

(4.2.3)

where C is a positive constant depending only on n, p, d and α.

Remark 4.2.2. In general, Lemma 4.2.1 does not hold if α = 0 or α = 1. The
following example shows that α cannot be 0. In BR ⊂ Rn, with R < 1, we consider

4u =
x2

2 − x2
1

2|x|2

{
n + 2

(− log |x|)1/2
+

1
2(− log |x|)3/2

}
,

where the right side is continuous in B̄R if we set it equal to zero at the origin.
Hence it satisfies (4.2.1) for d = 2, α = 0 and any p > 1. The function

u(x) = (x2
1 − x2

2)(− log |x|)1/2 ∈ C(B̄R) ∩ C∞(B̄R \ {0})
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satisfies the above equation in BR \ {0}. It is easy to check that D2u ∈ Lp(BR) for
any p > 1. A similar calculation shows that

‖D2u‖Lp(Br) =
(∫ r

0

(− log ρ)
p
2 ρn−1dρ

) 1
p

+ O(r
n
p ) for r ≤ R.

Therefore, we have

1
r

n
p
‖D2u‖Lp(Br) → ∞ as r → 0.

Proof of Lemma 4.2.1. We prove for n ≥ 3. The case n = 2 can be discussed
similarly.

We denote by Γ the fundamental solution of the Laplacian operator and set

w(x) =
∫
|y|<1

Γ(x − y)f(y)dy.

Then w satisfies

∆w = f in B1.

Global W 2,p estimates and the explicit expression for w imply

(4.2.4) ‖w‖W 2,p(B1) ≤ C(‖w‖Lp(B1) + ‖f‖Lp(B1)) ≤ Cγ.

For each y 6= 0, consider the Taylor expansion of Γ(x − y) at x = 0. For each
nonnegative integer k, denote by Γk the k-th order terms, i.e.,

Γk(x, y) =
∑
|β|=k

Dβ
xΓ(−y)

xβ

β!
for y 6= 0.

It is easy to see that for each y 6= 0

∆Γk(·, y) = 0 in B1,

and

(4.2.5) |Dβ
xΓ(x)| ≤ C

|x|n+|β|−2
for any x ∈ B1,

where C is a positive constant depending only on n and |β|. Set

(4.2.6) v(x) =
∫
|y|<1

d∑
k=0

Γk(x, y)f(y)dy.

We first show that v is well-defined in B1. Then v is a harmonic polynomial of
degree ≤ d. In fact, we show by (4.2.1)

(4.2.7) |v(x)| ≤ Cγ in B1.



72 4. STRUCTURES OF SINGULAR SETS

The proof is based on a direct calculation. By setting 1/p′ = 1 − 1/p, we have for
any x ∈ B1

|v(x)| ≤ C

d∑
k=0

∫
|y|<1

|f(y)|
|y|n+k−2

dy

≤ C

d∑
k=0

∞∑
i=1

∫
1
2i <|y|< 1

2i−1

|f(y)|
|y|n+k−2

dy

≤ C

d∑
k=0

∞∑
i=1

(∫
1
2i <|y|< 1

2i−1

1
|y|(n+k−2)p′ dy

) 1
p′

·

(∫
|y|< 1

2i−1

|f(y)|pdy

) 1
p

≤ Cγ

d∑
k=0

∞∑
i=0

(
1
2i

) n
p′ −(n+k−2) (

1
2i

)d−2+α+ n
p

= Cγ

d∑
k=0

∞∑
i=0

(
1
2i

)d−k+α

= Cγ

d∑
k=0

∞∑
i=0

(
1

2d−k+α

)i

≤ Cγ.

Now we set

(4.2.8) u(x) = w(x) − v(x) =
∫
|y|<1

{
Γ(x − y) −

d∑
k=0

Γk(x, y)

}
f(y)dy.

Obviously, we have ∆u = f . We show that u vanishes with the order at least d+α
at x = 0.

Fix 0 < |x| < 1
2 and split this integral into three parts as follows

I1 =
∫
|y|<2|x|

Γ(x − y)f(y)dy,

I2 = −
∫
|y|<2|x|

d∑
k=0

Γk(x, y)f(y)dy,

I3 =
∫

2|x|<|y|<1

[
Γ(x − y) −

d∑
k=0

Γk(x, y)

]
f(y)dy.

Again denote p′ =
p

p − 1
. Then by the Hölder inequality, we have

|I1| ≤

{∫
|y|<2|x|

(
C

|x − y|n−2

)p′

dy

} 1
p′

·

(∫
|y|<2|x|

|f(y)|pdy

) 1
p

≤

(∫
|z|<3|x|

C

|z|(n−2)p′ dz

) 1
p′

·

(∫
|y|<2|x|

|f(y)|pdy

) 1
p

≤ Cγ|x|
n
p′ −(n−2) · |x|d−2+α+ n

p = Cγ|x|d+α,
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provided p > n/2. For I2, we use a similar method as that for (4.2.7). By (4.2.5),
we have

|I2| ≤ C

d∑
k=0

|x|k
∫
|y|<2|x|

|f(y)|
|y|n+k−2

dy

≤ C

d∑
k=0

|x|k
∞∑

i=0

∫
|x|
2i <|y|< 2|x|

2i

|f(y)|
|y|n+k−2

dy

≤ C

d∑
k=0

|x|k
∞∑

i=0

(∫
|x|
2i <|y|< 2|x|

2i

1
|y|(n+k−2)p′ dy

) 1
p′

·

(∫
|y|< 2|x|

2i

|f(y)|pdy

) 1
p

≤ Cγ

d∑
k=0

|x|k
∞∑

i=0

(
|x|
2i

) n
p′ −(n+k−2) (

|x|
2i

)d−2+α+ n
p

= Cγ

d∑
k=0

|x|k
∞∑

i=0

(
|x|
2i

)d−k+α

= Cγ|x|d+α
d∑

k=0

∞∑
i=0

(
1

2d−k+α

)i

≤ Cγ|x|d+α.

For I3, we proceed as follows. For x, y satisfying 2|x| < |y|, by the Taylor expansion,
we have

Γ(x − y) −
d∑

k=0

Γk(x, y) =
∑

|β|=d+1

Dβ
xΓ(θx, y)

xβ

β!
,

where θ = θ(x, y) ∈ (0, 1). By (4.2.5), this is bounded by

C
|x|d+1

|y − θx|n+d+1−2
≤ C

|x|d+1

|y|n+d−1
,



74 4. STRUCTURES OF SINGULAR SETS

since |x| <
|y|
2

. For any x ∈ B1/2, there exists an integer M such that 2M−1|x| ≤
1 < 2M |x|. Then we have by extending f = 0 outside B1

|I3| ≤ |x|d+1

∫
2|x|<|y|<1

|f(y)|
|y|n+d−1

dy

≤ |x|d+1
M−1∑
i=1

∫
2i|x|<|y|<2i+1|x|

|f(y)|
|y|n+d−1

dy

≤ |x|d+1
M−1∑
i=1

(∫
2i|x|<|y|<2i+1|x|

1
|y|(n+d−1)p′ dy

) 1
p′

·

(∫
|y|<2i+1|x|

|f(y)|pdy

) 1
p

≤ Cγ|x|d+1
M−1∑
i=1

(2i|x|)
n
p′ −(n+d−1) · (2i|x|)d−2+α+ n

p

= Cγ|x|d+1
M−1∑
i=1

1
(2i|x|)1−α

= Cγ|x|d+α
M−1∑
i=1

1
(21−α)i

≤ Cγ|x|d+α.

This finishes the proof of the first part of (4.2.3). Since ∆u = f in B1, W 2,p

estimates imply

(4.2.9)
2∑

i=1

ri‖Diu‖Lp(Br) ≤ Cγrd+α+ n
p for any r ≤ 1

4
.

By (4.2.4) and (4.2.7), the estimate (4.2.9) can be extended to B1. ¤

Corollary 4.2.3. Let p > n/2, γ > 0 and α ∈ (0, 1) be constants and d ≥ 2
be an integer. For any f ∈ Lp(B1) with

‖f‖Lp(Br) ≤ γrd−2+α+ n
p for any r ≤ 1,

and any solution u ∈ W 2,p(B1) of ∆u = f in B1, there exists a harmonic polynomial
Pd of degree ≤ d such that

|u(x) − P (x)| ≤
(
γ + ‖u‖Lp(B1)

)
|x|d+α for any x ∈ B 1

2
,

where C is a positive constant depending only on n, p, d and α.

Proof. By Lemma 4.2.1, there exists a v ∈ W 2,p(B1) satisfying ∆v = f in B1

such that
|v(x)| ≤ Cγ|x|d+α for any x ∈ B 1

2
,

and
‖v‖Lp(B1) ≤ Cγ.
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Note that ∆(u − v) = 0 in B1. We write

u(x) − v(x) = Pd(x) + Rd(x),

where Pd is a polynomial of degree ≤ d and Rd satisfies

|Rd(x)| ≤ C‖u − v‖Lp(B1)|x|
d+1 ≤ C

(
γ + ‖u‖Lp(B1)

)
|x|d+1,

for any x ∈ B 1
2
. Now we have u = Pd + v + Rd, and u − Pd has the required

estimate. ¤

Next, we control the leading polynomials and error terms in a uniform way.
Roughly speaking, if a solution u vanishes with order d at 0, then “derivatives” of
order up to d − 1 vanish at 0 and “derivatives” of order d and the error term can
be estimated uniformly.

Suppose that L is a second order homogeneous linear elliptic operator in B1 ⊂
Rn given by

(4.2.10) L = aij(x)∂xixj + bi(x)∂xi + c(x) in B1 ⊂ Rn,

where the coefficients aij , bi and c verify the following assumptions:

λ|ξ|2 ≤ aij(0)ξiξj ≤ λ−1|ξ|2 for any ξ ∈ Rn;(4.2.11)
n∑

i,j=1

|aij(x)| +
n∑

i=1

|bi(x)| + |c(x)| ≤ κ for any x ∈ B1;(4.2.12)

n∑
i,j=1

|aij(x) − aij(0)| ≤ ω(|x|) for any x ∈ B1,(4.2.13)

for some positive constants λ, κ, and some continuous and increasing function ω :
R+ → R+ with ω(r) → 0 as r → 0+.

We should emphasize that assumptions (4.2.11) and (4.2.13) are made only at
the origin.

We first prove an interior estimate with balls centered only at origin.

Lemma 4.2.4. Let L be a second order elliptic operator in B1 with the form
(4.2.10) satisfying (4.2.11)-(4.2.13) and u a W 2,p solution of Lu = f in B1 for
some f ∈ Lp(B1) with p > n/2. Then there holds for any r ≤ R

2∑
i=1

ri‖Diu‖Lp(Br) ≤ C
(
‖u‖Lp(B2r) + r2‖f‖Lp(B2r)

)
,

where C and R are positive constants depending only on λ, κ and ω.

Proof. Set L0 = aij(0)∂ij . Then we write Lu = f as

L0u = −
(
aij(x) − aij(0)

)
∂iju − bi(x)∂iu − c(x)u + f.

By introducing cut-off functions, we have for any 0 < r < R ≤ 1

‖D2u‖Lp(Br) ≤C

{
(ω(R) + ε)‖D2u‖Lp(BR)

+
C(ε)

(R − r)2
‖u‖Lp(BR) + ‖f‖Lp(BR)

}
,
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where ε is an arbitrary positive constant and the constant C depends only on λ, κ
and ω. Choose ε such that Cε = 1/4. Then for any R such that Cω(R) ≤ 1/4, we
obtain for any 0 < r ≤ R

‖D2u‖Lp(Br) ≤
1
2
‖D2u‖Lp(BR) + C

{
1

(R − r)2
‖u‖Lp(BR) + ‖f‖Lp(BR)

}
.

By a standard iteration, we get for any r ≤ R

‖D2u‖Lp(Br) ≤ C

{
1

(R − r)2
‖u‖Lp(BR) + ‖f‖Lp(BR)

}
.

Hence for any r > 0 with Cω(2r) < 1/4, we obtain

r2‖D2u‖Lp(Br) ≤ C(‖u‖Lp(B2r) + r2‖f‖Lp(B2r)).

We finish the proof by using interpolation inequalities. ¤

For subsequent results, we need more assumptions on leading coefficients. We
assume, in addition,

(4.2.14)
n∑

i,j=1

‖aij − aij(0)‖Lr(Br) ≤ Krα+ n
p for any r ≤ 1,

for some constants K > 1 and α ∈ (0, 1).

Theorem 4.2.5. Let L be a second order elliptic operator in B1 with the form
(4.2.10) satisfying (4.2.11)-(4.2.14) and u a W 2,p solution of Lu = f in B1 for
some f ∈ Lp(B1) with p > n/2. Suppose, for some homogeneous polynomial Q of
degree d − 2, f satisfies

(4.2.15) ‖f − Q‖Lp(Br) ≤ γrd−2+α+ n
p for any r ≤ 1,

for some integer d ≥ 2 and constant γ > 0. Then if

(4.2.16) lim sup
r→0

1
rd−1+β+ n

p
‖u‖Lp(Br) < ∞,

for some β ∈ (0, 1], there holds

(4.2.17) ‖u‖Lp(Br) ≤ C(‖u‖Lp(B1) + γ + ‖Q‖Lp(B1))r
d+ n+m

p for r ≤ 1,

where C is a constant depending only on n, p, d, λ, κ, α and K. Moreover, there
exists a homogeneous polynomial P of degree d such that

aij(0)∂ijP = Q in Rn,(4.2.18)

|P (x)| ≤ C
(
γ + ‖u‖Lp(B1) + ‖Q‖Lp(B1)

)
|x|d in B1,(4.2.19)

|u(x) − P (x)| ≤ C
(
γ + ‖u‖Lp(B1) + ‖Q‖Lp(B1)

)
|x|d+α in BR(4.2.20)

and
2∑

i=1

ri‖Di(u − P )‖Lp(Br)

≤C
(
γ + ‖u‖Lp(B1) + ‖Q‖Lp(B1)

)
rd+α+ n

p for any r ≤ R,

(4.2.21)

where C and R are constants depending only on n, p, d, λ, α, κ, K and ω.
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Proof. We prove Theorem 4.2.5 in two steps.
Step 1. The existence of the homogeneous polynomial P .
We set for nonnegative integer k

(4.2.22) ck = sup
r≤1

‖u‖Lp(Br)

rd−1+β+kα1+
n
p

,

for some 0 < α1 ≤ α. We prove ck < ∞ as long as β + kα1 ≤ 1. By (4.2.16), we
know c0 < ∞.

Lemma 4.2.4 implies for any r ≤ R

2∑
i=1

ri‖Diu‖Lp(Br) ≤ C(‖u‖Lp(B2r) + r2‖f‖Lp(B2r))

≤ C{c0r
d−1+β+ n

p + (γ + ‖Q‖Lp(B1))r
d+ n

p }

≤ C(c0 + γ + ‖Q‖Lp(B1))r
d−1+β+ n

p .

(4.2.23)

Set L̃ = aij∂ij and L0 = aij(0)∂ij . Without loss of generality, we assume aij(0) =
δij and L0 = ∆. We write Lu = f as

L̃u = Q − bi∂iu − cu + (f − Q) ≡ Q + φ.

By taking Lp-norms in Br and combining with (4.2.23), we get for any r ≤ R

‖φ‖Lp(Br) ≤ C(r−1‖u‖Lp(B2r) + r‖f‖Lp(Br) + ‖f − Q‖Lp(B2r))

≤ C(c0 + γ + ‖Q‖Lp(B1))r
d−2+min(β,α)+ n

p .
(4.2.24)

Take a homogeneous polynomial P1 of degree d such that L0P1 = Q. Then, we
have

L̃(u − P1) = (L0 − L̃)P1 + φ

= −
n∑

i,j=1

(aij − aij(0))∂ijP1 + φ.

By (4.2.14), we get for any r ≤ 1

‖
(
aij − aij(0)

)
∂ijP1‖Lp(Br) ≤ C‖P1‖Lp(B1)r

d−2+α+ n
p ,

where C is a positive constant depending only on n, d, p and K. Therefore, u − P1

satisfies
L̃(u − P1) = φ̃ in B1,

with

(4.2.25) ‖φ̃‖Lp(Br) ≤ C
(
c0 + γ + ‖Q‖Lp(B1) + ‖P1‖Lp(B1)

)
rd−2+min(β,α)+ n

p ,

for any r ≤ R. It is obvious that (4.2.25) also holds for any q to replace p with
1 < q < p. By (4.2.23), we get for any r ≤ R

2∑
i=1

ri‖Di(u − P1)‖Lp(Br)

≤ C(c0 + γ + ‖Q‖Lp(B1) + ‖P1‖Lp(B1))r
d−1+β+ n

p .
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We write L̃(u − P1) = φ̃ as

L0(u − P1) = (L0 − L̃)(u − P1) + φ̃

= −
(
aij − aij(0)

)
∂ij(u − P1) + φ̃.

(4.2.26)

For any q with n/2 < q < p, we have

‖
(
aij − aij(0)

)
∂ij(u − P1)‖Lq(Br)

≤ ‖aij − aij(0)‖
L

pq
p−q (Br)

‖D2(u − P1)‖Lp(Br)

≤ C‖aij − aij(0)‖
L

pq
p−q (Br)

· (c0 + γ + ‖Q‖Lp(B1) + ‖P1‖Lp(B1))r
d−3+β+ n

p .

If p > n, we take q = p/2 > n/2. Then, we have
pq

p − q
= p and hence

‖
(
aij − aij(0)

)
∂ij(u − P1)‖Lq(Br)

≤ C(c0 + γ + ‖Q‖Lp(B1) + ‖P1‖Lp(B1))r
d−3+β+α+ n

q .

If p ≤ n, we may take any q with n/2 < q < p. Then we have
pq

p − q
> p and hence

‖aij − aij(0)‖
L

pq
p−q (Br)

≤ C‖aij − aij(0)‖
p−q

q

Lp(Br) ≤ Cr(α+ n
p )( p

q −1).

This implies

‖
(
aij − aij(0)

)
∂ij(u − P1)‖Lq(Br)

≤ C(c0 + γ + ‖Q‖Lp(B1) + ‖P1‖Lp(B1))r
d−3+β+

α(p−q)
q + n

q .

In both cases, we conclude for some α1 ≤ α and some q with n/2 < q < p

‖
(
aij − aij(0)

)
∂ijψ‖Lq(Br)

≤ C(c0 + γ + ‖Q‖Lp(B1) + ‖P1‖Lp(B1))r
d−3+β+α1+

n
q ,

(4.2.27)

for any r ≤ R.
If α1 + β < 1, we apply Corollary 4.2.3 to u − P1 with p replaced by q. By

(4.2.25)-(4.2.27), there exists a polynomial P0 with degree ≤ d − 1 such that

|u(x) − P1(x) − P0(x)|

≤ C
{
c0 + γ + ‖Q‖Lp(B1) + ‖u‖Lp(B1) + ‖P1‖Lp(B1)

}
|x|d−1+β+α1 ,

or

|u(x) − P0(x)|

≤ C
{
c0 + γ + ‖u‖Lp(B1) + ‖Q‖Lp(B1) + ‖P1‖Lp(B1)

}
|x|d−1+β+α1 ,

for any x ∈ BR. By (4.2.16), this implies P0 ≡ 0 and

lim sup
r→0

1
rd−1+β+α1+

n
p
‖u‖Lp(Br) < ∞.

