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This note presents a detailed and self-contained discussion of the Dirichlet problem of
real Monge-Ampeére equations in strictly convex domains and complex Monge-Ampére
equations in strongly pseudo-convex domains. Sections 1.1 and 1.2 follow [2] and [3]
respectively, while Sections 2.1, 2.2 and 2.3 are based on [5], [4] and [1] respectively.
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1. GLOBAL C2?-ESTIMATES FOR MONGE-AMPERE EQUATIONS

In this chapter, we use the method of continuity to discuss the solvability of Monge-
Ampere equations. We will derive a priori estimates for solutions and its derivatives up
to the second order.

1.1. Real Monge-Ampére Equations. Suppose {2 is a bounded domain in R™ with
a smooth boundary 992. The Monge-Ampere operator M is defined by

M (u) = det(ug;),

for any u € C°°(Q2). Obviously, M (u) > 0 if u is convex, and M (u) > 0 if u is strictly
convex.

For strictly convex function w, it is convenient to introduce

F(D?u) = log det(u;;).

We claim
_ OF ij
FZ] = =u-,
Ouij
F aQF ik, gl
k= ———— = — uu
R 8uij8ukl ’

where (u%/) denotes the inverse of the Hessian matrix (u;;). To see this, we denote by
A = {A%} the cofactor matrix of the Hessian matrix H = (u;;), i.e., A = (det H)H 1.
For a fixed i = 1,--- ,n, we expand the determinant according to the i-th row,

det D?u = Auy + - 4+ A"y,

Then it is easy to see

Odu;j  det D?u
Next, for fixed i, =1, ,n, we have
uFujy, = 5;

Differentiating with respect to u,q, we get
(™) ks + u* (W), = 0.

Multiplying /! and summing over j, we have

il ik il ik jl iq. pl
(") upy = (U )y ujpt?” = =" u?" (W) ), = —u" T,
or -
ou¥ _—
— —ullukj.
Ouyy
Hence we obtain
O*F out o
= —uttykd,

8uij8ukl N aukl N
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We now show that F' is a concave function of its argument, the positive definite
matrices D?u = (u;;). This means

9*F
—myimy <0
Buijaukl IR =
for any symmetric matrices M = (m;;). To see this, we diagonalize the matrix (u;).
Then (u¥) is a diagonal matrix diag (A!,---,\?), with A’ > 0,4 = 1,--- ,n. Hence, we
have
*F il kj i\j
———miimyy = =M mimy = —XNm?2 <0.
auijaukl i 1Tkl i 1TUEL ij =

Before discussing further Monge-Ampere equations, we give a simple result on positive
matrices, which will be needed later. If H = (u;;) is a positive matrix, then there holds
1
|uij| < i(uii + ug5).
This can be seen easily as follows. Since H is positive, any 2 X 2 diagonal minor has
positive determinant. This implies
u?j S uiiujj.
Then Cauchy inequality implies the desired result.
Now we return to the Monge-Ampere equation
det(uij) = f
We write it as
F(D?u) = log det(u;;) = log f,

for strictly convex u.
Suppose 0 is an arbitrary directional derivative in R™. Differentiating the equation
with 0, we obtain

uijauij =0dlog f.
This leads to the linear differential operator
L=u" 0ij-
Since w is strictly convex, L is elliptic. We get
L(0u) = 0log f.
Differentiate again with 0. We obtain
L(8%u) — uilukjﬁuijaukl = 9%log f,
or
L(82u) = uﬂukjauij Quy + 0% log f.
The first term in the right side is positive, since wu is strictly convex. Then we get

L(8%u) > 0*log f.
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We now use the method of continuity to discuss the Dirichlet problem in a strictly
convex domain 2 C R™. We consider
det Ujj = f(m) in Q
(*)

u = @ on 02,
where f € C*(£2), f > 0 in Q and ¢ € C>(09).
Let u® € C*(Q) be a strictly convex function with u® = ¢ on 9€2. We may easily find

such a function u? satisfying, in addition,
f0 = det(u}) > f in Q.

