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1. INTRODUCTION

Hyperbolic differential equation is an important class of differential equations. It is
well known that the Cauchy problem is well-posed for (strictly) hyperbolic differential
equations. However, it is still not known the optimal assumption to ensure the well-
posedness of the Cauchy problem of degenerate hyperbolic differential equations even if
the space dimension is one.

In [3], Colombini and Spagnolo constructed a degenerate hyperbolic equation such
that the Cauchy problem is not well-posed. The equation has a simple form

u — K(t)ugy =0 in R x (0,7,

where K () is a nonnegative function in (0,7). In fact, solutions do not exist for some
smooth Cauchy data even in the distribution sense. In this example, the nonnegative
function K(t) oscillates an infinite number of times. Such an example clearly shows
that certain conditions need to be imposed on degenerate leading coefficients to ensure
the well-posedness of the Cauchy problem for degenerate hyperbolic equations. In [2],
Colombini, Jannelli and Spagnolo conjectured that the well-posedness in the C'°°-category
holds for the Cauchy problem of degenerate hyperbolic equations if the leading (degener-
ate) coefficients are analytic in time t. Here, the analyticity in t ensures a finite number
of oscillations in the t-direction, which excludes the example in [3].

It is well-known that the Cauchy problem of degenerate hyperbolic equations is well-
posed in C*° if leading (degenerate) coefficients are analytic in both time and space
variables with appropriate assumptions on the lower order coefficients. (See e.g. [12]
and [5]). For smooth case, the Cauchy problem is well-posed for degenerate hyperbolic
equations under additional conditions on oscillations of the degenerate coefficients with
respect to time. Such conditions are in general imposed on zero sets of time derivatives
of degenerate coefficients. In [13], those zero sets are horizontal. In [4] and [9], those zero
sets are allowed to be Lipschitz or even Holder continuous (as space variables). However,
conditions in [4] and [9] are hard to verify in general for many interesting cases.

Although appropriate assumptions on time derivatives of degenerate coefficients yield
affirmative results, it seems that better candidates for natural assumptions are the degen-
erate coefficients themselves. The reason is clear since equations are degenerate if these
coefficients vanish. It seems more natural to study zero sets of degenerate coefficients
instead of those of time derivatives of degenerate coefficients. In [7], the first author
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derived classical energy estimates for solutions of degenerate hyperbolic equations when
degenerate coefficients do not admit complex roots.

In this paper, we continue our study of the Cauchy problem of degenerate hyperbolic
equations. Consider in R x (0,7") the Cauchy problem in R x (0,7’) of the form
(1.1) U — (T, t)ugy — bo(x, t)uy — b(z, t)uy — c(x, t)u = f(x,t),
(1.2) u(z,0) = up(z), w(z,0)=u(z),
where a is a nonnegative function in R x (0,7"). This is a degenerate hyperbolic equation
since a is allowed to vanish. We assume

(1.3) 0<a<A inRxI[0,T],
and
(1.4) |b] < Cyv/a, inRx[0,T],

for positive constants A and Cj. The condition (1.4) is the simplest (and probably the
most restricted) form of the so-called Levi condition. 1t is necessary for the well-posedness
of the Cauchy problem for degenerate hyperbolic equations.

To simplify our discussion, we assume

a(z,t) = q(x,t)K(x,t),

where ¢(z,t) is a positive smooth function and K (z,t) is a nonnegative smooth function
such that

(1.5) 0<A<g<A inRxI[0,T],

and

(1.6) K(z,t) =t" + c1(2)t™ 1 -+ e (@)t + cn(2).

Here, m is an even integer and cy, - - - , ¢, are smooth functions in R. If ¢ is an arbitrary

function analytic in ¢ and smooth in z, then we can always write a in this form locally
by the Weierstrass preparation theorem.