Hence c1 < ∞. This is an improvement, compared with (4.2.16). We can repeat
the above argument. We assume, by choosing a smaller β if necessary, that

kα1 + β < 1 < (k + 1)α1 + β = α0
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for some nonnegative integer k. By repeating the above argument k times, we
obtain

lim sup
r→0

1
rd−1+kβ+α1+

n
p
‖u‖Lp(Br) < ∞.

Then we get instead of (4.2.27)

‖
(
aij − aij(0)

)
∂ijψ‖Lq(Br)

≤ C(ck + γ + ‖Q‖Lp(B1) + ‖P1‖Lp(B1))r
d−m+α0+

n
q ,

for any r ≤ R. By Corollary 4.2.3 again, there exists a polynomial P2 of degree ≤ d
with L0P2 = 0 such that

|u(x) − P1(x) − P2(x)|

≤ C
{
c0 + γ + ‖u‖Lp(B1) + ‖Q‖Lp(B1) + ‖P1‖Lp(B1)

}
|x|d+α0 ,

for any x ∈ BR. Set P = P1 + P2. Then L0P = Q and (4.2.16) implies that P is
homogeneous of degree d. In particular, we have

(4.2.28) lim sup
r→0

1
rd+ n

p
‖u‖Lp(Br) < ∞.

Now set

c̃ = sup
r≤0

1
rd+ n

p
‖u‖Lp(Br) < ∞.

By essentially the same argument, we obtain for any x ∈ BR

|u(x) − P (x)|

≤ C
{
c̃ + γ + ‖u‖Lp(B1) + ‖Q‖Lp(B1) + ‖P1‖Lp(B1)

}
|x|d+α.

(4.2.29)

Step 2. Estimates of P and u − P .
We prove the required estimates under the additional assumption

(4.2.30) |aij(x) − aij(0)| + |bi(x)| + |c(x)| ≤ η for any x ∈ B1,

for some small η > 0, depending only on n, p, d, λ, κ, α, K and ω. The general case
can be recovered by a simple transformation x 7→ Rx for an appropriate R ∈ (0, 1).

Set ψ = u − P and

(4.2.31) δ = sup
r≤1

‖ψ‖Lp(Br)

rd+α+ n
p

.

This is finite by (4.2.29). Then we write Lu = f as

Lψ = f − LP = (f − Q) + (L0 − L)P,

since L0P = Q. By Lemma 4.2.4, we have for any r ≤ R

2∑
i=1

ri‖Diψ‖Lp(Br)

≤ C(‖ψ‖Lp(B2r) + rm‖f − Q‖Lp(B2r) + rm‖(L0 − L)P‖Lp(B2r))

≤ C(δ + γ + ‖P‖Lp(B1))r
d+α+ n

p .

(4.2.32)

We write Lu = f as

L0ψ = −
(
aij − aij(0)

)
∂ijψ − bi∂iψ − cψ + (f − Q) + (L0 − L)P ≡ F.
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Then we have by (4.2.30) for any r ≤ R

(4.2.33) ‖F‖Lp(Br) ≤ C(ηδ + γ + ‖P‖Lp(B1))r
d−2+α+ n

p .

Now we apply Corollary 4.2.3 to obtain a polynomial P̃ of degree ≤ d such that

‖ψ − P̃‖Lp(Br) ≤ C(ηδ + γ + ‖ψ‖Lp(B1) + ‖P‖Lp(B1))r
d+α+ n

p for r ≤ R.

Condition (4.2.31) implies P̃ ≡ 0. Hence we have

‖ψ‖Lp(Br) ≤ C(ηδ + γ + ‖ψ‖Lp(B1) + ‖P‖Lp(B1))r
d+α+ n

p for r ≤ R.

It is obviously true for R ≤ r ≤ 1. By taking the supremum over r ∈ (0, 1], we get

δ ≤ C(ηδ + γ + ‖ψ‖Lp(B1) + ‖P‖Lp(B1)).

If η is small such that Cη ≤ 1/2, we have

δ ≤ C(γ + ‖P‖Lp(B1) + ‖ψ‖Lp(B1)),

or
‖ψ‖Lp(Br) ≤ C(γ + ‖P‖Lp(B1) + ‖ψ‖Lp(B1))r

d+α+ n
p for r ≤ 1.

By (4.2.33), we get

‖F‖Lp(Br) ≤ C(γ + ‖P‖Lp(B1) + ‖ψ‖Lp(B1))r
d−2+α+ n

p .

Hence Corollary 4.2.3 implies

(4.2.34) |ψ(x)| ≤ C(γ + ‖P‖Lp(B1) + ‖ψ‖Lp(B1))|x|
d+α in BR.

By the definition of ψ, we have

|P (x)| ≤ |u(x)| + C(γ + ‖u‖Lp(B1) + |P |L∞(B1))|x|
d+α in BR.

Again interior estimates imply

|u(x)| ≤ C(γ + ‖u‖Lp(B1) + ‖Q‖Lp(B1)) in BR.

We then obtain

|P (x)| ≤ C(γ + ‖u‖Lp(B1) + ‖Q‖Lp(B1)) + C|P |L∞(B1)|x|
d+α in BR.

Suppose P restricted to Sn−1 attains its maximum at e. Choose x = re. Then we
get by the homogeneity of P

|P |L∞(B1)r
d ≤ C(γ + ‖u‖Lp(B1) + ‖Q‖Lp(B1)) + C|P |L∞(B1)r

d+α.

Choosing r small, we obtain

|P |L∞(B1) ≤ C(γ + ‖u‖Lp(B1) + ‖Q‖Lp(B1)),

or
|P (x)| ≤ C(γ + ‖u‖Lp(B1) + ‖Q‖Lp(B1))|x|

d.

This is (4.2.19). With (4.2.34), we get (4.2.20). Then (4.2.21) follows from interior
estimates. ¤

Remark 4.2.6. We can prove a similar result for integer d < 2. Except f ∈
Lp(B1), we do not need any extra assumptions on f . Then (4.2.18) holds with
Q ≡ 0 and (4.2.19)-(4.2.21) hold with γ = ‖f‖Lp(B1).
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Not only do we have a priori estimates on higher order derivatives, we can
also prove the continuity of these derivatives. Since “derivatives”of solutions are
given by coefficients of polynomials, we just need to prove the convergence of such
polynomials. In the following, we compare leading polynomials of two solutions.
For i = 1, 2, we suppose that Li is a second order elliptic operator as in Theorem
4.2.5 and that ui is a W 2,p solution of Liui = fi in B1 for some fi ∈ Lp(B1) with
p > n/2. Suppose, for some homogeneous polynomial Qi of degree d−2, fi satisfies

‖fi − Qi‖Lp(Br) ≤ γir
d−2+α+ n

p for any r ≤ 1,

for some positive constants γi > 0. We assume

lim sup
r→0

1
rd+ n

p
‖ui‖Lp(Br) < ∞,

and Pi is the homogeneous polynomial of degree d given by Theorem 4.2.5.
We subtract two equations to get

(4.2.35) L2(u2 − u1) = (L1 − L2)u1 + (f2 − f1) ≡ F.

We write u1 = P1 + ψ1. By (4.2.19)-(4.2.21), we have

|P1(x)| ≤ C(γ1 + ‖u1‖Lp(B1) + ‖Q1‖Lp(B1))|x|
d in B1,

and
2∑

i=0

ri‖Diψ1‖Lp(Br(0))

≤C(γ1 + ‖u1‖Lp(B1) + ‖Q1‖Lp(B1))r
d+α+ n

p for any r ≤ R.

The function F begins with the homogeneous polynomial of degree d − 2

Q =
(
a2,ij(0) − a1,ij(0)

)
∂ijP1 + (Q2 − Q1),

and the error term has the estimate

‖F − Q‖Lp(Br) ≤ |L1 − L2|
( 2∑

i=0

ri‖Diψ1‖Lp(Br) +
1∑

i=0

ri‖DiP1‖Lp(Br)

)
+ ‖(f1 − Q1) − (f2 − Q2)‖Lp(Br),

where |L1 −L2| denotes the maximal difference of corresponding coefficients of L1

and L2. Set γ such that

‖(f1 − Q1) − (f2 − Q2)‖Lp(Br) ≤ γrd−2+α+ n
p for any r ≤ 1.

Hence, we have

‖F − Q‖Lp(Br) ≤
{

γ + C|L1 − L2|(γ1 + ‖u1‖Lp(B1)

+ ‖Q1‖Lp(B1))
}

rd−2+α+ n
p for any r ≤ R.

We apply Theorem 4.2.5 to (4.2.35) to obtain

|P1(x) − P2(x)| ≤ C∗|x|d in B1,

and
|
(
u1(x) − P1(x)

)
−

(
u2(x) − P2(x)

)
| ≤ C∗|x|d+α in BR

2
,
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where C∗ is a positive constant satisfying

C∗ ≤ C

{
γ + ‖u1 − u2‖Lp(B1) + ‖Q1 − Q2‖Lp(B1)

+ |L1 − L2|(γ1 + ‖u1‖Lp(B1) + ‖Q1‖Lp(B1))
}

,

for a constant C depending only on n, p, d, λ, α, κ, K and ω.
Hence we have the following result.

Corollary 4.2.7. Let {Li}∞i=0 be a sequence of second order elliptic operators
in B1 with the form (4.2.10) satisfying (4.2.11)-(4.2.14) and {ui}∞i=0 a sequence
of W 2,p functions such that each ui is a solution of Liui = fi in B1 for some
fi ∈ Lp(B1) with p > n/2. Suppose that Li → L0 as i → ∞ in the sense that
the corresponding coefficients converge in the sup-norm and that, for a sequence of
homogeneous polynomials {Qi}∞i=0 of degree d − 2, fi satisfies

sup
r≥1

1
rd−2+α+ n

p
‖f0 − Q0‖Lp(Br) < ∞,

and

‖Qi − Q0‖Lp(B1)+sup
r≥1

1
rd−2+α+ n

p
‖(fi − Qi) − (f0 − Q0)‖Lp(Br) → 0

as i → ∞,

for some integer d ≥ 2. If

lim sup
r→0

1
rd+ n

p
‖ui‖Lp(Br) < ∞ for any i = 1, 2, · · · ,

and
ui → u0 in Lp(B1) as i → ∞,

then

sup
|x|< 1

2

1
|x|d

|ui(x) − u0(x)| → 0 as i → ∞.

Moreover, if {Pi}∞i=0 is the sequence of homogeneous polynomials of degree d for
{ui}∞i=0 as in Theorem 4.2.5, then

|Pi − P0|L∞(B1)+ sup
|x|< 1

2

1
|x|d+α

|
(
ui(x) − Pi(x)

)
−

(
u0(x) − P0(x)

)
|

→ 0 as i → ∞.

In the rest of this section, we prove a pointwise Schauder estimate. The result
to be established is not employed directly in this book. We first introduce some
terminology.

Definition 4.2.8. Let u be an Lp function in B1 for 1 ≤ p ≤ ∞. For α ∈ (0, 1)
and d a nonnegative integer,

(i) u is Cd at 0 in the Lp sense, u ∈ Cd
Lp(0), for d ≥ 1, if for some polynomial

P of degree not exceeding d − 1,

lim sup
r→0

1
rd+ n

p
‖u − P‖Lp(Br) < ∞;
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(ii) u is Cd,α at 0 in the Lp sense, u ∈ Cd,α
Lp (0), if for some polynomial Q of

degree not exceeding d,

lim sup
r→0

1
rd+α+ n

p
‖u − Q‖Lp(Br) < ∞.

In Definition 4.2.8, the polynomials P and Q are unique if they exist. It is
easy to check that u ∈ Cd,α

Lp (0) implies u ∈ Cd′,α′

Lp (0) for any α, α′ ∈ [0, 1) and any
integers d, d′ with d′ + α′ < d + α.

We also define the corresponding semi-norms as follows:

[u]Cd
Lp

(0) = inf
P

sup
0<r≤1

1
rd+ n

p
‖u − P‖Lp(Br),

[u]Cd,α
Lp

(0) = inf
Q

sup
0<r≤1

1
rd+α+ n

p
‖u − Q‖Lp(Br),

where the infimums are taken in the space of polynomials P of degree at most
d − 1 and the space of polynomials Q of degree at most d, respectively. For the
completeness, we define

[u]C0
Lp

(0) = sup
0<r≤1

1
r

n
p
‖u‖Lp(Br).

We check easily that, for any integers d ≥ 0, l ≥ 1 and any constants α, β ∈ (0, 1),
if u ∈ Cd+l,α(0), then

l∑
k=1

[u]Cd+k
Lp

(0) +
l−1∑
k=0

[u]Cd+k,β
Lp

(0) ≤ C{[u]Cd
Lp

(0) + [u]Cd+l,α
Lp

(0)},

where C is a positive constant depending only on n, p, d, l, α and β.
We first discuss a special case. For the following result, it is convenient to write

2∑
|ν|=0

aν∂ν = aij∂ij + bi∂i + c.

Theorem 4.2.9. Let L be a second order ellptic operator in B1 with the form
(4.2.10) satisfying (4.2.11)-(4.2.13) and u a W 2,p solution of Lu = f in B1 for
some f ∈ Lp(B1) with p > n/2. Suppose that d ≥ 2 is a nonnegative integer such
that

lim sup
r→0

1
rd+ n

p
‖u‖Lp(Br) < ∞,

lim sup
r→0

1
rd−2+ n

p
‖f‖Lp(Br) < ∞.

If, for some α ∈ (0, 1) and some integer l ≥ 0, f ∈ Cd−2+l+α
Lp (0) and aν ∈

C
l−2+|ν|+α
Lp (0) for any |ν| ≥ max{2 − l, 0}, then u ∈ Cd+l+α

L∞ (0). Moreover,
d+l∑
k=d

[u]Ck
L∞

(0) + [u]Cd+l,α
L∞

(0)

≤C

{
‖u‖Lp(B1) +

d−2+l∑
k=d−2

[f ]Ck
Lp

(0) + [f ]Cd−2+l+α
Lp

(0)
}

,
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where C is a positive constant depending only on n, p, d, l, λ, κ, α, ω, [aν ]Ck
Lp

(0) for
k = d − 2, · · · , d − 2 + l and [aν ]

C
l−2+|ν|+α

Lp
(0) for |ν| ≥ 2 − l.

The assumptions on coefficients can be put in the following form

for l = 0 : aij ∈ Cα
Lp(0);

for l = 1 : aij ∈ C1+α
Lp (0), bi ∈ Cα

Lp(0);

for l ≥ 2 : aij ∈ Cl+α
Lp (0), bi ∈ Cl−1+α

Lp (0), c ∈ Cl−2+α
Lp (0).

Proof. We prove Theorem 4.2.9 by an induction on l. For l = 0, it is Theorem
4.2.5. Note that (4.2.14) is equivalent to aij ∈ Cα

Lp(0). For an illustration, we prove
for l = 1. By assumptions, there exist homogeneous polynomials Qd−2 and Qd−1

of degrees d− 2 and d− 1 respectively, homogeneous polynomials a
(0)
ij , b

(0)
i and a

(1)
ij

of degree 0 and 1, such that

‖f − Qd−2 − Qd−1‖Lp(Br) ≤ [f ]Cd−1+α
Lp

(0)rd−1+α+ n
p ,

‖aij − a
(0)
ij − a

(1)
ij ‖Lp(Br) ≤ [aij ]C1+α

Lp
(0)r1+α+ n

p ,

‖bi − b
(0)
i ‖Lp(Br) ≤ [bi]Cα

Lp
(0)rα+ n

p ,

for any r ≤ 1. Write φ = f − Qd−2 − Qd−1. By Theorem 4.2.11, there exists a
homogeneous polynomial Pd satisfying (4.2.18)-(4.2.21). Set ψ = u − Pd. Then ψ
satisfies

Lψ = Qd−1 + φ +
(
aij − aij(0)

)
∂ijPd + bi∂iPd + cPd ≡ f̃ .

It is easy to see that the polynomial

Q̃ = Qd−1 + a
(1)
ij ∂ijPd + b

(0)
i ∂iPd

is homogeneous with degree d − 1 satisfying

‖f̃ − Q̃‖Lp(Br) ≤
{

[f ]Cd−1+α
Lp

(0) + C‖Pd‖Lp(B1)

}
rd−1+α+ n

p ,

for any r ≤ 1. By (4.2.21), we have

lim sup
r→0

1
rd+α+ n

p
‖ψ‖Lp(Br) < ∞.

We apply Theorem 4.2.5 to ψ with d replaced by d + 1. Hence, there exists a
homogeneous polynomial Pd+1 of degree d + 1 satisfying

aij(0)∂ijPd+1 = Q̃,

and

|Pd+1(x)| ≤C∗|(x)|d+1 for x ∈ BR/2,

|ψ(x) − Pd+1(x)| ≤C∗|x|d+1+α for x ∈ BR/2,

where

C∗ ≤ C([f ]Cd−1+α
Lp

(0) + ‖ψ‖Lp(BR) + ‖P̃d‖Lp(B1) + ‖Q̃‖Lp(B1)).
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By the expression for Q̃ and estimates on ψ and Pd, we obtain

C∗ ≤C

(
[f ]Cd−1+α

Lp
(0) + [f ]Cd−2+α

Lp
(0)

+ ‖Qd−2‖Lp(B 1
2
) + ‖Qd−1‖Lp(B1) + ‖u‖Lp(B1)

)
≤C

(
‖u‖Lp(B1) + [f ]Cd−2

Lp
(0) + [f ]Cd−1

Lp
(0) + [f ]Cd−1+α

Lp
(0)

)
.

This finishes the proof for l = 1. ¤

Theorem 4.2.10. Let L be a second order elliptic operator in B1 with the form
(4.2.10) satisfying (4.2.11)-(4.2.13) and let u be a W 2,p solution of Lu = f in
B1 for some f ∈ Lp(B1) with n < p ≤ ∞. If, for some constant α ∈ (0, 1) and
some integer d ≥ 2, f ∈ Cd−2,α

Lp (0) and aij , bi, c ∈ Cd−2,α
Lp (0), then u ∈ Cd,α

L∞(0).
Moreover,

[u]Cd,α
L∞

(0) ≤ C

{
‖u‖Lp(B1) + ‖f‖Lp(B1) + [f ]Cd−2,α

Lp
(0)

}
,

where C depends only on n, p, d, λ, κ, α, ω and the Cd−2,α
Lp (0)-norms of aij , bi, c.

The requirement on p in Theorem 4.2.10 is stronger than that in Theorem 4.2.9.

Proof. By W 2,p estimates and the Sobolev embedding, we have

|u(x) − P∗(x)| ≤ C
{
‖u‖Lp(B1) + ‖f‖Lp(B1)

}
|x|2−

n
p for any |x| <

1
2
,

where P∗ is a polynomial of degree not greater than 1 and satisfies
1∑

i=0

|DiP∗(0)| ≤ C
{
‖u‖Lp(B1) + ‖f‖Lp(B1)

}
.

Consider the equation satisfied by u − P∗

L(u − P∗) = f − bi∂iP∗ − cP∗ ≡ F.

