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Abstract. In this paper, we introduce a new linearization process for the Darboux
equation, a fully nonlinear differential equation for the isometric embedding of 2-dim
Riemannian manifolds in R3. We prove that the local solvability of the Darboux
equation is determined solely by the local solvability of this linearized equation.

1. Introduction

In 1873, Schlaefli conjectured that every 2-dimensional smooth Riemannian manifold
admits a smooth local isometric embedding in R3. It was more than 50 years later that an
affirmative answer was given for the analytic case by Janet; he proved in 1926 that any 2-
dimensional analytic Riemannian manifold admits a local analytic isometric embedding
in R3. Schlaefli’s conjecture for the smooth case was given a renewed attention by Yau
[13] in the 1980s and 1990s.

The existence of a local isometric embedding of a 2-dim smooth Riemannian manifold
in R3 can be shown easily to be equivalent to the existence of a local solution of a fully
nonlinear equation of the Monge-Ampère type. Suppose g is a smooth metric in an open
set Ω ⊂ R2 containing the origin. Isometrically immersing g in R3 is equivalent to finding
a function r= (X1, X2, X3) : Ω → R3 such that

(1.1) dX2
1 + dX2

2 + dX2
3 = g.

With X3 = u(x1, x2), the metric dX2
1 +dX2

2 = g−dX2
3 = g−du2 is flat and hence has a

zero Gauss curvature. By a straightforward calculation, we conclude that the solvability
of (1.1) is equivalent to the solvability of

(1.2) det(∇2
gu) = K det(gij)(1− |∇gu|2),

with a subsidiary condition |∇gu| < 1. Equation (1.2) is referred to as the Darboux
equation. Here and thereafter, K is the Gauss curvature of g.

The difficulty in solving (1.2) locally arises from the vanishing of the Gauss curvature.
In 1985 and 1986, Lin made important breakthroughs by proving the existence of a
sufficiently smooth local isometric embedding in R3 of sufficiently smooth surfaces if the
Gauss curvature is nonnegative [10] or if the Gauss curvature changes sign cleanly, i.e.,
the gradient of the Gauss curvature is not zero [11]. In 2003, Han, Hong and Lin [5]
proved the existence of a smooth local isometric embedding of smooth surfaces if the
Gauss curvature is nonpositive and satisfies some stability condition. In 2005, Han [2]
gave a simple proof of Lin’s result established in [11]. Later, Han [3] proved the existence
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of a sufficiently smooth local isometric embedding in R3 if the Gauss curvature changes
sign at any (finite) odd order across a curve. A similar result was also obtained by Khuri
[8]. (See [4] for details.)

The first step in proving these results all involves linearizing (1.2) at an appropriately
chosen initial approximate solution. In [10], [11], [5], [2], [3] and [8], different initial
approximate solutions and hence different linearization process were introduced for dif-
ferent cases, according to whether the Gauss curvature is nonnegative, nonpositive or
of a mixed sign. A major contribution in this paper is to introduce a new process, in-
dependent of the Gauss curvature, to linearize the Darboux equation (1.2) so that the
type of the resulting linearized equation is determined solely by the Gauss curvature.
The local solvability of the fully nonlinear Darboux equation (1.2) is then determined
completely by whether we are able to solve this particular linear equation. It is believed
that this linearization process will lead to more results on the existence of local isometric
embedding of surfaces in R3.

Now we describe briefly this linearization process. We intend to find a solution u of
(1.2) of the form

(1.3) u(x1, x2) =
1
2
x2

1 + w(x1, x2),

where w has a small C2-norm. The solution u found in this way satisfies ∇11u 6= 0 and
corresponds to an isometric embedding with a nonvanishing second fundamental form.
The linearized equation of (1.2) at w, although easy to calculate, is difficult to analyze,
especially when K is allowed to vanish. We have a crucial observation in regard to this
linearized equation. By choosing an appropriate coordinate system and adding some
correcting terms, we are able to write the principal part of this linearized equation in
the form

(1.4) ∂22u + a(x)K(x)∂11ρ = f,

where a is a positive function in a neighborhood of 0 ∈ R2. Clearly, (1.4) is elliptic if
K > 0 and hyperbolic if K < 0. In deriving (1.4), we take an advantage of the fact that
coefficients of the second order terms in the linearized equation consist of the cofactor
matrix of a Hessian (with respect to the metric g). The method here is limited to the
2-dimensional case. See Lemma 2.1 for a complete statement of this linearization.

As an application of this general linearization process, we will revisit results in [11],
[2], [3] and [8], where only sufficiently smooth local isometric embeddings are established
even if metrics are smooth. The isometric embeddings in these papers fail to be smooth,
because the domain of the existence shrinks to a point as the regularity of the isometric
embedding is raised to infinity. In this paper, we will prove that there indeed exist
smooth local isometric embeddings in these cases.

To author’s opinion, the general linearization process described above is the major
contribution in this paper. Theorems to be presented are only corollaries of this general
process. Next, we state a simple case and postpone a general case till Section 4.

Theorem 1.1. Suppose g is a smooth metric in a neighborhood of 0 ∈ R2 such that
its Gauss curvature K satisfies K(0) = 0 and ∇K(0) 6= 0. Then g, restricted to some
neighborhood of 0, admits a smooth isometric embedding in R3.
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In the rest of the introduction, we describe the proof. The aim is to prove the existence
of a smooth local solution of (1.2) under the assumptions in Theorem 1.1 or in Theorem
4.1. With a slight modification of the linearization process described before, (1.4) has
the following form instead

(1.5) ∂22ρ + a(x)η(x2)∂11ρ = f,

where η(t) = t for Theorem 1.1 or η is a smooth increasing function in a neighborhood
of 0 ∈ R with η(0) = 0 for Theorem 4.1 and a is a positive function in a neighborhood
of 0 ∈ R2. Clearly, (1.5) is elliptic if x2 > 0 and hyperbolic if x2 < 0. We note that
(1.5) is a Tricomi-type equation if η(t) = t. The Tricomi equation has been studied
extensively by many people. A recent survey paper [12] by Morawetz gave a detailed
account of historical backgrounds and known results. Since we are only concerned with
the existence of local solutions, we have freedom to choose domains and boundary/initial
conditions. In [11] and [2], (1.5) was changed to a positive symmetric differential system
introduced by Friedrichs [1]. By this method, we can only obtain sufficiently smooth
local solutions.

In this paper, we provide an efficient method to construct a smooth solution of (1.5)
with standard energy estimates. We discuss (1.5) separately in the elliptic region {x; x2 >
0} and in the hyperbolic region {x; x2 < 0}. The discussion in the elliptic region is similar
to that in [9] and [7], while the discussion in the hyperbolic region is adapted from [6].
As {x; x2 = 0} consists of a single piece of curve, solutions in two separate regions can
be combined together to form a smooth solution of (1.5) in a neighborhood of the origin.

