LINEARIZATIONS OF THE DARBOUX EQUATION
AND SMOOTH ISOMETRIC EMBEDDINGS

QING HAN

ABSTRACT. In this paper, we introduce a new linearization process for the Darboux
equation, a fully nonlinear differential equation for the isometric embedding of 2-dim
Riemannian manifolds in R®. We prove that the local solvability of the Darboux
equation is determined solely by the local solvability of this linearized equation.

1. INTRODUCTION

In 1873, Schlaefli conjectured that every 2-dimensional smooth Riemannian manifold
admits a smooth local isometric embedding in R3. It was more than 50 years later that an
affirmative answer was given for the analytic case by Janet; he proved in 1926 that any 2-
dimensional analytic Riemannian manifold admits a local analytic isometric embedding
in R3. Schlaefli’s conjecture for the smooth case was given a renewed attention by Yau
[13] in the 1980s and 1990s.

The existence of a local isometric embedding of a 2-dim smooth Riemannian manifold
in R? can be shown easily to be equivalent to the existence of a local solution of a fully
nonlinear equation of the Monge-Ampere type. Suppose g is a smooth metric in an open
set Q C R? containing the origin. Isometrically immersing g in R? is equivalent to finding
a function r= (X1, X2, X3) :  — R3 such that

(1.1) dXi +dX; +dX3; =g.

With X3 = u(x1,22), the metric dX? + dX3 = g — dX3 = g — du? is flat and hence has a
zero Gauss curvature. By a straightforward calculation, we conclude that the solvability
of (1.1) is equivalent to the solvability of

(1.2) det(Vgu) = K det(g;;)(1 — |Vqul?),

with a subsidiary condition |V u| < 1. Equation (1.2) is referred to as the Darboux
equation. Here and thereafter, K is the Gauss curvature of g.

The difficulty in solving (1.2) locally arises from the vanishing of the Gauss curvature.
In 1985 and 1986, Lin made important breakthroughs by proving the existence of a
sufficiently smooth local isometric embedding in R? of sufficiently smooth surfaces if the
Gauss curvature is nonnegative [10] or if the Gauss curvature changes sign cleanly, i.e.,
the gradient of the Gauss curvature is not zero [11]. In 2003, Han, Hong and Lin [5]
proved the existence of a smooth local isometric embedding of smooth surfaces if the
Gauss curvature is nonpositive and satisfies some stability condition. In 2005, Han [2]
gave a simple proof of Lin’s result established in [11]. Later, Han [3] proved the existence
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of a sufficiently smooth local isometric embedding in R? if the Gauss curvature changes
sign at any (finite) odd order across a curve. A similar result was also obtained by Khuri
[8]. (See [4] for details.)

The first step in proving these results all involves linearizing (1.2) at an appropriately
chosen initial approximate solution. In [10], [11], [5], [2], [3] and [8], different initial
approximate solutions and hence different linearization process were introduced for dif-
ferent cases, according to whether the Gauss curvature is nonnegative, nonpositive or
of a mixed sign. A major contribution in this paper is to introduce a new process, in-
dependent of the Gauss curvature, to linearize the Darboux equation (1.2) so that the
type of the resulting linearized equation is determined solely by the Gauss curvature.
The local solvability of the fully nonlinear Darboux equation (1.2) is then determined
completely by whether we are able to solve this particular linear equation. It is believed
that this linearization process will lead to more results on the existence of local isometric
embedding of surfaces in R3.

Now we describe briefly this linearization process. We intend to find a solution u of
(1.2) of the form

1
(1.3) u(xy, o) = 51’% + w(wy, x2),

where w has a small C?-norm. The solution u found in this way satisfies Viju # 0 and
corresponds to an isometric embedding with a nonvanishing second fundamental form.
The linearized equation of (1.2) at w, although easy to calculate, is difficult to analyze,
especially when K is allowed to vanish. We have a crucial observation in regard to this
linearized equation. By choosing an appropriate coordinate system and adding some
correcting terms, we are able to write the principal part of this linearized equation in
the form

(1.4) Oa2u + a(x) K (2)011p = f,

where a is a positive function in a neighborhood of 0 € R2. Clearly, (1.4) is elliptic if
K > 0 and hyperbolic if K < 0. In deriving (1.4), we take an advantage of the fact that
coefficients of the second order terms in the linearized equation consist of the cofactor
matrix of a Hessian (with respect to the metric g). The method here is limited to the
2-dimensional case. See Lemma 2.1 for a complete statement of this linearization.

As an application of this general linearization process, we will revisit results in [11],
[2], [3] and [8], where only sufficiently smooth local isometric embeddings are established
even if metrics are smooth. The isometric embeddings in these papers fail to be smooth,
because the domain of the existence shrinks to a point as the regularity of the isometric
embedding is raised to infinity. In this paper, we will prove that there indeed exist
smooth local isometric embeddings in these cases.

To author’s opinion, the general linearization process described above is the major
contribution in this paper. Theorems to be presented are only corollaries of this general
process. Next, we state a simple case and postpone a general case till Section 4.

