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In this note, we discuss the regularity of weak solutions of elliptic equations of diver-
gence form. Let Q be a domain in R”. The function v € H'() is a weak solution if it
satisfies

/ aijDiuDjp = / f for any ¢ € Hy (),
Q Q

where we assume
(i) the leading coefficients a;; € L*°(§2) are uniformly elliptic, i.e., for some positive
constant A there holds

aij(2)&€&; > NE? for any € Q and ¢ € R™;

(ii) the nonhomogeneous term f € L%(Q) (By the Sobolev embedding, (ii) is the
least assumption on f to have a meaningful equation.)

We will prove various interior regularity results concerning solutions u. Basically, there
are two classes of regularity results, perturbation results and non-perturbation results.
The first is based on regularity assumptions on the leading coefficients a;;, which are
assumed to be at least continuous. Under such assumptions, we compare solutions of
the underlying equations with harmonic functions, or solutions of homogeneous equations
of constant coefficients. Then, regularities of solutions depend on how close solutions are
to harmonic functions or how close the leading coefficients a;; are to constant coefficients.
In this direction, we have Schauder estimates and W?P-estimates. In this note, we only
discuss the Schauder estimates. For the second class of regularity, there is no continuity
assumption on the leading coefficients a;;. Hence the result is not based on perturbations.
The iteration methods introduced by DeGiorgi and Moser are successful in dealing with
the non-perturbation situation. Results proved by them are fundamental.

This note is prepared for a short course in the Summer School of Geometric Analysis in University of
Science and Technology of China, Hefei, China, in the summer of 2008.
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1. GROWTH OF LOCAL INTEGRALS

Let Br(xo) be the ball in R" of radius R and center xy. The well-known Sobolev
theorem asserts that, if u € W'P(Bg(z0)) with p > n, then u is Holder continuous with
exponent « = 1 —n/p.

In the first part of this section, we prove a general result, due to S. Campanato, which
characterizes Holder continuous functions by the growth of their local integrals. This
result is useful for studying regularities of solutions of elliptic differential equations. In
the second part of this section, we prove a result, due to John and Nirenberg, which
gives an equivalent definition of functions of bounded mean oscillations.

Let Q be a bounded connected open set in R™ and let u € L'(2). For any ball
B, (xg) C Q, define

1

Ugyr = 75— U.

|Br(x0)| By (x0)
We first prove the Campanato’s characterization of Holder continuity.

Theorem 1.1. Suppose u € L%(Q) satisfies for some o € (0,1)
/ lu — ugr|? < M*r™"2% for any B,.(z) C Q.
r(x)

Then u € C*(Q), and for any Q' CC Q
[ulcay < C(M + |lull20),
where C is a positive constant depending only on n,a, Q and .
Proof. Set Ry = dist(Q,09). For any xo € Q' and 0 < r; < ro < Ry, we have
Uy — Uzgra]® < 2(|u(z) — Ugg vy |2+ [u(z) — umo,m]Q).

By integrating with respect to x in By, (zg), we obtain

2
‘ulo,n - u$0,7‘2‘2 S n (/ ‘u - uwo,m’Q + / ”U, - u$07T2‘2)7
wnT:l Br1 (1'0) BTQ (xO)

and hence

W [tz = throra|* < C)Mry ™ (172 4 g 722,

For any R < Ry, with r; = R/2"*! and ry = R/2", we get
|uxo,2*(i+1)R - U1072—iR| < C(n)Qi(iJrl)aMRa,

and therefore for any h < k

k h—1
a)
|ty 21 R = Ugg 2-kR| < o h+1 Z 21a = 2ha MR®.
=0
This yields that {u,,2-ig} C R is a Cauchy sequence, hence a convergent one. Its limit
i(zo) is independent of the choice of R, since (1) can be applied with 7 = 27'R and
ro = 27'R whenever 0 < R < R < Ry. Thus we get

ﬂ(xO) = }1_1’)% Ugzg,r,
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with
(2) [tz — W(zo)| < C(n, ) Mr® for any 0 < r < Ry.

Note that {u,,} converges to u in L'(2) as r — 0+ by the Lebesgue theorem. Then
u = U a.e., and (2) implies that {u,,} converges uniformly to u(z) in €. Since  — ug ,
is continuous for any r > 0, u(x) is continuous. By (2) we get

lu(z)] < CMR* + |ug,R|,
for any z € ' and R < Ry. Hence u is bounded in Q' with
sup u] < COMRS + ul o).

Now we prove that u is Holder continuous. Let z,y € Q' with R = |z — y| < Ro/2.
Then

u(z) —u(y)| < Ju(@) = us2r| + [u(y) — uy2r] + |ue2r — Uy2R]
The first two terms on the right hand side are already estimated in (2). For the final
term, we write

[uz2r — ty2r| < |ug2r — w(Q)] + |uy2r — u(C)]-
Integrating with respect to ¢ over Baog(x) N Bag(y), which contains Br(x), yields

2
ug2r — ty2r|® < o / | — g or|? +/ |u — uy 2r?
! Y |BR(33)\( Ban(z) ’ Ban(y) varl)

< C(n, ) M?R?**.

Therefore, we have
u(z) —u(y)| < C(n, a) Mz —y|*.
For |z — y| > Rp/2, we obtain

1 o
lu(z) — u(y)| < 2sup u| < C(M + T Jull2) |z — y|*.
Q' 0
This yields the desired result. OJ

The Sobolev theorem is an easy consequence of Theorem 1.1. In fact, we have the
following result due to Morrey.

Corollary 1.2. Suppose u € H} (Q) satisfies for some a € (0,1)
/ |Dul? < M*"=22% for any B,.(x) C Q.
B, (z)

Then u € C*(Q), and for any ' CC Q
|ulcaay < C(M + [Jull 12(q)),
where C is a positive constant depending only on n,a,Q and .

Proof. By the Poincaré inequality, we obtain
/ = g2 < C(n)rz/ \Dul? < C(n)M2yn+20.
By () By (z)
With Theorem 1.1, we have the desired result. O
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In the rest of this section, we discuss functions of bounded mean oscillations (BMO).
The following result is due to John and Nirenberg and referred to as the John-Nirenberg
lemma.

Theorem 1.3. Suppose u € LY(Q) satisfies
/ |u —ugr| < Mr™  for any By(x) C .
By (x)

Then for any By(x) C Q

/ epﬁo|ufuzyr| < CT’”,
By ()

where pg and C are positive constants depending only on n.

Remark 1.4. Functions satisfying the condition of Theorem 1.3 are called functions of
bounded mean oscillations (BMO). Obviously, bounded functions are of bounded mean
oscillations. In fact, L*™ is a proper subset of BMO. The function u(x) = log(x) in
(0,1) C R is in BMO but not in L*°.

For convenience, we use cubes instead of balls in the proof of Theorem 1.3. We first
introduce the Calderon-Zygmund decomposition.

Take the unit cube @Qy. Cut it equally into 2" cubes, which we take as the first
generation. Do the same cutting for these small cubes to get the second generation.
Continue this process. These cubes (from all generations) are called dyadic cubes. Any
(k + 1)-generation cube @ arises from some k-generation cube Q, which is called the
predecessor of Q.