In this case, the zero set seems to have a relatively simple structure. For each fixed
x € R™, there are m zeros for ¢t and these zeros may be complex. In fact, it is precisely
due to the presence of complex zeros that makes the discussion of the Cauchy problem
difficult. If all zeros of K are real, these zeros decompose the plane into finitely many
regions. We are able to derive energy estimates in each region and then patch them
together to obtain global energy estimates. Refer to [7] for details. However, if complex
zeros are present, we need to connect real zeros appropriately to form a decomposition.
Among all possible choices, we need to choose one to obtain desired a priori estimates.
A natural choice seems to be the real part of zeros. If K(z,t) is assumed to be analytic
in both ¢ and x, real parts of zeros indeed decompose the plane properly, as shown in
[5]. However, when the analyticity in z is absent, zero sets are complicated to analyze
in the general case. The real part of zeros still works for smooth K in (1.6) with m = 2.
In fact, it is the only known case. The real part of zeros does not decompose the plane
properly even for m = 4!

In this paper, we use the zero sets of both K and the t-derivative of K to decompose
the plane. For m = 4, we find a nontrivial decomposition so that energy estimates can
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be obtained. (The case m = 2 is known as mentioned earlier.) The main result is the
following.

Theorem 1.1. Let q,by, b, c, K be smooth functions in R x (0,T) with a = qK satisfying
(1.4) and (1.5). Suppose K is a nonnegative function given by (1.6) for m = 4. Then
the Cauchy problem for (1.1) admits a smooth solution in R x (0,T) for any smooth
function f in R x (0,T). Moreover, for any s > 0

lullsrx 1) < Cs(lul,0)lsenr + lue(-, 0)ls4n—1.8 + 1 fll st N Rx(0,7))

where Cy is a positive constant depending only on s, \,\,Cy and the C°*TN-norms of
q, K, by, b and c, and N is a nonnegative integer which is universal.

Here and thereafter, || - || is the H®-norm in €.

We expect that Theorem 1.1 holds for arbitrary nonnegative function K in (1.6) and
that N depends only on m. We emphasize that it is quite delicate to decompose the
plane appropriately even for m = 4. The obvious choice of the real part of zeros of K
does not work. In fact, the decomposition has a complicated explicit expression in terms
of coefficients. See (3.13) in Section 3. Last, we point out that discussions in that section
can be generalized to some polynomials of higher order.

The paper is organized as follows. In Section 2, we recall a criterion of appropriate
decompositions such that energy estimates can be obtained and hence the Cauchy prob-
lem is well-posed. In Section 3, we verify that this criterion is satisfied for K in (1.6) for
m = 4. We also discuss briefly methods used in this paper.

2. A CRITERION FOR ENERGY ESTIMATES

In this section, we recall several results in [7] leading to energy estimates of solutions
of the Cauchy problem of degenerate hyperbolic equations. See also [5].

Let Y1 be two curves given by ¢t = ti(z) € C%(I) N BV (I), for some 8 € (0,1] and
some interval I C R, satisfying

(2.1) 0<t_(r)<ty(z)<1foranyze€l,

and
t+(x) = const. for large x if I is an infinite interval and
ty(z) =t_(z) at finite ends x of I.

Set

(2.2) Q={(z,t); zel, t_(z)<t<ty(x)}

We note that integration by parts can be performed in € since 052 is given by functions
of bounded variations. Moreover, Sobolev embedding holds in 2 since its boundary is

Holder continuous. In fact, we have
1 1
H*(Q) c L>®(Q) for k > 5(1 - 5)'

Refer to [11] for details.
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We consider (1.1) in € with the Cauchy data

(2.3) U=, uy =1 onX_.
We assume
(2.4) a(0t£)? <my on Bg,

for some constant 79 € (0, 1).

Lemma 2.1. Let u be an H?-solution of (1.1) in Q and (1.4), (1.5) and (2.4) be assumed.
Suppose there exists a nonnegative C' function w in Q satisfying

(2.5) Ow <e Ow \axw|f <. O(aw) |8xw]f < e
w w aw
for some positive constants c1, ca and c3. Then for any p > o

2 4ud +aul) + (1 — po) /Q e Mw(u® + ui + au?)

/2+ ﬁ AR
<q
Dl \/1 + It’ |2

where o, co and ¢, are positive constants depending only on Cy in (1.4), no in (2.4), c1,
¢y and c3 in (2.5), the L -norms of by and ¢, and the Lipschitz norm of \/a.

(2.6)

(u +u§+aui)+/e"“wf2,
Q

The proof follows from a standard process of a multiplication of (1.1) by e~ "u; and
an integration in €.