The paper consists of 4 sections, including this introduction. In Section 2, we linearize
the Darboux equation (1.2). By changing coordinates and adding some correcting terms,
we change the linearized equation into (1.4). In Section 3, we derive a priori estimates
for solutions of (1.5), in {x;x2 ≥ 0} and {x;x2 ≤ 0} separately. In Section 4, we use the
Nash-Moser iteration to prove the existence of a smooth solution of (1.2).

2. A Linearization Process

In this section, we discuss linearizations of the Darboux equation.
We denote by g̃ a metric in a neighborhood of 0 ∈ R2 = {(x̃1, x̃2)} and consider

(2.1) F̃(ũ) = det(∇̃ij ũ)− K̃|g̃|(1− |∇̃ũ|2),
where ∇̃ is the covariant derivative with respect to g̃ and K̃ is the Gauss curvature of g̃.
We always assume K̃(0) = 0. For ε > 0, we set

x̃ = εx,

and

(2.2) ũ(x̃) =
1
2
x̃2

1 + ε
5
2 w

( x̃

ε

)
= u(x).

Now, we introduce a new metric

g = gij(x)dxidxj = g̃ij(εx)dxidxj .
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Then we have
∇̃ũ =

1
ε
∇u, ∇̃2ũ =

1
ε2
∇2u,

where we denote by ∇ the covariant derivative with respect to g. We also write ∂i = ∂xi

and ∂̃i = ∂x̃i .
To proceed, we set

F(w) =
1√
ε
F̃(ũ) =

1√
ε

(
det(∇̃ij ũ)− K̃|g̃|(1− |∇̃ũ|2))

=
1√
ε

(
det

(∇iju

ε2

)− K̃|g̃|(1− 1
ε2
|∇u|2)

)
,

(2.3)

where K̃ and |g̃| are evaluated at εx. Next, we set

Ω =
{
(x1, x2) ∈ R2; |x1| ≤ 2, |x2| ≤ 2

}
.

For ε small, F(w) is well defined in Ω. For w = 0, we have

F(0) =
1√
ε

det(δ1iδ1j − εΓ̃1
ijx1)− 1√

ε
K̃|g̃|(1− ε2g̃11x2

1),

where K̃, |g̃|, Γ̃k
ij , g̃

ij are evaluated at εx. As K̃ = O(ε) since K̃(0) = 0, we obtain

(2.4) F(0) =
√

εF0(ε, x),

where F0 is a smooth function in
√

ε and x.
Now we consider the linearized operator of F at a smooth function w in Ω. We recall

from (2.2)

(2.5) u(x) =
1
2
ε2x2

1 + ε
5
2 w(x).

By (2.3), the linearized operator of F at w is given by

(2.6) F ′(w)ρ = Φij∇ijρ + 2K̃|g̃|∇u∇ρ,

where (Φij) is the cofactor matrix of (∇iju/ε2). In (2.6), it is not clear how F ′(w) depends
on K̃. The following result is the general linearization described in the introduction.

Lemma 2.1. For any ε ∈ (0, ε0] and any smooth function w in Ω with |w|C2 ≤ 1, there
exist a transform T : Ω → T (Ω), smooth in x, D2w and D3w, of the form

(2.7) x 7→ y,

such that, in the new coordinate y, the operator F ′(w) is given by

F ′(w)ρ =a22∂y2y2ρ + a11K∂y1y1ρ + (b10K + b11∂y1K)∂y1ρ + b2∂y2ρ

+ ã11F(w)∂y1y1ρ +
(
b̃10F(w) + b̃11∂y1F(w)

)
∂y1ρ,

(2.8)

where K is given by

(2.9) K(y) = K̃(εx),

and a11, a22, b10, b11, b2, ã11, b̃10 and b̃11 are smooth functions in
√

ε, y, Dw, D2w, D3w
and D4w, with

(2.10) aii = 1 + O(ε) in T (Ω), i = 1, 2.
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Moreover, yi = yi(x) in (2.7) satisfies

(2.11) yi = xi + O(
√

ε) in Ω, i = 1, 2,

and for any s ≥ 0

(2.12) ‖yi‖s ≤ cs(1 + ‖w‖s+3),

for some positive constant cs.

Before the proof, we first discuss the significance of Lemma 2.1. We define

(2.13) L(w)ρ = a22∂y2y2ρ + a11K∂y1y1ρ + (b10K + b11∂y1K)∂y1ρ + b2∂y2ρ.

Obviously, this is a part of F ′(w) in (2.8), since we may write

(2.14) F ′(w)ρ = L(w)ρ + ã11F(w)∂y1y1ρ +
(
b̃10F(w) + b̃11∂y1(F(w))

)
∂y1ρ.

The operator L(w) in (2.13) has a simple form in the new coordinate system (y1, y2). It
is elliptic if K > 0 and hyperbolic if K < 0. (We note that the principal part of L(w)
has the form (1.4).) We emphasize that the type of L(w) is determined solely by K and
is independent of w, where the linearized operator is obtained. This is crucial in the
iteration. We note that other terms in (2.14) are quadratic in F(w) and ρ, and their
derivatives. Hence, we will regard them as quadratic errors and solve L(w)ρ = f instead
of F ′(w)ρ = f in the iteration process.

Proof. Recall that (Φij) is the cofactor matrix of (∇iju/ε2), i.e.,

(2.15) Φ22 =
∇11u

ε2
, Φ12 = −∇12u

ε2
, Φ11 =

∇22u

ε2
.

Then we have by (2.5)

(2.16) Φij = δi
2δ

j
2 + O(

√
ε).

Let ϕ̂ be a smooth function in ε and x satisfying

(2.17) ϕ̂(ε, x) = x2 + O(ε).

First, we set

(2.18) y2 = ϕ̂(ε, x).

Obviously, y2 is a smooth function in ε and x, with

y2 = x2 + O(ε).

Next, we set

(2.19) ei = Φij∂jy2.

It is obvious that ei is smooth in
√

ε, x and Dw and D2w, and satisfies

ei = δi
2 + O(

√
ε).

We consider the following equation for y1

ei∂iy1 = 0,

y1(x1, 0) = x1.
(2.20)
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The coefficient of ∂2y1 is given by e2, which is not zero in Ω if ε is small. Hence (2.20)
always has a unique solution y1 in Ω, smooth in

√
ε, x, Dw and D2w. Moreover, there

holds
y1(x) = x1 + O(

√
ε).

Obviously, y =
(
y1(x), y2(x)

)
forms new coordinates for small ε. This defines the trans-

form T in (2.7). Then we can check (2.11) and (2.12) easily. By (2.18)-(2.20), we have

(2.21) ∂2y1 = −e1

e2
∂1y1,

and

Φi1∂iy1 = det
(∇2u

ε2

)∂1y1

e2
∂2y2,

Φi2∂iy1 = −det
(∇2u

ε2

)∂1y1

e2
∂1y2.