Theorem 1.1. Suppose g is a smooth metric in a neighborhood of 0 € R? such that
its Gauss curvature K satisfies K(0) = 0 and VK(0) # 0. Then g, restricted to some
neighborhood of 0, admits a smooth isometric embedding in R3.
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In the rest of the introduction, we describe the proof. The aim is to prove the existence
of a smooth local solution of (1.2) under the assumptions in Theorem 1.1 or in Theorem
4.1. With a slight modification of the linearization process described before, (1.4) has
the following form instead

(1.5) da2p + a(z)n(x2)011p = f,

where 7(t) = t for Theorem 1.1 or 7 is a smooth increasing function in a neighborhood
of 0 € R with 7(0) = 0 for Theorem 4.1 and a is a positive function in a neighborhood
of 0 € R?. Clearly, (1.5) is elliptic if zo > 0 and hyperbolic if 2o < 0. We note that
(1.5) is a Tricomi-type equation if n(t) = ¢. The Tricomi equation has been studied
extensively by many people. A recent survey paper [12] by Morawetz gave a detailed
account of historical backgrounds and known results. Since we are only concerned with
the existence of local solutions, we have freedom to choose domains and boundary /initial
conditions. In [11] and [2], (1.5) was changed to a positive symmetric differential system
introduced by Friedrichs [1]. By this method, we can only obtain sufficiently smooth
local solutions.

In this paper, we provide an efficient method to construct a smooth solution of (1.5)
with standard energy estimates. We discuss (1.5) separately in the elliptic region {z; zo >
0} and in the hyperbolic region {x; o < 0}. The discussion in the elliptic region is similar
to that in [9] and [7], while the discussion in the hyperbolic region is adapted from [6].
As {z;x9 = 0} consists of a single piece of curve, solutions in two separate regions can
be combined together to form a smooth solution of (1.5) in a neighborhood of the origin.

The paper consists of 4 sections, including this introduction. In Section 2, we linearize
the Darboux equation (1.2). By changing coordinates and adding some correcting terms,
we change the linearized equation into (1.4). In Section 3, we derive a priori estimates
for solutions of (1.5), in {x;x2 > 0} and {z;z2 < 0} separately. In Section 4, we use the
Nash-Moser iteration to prove the existence of a smooth solution of (1.2).

2. A LINEARIZATION PROCESS

In this section, we discuss linearizations of the Darboux equation.
We denote by § a metric in a neighborhood of 0 € R? = {(#1,72)} and consider

(2.1) F(a) = det(Vyya) — K[gl(1 - [Val?),

where V is the covariant derivative with respect to g and K is the Gauss curvature of §.
We always assume K (0) = 0. For € > 0, we set

T =ex,

and

. 1. 5 X
(2.2) u(z) = 51:% + 52w(g) = u(x).
Now, we introduce a new metric

g = gij(w)dwidr; = gij(ex)dx;dr;.
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Then we have ) )
Vii=-Vu, V’i=—V,
€ €
where we denote by V the covariant derivative with respect to g. We also write 0; = 0y,
and 81 = 8;32
To proceed, we set

Flw) =\1@ﬁ<a> - k(da(%ﬂ) — Rlgl(1 - [9a)
(2:3) 1 Viiu - 1
— (der (T4) - Rl - 19 ).

where K and |j| are evaluated at ex. Next, we set

Q= {(;Ul,:cg) e R?: x| < 2, || < 2}.
For ¢ small, F(w) is well defined in §2. For w = 0, we have

1 1

G Ve
where K, |g], ffj, G are evaluated at ex. As K = O(e) since K(0) = 0, we obtain
(2.4) F(0) = eFy(e, x),
where Fj is a smooth function in /¢ and .

Now we consider the linearized operator of F at a smooth function w in 2. We recall
from (2.2)

f(O) det(éliélj — Efgjxl) — K‘g‘(l — 52§11x%),

1
(2.5) u(e) = 5<% + e3w(z).
By (2.3), the linearized operator of F at w is given by
(2.6) F(w)p = ®9V,;ip+ 2K || VuVp,

where (9%) is the cofactor matrix of (V;;u/e?). In (2.6), it is not clear how F/(w) depends
on K. The following result is the general linearization described in the introduction.

Lemma 2.1. For any € € (0,g0] and any smooth function w in Q with |w|c2 < 1, there
exist a transform T : Q — T(), smooth in x, D*w and D3w, of the form

(2.7) Ty,

such that, in the new coordinate y, the operator F'(w) is given by

(2.8) F(w)p =a220y,y,p + a11K8y1y1~p + (bio K ~+ b110y, K)0Oy, p + b20y, p

+ a11F (0) Dy, p 4 (b10F (w) + b1y, F (w)) Dy, p,

where K is given by

(2.9) K(y) = K(ex),

and a11, a2, big, b11, b2, @11, bip and b1y are smooth functions in \/z, y, Dw, D?w, D3w
and D*w, with

(2.10) ai=1+0() nT(Q), i=1,2.
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Moreover, y; = yi(x) in (2.7) satisfies

(2.11) Y;i = Ti + O(\/g) mQ, i=1,2,
and for any s > 0
(2.12) [gills < es(1 + [[wlls+3),

for some positive constant c.

Before the proof, we first discuss the significance of Lemma 2.1. We define

(2.13) L(w)p = a220y,y,p + 11Ky, p + (b10K + b110y, K) Oy, p + ba0ys p.
Obviously, this is a part of F'(w) in (2.8), since we may write
214)  Flw)p=Lw)p+anF@)dyyp+ (107 w) +bndy, (F(w))dyp.

The operator L(w) in (2.13) has a simple form in the new coordinate system (y1,y2). It
is elliptic if K > 0 and hyperbolic if K < 0. (We note that the principal part of £(w)
has the form (1.4).) We emphasize that the type of L(w) is determined solely by K and
is independent of w, where the linearized operator is obtained. This is crucial in the
iteration. We note that other terms in (2.14) are quadratic in F(w) and p, and their
derivatives. Hence, we will regard them as quadratic errors and solve L(w)p = f instead
of F'(w)p = f in the iteration process.

Proof. Recall that (%) is the cofactor matrix of (V;;u/e?), i.e.,

(2.15) o2 = v;;“, o2 = —%, ol — %.
Then we have by (2.5)
(2.16) U = 5553 + O(V/z).