It is straightforward to check that u−P∗ and F satisfy the assumptions in Theorem
4.2.9 for u and f , with d and l in Theorem 4.2.9 replaced by 2 and d − 2. Hence
Theorem 4.2.10 follows from Theorem 4.2.9 directly. ¤

Remark 4.2.11. Both Theorem 4.2.9 and Theorem 4.2.10 hold for integer d
with d = 1. No extra assumptions are needed for coefficients aij , bi, c and nonho-
mogeneous term f . Only ‖f‖Lp(B1) appears in the right side of the estimates.

4.3. Singular Sets of Non-Smooth Solutions

In this section, we study the structure of singular sets of non-smooth solutions.
The uniform asymptotic expansion discussed in the previous section plays an im-
portant role. First, we generalize the notion of the vanishing orders and leading
polynomials to nonsmooth solutions.

We consider the homogeneous elliptic equation of the form

(4.3.1) Lu ≡
n∑

i,j=1

aij(x)∂iju +
n∑

i=1

bi(x)∂iu + c(x)u = 0 in B1 ⊂ Rn,
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where the coefficients satisfy the following assumptions
n∑

i,j=1

aij(x)ξiξj ≥ λ|ξ|2, for any ξ ∈ Rn, x ∈ B1,

n∑
i,j=1

|aij(x)| +
n∑

i=1

|bi(x)| + |c(x)| ≤ κ, for any x ∈ B1,

(4.3.2)

and

(4.3.3)
n∑

i,j=1

|aij(x) − aij(y)| ≤ Γ|x − y|, for any x, y ∈ B1,

for some positive constants λ, κ and Γ. The Lipschitz condition (4.3.3) for the
leading coefficients is essential. It implies the unique continuation for the operator
L. In other words, if a solution u of (4.3.1) vanishes to an infinite order at a point
in B1, then u is identically zero. For details, see Chapter 3.

Suppose u is a C2 solution of (4.3.1) in B1. By the unique continuation, for
any p ∈ B1, there exists an integer d satisfying

lim sup
x→p

|u(x)|
|x − p|d

< ∞,

lim sup
x→p

|u(x)|
|x − p|d+1

= ∞.

Then by Theorem 4.2.5, there exists a homogeneous polynomial P of degree d such
that

u(x) = P (x − p) + O(|x − p|d+α).
In fact, we also have a priori estimates on P and the error term. We claim that P
is not identical zero. Otherwise, by Theorem 4.2.5 u(x) = O(|x − p|d+α) implies
u(x) = O(|x− p|d+1), which is a contradiction. Naturally the integer d, the degree
of the polynomial, is called the vanishing order of u at p, denoted by O(p) or
Ou(p). For convenience, we call the nonzero homogeneous polynomial P the leading
polynomial of u at p.

Lemma 4.3.1. Suppose {Lk}∞k=0 is a family of second order elliptic operators
in B1 of form (4.2.10) satisfying (4.2.11)-(4.2.14) and that uk is a W 2,p solution of
Lkuk = 0 in B1 for k = 0, 1, 2, · · · , and for some p > n/2. Suppose that Lk → L0 in
the sense that the corresponding coefficients converge uniformly and that uk → u0

in Lp(B1). Then

(4.3.4) lim sup
k→∞

Ouk
(0) ≤ Ou0(0).

If, in addition, Ouk
(0) = d and Pk is the leading polynomial of uk at 0 for k =

1, 2, · · · , then the following conclusions hold:
(i) if Ou0(0) > d, then

Pk → 0 uniformly in B1 as k → ∞;

(ii) if Ou0(0) = d, then

Pk → P0 uniformly in B1 as k → ∞,

where P0 is the leading polynomial of u0 at 0.



4.3. SINGULAR SETS OF NON-SMOOTH SOLUTIONS 87

Proof. We prove (4.3.4) only for the case Ouk
(0) = d for k = 1, 2, · · · . By

Theorem 4.2.5, we have for k = 1, 2, · · · ,

(4.3.5) |uk(x)| ≤ C|x|d‖uk‖Lp(B1) in BR,

for some R < 1, where C and R are independent of k. By the Sobolev embedding
theorem, uk → u0 in L∞(B1) as k → ∞. Hence by taking the limit, it is easy to
see that u vanishes at 0 with the order at least d. This proves (4.3.4), and hence
(4.3.5) holds also for k = 0. Moreover, by interior estimates, we get

2∑
i=1

ri‖Diu0‖LP (Br) ≤ Crd+ n
p ‖u0‖Lp(B1) for any r ≤ R.

This implies

‖(Lk − L0)u0‖LP (Br) ≤ Crd−2+ n
p |Lk − L0|‖u0‖Lp(B1) for any r ≤ R,

where |Lk −L0| denotes the maximal difference of corresponding coefficients of Lk

and L0. Note |Lk − L0| → 0 as k → ∞.
It is obvious that uk − u0 vanishes at 0 with an order at least d and satisfies

Lk(uk − u0) = (L0 − Lk)u0 in B1.

By Theorem 4.2.5 again, we get

|uk(x) − u0(x)| ≤ C|x|d{|Lk − L0|‖u0‖Lp(B1) + ‖uk − u0‖Lp(B1)} in BR.

If u0 vanishes at 0 with an order more than d, we let P0 ≡ 0. If u0 vanishes at
0 with order d, we let P0 be the leading polynomial of u0. In both cases uk − u0

begin with a polynomial Pk − P0 of degree d. By Theorem 4.2.5, we obtain

|Pk(x) − P0(x)| ≤ C|x|d{|Lk − L0|‖u0‖Lp(B1) + ‖uk − u0‖Lp(B1)} in BR.

This implies that Pk → P0 in Cd(B1) as k → ∞. ¤

Now we state the main result concerning the structure of singular sets in this
section, which was proved by Han [43].

Theorem 4.3.2. Let u be an H2-solution of (4.3.1) in B1 with (4.3.2)-(4.3.3).
Then there exists the following decomposition

S(u) =
n−2∪
j=0

Sj(u),

where each Sj(u) is on a countable union of j-dimensional C1 manifolds, j =
0, 1, · · · , n − 3, and Sn−2(u) is on a countable union of (n − 2)-dimensional C1,β

manifolds for some β ∈ (0, 1).

Proof. The proof is similar to that of Theorem 4.1.3, with Lemma 4.1.2 re-
placed by Lemma 4.3.1. In the proof of Step 3, instead of (4.1.11) and (4.1.12), we
have by (4.2.21) and the Sobolev embedding theorem, for a fixed α ∈ (0, 1),

|x1|d−1 ≤ C|x|d−1+α,

or

(4.3.6) |x1| ≤ C|x|1+
α

d−1

for some constant C > 0. ¤
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Similar to Corollary 4.1.4, we also have the following result.

Corollary 4.3.3. Let u be a solution as in Theorem 4.3.2. Then

S(u) = Sg(u)
∪

Sb(u),

where the Hausdorff dimension of Sb(u) is at most n−3 and Sg(u) is on a countable
union of (n−2)-dimensional C1,β manifolds for some β ∈ (0, 1). Moreover, for any
p ∈ Sg(u) the leading polynomial of u at p is a polynomial of two variables after
some rotation of coordinates.



CHAPTER 5

Measure Estimates of Nodal Sets of Solutions

In this chapter, we discuss measure estimates of nodal sets of solutions of linear
elliptic equations of the second order. In Section 2.3, we proved the following result
for harmonic functions. Suppose u is a harmonic function in B1 ⊂ Rn with

N =

∫
B1

|∇u|2∫
∂B1

u2
.

Then
Hn−1

{
x ∈ B 1

2
; u(x) = 0

}
≤ cN,

where c is a positive constant depending only on n. The quantity N is the frequency
and it controls the local growth of harmonic functions. In this chapter, we generalize
this result to solutions of general linear elliptic differential equations of the second
order.

Suppose u is a nonzero solution of the second-order linear elliptic differential
equation of the form

Lu ≡
n∑

i,j=1

aij(x)Dxixj u +
n∑

i=1

bi(x)Dxiu + c(x)u = 0 in B1 ⊂ Rn.

We assume that the leading coefficients are Lipschitz and all other coefficients are
bounded. As for harmonic functions, we introduce the frequency of u as before by

N =

∫
B1

|∇u|2∫
∂B1

u2
.

We proved in Section 3.2 that u satisfies the following doubling condition(
−
∫

B2r(p)

u2

) 1
2

≤ 2c1N+c2

(
−
∫

Br(p)

u2

) 1
2

,

for any p ∈ B1/2 and r < r0, where c1, c2 and r0 are positive constants depending
only on n, the ellipticity constant, the Lipschitz constant for leading coefficients and
the L∞-norms of all coefficients. This implies in particular that u cannot vanish to
order more than c1N + c2. Hence u is approximated by polynomials of degree not
more than c1N + c2, if u is smooth.

The following conjecture was proposed by Lin [69], motivated by the desire to
understand to what extent the nodal sets of solutions can be described quantita-
tively by those of harmonic polynomials.

Conjecture 5.0.1. There holds

Hn−1({x ∈ B 1
2
;u(x) = 0}) ≤ CN,

89



90 5. MEASURE ESTIMATES OF NODAL SETS OF SOLUTIONS

where C is a positive constant depending only on the coefficients.

In this chapter, we prove that Conjecture 5.0.1 holds for the analytic case. We
also present a partial result for the smooth case.

5.1. Nodal Sets of Analytic Solutions

In this section, we will discuss nodal sets of solutions of elliptic differential
equations with analytic coefficients.

Suppose that L is a homogeneous linear elliptic operator of the second order in
B1 ⊂ Rn given by

(5.1.1) L = aij(x)∂xixj + bi(x)∂xi + c(x).

We assume

(5.1.2) λ|ξ|2 ≤ aij(x)ξiξj ≤ λ−1|ξ|2 for any x ∈ B1 and ξ ∈ Rn,

for some positive constant λ.
Throughout this section, we assume that all coefficients aij , bi and c are analytic

in B1. A theorem due to Morrey and Nirenberg [74] asserts that any solution u of
(5.1.1) is analytic. Moreover, there exists a positive constant R ∈ (0, 1), depending
only on aij , bi and c, such that u can be extended to a holomorphic function ũ in
DR = {z ∈ Rn; |z| < R} and ũ satisfies

‖ũ‖L2(DR) ≤ C‖u‖L2(B1),

where C is a positive constant depending only on aij , bi and c.
In Section 2.3, we derived an optimal measure estimate of nodal sets of harmonic

functions. A similar result due to Lin [69] holds for solutions of (5.1.1) with analytic
coefficients.

Theorem 5.1.1. Let aij, bi and c be analytic functions in B1 satisfying (5.1.2)
and u be a solution of (5.1.1) satisfying∫

B1
|∇u|2∫

∂B1
u2

≤ N,

for a positive constant N . Then

Hn−1({x ∈ B 1
2
;u(x) = 0}) ≤ CN,

where C is a positive constant depending only on n, λ and the coefficients.

The proof of Theorem 5.1.1 follows closely that of Theorem 2.3.1 for harmonic
functions. The doubling condition of harmonic functions plays an important role in
the proof. Such a doubling condition was proved for arbitrary solutions of (5.1.1)
in Chapter 3, specifically in Theorem 3.2.7. We omit details.

5.2. Nodal Sets of Non-Analytic Solutions: A Compactness Argument

In this section and the next, we will discuss nodal sets of solutions of elliptic
differential equations with nonanalytic coefficients. Again, L is a homogeneous
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linear elliptic operator of the second order in B1 ⊂ Rn of the form (5.1.1) with
leading coefficients (aij) satisfying (5.1.2). Furthermore, we assume

n∑
i=1

|bi(x)| + |c(x)| ≤ κ for any x ∈ B1;(5.2.1)

n∑
i,j=1

|aij(x) − aij(y)| ≤ Γ|x − y| for any x, y ∈ B1,(5.2.2)

for some positive constants κ and Γ. We denote by L(λ, κ, Γ) the collection of all
such linear operators. We also denote by SN the collection of all H1-functions u in
B1 satisfying

r
∫

Br(p)
|Du|2∫

∂Br(p)
u2

≤ N for any Br(p) ⊂ B1.

For any Br(y) ⊂ B1, set

(5.2.3) ω(y; r) = sup
Br(y)

(r|Daij | + r|bi| + r2|c|).

Obviously, we have

ω(y; r) ≤ r(κ + Γ) for any Br(y) ⊂ B1.

The main result in this section is the following theorem due to Han and Lin [49].
The proof here follows an argument employed first by Hardt and Simon [51].

Theorem 5.2.1. Suppose u ∈ SN is a nonzero solution of Lu = 0 in B1 ⊂ Rn

for some L ∈ L(λ, κ, Γ). Then there exists a positive constant rN , depending only
on n, N and λ, such that

(5.2.4) Hn−1{x ∈ Br(x0); u(x) = 0} ≤ C0Nrn−1 for any x0 ∈ B 1
2

and r ≤ rN ,

where C0 is a positive constant depending only on n, λ, κ and Γ.

We first describe ideas in proving Theorem 5.2.1. The nodal set u−1(0) is
naturally decomposed into two parts, a good part, where the gradient is not zero,
and a bad part, where the gradient is zero. A subset of the good part where the
gradient is not small is well approximated by the nodal set of a harmonic function
and hence enjoys a good measure estimate. At the same time, the rest of the good
part and the bad part, where the gradient is small including zero, can be covered by
finitely many balls. Such a decomposition with estimates and finite coverings can
be carried out in a uniform way at any small scale. Theorem 5.2.1 is then proved
by an iteration and a compactness argument.

We now prove several lemmas.

Lemma 5.2.2. Suppose that L is a linear operator in B1 ⊂ Rn of the form
(5.1.1) satisfying (5.1.2) with aij(0) = δij and ω(0; 1) < εn for a small positive
constant εn depending only on n, and that u is a solution of Lu = 0 in B1 satisfying
for some N ≥ 1 ∫

B1
|∇u|2∫

∂B1
u2

≤ N.
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Then there exists a harmonic function ϕ in B3/4 such that

(5.2.5)

3
4

∫
B 3

4

|∇ϕ|2∫
∂B 3

4

ϕ2
≤ CN,

and for any α ∈ (0, 1)

|u|C1,α(B 3
4
) + |ϕ|C1,α(B 3

4
) ≤C

(∫
∂B1

u2

) 1
2

,

|u − ϕ|C1,α(B 3
4
) ≤Cω(0; 1)

(∫
∂B1

u2

) 1
2

,

(5.2.6)

where C is a positive constant depending only on n, α and λ.

Proof. Without loss of generality, we assume∫
∂B1

u2 = 1.

Then we have by Corollary 3.2.8 ∫
B1

u2 ≤ C,

and ∫
B1

|∇u|2 ≤ N.

Here, by Remark 3.2.4 we may take r0 = 1 in Corollary 3.2.8. An interior W 2,p-
estimate applied to Lu = 0 in B1 implies for any p > 1

(5.2.7) ‖u‖W 2,p(B 3
4
) ≤ C‖u‖L2(B1) ≤ C,

where C is a positive constant depending only on n, p, λ and ω(0; 1).
Now, we write (5.1.1) as

−4u = (aij − δij)∂iju + bi∂iu + cu,

and solve
−4ϕ = 0 in B 3

4
,

ϕ = u on ∂B 3
4
.

(5.2.8)

Multiplying (5.2.8) by ϕ − u and integrating in B3/4, we obtain∫
B 3

4

∇(ϕ − u) · ∇ϕ = 0,

or ∫
B 3

4

|∇ϕ|2 =
∫

B 3
4

∇u · ∇ϕ.

By the Cauchy inequality, we have∫
B 3

4

|∇ϕ|2 ≤
∫

B 3
4

|∇u|2.
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This implies (5.2.5). Next, we note

−4(u − ϕ) = (aij − δij)∂iju + bi∂iu + cu ≡ f̃ in B 3
4
,

u − ϕ = 0 on ∂B 3
4
.

(5.2.9)

By (5.2.7) and the global W 2,p estimate, we have

‖u − ϕ‖W 2,p(B 3
4
) ≤ C‖f̃‖Lp(B 3

4
) ≤ Cω(0; 1)‖u‖W 2,p(B 3

4
) ≤ Cω(0; 1),

where C is a positive constant depending only on n and p. By taking p large and
the Sobolev embedding theorem, we obtain

|u|C1,α(B 3
4
) ≤ C,

and

|u − ϕ|C1,α(B 3
4
) ≤ Cω(0; 1).

This implies (5.2.6) easily. ¤

Now we set

H1
N = {u ∈ H1(B1);u is harmonic in B1,

∫
B1

|Du|2∫
∂B1

u2
≤ N,

∫
∂B 1

2

u2 = 1}.

Lemma 5.2.3. The set H1
N is compact in local L2-norm or local Ck-norm for

any k ≥ 0.

Proof. For any u ∈ H1
N , we have by Corollary 2.2.6∫

∂B1

u2 ≤ c(N),

for a constant c(N) depending only on N . This implies by Corollary 2.2.7∫
B1

u2 +
∫

B1

|Du|2 ≤ c(N).

Therefore, any sequence {um} in H1
N has a uniform H1-bound in B1. Then there

exists a subsequence {um′} and a u ∈ H1(B1) such that

um′ → u strongly in L2(B1) and um′ ⇀ u weakly in H1(B1).

Obviously, u in a harmonic function in B1. Moreover, by interior estimates for
harmonic functions, we get for any integer k ≥ 0 and any r ∈ (0, 1)

um′ → u in Ck(Br).

This implies
∫

∂B1/2
u2 = 1 and by Theorem 2.2.3 for each um′

r
∫

Br
|Du|2∫

∂Br
u2

= lim
m′→∞

r
∫

Br
|Dum′ |2∫

∂Br
u2

m′
≤ N for any r ∈ (0, 1).

By Theorem 2.2.3 again, we have u ∈ H1
N easily. ¤
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Lemma 5.2.4. For any harmonic function u ∈ H1
N in B1, there exist finitely

many balls Bri(xi) with ri ≤ 1/2 such that

(5.2.10) {x ∈ B 1
2
; |Du(x)| < γ(N)} ⊂

∪
i

Bri(xi),

and

(5.2.11)
∑

i

rn−1
i <

1
2
,

where γ(N) is a positive constant depending only n and N .

The proof is based on a “doubling compactness argument”, the local compact-
ness of {|Du| = 0} for any C1-function u and the local compactness of H1

N as in
Lemma 5.2.3.

Proof. Take an arbitrary u0 ∈ HN . By Lemma 4.1.1, we have

Hn−1 {|Du0| = 0} = 0.

Then there exist countably many balls Bri(xi) with ri ≤ 1/2 such that

(5.2.12) {|Du0| = 0} ⊂
∪
i

Bri(xi),

and

(5.2.13)
∑

rn−1
i ≤ 1

2
.

By the compactness of {|Du0| = 0}, we assume that {Bri(xi)}, satisfying (5.2.12)
and (5.2.13), consists of finitely many balls. Set

γ(u0) =
1
3

inf
B1\∪Bri

(xi)
|Du0|.

Obviously γ(u0) > 0. Consider any u ∈ HN such that

|u − u0|C1(B 3
4
) < γ(u0).

It is easy to see {
x ∈ B 1

2
; |Du(x)| < γ(u0)

}
⊂

∪
i

Bri(xi).