Such a condition will be needed later in the a priori estimate of u itself. B
For each t € [0, 1], we intend to find a strictly convex solution u’ € C?*%(Q) of

det(uf;) =tf + (1 —1)f° inQ

() u' = ¢ on ON.

We set
I={te[0,1];(x); has a strictly convex solution u’ € C***(Q)}.

Obviously 0 € I, since (x)o has a solution u’. Now we prove I is open. We rewrite the
equation in (x); as
G(u,t) = det(uy;) —tf — (1 —t)f°.
We find the Fréchet derivative of G at u given by
Gyv = det(u;;) u¥ 0;jv.

Since u is a strictly convex C?*¢ function, G,, is a uniformly elliptic linear operator with
C“ coeflicients. By the classical Schauder theory, G, is an invertible operator with any
fixed boundary condition. Suppose ty € I, i.e., G(u'®,ty) = 0 for some strictly convex
function u' € C?+*(€)). By the implicit function theorem, for any t close to tg, there is
a unique u! € C%T(Q), close to u’ in C***-norm, satisfying G(u’,t) = 0. Obviously,
u! is strictly convex for ¢ close to tg. Hence t € I for all such ¢, and therefore I is open.

If we can establish the a priori estimate

|u'|o4q < K, independent of ¢,

it follows that I is also closed, by Arzela-Ascoli Theorem. Hence I is the whole unit
interval. The function u! is then our desired solution of (x).
We will derive a priori estimates

‘u|2+o¢ <K

for solutions of (x), which apply to solutions of (x)¢, for the constant K depending only
on €2, the C3-norm |f|3 of f, max f~!, and |¢|4.
We will derive the C?T% estimates in two steps. In the first step, we derive the C?
estimates
’u‘z S KQ.
In the second step, we derive the C® estimates for D?u

|D2U|a < K2,a-
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The C? estimate is based on the maximum principle. For the C® estimate of D?u, we
will derive it for solutions of the general elliptic equation of the concave type.

Remark 1.1. It follows from the standard elliptic theory that if f € CY(Q),¢ €
Ck+e(09) for integers k > 4 and | > max(3,k — 2 + «), then there is a solution
u € CFr(Q).

The uniqueness follows from the following comparison principle.

Lemma 1.2. If Q@ C R" is a bounded domain and u,v € C*(Q) are convex functions
satisfying

det(u;;) > det(vi;) in €,
u < v on 0f),
then v < v in Q.

Proof. First, we assume u is strictly convex in Q. Then

1
det(ug;) — det(v) — /0 %det[(tu—l—(l—t)v)ij]dt
1 .
_ z; /0 a

where a% (t) are cofactors of (tu+ (1 —t)v);;. The strict convexity of u implies that u—v
is a subsolution of some uniformly elliptic equation. Hence u — v attains its maximum
on 0f), which gives the desired result.

If w is only convex, we consider

j(t)dt(u — U)Z’j Z 0,

2 2
us = u + &(|z|” — max |z
€ +e(|z| 8QX’ %)
for some positive . By comparing u. with v and letting ¢ — 0, we get the result. O

Theorem 1.3. Suppose that Q C R" is a strictly convex domain in R™ with a smooth
boundary and that u, f,p are smooth functions in Q such that u is strictly conver and f
is positive in ). If u satisfies

(%)

then there holds

det(uij) = f in Q
u= @ on 0,

‘u|2 < Ku
where K is a positive constant depending only on Q, the C3-norm |f|3 of f,max f~1,
and |@|4.

Proof. Let u® € C°°() be a strictly convex function which equals ¢ on 99 and satisfies
o= det(ugj) > fin Q.

We divide the proof into four steps:
Step 1. The estimate |u| in €;
Step 2. The estimate |Vu| in €;
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Step 3. The estimate | D?u| on 9
Step 4. The estimate |D?u| in Q.
Now, we carry out each step.