(2.22)

In the following, we write F ′(w) in the coordinate y ∈ T (Ω). First, we write F ′(w) in
the coordinate x as

F ′(w)ρ = Φij(∂ijρ− Γk
ij∂kρ) + 2K|g|∇u∇ρ,

where K is given by (2.9). We note that K here is not the Gauss curvature of g. By a
simple calculation, we obtain

(2.23) F ′(w)ρ = ckl∂ykyl
ρ + ck∂yk

ρ,

where

(2.24) ckl = Φij∂iyk∂jyl,

and

(2.25) ck = Φij∇ijyk + 2K|g|∇u∇yk.

By (2.21)-(2.22), it is easy to see

c11 = Φ1i∂iy1∂1y1 + Φ2i∂iy1∂2y1

= det
(∇2u

ε2

)∂1y1

e2
(∂1y1∂2y2 − ∂2y1∂1y2) = det

(∇2u

ε2

)
J

∂1y1

e2
,

c12 = Φij∂iy1∂jy2 = ei∂iy1 = 0,

c22 = Φij∂iy2∂jy2,

(2.26)

where J is the determinant of the Jacobian matrix for the transform x 7→ y. Note

J =∂1y1∂2y2 − ∂2y1∂1y2 = (e2∂2y2 + e1∂1y2)
∂1y1

e2

=ei∂iy2
∂1y1

e2
= Φij∂iy2∂jy2

∂1y1

e2
.

It is easy to see by (2.11) and (2.15)

J = 1 + O(
√

ε).
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For c2, we have by (2.25)

(2.27) c2 = Φij∇ijy2 + 2K|g|∇u∇y2.

For c1, we need only discuss the first term in (2.25)

c̃1 =Φij∇ijy1 = Φij∂ijy1 − ΦijΓl
ij∂ly1

=∂j(Φij∂iy1)− (∂jΦlj + ΦijΓl
ij)∂ly1.

(2.28)

By (2.20) and (2.22), we have

∂j(Φij∂iy1) =∂jyl∂yl
(Φij∂iy1) = ∂1yl∂yl

(Φi1∂iy1) + ∂2yl∂yl
(Φi2∂iy1)

=∂1yl∂yl

(
det

(∇2u

ε2

)∂1y1

e2
∂2y2

)− ∂2yl∂yl

(
det

(∇2u

ε2

)∂1y1

e2
∂1y2

)

=∂yl

(
det

(∇2u

ε2

)∂1y1

e2

)
(∂1yl∂2y2 − ∂2yl∂1y2)

+ det
(∇2u

ε2

)∂1y1

e2

(
∂1yl∂yl

(∂2y2)− ∂2yl∂yl
(∂1y2)

)

=J∂y1

(
det

(∇2u

ε2

)∂1y1

e2

)
.

We emphasize that there is no ∂y2-derivative in the above expression! Now, we claim

(2.29) ∂jΦlj + ΦijΓl
ij = −K|g|gli∂iu + Φil∂i ln

√
|g|.

With (2.25), we then have

(2.30) c1 = J∂y1

(
det

(∇2u

ε2

)∂1y1

e2

)
− Φij∂jy1∂i ln

√
|g|+ 3K|g|gij∂iu∂jy1.

Note

Φij∂iy1∂j ln
√
|g| =Φ1i∂iy1∂1 ln

√
|g|+ Φ2i∂iy1∂2 ln

√
|g|

=det
(∇2u

ε2

)∂1y1

e2

(
∂2y2∂1 ln

√
|g| − ∂1y2∂2 ln

√
|g|).

With (2.30), we obtain

c1 =J∂y1

(
det

(∇2u

ε2

)∂1y1

e2

)
− det

(∇2u

ε2

)∂1y1

e2

(
∂2y2∂1 ln

√
|g| − ∂1y2∂2 ln

√
|g|)

+ 3K|g|gij∂iu∂jy1.

(2.31)

Now, we start to prove (2.29) and we only discuss l = 1. By (2.15), we have

ε2Φ11 = ∂22u− Γk
22∂ku, ε2Φ12 = −∂12u + Γk

12∂ku, ε2Φ22 = ∂11u− Γk
12∂ku.

By a simple substitution, we collect terms according to the order of derivatives of u. We
note that the third derivatives of u cancel among themselves. Hence, we have

ε2(∂jΦ1j + ΦijΓ1
ij) =(Γk

12∂2ku− Γk
22∂1ku + Γ1

11∂22u− 2Γ1
12∂12u + Γ1

22∂11u)

+ (∂2Γk
12 − ∂1Γk

22 − Γ1
11Γ

k
22 + 2Γ1

12Γ
k
12 − Γ1

22Γ
k
11)∂ku.
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After a simple calculation for terms involving the second derivatives, we obtain

ε2(∂jΦ1j + ΦijΓ1
ij) =(Γ2

12 + Γ1
11)∂22u− (Γ1

12 + Γ2
22)∂12u

+ (∂2Γk
12 − ∂1Γk

22 − Γ1
11Γ

k
22 + 2Γ1

12Γ
k
12 − Γ1

22Γ
k
11)∂ku.

For the first term in the right hand side, we write

(Γ2
12 + Γ1

11)∂22u =(Γ2
12 + Γ1

11)(∂22u− Γk
22∂ku) + (Γ2

12 + Γ1
11)Γ

k
22∂ku

=Γi
1i∇22u + (Γ2

12 + Γ1
11)Γ

k
22∂ku

=ε2∂1 ln
√
|g|Φ11 + (Γ2

12 + Γ1
11)Γ

k
22∂ku.

Similarly, we get

(Γ1
12 + Γ2

22)∂12u = −ε2∂2 ln
√
|g|Φ12 + (Γ1

12 + Γ2
22)Γ

k
12∂ku.

Then we obtain

ε2(∂jΦ1j + ΦijΓ1
ij) = Ik · ∂ku + ε2∂1 ln

√
|g|Φ11 + ε2∂2 ln

√
|g|Φ12,

where Ik is given by

Ik =∂2Γk
12 − ∂1Γk

22 − Γ1
11Γ

k
22 + 2Γ1

12Γ
k
12 − Γ1

22Γ
k
11

+ (Γ2
12 + Γ1

11)Γ
k
22 − (Γ1

12 + Γ2
22)Γ

k
12.

A simple calculation shows

Ik =∂2Γk
12 − ∂1Γk

22 + Γm
12Γ

k
m2 − Γm

22Γ
k
1m = gklR2l12

=g1kR2112 = −g1kR1212 = −g1kKg|g|,

where Kg is the Gauss curvature of g. Note that Kg = ε2K̃ = ε2K. Hence we have by
a simple substitution

ε2(∂jΦ1j + ΦijΓ1
ij) = −ε2K|g|g1k∂ku + ε2∂i ln

√
|g|Φ1i.