The difficult part in applying Lemma 2.1 is to construct w satisfying (2.5). In some
cases, w can be constructed easily. We can take w = 1 if a; < C,a and take w = 1/a if
at > —Cya for some positive constant C.

The estimate (2.6) is often referred to as a weighted estimates due to the presence of w.
Such a weight can be removed if it relates to boundary appropriately. In the following,
we assume

(2.7) co<w< (t- t_(x))_d for any (z,t) € Q,

where ¢y is a positive constant. As we see, the boundary ¢ = ¢_(x) will be related to
zeros of a. If t = t_(x) is a zero of a, then a is degenerate there. The condition (2.7)
is introduced to overcome the degeneracy. The finite degree of degeneracy in (2.7) is
essential.

Lemma 2.2. Let q,b,by,c and K be C%-functions in Q with a = qK satisfying (1.4),
(1.5) and (2.4) and w be an H3-solution of (1.1) and (2.8) for ¢ € H2(X_), ¢ €
H™Y(Y) and f € H™Y(Q). Suppose there exists a nonnegative w in Q satisfying (2.5)
and (2.7). Then

(2.8) lullr2) < Cllell garzs y + 10l garisy + 1 e @),

where C' is a positive constant depending on Cy, 1n9 and the C*-norms of a,b,by and c.
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In order to establish energy estimates for the Cauchy problem of degenerate hyperbolic
equations, we decompose the (upper half) plane into finitely many regions such that
energy estimates can be obtained in each region. Then we patch these estimates in each
region together to obtain a global energy estimates.

First, we impose a basic assumption.

Assumption 2.3. For some constant 3 € (0,1] and some integer n, there exist n func-
tions o1, -+ ,pn € CBR)N BV (R), with ¢, < --- < ¢y in R, which separate R x R into
n + 1 regions
0 ={(z,1);t > p1(2)},
Qk:{(xat)ﬂpk‘('r)<t<§0k—1(x)} f07”]€:2,"' » 1,
Qni1 = {(2,8);t < en(x)},

such that for some constant n € (0,1)

(29) |a$90k”\/6}t:@k < n fOT' k= 1> N,
and for some nonnegative constant C\
(2.10) oa > —Cha in Q1 and O < Cia in Qpq1,

and for k=2,--- ,n, either

ora > —Cya in Q,
or

ora < Cya in Qy,

or there exist a positive function wy in Q and a nonnegative integer dy, such that in Qy,

0 0 19) 0 19)

(2.11) Wk oy, O W] o Oa) O]
Wi Wk Wi WrEa Wk

and

(2.12) co <wg < (t — gok(x))_dk for any (z,t) € Q,

for some positive constants cg, c1, ca and c3.

Remark 2.4. (i) Obviously, we have
n+1
RxR =[] Q.
k=0
(ii) If wy is decreasing in ¢ in Qf, then the first inequality in (2.11) is satisfied for
c1 = 0.
(iii) Let a = ¢K where ¢ is a positive function with a uniform positive lower bound.
Then (2.10) and (2.11) can be written as

(2.13) K >0inQ; and O,K <0in Qpy1,

and
0 0 19) 0 K 19)

(2.14) tWh <o, tWEk 4 | zwk|\/E§ e, i (wi K) + | :z:wk|\/ES ca.
W W W wr K W
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Assumption 2.3 is sufficient for energy estimates.

Theorem 2.5. Let q,bg, b, c, K be smooth functions in R x (0,T) with a = qK satisfying
(1.4) and (1.5). Suppose a satisfies Assumption 2.3. Then for any smooth solution u of
(1.1)-(1.2), there holds for any s > 0

[ulls mnx0,7) < C(luollsenrr + lutllstnv—1.rn + | fllsnrmx(0,1))

where C' is a positive constant depending only on s, A, Cy, the C5tN -norms of a, by, b and
¢, and the CP-norms and the BV -norms of ¢1,--- ,n in Assumption 2.3, and N is a
positive constant depending only on m.

Refer to [7] for a proof of quoted results. See also [5].

Now, we demonstrate that zero sets of K play an important role in the decomposition
as in Assumption 2.3. Here, a zero, or a root, of K is referred to a function t = t(x)
satisfying K (z,t(z)) = 0.