Lemma 1.5. Suppose f € LY(Qo) is nonnegative and o > |Qo|™* fQo f is a fized con-

stant. Then there exists a sequence of (nonoverlapping) dyadic cubes {Q;} in Qo such
that

f(@) <a ae in Qo\U;Qj,

and

1
043/ fdzr < 2"a.
1Q;1 Jo,
Proof. Cut Qg into 2" dyadic cubes and keep the cube Q if |Q|~! fQ f > a. Continue
cutting for others, and always keep the cube Q if |Q|~! fQ f > « and cut the rest. Let
{Q;} be the cubes we have kept during this infinite process. We only need to verify

f(z) <a ae. in Qo \U;Q;.
Let F' = Qo\U;Q;. For any x € F, from the way we collect {Q;}, there exists a sequence
of cubes )* containing x such that
1

Q| Jgi

f<a

and ‘
diam(Q") — 0 as i — oo.
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The Lebesgue density theorem implies
f<a ae. in F.
This yields the desired result. O

Proof of Theorem 1.3. Assume = Q. We may rewrite the assumption in terms of
cubes as follows

/ lu —ug| < M|Q| for any Q C Q.
Q

We prove that there exist two positive constants c¢; and ¢z, depending only on n, such
that for any Q C Qo

C
{a € Qifu—uql > 1} < c1lQlexp (— 75t

Then Theorem 1.3 follows easily.
Without loss of generality, we assume M = 1. Choose

a>1> |Q0|_1/ lu — ug,|dz.
Qo

Apply the Calderon-Zygmund decomposition to f = |u — ug,|. There exists a sequence
of (nonoverlapping) cubes {Q}l)};’;’l such that

a< ——— U — UQ, o,
1
QM| Joiv

and

lu(z) —ug,| <a forae zeQo) U?’;ng-l).

(1) <1/ Cugy| < &
Y e

This implies

and
1

n
gl < gy [ 0 vl <7
j J

The assumption on u implies for each j

1
[ — < .
oW /Qu) v = ug,mldz <1 <a
J J

Apply the decomposition procedure above to f = |u — u Q(1>| in Qﬁl). There exists a
j

sequence of (nonoverlapping) cubes {Qg-z)} in Ung.l) such that

o0

@, 1 _ 1 o, 1
319 |sa§jj/Qm|u g < 5 101 < ol
= J

and 1 2
lu(x) — qul)] <a forae ze€ Qg- ) \UQE )
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which implies
lu(z) —ug,| <2-2"a forae € Qo) UjQ§-2)-

Continue this process. For any integer k > 1, there exists a sequence of disjoint cubes
{Qg-k)} such that

k 1
> o101 < —lQol,
J
and
lu(x) —ug,| < k2"a for a.e. z € Qo \ Ungk).

Thus, we obtain

o) < L

[{z € Qoi [u — ugy| > 2"ka}| < D _1Q57| < —[Qol.

j=1

For any ¢, there exists an integer k such that ¢ € [2"ka, 2" (k + 1)«). Then

ok = aa— kD

log o
—(k+1)log o g ¢
e T ).

This implies the desired result. O

=« gaepx(—

2. SCHAUDER THEORY

In this section, we discuss the Schauder theory for elliptic differential equations of
divergence form. The basic idea is to freeze the leading coefficients and then to compare
solutions with harmonic functions. The regularity of solutions depends on how close
solutions are to harmonic functions. To this end, we need some regularity assumption
on the leading coefficients.

We first prove a result for harmonic functions, or solutions of homogeneous equations
of constant coeflicient.

Lemma 2.1. Suppose {ai;} is a constant positive definite matriz with

NEP? < aij&i&; < A|E* for any € € R™,

for some constants 0 < A < A. Suppose w € H'(B,) satisfies

/ aijDiwDjp =0 for any p € Hy(B,).

feey |-
B, T .
+2
/|w—w\2<0(p>n /w—wT|2
p )
B r B,

P

Then for any 0 < p <r

and

where C' is a positive constant depending only on n and A/\.
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Proof. By a simple dilation, we need only consider » = 1. We prove Lemma 2.1 only for

p € (0,1/2], since it is trivial for p € (1/2,1].
First, we claim

2 2 2
wB o) + D0,y <c [ w?
2 2 B

where C is a positive constant depending only on n and A/A. This implies for p € (0,1/2]

J

[ w=wl < [ e < Duf g, <00 [ ut
1

1
P B, 2

If w is a solution,, so is w — wy. With w replaced by w — wy in the above inequality, we

have
/,

We now prove the claim. By a rotation, we may assume (a;;) is a diagonal matrix.

Hence
n
> A\iDjw =0,
i=1

with 0 < A < Ay < A for ¢ = 1,---n. Then there exists a constant ro € (0,1/2),
depending only on A and A, such that for any zy € B1 the rectangle
2

ECETI
VA

is contained in Bj. Consider the change of coordinates

2 2 2
w® < pMwliee () < C”n/ v
2 B

P

and

w-wf <o [ o,
P By

T Yi = \/)\71‘,
and set
v(y) = w(z).
Then v is harmonic in {y; > 1 ; Aiy? < 1}. In the ball {y;|y — yo| < ro}, we use the
interior estimates for harmonic functions to yield

[v(yo)* + [Du(yo) > < € / 2 <C / o2,
Brg (y0) {20 Ay <1}
where C' is a positive constant depending only on n and A/\. We transform back to w

to get the desired estimate. O

Note that derivatives of solutions of homogeneous equations of constant coefficients
are also solutions of the same equations. So we can apply Lemma 2.1 to gradients of
solutions.
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Corollary 2.2. Suppose w is as in Lemma 2.1. Then, for any 0 < p <r

/ \Duwl? gc(")"/ \Dwl?,
B, r By

n+2
[ iD= up<c(®) [ 1pw- (Du)p
B, r By

where C' is a positive constant depending only on n and A/\.

and

Now we compare any functions with harmonic functions.

Corollary 2.3. Suppose w is as in Lemma 2.1 and u is an arbitrary H'-function in B,.
Then, for any 0 < p <7

[ e <o{ (&) [ 1w+ [ iow-wr

n+2
[ ipu-ow,<c{ (4)" [ 1pu- o,
By (z0) r By

o f rD<u—w>|2},

where C' is a positive constant depending only on n and A/).

and

Proof. With v = u — w, we have for any 0 < p <r

/ | Du? gz/ wa|2+2/ | Dvl?
Bp Bp BP

gc(f)”/& wa|2+2/BT | Duf?
C(f)”/B \Duf? + C [1+ (g)"} /B |Du|?,

/ Dt — (D)

P

IN

and

32/ |Du—(Dw)p2+2/ |Dvl?
B

P By

§4/ \Dw—(Dw)p\2+6/ | Dvl?

P By

p\"t2 2 2
<C (= |Dw — (Dw),|* + 6 | Dv|
r B, By

<C (g)“2 /B \Du— (Du), 2+ C [1 + (f)"”] /B Dul?.

This finishes the proof. O
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The regularity of u depends on how close u is to w, the solution of the constant
coefficient equation.

Now we discuss the Holder continuity of solutions and their derivatives of elliptic
differential equations of divergence form. Suppose a;; € L*(B) is uniformly elliptic in
Bl, i.e.,

MEP < aij(z)6& < AJ¢)* for any o € By, € € R™

In the following, we assume that a;; is at least continuous and that u € H'(By) satisfies
() / aijDjuDip = | fo,
B1 Bl

for any ¢ € H}(By).
We first prove Holder estimates for solutions.

Theorem 2.4. Let u € H'(By) satisfy (). Assume a;; € C°(By) and f € LP(By) for
some p € (n/2, n). Then u € C*(By) with a =2 —n/p € (0,1). Moreover,

|U|CQ(B%) < C([Ifllr(myy + llullgr(sy)

where C' is a positive constant depending only on A, A and the modulus of the continuity
Of Qjj -

The idea of the proof is to compare the solution u with harmonic functions and use a
perturbation argument. An important technique is to freeze leading coefficients.