Let ¢ be a smooth function in € and x satisfying
(2.17) o(e,x) =z + O(e).
First, we set
(2.18) 1 = 3, ),
Obviously, yo is a smooth function in € and x, with

Y2 = x2 + O(e).

Next, we set
(2.19) e = ®9,ys.
It is obvious that e’ is smooth in /&, 2z and Dw and D?w, and satisfies
el =85 + 0(/2).
We consider the following equation for y;
e'0;y1 = 0,

(2.20) 1 (21,0) = 1.
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The coefficient of Gy is given by e2?, which is not zero in € if € is small. Hence (2.20)
always has a unique solution y; in 2, smooth in /¢, 2, Dw and D?w. Moreover, there
holds

yi(z) = 21+ O(Ve).
Obviously, y = (y1(z), y2(z)) forms new coordinates for small e. This defines the trans-
form T in (2.7). Then we can check (2.11) and (2.12) easily. By (2.18)-(2.20), we have
1

€
(2.21) Ooyr = — 3011,
and
. 2
(I)zlaiyl — det (ﬂ)%aﬂ/%
(2.22) e e
' 2 V2u, 811
P*0iy1 = —de t( ) o2 O1y2

In the following, we write F'(w) in the coordlnate y € T(Q). First, we write F'(w) in
the coordinate z as

F(w)p = 9 (d;jp— Tk “Okp) + 2K |g|VuVp,

where K is given by (2.9). We note that K here is not the Gauss curvature of g. By a
simple calculation, we obtain

(2.23) F'(w)p = cr1Oyy, p + Oy, ps
where

(2.24) cr = 9 Diydiu,

and

(2.25) cr = DIV jyr + 2K |g|VuVyg.

By (2.21)-(2.22), it is easy to see
11 = D" 91011 + D 0109y

Viu, oy
oyt

Viu

0
D1y102y2 — Doy1O1y) = det (—5- 2 o

:det( 2)

(2.26) Sia=
c12 = ©90;10jy2 = €' iy1 = 0,
c22 = DY 0iy20;s,

where J is the determinant of the Jacobian matrix for the transform x — y. Note

0
J =01y102y2 — Oay101y2 = (e*Oya + e 81y2) lyl

) 1 o1 y1

= Oiya— 5 = <I>”<91y28]y2
It is easy to see by (2.11) and (2.15)
J=1+0(/e).
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For ¢z, we have by (2.25)
(2.27) ca = PV y2 + 2K |g| VuVys.
For ¢, we need only discuss the first term in (2.25)
& =V = Y0,y — 9T 0m
=0;(®Y 0iy1) — (9;9Y + ®VT}) .
By (2.20) and (2.22), we have
0; (27 0;y1) =010y, (P 0iy1) = 0110y, (D" Oiy1) + D211y, (20;1)
(V u) o

(2.28)

(V u)é?lyl

=01y,0y, ( det aya) — Ooyidy, (det O1y2)

u, 0
Dy, (det ( ) 1y1) (O14102y2 — O2y101y2)

V 0
+ det ( ) 1y1 (01010y, (D2ya) — DayiBy, (D1y2))
V2u (9 Y

We emphasize that there is no dy,-derivative in the above expression! Now, we claim
(2.29) 0;®Y + ®VTY; = —K|glg"du + ©"0;In\/|g].
With (2.25), we then have

V2u, 0 /] '
) 11/1) — 9,1,0; In Vgl + 3K |glg" 0;udjy: .

(2.30) c1 = J0Oy, <det( =
Note
<I>ij8iy16j In \/ ’g’ :<I>”82-y161 In ‘g‘ + <I>2i6iy182 In \/ ‘g‘

et (AL (5,000 10 \/Tg] — Orgota I o/

=det (ET)CT( hy201 In+/|g| — B1y202In \/]g]).
With (2.30), we obtain

VZu, 0 VZu, 0

c1 =J0y, <det (62);31> — det (?)é—gl(fbygal In\/|g| — 01y202 In +/ |g|)

+ 3K|g|g" 9;udjy.

(2.31)

Now, we start to prove (2.29) and we only discuss [ = 1. By (2.15), we have
2 = Jyou — F§28ku, 202 = —9ou + Flf28ku, 2022 = 9yu — I‘IfQ(?ku.
By a simple substitution, we collect terms according to the order of derivatives of u. We
note that the third derivatives of u cancel among themselves. Hence, we have
e2(9;@Y + ®YT};) =(T},00u — T5y01,u + T}, 020w — 2T}5019u + T3,011u)

+ (32F1f2 - 81F,§2 - FhFIQCQ + 2F%2F11€2 - F%QFIﬁ)akU-
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After a simple calculation for terms involving the second derivatives, we obtain
e2(9;07 4+ ®9T};) =(I'Yy + T'y)dagu — (T + T'35)d10u
+ (oI — TGy — T} T8y 4 21,1, — Dol ) k.
For the first term in the right hand side, we write
(o + i) daou =(TT, + Ty (Ba2u — T5,0ku) + (IT, + Ty Tha0ku
=T, Vagu + (T, + 1) 50k
=201 In/|g|®" + (T}, + T'1;) 500w
Similarly, we get
(T, +T2)810u = —£205 In \/|g|®'2 + (T}, + 2,5 0.
Then we obtain
e2(9;@Y 4+ ®VUTY) = Iy Opu + €201 In /[g|®" + 292 In /]g| @2,
where [}, is given by
Iy =05y — 01Ty — T, 5, + 20,0y — Tl
+ (s + T11)T5, — (Tiy + T3)T,
A simple calculation shows
Iy =0oT%, — 04T, + T8Ik, —TTY . = " Rojo
=g Ro112 = —g"" Ri212 = —g"* K9],

where K is the Gauss curvature of g. Note that K, = e2K = ¢2K. Hence we have by
a simple substitution

e2(0;@Y + ®9T};) = —°K|g|g" Opu + €20, In /| g| 2"