We only consider nonnegative functions K = K(x,t) given by

(2.15) K(x,t) = t" + e (@)t 4 -+ (@),
where ¢y, -+, ¢y, are (real) smooth functions in R. For each fixed x € R, K(z,t) is a
polynomial of ¢ of degree m and hence has m complex roots t1(z), -, t,(z), which can
be arranged to be continuous. By writing

m
(2.16) K(x,t) =[] (t - ti(z)),

i=1
we have

HK =1

2.17 = .
( ) K ; t— ti (CC)

We need to control K;/K from above in the third inequality in (2.11). If ¢; is a real root
of K, then 1/(t —t;) is in the expression of K;/K. If t; is a complex zero, i.e., Imt; # 0,
then so is t; since K has real coefficients. For such a pair, we write

1 1 2(t — Ret;)
— T T 2 2
=t t—1t (t — Reti) + (Imti)

In this case, we need to choose an appropriate function to replace t; and t;. It seems
that Ret; is an obvious choice since
1 1
t—1t; +t—fi ~ t — Ret;
However, such a choice does not always work! The subtlety of verifying Assumption 2.3
to a large extent is to find an appropriate function other than real parts of zeros when
complex zeros are present.
Next, we discuss briefly the regularity of zeros of K. The following result asserts that
they are Holder continuous if coefficients are Holder continuous. Refer to Lemma 2.3
and Lemma 2.5 [10] for a proof.

for ¢t > Ret;.
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Lemma 2.6. Suppose c1,--- ,cm are Hélder continuous on an interval I C R of order
a € (0,1] and that t = t(z) is a (complez-valued) continuous function on I satisfying
K(x,t) =0 on I. Then t is Holder continuous on I of order a/m. Moreover,

Ui
ety < 4m s leillgay.

In general, the root function in Lemma 2.6 is not Lipschitz. Concerning whether it is
of bounded variation, we have the following result in the simplest case. Refer to Lemma
1 in [2] for nonnegative f and the main result in [14] for the general case.

Lemma 2.7. Suppose f is a C™-function on I C R. Then R/|f| is of bounded variation
on I and

1
(2.18) 1O/ iy < COm, DI Zon -
where C(m, I) is a positive constant depending only on m and I.

Lemma 2.7 implies that the curve y = 7/|f| has a finite arc length over I with the

length bounded by C(m, I)|| ||t .

3. NONNEGATIVE POLYNOMIALS OF DEGREE FOUR

The main goal in this section is to verify that Assumption 2.3 is satisfied by nonneg-
ative degree four polynomials.

We start with an arbitrary nonnegative polynomials of degree m in (2.15). Obviously,
m must be even since K > (0. We begin with the simplest case when m = 2. Suppose K
is a quadratic polynomial in ¢ given by

K(z,t) = t* + c1(2)t + c2(2),
where ¢; and ¢ are smooth functions on R. Then 0, K = 2t + ¢1, and hence
@K>0ﬁt>—% and &K<Oﬁt<—%.
Note that the curve t = —¢;1/2 is smooth. Hence Assumption 2.3 holds for such a K
with
1 1
Q1 ={(z,0);t > —501@)}7 Qo = {(z,1);t < —§cl(x)}.
Since K > 0, then 4cy > ¢2. Hence K (z,t) = 0 is satisfied by
1

t(z) = 5( — c1(x) £iy/dea(z) — E(2)).

Hence the real part of zeros of K is exactly —cp/2.
Next we consider a degree four polynomial K in t given by

K(z,t) = t* + c1 ()t + co(@)t? + e3(x)t + ca(x) in R x R.

We prove that Assumption 2.3 holds for such a K.
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Lemma 3.1. There exist two functions t = 1 (x), t = () in CY4(R) N BV (R), with
w2 < 1 on R, such that
(1) K >0 foranyt> pi(x),
K <0 foranyt < pa(x),

B O K 4
<
(i) K~ t—¢ax) for p2(z) <t <¢pi(2),
(i) ‘83?902‘\5‘@&%@1 S &

0ot VK|, < &,
for some k € (0,1).
With Lemma 3.1, we decompose R x R by
D ={t>p1}, Q={p2<t<ei}, Q3={t<es}.