This is (2.29) for l = 1. The case l = 2 can be proved similarly.
By (2.3), we have

det(
∇2u

ε2
) = K|g|(1− 1

ε2
|∇u|2) +

√
εF(w).

We may write cij and ci in (2.26), (2.27) and (2.31) as follows

c11 = K|g|(1− 1
ε2
|∇u|2)J ∂1y1

e2
+
√

εF(w)J
∂1y1

e2
,

c12 = 0,

c22 = J
e2

∂1y1
,

(2.32)
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and

c1 =J∂y1

(
K|g|(1− 1

ε2
|∇u|2)∂1y1

e2

)
+ 3K|g|∇u · ∇y1

−K|g|(1− 1
ε2
|∇u|2)∂1y1

e2

(
∂2y2∂1 ln

√
|g| − ∂1y2∂2 ln

√
|g|)

+
√

εJ∂1

(
F(u)

∂1y1

e2

)
−√εF(u)

∂1y1

e2

(
∂2y2∂1 ln

√
|g| − ∂1y2∂2 ln

√
|g|),

c2 =Φij∇ijy2 + 2K|g|∇u · ∇y2.

(2.33)

This finishes the proof. ¤
In the proof of Lemma 2.1, ϕ̂ is an arbitrary smooth function in ε and x satisfying

(2.17). Obviously, we may take ϕ̂(ε, x) = x2. However, such a choice may not lead to
solvable linearized equations. We examine a special case.

Corollary 2.2. Let g̃ be a smooth metric in Ω with its Gauss curvature K̃ given by
K̃ = η ◦ ϕ, where

(2.34) η = η(t) is a smooth increasing function with η(0) = 0,

and ϕ is a smooth function in a neighborhood of 0 ∈ R2 satisfying

(2.35) ϕ(0) = 0, ∂̃1ϕ(0) = 0, ∂̃2ϕ(0) = 1.

Then Lemma 2.1 holds with (2.9) replaced by

(2.36) K(y) = η(εy2).

To prove Corollary 2.2, we simply take

(2.37) ϕ̂(ε, x) =
1
ε
ϕ(εx).

Obviously, (2.17) is satisfied because of (2.35).

Remark 2.3. The only essential difference lies between (2.36) and (2.9) for the expres-
sion of K. Under extra assumptions (2.34) and (2.35), K has a simple form in new
coordinates. By (2.36), we have ∂y1K = 0. Therefore, we may take b11 = 0 in (2.8).
This simple fact plays an important role in proving the existence of smooth solutions
later on.

To proceed, we examine the new transform (2.7) introduced by y1 and y2 in (2.18)
and (2.20). In fact, (2.7) can be decomposed into two parts

(2.38) x 7→ x̂ =
(
x1, ϕ̂(ε, x)

)
,

and

(2.39) x̂ 7→ y =
(
y1(x̂), x̂2

)
,

where ϕ̂ is given in (2.37) and y1 in (2.20). By (2.17), we note that x̂2 = ϕ̂(ε, x), and
hence the transform x 7→ x̂, are independent of w. In the x̂ coordinate, F(w) in (2.3)
can be written as

(2.40) F(w) = a(ε, x̂, ∂w, ∂11w, ∂12w)∂22w + F1(ε, x̂, ∂w, ∂11w, ∂12w),
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where a and F1 are smooth in
√

ε, x̂, ∂w, ∂11w and ∂12w, with

(2.41) a(ε, x̂, ∂w, ∂11w, ∂12w) = 1 + O(
√

ε),

for any small ε and any smooth function w in Ω with |∂w| + |∂11w| + |∂12w| ≤ 1. We
note in the coordinate x̂

K = η(εx̂2).
In the following sections, we will solve F(w) = 0 in (2.40) in {x̂2 > 0} and {x̂2 < 0}
separately. We note that a smooth solution w to F(w) = 0 in {x̂2 > 0} and {x̂2 < 0}
forms a smooth solution as long as it is C1 across {x̂2 = 0}.

3. Smooth Solutions of Linearized Equations

In this section, we construct smooth solutions of the linearized equations we derived
in the previous section. Instead of discussing the elliptic region and the hyperbolic
region separately, we consider an elliptic equation and a hyperbolic equation in the
same region. For degenerate elliptic equations, solutions with a high regularity exist
when coefficients satisfy a smallness assumption. See (3.7) in Theorem 3.1. No such
a smallness assumption is needed for degenerate hyperbolic equations. This difference
results in different iteration schemes, specifically different modified linearized equations,
in solving the Darboux equation in elliptic regions and hyperbolic regions. This explains
different forms in (3.2) and (3.22). This difference is also the main reason that we need to
carry out the Nash-Moser iteration separately in elliptic regions and hyperbolic regions.

In R2, we set for any l > 0

(3.1) Dl = {(x, t); |x| < l, 0 < t < 1}.
We denote by ‖ · ‖s,Dl

the Hs-norm in Dl. For l = 1, we simply write D = D1 and
‖ · ‖s = ‖ · ‖s,D1 .

In the first part of this section, we discuss a class of elliptic equations in D. We
consider

(3.2) a∂ttu + (K + θ)∂xxu + b0∂tu + b(K + θ)∂xu + B∂xu = f in D,

where θ is a positive constant, and a, b0, b, B and K are smooth functions in D satisfying
for some constant λ > 0

(3.3) a ≥ λ in D,

and

(3.4) K = K(t) ≥ 0 in D.

Equation (3.2) is elliptic under assumptions (3.3)-(3.4). We note that K does not depend
on x. We set

(3.5) Λ+
s = ‖a‖s+1 + ‖b0‖s+1 + ‖b‖s+1 + ‖B‖s + ‖K + θ‖s.

Next, we prove the existence of smooth solutions to (3.2). Our method is adapted from
[10] and [7], where sufficiently smooth solutions are constructed. It is not clear whether
solutions constructed in [10] and [7] are actually smooth. We are able to construct
smooth solutions in our case because of the special structure of (3.2).
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Theorem 3.1. Suppose a, b0, b, B and K are smooth functions in D satisfying (3.3)-(3.4)
for some constant λ > 0. Then for any positive constant θ and any smooth function f
in D, there exists a smooth solution u of (3.2) satisfying

(3.6) u(·, 0) = u(·, 1) = 0.

Moreover, for any integer s ≥ 0 satisfying

(3.7) |∂tta|L∞ + |∂ttb|L∞ + |∂tb0|L∞ + |∂b|L∞ + |K + θ|L∞ + s|B|C1 ≤ ε0λ,

there holds

(3.8) ‖u‖s ≤ Cs

(‖f‖s + (s− 2)+Λ+
s ‖f‖2

)
,

where ε0 is a (universal) constant, and Cs is a positive constant depending only s, λ and
H5-norms of a, b0, b, B and K.

We note that (3.8) holds for any integer s ≥ 0 and any small θ if B ≡ 0. However,
(3.7) fails to hold for sufficiently large s if |B|C1 6= 0. It is not clear whether (3.8) always
holds without (3.7).