This is (2.29) for [ = 1. The case [ = 2 can be proved similarly.
By (2.3), we have

VZ
det(—5-) = Klg !(1—*|VUI)+\@f(w)-

We may write ¢;; and ¢; in (2.26), (2.27) and (2.31) as follows

0 0
en = Klgl(1 — Va7 % + VeF(u) 2L,

(2.32) c1z2 = 0,

62

coo = J+—,
i
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and
_ 1 2\ Y1
cr =J0y, | Klg|(1 - ;2|VU’ )eT + 3K|g|Vu - Vi
1 0
sy Kl Ve T Qi tn Vgl - 10210 ll)
0 0
+VeJo, <}—(u)(1323/1> - \@F(U);Tyl(aﬂnal In\/|g| — 19202 In \/|g]),

Cco Z(I’ijviij + 2K]g]Vu . Vyg.

This finishes the proof. O

In the proof of Lemma 2.1, ¢ is an arbitrary smooth function in ¢ and x satisfying
(2.17). Obviously, we may take ¢(e,z) = z2. However, such a choice may not lead to
solvable linearized equations. We examine a special case.

Corollary 2.2. Let g be a smooth metric in Q with its Gauss curvature K given by
K =noy, where

(2.34) n =n(t) is a smooth increasing function with n(0) = 0,
and ¢ is a smooth function in a neighborhood of 0 € R? satisfying
(2.35) ©(0) =0, 01p(0) =0, p(0)=1.
Then Lemma 2.1 holds with (2.9) replaced by
(2.36) K(y) = n(ey2).

To prove Corollary 2.2, we simply take
(2.37) ole, ) = é«p(ax).

Obviously, (2.17) is satisfied because of (2.35).

Remark 2.3. The only essential difference lies between (2.36) and (2.9) for the expres-
sion of K. Under extra assumptions (2.34) and (2.35), K has a simple form in new
coordinates. By (2.36), we have 0y, K = 0. Therefore, we may take b;; = 0 in (2.8).
This simple fact plays an important role in proving the existence of smooth solutions
later on.

To proceed, we examine the new transform (2.7) introduced by y; and y2 in (2.18)
and (2.20). In fact, (2.7) can be decomposed into two parts

(238) T T = ($1, @(E,ZL‘)),
and
(2.39) Ty = (y1(2),22),

where ¢ is given in (2.37) and y; in (2.20). By (2.17), we note that &2 = ¢(e,x), and
hence the transform = — 2, are independent of w. In the & coordinate, F(w) in (2.3)
can be written as

(2.40) .7:('11}) = a(s, z, 0w, d11w, 81211])82211] + F (8, T, 0w, 1w, 81210),
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where a and Fj are smooth in /2, &, dw, 013w and dj2w, with
(2.41) a(e, 2, 0w, 011w, Opw) = 1+ O(Ve),

for any small € and any smooth function w in Q with [Ow| + |Onw| + |O12w| < 1. We
note in the coordinate &

K = 77(6:2‘2).
In the following sections, we will solve F(w) = 0 in (2.40) in {2 > 0} and {22 < 0}
separately. We note that a smooth solution w to F(w) = 0 in {Z2 > 0} and {Z2 < 0}
forms a smooth solution as long as it is C! across {#5 = 0}.

3. SMOOTH SOLUTIONS OF LINEARIZED EQUATIONS

In this section, we construct smooth solutions of the linearized equations we derived
in the previous section. Instead of discussing the elliptic region and the hyperbolic
region separately, we consider an elliptic equation and a hyperbolic equation in the
same region. For degenerate elliptic equations, solutions with a high regularity exist
when coefficients satisfy a smallness assumption. See (3.7) in Theorem 3.1. No such
a smallness assumption is needed for degenerate hyperbolic equations. This difference
results in different iteration schemes, specifically different modified linearized equations,
in solving the Darboux equation in elliptic regions and hyperbolic regions. This explains
different forms in (3.2) and (3.22). This difference is also the main reason that we need to
carry out the Nash-Moser iteration separately in elliptic regions and hyperbolic regions.

In R?, we set for any [ > 0

(3.1) Dy = {(z,t);]z| <, 0 <t <1}
We denote by || - ||s,p, the H*-norm in D;. For | = 1, we simply write D = D; and
- lls = 1 lls.py -

In the first part of this section, we discuss a class of elliptic equations in D. We
consider

(3.2) adpu + (K 4 0)0pgu + boOyu + b(K + 0)0yu + BOyu = f in D,

where 0 is a positive constant, and a, bg, b, B and K are smooth functions in D satisfying
for some constant A > 0

(3.3) a>X in D,
and
(3.4) K=K()>0 in D.

Equation (3.2) is elliptic under assumptions (3.3)-(3.4). We note that K does not depend
on . We set

(3.5) A = lalls+1 + l1bolls+r + [1Blls1 + | Blls + 1K + 6]

Next, we prove the existence of smooth solutions to (3.2). Our method is adapted from
[10] and [7], where sufficiently smooth solutions are constructed. It is not clear whether
solutions constructed in [10] and [7] are actually smooth. We are able to construct
smooth solutions in our case because of the special structure of (3.2).
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Theorem 3.1. Suppose a, by, b, B and K are smooth functions in D satisfying (3.3)-(3.4)
for some constant A > 0. Then for any positive constant 6 and any smooth function f
in D, there exists a smooth solution u of (3.2) satisfying

(3.6) u(-,0) = u(-,1) = 0.