In Qo, we take
wp = (t —p2)~ "
for N sufficiently large depending only on .
Before proving Lemma 3.1, we first explain through some straightforward calculation
why real parts of zeros do not decompose the plane properly. In other words, we cannot
take @; as real parts of zeros of K.

First, by changing t — ¢ — ¢1/4, we may assume ¢; = 0. Hence K is given by

Y

(3.1) K(z,t) = t* + co(2)t? + c3(x)t + c4(z) in R xR,
Then the zeros of K are given by a 4+ b1i and —a &£ byi, with a > 0. Then
(3.2) K =[(t —a)* + b3)[(t + a)* + b3].

A simple comparison with (3.1) yields
—2a® + b3 + b3 = co,

(3.3) 2a(b] - b3) = c3,

(a® 4 b3)(a® + b3) = c4.
With K > 0, we have
(3.4) 4 >0, 2\/ca+ca>0.
In fact, by taking ¢ = 0 in (3.1), we have ¢4 > 0. Next, by taking ¢t = —sgn(c3) - ¢/c4 in
(3.1), we have

2c4 + CQCZ% > \03\03

This implies 2,/c4 + c2 > 0.

We first consider a special case when K has two real zeros a and —a. In this case,
with (3.3), we have ¢3 =0, ca = —2,/c4 and

a = cy.
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This implies for —a <t < a
VK = (a—t)(t + a) < 4a® = 4/cy,
and hence )
’axa‘\/[?‘mga < ¢y 1|0gca| < 2/ca]Onv/cl,

which is bounded. Hence, Lemma 3.1(iii) is satisfied if ¢4 is small for ¢ = ¥/cs and

P2 = — Yy

When complex zeros are present, it is quite complicated. We consider the case c3 = 0
for an illustration. A straightforward calculation shows that (3.4) is sufficient for K > 0
in the case when ¢3 = 0. In fact, for cg = 0, we have for ¢4 > 0, |c2| < 2,/cy,

1 1 1 1
K = ((t+§ 2\/5—cz)2+1(2\/a+cz))((t— 3 2\/a—c2)2+1(2\/a+c2)),
and for ¢4 > 0, c2 > 2,/cy,

C C2 C C
K=+ +\ 7 -e)(®+5 -5 —a)

Then, the zero of K is given by
+1/2y/ca —ea £ 3i/2\fes +cr if |eo| < 24/,

t= :
+i\/ 2+ F - if ¢o > 2,/ca,

Ret:{i; 2 /i —cy if |eo] < 24/ca,

and hence

0 if ¢y > 2,/c5.

A simple calculation shows that Lemma 3.1(iii) is not satisfied for the real part of zeros
»1 = Ret and 2 = —Ret!
Now we start to prove Lemma 3.1. As we have explained before, we need to include
all real zeros in the decomposition and to extend these functions appropriately.
Suppose t = a is a real zero of K. Since K > 0, then ¢t = a is also a zero of 0;K. In
other words, a real zero of K is a common zero of K and 0,K. Hence we may consider
a linear combination of K and 0;K. Note

K =t* + cot® + est + ¢y,
K =483 + 2¢9t + c3.
Consider
(3.5) H(t) =t K — K = 3t* + cot® — ¢4.
Then H has two real zeros

_ \/C%+12C4—62 _ \/03—1—1204—02

6

In the following, we set 1 = a and @9 = —a, and verify that (i)-(iii) in Lemma 3.1 are
satisfied.
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We emphasize again that a zero of K is referred to an expression ¢t = ¢(x) such that
K(x,t(x)) =0. All ¢;, @ and zeros of K are functions of z € R.
We first discuss the regularity of a.

Lemma 3.2. Let o be as in (3.6). Then o € CY4(R) N BV (R).

Proof. First, we note that « is a continuous zero of H in (3.5). Then, a € CY/4(R) by
Lemma 2.6. Next, we calculate o/. Here, the derivative is taken with respect to x. By

4 2
3a” + coa” — ¢4 =0,

we get
« 1
2/ — — / /
@ 602 + ¢ at a(6a? + ¢) “

By the expression for « in (3.6), we obtain 602 + co = \/¢3 + 12¢4, and hence

@ / 1 ’
Ccy + c
V5 + 12¢4 ? av/c3 +12¢y !