Proof. Consider a smooth function ϕ in D satisfying

(3.9) 2∂xϕ + bϕ = 0.

We may simply take

(3.10) ϕ(x, t) = exp{−1
2

∫ x

0
b(·, t)}.

Then we set

(3.11) u = ϕv.

A straightforward calculation yields

(3.12) a∂ttv + (K + θ)∂xxv + b̃0∂tv + B∂xv + cv = f̃ in D,

where

b̃0 =2a
∂tϕ

ϕ
+ b0,

c =a
∂ttϕ

ϕ
+ b0

∂tϕ

ϕ
− 1

4
(K + θ)(2∂xb + b2)− 1

2
bB,

f̃ =
f

ϕ
.

(3.13)

To proceed, we extend a, b̃0, c and f̃ from D = D1 to D2 such that the extended
functions are 4-periodic in x, with a ≥ λ/2 in D2, and that there hold for any s ≥ 0

(3.14) ‖a‖s,D2 ≤ Cs‖a‖s,D1 , |a|Cs(D2) ≤ Cs|a|Cs(D1),

and similar estimates for b̃0, c and f̃ . Now, we consider (3.12) in D2. Since (3.12) is
(strictly) elliptic in D2, it admits a (unique) smooth solution v in D2 which is 4-periodic
in x and satisfies

v(·, 0) = v(·, 1) = 0.



12 HAN

Now, we derive estimates for v. Set for any integer s ≥ 0

(3.15) Λ̃s = ‖a‖s+1,D2 + ‖b̃0‖s,D2 + ‖c‖s,D2 + ‖B‖s,D2 + ‖K + θ‖s,D2 .

We claim there exists a universal ε̃0 > 0 such that, for any integer s ≥ 0 satisfying

(3.16)
∣∣1
2
∂tta− 1

2
∂tb̃0 + c

∣∣ +
∣∣(s− 1

2
)∂xB

∣∣ ≤ ε̃0λ in D2,

there holds

(3.17) ‖v‖s,D2 + ‖∂tv‖s,D2 ≤ Cs

(
‖f̃‖s,D2 + (s− 2)+Λ̃s|v|L∞(D2)

)
,

where Cs is a positive constant depending only on s, the C3-norm of a and C2-norms of
b̃0, c and K.

We first prove (3.17)0. We integrate the product of v and (3.12) in D2. There are
no boundary integrals since all functions involved are 4-periodic in x and v vanishes on
t = 0 and t = 1. A simple calculation shows∫

D2

a(∂tv)2 + K(∂xv)2 =
∫

D2

(1
2
∂tta− 1

2
∂tb̃0 + c− 1

2
∂xB

)
v2 −

∫

D2

vf̃ .

By (3.16)0, we get ∫

D2

a(∂tv)2 + K(∂xv)2 ≤ ε̃0λ

∫

D2

v2 −
∫

D2

vf̃ .

Since v = 0 as t = 0, we have by Poincaré inequality

(3.18)
∫

D2

(
v2 + (∂tv)2 + K(∂xv)2

) ≤ C0

∫

D2

f̃2,

where C0 is a positive constant depending only on λ. Hence we have for

(3.19) ‖v‖0,D2 + ‖∂tv‖0,D2 ≤ C0‖f̃‖0,D2 .

Next, we assume (3.17)s−1 holds and prove (3.17)s under the assumption (3.16)s. We
note that ∂s

xv satisfies an equation similar to (3.12). Hence a similar argument leading
to (3.19) and the induction hypothesis (3.17)s−1 yield

(3.20) ‖∂s
xv‖0,D2 + ‖∂t∂

s
xv‖0,D2 ≤ C(s, λ)

(‖f̃‖s,D2 + (s− 2)+Λ̃s|v|L∞(D2)

)
.

It remains to estimate other s-derivatives. By (3.3) and (3.12), we have

∂ttv = −K

a
∂xxv − b̃0

a
∂tv − B

a
∂xv − c

a
v +

f̃

a
in D2.

Applying ∂k
t ∂s−k

x , with 2 ≤ k ≤ s, and then using the estimate on ∂s
xv and ∂t∂

s−1
x v in

(3.20), we obtain

(3.21)
s∑

k=2

‖∂k
t ∂s−k

x v‖0,D2 ≤ C(s, λ)
(‖f̃‖s,D2 + (s− 2)+Λ̃s|v|L∞(D2)

)
.

Therefore, we get (3.17)s by (3.20)-(3.21).
With (3.17)s and the Sobolev embedding, we obtain

‖v‖s,D2 ≤ Cs

(‖f̃‖s,D2 + (s− 2)+Λ̃s‖f̃‖2,D2

)
.
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By (3.5), (3.13) and (3.14) for a, b̃0 and c, we have easily

Λ̃s ≤ CsΛ+
s .

Moreover, (3.7) implies (3.16) for sufficiently small ε. With (3.14) for f̃ , we obtain

‖v‖s ≤ Cs

(‖f̃‖s + (s− 2)+Λ+
s ‖f̃‖2

)
,

where integrations are over D = D1. By (3.11) and interpolation inequalities, we have
(3.8) easily. ¤

In (3.8), there is a loss of derivatives in the elliptic sense. Note that the Hs-norm of
f only controls the Hs-norm of u.

In the rest of this section, we discuss a class of hyperbolic equations in D. In the
following, we set Σ = {t = 0} ∩ ∂D and consider

∂ttu− a(K + θ)∂xxu− b0∂tu− b∂xu = f in D,

u = ψ0, ∂tu = ψ̃0 on Σ,
(3.22)

where θ is a positive constant, and a, b0, b and K are smooth functions satisfying

a ≥ λ in D,(3.23)

0 ≤ K = K(t) ≤ 1 in D,(3.24)

and

(3.25) |b| ≤ C
√

K + θ in D,

for some positive constants λ and C. The crucial assumption concerning K is

(3.26) ∂tK ≥ 0 in D.

We note that (3.25) is referred to as the Levi condition. We set

Λ−s = ‖∂2
(
a(K + θ)

)‖s + ‖∂b0‖s + ‖∂b‖s.

The next theorem is an improved version compared with results in [6] and the proof is
much simpler.

Theorem 3.2. Suppose a, b0, b and K are smooth functions in D satisfying (3.23)-
(3.26). Then for any positive constant θ, any smooth function f in D and any smooth
functions ψ0 and ψ̃0 on Σ, there exists a smooth solution u to (3.22). Moreover, there
holds for any s ≥ 1

||u||s ≤ Cs

(
‖ψ0‖Hs(Σ) + ‖ψ̃0‖Hs(Σ) + ||f ||s

+
(
s− 2

)+Λ−s (‖ψ0‖H2(Σ) + ‖ψ̃0‖H2(Σ) + ‖f‖2)
)

,
(3.27)

where Cs is a positive constant depending only on s, λ, the Lipschitz norm of
√

K and
C2-norms of a, b0, b and K in D.