Step 1. Since u is convex, we have
u < I%?ZX Pp.
Furthermore, it follows by Lemma 1.2
(1) u’ < u.
Here, we used the fact det(u?j) > f. Thus we have
(2) |ul < Ko.

Step 2. Since u is convex, |Du| takes its maximum on the boundary. Since the
tangential derivatives are known, it suffices to estimate the exterior normal derivative u,
on 0. Note the convex function u is subharmonic. By (1) and the maximum principle,
we have

wW<u<h in Q,
where h is the harmonic function in © which equals ¢ on 0€2. Thus
(3) h, <u, <ud on 0Q.
Therefore, we obtain
(4) |Du| < K1, on 99 and hence in Q.

The constant K7 depends on |u°|;.

Step 3. We estimate the second derivatives of v on the boundary with the aid of
suitable barrier functions. Recall the linearized operator

L= uijaij.

If we take the logarithms of both sides of equation (%) and differentiate with respect to
T, we have

(5) Luy, = uijuijk = (log f)k-
Note
L(zyug) = uijaij(a?luk) = uijai(5ﬂuk + xujk)
= u" (Sjiuik + Sauje + Tiugn) = g + uug, + zuug,

265, + z1(log /)i

Hence we obtain
(6) L(mluk — xkul) = (Ilak — Ikal) log f

This simply reflects the fact that the operator z;0, — x0; is an angular derivative (on
|z| =constant) and the expression det(u;;) is invariant under the rotation of coordinates.
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Consider any boundary point; without loss of generality, we may take it to be the origin
and the x,-axis to be the interior normal. Then, near the origin, 92 is represented by

1
(7) 2 = p(@') = 5Bastazs + O(la'|),

where ' = (21, ,x,—1). In the summation, Greek letters a, 3 etc. go from 1 to n— 1.
On 012, we have

U—@= 07

or

(u—@)(2,p(z")) =0 for small 2’.
Recall ¢ is defined in Q. So we get by differentiating with respect to z, and then zg

(O + paOn)(u— @) =0 on 09,
and

(08 + p30n) (Do + paln)(u— @) =0  on 0N.

Note J,p(0) = 0 and 9,8p(0) = B, Hence at 0 we obtain

Oap(u = ¢)(0) + Bagdn(u — ¢)(0) = 0.
Since |Du| < K7 on 952, we obtain

(8) |0apu(0)] < C fora,f=1,---,n—1.

Now we establish, in addition, the estimate
(9) > ap(0)éats > Co > 0,

a,B<n

for any unit vector & = (&1, -+ ,&u—1). Without loss of generality, we assume §; = 1. We
will prove
(9" u11(0) > Cy > 0.
We suppose, furthermore, that
(10) u(0) =0,uq(0) =0 fora=1,---,n—1.

To prove (9'), we make use of a more carefully constructed barrier function and redo the
proof of the lower bound of (3). Recall we have (7) on 0.
Let @ = u — A\x,, with X so chosen that

82 / /
—u (2', p(z')) =0 at 0,
Ox?
ie.,
(11) u11(0) + U, (0)p11(0) = 0.
Note u still satisfies det u;; = f. We claim
(12) dloa < Y aymiz; +C( Y 2% +al).

1<j<n 1<p<n
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To prove (12), we consider the Taylor expansion of a(x’, p(z’)). In view of (7) and (10),
there is no linear terms. For quadratic terms of x,2 3, there is no 22 term by the definition
of @. Hence the quadratic part of 4 can be written as

E A1aT1Ta + g AaBLalg,
1<a<n 1<a,B<n

which is a part of the right side in (12). Now we consider the cubic terms and higher
order terms. By (7), there holds on 952

2 B,
B="" Y . B v+ O(2']?).
(nB)(L1)

Hence we have

2 B
3= iz, — Z B;“ﬁxawgacl +O(|2')h).
(,8)#(1,1)
Note 1z, term goes to the first sum in the right side of (12). The rest of the cube terms
in @(a2’, p(2')) have the form 23z, 212425 and z4z52,. For any 1 < a, 3 < n, we have

1
$%$a < i(xi + xil)v

and )
T1Taxg < i(aﬁi +a3).