Proof. Set
7(r) = sup{lai;(z) — aij(y)[;z,y € Br, |z —y| < r}.
We will prove that there exists an Ry € (0,1/2) such that, for any x € By /5 and r < Ry,

2 —2+2 2 2
[ DuP < 0 1 + ).
By ()
where Ry and C' are positive constants depending only on A\, A and 7. To this end, we
decompose u into a sum v + w where w satisfies a homogeneous equation of constant

coefficients and v has estimates in terms of nonhomogeneous terms.
For any B, (xo) C Bi, we write the equation in the form

/ aij(xo)Diunga = / —(aij — aij(xo))Djungp + fo.
B1 B1 B1
In B,(w), there exists a unique w € H*(B,(xg)) such that
/ a;j(zo)DjwDjp =0 for any ¢ € H& (Br(aso)),
By (z0)
with w — u € Hg(B,(z0)). Then, v =u — w € HJ(By(x0)) satisfies

/ aij(wo)DivDjp = / —(ai; — aij(z0)) DjuDjp + / fe,
B (z0) B (z0) Br (o)
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for any ¢ € Hi(B,(z0)). By taking the test function ¢ = v, we obtain with the uniform
ellipticity

A/ |Dvl? S/ (I(asj(x0) — aij(x)) DsuDjv) +/ | fol
Br($0) B7-(1‘0)

B, (z0)
For the first term involving Dv in the right hand side, we apply the Cauchy inequal-
ity. For the second term involving v, we apply the Holder inequality and the Sobolev

inequality of the form
n—2

n—2 1
[ owt) s zom ([ oof)
By (z0) By (zo)

for v € H (B, (z0)). Therefore, we obtain

n+2

2n n
/ |Dv|2sc{72<r> [ ( [ i }
Br(z0) By (x0) Br(z0)

By the Holder inequality, we have

n+2

2n n %
/ fEE] < / PR
Br(flio) BT(IO)

where p and « are as given. Then

/ |Dv\2sc{72<r> / IDUI2+7“"2+2a||f||%p(31>}7
By (zo) Br(zo)

where C' is a positive constant depending only on A and A. Hence, Corollary 2.3 implies
for any B,(x9) C By and any 0 < p <r

1 / Du2§0{ ' n—|—7'27“ / Dul|? + 77229 7112 )
ORI (7) +7o] f, 1o 110

Now the result would follow if we could write p"~212% instead of r” 212 in the final
term in the right hand side of (1). This is in fact true and is stated in Lemma 2.5. By
Lemma 2.5, there exists an Ry > 0 such that, for any zg € By and any 0 < p < r < Ry,

n—242a
Dul?<C 4 / Du|? + pr= 22| £|12 .
/| I {(T) [ o T

In particular, with r = Ry, we obtain for any p < Ry

/ |Du|? < Cpn2T2 {/ |Dul® + HfH%p(Bl)} :
By (z0) By
This is the desired estimate. O

Lemma 2.5. Let ¢(t) be a nonnegative and nondecreasing function on [0, R]. Suppose
for some nonnegative constants A, B, a, 8 with 3 < «

o(p) < A{ (g)a +e}o(r) + Br?  for any 0 <p<r<R.
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Then for any v € (B3, a), there exists a constant g such that, if € < e,

o(0) < C{(2) o)+ Bo’}  foramy0<p<r<R

where €9 and C' are positive constants depending only on A, a, 8 and . In particular,
(Z)(T’)SC{WT + Br } for any 0 <r < R.

Proof. For any 7 € (0,1) and r < R, we have
o(rr) < AT(1 4+ e *)p(r) + BrP.
Choose 7 < 1 such that 2A47% = 77 and assume gy7~ ¢ < 1. Then we get for every r < R
o(rr) < TVp(r) + BrP,
and therefore for any integer £ > 0
o(rF ) < p(rFr) + BrRPrP

k
< 7D () 4 BrROP Z Fi(v=5)
j=0
BrhBys
(k+1)y A
ST ¢(T)+ 1_T’Y—ﬁ.
Choosing k such that 7°2r < p < 7%+1r we obtain
1 /p\7 BpP
<— (= S —
o) = (r) o) + 726(1 — 77-F)
This implies the desired result. 0
Next, we prove Holder estimates for gradients of solutions following the same idea
used in the proof of Theorem 2.4.

Theorem 2.6. Let u € HY(By) satisfy (x). Assume a;; € C*(By) and f € LP(By), for
somep>n and o« =1—n/p € (0,1). Then Du € C*(By). Moreover,

’DU‘CO‘(B%) < C{Iflleecmyy + llull sy}
where C' is a positive constant depending only on A and |aij|ce(p,)-

Proof. We will prove that there exists an Ry € (0,1/2) such that, for any € B1 and
2
r S R07

/B 1D (D) < O 21+ ol )

where Ry and C' are positive constants depending only on A and ‘aij‘ca( B,)- As in the

proof of Theorem 2.4, we decompose u into a sum v+ w where w satisfies a homogeneous

equation of constant coefficients and v has estimates in terms of nonhomogeneous terms.
For any B,(xg) C B, we write the equation in the following form

/ aij(zo)DiuDjp = —/ (aij — aij(z0)) DjuDje +/ fe.
B B B

1
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In B,(xg), there exists a unique function w € Hy(B,(xg)) such that
/ a;j(xo)DswDjp =0 for any ¢ € H& (BT(l'o)),
By (zo)
with w — u € Hg(By(z0)). Then, v = u —w € Hg(By(z)) satisfies
/ aij(IL‘o)DiUngO = —/ (aij — aij(:ljo))DjungD —|—/ fo,
Br(-TO) Br(mo) BT(Z'O)
for any o € Hi(B,(70)). By taking the test function ¢ = v, we obtain with the uniform

ellipticity

A Do < / (a5j(z0) — az;(x)) DuDyo| + / fol.
Br($0) BT(TO) Br($0)

As in the proof of Theorem 2.4, we apply the Cauchy inequality for terms involving Dwv
and apply the Hélder inequality and the Sobolev inequality for terms involving v. Then,

we obtain
n+2

By the Holder inequality, we have for any B, (xg) C By

n+2

2n_ . n+2a
/ | f|m+2 <r +2 HfHLp(Br(zo))'
Br (o)

Therefore Corollary 2.3 implies for any 0 < p <7r

P\ 2
W [ |Du12§0{[ L P, }/
B, (z0) (7“) J (Br(z0)) B.(

r{(Z0

IDu+ r”+2a||f||%p(31)},

and

n+2
[ a0 <l (2)7 [ D D, P
By (z0) r Br (o)

+ Tza[aij]CQ(Br(xo)) / \DU,Q + 7""+2"HfH%p(Bl)},

By (o

(2)

where C' is a positive constant depending only on A and A.
Case 1. We first consider a special case when a;; = const. By (2), we have for any
By(z9) CBiand 0<p<r

[ Du= (Du,,
BP(IO)

p\"T2 2 | 2o g2
< - Du— (D .
C{ (T) /Br(xo) [Du — (Dw)agr|” + 7 1A Ze By

By Lemma 2.5, we replace 72 by p"+2® to get the desired result.
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Case 2. Next, we consider the general case. By (1) and (2), we have for any B,(zg) C
By and any p <r

3 / Duf’ <C pn+r2a/ Dul? + 72 f||2 7
() BP(IO)’ ‘ {[(T> ] Br(xo)‘ ’ H HLP(Bl)

p n+2
[ w0t <c{ (8)" [ pu- Du,
Bp(zo) r Br(z0)

+ rZaA ( |Du‘2 + TnJrQQHfH%P(Bl)}'
r(Z0

We need to estimate the integral
/ Dul?.
Br(z0)