For any function u, we set for s ≥ 1

|u|2s =
∑

|γ|≤s

|∂γu|2, |u|2(0,s) =
∑

i≤s

|∂i
xu|2.
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Proof. We first extend a, b0, b and f from D to D∞ such that there hold a ≥ λ/2 in D∞
and for any integer s ≥ 0

(3.28) ‖f‖s,D∞ ≤ Cs‖f‖s,D, |f |Cs(D∞) ≤ Cs|f |Cs(D),

and similar estimates for ∂a, b̃0 and b. Moreover, we may assume b0, b and f have
compact supports. Similarly, we extend ψ0 and ψ̃0 from Σ to {t = 0}, with a similar
estimate as (3.28) for ψ0 and ψ̃0.

In the following, we set k =
√

K + θ, and consider

∂ttu− ak2∂xxu− b0∂tu− b∂xu = f in D∞,

u = ψ0, ∂tu = ψ̃0 on {t = 0}.
(3.29)

Obviously, (3.29) admits a unique smooth solution u with a compact support since it is
(strictly) hyperbolic. Set

Λ̃−s = ‖∂2(ak2)‖s,D∞ + ‖∂b0‖s,D∞ + ‖∂b‖s,D∞ .

We claim there holds for any integer s ≥ 1

||u||s,D∞ ≤ Cs

(
‖ψ0‖Hs({t=0}) + ‖ψ̃0‖Hs({t=0}) + ||f ||s.D∞

+
(
s− 2

)+Λ̃−s (‖ψ0‖H2({t=0}) + ‖ψ̃0‖H2({t=0}) + ‖f‖2,D∞)
)

,
(3.30)

where Cs is a positive constant depending only on s, λ, the Lipschitz norm of
√

K and
C2-norms of a, b0, b and K in D∞.

We introduce a function z satisfying

∂ttz − b0∂tz = f in D∞,

z = u, ∂tz = ut on {t = 0}.(3.31)

By setting û = u− z, we obtain

∂ttû− ak2∂xxû−b0∂tû− b∂xû = f̂ in D∞,

û = 0, ∂tû = 0 on {t = 0},(3.32)

where

(3.33) f̂ = ak2∂xxz + b∂xz.

By a straightforward calculation, we have

∂t

{
e−µt

( û2
t

k2
+

û2

k2
+ aû2

x

)}− ∂x

(
2e−µta∂tû∂xû

)
+ µe−µt

( û2
t

k2
+

û2

k2
+ aû2

x

)

+ e−µt∂t ln k2
( û2

t

k2
+

û2

k2

)
= −2e−µtaxkûx

ût

k
+ e−µtatû

2
x

+ 2e−µtb0
û2

t

k2
+ 2e−µtûx

bût

k2
+ 2e−µt ûût

k2
+ 2e−µt f̂ ût

k2
.

(3.34)
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Note ∂xxz appears in the expression of f̂ . This would create an extra loss of derivative
if we simply integrate (3.34) in D∞. To avoid this loss, we write

e−µt f̂ ût

k2
=e−µtaztxûx − µe−µtazxûx + e−µtzx

bût

k2

− e−µtaxzxût + e−µtatzxûx

+ ∂x

(
e−µtazxût

)− ∂t

(
e−µtazxûx

)
.

(3.35)

We note ztx appears in the first term in the right hand side of (3.35) instead of zxx in
(3.33). Now we may integrate (3.34) in D∞, with the last term in (3.34) replaced by
(3.35). In view of the hypothesis ∂tk

2 ≥ 0, we obtain by Cauchy inequality

(3.36) B̂+ + (µ− µ1)
∫

D∞
e−µt

( û2

k2
+

û2
t

k2
+ aû2

x

) ≤
∫

D∞
e−µt

(
µz2

x + z2
xt

)
,

where B̂+ is the boundary integral over {t = 1}

(3.37) B̂+ =
∫

{t=1}
e−µt

( û2

k2
+

û2
t

k2
+ aû2

x + azxûx

)
.

There is no boundary integral on {t = 0} since û = ût = 0 on {t = 0} by (3.32). We
then have by Cauchy inequality

(3.38) B̂+ ≥
∫

{t=1}
e−µt

( û2

k2
+

û2
t

K
+

1
2
aû2

x

)− 1
2

∫

{t=1}
e−µtz2

x.

By (3.24), we have

û2
t

k2
+

û2

k2
+ aû2

x ≥ (u− z)2 + (ut − zt)2 + a(ux − zx)2.

This implies

c1

∫

{t=1}
e−µt(u2 + u2

t + u2
x) + (µ− µ1)

∫

D∞
e−µt(u2 + u2

t + u2
x)

≤ c′1

∫

{t=1}
e−µt(z2 + z2

t + z2
x) + c′′1

∫

D∞
e−µt(µz2 + µz2

t + µz2
x + z2

xt).
(3.39)

We need to get estimates on z and its derivatives. First we have for any µ
∫

{t=1}
e−µt(z2 + z2

t ) + (µ− µ0)
∫

D∞
e−µt(z2 + z2

t )

≤c0

{∫

{t=0}
(u2 + u2

t ) +
∫

D∞
e−µtf2

}
,

(3.40)

for some constants µ0 and c0 depending only on the L∞-norm of b0. We obtain (3.40)
by multiplying 2e−µtzt to (3.31) and integrating over D∞. Now we differentiate (3.31)
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with respect to x. Similarly, we get for any µ∫

{t=1}
e−µt(z2

x + z2
xt) + (µ− µ0)

∫

D∞
e−µt(z2

x + z2
xt)

≤c0

{∫

{t=0}
(z2

x + z2
xt) +

∫

D∞
e−µt(z2 + z2

x + f2
x)

}
.

(3.41)

We finish the proof of (3.30)1 by substituting (3.40) and (3.41) in (3.39).
To prove (3.30)s+1 for any s ≥ 0, we consider the equation satisfied by ∂s

xu and get
an estimate for ∂t∂

s
xu and ∂s+1

x u similarly. Other (s + 1)-derivatives can be obtained
from equation (3.22). We omit details, since it is similar to the corresponding part in
the proof of Theorem 3.1. ¤

4. Iterations

For any smooth function K in a neighborhood of 0 ∈ R2 with K(0) = 0 and∇K(0) 6= 0
as in Theorem 1.1, the implicit function theorem implies that K−1(0) in a neighborhood
of 0 ∈ R2 consists a (single) smooth curve σ through 0. Moreover, there exists a vector
field X in a neighborhood of 0 ∈ R2 which is orthogonal to σ such that ∇XK > 0. In
this case, K vanishes at order 1 across σ.