With +eo < |ea] < /3 + 12¢4 and the explicit expression of « in (3.6), it is easy to see

a 1 \/\/c§+1204—02< 1 1

602+cy V6 JE+12e V3 YR+ 12es

20 = —

and
1 _ V6 - 1
ay/E +12¢4 \/\/m_@.\/m_\/czm

Hence, we obtain

(3.7) o[ <

1 1 p 1 1 ,
. Co|l + = - Cyl-
2\/§ \4/ C% + 1264‘ 2‘ 2 \/5\4/ C% + 1204‘ 4‘
Then

o] < 4 < [(Vle2l)| + I(/ea)'.

RV Rl

Therefore by Lemma 2.7, we get for any interval I C R

1 1
J el = C el + leall):
Hence, « is of bounded variation on I. O

We note that « is in fact a C''/?-function by the explicit expression in (3.6).
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Lemma 3.3. Let K > 0 be as in (3.1) with roots a = bii and —a £ bei, and « as in
(3.6). Then

(3.8) la| < a < min{{/eq,\/a? + b2} fori=1,2,
(3.9) K; >0 fort>a and Ky <0 fort < —a,
oK 4
. — < — <
(3.10) X Sita for any |t| < a,
(3.11) ld|VK < W(\cé\ +|(vea)'l)  for any |t| < a.

Note that the expression in the parenthesis in the right hand side of (3.11) is bounded
since ¢4 > 0. Therefore, |a’|\/ﬁ"t|<a is small if K is small.

Proof. (1) First by H(a) = 0, we have
0 < K(a)+ K(—a) = 2(a* + c2a® + ¢4) = —4a®* + 4ey.

This implies |o| < ¢cq. In fact, it can be proved directly with the explicit expression of
a in (3.6). We simply note by a straightforward calculation that

o 2
\/ CQ*WS@ & 0< e+ 20

Next, by (3.2) and (3.3), we have
a* + (b} + b3)a® + bib; = c4,

or
a* + (ca + 2a%)a® 4 b33 = ¢4,
or
3a* + cpa? + b2b3 = ¢y.
Hence, we get
3a* + 02a2 < cy4.
Note, by H(a) =0,
3at + cza2 = c4.
By taking a difference, we obtain
(a® — a?)(3a* + 3a% + ¢3) < 0.
With ¢y = a?(3a2 + ¢3) > 0 or 3a% + cp = a® + b} + b3 > 0, we obtain a® — a? < 0.
To prove another upper bound of «, we simply note for ¢ = 1,2

_ 2
c2 + \/6024—1264 < a2+b?
& /3 +12¢s < g+ 6(a® +b7)

& ey < cp(a® +b?) + 3(a® 4 b?)?
& a? + 03 <co+3(a® +b7)
&0 <462,

a? <ad’+ b} &
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where we used expressions of ¢z and ¢4 in (3.3).
(2) By (3.2), we have

K  2(t—a) 2(t+a)

K (t—a)?2+b (t+a)2+b3
Then (3.9) follows easily. By (3.8), we have o < a?+b? for i = 1,2. Then an elementary
calculation shows

t—a <
(t—a)?2+b? ~ t+a

t+a <
(t+a)?2+b3 ~ t+a

for any t € (a, ),

for any t € (—a, a).

This implies (3.10).
In the above proof, we showed that each term in 9, K/ K satisfies the required estimate.
In the following, we provide another proof to control 9, K /K itself. We consider

oK 4 (t+ ), K — AK

K t+a  (t+a)K

Set
g(t) = (t + )0 K — 4K.
We need to prove g(t) < 0 for |t| < a. Note
g(—a) = —4K(—a) < 0,
g(a) = 200K (a) — 4K (a) = 2H(a) — 2K (a) = —2K(a) < 0.
To proceed, we write
g(t) = 4ot — 2e9t% + 2cqat — 3est + ez — dey.
By setting ¢t = sa and h(s) = g(sa), with |s| < 1, we have
h(s) = 4s3a* + (25 — 25%)caa® + (1 — 3s)cza — 4cy.
With K (a) = a* + caa? + c3a + ¢4, we get
h(s) = (4s° + 3s — 1)a* + (=25 4+ 55 — 1)caa® + (35 — 5)ca + (1 — 35) K ().