Now the collection

Bγ(u0)(u0) =
{

u ∈ HN ; |u − u0|C1(B 3
4
) < γ(u0)

}
is an open ball in HN . Note that H1

N is compact under the local C1-norm by
Lemma 5.2.3. Hence, there exist u1, . . . , um ∈ HN such that

HN ⊂
m∪

i=1

Bγ(ui)(ui),

where m = m(N) is a positive constant depending only on n and N . Set

γ(N) = min
1≤i≤m(N)

γ(ui).

This finishes the proof. ¤

Next, we prove the following “nodal set comparison lemma”.
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Lemma 5.2.5. There exists an η0 = η0(n) ∈ (0, 1/2] such that for any η ∈ (0, η0]
and any w1, w2 ∈ C1,1/2(B2) with

(5.2.14) |wj |C1,1/2 ≤ 1, j = 1, 2, and |w1 − w2|C1 <
1
2
η5,

there holds

Hn−1
(
B2−η ∩ {w1 = 0, |Dw1| > η}

)
≤ (1 + c

√
η)Hn−1

(
B2 ∩ {w2 = 0, |Dw2| > η/2}

)
.

Proof. Set S0 = {w1 = 0}, S1 = {w1 = 0, |Dw1| > η} and S2 = {w2 =
0, |Dw2| > η/2}, and take an x ∈ B̄2−η ∩ S1. By (5.2.14), we have for η small

|Dw1| ≥ η − η

5
>

3
4
η on B η2

25
(x),

|Dw2| ≥ η − η

5
− η5 >

3
4
η on B η2

25
(x).

(5.2.15)

Setting νj = |Dwj |−1Dwj , we get for j = 1, 2

(5.2.16) |νj(y1) − νj(y2)| ≤ cη−1|y1 − y2|
1
2 ≤ cη

1
2 for any y1, y2 ∈ B2η3(x),

and

(5.2.17) |ν1(y) − ν2(y)| ≤ cη−1|Dw1(y) − Dw2(y)| ≤ cη4 for any y ∈ B2η3(x).

In particular, by (5.2.16) and (5.2.17) we have

(5.2.18) |ν2(y) − ν1(x)| ≤ cη
1
2 for any y ∈ B2η3(x).

We note

(5.2.19) S2 ∩ Bη4(x) 6= ∅.

In fact, using (5.2.14), (5.2.15) and the fact that w1(x) = 0, we have

w1

(
x + η4ν1(x)

)
>

1
2
η5, w1

(
x − η4ν1(x)

)
<

1
2
η5,

and hence
w2

(
x + η4ν1(x)

)
> 0, w2

(
x − η4ν1(x)

)
< 0.

We then get w2

(
x + θη4ν1(x)

)
= 0 for some θ ∈ (0, 1) and thus establish (5.2.19).

Next, with x ∈ S1 ∩ B̄2−η as above and with Tx denoting the hyperplane
containing x and normal to ν1(x), we claim

Sk ∩ Bη3(x) = Bη3(x) ∩ graphTx
ψk

x

≡ Bη3(x) ∩ {y + ψk
x(y)ν1(x); y ∈ Tx ∩ Bη3(x)}, k = 0, 2,

(5.2.20)

where ψk
x ∈ C1

(
Tx ∩ Bη3(x)

)
with

(5.2.21) |Dψk
x(y)| ≤ cη

1
2 , k = 0, 2.

Indeed, by (5.2.16) and (5.2.18) it is clear that Sk ∩B2η3(x) is contained in a union
of such graphs over the larger domain Tx ∩ B2η3(x). An elementary argument
using (5.2.15) and the mean-value theorem for functions of 1 variable then justifies
(5.2.20) and (5.2.21), which assert that Sk ∩ Bη3(x) consists of a single piece of
graph over Tx ∩ Bη3(x) with a controlled gradient.
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Note that (5.2.19) and (5.2.21) guarantee

(5.2.22) |ψ0
x(y) − ψ2

x(y)| ≤ cη4 + cη3η
1
2 ≤ cη

7
2 for any y ∈ Tx ∩ Bη3(x).

The required area comparison is now fairly evident from (5.2.20)-(5.2.22). Specifi-
cally, let {Bη3/4(xj)}j=1,··· ,N be a maximal pairwise-disjoint collection of balls with
xj ∈ S1 ∩ B̄2−η. Then

(5.2.23) {Bη3/2(xj)}j=1,··· ,N cover S1 ∩ B̄2−η,

and there is a c = c(n) such that if F ⊂ {1, · · · , N}, then

(5.2.24) ∩j∈FBη3(xj) 6= ∅ ⇒ F has ≤ c elements.

Let φ1, · · · , φN be a partition of unity for S1 ∩ B̄2−η with

(5.2.25) support φj ⊂ Bη3(xj), φj ≥ c−1 on Bη3/2(xj) and |Dφj | ≤ c/η3.

Then

Hn−1(S1 ∩ B̄2−η)

=
N∑

j=1

∫
S1∩Bη3 (xj)

φjdHn−1 =
N∑

j=1

∫
Txj

∩Bη3 (xj)

F 0
j (y)dy

=
N∑

j=1

∫
Txj

∩Bη3 (xj)

F 2
j (y)dy +

N∑
j=1

∫
Txj

∩Bη3 (xj)

(F 0
j − F 2

j )(y)dy

≤ Hn−1(S2 ∩ B2) +
N∑

j=1

∫
Txj

∩Bη3 (xj)

(F 0
j − F 2

j )(y)dy,

where (in the notation of (5.2.20))

F k
j (y) = φj

(
y + ψk

xj
(y)ν1(xj)

)√
1 + |Dψk

xj
(y)|2, k = 0, 2.

In view of (5.2.20), (5.2.21), (5.2.22), (5.2.24) and (5.2.25), we conclude

Hn−1(S1 ∩ B2−η) ≤ (1 + c
√

η)Hn−1(S2 ∩ B2),

as required. ¤

The following lemma plays an important role in the proof of Theorem 5.2.1.

Lemma 5.2.6. Suppose N is a positive integer. Then there exists a positive
constant ωN such that, for any y ∈ B1/2 and r ≤ 1/2, if ω(y; 2r) < ωN , then there
exist finitely many balls {Bi} in B2r(y), with rad(Bi) ≤ r/2 for each i, such that

Br(y) ∩ u−1{0} ∩ |Du|−1{0} ⊂
∪
i

Bi,

(5.2.26) Hn−1
(
u−1{0} ∩ Br(y) \

∪
i

Bi

)
≤ CNrn−1,

and

(5.2.27)
∑

i

rn−1
i ≤ 1

2
rn−1.
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Lemma 5.2.6 asserts that the nodal set u−1(0) is decomposed into two parts, a
good part and a bad part. The good part has an optimal measure estimates as in
(5.2.26) and the bad part is covered, roughly speaking, by finitely many balls, as
in (5.2.27).

Proof. Consider the transformation

x 7→ y + 2rx.

Then, by Lu = 0 in B2r(y), we have

L̃ũ = 0 in B1,

where

L̃ =
n∑

i,j=1

ãij(x)∂xixj +
n∑

i=1

b̃i(x)∂xi + c̃(x)

=
n∑

i,j=1

aij(y + 2rx)∂xixj +
n∑

i=1

2rbi(y + 2rx)∂xi + (2r)2c(y + 2rx),

and

ũ(x) =
u(y + 2rx)

‖u‖L2(∂B2r(y))
.

Obviously, we have

sup
B1

(
|Dãij | + |b̃i| + |c̃|

)
= sup

B2r(y)

(
2r|Daij | + 2r|bi| + (2r)2|c|

)
= ω(y; 2r).

Note
‖ũ‖L2(∂B1) = 1 and ‖Dũ‖L2(B1) ≤ C

√
N.

By Lemma 5.2.2, we get a function ϕ in B3/4 satisfying

ãij(0)∂ijϕ = 0 in B 3
4
,

(5.2.28)

3
4

∫
B 3

4

|Dϕ|2∫
∂B 3

4

ϕ2
≤ CN,

and
|ũ|

C1, 1
2 (B 3

4
)
+ |ϕ|

C1, 1
2 (B 3

4
)
≤ C,

|ũ − ϕ|C1(B 3
4
) < Cω(y; 2r),

(5.2.29)

where C is a positive constant depending on n, λ and ω(y; 2r). By Corollary 2.2.6,
we have

‖ϕ‖L2(∂B 1
2
) ≥2−CN‖ϕ‖L2(∂B 3

4
) = 2−CN‖ũ‖L2(∂B 3

4
)

≥2−CN‖ũ‖L2(∂B1) = 2−CN ,

and hence{
x ∈ B 3

4
; |Dϕ(x)| < 2−CNγ(N)

}
⊂

{
x ∈ B 3

4
;

|Dϕ(x)|
‖ϕ‖L2(∂B 1

2
)

< γ(N)

}
,
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where γ(N) is as in Lemma 5.2.4. By applying Lemma 5.2.4 to ϕ/‖ϕ‖L2(∂B1/2) in
B3/4, we obtain finitely many balls {Br̃i(x̃i)} such that

(5.2.30)
{

x ∈ B 1
2
; |Dϕ(x)| < 2−CNγ(N)

}
⊂

∪
i

Br̃i(x̃i),

and

(5.2.31)
∑

i

r̃n−1
i <

1
2
.

If Cω(y; 2r) ≤ 2−CNγ(N), then

(5.2.32) ũ−1{0} ∩ B 1
2
∩ |Dũ|−1{0} ⊂ ũ−1{0} ∩ B 1

2
∩ {|Dϕ| < 2−CNγ(N)}.

If Cω(y; 2r) ≤
(
2−CNγ(N)

)5
/2, then we have by (5.2.29) and Lemma 5.2.5

Hn−1
(
u−1{0} ∩ B 1

2
∩

{
|Dũ| >

1
2
· 2−CNγ(N)

})
≤2Hn−1

(
ϕ−1{0} ∩ B 2

3
∩

{
|Dϕ| >

1
4
· 2−CNγ(N)

})
.

Note that ϕ is a solution of a constant coefficient elliptic equation in B3/4 with the
frequency at most CN . By Theorem 2.3.1, we have

Hn−1
(
ϕ−1{0} ∩ B 2

3

)
≤ CN,

and hence

(5.2.33) Hn−1
(
ũ−1{0} ∩ B 1

2
∩ {|Dϕ| > 2−CNγ(N)}

)
≤ CN.

By (5.2.32) and (5.2.33), we obtain

ũ−1{0} ∩ B 1
2
∩ |Dũ|−1{0} ⊂

∪
i

Br̃i(x̃i),

and
Hn−1{ũ−1{0} ∩ B 1

2
\

∪
i

Br̃i(x̃i)} ≤ CN.

We complete the proof by transforming B1/2 back to Br(y) by x 7→ (x− y)/2r. ¤

Remark 5.2.7. We note that the constant ωN in Lemma 5.2.6 has the form

ωN = 2−C0N
(
γ(N)

)5
,

where C0 is a positive constant depending only on n, λ, κ and Γ and γ(N) is as in
Lemma 5.2.4.

Now we are ready to prove Theorem 5.2.1. The proof is based on an iteration
of Lemma 5.2.6.

Proof of Theorem 5.2.1. We only consider the case x0 = 0. Choose any
r < 1/2 such that ω(0; 2r) ≤ ωN , with ωN as in Lemma 5.2.6. We use an iteration
process to prove Theorem 5.2.1. To begin with, we define

φ0 = {Br}.
We claim that we may find φ1, φ2, · · · , each of which consists of a collection of balls,
such that for any ` ≥ 1

rad(B) ≤ r

2`
for any B ∈ φ`,
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B∈φ`

(
rad(B)

)n−1 ≤ 1
2`

rn−1,

and

Hn−1
(
u−1(0) ∩

∪
B∈φ`−1

B \
∪

B∈φ`

B
)
≤ 1

2`−1
CNrn−1,

where C is a positive constant depending only on n and λ. We should note that φ`

is constructed in such a way that

Br ∩ u−1{0} ∩ |Du|−1{0} ⊂
∪

B∈φ`

B.

Observe that

u−1(0) ∩ Br ⊂
∞∪

`=1

(
u−1(0) ∩

( ∪
B∈φ`−1

B \
∪

B∈φ`

B
) )

∪
∞∩

`=0

(
u−1(0) ∩

∞∪
j=`

∪
B∈φj

B
)
.

Hence we have

Hn−1
(
u−1(0) ∩ Br

)
≤ CN

( ∑
`≥1

1
2`−1

+ inf
`≥0

∞∑
j=`

1
2j

)
rn−1 ≤ 2CNrn−1.

To prove the claim, we construct {φ`} by an induction. Note φ0 = {Br}.
Suppose φ0, φ1, . . . , φ`−1 are already defined for ` ≥ 1. To construct φ`, we take
an arbitrary B = Bρ(y) ∈ φ`−1, with ρ ≤ 1/2. Obviously, ω(y; 2ρ) ≤ ω(0; 2r) ≤
ωN . Then by Lemma 5.2.6, there exist finitely many balls {Bri(xi)}, with Bi =
Bri(xi) ⊂ B2ρ(y) for each i, such that

Bρ(y) ∩ u−1{0} ∩ |Du|−1{0} ⊂
∪
i

Bi,

(5.2.34) Hn−1
(
u−1{0} ∩ Bρ(y) \

∪
i

Bi

)
≤ CNρn−1,

and

(5.2.35)
∑

i

rn−1
i ≤ 1

2
ρn−1.

To conclude, we set

φB
` =

∪
i

{Bi},

and
φ` =

∪
B∈φ`−1

φB
` .

Then we have by (5.2.34)

Hn−1
(
u−1{0} ∩

∪
B∈φ`−1

B \
∪

B∈φ`

B
)
≤ CN

∑
Bri

(xi)∈φ`−1

rn−1
i ,
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and by (5.2.35) and by an induction

(5.2.36)
∑

Bri
(xi)∈φ`

rn−1
i ≤ 1

2`
rn−1,

for each ` ≥ 1. Therefore, we obtain

(5.2.37) Hn−1
(
u−1{0} ∩

∪
B∈φ`−1

B \
∪

B∈φ`

B
)
≤ 1

2`−1
CNrn−1.

This finishes the proof. ¤

Now we can estimate the nodal set in any ball.

Corollary 5.2.8. Suppose u ∈ SN is a nonzero solution of Lu = 0 in B1 ⊂ Rn

for some L ∈ L(λ, κ, Γ). Then

(5.2.38) Hn−1
(
{x ∈ B 1

2
; u(x) = 0}

)
≤ C(N),

where C(N) is a positive constant depending only on N , as well as n, λ, κ and Γ.

Proof. We cover B1/2 by balls {BrN
(xk)} with the number of balls ≤ c(n)r−n

N .
Therefore, we get

Hn−1
(
{x ∈ B 1

2
; u(x) = 0}

)
≤ r−1

N C0N.

This finishes the proof. ¤

Remark 5.2.9. We note that the constant rN in Theorem 5.2.1 and the con-
stant C(N) in Corollary 5.2.8 are given by

rN =C−1
0 2−C0N

(
γ(N)

)5
,

C(N) =C02C0N
(
γ(N)

)−5 · N,

where C0 is a positive constant depending only on n, λ, κ and Γ and γ(N) is as in
Lemma 5.2.4.

5.3. Nodal Sets of Non-Analytic Solutions: An Explicit Estimate

In this section, we give an explicit estimate on nodal sets of solutions of elliptic
differential equation. The entire section follows closely Hardt and Simon [51].

To obtain an explicit estimate on nodal sets, we need to find an explicit ex-
pression of γ(N) in Lemma 5.2.4 in terms of N . We will do this only for harmonic
polynomials.

If we consider a homogeneous harmonic polynomial of the form u = rd cos(dθ)
of degree d in R2, then |Du(x)| = d|x|d−1 and

{x ∈ R2; |Du(x)| < drd−1} = Br.

Hence in this case we simply take γ(d) = d/2d−1 and one ball B1/2 to satisfy Lemma
5.2.4.

We first prove a result concerning the growth of harmonic polynomials.
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Lemma 5.3.1. Let ϕ be a harmonic polynomial of degree d in Rn. Then for
any r > 1

(5.3.1) |ϕ|L∞(Br) ≤ cd
n
2 rd|ϕ|L∞(B1),

where c is a positive constant depending only on n.

It is likely that (5.3.1) holds without the factor dn/2.

Proof. We set for any r > 0

‖ϕ‖2
r = −

∫
Br

ϕ2,

and claim for any r > 0 and θ ≥ 1

‖ϕ‖θr ≤ θd‖ϕ‖r.

To see this, we simply note that

‖ϕ‖2
r =

d∑
i=0

a2
i r

2i,

for some constants a0, a1, · · · , ad, and then

‖ϕ‖2
θr =

d∑
i=0

a2
i θ

2ir2i ≤ θ2d
d∑

i=0

a2
i r

2i = θ2d‖ϕ‖2
r.

Fix an r > 1 and consider any x ∈ ∂Br and s > r. Then we have

ϕ(x) = −
∫

Bs−r(x)

ϕ,

and hence

|ϕ(x)| ≤

(
−
∫

Bs−r(x)

ϕ2

) 1
2

≤
(

s

s − r

)n
2

(
−
∫

Bs

ϕ2

) 1
2

≤
(

sn+2d

(s − r)n

) 1
2

(
−
∫

B1

ϕ2

) 1
2

.

Now we choose s appropriately to minimize the function

f(s) =
sn+2d

(s − r)n
.

A simple calculation shows that f(s) attains its minimum in (r,∞) at

smin =
(
1 +

n

2d

)
r,

and the corresponding minimum is given by

fmin =
( 2
n

+
1
d

)n
(
1 +

n

2d

)2d

· dnr2d.

Hence, we obtain for any r > 1

|ϕ|L∞(Br) ≤ c(n)d
n
2 rd‖ϕ‖L2(B1).

This ends the proof. ¤

Now we prove the following result.
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Lemma 5.3.2. There are positive constants θ ∈ (0, 1/2), c0 and c, depending
only on n, such that, if ϕ is a harmonic polynomial of degree d in Rn with supB1

|ϕ−
ϕ(0)| = 1 and |Dϕ(0)| ≤ (θε)d−1, then for any ε ∈ (0, 1/2]

Ln
(
{x ∈ B1; dist(x, {|Dϕ| ≤ (θε)d−1}) < ε}

)
≤ cdc0ε2 log ε−1.

From the proof below, we have

c0 = (2n − 1)(1 +
n

2
) + 3.

Moreover, we may write the conclusion in the form

Hn
ε

(
{x ∈ B1; |Dϕ| ≤ (θε)d−1}

)
≤ cdc0ε2 log ε−1.

It seems likely that Lemma 5.3.2 may be true without the factor log ε−1 in the right
hand side, but such an inequality would not significantly improve the main results
in this section.

Proof. The proof is a fairly straightforward application of Lemma 1.3.4 to-
gether with standard estimates for harmonic functions and the coarea formula.

First note that we have d ≥ 2 and that for each z ∈ B1 and each ε ∈ (0, 1/2]

(5.3.2) sup
Bε(z)

|D2ϕ| ≥ θ(2θε)d−2,

where θ = θ(n) ∈ (0, 1/2) is a constant depending only on n. Indeed, the given
facts about ϕ imply for some positive constant c = c(n)

(5.3.3) sup
B1

|D2ϕ| ≥ c−1.