Take a small § > 0. Then (3) implies

D’LLQSC Bn—i—r%‘ / DU2+Tn_25f2 .
/Bp(xo) | | { KT) } B (o) | | | ||Lp(31)

Hence Lemma 2.5 implies the existence of an Ry € (3/4,1) with r; = 1 — Ry such that,
for any xg € Bgr, and any 0 <r <7y,

5) [, o 1l < 0 Sl + 1D}
(0
Therefore, by substituting (5) in (4) we obtain for any 0 < p <r < r;
n+2
[ pu= 0wt <e{ (8) [ D= Du,
By (zo) r By (z0)

0y + 1 Dul s, | }

By Lemma 2.5 again, we have for any o € B, and any 0 < p <r <1

p n+2a—29
[ b= 0w, <c{ (%) IDu— (D)
BP(UCO) r Br

T (T \\Du\!%2(31)]}-

With r = r; this implies that for any o € Br, and any 0 < r <ry

/B ( )|Du_<pu>x0,r|2gorn+2a—25{||f||%p(31>+||Du\%2<31>}-
r{Z0

(4)

2

Hence Du € Cﬁ‘);‘s for any 6 > 0 small. In particular, Du € LjS. and

©) o D < O {11y + 1Dy
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Combining (4) and (6), we have for any xg € Byjp and 0 < p <r <1y

n+2
[ b= <o (5 [ pu- Du,?
By(z0) r Br (o)

#1721y + 1Dl

By Lemma 2.5 again, we have

n+2a
[ pu- <o (5" [ 1pus s, P
By (z0) r Br(wo)

+ 02 (1 oy + 1DulEgs, ) -

By choosing 7 = rq, we have for any z9 € By, and r <1

/B DU (D) < e QA1) + 1DulZa(5,) -

This is the desired estimate. O

3. DEGIORGI ITERATIONS

In this section, we discuss the DeGiorgi iterations for elliptic equations of the di-
vergence form. We first prove the local boundedness of solutions and then the Holder
continuity. There is no regularity assumption on coefficients. Throughout this section,
we always assume that a;; € L>°(B) satisfy

NP < aij(@)€i&; < A[Ef* for any = € By, € € R”,

for some positive constants A and A.
We first prove the following boundedness result by an iteration method due to De-
Giorgi.

Theorem 3.1. Suppose that uw € H'(By) is a subsolution in the following sense
() / a;jDiuDjp < fo  for any ¢ € H}(By) with ¢ >0 in By.
Bl Bl

If f € LY(By) for some ¢ > n/2, then ut € L (By). Moreover,

loc

S];lpu+ < C{lluF 2y + 1/l Lamy) }
1

where C' is a positive constant depending only on n, A\, A and q.

Proof. Consider v = (u—k)™ for k > 0 and ¢ € C}(B1). Set p = v(? as the test function.
Note v =u — k,Dv = Du a.e. in {u > k} and v = 0,Dv = 0 a.e. in {u < k}. Hence, if
we substitute such a ¢ in (%), we integrate in the set {u > k}.
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By the Cauchy inequality, we have
/aijDiuchp = /aijDiuDjv(? + 2aijDiuDijC
> [ 1Dof¢ ~ 24 [ |Dul|Dglec

A 2,2 2A2 2,2
>7 - .
> [1ovre = 25 [pcpo

YIRS SC{/U2\D<|2+/|f|vc2},
Jipwor < cf [+ [ i)

Recall the Sobolev inequality for v¢ € H}(B1)

(/ 1@@2*)22* <cn) [ DGO

where 2* = 2n/(n — 2) for n > 2 and 2* > 2 is arbitrary if n = 2. The Hoélder inequality
implies that with § > 0 small and { <1

[ 15102 < </\f|Q)‘11 (/ |v<|2*>21* o £ 0} F

< e(n)||f s ( / |D<v<>|2>é o # 0} 77 s

Then, we obtain

and hence

<5 [ IO + el 1Rl o¢ £ 0}
Therefore, we have
(” J 1000 < of [ D + 1l o £ 0473,

To continue, we note by the Sobolev inequality

2
=

/(vé)2 < </(vo2*> U fuc £ 0} F
< c(n) [ ID@OPIC # 0}

Therefore, we have

/@02 = C{ /v2|DcP|{v< # OH" + 1 130(m0) o€ # o}|1+i—3}.
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Note ¢ > n/2. Hence there exists an € > 0 such that

/ (v0)? < c{ / V2IDCPIUC # O} + [ 1By 0 # 0}\1+€}.

For any fixed 0 < < R <1, choose ¢ € C§°(Bpr) such that ( =1in B,,and 0 < (<1
and |D¢| < 2(R—r)"!in B;. Set

A(k,r) ={x € By;u > k}.

We conclude that forany 0 <r < R<1land k > 0

_1.\2 1 € U — 2
/ b SC{(R_T)QIA(/@,R)I / R

(2)
1A | AR, R>|1+a}.

Next, we claim for k = C(||u™||2(5,) + [[fllLa(B1))

/ (u—k)? =0.
A(k,1/2)

To this end, we take any h > k > ko and any 0 < r < 1. It is obvious that A(k,r) D

A(h,r). Hence we have
[oowemrs [ ek,
A(h,r) A(k,r)

CBtw_keh e L .
|A(h,7)| = |B, N {u—Fk>h k}’g(h—kP/A(k,r)( k)2.

Therefore, by (2) we have for any h > k > kg and 1/2<r <R <1

/A(h’ (u — h)?
c{
{

and

IN

(w = h)? + | fl 7o, Alh, R)I}IA(h, R)I°

IN

C

r)
1
(R—r)? A(h,R)
f 2 1+e
1 7+ | |Lq(B;)} : 2 (/ (“_k)2> ;
(R=r)*  (h=k)* J (h=k)* \ Jaw.p)
or

1 1 fllLaB 1
(3) (w —h) || L2(s,) < C{R — _(k“ } B 1w = k) ¥l 2

Now we carry out the iteration. Set

o(k,r) = ll(w— k)"l r2(B,)-
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For 7 = 1/2 and some k > 0 to be determined, define for £ =0,1,2,-- -,

ke=k(1— o) (k)

1
Te =T+ —24(1 — 7).
Obviously, we have kg =0, 7o = 1 and

k
ke —ke_1 = 20

Therefore, we have for £ =0,1,2,---

2t 2'|If 2°!
w(kz,re)<0{1_7+ k“(Bl) 2 p(ker, ro_1)]*E

1
Te_1—T¢ = ?(1 —T).

ks

C Il + &
< o TS 2 kg, )

Next, we prove inductively for any £ =0,1,---

k
(4) o(keyme) < 4,0(327’0) for some ~y > 1.

1+e

Obviously, it is true for £ = 0. Suppose it is true for £ — 1. We write

1+e c
1+ ‘P(kOﬂ”O) o (P(ko,?”(]) (p(k()?TO)
[p(ke—1,me-1)] % < {74_1 T oe=(re)

Then, we obtain

CyYe [ fllLasy) + K 20049) (Ko, 7
: k(1+1€) : [@(k‘O?TO)]E : ,735 : ( f;g 0) .

Choose 7 first such that v¢ = 2!*¢ and note v > 1. Next, we need
Cylte <90(/€0,7"o)>€_ [fllamy) + K

k <
p(ke,me) < -

< 1.
k =

1—7 k
Therefore, we choose
k= C{llfllLay) + ¢(kosm0)},
for C, large. Let £ — 400 in (4). We conclude

o(k,7)=0.
Hence we have
s}_l;ptﬁ < Clllfll Loy + ¢ (ko,7m0)}-
1

2
Recall p(ko,70) < [[u™]|12(p,)- This finishes the proof by the approach due to DeGiorgi.
0

In the rest of the section, we discuss the Holder continuity. We first discuss homoge-
neous equations with no lower order terms. Consider

Lu = —D;(aij(x)Dju) in By C R".
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Definition 3.2. The function v € H\ (Bj) is called a subsolution (supersolution) of
the equation Lu = 0 if

/ aijDiungo S 0 (2 O),
By
for any ¢ € H}(B1) and ¢ > 0.