For the fourth order term, we note for ¢ > 2,
z] + |2dzy) < Z z? 22
1<a<n

Therefore, (12) is proved for x € 99 close to the origin. By the strict convexity of 952,
we have x, > a > 0 for any z € 90 away from the origin. We may simply choose C
large enough so that (12) holds there.

Now we consider a barrier function

1
h = —5xn+5|;p|2—|—— Z (a1j1’1+Bl’j)2

2B &
1<j<n
2 1 2 .2 B 2
= —exy + 0] +@ Z ay;r1 + Z aljxlxj‘i‘E Z x5
1<j<n 1<j<n 1<j<n

On 909, for x close to the origin, we require
—ex, 4 6|z|? >0,
which is equivalent to
x, <C i 2|2
This can be achieved by taking ¢ < 6. For 2 € 9Q not close to the origin, 22 obviously
controls —z,,. Hence by taking B > C and € < § for § to be chosen, we obtain
h > @ on 0f).
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Next
LS @ e e an
1<j<n
D?h = 261 + a12 B
ain ... B
20 + % Z a%j a9 s a1n
1<j<n
= a2 26+ B
A1n 26 + B

A straightforward calculation shows

1 2 n—2
det(hij) = 20 25+B+Bl<;na1j (26 + B)" 2.

In fact, eigenvalues of h;; are given by
25,25+B+1191<j2na%j,25+3,... .26 + B.
Hence h is strictly convex in Q and satisfies
det hi; < f in Q,
if we choose § small. Thus h is an upper barrier for 4. By Lemma 1.2, there holds
u < h.
Since %(0) = h(0) = 0, we get
i (0) < hn(0) = —e.
By (11), we obtain
u11(0) = —tn(0)p11(0) = € p11(0).
Hence (9') and (9) are proved. The constant Cy depends only on max f, max f~%, Q and

lplca-
Next we estimate the mixed derivative uqyy,(0). Consider the vector field (directional
derivative)

T =04+ Z Bag(xgan — .Tnaﬁ).
B<n
In view of (6), we have
L(Tu) = T(log f).
This implies
L(T(u—¢)) = LTu — L(Typ) = T(log f) — u05;(T'p).
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Since (u%) is positive definite, we get
(13) L(T(u— )] < C(L+ ) _u").

On 992 close to the origin, we have
(O + paOn)(u—¢)=0 fora=1,--- ,n—1,
or,
(= @)a+ (u—@)nBap x| < Clz|*.
This implies
(14) 1T (u— )| < Cl|z|? on 9Q.

As before, we first prove (14) for any x € 92 close to the origin. Then it is trivially true
for x,, > a > 0.
Now, we consider a barrier function of the form

w = —alz|* + bz,
for suitable positive constants a,b as a barrier function. First we have
Lw = —2a Z u,
and hence for a large
IL(T(u—)|+Lw < =20 u"+C1+Y u')
< —a Z u" + C.

By the theorem of the arithmetic and geometric mean, we get
1 g g
—Zu“ > (detu”)% = f"n.
n

Choosing a large further, we then obtain

IL(T(u—))|+Lw <0 in Q.

3=

By (14), we note
T(u— @) <w on N < (C +a)|z|* < bxy,.
Since € is strictly convex, we may then choose b so large that
|T(u— )| <w on 0.
By the maximum principle, we obtain
IT(u—¢)| <w in Q.
By taking ' = 0, dividing by z,, and then letting z,, — 0, we get
|0 T(u— )| < b at 0,

or

[Oan(u = ©)(0) = > Bag 9p(u—9)(0)| < b.

B<n



DIRICHLET PROBLEMS OF MONGE-AMPERE EQUATIONS 11

Thus we obtain
[tan(0)] < C.

Finally, we use equation () to estimate wuy;(0). Note that

£(0) = detui;(0) = > A™(0)uin (0).