Then we have d ≥ 2. Also if (5.3.2) were false for a given z ∈ B1, then standard
estimates for derivatives of harmonic functions would imply for any multi-index α
with 2 ≤ |α| ≤ d

1
α!

|Dαϕ(z)| ≤ cθ(cθ)d−|α|,

which for small θ = θ(n) contradicts (5.3.3) and the fact that each component of
D2ϕ is a polynomial of degree ≤ d − 2. In the following, we fix θ = θ(n) so that
(5.3.2) holds.

Take any y ∈ B1 with |Dϕ(y)| ≤ (θε)d−1. Since each component of D2ϕ is a
harmonic polynomial of degree ≤ d − 2, by Lemma 5.3.1 we have

(5.3.4) σε sup
B(1+σ)ε

|D3ϕ| + sup
B(1+σ)ε

|D2ϕ| ≤ cd
n
2 (1 + 2σ)d sup

Bε

|D2ϕ|,

for any σ ∈ (0, 1/4], where c = c(n).
Let τ1 be a unit vector in Rn and ȳ ∈ B̄ε(y) such that

(5.3.5) |Dτ1τ1ϕ(ȳ)| = sup
Bε(y)

|D2ϕ|.

Now we claim for a γ = γ(n) small enough and any unit vectors ξ and η in Rn

(5.3.6) |Dξηϕ(x) − Dξηϕ(ȳ)| ≤ cγ|Dτ1τ1ϕ(ȳ)| for any x ∈ Bβε(ȳ),

and

(5.3.7) |Dξϕ(x)| ≤ cε|Dτ1τ1ϕ(ȳ)| for any x ∈ Bβε(ȳ),
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where

(5.3.8) β = γd−(1+ n
2 ),

for a small γ = γ(n). To see this, we take any β ∈ (0, σ). Then by (5.3.4), we get

(5.3.9) |Dξηϕ(x)−Dξηϕ(ȳ)| ≤ cβσ−1d
n
2 (1+2σ)d|Dτ1τ1ϕ(ȳ)| for any x ∈ Bβε(ȳ).

Thus we select σ = c−1d−1 and β as in (5.3.8) for suitable c = c(n) and γ = γ(n)
such that

cβσ−1d
n
2 (1 + 2σ)d ≤ cγ ≤ 1

2
.

Later on, we may choose γ smaller. This implies (5.3.6) easily. We also have

(5.3.10) |Dξηϕ(x)| ≤ 2|Dτ1τ1ϕ(ȳ)| for any x ∈ Bβε(ȳ),

and

(5.3.11) |Dτ1τ1ϕ(ȳ)| ≤ 2|Dτ1τ1ϕ(x)| for any x ∈ Bβε(ȳ).

Also for any x ∈ Bβε(ȳ) and any unit vector ξ ∈ Rn, we have by (5.3.2) and (5.3.11)

|Dξϕ(x)| ≤|Dξϕ(y)| + |Dξϕ(y) − Dξϕ(ȳ)| + |Dξϕ(ȳ) − Dξϕ(x)|

≤(θε)d−1 + ε|Dτ1τ1ϕ(ȳ)| + 2γε

d
|Dτ1τ1ϕ(ȳ)|

≤ cε|Dτ1τ1ϕ(ȳ)|.

This is (5.3.7).
Next, let Oγ be a collection of orthonormal basis of Rn such that for any or-

thonormal basis {τ1, · · · , τn} of Rn there exists an orthonormal basis {τ̃1, · · · , τ̃n} ∈
Oγ with

(5.3.12) |τi − τ̃i| < β, i = 1, · · · , n.

We can, and we will, choose Oγ in such a way that

(5.3.13) the number of elements in Oγ ≤ cβ1−n,

for some constant c = c(n).
With ȳ ∈ B̄ε(y) as in (5.3.5), let τ1, · · · , τn be an orthonormal basis of Rn such

that

|Dτ1τ1ϕ(ȳ)| = max
j∈{1,··· ,n}

|Dτjτj ϕ(ȳ)|,

|Dτ2τ2ϕ(ȳ)| = max
j∈{2,··· ,n}

|Dτjτj ϕ(ȳ)|,

Dτiτj ϕ(ȳ) =0, i 6= j.

Furthermore, since
∑n

j=1 Dτjτj ϕ = 0, we have

|Dτ2τ2ϕ(ȳ)| ≥ (n − 1)−1|Dτ1τ1ϕ(ȳ)|.
Then by (5.3.6), (5.3.10) and (5.3.12), we can select an orthonormal basis τ̃1, · · · ,
τ̃n ∈ Oγ such that

|ϕ11(x)| ≥ c−1 max
j∈{1,··· ,n}

|ϕjj(x)|,

|ϕ22(x)| ≥ c−1 max
j∈{2,··· ,n}

|ϕjj(x)|,

|ϕij(x)| ≤ cγ|ϕ11(x)|, i 6= j,

(5.3.14)
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for any x ∈ Bβε(ȳ), where we use the notation ϕij(x) = Dτ̃j τ̃j ϕ(x). To see (5.3.14),
we note

ϕij(x) = ak
i al

jDτkτl
ϕ(x),

for an orthogonal matrix (ak
i ). Then

ϕij(x) − Dτiτj ϕ(x) = (ak
i al

j − δk
i δl

j)Dτkτl
ϕ(x).

By (5.3.12), we have |ak
i al

j − δk
i δl

j | < γ for each i, j, k and l. Then (5.3.10) implies

|ϕij(x) − Dτiτj ϕ(x)| ≤ Cγ|Dτ1τ1ϕ(ȳ)| for any x ∈ Bβε(ȳ).

With (5.3.6), we have

|ϕij(x) − Dτiτj ϕ(ȳ)| ≤ Cγ|Dτ1τ1ϕ(ȳ)| for any x ∈ Bβε(ȳ).

Taking i = j = 1, i = j = 2 and other combinations of i and j respectively, we
obtain

(1 − cγ)|Dτ1τ1ϕ(ȳ)| ≤ |ϕ11(x)| ≤ (1 + cγ)|Dτ1τ1ϕ(ȳ)|,
(1 − cγ)|Dτ2τ2ϕ(ȳ)| ≤ |ϕ22(x)| ≤ (1 + cγ)|Dτ2τ2ϕ(ȳ)|,

(5.3.15)

and
|ϕij(x)| ≤ (δij + Cγ)|Dτ1τ1ϕ(ȳ)|,

for any x ∈ Bβε(ȳ). We then have (5.3.14) easily.
With ϕj = Dτ̃j ϕ, we consider the map (ϕ1, ϕ2) : Bβε(ȳ) ⊂ Rn → R2 and

denote by J its Jacobian, that is,

J =
√
|Dϕ1|2|Dϕ2|2 − (Dϕ1 · Dϕ2)2.

Then, we have by (5.3.14) and (5.3.15)

J2 =
∑

1≤i<j≤n

(ϕi1ϕj2 − ϕj1ϕi2)2 ≥ (ϕ11ϕ22 − ϕ2
12)

2 ≥ c|Dτ1τ1ϕ(ȳ)|4 in Bβε(ȳ),

and by (5.3.7)

(5.3.16) c−1 ≤ ε2
(
ϕ2

1(x) + ϕ2
2(x)

)−1
J(x) for any x ∈ Bβε(ȳ).

Also by (5.3.14), (5.3.15) and (5.3.2), we have

|ϕ22(x)|, |ϕ11(x)| ≥ (θε)d−2 for any x ∈ Bβε(ȳ),

and hence

(5.3.17) |ϕ2|, |ϕ1| ≥ c−1β(θε)d−1,

on a subset A of Bβε(ȳ) with Ln(A) ≥ c−1(βε)n, where c = c(n).
We set f = (ϕ1, ϕ2) and g = 1/(ϕ2

1 +ϕ2
2) in Theorem 1.2.8, the coarea formula.

By (5.3.16) and (5.3.17), we obtain

c−1d−n(1+ n
2 )εn ≤ ε2

∫ cd−1

β(c−1ε)d−1

∫ cd−1

β(c−1ε)d−1
(s2 + t2)−1

·
∑
Oγ

Hn−2
(
{x ∈ Bε(y);ϕ1(x) = s, ϕ2(x) = t}

)
dsdt,

(5.3.18)

for a suitable c = c(n). Here we used the fact that |Dϕ| ≤ cd−1 in B2.
Now select a maximal pairwise-disjoint collection of balls {Bε/2(yj)}j=1,··· ,m

with yj ∈ {x ∈ B1; |Dϕ| ≤ (θε)d−1}, and sum over j after replacing y by yj in
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(5.3.18). Then (keeping in mind that Oγ has ≤ cd(n−1)(1+n/2) elements by (5.3.13)),
we get

Ln
(
{x ∈ B1; dist(x, {|Dϕ| ≤ (θε)d−1}) < ε}

)
≤ cd(2n−1)(1+ n

2 )ε2

∫ cd−1

β(c−1ε)d−1

∫ cd−1

β(c−1ε)d−1
(s2 + t2)−1

· max
Oγ

Hn−2
(
{x ∈ B2;ϕ1(x) = s, ϕ2(x) = t}

)
dsdt.

The required inequality now follows from Lemma 1.3.4, because

dimH{x ∈ B2;ϕ1(x) = s, ϕ2(x) = t} ≤ n − 2 for a.e. (s, t) ∈ (0, 1) × (0, 1),

by the coarea formula, and because∫ α−1

α

∫ α−1

α

(s2 + t2)−1dsdt ≤ c log α−1

for each α ∈ (0, 1/2). ¤

Remark 5.3.3. We may cover {|Dϕ| ≤ (θε)d−1} by a collection of balls of
radius ε such that the balls of the same centers and radius ε/2 are pairwise disjoint.
Then by Lemma 5.3.2, the number of balls is ≤ cdc0ε2−n log ε−1.

Now let us recall that L(λ, κ, Γ) is the collection of all linear operators of the
form (5.1.1) with coefficients satisfying (5.1.2), (5.2.1) and (5.2.2) and that SN is
the collection of all H1-functions u in B1 satisfying

r
∫

Br(p)
|Du|2∫

∂Br(p)
u2

≤ N for any Br(p) ⊂ B1.

In the following, we always assume that u ∈ H1(B1) is a solution of Lu = 0 for
some L ∈ L(λ, κ, Γ). We further assume that u ∈ SN satisfies the following doubling
condition

−
∫

∂B2r

u2 ≤ 22N −
∫

∂Br

u2 for any r ∈ (0,
1
4
).

For any y ∈ B1, we introduce ω(y; r) as in (5.2.3), i.e.,

ω(y; r) = sup
Br(y)

(r|Daij | + r|bi| + r2|c|).

Obviously, ω(y; r) → 0 as r → 0.
Now we prove that any solution can be well approximated by harmonic poly-

nomials in small balls. Compare this with Lemma 5.2.2.

Lemma 5.3.4. Suppose u ∈ SN is a nonzero solution of Lu = 0 in B1 ⊂ Rn

for some L ∈ L(λ, κ, Γ). For any B = Br(y) with y ∈ B1/2 and r ∈ (0, 1/4), let

uB(x) =
u(y + rx)

(−
∫

∂B3r(y)
u2)1/2

for |x| ≤ 1
2r

.

If for some r < R < 1/(2r)

(5.3.19) ω(y;Rr)(cR)N <
1
2
,
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then there exists a harmonic polynomial PB of degree ≤ 2N such that

|uB − PB |C1(B2) < ω(y;Rr)(CR)N +
(C

R

)N
,

and

|uB |
C1, 1

2 (B2)
+ |PB |

C1, 1
2 (B2)

≤ C, −
∫

∂B3

P 2
B ≥ 1

4
,

where C is a positive constant depending only on n, λ, κ and Γ.

Proof. We first note that uB is defined in B1/r with −
∫

∂B3
u2

B = 1. For any
R ∈ (3, 1/r), there exists an integer l such that R/2l+1 < 3 ≤ R/2l. Using the
doubling condition l times, we have

−
∫

∂BR

u2
B ≤

(R

3
)2N −

∫
∂B3

u2
B =

(R

3
)2N

.

Now uB satisfies
ãijuB,ij + b̃iuB,i + c̃uB = 0 in B 1

r
,

where

ãij(x) = aij(y + rx), b̃i(x) = rbi(y + rx), c̃(x) = r2c(y + rx).

By introducing

‖u‖p,r =
(
−
∫

Br

up
) 1

p

and by the (scaled) interior W 2,p-estimates in B2R ⊂ B1/r, we have

‖uB‖p,R + R‖DuB‖p,R + R2‖D2uB‖p,R ≤ C‖uB‖2,2R ≤ (CR)N ,

where C is a positive constant depending only on n, p, the module of ãij in B2R,
|ãij |L∞(B2R), R|b̃i|L∞(B2R) and R2|c̃|L∞(B2R). We note

sup
B2R

(|ãij | + R|b̃i| + R2|c̃|) = sup
B2Rr(y)

(|aij | + Rr|bi| + (Rr)2|c|)

≤ sup
B1

(|aij | + |bi| + |c|) ≤ λ−1 + κ.

For p large, we have by the Sobolev embedding

(5.3.20) |uB |L∞(Br) + R|DuB |L∞(BR) + R1+α[DuB ]Cα(BR) ≤ (CR)N .

We rewrite the equation as

−∆uB ≡ fB =
(
ãij − δij

)
uB,ij + b̃iuB,i + c̃uB .

Note

R2‖fB‖p,R ≤|ãij − δij |L∞(Br)R
2‖D2uB‖p,R + R|b̃i|L∞(BR)R‖DuB‖p,R

+ R2|c̃|L∞(BR)‖uB‖p,R

≤ sup
BRr(y)

(
|aij − δij | + Rr|bi| + (Rr)2|c|

)
·
(
R2‖D2uB‖p,R + R‖DuB‖p,R + |uB‖p,R

)
≤ω(y;Rr)(CR)N .
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Let v be the harmonic function in BR with v = uB on ∂BR. Note
−∆(uB − v) = fB in BR,

uB − v = 0 on ∂BR.
(5.3.21)

Then we obtain by the (scaled) global W 2,p-estimates

‖uB − v‖p,R + R‖D(uB − v)‖p,R + R2‖D2(uB − v)‖p,R

≤CR2‖fB‖p,R ≤ ω(y;Rr)(CR)N

and the Sobolev embedding

|uB − v|L∞(BR) + R|D(uB − v)|L∞(BR) + R1+α[D(uB − v)]Cα(BR)

≤ω(y;Rr)(CR)N .
(5.3.22)

This implies in particular

|uB − v|
C1, 1

2 (B2)
≤ ω(y;Rr)(CR)N ,

and hence
1
2
≤

(
−
∫

∂B3

v2
) 1

2 ≤ 3
2
,

if ω(y;Rr)(CR)N < 1/2.
Next, multiplying ∆v = 0 by uB − v and integrating in BR as in the proof of

Lemma 5.2.2, we have ∫
BR

|∇v|2 ≤
∫

BR

|∇uB |2.

This implies in particular
R

∫
BR

|∇v|2∫
∂BR

v2
≤ N.

Then by Corollary 2.2.5, we have

−
∫

∂BR

v2 ≤
(R

3
)2N −

∫
∂B3

v2 ≤ 2
(R

3
)2N

.

Since v is a harmonic function, then for any r > 0

−
∫

∂Br

v2 =
∞∑

m=0

a2
mr2m,

and hence
∞∑

m=0

a2
mR2m ≤ 2

(R

3
)2N

.

Therefore, we get (R

3
)4N

∞∑
m=2N+1

a2
m32m ≤ 2

(R

3
)2N

,

and hence
∞∑

m=2N+1

a2
m32m ≤ 2

( 3
R

)2N
.

Let PB be the polynomial of degree ≤ 2N in the Taylor expansion of v, we have

−
∫

∂B3

(v − PB)2 ≤ 2
( 3
R

)2N
.
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We then get by interior estimates for harmonic functions

|v − PB |
C1, 1

2 (B2)
≤

(C

R

)2N
.

The C1,1/2-bounds on uB and PB follow from the interior estimates in B3 easily. ¤

The following result is an improved version of Lemma 5.2.6.

Lemma 5.3.5. Suppose u ∈ SN is a nonzero solution of Lu = 0 in B1 ⊂ Rn

for some L ∈ L(λ, κ, Γ). For any ε > 0, there exists an r(N, ε) such that, for any
B = Br(y) with u(y) = 0, y ∈ B1/2 and r ≤ r(N, ε), there exist finitely many balls
Bi with radius εr and centers in Br(y) ∩ u−1(0) such that

Hn−1
(
Br(y) ∩ u−1(0) \ ∪iBi

)
≤ c(n)Nrn−1,

and
#{Bi} ≤ cN c0ε2−n log ε−1.

Proof. For any B = Br(y) with u(y) = 0, r ≤ 1/2 and |y| ≤ 1/2, we write

uB(x) =
u(y + rx)

(−
∫

∂B3r(y)
u2)1/2

for |x| ≤ 1
2r

.

By Lemma 5.3.4, if for some r < R < 1/(2r)

(5.3.23) ω(y;Rr)(cR)N <
1
2
,

then there exists a harmonic polynomial PB of degree ≤ 2N such that

|uB − PB |C1(B2) < ω(y;Rr)(CR)N +
(C

R

)N
,(5.3.24)

|uB |
C1, 1

2 (B2)
+ |PB |

C1, 1
2 (B2)

≤ C, −
∫

∂B3

P 2
B ≥ 1

4
,(5.3.25)

and

(5.3.26)
1
2
≤

(
−
∫

∂B3

P 2
) 1

2 ≤ 3
2
,

where C is a positive constant depending only on n and λ.
Set

η5 = ω(y;Rr)(CR)N +
(C

R

)N
.

We claim that, if η < η0, with η0 as in Lemma 5.2.5, then

Hn−1
(
B1 ∩ u−1

B (0) ∩ {|DPB | > η}
)
≤ c(n)N.

In fact, we have by Lemma 5.2.5

Hn−1
(
B1 ∩ u−1

B (0) ∩ {|DPB | > η}
)

≤Hn−1
(
B1 ∩ u−1

B (0) ∩ {|DuB | >
1
2
η}

)
≤2Hn−1

(
B2 ∩ P−1

B (0) ∩ {|DPB | >
1
4
η}

)
≤ c(n)N.

Now we discuss the set

B1 ∩ u−1
B (0) ∩ {|DPB | < η}.
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We assume this set is not empty. In other words, there exists an x0 ∈ B1 such that
uB(x0) = 0 and |DPB(x0)| < η. By (5.3.24) and (5.3.26), we have |PB(x0)| < η
and

∫
∂B3

P 2
B ≥ c. Hence Lemma 5.3.2 is applicable. Now we require

(5.3.27) η < (θε)2N−1.

By Remark 5.3.3, there are at most cdc0ε2−n log ε−1 balls of radius ε/2 covering
{|DPB | < η}. We drop any ball Bi if Bi ∩u−1

B (0) = ∅. Otherwise, we replace Bi by
a ball with the center in u−1

B (0) ∩ B1 and radius ε. To satisfy (5.3.27), we require

ω(y;Rr)(CR)N ≤ 1
2
(θε)5(2N−1),

(C

R

)N ≤ 1
2
(θε)5(2N−1).