Moreover, for any integer s > 0 satisfying

(3.7) |0wa|poe + |0ub| oo + |Otbo|Loe + [0 poe + [ K 4 0|1~ + $|B|c1 < gpA,
there holds

(3.8) lulls < Cs(I1f1ls + (s = 2)TAT [ fll2),

where €g is a (universal) constant, and Cs is a positive constant depending only s, A and
H®-norms of a,by,b, B and K.

We note that (3.8) holds for any integer s > 0 and any small 6 if B = 0. However,
(3.7) fails to hold for sufficiently large s if |B|c1 # 0. It is not clear whether (3.8) always
holds without (3.7).

Proof. Consider a smooth function ¢ in D satisfying
(3.9) 20,0 4+ by = 0.
We may simply take

(3.10) ol(z,t) = exp{—;/oz b(- 1))

Then we set

(3.11) U = Qu.

A straightforward calculation yields

(3.12) adyv + (K + 0)0zv + bodyv + Boyv+cv = f in D,
where

Z)O ZQG% + bg,
¥

_ Oup oy 1 2y 1
F=L.
2

To proceed, we extend a,by, ¢ and f from D = D; to Dy such that the extended
functions are 4-periodic in z, with a > A\/2 in Ds, and that there hold for any s > 0

(3.14) lalls,p, < Csllalls,pys  lales(p,) < Cslales(pyys

and similar estimates for by, ¢ and f. Now, we consider (3.12) in Dy. Since (3.12) is
(strictly) elliptic in Dy, it admits a (unique) smooth solution v in Do which is 4-periodic
in x and satisfies
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Now, we derive estimates for v. Set for any integer s > 0
(3.15) As = llalls+1,02 + 1Bolls, 0, + llells,0y + 1Bls,05 + 1K + 6|5, 0,

We claim there exists a universal £y > 0 such that, for any integer s > 0 satisfying

1 1, - 1
(3.16) |50ua — 50bo + | + |(s = 5)B| <&\ in Dy,
there holds

(3.17) [0lls,05 + [[9¢v]ls,p, < Cs (Hst,Dz +(s - 2)+f\s\v!Loo(D2)) ;

where C; is a positive constant depending only on s, the C3-norm of a and C?-norms of
l~)0, cand K.

We first prove (3.17)g. We integrate the product of v and (3.12) in Ds. There are
no boundary integrals since all functions involved are 4-periodic in « and v vanishes on
t =0 and t = 1. A simple calculation shows

/ a(0)? + K (0,v)% = / (lﬁtta - 1@50 +c— 1((3963)1)2 - / vf.
Do Dy 2 2 2 Do

By (3.16)0, we get

/ a(0)? + K (0,v)? Séo)\/ vQ—/ vf.
Do D2 Do

Since v = 0 as t = 0, we have by Poincaré inequality
(3.18) / (0? + (Br)? + K(9,0)?) < Co [ 2,
DQ D2

where Cj is a positive constant depending only on A. Hence we have for

(3.19) [v]l0,p5 + |0vlo,p5 < Collfllo,ps-

Next, we assume (3.17)5_1 holds and prove (3.17)s; under the assumption (3.16);. We
note that dfv satisfies an equation similar to (3.12). Hence a similar argument leading
to (3.19) and the induction hypothesis (3.17),_; yield

(3.20) 1030]l0.05 + 10850 ]l0,0, < C (. \) (IIflls, 0y + (5 = 2) T Aslv] oo (ny))-
It remains to estimate other s-derivatives. By (3.3) and (3.12), we have
K b B f
O = —— OV — —Oatv — —0pv — E’U + i in Ds.
a a a a a

Applying 9F9:F, with 2 < k < s, and then using the estimate on d3v and 9,05 'v in
(3.20), we obtain

321) S0 0., < Cls, (1 Fleps + (5 — 27 Adlvl ()
k=2
Therefore, we get (3.17)5 by (3.20)-(3.21).
With (3.17)s and the Sobolev embedding, we obtain

lolls,p, < Cs(Flls,pz + (s = 2) T Asllfll20,).-
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By (3.5), (3.13) and (3.14) for a, by and ¢, we have easily
Ay < C,AT.
Moreover, (3.7) implies (3.16) for sufficiently small e. With (3.14) for f, we obtain
lolls < Cs(I1flls + (s = 2) " AL [ fll2),

where integrations are over D = D;. By (3.11) and interpolation inequalities, we have
(3.8) easily. O

In (3.8), there is a loss of derivatives in the elliptic sense. Note that the H*-norm of
f only controls the H®*-norm of .

In the rest of this section, we discuss a class of hyperbolic equations in D. In the
following, we set ¥ = {t = 0} N 9D and consider

O — a(K + 0)0ppu — bpOpu — bOyu = f in D,
U = ¢0) atu = Q;;O on Ea

where 6 is a positive constant, and a, by, b and K are smooth functions satisfying

(3.22)

(3.23) a>\ in D,

(3.24) 0<K=K({)<1 inD,

and

(3.25) )| <CVK +60 inD,

for some positive constants A and C. The crucial assumption concerning K is
(3.26) 04K >0 in D.

We note that (3.25) is referred to as the Levi condition. We set
AL = 1197 (a(K +0)) lls + 19bolls + 19D

The next theorem is an improved version compared with results in [6] and the proof is
much simpler.