Lemma 3.3. Let ® € CUN(R) be conver.

loc
(i) If uw is a subsolution and ® > 0, then v = ®(u) is a subsolution provided v €

Hl (Bl)

loc ’

(i) If u is a supersolution and ® < 0, then v = ®(u) is a subsolution provided
v E Hlloc(Bl)'

Remark 3.4. If u is a subsolution, then (u— k)" is also a subsolution, where (u— k)" =
max{0,u — k}. In this case, ®(s) = (s — k).

Proof. We only prove (i). Assume first ® € C? (R). Then we have ®'(s) > 0 and

®"(s) > 0. Consider a p € C3(By) with ¢ > 0. A direct calculation yields
/ aijDiijcp :/ aijq)'(u)Diuchp
Bl Bl
:/B ai; DiuD;(®' (u)p) —/B (aijDiuDju)e®" (u) <0,
1 1

where ®'(u)p € H}(B;) is nonnegative. In general, set ®.(s) = p * ®(s) with p, as
the standard mollifier. Then ®.(s) = p. * ®’'(s) > 0 and P”(s) > 0. Hence P (u) is a
subsolution by what we just proved. Note ®/(s) — ®'(s) a.e. as € — 0. The Lebesgue
dominant convergence theorem implies the desired result. O

We also need the following Poincaré-Sobolev inequality.
Lemma 3.5. Let € be a positive constant. For any u € HY(By), if
{z € Bi;u =0} > ¢|By|,
then
/ u? < C | Dul?,
B By
where C' is a positive constant depending only on € and n.

Proof. We prove by contradiction. If not, there exists a sequence {u,,} C H'(Bj) such
that

{xz € Bi;um = 0}| > €| By,

and

/u%l—l, / | Dtip|? — 0 as m — oo.
Bl Bl
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We may assume u,, — ug strongly in L?(B;) and weakly in H'(B1), with ug € H'(By).
Clearly ug is a nonzero constant. Then we have

0= lim U — ug|*> > lim [t — ug|*
m—oo [p m— oo {um=0}

> |uo|?inf [{um, = 0}] > 0.
m
This is a contradiction. O

Now, we begin to discuss the Hélder continuity. We first prove the following result,
which is often referred to as the density theorem.

Theorem 3.6. Suppose € € (0,1) is a constant and u is a positive supersolution in Bs
with
{z € Bi;u> 1} > €|By].
Then
infu > C,

B

2
where C' is a positive constant depending only on €, n and A/\.

Proof. We may assume u > ¢ > 0 and then let § — 04 at the end. By Lemma 3.3,
v = (logu)~ is a subsolution, bounded by log ~!. Theorem 3.1 yields

1

5\ 2
supv<C</ \v[) .
By Bi

Note [{z € By;v =0} = |{z € Bi;u > 1}| > €|B;|. Lemma 3.5 implies

1
(1) supv < C </ ]Dv|2) °
By By

We will prove that the right-hand side is bounded. To this end, consider a test function
2

w= ¢ for ¢ € C}(Bz). Then we obtain
u

()g/aijDiuDj (i) :/CQW”/W’

[@posur<c [1ncp
So for fixed ¢ € C}(Bz) with ( =1 in By, we have

/ |Dlogul? < C.
B

and hence

Combining with (1), we obtain
sup v =sup (logu)” < C,
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or

1
B

Hﬁ
IS
%
ml
Q
Vv
]

Nl

This finishes the proof.
The next result controls the oscillation of solutions.
Theorem 3.7. Suppose u is a bounded solution of Lu =0 in Bs. Then
oscB%u <7 oscp,u,
where v € (0,1) is a constant depending only on n and A/\.

Proof. The local boundedness is proved in the previous section. Set

ap =supu and () = igfu.
1

B1
Consider
u— [ a1 —u
and .
ar— ar — B
Obviously, they are solutions of Lv = 0. Note the following equivalence
1 U — ﬁl 1
> — — —
U_Q(Oél-l-ﬁﬂ o — B 2
1 o] — U 1
< = = > —.
U_Q(Oé1+51) o B =2
Case 1. Suppose
2(u — 61) 1
e B;—U > 1} > 2B
e By = 1 = 5B
Apply Theorem 3.6 to 4o 5[31 > 0in By. We have for some C > 1
o1 — b1
inf 2~ b > l,
B% a1 — ,81 C

and hence

1
iéafu > pr+ 6(041 — B1).

NI

Case 2. Suppose
2(aq — u)
|{IL‘ S Bl; _—

1
> 1} > =|By|.
e e R 21

Similarly, we obtain

1
supu < a — 5(a1 — (1).
By
2
Now, we set

ao =supu and (o = infu.
B, B
2

N
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Note that G2 > (81 and as < a1. In both cases, we have

1
ag — 2 < (1— 5)(041 —B1).
This finishes the proof. O
The DeGiorgi theorem on Holder continuity is an easy consequence of above results.

Theorem 3.8. Suppose u is an H'(Bi)-solution of Lu = 0 in By. Then u € C*(B)
for some o € (0,1) depending only on n and A/X. Moreover,

‘U|CO‘(B%) < Cllull 2By,
where C' is a positive constant depending only on n and A/X.

In the rest of this section, we discuss the Holder continuity of solutions of general
linear equations. We need the following lemma.

Lemma 3.9. Suppose u € H'(B,) satisfies

/ aijDiuDjp =0  for any p € H}(B,).

T

Then there exists an o € (0,1) such that for any p < r
n—2+2«
[ pup e (2)7 [ g
B, r B,

where C' and « are positive constants depending only on n and A/\.

Proof. By a dilation, we consider » = 1. We restrict our consideration to the range
1 1
p € (0, 1], since it is trivial for p € (Z’ 1]. We may further assume fB1 u = 0, since the

function u — | By |~} / B, U solves the same equation. The Poincaré inequality yields

/ u? < c(n)/ | Dul?.
Bl Bl

Hence Theorem 3.8 implies for |z| < 1/2
ulw) ~ u(O) < Claf [ DuP
By
where a € (0,1) is as determined in Theorem 3.8. For any 0 < p < 1/4, take a cut-off
function ¢ € C§°(Ba,) with ¢ = 1 in B,, and 0 < ¢ < 1 and |D¢| < 2/p. Then set
0 =2 (u — u(O)) Now the equation yields

0= / aijDiu (¢*Dju+ 2(D;¢(u — u(0)))
B

A
>5[ @Dl - Cswlu—uOP [ |peP
2 /By, Bay Ba,
Therefore, we have
/ |Dul? < Cp" 2 sup |u — u(0)|?.
By

Bs,
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The conclusion follows easily. O

Now, we prove the following result in the same way we proved Theorem 2.4, with
Lemma 2.2 replaced by Lemma 3.9.

Theorem 3.10. Suppose that u € H'(B) satisfies
/ aijDjuDip = | fo  for any ¢ € Hy(B).
B By

If f € LY(By) for some q > n/2, then u € C*(By) for some a € (0,1), depending only
onn, q, A and A. Moreover, there exists an Ry € (0,1) such that for any x € B% and
r < Ry

é " ‘D'LL|2 < C?’n2+2a{“f“%q(31) + ||u”%{1(B1)}’

where Ry and C' are constants depending only on n, q, A and A.