Hence we take

R =
(C

ε

)10
,

and require

ω
(
y;

(C

ε

)10
r
)
≤

(C

ε

)20N
,

where C is a positive constant depending only on n, λ, κ and Γ. ¤

Remark 5.3.6. We note that ω(y;Rr) < Rr(κ + Γ) for any y ∈ B1/2 and any
Rr < 1/2. Then we may take

r(N, ε) =
( ε

C

)20N+10
.

The main result in this section is the following theorem due to Hardt and Simon
[51].

Theorem 5.3.7. Suppose u ∈ SN is a nonzero solution of Lu = 0 in B1 ⊂ Rn

for some L ∈ L(λ, κ, Γ). Then

Hn−1
(
{x ∈ Br(x0); u(x) = 0}

)
≤ C0Nrn−1

for any x0 ∈ B 1
2

and r ≤ (c1N)−c2N ,
(5.3.28)

where C0, c1 and c2 are positive constants depending only on n, λ, κ and Γ.

Proof. We fix ε such that

cN c0ε log ε−1 <
1
2
,

or
ε = CN−(c0+1).

Next, we take any r ≤ r(N, ε). Then we proceed as in the proof of Theorem 5.2.1
and get

Hn−1
(
u−1{0} ∩ Br

)
≤ cNrn−1

( ∞∑
`=1

1
2`−1

+ inf
`≥0

∞∑
j=`

1
2j

)
≤ 2CNrn−1.

We end the proof by substituting the expression of ε in r(N, ε) in Remark 5.3.6. ¤

Similar to Corollary 5.2.8, we have the following result.
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Corollary 5.3.8. Suppose u ∈ SN is a nonzero solution of Lu = 0 in B1 ⊂ Rn

for some L ∈ L(λ, κ, Γ). Then

(5.3.29) Hn−1
(
{x ∈ B 1

2
; u(x) = 0}

)
≤ (c1N)c2N ,

where c1 and c2 are positive constants depending only on n, λ, κ and Γ.



CHAPTER 6

Measure Estimates of Nodal Sets of Eigenfunctions

In this chapter, we discuss measure estimates of nodal sets of eigenfunctions.
The following conjecture was proposed by Yau [89]. Suppose (Mn, g) is a smooth
n-dimensional connected and compact Riemannian manifold (without boundary).
Consider an eigenfunction u corresponding to the eigenvalue λ, i.e.,

∆gu + λu = 0 on M.

Conjecture 6.0.1. There holds

c1

√
λ ≤ Hn−1({x ∈ M ;u(x) = 0}) ≤ c2

√
λ,

where c1 and c2 are positive constants depending only on (M, g).

The optimality is shown by eigenfunctions sin(k1x1) sin(k2x2) · · · sin(knxn) on
Tn = S1 × S1 × · · · × S1.

In this chapter, we prove that Conjecture 6.0.1 holds for the analytic case. The
main result is the following theorem due to Donnelly and Fefferman [27].

Theorem 6.0.2. Suppose (Mn, g) is an analytic n-dimensional connected and
compact Riemannian manifold (without boundary) and u is a smooth function sat-
isfying ∆gu + λu = 0 on M for some positive constant λ. Then

c1

√
λ ≤ Hn−1({x ∈ M ;u(x) = 0}) ≤ c2

√
λ,

where c1 and c2 are positive constants depending only on (M, g).

It is still open whether Conjecture 6.0.1 holds if (M, g) is only smooth. The
result we have for the smooth case is far from optimal.

6.1. Upper Bounds

In this section, we will prove the upper bound in Theorem 6.0.2, following an
argument by Lin [69].

We first prove that u satisfies a doubling condition.

Lemma 6.1.1. Suppose (Mn, g) is a smooth n-dimensional connected and com-
pact Riemannian manifold (without boundary) and u is a smooth function satisfying
∆gu + λu = 0 on M for some positive constant λ. Then

(6.1.1) −
∫

B2r(x)

u2 ≤ 2c
√

λ −
∫

Br(x)

u2 for any x ∈ M, r ∈ (0, r0),

where r0 and c are positive constants depending only on (M, g).

We note that the analyticity is not assumed for (M, g).

111
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Proof. We first note that λ ≥ λ0 for some positive constant λ0 depending
only on (M, g). For any (x, xn+1) ∈ M × R, set

ū(x, xn+1) = u(x) cosh(
√

λxn+1).

Then ū satisfies
∆gū + ūn+1 n+1 = 0 in M × R.

By a suitable scaling in the metric g, we assume that the injectivity radius of (M, g)
is not less then two. We also normalize ū so that∫

M×(−1,1)

ū2 = 1.

Then it is easy to see ∫
M×(−2,2)

ū2 ≤ ec
√

λ.

Hence, for some x0 ∈ M , we have

(6.1.2)
∫

B1(x0)×(−1,1)

ū2 ≥ c(g,M) > 0,

and

(6.1.3)
∫

B2(x0)×(−2,2)

ū2 ≤ ec
√

λ.

Proceeding as in the proof of Lemma 2.2.8 with the help of Theorem 3.1.1, we
obtain

(6.1.4)
∫

Br(x)×(−r,r)

ū2 ≥ rc(
√

λ+1) for any x ∈ B5/3(x0), r ∈ (0, 1/4),

where c is a positive constant depending only on g in B2(x0).
Recall that M is connected. For any x ∈ M , we join x0 and x by an overlapping

chain of balls with radius 1/4 whose centers are separated by a distance at most
1/8. Using (6.1.2), (6.1.3) and (6.1.4) inductively, we have for any x ∈ M∫

B 1
4
(x)×(− 1

4 , 1
4 )

ū2 ≥ 4−c(
√

λ+1),

and in general for any r ∈ (0, 1/4)∫
Br(x)×(−r,r)

ū2 ≥ rc(
√

λ+1),

where c is a positive constant depending only on the diameter of (M, g), the el-
lipticity bound of ∆g and the Lipschitz continuity of g on any B1(x), x ∈ M . In
particular, we get∫

B1(x)×(−1,1)

ū2 ≤ 4c(
√

λ+1)

∫
B 1

4
(x)×(− 1

4 , 1
4 )

ū2 for any x ∈ M.

By arguments as in the proof of Lemma 2.2.8 again, we obtain

(6.1.5)
∫

B2r(x)×(−2r,2r)

ū2 ≤ 2c(
√

λ+1)

∫
Br(x)×(−r,r)

ū2 for any x ∈ M, r ∈ (0,
1
4
).
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With the explicit expression of ū in terms of u, we then have easily∫
B2r(x)

u2 ≤ 2c(
√

λ+1)

∫
Br(x)

u2 for any x ∈ M, r ∈ (0,
1
4
).

This ends the proof. ¤

Now we are ready to prove the upper bound in Theorem 6.0.2.

Theorem 6.1.2. Suppose (Mn, g) is an analytic n-dimensional connected and
compact Riemannian manifold (without boundary) and u is a smooth function sat-
isfying ∆gu + λu = 0 on M for some positive constant λ. Then

(6.1.6) Hn−1({x ∈ M ;u(x) = 0}) ≤ c
√

λ,

where c is positive constant depending only on (M, g).

Proof. We use the same setting as in the proof of Lemma 6.1.1. In view of
(6.1.5), we apply Theorem 5.1.1 to ū in B1/2(x) × (−1/2, 1/2) for any x ∈ M .
Therefore, we get by a simple covering

Hn
(
{(x, xn+1) ∈ M × (−1

2
,
1
2
); ū(x, xn+1) = 0}

)
≤ c

√
λ.

Note ū−1{0} = u−1{0} × R. This implies (6.1.6) easily. ¤

We have the following result when (M, g) is only smooth.

Theorem 6.1.3. Suppose (Mn, g) is a smooth n-dimensional connected and
compact Riemannian manifold (without boundary) and u is a smooth function sat-
isfying ∆gu + λu = 0 on M for some positive constant λ. Then

Hn−1({x ∈ M ;u(x) = 0}) ≤ cλc
√

λ,

where c is positive constant depending only on (M, g).

It is unknown whether the estimate in Theorem 6.1.3 can be improved.

Proof. The proof is similar as that of Theorem 6.1.2 with Theorem 5.1.1
replaced by Corollary 5.3.8. ¤

To end this section, we prove a growth estimate in sup-norms. Suppose (Mn, g)
is an analytic n-dimensional connected and compact Riemannian manifold (without
boundary) and u is a smooth function satisfying ∆gu + λu = 0 on M for some
positive constant λ. As in Section 5.1, u can be extended to a holomorphic function
in {x + iy;x ∈ M, |y| < R}, for some positive constant R depending only (M, g).

Lemma 6.1.4. Suppose (Mn, g) is an analytic n-dimensional connected and
compact Riemannian manifold (without boundary) and u is a smooth function sat-
isfying ∆gu + λu = 0 on M for some positive constant λ. Then there exists a
positive constant R, depending only on (M, g), such that

(6.1.7) max
|z−p|<r

|u(z)| ≤ c
√

λ max
|x−p|< r

2

|u(x)| for any p ∈ M, r ∈ (0, R),

where c is a positive constant depending only on (M, g).
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Proof. We use the same setting as in the proof of Lemma 6.1.1. As in Section
5.1, ū can be extended to a holomorphic function ū(w) for Rew ∈ M × (−R,R)
and |Imw| ∈ (−R,R)n+1 ∈ Rn+1 with the estimate

max
|w−(p,0)|<r

|ū(w)| ≤ c −
∫

B2r(p)×(−2r,2r)

ū2 for any p ∈ M, r ∈ (0, R).

By (6.1.5), we have

max
|w−(p,0)|<r

|ū(w)| ≤ c
√

λ max
|y−(p,0)|< r

2

|ū(y)| for any p ∈ M, r ∈ (0, R).

This implies (6.1.7) with help of the explicit expression of ū in terms of u. ¤

6.2. Lower Bounds

In this section, we will prove the lower bound in Theorem 6.0.2. The entire
section follows Donnelly and Fefferman [27].

We first show that there are sufficiently many nodal points on M .

Lemma 6.2.1. Suppose (Mn, g) is a smooth n-dimensional compact Riemann-
ian manifold (without boundary) and u is a smooth function satisfying ∆gu+λu = 0
on M for some positive constant λ. Then u vanishes at some point in each ball of
radius at most cλ−1/2, for some positive constant c depending only on (M, g).

Proof. Let w be the first Dirichlet eigenfunction of ∆ in a ball Bcλ−1/2(p).
If u is positive in this ball, then v = w/u assumes an interior maximum. At this
interior maximum point,

0 = vi =
1
u

(wiu − wui),

and

0 ≥ ∆v =
1
u2

(u∆w − w∆u) ≥ 1
u2

(
− 1

2
λuw + λuw

)
> 0,

for c sufficiently large. This leads to a contradiction. ¤

Lemma 6.2.2. Suppose (Mn, g) is a smooth n-dimensional compact Riemann-
ian manifold (without boundary) and u is a smooth function satisfying ∆gu+λu = 0
on M for some positive constant λ. If u(p) = 0 for some p ∈ M , then

(6.2.1) min
{ ∫

B
aλ−1/2 (p)

u+,

∫
B

aλ−1/2 (p)

u−}
≥ c

∫
B

aλ−1/2 (p)

|u|,

where a and c are positive constants depending only on (M, g), a being sufficiently
small.

Here u+ and u− denote the positive part and negative part of u respectively.

Proof. Let a be sufficiently small. If we rescale Baλ−1/2(p) to the ball of radius
1, then the operator ∆ + λ is a small perturbation of the Euclidean Laplacian on
the unit ball. Thus, we have for any r ∈ (0, aλ−1/2)

(6.2.2) 0 = u(p) =
∫
{|x−p|=r}

ϕ(x)u(x)dθ,
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where ϕ is a positive function with C−1 < ϕ(x) < C and dθ denotes the volume ele-
ment on the standard unit sphere Sn−1. Multiplying (6.2.2) by rn−1 and integrating
in r, we get ∫

B
aλ−1/2 (p)

ϕu = 0.

We then obtain∫
B

aλ−1/2 (p)

ϕu+ =
∫

B
aλ−1/2 (p)

ϕu− =
1
2

∫
B

aλ−1/2 (p)

ϕ|u|.

We obtain (6.2.1) from the bounds on ϕ. ¤

Next, we prove the following result due to Brüning [15], which yields an affir-
mative answer to the lower bound in Conjecture 6.0.1 for n = 2.

Theorem 6.2.3. Suppose (M2, g) is a smooth 2-dimensional compact Riemann-
ian manifold (without boundary) and u is a smooth function satisfying ∆gu+λu = 0
on M for some positive constant λ. Then

H1
(
{x ∈ M ;u(x) = 0}

)
≥ c

√
λ,

where c is a positive constant depending only on (M, g).

Proof. Take any p ∈ M with u(p) = 0. Then close to p, u−1{0} has the same
structure as Rezk = 0 for some k. Now consider a ball Baλ−1/2(p) as in Lemma
6.2.2 for sufficiently small a. If we rescale Baλ−1/2(p) to the ball of radius 1, then
the operator ∆ + λ is a small perturbation of the Euclidean Laplacian on the unit
ball. The maximum principle implies that u−1{0} cannot form closed loops in
Baλ−1/2(p). Hence, we have

H1
(
u−1{0} ∩ Baλ−1/2(p)

)
≥ aλ−1/2.

By Lemma 6.2.1, we take disjoint balls {Baλ−1/2(p)} with u(p) = 0 and the number
of the balls at the order of O(λ). We finish the proof by a simple addition. ¤

The higher dimensions are more complicated. We describe a general method to
get a lower bound of the measure of nodal sets. This is based on the isoperimetric
inequality. Consider a continuous function u defined in a ball Br ⊂ Rn such that
{u = 0} is countably (n − 1)-rectifiable. We set

B+
r = {x ∈ Br;u(x) > 0}, B−

r = {x ∈ Br;u(x) < 0}.

The isoperimetric inequality implies

(6.2.3) Hn−1(u−1{0} ∩ Br) ≥ c(n)
(
min{Ln(B+

r ),Ln(B−
r )}

)n−1
n .

There are three cases for the relation between Ln(B+
r ) and Ln(B−

r ):
(i) Ln(B+

r ) and Ln(B−
r ) are comparable;

(ii) Ln(B+
r ) ¿ Ln(B−

r );
(iii) Ln(B+

r ) À Ln(B−
r ).

In order to get a lower bound, it suffices to prove that Ln(B+
r ) and Ln(B−

r ) are
comparable. In other words, we need to prove that (ii) and (iii) cannot occur.

Next, we prove a general result.
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Lemma 6.2.4. Let u be a continuous function defined in Br ⊂ Rn such that
{u = 0} is countably (n − 1)-rectifiable,

(6.2.4) min
{ ∫

Br

u+,

∫
Br

u−}
≥ c0

∫
Br

|u|,

and

(6.2.5)
(
−
∫

Br

u2
) 1

2 ≤ µ −
∫

Br

|u|,

for some positive constants c0 and µ. Then

(6.2.6) Hn−1(u−1{0} ∩ Br) ≥ cµ− 2(n−1)
n rn−1,

where c is a positive constant depending only on n and c0.

Proof. By the Cauchy inequality and (6.2.5), we have for any measurable set
G ⊂ Br ( ∫

G

|u|
)2 ≤ Ln(G)

∫
G

u2 ≤ Ln(G)
∫

Br

u2 ≤ µ2 Ln(G)
Ln(Br)

( ∫
Br

|u|
)2

,

or

Ln(G) ≥ 1
µ2

( ∫
G
|u|∫

Br
|u|

)2Ln(Br).

By (6.2.4) and taking G = B±
r , we get

Ln(B+
r ) ≥ c

µ2
rn, Ln(B−

r ) ≥ c

µ2
rn.

With (6.2.3), we finish the proof. ¤

With Lemmas 6.2.1-6.2.4, we will proceed to estimate the lower bound in Theo-
rem 6.0.2 as follows. We take sufficiently many balls Baλ−1/2(p) on M where (6.2.4)
and (6.2.5) hold. Then we have

Hn−1
(
u−1{0} ∩ Baλ−1/2(p)

)
≥ cµ− 2(n−1)

n (λ−1/2)n−1.

The number of balls is in the order of λn/2. Then by summing up in these balls,
we obtain

Hn−1(u−1{0}) ≥ cµ− 2(n−1)
n λ1/2.

In order to get the optimal lower bound, µ should be independent of λ.
We note that it is easy to get (6.2.5) for µ depending on λ. In fact, we have

the following result.

Theorem 6.2.5. Suppose (Mn, g) is a smooth n-dimensional compact Rie-
mannian manifold (without boundary) and u is a smooth function satisfying ∆gu+
λu = 0 on M for some positive constant λ. Then

Hn−1
(
{x ∈ M ;u(x) = 0}

)
≥ c−

√
λ,

where c is a positive constant depending only on (M, g).
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Proof. This is a simple consequence of the doubling condition. We take a
ball Br(p), with r = aλ−1/2, as in Lemma 6.2.2 for sufficiently small a. First, a
standard a priori estimate implies

sup
Br(p)

|u| ≤ c
(
−
∫

B2r(p)

|u|2
) 1

2 ,

and hence with Lemma 6.1.1

sup
Br(p)

|u| ≤ c
√

λ
(
−
∫

Br(p)

|u|2
) 1

2 .

Then we have

−
∫

Br(p)

|u|2 ≤ |u|L∞(Br(p)) −
∫

Br(p)

|u| ≤ c
√

λ
(
−
∫

Br(p)

|u|2
) 1

2 −
∫

Br(p)

|u|,

or (
−
∫

Br(p)

|u|2
) 1

2 ≤ c
√

λ −
∫

Br(p)

|u|.

Therefore, we can take µ = c
√

λ in (6.2.5). Lemma 6.2.4 implies

Hn−1
(
u−1{0} ∩ Br(p)

)
≥ c−

√
λrn−1.

This completes the proof. ¤

Note that the previous proof does not yield the optimal lower bound. In the
following, we will prove that (6.2.5) holds in sufficiently many balls Baλ−1/2(p) on
M with u(p) = 0 for a constant µ depending only on (M, g), independent of λ. It
suffices to prove (

−
∫

B
2aλ−1/2 (p)

u2
) 1

2 ≤ c
(
−
∫

B
aλ−1/2 (p)

u2
) 1

2 ,

for sufficiently many balls Baλ−1/2(p) on M with u(p) = 0 for a constant c depending
only on (M, g). This is a much improved doubling condition with the doubling
coefficient independent of λ.

We need some preparations.

Proposition 6.2.6. Suppose F is holomorphic on D3 ⊂ C and |F |L∞(D2) ≤
|F (0)|ec1d. Assume F (x) is real and nonnegative for |x| ≤ 1. For d sufficiently
large, cover |x| ≤ 1 by disjoint subintervals Qi of length c2/d. Then for any given
ε > 0, there exists a subset E of measure less than ε such that

| log F (x) − log−
∫

Qi

F | ≤ c3 for any x ∈ Qi \ E,

where c3 is a positive constant depending on ε but not on d.

Proof. Without loss of generality, we assume F (0) = 1. By Lemma 2.3.2,

(6.2.7) F has at most O(d) zeroes in |z| < 3/2.

Now fix an r close to 3/2 such that F (z) 6= 0 for |z| = r and let {zk} be the
collection of zeroes of F in {|z| < r}. We write

F (z) = eG(z)
∏ (z − zk)/r

1 − z̄kz/r2
for |z| ≤ r.
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Then it is easy to see

(6.2.8) max
|z|=r

ReG ≤ cd.