By the estimates already established, we see that the first (n — 1) terms in the sum are
bounded so that

A" (0)un, (0) < C.
By (9), we have a bound from below for A" (0). Hence, we obtain

Unn (0) < C.

Having an upper bound for all the eigenvalues of H = (u;;), we obtain also a lower bound
for each, since their product equals f. Thus we have

u,m(O) > Cpy > 0.

Step 4. We estimate the second derivatives in 2. We write the equation in the form
(15) F(D?u) = logdet (u;;) = log f.

By differentiating (15) twice with respect to x,, we have by the concavity established
before that

Luyr > (log f)yr > —nC,
for some constant C' depending only on f. Since Lu = n, we get
L(up + Cu) > 0,

and hence u,, + C'u achieves its maximum on the boundary. Therefore, we conclude

Uprr < K in .
Since (uj;) is positive definite, we have u;; > 0 and

luij] < K in Q.
This finishes the proof. O

Remark 1.4. Since the eigenvalues of D?u are bounded from above by K and their
product is equal to f, we obtain a positive lower bound for each one. Therefore, the

linearized operator L is uniformly elliptic. Let T" be any constant directional derivative
T =) c;0; with Zc? = 1. We have

L(T?u) = u™*u' Tuy; Tupy + T?(log f)
> Co Y |Tuij? - C,
i3
where Cy and C' are positive constants under control. In particular, one has a positive
lower bound for Cj.



12 HAN

1.2. Complex Monge-Ampere Equations. Let z1,--- , 2, be complex coordinates in
C", with z; = R(2;) and y; = J(2;). If u is a smooth function in an open subset of C",
we define u; and u; by

1
uj = Oju = 0,,u = 5 (Oz;u — vV —=10y,u),
1
Hence, we have
1 V-1
Ojpu = Z(aszku + Oyyu) + T(azjyku = Oy ),

and in particular

1 1

If u is a real-valued function, 05 u = 0y; u. In other words, the n x n matrix (u;;) is a
Hermitian matrix.

Definition 1.5. A real-valued smooth function u is pluri-subharmonic if (u;;) is non-
negative, and u is strictly pluri-subharmonic if (uzj) is positive definite.

Now we recall some terminology for complex matrices. For convenience, we use a;; to
denote the (i, j) entry in an n x n matrix (a;;). A matrix (a;;) is Hermitian if a;; = @j;-
For a Hermitian matrix, the quadratic form

az‘jtifj fort e C"
is real. If we write

a;; = bij + v —1Cij,
then (b;;) is a real symmetric matrix and (c;;) is a real skew symmetric matrix. With
t; =& + v —1n;, we have

atit; = bij(&&5 + mimg) + cij (&g — ni&;)-
A Hermitian matrix (a;;) is positive definite if
a;tit; >0 for any t € C".

For a positive definite matrix (a;;), we have obviously a; > 0. Moreover, any diagonal
2 x 2 minors have positive determinants. Hence, we have

|ai3|2 < Qg - agj-

This implies
1
lag;| < 5(%’2 + aj5).
Suppose (a;;) is a Hermitian matrix. Define
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This is a linear operator in R?" with real coefficients. If (a;;) is positive definite, then L
is elliptic. To see this, recall

1 —
Z ((8331'333' + 8yiyj) + _1(aziyj - ayirj)) :

With a7 = b;; + v/—1¢;;, then we have
17 J J

L =a;50;5 = i (bij(aﬂfﬂj + ayiyj) — Cij (8=’Eiyj - 83/%'%)) :
For any ¢ € R™ (corresponding to z) and n € R™ (corresponding to y), we get
bij (§&5 + ming) — cig(§my — &mi) = a;3(& — V—=1m) (& + V—1n;) = ajtit;.
It is positive for nonzero (&,7) € R?™.
Now we define the complex Monge-Ampére operator by
M (u) = det(u;;).