4. MOSER’S ITERATIONS

In this section, we discuss Moser’s iterations for elliptic differential equations of diver-
gence form.
Suppose 2 is a domain in R”. We always assume that a;; € L>°(B) satisfy

MéP? < agj(2)€6& < AJ€[* for any 2 € Q and € € R",

for some positive constants A and A.
We first give another proof of Theorem 3.1 by an iteration argument due to Moser.

Theorem 4.1. Suppose that u € H' () is a subsolution in the following sense
(%) / aijDiuDjp < fo  for any o € HY(Q) with ¢ >0 in Q.
B1 Bl

If f € LY(Q) for some g > n/2, then ut € L (). Moreover, for any Bp C Q, 6 € (0,1)
and any p > 0

1
+ +
st < C{ G oo + s |

where C' is a positive constant depending only on n, A\, A,p and q.

Proof. We first prove for p = 2, § = 1/2 and R = 1/2. First we explain the idea. By
choosing a test function appropriately, we estimate LP! norm of u in a small ball by LP2
norm of u in a large ball for p; > po, i.e.,

lullzes (B,,) < CllullLrz(s,,)
for p1 > ps and r; < ro. This is a reversed Holder inequality. As a sacrifice, C' behaves
like
g —T1
{r;} and {p;}.

. We then obtain the desired result by an iteration and a careful choice of
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For some k > 0 and m > 0, set & = u™ + k and
_ U ifu<m
Um = .
k+m ifu>m.
Then we have D, = 0in {u < 0} and {u > m} and @,, < u. Consider the test function
=1 (ap,u — k7)€ Hy(By),
for some 3 > 0 and some nonnegative function n € C}(B;). A direct calculation yields
Dy = ﬁnQu’g Dy, u+n uﬁ Du + 277D77( u— kﬁﬂ)
= n?a@l (8D, + D) + 2nDn (@’ u — kP*Y).

We should emphasize that later on we will begin the iteration with § = 0. Note ¢ =0
and Dy = 0 in {u < 0}. Hence, if we substitute such a ¢ in (%), we integrate in the set

{u > 0}. Note also that u* < u and @l a— kPt < @l for k > 0. First, we have by
the Holder inequality

/aijDiungp
/a”D (8D, + Dya)n*al, +2/aijDiuDj77(ug@u— K5+
zkﬁ/n um]Dum\Q—i-)\/n a’ | Dul? - A/\Du|Dn\u an

2 B1ims 24 A 2817152 2A° 2.8 -2
208 [ Pl Dl + 5 [ vl paf - == [ Dofasa?

Hence, we obtain by noting u > k

8 / 72| Dt ? + / v2al, | Dif?
sc{ [ ipopata+ [ \f|n2uiu}
<C{/\Dnl2 6u2+/fon2 Tl 2}

where fo is defined by fo = | f|/k. Choose k = || f||za if f is not identically zero. Otherwise
B
choose an arbitrary k > 0 and eventually let & — 0+. Then || fo||ze < 1. Set w = wAu.

Note
|Dw|? < (1+ B){Ba° | Dii,|? + @° | Da|?}.
Therefore, we have

JIEIRE c{<1 o) [won -+ | fow2n2},
[t <cfa+s) [wionr+a+s) [ e}

or
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The Holder inequality implies

ot < ([4)' (Jmo) "< (fimr)

By the interpolation inequality and the Sobolev inequality with

2 2
g+ — 21 >—q1>2ifq>n/2,
q_

n—2
we have
Hnwlqu%q <ellnwl 2 + C(n, q)e 2 |lnw]| 12
<e||D(nw)|g2 + C(n,q)e 2 ||qwl| 2,

for any small € > 0. Therefore, we obtain
2
[t < c{a ) [wpi+ o pats [o],
and in particular

/ D(wn)[? < C(1+ B)° / (IDnf? + 7).

where « in a positive number depending only on n and ¢q. The Sobolev inequality then
implies

</ \nwlz")i <C(+p)" /(\Dnl2 + 7 )w?,

Wherexz%>1forn>2andx>lforn:2. For any 0 < » < R < 1, consider
n

an 1 € C}(Bg) with the property

n=1in B, and |Dn|< e

Recalling the definition of w, we have

e s\ X 1+8)° [
(/Tu%‘uﬁf‘) < CER—T)V /BR uZUfn.

Set v = 3+ 2 > 2. Then we obtain

provided the integral in the right hand side is bounded. By letting m — +o00 we conclude
that

Then, we obtain

e

1
_ YD\
ol < (C=22) s
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provided ||ul[z~(p,) < +00, where C' is a positive constant depending only on n, g, A,
A, and independent of . The above estimate suggests that we iterate, beginning with

v =2, as 2, 2y, 2x2%, ---. Now we set for i =0,1,2,--- ,
, 1 1
vi=2x" and 7= §+ 3T

By vi = x7i—1 and r;_1 — r; = 1/27+1 we have for i = 1,2,-- -,

HaHLW(BT»i) < C(”a q5 A, A)F ||EHLW—1(B”._1)7

provided ||%| 271 (5,, ) < +oo. Hence, by an iteration we obtain

_ S
@l i (B,,) < C7 X ullL2(my)
and in particular
) el
B1 Bl
2
Letting ¢ — 400, we get
sup u < Cllallz2(s,)
3
or
Sup uwt < C{llut|| 2, + K}
1
2

Recall the definition of k. This finishes the proof for p =2, § = 1/2 and R = 1 by the
approach due to Moser.

Next, we discuss the general case of Theorem 4.1. This is based on a dilation argument.
Take any R < 1. Define

u(y) = u(Ry) fory e Bi.
It is easy to see that u satisfies
/ a;jDuD;p < fcp for any ¢ € H&(Bl) and ¢ > 0 in By,
By Bi
where
dij(y) = aij(Ry), f(y) = R*f(Ry) for any y € Bi.

We may apply what we just proved to @ in Bj and rewrite the result in terms of wu.
Hence, we obtain for p > 2

1 n
+ + 2—
Sglgu < C{Rn/pﬂu lr(Br) + B 9l fllLaBr) )
2

where C is a positive constant depending only on n, A\, A, p and gq.
The estimate in Byr can be obtained by applying the above result to B(;_g)r(y) for
any y € Bgr. By taking R = 1, we have Theorem 4.1 for any 6 € (0,1) and p > 2.
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Now we prove the statement for p € (0,2). We showed that for any 6 € (0,1) and
O0<R<L1

1 o n
e s + B 5 e |

'LL+ oo ——w
I i < g

1
<COd— _Jut n }
- {[(1 — )R] 1™ | 2(g) + 1 fllLaca))
For p € (0,2), we have
[ < i, [ wr

and hence by the Hélder inequality

1 1-2 2
[0 [l oo (B ) §C{[(1_WL||U+HL002(BR) </BR(U+)pd$) + ”fHLq(BR)}

<2 ey + C{[(l_;)m (f w7) "+ Whsecm -

Set h(t) = ||ut|| Lo (p,) for t € (0,1]. Then, we obtain for any 0 <7 < R <1

C
MR) + ——= "o (By) + CllflLasy)-
(R—r)r
We apply the following lemma to get for any 0 <r < R < 1

C
h(r) < m”uﬂ\m(&) + Cl[fllLasy)-

By letting R — 1—, we get for any 6 < 1

C
m“lfr”m(&) + Cl fllLa(By)-

This finishes the proof. O

h(r) <

N =

[u™ | oo my) <

We need the following simple lemma.