With F (0) = 1, we get eReG(0) ≥ 1 or ReG(0) ≥ 0. The mean value property of
harmonic functions implies

(6.2.9) −
∫
{|z|=r}

ReG ≥ 0.

By (6.2.8), (6.2.9) and the Poisson kernel representation of harmonic functions, we
obtain

(6.2.10) max
|z|=1

|∇ReG| ≤ cd.

Define f(z) =
∑

k log |z − zk|. Using (6.2.10) and elementary arguments, we
have

| log F (x) − log−
∫

Qi

F | < | log f(x) − log−
∫

Qi

ef | + c for any x ∈ Qi.

Here we used the fact that the length of each Qi is less than c2/d. Now we claim

(6.2.11) |f ′| < cd outside a set E1 of measure less than a1ε.

To see this, we assume Imzk ≤ 0 since |x− zk| = |x− z̄k|. If all Imzk < 0, then the
definition of the Hilbert transform H ([85], P130) yields

f ′ = H(
∑

k

qk), qk = −Im
( 1
z − zk

)
.

Clearly, ‖qk‖L1 < c, with c independent of xk. The weak type (1,1) property of H
([85], P187) completes the proof for Imzk < 0. Since these estimates are uniform
in zk, the result also holds for Imzk ≤ 0.

Suppose x, xi ∈ Qi and let Ai be the set of roots zk with Rezk of distance less
than m(Qi) = O(1/d) from Qi. We decompose

f(x) =
∑

zk∈Ai

log |x − zk| +
∑

zk /∈Ai

log |x − zk| = bi(x) + gi(x)

and estimate each of the two terms.
Define E2 to be the union of those Qi with Ai containing more than c roots.

By (6.2.7), we require the measure m(E2) < a2ε. If Qi is not contained in E2, then
let Qiε ⊂ Qi be the subset of x ∈ Qi with |x − zk| < c/d for some zk. We assume

m(Qiε) < a3
ε

d
<

1
2
m(Qi).

Now we claim that, if Qi is not contained in E2, then for any x ∈ Qi \ Qiε,

(6.2.12) |bi(x) − max
Qi

bi(x)| < c,

and

(6.2.13) |b′i(x)| < cd.

In fact, for any x ∈ Qi \ Qiε,

log |x − zk| ≥ max
x∈Qi

log |x − zk| − c for any zk ∈ Ai.
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Summing over zk yields
bi(x) ≥ max

x∈Qi

bi(x) − c,

which implies (6.2.12). Now (6.2.13) is immediate from the definitions of E2 and
Qiε.

We now turn to gi. Note g′i = f ′ − b′i. If Qi is not contained in E1 ∪ E2 ∪ Qiε,
then

(6.2.14) there exists an xi ∈ Qi \ Qiε with |g′i(xi)| < cd.

This follows easily from (6.2.11) and (6.2.13).
It is also necessary to estimate the second derivative. Clearly

|g′′i (x)| ≤ c
∑

zk /∈Ai

|x − zk|−2

and the right hand side has a constant order of magnitude for x ∈ Qi. Thus∑
i

max
Qi

|g′′i (x)| |Qi| ≤ c
∑

k

∫
|x|<1,|x−Rezk|>cd−1

|x − zk|−2 ≤ cd2.

Hence there exists a union E3 of intervals Qi with m(E3) < a4ε so that if Qi is not
contained in E3 then

(6.2.15) max
x∈Qi

|g′′i (x)| ≤ cd2.

Now suppose Qi is not contained in E1 ∪ E2 ∪ E3 ∪ Qiε. Let xi ∈ Qi be as in
(6.2.14). By (6.2.14), (6.2.15) and Taylor’s formula with remainder, we have

(6.2.16) |gi(x) − gi(xi)| < c for any x ∈ Qi.

Then using (6.2.12), (6.2.16) and elementary arguments, we obtain

| log f(x) − log−
∫

Qi

ef | < c for any x ∈ Qi \ Qiε.

This completes the proof. ¤

We now turn to several complex variables.

Proposition 6.2.7. Suppose F is holomorphic on D3 ⊂ Cn and |F |L∞(D2) ≤
|F (0)|ec1d. Assume F (x) is real and nonnegative on the cube Q given by |xi| ≤ 1,
i = 1, · · · , n, in Rn. Additionally, suppose that F (x) = 1 on any hyperplane xi = 0,
i = 1, · · · , n. For d sufficiently large, subdivide Q into cubes Qi of sides c2/d. Then
for any given ε > 0, there exists a subset E of measure less than ε such that

| log F (x) − log−
∫

Qi

F | ≤ c3 for any x ∈ Qi \ E,

where c3 is a positive constant depending on ε but not on d.

Proof. This follows from Proposition 6.2.6 by induction. We successively
average over each coordinate direction. The extra technical hypothesis that F = 1
on each coordinate hyperplane is crucial for this argument. ¤
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We proceed to remove the technical hypotheses in Proposition 6.2.7. Define
maps Tj by

Tj(x1, · · · , xn) =(x1, x2, · · · , xj , xjxj+1, · · · , xn) j = 1, · · · , n − 1,

Tn(x1, · · · , xn) =(xnx1, x2, · · · , xj , · · · , xn).

Set T = TnTn−1 · · ·T1 and W = T 2.

Lemma 6.2.8. W maps every coordinate hyperplane {xi = 0} to the origin.
The Jacobian determinant of W vanishes along the coordinate hyperplanes only.
There exists an open set U ⊂ Q so that W : U → W (U) is a diffeomorphism.

Proof. The first two statements are verified by direct computations. The last
assertion then follows from the inverse function theorem. ¤

Now we prove the main ingredient in the proof of the lower bound.

Proposition 6.2.9. Suppose k is a sufficiently large integer depending only
on n and F is holomorphic on D3k ⊂ Cn and |F |L∞(D2k ) ≤ |F (0)|ec1d. Assume
F (x) is real and nonnegative on the cube Q given by |xi| ≤ 1, i = 1, · · · , n, in Rn.
Suppose R is a suitable cube contained in Q. For d sufficiently large, subdivide R
into cubes Ri of sides c2/d. Then for any given ε > 0, there exists a subset E of
measure less than ε such that

| log F (x) − log−
∫

Ri

F | ≤ c3 for any x ∈ Ri \ E,

where c3 is a positive constant depending on ε but not on d.

Proof. We assume F (0) = 1. Choose R ⊂ W (U) where W (U) is obtained
from Lemma 6.2.8. The function F ◦ W satisfies the hypotheses of Proposition
6.2.7. The conclusion of Proposition 6.2.7 then implies that if Qi ⊂ U , we have
outside a set of measure of a5ε

| log F (x) − log−
∫

W (Qi)

F | ≤ c,

since the Jacobian of W is bounded on U . For d sufficiently large, we assume that
each Ri is contained in some W (Qi) except for a union of Ri whose total measure
is less than a6ε. Also, we require that

c−1 ≤ m(Ri)
m(Qi)

≤ c.

We then finish the proof by elementary arguments. ¤

Now we are ready to prove the lower bound in Theorem 6.0.2.

Theorem 6.2.10. Suppose (Mn, g) is an analytic n-dimensional compact Rie-
mannian manifold (without boundary) and u is a smooth function satisfying ∆gu+
λu = 0 on M for some positive constant λ. Then

(6.2.17) Hn−1({x ∈ M ;u(x) = 0}) ≥ c
√

λ,

where c is positive constant depending only on (M, g).
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Proof. It suffices to consider the nodal sets contained in a single coordinate
patch U . By Lemma 6.2.1, there is at least one nodal point inside every ball of
radius a1λ

−1/2. Cover U by cubes Qi of sides a2λ
−1/2, a2 > a1, so that there exists

a nodal point xi in the middle tenth of Qi. Choose a3 so that Bi = Ba3λ−1/2(xi) is
completely contained in the middle one half of Qi.

We now apply Proposition 6.2.9 for the nonnegative function u2. The required
hypotheses are guaranteed by (6.1.7). Hence there exists a fixed cube R ⊂ U so
that for any sufficiently small ε > 0

| log u2(x) − log−
∫

Qi

u2| ≤ c for any x ∈ R ∩ Qi \ E,

where E is a subset of measure less than ε and c is a positive constant depending
on ε but not on d. Let Ri = R ∩ Qi \ E. Then we conclude easily that half of the
Qi satisfy

(6.2.18) m(Ri) ≥ (1 − a4ε)m(Qi).

Here m denotes the measure. Let S denote the set of those Qi satisfying (6.2.18).
Fix ε > 0 sufficiently small and consider only those Qi ∈ S. Then clearly we have

(6.2.19) −
∫

Qi

u2 ≤ c −
∫

Bi

u2,

where c is a positive constant depending only on (M, g), independent of λ. By a
similar argument as in the proof of Theorem 6.2.5, we get(

−
∫

Bi

u2
) 1

2 ≤ c −
∫

Bi

|u|.

By Lemma 6.2.4, we obtain

Hn−1(u−1{0} ∩ Bi) ≥ c(λ−1/2)n−1.

Summing over those Qi ∈ S satisfying (6.2.18), we obtain

Hn−1(u−1{0}) ≥
∑

Qi∈S
Hn−1(u−1{0} ∩ Bi) ≥ c

√
λ.

This completes the proof. ¤





CHAPTER 7

Measure Estimates of Singular Sets

In this chapter, we discuss the geometric measure of singular sets of solutions
of linear elliptic differential equations of second order.

We begin with a simple example. Consider a homogenous harmonic polynomial
of degree d in R2. By using polar coordinates x1 = r cos θ and x2 = r sin θ in
R2 = {(x1, x2)}, we assume P (x) = rd cos dθ. A direct calculation shows

∂1P = drd−1 cos(d − 1)θ, ∂2P = −drd−1 sin(d − 1)θ.

Therefore, both ∂1P and ∂2P are products of d − 1 distinct homogeneous linear
functions. Now assume u is a smooth perturbation of P in B1. Then, it is not hard
to imagine that the critical set of u has at most (d − 1)2 points in B1. As we see,
this is quite difficult to prove if u is only smooth.

In Section 2.4, we discussed singular sets of planar harmonic functions and
derived an optimal estimate on the number of points in singular sets. In this
chapter, we discuss singular sets of solutions of general elliptic differential equations.
We consider the homogeneous elliptic differential equation of the form

Lu ≡
n∑

i,j=1

aij(x)∂iju +
n∑

i=1

bi(x)∂iu + c(x)u = 0 in B1 ⊂ Rn,

where the coefficients aij satisfy
n∑

i,j=1

aij(x)ξiξj ≥ λ|ξ|2 for any ξ ∈ Rn, x ∈ B1,

for some positive constant λ. We assume aij are Lipschitz and bi and c are at least
bounded. The Lipschitz condition for the leading coefficients is essential. It implies
the unique continuation for the operator L. In other words, if a solution u vanishes
to an infinite order at a point in B1, then u is identically zero. For details, see
Chapter 3.

Set

N =

∫
B1

|∇u|2∫
∂B1

u2
.

It is proved in Chapter 3 that u satisfies

−
∫

B2r(x0)

u2 ≤ 4c1N+c2 −
∫

Br(x0)

u2(x) for any x0 ∈ B 1
2
, r < r0,

where c1, c2 and r0 < 1/3 are positive constants depending only on n, the ellipticity
constant λ, the Lipschitz constant of leading coefficients and the L∞-norms of all
coefficients. We then conclude that the vanishing order of u at any point p ∈ B1/2

123
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does not exceed c1N + c2. The quantity N is called the frequency of u in B1. It
controls the vanishing order of u.

The following conjecture concerns the size of singular sets in terms of the fre-
quency. It was proposed by Lin [69].

Conjecture 7.0.1. Let u be a solution of Lu = 0 in B1 ⊂ Rn. Then

Hn−2{x ∈ B 1
2
;u(x) = |Du|(x) = 0} ≤ CN2,

where C is a positive constant depending only on the elliptic operator L.

At this time, it is known to be true only for planar harmonic functions. It is
open even for harmonic functions in the general dimension.

7.1. Singular Sets of Harmonic Functions

In this section, we discuss singular sets of harmonic functions in arbitrary di-
mension. We first examine an example.

Example 7.1.1. Consider the harmonic polynomial in R3

u(x1, x2, x3) = x2
1x3 + x2

2x3 −
2
3
x3

3 − εx3.

A simple calculation shows

Du(x1, x2, x3) = (2x1x3, x2x3, x
2
1 + x2

2 − 2x2
3 − ε).

Then we have

S(u) =


∅ for ε < 0,

{(0, 0, 0)} for ε = 0,

{(x1, x2, 0);x1
1 + x2

2 = ε} for ε > 0.

The dimension of the singular set S(u) changes according to the sign of ε.

Example 7.1.1 illustrates that a serious problem arises if we study singular
sets only in real spaces. This suggests that we need to study the singular set for
holomorphic extensions of harmonic functions in the complex space. Results on the
structure of singular sets in Chapter 4 play an important role.

The main result in this section is the following theorem, which was proved by
Han, Hardt and Lin [47] for solutions of general elliptic differential equations with
smooth coefficients.

Theorem 7.1.2. Suppose u is a harmonic function in B1 ⊂ Rn with

N =

∫
B1

|∇u|2∫
∂B1

u2
.

Then
Hn−2(S(u) ∩ B 1

2
) ≤ C(N),

where C(N) is a positive constant depending only on n and N .

The key result is the following lemma. We denote by Br and Dr balls of radius
r in Rn and Cn respectively.
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Lemma 7.1.3. Let P be a homogeneous harmonic polynomial of degree d ≥ 2
and of two variables in Rn. Then there exist positive constants ε and r, depending
on P , such that for any harmonic function u in B1 with

|u − P |L∞(B1) < ε,

there holds
Hn−2(|Du|−1{0} ∩ Br) ≤ c(n)(d − 1)2rn−2.

Proof. First, there exists a universal constant R ∈ (0, 1) such that u(x) can
be extended to a holomorphic function u(z) in DR with

(7.1.1) |u − P |C1(DR) ≤ c(n)|u − P |L∞(B1) ≤ cε.

In the following, we assume
∫

∂B1
P 2 = 1.

We first prove for n = 2. By (2.4.11), we have

|DP (z)| ≥ c0|z|d−1,

where c0 is a positive universal constant. By taking ε small in (7.1.1), we get

|Du(z) − DP (z)| < |PD(z)| for any |z| = R.

Note that Lemma 1.3.1, the Bezout’s formula, implies

#{|DP |−1(0)} = (d − 1)2 (including the multiplicity).

By Lemma 1.3.2, the Rouché Theorem in C2, we have

#{|Du|−1(0) ∩ DR} ≤ (d − 1)2.

This implies in particular

#{|Du|−1(0) ∩ BR} ≤ (d − 1)2.

Next, we discuss the general dimension. We temporarily denote by x̃ the co-
ordinates in Rn and by z̃ the corresponding complex coordinates. In the following,
we set Du = (f, f̃) and DP = (g, 0). Here we treat f and g as maps from Cn to
C2. Then we have

|g(z̃)|2 ≥ c0(|z̃1|2 + |z̃2|2)
d−1
2 ,

and
|f − g|L∞(DR) ≤ cε.

Now we introduce a change of coordinate x̃ = Ox in Rn with an orthogonal
matrix O = (oij) to be chosen. Then in Cn, we have z̃ = Oz. In the following, we
evaluate f and g in z. For simplicity, we still write f and g, instead of f ◦ O and
g ◦ O. Then we have

(7.1.2) |g(z)|2 ≥ c0

(
|

n∑
i=1

o1izi|2 + |
n∑

i=1

o2izi|2
) d−1

2

.

Note that only the first two rows of the matrix O appear in (7.1.2).
For any p ∈ Rn and any 1 ≤ i < j ≤ n, denote by Pij(p) the 2-dimensional

hyperplane
{(p1, · · · , pi−1, zi, pi+1, · · · , pj−1, zj , pj+1, · · · , pn)},

and simply write Pij(p) = {(zi, zj)} when there is no confusion. We also set Pij =
Pij(0).
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Fix any 1 ≤ i < j ≤ n. We consider f and g restricted on Pij . A straightforward
calculation shows that∣∣g|Pij

∣∣2 ≥ c0

(
|o1izi + o1jzj |2 + |o2izi + o2jzj |2

) d−1
2

≥c0

(
c∗(|zi|2 + |zj |2)

) d−1
2 ,

(7.1.3)

where

c∗ = min
{1

2
(o2

1i + o2
1j + o2

2i + o2
2j),

(o1io2j − o1jo2i)2

o2
1i + o2

1j + o2
2i + o2

2j

}
.

Therefore, we require that, in the orthogonal matrix O, any 2 × 2 submatrices in
the first two rows have nonzero determinants. If we write g = (g1, g2), then each
gi is a product of d − 1 homogeneous linear functions with real-valued coefficients.
We again apply Lemma 1.3.2, the Rouché Theorem in C2, to get the following
conclusion. There exists a constant ηij such that for any holomorphic function
v : DR ⊂ C2 = {(zi, zj)} → C2 with

(7.1.4)
∣∣v − g|Pij

∣∣
L∞(D2

R)
< ηij ,

there holds

(7.1.5) #(v−1{0} ∩ D2
R) ≤ (d − 1)2.

Here we denote by D2
R the ball (centered at origin) with radius R in C2.

Take

η =
1
2

min
1≤i<j≤n

ηij .

For any p ∈ Rn and any 1 ≤ i < j ≤ n, set vij,p = f
∣∣Pij(p). By taking ε small in

(7.1.1), we have ∣∣vij,p − g|Pij

∣∣
L∞(D2

R)
< 2η ≤ ηij .

Then we have

#(v−1
ij,p{0} ∩ D2

R) ≤ (d − 1)2.

Obviously |Du|−1{0} ∩ Pij(p) ⊂ v−1
ij,p{0}. If we set πij as the projection

πij(x1, · · · , xn) = (x1, · · · , xi−1, xi+1, · · · , xj−1, xj+1, · · · , xn) ∈ Rn−2,

then we have shown, in particular, that for any q ∈ Bn−2
R ⊂ Rn−2 and any 1 ≤ i <

j ≤ n

#(|Du|−1{0} ∩ π−1
ij (q) ∩ BR) ≤ (d − 1)2.

Hence Theorem 1.2.10, the integral geometric formula, implies

Hn−2(|Du|−1{0} ∩ BR)

≤
∑

1≤i<j≤n

∫
Bn−2

r

#(|Du|−1{0} ∩ π−1
ij (q) ∩ BR)dHn−2q ≤ c(n)(d − 1)2Rn−2.

This finishes the proof. ¤

As the first step in proving Theorem 7.1.2, we show the following result.
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Lemma 7.1.4. Suppose u is a nonconstant harmonic function in B1 ⊂ Rn with
‖u‖L2(B1) = 1. Then there exist positive constants C(u) and ε(u), depending on n
and u, and a finite collection of balls {Bri(xi)} with ri ≤ 1/8 and xi ∈ S(u) such
that for any harmonic function v in B1 with

|u − v|L∞(B1) < ε(u),

there hold
Hn−2

(
S(v) ∩ B1/2\ ∪ Bri(xi)

)
≤ C(u),

and ∑
rn−2
i ≤ 1

2n−1
.