We now consider a general case. A smooth function K changes its sign monotonically
across a curve through 0 ∈ R2 if K is given by K = η ◦ ϕ, where

(4.1) η = η(t) is a smooth strictly increasing function with η(0) = 0,

and ϕ is a smooth function in a neighborhood of 0 ∈ R2 satisfying

(4.2) ϕ(0) = 0, ∇ϕ(0) 6= 0.

It is easy to see that K−1(0) in a neighborhood of 0 ∈ R2 consists a (single) smooth
curve σ through 0 and that there exists a vector field X in a neighborhood of 0 ∈ R2

which is orthogonal to σ such that ∇XK ≥ 0. We note that K is allowed to vanish up
to an infinite order along σ.

Theorem 4.1. Suppose g is a smooth metric in a neighborhood of 0 ∈ R2 such that its
Gauss curvature K changes sign monotonically across a smooth curve through 0. Then
g, restricted to some neighborhood of 0, admits a smooth isometric embedding in R3.

Obviously, Theorem 1.1 is a special case of Theorem 4.1.
In the rest of this section, we will prove Theorem 4.1. We use the same setup as that

at the beginning of Section 2. We denote by g̃ temporarily the metric in Theorem 4.1
with Gauss curvature K̃. By an appropriate rotation and (4.1)-(4.2), we may assume K̃
satisfies (2.34) and (2.35) in Corollary 2.2. To proceed, we use Nash-Moser iterations
to construct a smooth solution w of F(w) = 0 in (2.3) separately in {K̃ > 0} and
{K̃ < 0} such that w is smooth across {K̃ = 0}. Theorem 3.1 and Theorem 3.2 play
important roles in the iteration process in this section. As noted at the beginning of
the previous section, there is a smallness assumption (3.7) in Theorem 3.1. Such an
assumption makes it complicated to construct an iteration sequence in the elliptic region.
We need to maintain all but finitely many linearized equations in this iteration satisfy
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the smallness assumption when a regularity level is fixed. Otherwise, there is no hope to
obtain C∞-solutions. This requires us to modify linearized equations derived in Section
2 carefully. The modified linear operators in the elliptic region are constructed in (4.10).
The last term in (4.10) is introduced to satisfy the smallness assumption (4.13), which
is simply (3.7) in the present setting. Compare (4.13) with the modified linear operator
(4.25) in the hyperbolic region, especially the last terms.

We first consider the transform

x 7→ (
x1, ϕ̂(ε2x)

)

as in (2.38). In the following, we solve F(w) = 0 in (2.40) in the new coordinate, which
is still denoted by x for brevity. We note in the new coordinate

K = η(εx2).

We also write F(w) in the form

(4.3) F(w) = F (ε, x, w,Dw, D2w),

where F is smooth in
√

ε, x, w,Dw, D2w.
To proceed, we set

Ω± = {x; |x1| < 1, 0 < ±x2 < 1}.
In the following, we consider a family of operators S` : Ω± → Ω± satisfying for any
s1, s2 ≥ 0

‖S`u‖s1 ≤ Cs1s2‖u‖s2 , if s1 ≤ s2,(4.4)

‖S`u‖s1 ≤ Cs1s2ν
s1−s2
` ‖u‖s2 , if s1 ≥ s2,(4.5)

‖S`u− u‖s1 ≤ Cs1s2ν
s1−s2
` ‖u‖s2 , if s1 ≤ s2,(4.6)

where the constant Cs1s2 depends only on s1, s2, independent of `. We choose

ν` = ντ`
for any ` ≥ 0,

where ν > 1 and τ ∈ (1, 2) are constants to be fixed. Obviously, we have for any ` ≥ 0

(4.7) ν`+1 = ντ
` .

Now we begin to solve F(w) = 0 in Ω. We first do this in Ω+. In the first part of this
section, all functions are defined in Ω+ and all norms are taken in Ω+.

Set w0 = 0. We construct w` in Ω+ by an induction on ` as follows. Suppose
w0, w1, · · · , w` have been chosen. For ρ` to be determined, we define

(4.8) w`+1 = w` + S`ρ`.

By the Taylor expansion, we have

F(w`+1) =F(w`) + F ′(w`)(S`ρ`) + Q(w`; S`ρ`)

=F(w`) + F ′(w`)ρ` + F ′(w`)(S` − 1)ρ` + Q(w`; S`ρ`),
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where Q(w`; S`ρ`) is the quadratic error. We apply Corollary 2.2 to w` to get a transform
T : x 7→ y as in (2.7) such that we have in y-coordinates

F ′(w`)ρ` =a22∂y2y2ρ` + a11K∂y1y1ρ` + b1K∂y1ρ` + b2∂y2ρ`

+ ã11F(w`)∂y1y1ρ` +
(
b̃10F(w`) + b̃11∂y1F(w`)

)
∂y1ρ`.

(4.9)

We need to modify the last term in the right hand side of (4.9), as it involves a derivative
of F(w`). For w`, we set

θ+
` = |F(w`)|C1 ,

and
L+(w`)ρ` =a22∂y2y2ρ` + a11(K + Cθ+

` )∂y1y1ρ` + b1(K + Cθ+
` )∂y1ρ`

+ b2∂y2ρ` + b̃11(1− S`)
(
∂y1F(w`)

)
∂y1ρ`,

(4.10)

for some positive constant C. We note that 1 − S` in the last term is introduced to
satisfy the smallness assumption in Theorem 3.1. Then, we obtain

F(w`+1) =F(w`) + L+(w`)ρ` +
(
ã11F(w`)− Ca11θ

+
`

)
∂y1y1ρ`

+
(
b̃10F(w`)− Cb1θ

+
`

)
∂y1ρ` + b̃11S`

(
∂y1F(w`)

)
∂y1ρ`

+ F ′(w`)(S` − 1)ρ` + Q(w`; S`ρ`).

By Theorem 3.1, we have a smooth solution ρ` to the following problem

L+(w`)ρ` = −F(w`) in T (Ω+),

ρ` = 0 on {y2 = 0} ∩ ∂
(
T (Ω+)

)
.

(4.11)

Then we obtain

F(w`+1) =
(
ã11F(w`)− Ca11θ

+
`

)
∂y1y1ρ` +

(
b̃10F(w`)− Cb1θ

+
`

)
∂y1ρ`

+ b̃11S`

(
∂y1F(w`)

)
∂y1ρ` + F ′(w`)(S` − 1)ρ` + Q(w`; S`ρ`).

(4.12)

Now we examine the condition (3.7). We note by Sobolev embedding and (4.6)

s
∣∣(1− S`)

(
∂y1F(w`)

)∣∣
C1 ≤ cs‖(1− S`)

(
∂y1F(w`)

)‖3

≤csν−1
` ‖∂y1F(w`)‖4 ≤ csν−1

` ‖F(w`)‖5 ≤ csν−1
`

(
1 + ‖w`‖7

)
.