2 = —3a* + ¢4 and hence

By H(a) = 3a* + cpa? — ¢4 = 0, we have coar
h(s) = (45> + 657 — 125 + 2)a* + (=252 + 85 — 6)cqg + (1 — 35) K (o)
=2(s — 1)[(25* + 55 — 1)a* — 2(s — 3)cq] + (1 — 3s)K ().

We consider 1/3 < s < 1 first. Note that 2s? +5s — 1 > 0 for 1/3 < s < 1. Hence, we
obtain h(s) <0 for 1/3 < s < 1. Next, we consider —1 < s < 1/3. Note that

K(a) 4+ K(—a) = —4a® + 4¢y.
We therefore obtain
h(s) = (45% +65% — 2)a* + (—25% — 45 — 2)cy — (1 — 35)K(—a)
=2(s+ 1)*[(2s — Do’ — 2¢4] — (1 — 3s)K(—a).
Hence h(s) <0 for —1 < s < 1/3. This finishes the proof.
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(3) We first claim for |t| < «

(3.12) K < dey.
By replacing t by sgn(cs)|t| in K > 0, we get

lest| <t 4 cot® + ¢4
Hence,

K <t' 4 cot® + |est] + c4 < 2t + cot® + ¢4).
If ¢o > 0, we have for [t| < «
K < 2(a* + 0% + ¢4) = 4(cq — o) < 4ey.

If ¢o <0, we have for [t| < «

K <2(a* 4 ¢4) < 4ey,
where we used o < /c4. This proves (3.12). By (3.7), we have for |t| < o

and hence with (3.12)

VR < — L2 (g1 (@) < 1]+ (v

V/c3 + 12¢4
This prove (3.11). O

Note that Lemma 3.1 follows easily from Lemma 3.3. We should point out that there
may be other ways to extend real zeros of K. The point is whether we can construct
functions other than H in (3.5) so that their zeros satisfy Lemma 3.1.

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. The proof is based on a standard regularization process. Instead
of (1.1), we consider a modified equation

ut — q(K + &)ugy — bous — buy — cu = f.

This is a (strictly) hyperbolic differential equation for ¢ > 0. Hence there exists a
smooth solution u. with the given initial values. When we apply Lemma 3.1 to K + ¢,
the resulting 1 and ¢y have C''/4-norms and BV-norms independent of € although ¢;
and @9 themselves depend on €. Hence, with Theorem 2.5, we get energy estimates for
ue uniform in . With € — 0+, we obtain the desired result. O

To end this section, we discuss briefly methods used in this paper. As pointed out in
the introduction, the key point in deriving energy estimates is to decompose the plane
appropriately. The decomposition should be related to zero sets of leading degenerate
coefficients so that the degeneracy can be overcome by appropriately constructed weight
functions. The decomposition of the plane and the construction of weight functions are
intrinsically related.

In this paper, we only discussed a special case when the leading degenerate coefficients
are polynomials in time variable of degree 4. Although zeros of degree 4 polynomials
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can be expressed explicitly, our decomposition is not given by this expression. We need
to drop complex zeros and substitute by appropriate functions.

Let K(x,t) be a nonnegative function given by

K(x,t) = t* + c1(2)t 4 ca(2)t? + c3(2)t + ca(x).

With the help of (3.6), we note that an appropriate decomposition is given by

(3.13)

1 1 3 1
v1(x) = _161 + \76((03 — 3cie3 + 1204)% — o+ éc%) 2,
1 1 3 o1
po(z) = —50 - %((cg — 3cres + 12¢4)% —cg + éc%) 2,

This is by no means a trivial decomposition.

It is expected that the main result in this paper should hold for arbitrary polynomials

in t. However, it is unlikely that appropriate decompositions can be expressed explicitly
in terms of coefficients. In fact, when complex zeros are absent, no explicit expressions are
used in [7]. In fact, algebraic properties of zeros in terms of coefficients were employed.
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