Lemma 4.2. Let h(t) > 0 be bounded in [ro, 71| with 79 > 0. Suppose for any 1o <t <
5T

h(t) < Oh(s) + + B,

(s —t)~
for some 0 € [0,1). Then for any 10 <t <s<m
A
< P
o) <o{ 2 + )

where ¢ is a positive constant depending only on o and 6.
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Proof. Fix 19 <t < s < 711. For some 0 < 7 < 1, we consider the sequence {t;} defined
by
to=tand t;41 =1; + (1 —T)TZ(S—t).
Note to, = s. By an iteration, we get
k—1

A .
(s =)+ B| ) o't
= |>

Choose 7 < 1 such that 077* < 1, i.e., 0 < 7* < 1. As k — oo, we have

h(t) < cla, 0) {(1_1117)&(3 —t) B} .

This finishes the proof. O

h(t) = h(to) < 0"h(t) + [

Remark 4.3. If the subsolution u is bounded, we simply take the test function
p =1 (@ — k7)€ Hy(By),
for some 3 > 0 and some nonnegative function n € C}(By).
The next result is referred to as the weak Harnack inequality.

Theorem 4.4. Letu € H' () be a nonnegative supersolution in §) in the following sense
(%) / aijDiuDjp > / fo  for any ¢ € HY(Q) with o >0 in Q.
Q Q

Suppose f € L1(Q) for some ¢ > n/2. Then for any Br C 2, any 0 < p < n/(n — 2)
and any 0 < 0 <1 <1

1
_n 1 ;

f R2 >C|— P
inf ut B0 f o 2 <R/B“>

where C' is a positive constant depending only onn, p, ¢, A\, A, 8 and 7.

Proof. We only prove for R = 1.

Step 1. We prove that the result holds for some py > 0.

Set % = u + k > 0, for some k > 0 to be determined and v = @~!. First, we derive
an equation for v. For any ¢ € HE(By) with ¢ > 0 in Bj, consider 4~ 2¢p as the test
function in (x). We have

Dy _p / ¥
iDiju—L" — 2 DiuDiu— > .
/B1 i ’l_L2 /B1 i ju,a?; B Blfa2
Note D = Du and Dv = —u?Du. Therefore, we obtain
/ ai;DjvD;p + fvcp <0,
By

where

f=

S~
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In other words, v is a nonnegative subsolution of some homogeneous equation. Choose
k= ||f|lze if f is not identical zero. Otherwise, choose an arbitrary k& > 0 and then let
k — 0+. Note || f| za(p,) < 1. Theorem 3.1 implies that for any 7 € (¢,1) and any p > 0

supu P < C u P,
By B,

_1 _1 1
wozo([ o) o[ [ @) ([ ),
Be B, B B B,

where C' is a positive constant depending only on n, ¢, p, A\, A, 7 and 6.
The key point next is to show that there exists a pg > 0 such that

/a—po,/ ap0§07

where C' is a positive constant depending only on n, ¢, A, A and 7. We will show for any
T<1

(1) / epolwl <C,

where w = log@ — 3 with 8 = |B.|™" [; log.
We have two methods to proceed:
(i) To prove directly.
(ii) To prove that w is BMO, i.e., for any B,(y) C By,
1

e |w — wyr|de < C.

or,

T

Then (1) follows from Theorem 1.3 (John-Nirenberg Lemma).
We first prove (1) directly. Recall w =u+ k > k > 0. Note that
(polw])? (polw])"

ep0|w|=1+p0’w‘+7+---+7+-“
2! n!

[ 1wl
B,
for each positive integer 3.

We first derive an equation for w. Consider 4~ !¢ as the test function in (). Here we
need ¢ € L>(By) N HY(B) with ¢ > 0. By a direct calculation as before and by the
fact Dw = ' Du, we have
/i%DWDW¢S/<%Qw%w+/(<W)

B1 By B
for any ¢ € L*°(By) N H} (By) with ¢ > 0.

Hence we need to estimate

(2)

Replace ¢ by ¢? in (2). Then the Cauchy inequality implies

/ \Dwr%zsc{ [ e [ \fw}.
B1 By By
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By the Holder inequality and the Sobelev inequality, we obtain

/B 10® < W lpnrz @l onsn-2 < c(n, @)l Dl 7.
1

Therefore, we have

3) / Dul’e? < C / Dyl?,
B1 Bl

where C' is a positive constant depending only on n, g, A and A. Take ¢ € C}(B;) with
¢ =11in B;. Then we obtain

(4) / Dul? <C,
B,

where C is a positive constant depending only on n, ¢, A, A and 7. Hence the Poincaré

inequality implies
| wt<ctnn [ ipuP<c,

since fBT w = 0. By (3), we conclude for any 7/ € (7,1)

(5) /B w? < C,

where C' is a positive constant depending only on n, ¢, A\, A, 7 and 7’.
Next, we estimate fBT jw|? for any B > 2. Choose ¢ = (?|w,,|** € H}(B1) N L*>®(By)
with
-m w<—m
Wy, = W lw| <m
m w > m.

Substitute such a ¢ in (2) to get

¢ |wm[*Pai; DiwDjw < (25)/ (253 Dyw D |wp, || wp, 2P

B1 Bl

+ / 2w [Pas; DiwDyC + / FIC2 w22,
Bl Bl

Note
aijDiij|wm| = aijDimej|wm| § aijDimejwm a.e. in Bl.
The Holder inequality implies
20 —1 28 1 28
_— —(2

4 L 28 28-1
=(1 25)|wm\ +(26)77 .

(26) o[~ <
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We obtain

1
C2|wm\25aijDiijw S (1 — %) C2|wm|26a¢jDimejwm
B1 B

+(25)251/ CQaijDimejwm
By
+ [ 2funPayDawDig + [ 1w,
Bl Bl
and hence

C2]wm\2ﬁaijDiijw < (Q,B)Zﬂ C2aijDimejwm
Bl Bl

+48 [ Clwml?Pay DavDy¢ + 28 / FIC2 w22,
Bl Bl

Therefore, we have

/ CQIwm%\DMQSC{(%)m | Dwl?
B1 Bl

+6 [ dunfIDullng+5 [ IfICQ\wmIQB}-

Note that the first term in the right hand side is bounded in (4). Applying the Cauchy
inequality to the second term in the right hand side, we conclude

/ C2Iwm!2ﬁDw|2§C{(25)w | ciunp
B1 B1
2 28 2 7|2 23
15 /Bl|wm\ D¢ +6/Bl\f|< ol }

Note Dw = Dw,, for |w| < m and Dw,, = 0 for |w| > m. Hence we have
| lun1Dunl <128 [ ¢Dw,p
Bl Bl
+8 [ wnPADCP 45 [ 171G unf).
Bl Bl

In the following, we write w = w,, and then let m — 400 at the end. By the Holder
inequality, we obtain

ID(Clwl”)* < 2|D¢ w]*® + 2622 |w|* 2| Dw?

-1 1
Ol + 26%),

< 2|D¢P|wl*? + 2¢2| Dw|*( 3 3
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and hence

/ 1D(Chul) < c{m)w / CDuf

+02 [1DePtu® +5 | |f|c2rw|2ﬁ}.