Theorem 3.2. Suppose a, by, b and K are smooth functions in D satisfying (3.23)-
(3.26). Then for any positive constant 0, any smooth function f in D and any smooth

functions 1y and ¥y on X, there exists a smooth solution u to (3.22). Moreover, there
holds for any s > 1

l[ulls < Cs <||1!}0||Hs(z) + 1ol s sy + 11£11s
(5 = 2) AT (ol 2y + 1ol 2wy + 1112) )

where Cy is a positive constant depending only on s, X\, the Lipschitz norm of VK and
C?-norms of a, by, b and K in D.

(3.27)

For any function u, we set for s > 1

W2 = ST 100 fully, = 3 10kl

hl<s i<s
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Proof. We first extend a, by, b and f from D to D such that there hold a > \/2 in Dy,
and for any integer s > 0

(3.28) 1 flls,p00 < Csllflls,0, | fles(pae) < Cslfles(py,

and similar estimates for Oa, bo and b. Moreover, we may assume bg,b and f have
compact supports. Similarly, we extend 1y and 1;0 from ¥ to {t = 0}, with a similar
estimate as (3.28) for v and 1.

In the following, we set k = /K + 6, and consider

Ot — ak?Oppu — boOru — bOyu = f  in D,
w=tho, Syu=1hy on {t =0}

Obviously, (3.29) admits a unique smooth solution v with a compact support since it is
(strictly) hyperbolic. Set

Ay = 110%(ak?)|ls,p + 110b0ls,po + 10D]s,D. -

(3.29)

We claim there holds for any integer s > 1
|[ulls,p0e < Cs (H%HHS({t:()}) + ol s (e=op) + | F1]s.0

(3.30) .- ]
+(s —2) "A7 (ol 2 (ge=oy) + 1%l 2 (ge=oy) + I f

) )

where Cs is a positive constant depending only on s, A, the Lipschitz norm of v/ K and
C?-norms of a, by, b and K in D
We introduce a function z satisfying
8ttz — boé?tz = f inD y
(3.31) N
z=wu, Oz=1u on {t=0}
By setting 4 = u — z, we obtain

Ol — ak>Opp—boOyti — bOyti = f in Do,

(3.32) ) )
u=0, 0t=0 on {t=0},
where
(3.33) f = ak?dypz + b0,
By a straightforward calculation, we have
—put ﬂ? ﬂQ ~2 —put ~ ~ —put ﬂ? ﬂ2 ~2
o{e (ﬁ + 7o) + at}) } — 0, (2e " ad00,0) + pe (ﬁ + 2 + ai)

w02 G .

(3.34) +e M9, In k:Q(k—; + ﬁ) = —26_“taxk‘um§ + e_“tatui
a3 _bi il il
+ 26_“tbok—g + 26_“tumk—; + 26_“tk—; + 2€_Mt%.



LINEARIZATIONS OF THE DARBOUX EQUATION 15

Note 0.,z appears in the expression of f . This would create an extra loss of derivative
if we simply integrate (3.34) in Do,. To avoid this loss, we write

efut@

—ut N —ut ~ —ut
12 =e Mazily — pe Mazptiy + e * 2y —

3.35 _ N _ N
( ) — e M a2ty + e a2yt

+ 0z (e*“tazwﬂt) — O (e*“tazxﬂx).
We note zy, appears in the first term in the right hand side of (3.35) instead of z,, in

(3.33). Now we may integrate (3.34) in Dy, with the last term in (3.34) replaced by
(3.35). In view of the hypothesis 9;k? > 0, we obtain by Cauchy inequality

. A2
(3.36) &+w—m/ ewy+w+w>_/ewm@+%»

oo

where B is the boundary integral over {t = 1}

a2
_ ¢
(3.37) By = /{t_l}e M (k2 k2 + all + azyy).

There is no boundary integral on {¢ = 0} since & = 4; = 0 on {t = 0} by (3.32). We
then have by Cauchy inequality

A a* ad L 1
3.38 By > / e M + — + = — / e M2,
By (3.24), we have
w2 a2 9 9 ) )
72 Tz toix 2 (u—2)* + (ur — 2)* + a(uz — 22)°

This implies

/ e M (u? + uf + ul )+(u—u1)/ e M (u? + uf +ul)

(3.39)
<c / ”%Mw%MQ+4/ e (pa® + i + pg + 2g)-
{t=1}

oo

We need to get estimates on z and its derivatives. First we have for any p

/ (2 4 22) + (1 — o) / (2 )
{t=1)

oo

SCO{/{tZO}(UQJrU?)Jr/OOe“th},

for some constants py and ¢o depending only on the L*°-norm of by. We obtain (3.40)
by multiplying 2e 'z to (3.31) and integrating over Ds,. Now we differentiate (3.31)

(3.40)
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with respect to x. Similarly, we get for any p

/ M2 4 22) + (1 — o) / (2 4 22)
{t=1}

oo

Sco{/ (z§+zﬁt)+/ e“t(22+z§+fx2)}.
(=0} o

We finish the proof of (3.30); by substituting (3.40) and (3.41) in (3.39).

To prove (3.30)s4+1 for any s > 0, we consider the equation satisfied by d5u and get
an estimate for 8;03u and 957'u similarly. Other (s + 1)-derivatives can be obtained
from equation (3.22). We omit details, since it is similar to the corresponding part in
the proof of Theorem 3.1. O

(3.41)

4. ITERATIONS

For any smooth function K in a neighborhood of 0 € R? with K (0) = 0 and VK (0) # 0
as in Theorem 1.1, the implicit function theorem implies that K ~!(0) in a neighborhood
of 0 € R? consists a (single) smooth curve ¢ through 0. Moreover, there exists a vector
field X in a neighborhood of 0 € R? which is orthogonal to o such that Vx K > 0. In
this case, K vanishes at order 1 across o.