By the dependence of a11, a22, b1, b2 on w` in (4.9), we obtain the following: there exists
an ε0 such that, for any integers s and ` with

(4.13) sν−1
` < ε0,

there holds

(4.14) ‖ρ`‖s ≤ cs

(‖f`‖s+d + (‖w`‖s+d + 1)‖f`‖d

)
,

provided
‖w`‖d0 ≤ 1,

where d and d0 are integers satisfying

(4.15) d ≥ 7, d0 ≥ 7.
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We should note that (4.14) was proved to be true in y-coordinates. It is easy to see that
it holds in x-coordinates. We also require

(4.16) d0 ≥ d + 2.

For the existence of smooth solutions in Ω+, we may in fact take d = d0 = 7 in (4.17).
However, we need a large d0 here in order to construct a smooth solution in Ω− later.
Next, we note ν−1

` ≤ ν−τ ≤ ν−1, as τ > 1. Hence, s satisfies (4.13) for any ` ≥ 1 if

(4.17) s < ε0ν.

On the other hand, for any fixed s, (4.13) always holds for large `.
In the next result, we denote ρ−1 = ν−1 = 0.

Lemma 4.2. There exist constants c∗ ≥ 1, s̃ ≥ d + 2 and µ∗ ∈ (0, 1), independent of j,
such that if

(4.18) ‖F(w0)‖s̃−2 ≤ µ∗,

the following inequalities hold for any j ≥ 0

(Q1)j ‖ρj−1‖d0 ≤ c∗νaν−a
j−1‖F(w0)‖s̃−2;

(Q2)j ‖wj‖d0 ≤ 1;

(Q3)j ‖F(wj)‖d ≤ νbν−b
j ‖F(w0)‖s̃−2.

Lemma 4.2 is based on the following two results.

Lemma 4.3. Suppose (4.18) and (Q2)` are valid. Then for any s and ` satisfying (4.13),
there holds

(4.19) ‖ρ`‖s ≤ cs(‖F(w0)‖s+d + ‖w`‖s+d+2).

Lemma 4.4. Suppose (4.18) and (Q2)j are valid, for 0 ≤ j ≤ `. Then there exists an
ν = ν(s̃) > 1, depending only on s̃, such that there holds for any d + 2 ≤ s ≤ s̃

(4.20) ‖w`+1‖s ≤ ν
d+2
τ−1

+1

`+1 ‖F(w0)‖s−2.

Moreover, for any s ≥ d + 2, there exists an `(s) such that there holds for any ` ≥ `(s)

(4.21) ‖w`+1‖s + ‖F(w0)‖s−2 ≤ c`+1
s ν

d+2
τ−1

`+1

(‖w`(s)‖s + ‖F(w0)‖s−2

)
.

Lemmas 4.2-4.4 correspond to Lemmas 7.4.2-7.4.4 in [4]. The only difference lies
between (4.21) and (7.4.16) in [4]. We note that (4.21) holds only for any ` ≥ `(s). In
fact, `(s) can be chosen to satisfy

(s− d− 2)ν−1
`(s) < ε0.

This is related to (4.13). The proof of Lemmas 4.2-4.4 is similar to that of Lemma
7.4.2-7.4.4 in [4] and hence is omitted.

Now we are ready to prove Theorem 4.1 in Ω+.
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Proof of Theorem 4.1 in Ω+. Proceeding similarly as in the proof of Theorem 7.4.1 in
[4], we have that w` converges to some w in Hs(Ω+) for any s and F (w) = 0 in Ω+. In
fact, for any fixed s ≥ d0, we take an appropriate s∗ > max{s, s̃−m− d} and conclude
that

‖ρ`‖s ≤ c(ν, s)c`
s∗ ν−

b
2
τ`(‖F(w0)‖s∗+d + ‖w`∗‖s∗+d+2

)
,

for any ` ≥ `(s∗ + d + 2) as in Lemma 4.4. We refer to the proof of Theorem 7.4.1 in [4]
for details. ¤

By examining the proof of (Q2)j , we have

‖w‖d0,Ω+ ≤ Cµ∗.

Set
Σ = {(x1, 0); |x1| < 1}.

We extend w in Ω+ to w̄0 in Ω− to form a smooth function in Ω+ ∪ Σ ∩ Ω− with

‖w̄0‖d0,Ω− ≤ Cµ∗.

By taking ε smaller in (2.40) if necessary, we then have

(4.22) ‖F(w̄0)‖d0−2,Ω− ≤ Cµ∗.

Now we use a similar method to solve F(w) = 0 in Ω−. We construct w̄` in Ω− by an
induction on ` as follows. Suppose w̄0, w̄1, · · · , w̄` have been chosen. For ρ̄` to be chosen,
we define

(4.23) w̄`+1 = w̄` + S`ρ̄`.

By the Taylor expansion, we have

F(w̄`+1) = F(w̄`) + F ′(w̄`)ρ̄` + F ′(w̄`)(S` − 1)ρ̄` + Q(w̄`; S`ρ̄`),

where Q(w̄`; S`ρ̄`) is the quadratic error. We apply Corollary 2.2 to w̄` to get a transform
x 7→ y as in (2.7) such that we have in y-coordinates

F ′(w̄`)ρ̄` =a22∂y2y2 ρ̄` + a11K∂y1y1 ρ̄` + b1K∂y1 ρ̄` + b2∂y2 ρ̄`

+ ã11F(w̄`)∂y1y1 ρ̄` +
(
b̃10F(w̄`) + b̃11∂y1F(w̄`)

)
∂y1 ρ̄`.

(4.24)

For w̄`, we set
θ−` = |F(w̄`)|C1 ,

and
L−(w̄`)ρ̄` =a22∂y2y2 ρ̄` + a11(K − Cθ−` )∂y1y1 ρ̄` + b1K∂y1 ρ̄`

+ b2∂y2 ρ̄` + b̃11∂y1F(w̄`)∂y1 ρ̄`,
(4.25)

for some positive constant C. By K ≤ 0 in Ω− and Theorem 3.2, we have a smooth ρ̄`

in Ω− satisfying

L−(w̄`)ρ̄` = −F(w̄`) in Ω−,

ρ̄` = 0, ∂2ρ̄` = 0 on Σ.
(4.26)

We may modify S` so that we have S`ρ̄` = 0 and ∂2(S`ρ̄`) = 0 on Σ. The rest is similar
and hence omitted.
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Proof of Theorem 4.1. As in the proof of Theorem 4.1 in Ω+, we may find a smooth
solution w̄ of F(w̄) = 0 in Ω− if d0 in (4.22) is sufficiently large. We note that d0 − 2 in
(4.22) plays the same role as s̃− 2 in (4.18). Next, we note w̄ = w and ∂2w̄ = ∂2w on Σ
by (4.26), where w is the smooth solution to F(w) = 0 in Ω+ established before. Hence
w̄ is a C1 extension of w to Ω−. By (2.40), we have ∂22w = ∂22w̄ on Σ, and hence w̄ is
a smooth extension of w to Ω−. ¤
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