Lemma 7.1.4 illustrates that the singular set S(v) of v is decomposed into two
parts, a good part and a bad part. The good part has a measure estimate and the
bad part is covered by small balls. The key point here is that the estimate for the
good part and the covering for the bad part can be made uniform for harmonic
functions v close to some u.

Proof. Let u be given in Lemma 7.1.4. By Lemma 4.1.4, we have

S(u) = Sb(u) ∪ Sg(u),

where Sb(u) has the Hausdorff dimension not exceeding n−3, Sg(u) is on a countable
union of (n − 2)-dimensional C1 manifolds and for any p ∈ Sg(u) the leading
polynomial of u at p is a homogeneous harmonic polynomial of 2 variables after an
appropriate rotation. In particular, we have

Hn−2
(
Sb(u)

)
= 0.

Then, there exist at most countably many balls Bri(xi) with ri ≤ 1/8 and xi ∈
Sb(u) such that

(7.1.6) Sb(u) ⊂
∪
i

Bri(xi),

and

(7.1.7)
∑

rn−2
i ≤ 1

2n−1
.

We claim for any y ∈ Sg(u) ∩ B3/4, there exist positive constants R < 1/8,
r < R, η and c, depending only on u and y, such that, for any harmonic function
v satisfying

(7.1.8) |u − v|
L∞

(
BR(y)

) < η,

then

(7.1.9) Hn−2 {S(v) ∩ Br(y)} ≤ crn−2.

We postpone the proof of (7.1.9).
It is obvious that the collection of {Bri(xi)} and {Br(y)(y)}, y ∈ Sg(u), covers

S(u). By the compactness of S(u), there exist xi ∈ Sb(u), i = 1, · · · , k = k(u), and
yj ∈ Sg(u), j = 1, · · · , l = l(u), such that

(7.1.10) S(u) ∩ B3/4 ⊂

(
k∪

i=1

Bri(xi)

)∪  l∪
j=1

Bsj (yj)

 ,
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with ri ≤ 1/8, i = 1, · · · , k, and sj ≤ 1/8, j = 1, · · · , l. Since S(u) is closed, there
exists a positive constant ρ = ρ(u) such that

(7.1.11)
{
x ∈ B3/4; dist

(
x,S(u)

)
< ρ

}
⊂

(
k∪

i=1

Bri(xi)

)∪  l∪
j=1

Bsj (yj)

 .

It is easy to see that for such a ρ there exists a positive constant δ = δ(u) such that
|u − v|C1(B3/4) < δ implies

(7.1.12) S(v) ∩ B1/2 ⊂
{
x ∈ B3/4; dist

(
x,S(u)

)
< ρ

}
.

Denote

Bu =
k∪

i=1

Bri(xi), Gu =
l∪

j=1

Bsj (yj).

Now we take ε(u) < δ(u) small enough such that, for any harmonic function v in
B1, the condition

|u − v|L∞(B1) < ε(u)

implies for each j = 1, · · · , l = l(u),

|u − v|L∞(BR(yj)) < η(yj , u).

Therefore, there hold by (7.1.6), (7.1.7), (7.1.10)-(7.1.12),

S(v) ∩ B1/2 ⊂
(
S(v) ∩ Bu

)
∪

(
S(v) ∩ Gu

)
,

Hn−2
(
S(v) ∩ Gu

)
≤ c

l∑
j=1

sn−2
j ≡ C(u),

and

Bu =
k∪

i=1

Bri(xi), ri ≤
1
8

and
k∑

i=1

rn−2
i ≤ 1

2n−1
.

Now we prove (7.1.9) under the assumption (7.1.8). For any y ∈ Sg(u) ∩ B3/4,
we have

u(x + y) = P (x) + ψ(x) for any x ∈ B 1
4
,

where P is a nonzero homogeneous harmonic polynomial of degree d with 2 ≤ d ≤ N
and ψ(x) satisfies, by interior estimates,

(7.1.13) |ψ(x)| ≤ C|x|d+1 for any |x| < 1/8,

for a positive constant C depending only on N and n. Here N is the largest
vanishing order of u in B1/2. By an appropriate rotation, P is a function of two
variables. Hence we may assume P is defined in R2 × {0} with Rn = R2 × Rn−2.
We abuse the notation by saying that P is defined in R2. Let ε∗ and r∗ be the
constants given in Lemma 7.1.3 for P . By (7.1.13), we take a positive constant
R = R(y, u) < 1/8 such that

| 1
Rd

ψ|L∞(BR) <
1
2
ε∗.

Choose η small, depending on R and ε∗, such that (7.1.8) implies

| 1
Rd

(u − v)|L∞(BR(y)) <
1
2
ε∗.
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Then

| 1
Rd

(
v − P (· − y)

)
|L∞(BR(y)) < ε∗.

By considering the transformation x 7→ y + Rx, we have

| 1
Rd

v(y + R ·) − P |L∞(B1) < ε∗.

Hence we apply Lemma 7.1.3 to P . After transforming back to BR(y), we get for
some r ≤ Rr∗

Hn−2(|Dv|−1{0} ∩ Br) ≤ c(n)(d − 1)2rn−2.

Therefore, we obtain (7.1.9). ¤

The proof of Theorem 7.1.2 is based on an iteration of Lemma 7.1.4. In order
to do this, we need to introduce a class of compact harmonic functions. Consider
a positive integer N and denote by HN the collection of all harmonic functions u
in B1 ⊂ Rn satisfying

(7.1.14) −
∫

B2r(x0)

u2(x) dx ≤ 4N −
∫

Br(x0)

u2(x) dx,

for any x0 ∈ B2/3 and 0 < 2r < dist(x0, ∂B1). Obviously, HN is invariant under
dilations and translations. Specifically, if u ∈ HN , then ux0,r = u(x0 + r·) ∈ HN

for any x0 ∈ B2/3 and 0 < 2r < dist(x0, ∂B1). The class HN has the following
important compactness property.

Lemma 7.1.5. For any fixed positive integer N , the collection

H1
N = {u ∈ HN ;

∫
B 1

2

u2(x)dx = 1}

is compact under the local L∞-metric.

Proof. The proof is straightforward. Suppose uk ∈ H1
N . By (7.1.14) and a

covering argument, we have for any R ∈ (0, 1)

‖uk‖L2(BR) ≤ c(N,R), k = 1, 2, · · · .

Then there is a subsequence uk′ such that uk′ converges to a harmonic function u
locally in C2(B1). In (7.1.14) with u replaced with uk, we take the limit k → ∞.
Hence (7.1.14) holds for u and then u ∈ HN . It is obvious that

∫
B1/2

u2(x)dx =
1. ¤

Now we prove the following result.

Theorem 7.1.6. Let N be a positive integer. Then for any u ∈ HN ,

Hn−2
{
S(u) ∩ B1/2

}
≤ C,

where C is a positive constant depending on N and n.

Theorem 7.1.2 follows readily from Theorem 7.1.6. To prove Theorem 7.1.6,
we need an improved version of Lemma 7.1.4.
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Lemma 7.1.7. Suppose N is a positive integer. Then there exists a positive
constant C, depending only on n and N , such that for any u ∈ HN there exists a
finite collection of balls {Bri(xi)}, with ri ≤ 1/4 and xi ∈ S(u), such that

Hn−2
(
S(u) ∩ B1/2\ ∪ Bri(xi)

)
≤ C,

and ∑
rn−2
i ≤ 1

2
.

By comparing Lemma 7.1.4 and Lemma 7.1.7, we note that the constant C in
Lemma 7.1.4 depends on the function u and that the constant C in Lemma 7.1.7
depends only on the class HN , independent of specific functions in this class.

Proof. Take an arbitrary function u0 ∈ H1
N . Consider any u ∈ H1

N with
|u0 − u|L∞(B7/8) < η0. We take η0 = η0(u0) small such that

η0 ≤ ε(u0),

where ε(u0) is the constant given in Lemma 7.1.4. Then by Lemma 7.1.4, there
exist a positive constant C(u0) and finitely many balls {Bri(xi)}, with xi ∈ S(u0)
and ri ≤ 1/8, such that, for any u ∈ H1

N with |u0 − u|L∞(B7/8) < η0,

Hn−2
(
S(u) ∩ B 1

2
\ ∪ Bri(xi)

)
≤ C(u0),

and ∑
rn−2
i ≤ 1

2n−1
.

If S(u) ∩ Bri(xi) 6= ∅, we take x̃i ∈ S(u) ∩ Bri(xi). Obviously Bri(xi) ⊂ B2ri(x̃i).
Therefore, for such a u by renaming radii and centers, we find a finite collection of
balls {Bri(xi)}, with xi ∈ S(u) and ri ≤ 1/4, such that

Hn−2
(
S(u) ∩ B1/2\ ∪ Bri(xi)

)
≤ C(u0),

and ∑
rn−2
i ≤ 1

2
.

By Lemma 7.1.5, H1
N is compact under local L∞-metric. Hence there exist u1, · · · ,

um ∈ H1
N and η1 = η(u1), · · · , ηm = η(um) such that for any u ∈ H1

N there exists
a k, 1 ≤ k ≤ m, with the property

|u − uk|L∞(B7/8) ≤ ηk.

Denote
C = max{C(u1), · · · , C(up)}.

Such a constant C is finite and depends only on the class HN . ¤

Now we are ready to prove Theorem 7.1.6. The iteration scheme in the proof
was first introduced by Hardt and Simon [51] and already used in Chapter 5.

Proof of Theorem 7.1.6. We use an iteration process to prove Theorem
7.1.6. To begin with, define

φ0 = {B1/2}.
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We claim that we may find φ1, φ2, · · · , each of which consists of a collection of balls,
such that for any ` ≥ 1

rad(B) ≤ 1
2
· 1
2`

for any B ∈ φ`,∑
B∈φ`

(
rad(B)

)n−2 ≤ 1
2`

,

and

Hn−2

S(u) ∩
∪

B∈φ`−1

B \
∪

B∈φ`

B

 ≤ C

2`
,

where C is the positive constant given in Lemma 7.1.7. Observe that

S(u) ∩ B 1
2
⊂

∞∪
`=1

S(u) ∩
( ∪

B∈φ`−1

B \
∪

B∈φ`

B
) 

∪
∞∩

`=0

S(u) ∩
∞∪

j=`

∪
B∈φj

B

 .

Hence we have

Hn−2
(
S(u) ∩ B1/2

)
≤ C

∑
`≥1

1
2`−1

+ inf
`≥0

∞∑
j=`

1
2j

 ≤ 2C.

To prove the claim, we construct {φ`} by an induction. Note φ0 = {B1/2}.
Suppose φ0, φ1, . . . , φ`−1 are already defined for some ` ≥ 1. To construct φ`, we
take B = Br(y) ∈ φ`−1, with r ≤ 1/2, and consider the transformation

x 7→ y + 2rx.

Then, ũ(x) = u(y + 2rx) is a harmonic function in B1. Obviously, ũ ∈ HN . Hence
we apply Lemma 7.1.7 to ũ to obtain a collection of balls {Bsi(zi)}, with si ≤ 1/4
and zi ∈ S(ũ), such that

Hn−2
(
S(ũ) ∩ B 1

2
\ ∪ Bsi(zi)

)
≤ C,

and ∑
sn−2

i ≤ 1
2
.

Now transform B1/2 back to Br(y) by

x 7→ x − y

2r
.

We obtain that, for B = Br(y) ∈ φ`−1, there exist finitely many balls {Bri(xi)} in
B2r(y), with ri ≤ r/2, such that

Hn−2

(
S(u) ∩ Br(y)\

∪
i

Bri(xi)

)
≤ Crn−2 ,

and ∑
i

rn−2
i ≤ 1

2
rn−2.
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Then we set
φB

` =
∪
i

{Bi(xi)},

and
φ` =

∪
B∈φ`−1

φB
` .

Hence we obtain

Hn−2

S(u) ∩
∪

B∈φ`−1

B \
∪

B∈φ`

B

 ≤ C

 ∑
Bri

(xi)∈φ`−1

rn−2
i

 ,

and by induction

ri ≤
1
2
· 1
2`

,
∑

Bri
(xi)∈φ`

rn−2
i ≤ 1

2`
,

for each ` ≥ 1. This concludes the proof. ¤

7.2. Singular Sets of Smooth Solutions

In this section, we discuss the geometric measure of singular sets for smooth
solutions. The main result is the following theorem proved by Han, Hardt and Lin
[47].

Theorem 7.2.1. Suppose that L is an elliptic operator of the form (4.3.1)
satisfying (4.3.2) and (4.3.3) and that u is a C∞-solution of Lu = 0 in B1 with∫

B1
|∇u|2∫

∂B1
u2

≤ N0,

for some positive constant N0. Then

Hn−2(S(u) ∩ B 1
2
) ≤ C,

where C is a positive constant depending on N0, λ and the CM -norms of the co-
efficients aij, bi and c, for some positive constant M depending on N0, λ, κ and
Γ.

The key result is the following lemma for functions in R2.

Lemma 7.2.2. Let P be a homogeneous harmonic polynomial of degree d ≥ 2
in R2. Then there exists a positive constant δ, depending only on P , such that for
any u ∈ C2d2

(B1) with
|u − P |C2d2 (B1)

< δ,

there holds
#(|Du|−1{0} ∩ B 1

2
) ≤ c(d − 1)2,

where c is a universal constant.

Lemma 7.2.2 replaces Lemma 1.3.2, the Rouché Theorem in C2, in the proof
of a result similar to Lemma 7.1.3. Lemma 7.2.2 follows easily from Lemma 1.3.3
with (P1, P2) = ∇P .

Now we sketch the proof of Theorem 7.2.1.
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Proof of Theorem 7.2.1. The proof consists of several steps.
Step 1. Set

Sg(u) = {p ∈S(u); the leading polynomial of u at p is

a polynomial of two variables by an appropriate rotation}.

By Corollary 4.1.4, we have

Hn−2
(
S(u) \ Sg(u)

)
= 0.

Then for any ε > 0, there exist at most countably many balls Bri(xi) with ri ≤ ε
and xi ∈ S(u) \ Sg(u) such that

(7.2.1) S(u) \ Sg(u) ⊂
∪
i

Bri(xi),

and

(7.2.2)
∑

rn−2
i ≤ γ(ε, u),

where γ(ε, u) → 0 as ε → 0.
We claim for any y ∈ Sg(u) ∩ B3/4, there exist R = R(y, u), r = r(y, u) and

c = c(y, u), with r < R, such that

(7.2.3) Hn−2 {Br(y) ∩ S(u)} ≤ crn−2.

The proof of (7.2.3) is based on Lemma 7.2.2 and the fact that the degree of the
leading polynomial at any p ∈ Sg(u) is at most c0N . We omit details.

It is obvious that the collection of {Bri(xi)} and {Br(y)(y)}, y ∈ Sg(u), covers
S(u). By the compactness of S(u), there exist xi ∈ S(u)\Sg(u), i = 1, · · · , k =
k(ε, u), and yj ∈ S∗(u), j = 1, · · · , l = l(ε, u), such that

(7.2.4) S(u) ∩ B3/4 ⊂
(
∪k

i=1Bri(xi)
) ∪ (

∪l
j=1Bsj (yj)

)
,

with ri ≤ ε, i = 1, · · · , k, and sj ≤ ε, j = 1, · · · , l.
Step 2. In Step 1, The constant γ in (7.2.2) and c in (7.2.3) depend on u. To

improve the results established in Step 1, we should work in a compact class of
elliptic operators satisfying (4.3.1)-(4.3.3) and in a compact class of solutions with
controlled frequency. Then by a compactness argument, we conclude the following
result. Let u be as given in Theorem 7.2.1. For any ε > 0, there exist positive
constants C(ε) and γ(ε), depending only on ε and N0, as well as λ, κ, Γ and n, with
γ(ε) → 0 as ε → 0, such that there exists a collection of balls {Bri(xi)} with ri ≤ ε
and xi ∈ S(u) such that

Hn−2
(
S(u) ∩ B1/2 \ ∪Bri(xi)

)
≤ C(ε),

and ∑
rn−2
i ≤ γ(ε).

We emphasize that C(ε) and γ(ε) are independent of u.
Step 3. We use the standard iteration process to prove Theorem 7.2.1. To

begin with, define
φ0 = {B1/2} .
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Fix an ε > 0. We claim that we may find φ1, φ2, · · · , each of which consists of a
collection of balls, such that for any ` ≥ 1

rad(B) ≤ (2ε)`

2
for any B ∈ φ`,∑

B∈φ`

(
rad(B)

)n−2 ≤ γ(ε)`,

and

Hn−2

S(u) ∩
∪

B∈φ`−1

B \
∪

B∈φ`

B

 ≤ C(ε)[γ(ε)]`−1,

where C(ε) and γ(ε) are given in Step 2. Observe that

S(u) ∩ B1/2 ⊂
∞∪

`=1

S(u) ∩
( ∪

B∈φ`−1

B \
∪

B∈φ`

B
) 

∪
∞∩

`=0

S(u) ∩
∞∪

j=`

∪
B∈φj

B

 .

Hence we have

Hn−2
(
S(u) ∩ B1/2(0)

)
≤ C(ε)

∑
`≥1

[γ(ε)]`−1 + inf
`≥0

∞∑
j=`

[γ(ε)]j


≤ 2C(ε),

provided we take ε small so that γ(ε) ≤ 1/2.
To prove the claim, we construct {φ`} by an induction. Note φ0 = {B1/2},

independent of ε. Suppose φ0, φ1, . . . , φ`−1 are already defined for some ` ≥ 1. To
construct φ`, we take B = Br(y) ∈ φ`−1, with r ≤ 1/2. Consider the transformation
x 7→ y + 2rx. Then, via Lu = 0 in B2r(y), we have

L̃ũ = 0 in B1,

where

L̃ =
n∑

i,j=1

aij(y + 2rx)∂xixj +
n∑

i=1

2rbi(y + 2rx)∂xi + (2r)2c(y + 2rx),

and

ũ(x) = u(y + 2rx).

Note that Step 2 can be applied to L̃ and ũ. Hence we obtain a collection of balls
{Bsi(zi)} with si ≤ ε and zi ∈ S(ũ) such that

Hn−2
(
S(ũ) ∩ B1/2 \ ∪Bsi(zi)

)
≤ C(ε),

and ∑
sn−2

i ≤ γ(ε).
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Now transform B1/2 back to Br(y) by x 7→ (x−y)/2r. Then for B = Br(y) ∈ φ`−1,
there exist finitely many balls {Bri(xi)} in B2r(y), with ri ≤ 2εr, such that

Hn−2

(
S(u) ∩ Br(y) \

∪
i

Bri(xi)

)
≤ C(ε)rn−2,

and ∑
i

rn−2
i ≤ rn−2γ(ε).

Now we set
φB

` =
∪
i

{Bi(xi)},

and
φ` =

∪
B∈φ`−1

φB
` .

Hence we obtain

Hn−2

S(u) ∩
∪

B∈φ`−1

B \
∪

B∈φ`

B

 ≤ C(ε)

 ∑
Bri

(xi)∈φ`−1

rn−2
i

 ,

and by an induction

ri ≤
(2ε)`

2
,

∑
Bri

(xi)∈φ`

rn−2
i ≤ [γ(ε)]`,

for each ` ≥ 1. This concludes the proof. ¤
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