We now consider a general case. A smooth function K changes its sign monotonically
across a curve through 0 € R? if K is given by K = 1o ¢, where

(4.1) n =n(t) is a smooth strictly increasing function with 7(0) = 0,

and ¢ is a smooth function in a neighborhood of 0 € R? satisfying

(4.2) £(0) =0, V(0) £0.

It is easy to see that K ~'(0) in a neighborhood of 0 € R? consists a (single) smooth
curve o through 0 and that there exists a vector field X in a neighborhood of 0 € R?
which is orthogonal to ¢ such that Vx K > 0. We note that K is allowed to vanish up
to an infinite order along o.

Theorem 4.1. Suppose g is a smooth metric in a neighborhood of 0 € R? such that its
Gauss curvature K changes sign monotonically across a smooth curve through 0. Then
g, restricted to some neighborhood of 0, admits a smooth isometric embedding in R3.

Obviously, Theorem 1.1 is a special case of Theorem 4.1.

In the rest of this section, we will prove Theorem 4.1. We use the same setup as that
at the beginning of Section 2. We denote by g temporarily the metric in Theorem 4.1
with Gauss curvature K. By an appropriate rotation and (4.1)-(4.2), we may assume K
satisfies (2.34) and (2.35) in Corollary 2.2. To proceed, we use Nash-Moser iterations
to construct a smooth solution w of F(w) = 0 in (2.3) separately in {K > 0} and
{K < 0} such that w is smooth across {K = 0}. Theorem 3.1 and Theorem 3.2 play
important roles in the iteration process in this section. As noted at the beginning of
the previous section, there is a smallness assumption (3.7) in Theorem 3.1. Such an
assumption makes it complicated to construct an iteration sequence in the elliptic region.
We need to maintain all but finitely many linearized equations in this iteration satisfy
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the smallness assumption when a regularity level is fixed. Otherwise, there is no hope to
obtain C'*°-solutions. This requires us to modify linearized equations derived in Section
2 carefully. The modified linear operators in the elliptic region are constructed in (4.10).
The last term in (4.10) is introduced to satisfy the smallness assumption (4.13), which
is simply (3.7) in the present setting. Compare (4.13) with the modified linear operator
(4.25) in the hyperbolic region, especially the last terms.

We first consider the transform

T — (:El, @(6230))

as in (2.38). In the following, we solve F(w) = 0 in (2.40) in the new coordinate, which
is still denoted by x for brevity. We note in the new coordinate

K =n(exq).
We also write F(w) in the form
(4.3) F(w) = F(e,z,w, Dw, D*w),

where F is smooth in /¢, z,w, Dw, D*w.
To proceed, we set
Qr ={z;|z1| <1, 0 < £xg < 1}.
In the following, we consider a family of operators Sy : Q4+ — Qi satisfying for any
51,82 >0

(4'4) HSZUHsl < 08182Hu||82> if 51 < s9,
(4.5) [Seulls, < Csysyvyt ™ [lulls, if 51> s9,
(4.6) [Seu —ulls, < Csysovy 2 ulls,, i 51 < s,

where the constant Cs, s, depends only on si, s2, independent of £. We choose

vy = V™ for any £ > 0,
where v > 1 and 7 € (1,2) are constants to be fixed. Obviously, we have for any ¢ > 0
(4.7) Vep1 =1y

Now we begin to solve F(w) = 0 in 2. We first do this in Q4. In the first part of this
section, all functions are defined in €2, and all norms are taken in .

Set wg = 0. We construct wy in 24 by an induction on ¢ as follows. Suppose
wp, W1, - - - , wy have been chosen. For py to be determined, we define
(4.8) W1 = we + Sepe-

By the Taylor expansion, we have

F(weyr) =F (we) + F'(we)(Sepe) + Q(we; Sepe)
=F(wg) + F'(we)pe + F' (we)(Se — 1)pe + Q(wy; Sepe),
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where Q(wy; Sgpe) is the quadratic error. We apply Corollary 2.2 to wy to get a transform
T :x— yasin (2.7) such that we have in y-coordinates
F'(we)pe =a220y,y,pe + a11K Oy, pe + 1K Dy, pe + b2y, pe

+ @11 F (we) By, gy e + (b10F (we) + b110y, F(we)) Oy, pe-

We need to modify the last term in the right hand side of (4.9), as it involves a derivative
of F(wy). For wy, we set

(4.9)

0 = |Fwi)ler,
and
L (we) pr =a220y,y, p0 + a11(K + COF )y, pe + b1 (K + CO, )0y, pe
+ b0y, pr + b (1 — S) (9y, F (we)) By, pr

for some positive constant C. We note that 1 — Sy in the last term is introduced to
satisfy the smallness assumption in Theorem 3.1. Then, we obtain

Fwesr) =F(we) + L (we)pe + (a11F (we) — Car16; ) By, y, pe
+ (broF (we) — Cb18;F) By, pe + b11Se(Dyy F(wy)) Dy, pe
+ F'(we)(Se — 1)pe + Q(we; Sepe).-
By Theorem 3.1, we have a smooth solution py to the following problem
L (w)pe = ~F(we) in T(Q4),
pe=0 on {y2=0}NO(T(Qy)).

(4.10)

(4.11)

Then we obtain

F(wer1) =(anF(we) — Cannb))dyuy, pe + (b1oF (we) — Cbi6) )y, pe
+ b11.Se(Dy, F(we) ) Dy, pe + F'(we) (Se — 1) pe + Q(wes Sepe).-

Now we examine the condition (3.7). We note by Sobolev embedding and (4.6)

s|(1 = Se) 0y, F(wy)) ‘Cl < ¢s|(1 = Se) (9y, F(we)) I3

<esvy |0y, F(we)|la < esvy | F (we)||s < esvy (1 + [Jwell7).