Then the Holder inequality implies

[ acwe < ([ rfrq)é (/Bl<g|wﬁ)i%>13_

2 2

n 5 > 7q1 > 2if ¢ > n/2. By the interpolation inequality and the Sobolev
n— q—

inequality, we have for any small € > 0

Note 2* =

IClwl’ll 25 < ellchuwl’llpes + Cn,q)e™ 27 ¢l
< el D)2 + Cn g)e™ 5 |Gl 2.
Therefore, we obtain by (3)

/ \D<<|w|ﬁ>|2sc{<2m2ﬂ | oo [ <|D<|2+<2>\w|2ﬁ}
B By By
gc{m)% | s [ <|D<|2+<2>|w|25},

for some positive constant o depending only on n and g. Apply the Sobolev inequality
for ¢Jw|® € W, *(R™) with x =

" 4o get
0O ge
n—2 &

( CQXIwIQﬂX)XSCB“{(Zﬁ)% [ e+ | <|D<|2+<2>rw|2ﬁ}.
B B B

Choose a cut-off function ¢ as follows. For t <r < R<1,set ( =1on B, ( =0 in
B;1 \ Br and |D(| <

. Therefore, we have
R—r

</BT |UJ\25X); < (RC_ﬁi)z (25)2ﬁ+/BR |28},

For some 7 € (7,1), set for any i = 1,2, - -
. 1
Bi=x"' and r=1+ 5T (' — 7).

Then for each i = 1,2,---, we have

1
\ x (i—Dag2(i-1) (. i_
[ o) < XOTE e [ e,
By, (7" =) Br,_,

Iy = Hw”pr(BTj)'

Set
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Then, we have for j =1,2,---,

_J .
I <O {2771+ 14},

where C' is a positive constant depending only on n, ¢, A\, A, 7 and 7’. Iterating the
above inequality and observing that

oo .
)
Z <%
i—0 X
we obtain A
J
I; < C’Z:Xi’1 + Cl,
i=1
or,

Ij < C'Xj + CI().
Now for 3 > 2, there exists a j such that 2y/~! < 3 < 2x?. Hence, we have

1
g :
Ig(BT) = </ |w|’6) < CI]' < CX] + CIO
B,
< OB+ Cly < CoB,
since Iy is bounded in (5). Then, we obtain for § > 1
/ lw|Pde < CP P < Clefp,

T

where we used the Sterling formula for the integer 3. Hence, for any integer 8 > 1, we

conclude 5
w 1
/ (po‘ﬁll) < pg(C()e)ﬂ < —

by choosing py = (2Cpe) L. This proves that

2
w
/6P0|w| :/1+p0|w\+(p0’ D 4+

2!
1

22
We remark that the above method is elementary in nature.
Now we give the second proof of the estimate (1) by using BMO. The estimate (3)
yields

1
Sttt <2

/ |Dw|?¢2 < C | |D¢P* for any ¢ € C3(By).
Bl Bl

Then for any Ba,(y) C By, choose ¢ with

. 2
supp ¢ C Bar(y), ¢ =1in B,(y), |D{| < .

/ |Dwl|? < Cr"2,
Br(y)

We obtain
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(/ |w — wy,r|2>
B (y)
1
2
(7“2/ |Dw\2) <C,
Br(y)

or, w € BMO. Then the John-Nirenberg Lemma implies

/ epolwl <C.
B,

Step 2. The result holds for any positive p < n/(n — 2).
We need to prove, for any 0 < r; <19 <1 and 0 < pa < p; <n/(n—2),

0 (=) =e(f, =)™

where C' is positive constant depending only on n, g, A\, A, r1, 72, p1 and p2. A similar
calculation may be found before. Here, we just point out some key steps.
Take ¢ = aPn? for B € (0,1) as the test function in (x). Then we have

9 g 1 45 1 Il 21—
Du2u512<0{/ D 2u15+/ Yip2alt 5}.

. Then, we obtain

C
D22< 2D2 2
[ 1 < s [l + ),

Hence the Poincaré inequality implies

N

1
vy [w — wy,r|
r Br(y)

IN
.
w\:‘ =

IN
-
w\:‘ =

or

[ 1DwnP < (1_07) [ wPDap + )

for some positive o > 0. The Sobolev embedding theorem and an appropriate choice of
cut-off functions imply, with x =n/n — 2, forany 0 <r < R < 1

</“’> o o,
(L) < () ()’

This holds for any v € (0,1). Now (6) follows after finitely many iterations. O

or

Now the Moser’s Harnack inequality is an easy consequence of above results.
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Theorem 4.5. Let u € H'(Q) be a nonnegative solution in
/ a;;DiuDjp = / fo  for any p € H3(Q).
Q Q

Suppose f € LY(Q) for some ¢ > n/2. Then for any Br C £,

sup u < C{ inf u + R27% ||f”Lq(BR)}’
B% B%}

where C' is a positive constant depending only on n, A, A and q.
The Holder continuity follows easily from Theorem 4.5.

Corollary 4.6. Let u € HY(Q) be a solution in 2, i.e.,

/ a;jDiuDjp = / fo  for any p € H(Q).
Q Q

Suppose f € L1(Q) for some ¢ > n/2. Then u € C*(Q) for some a € (0,1) depending
only on n,q,\ and A. Moreover, for any Br C {2

o) = ut < (P2 (7 [ u) + B E |

for any x,y € B%’
where C' is a positive constant depending only on n, A, A and q.

Proof. We prove the estimate for R = 1. Set for r € (0,1)
M(r)=supu and m(r)= iélf u.
Then M (r) < 400 and m(r) > —oo. It suffices to show
o 1
w(r) = M(r) =m(r) < Cr*{lull 2z, + | fllLosy) ) for any r < 5.

Set § =2 — . Apply Theorem 4.5 to M (r) —u > 0 in B, to get
q

sup(M(r) — u) < C{ inf (M(r) —u) + r6|yfqu(BT)},

By 5
0 M) = m(3) < 010) = M) + 1l
Similarly, apply Theorem 4.5 to u — m(r) > 0 in By to get
) M(g) —mir) < o{ (m(3) - m(r)) + 1 s |

Then by adding (1) and (2) together, we obtain

o(r) + ) < C{ (00r) = () + 1 s
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or
T

2) < yw(r) + Cr| fllza(p,),

o

f C_1<1
or some 7= —— < 1.
C+1

Apply Lemma 4.7 below with y chosen such that
a=(1—p)logy/logT < ud.

We obtain
of (1 1
() = o) + Iflsmy } Tor any p € (0,3
While Theorem 4.1 implies
1
w(§) = C{||u||L2(Bl) + ||f||L‘1(Bl)}~
This finishes the proof. 0

Lemma 4.7. Let w and o be non-decreasing functions in an interval (0, R]. Suppose for
some 0 < vy, 7 <1

w(tr) <~w(r)4+o(r) for any r < R.
Then, for any p € (0,1) and r < R,
o(r) = (1)) + o (R
where C' is a positive constant depending only on ~y, T and o = (1 — ) log~y/ log 7.
Proof. Fix some 1 < R. Then for any r < rq, we have
w(rr) <qw(r) +o(r),
since o is nondecreasing. We now iterate this inequality to get for any positive integer k

k—1

w(hr) <YFw(r) +o(r) Y v <YFw(R) + le(jlz'
=0

For any r < r1, we choose k such that

TkT1 <r< kalrl.

Hence, we have

1,7y o(ry)
< (L ogv/logrw R) + —1
<=5 (B + 5
By letting r = r*R'*, we obtain

1 r
f(ﬁ
~
This finishes the proof. O

w(r) < )(1—u)(10g7/10g7)w(R) " 7
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We also have the following Liouville theorem.

Corollary 4.8. Suppose u is a solution of a homogeneous equation in R™, i.e.,
/ aijDiuDjp =0 for any ¢ € Hy(R™).
If u is bounded, then u is a constant.

Proof. As in the proof of Corollary 4.6, we have for some v < 1
w(r) <~ w(2r) for any r > 0.
By an iteration, we obtain
w(r) < Fw(@hr) < CF,
since u is bounded. Hence by letting £ — oo, we conclude
w(r) =0 for any r > 0.
Therefore, u is constant.
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