(4.12)

By the dependence of a;1, ags, b1, ba on wy in (4.9), we obtain the following: there exists
an gg such that, for any integers s and ¢ with

(4.13) s, ' < eo,
there holds
(4.14) loells < es( fells+a + (lwells+a + Dl fella),
provided
Jwellay <1,

where d and dg are integers satisfying

(4.15) d>7, dy>T.
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We should note that (4.14) was proved to be true in y-coordinates. It is easy to see that
it holds in z-coordinates. We also require

(4.16) do > d+2.

For the existence of smooth solutions in 21, we may in fact take d = dy = 7 in (4.17).
However, we need a large dy here in order to construct a smooth solution in 2_ later.
Next, we note V[l <v " <v7l as 7> 1. Hence, s satisfies (4.13) for any ¢ > 1 if

(4.17) 5 < ggU.

On the other hand, for any fixed s, (4.13) always holds for large £.
In the next result, we denote p_; =v_; =0.

Lemma 4.2. There exist constants ¢, > 1, § > d+ 2 and p, € (0,1), independent of j,
such that if

(4.18) [F (wo)lls—2 < g

the following inequalities hold for any j > 0

(Q1); [pj-1lldy < cxv*v; % || F (wo)ll5-2;
(Q2); Jwillay <15
(@3); |1F (wi)lla < vPv; Pl F (wo)lls—2-

Lemma 4.2 is based on the following two results.

Lemma 4.3. Suppose (4.18) and (Q2)¢ are valid. Then for any s and ¢ satisfying (4.13),
there holds

(4.19) lpells < es(I1F (wo)lls+a + lwells+ar2)-

Lemma 4.4. Suppose (4.18) and (Q2); are valid, for 0 < j < £. Then there exists an
v =v(8) > 1, depending only on §, such that there holds for any d+2 < s <3
s34
(4.20) lwerrlls < v/ [F(wo)lls—2-
Moreover, for any s > d + 2, there exists an £(s) such that there holds for any € > {(s)
d+2

a+2
(4.21) e lls + 1F (wo)lls—2 < g™ v (llwegs)lls + 17 (wo)lls—2)-

Lemmas 4.2-4.4 correspond to Lemmas 7.4.2-7.4.4 in [4]. The only difference lies
between (4.21) and (7.4.16) in [4]. We note that (4.21) holds only for any ¢ > ¢(s). In
fact, ¢(s) can be chosen to satisfy

(s—d— 2)1/[(;) < go.

This is related to (4.13). The proof of Lemmas 4.2-4.4 is similar to that of Lemma
7.4.2-7.4.4 in [4] and hence is omitted.
Now we are ready to prove Theorem 4.1 in Q.
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Proof of Theorem 4.1 in Q4. Proceeding similarly as in the proof of Theorem 7.4.1 in
[4], we have that w, converges to some w in H*(24) for any s and F(w) =0 in Q4. In
fact, for any fixed s > dp, we take an appropriate s* > max{s, § — m — d} and conclude
that

_be
loells < v, ) v™2" (IF(wo)lls++a + llwe lls++ar2),
for any ¢ > ¢(s* + d+ 2) as in Lemma 4.4. We refer to the proof of Theorem 7.4.1 in [4]
for details. O

By examining the proof of (Q2);, we have

1wl dg,0. < Clix.
Set
¥ = {(z1,0); [z1] < 1}.
We extend w in Q4 to wg in _ to form a smooth function in 2 UX NQ_ with
@olldo, - < Cis-

By taking e smaller in (2.40) if necessary, we then have

(4.22) 17 (@o)lag—2.0- < Cpis

Now we use a similar method to solve F(w) = 0 in Q_. We construct wy in 2_ by an
induction on ¢ as follows. Suppose wq, w1, - - - , Wy have been chosen. For p, to be chosen,
we define
(4.23) Wer1 = Wy + Sepe.

By the Taylor expansion, we have
F(Wet1) = F(we) + F'(we)pe + F'(we) (Se — 1)pe + Q(we; Sepe),

where Q(wy; S¢pe) is the quadratic error. We apply Corollary 2.2 to wy to get a transform

x — y as in (2.7) such that we have in y-coordinates
(4.24) F'(wg) pe =a220y,y, pe + a11K 8y, y, po + b1 KDy, pr + ba0y,
+ a11F (We) Oy, y, P + (bmf(ﬂjg) + bllam}—(wé))aylﬁz.

For w,, we set
0, = [F(wo)lcr,
and
L™ (W0¢) pr =a220y,y, pe + a11(K — CO, )0y, pr + b1 K0y, pr
+ b2y, pe + b110y, F(10¢) Dy, fie,

for some positive constant C'. By K < 0 in {2_ and Theorem 3.2, we have a smooth py
in ©_ satisfying

(4.25)

L (@)pe = —F(wy) inQ_,
(4.26) - (we) o - (we) in
pe=0, Opp =0 on X.

We may modify Sy so that we have Sypy = 0 and 92(S¢pg) = 0 on X. The rest is similar
and hence omitted.
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Proof of Theorem 4.1. As in the proof of Theorem 4.1 in 4, we may find a smooth
solution w of F(w) = 0 in Q_ if dp in (4.22) is sufficiently large. We note that dy — 2 in
(4.22) plays the same role as § — 2 in (4.18). Next, we note w = w and Jow = dow on ¥
by (4.26), where w is the smooth solution to F(w) = 0 in 4 established before. Hence
w is a C! extension of w to Q_. By (2.40), we have Oyow = 020w on ¥, and hence w is
a smooth extension of w to 2_. g
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