This is positive if u is strictly pluri-subharmonic. As in the real case, it is convenient to
introduce

F(D%*u) = log det(u;;).
We then have

i
uzi_u 9

il k)
uiguk[— u-u b

where (u) denotes the inverse of the Hessian matrix (u;7). To see this, we denote by

A = {A%} the cofactor matrix of the Hessian matrix H = (ugz), ie., A= (det H)H™'.
Note for each fixed i =1,--- ,n,

det(ug;) = Allyg 4 Ay,

Then it is easy to see

Ou;;  det(u;;)
Next, for each fixed i,5 = 1,--- ,n, we have
A e
uup = 6;.

Differentiating with respect to wu,g, we get
ik ik
(u' )upquj,; + u’ (uj,;)upq =0.
Multiplying w! and summing over j, we obtain
- - - - —
(u’l)um = (um)upquj,;uﬂ = —ulkujl(uj,;)um = —u" P,

or
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Hence we have B
2 ij _
PP W) g

Therefore, for any Hermitian matrix M = (m,;), we obtain
2
8125;;“- m;; my; < 0.
Now we consider the following equation for a strictly pluri-subharmonic function u
det(u;;) = f.
As in the real case, we rewrite it as
F(D?u) = log det(u,;) = log f.

Suppose O is an arbitrary directional derivative in R?”. Differentiating the equation
with 9, we obtain

u’;@ui; = 0dlog f.
This leads to the linear differential operator
L =" 0;5-
Since u is strictly pluri-subharmonic, L is elliptic. We get
L(0u) = dlog f.
Differentiating again with 0, we get
L(0%u) — uil_ukjﬁuﬁ@ukz =0%log f,
or
L(0%u) = uiiukjo”’uigaukz—i— d*log f.
The first term in the right side is positive. Hence, we conclude
L(8%u) > 9*log f.

We now look at the change of the Monge-Ampere operator under a holomorphic change
of variables. Suppose w = w(z) is a holomorphic change of variables. Then, we have

Owy,
Uzy = Uy, Oz 5
)

and

ow; Owy, owy owy,
Uy, 5, = U@ —— = — | U ——-

% it 32]' 0z; 82’]' il 0z;
Therefore, we obtain

det(uzlgj) = | de‘c(wz)\2 det (U, )-

Now we prove that the comparison principle holds as in the real case.
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Lemma 1.6. Suppose Q C C" is a bounded domain. If u,v € C?*(Q) are pluri-
subharmonic satisfying

det(u;;) > det (v;;) in
u<v on 0,
then u < v in Q.

Proof. We first assume that w is strictly pluri-subharmonic. As in the real case, we have

det (u5) — det (v5) = /O % det [(tu+ (1 — tyo)g]dt

_ 2/1 BI(t) dt (u—v)5 >0,

where (Bij(t)) are cofactors of (tu + (1 — t)u)z.j. Hence u — v attains its maximum on
0f), which gives the desired result.
In general, we consider u. = u + &(|z|> — r%%)dz]z) and compare u. and v. O

Now we discuss the Dirichlet problem.
A domain 2 C C" with a smooth boundary 0f is called strongly pseudo-convex if
there exists a smooth strictly pluri-subharmonic function r defined in €2 such that » < 0

in Q and r = 0,dr # 0 on 0S.
We now study the Dirichlet problem for the complex Monge-Ampeére equation

det(u;;) = f(2) in ©,
U= on 0f2.

Here f is a smooth positive function for z € 2. Assuming €2 is a bounded strongly
pseudo-convex domain with a smooth boundary, we intend to solve for a strictly pluri-
subharmonic solution u € C*(Q).

As in the real case, we reduce the solvability to C?T® a priori estimates. We will
derive the C? estimates in the rest of the section and study the C%estimates of the

second derivatives in the next chapter.

Theorem 1.7. Let u be a smooth strictly pluri-subharmonic function in the strongly
pseudo-convex domain 2 satisfying

det(u;) = f in Q
U= on 012,
for some f > 0 in Q and smooth function ¢ on 0. Then there holds in €
"LL|2 S K7

where K depends on Q,max f~1,|f|3 and |p|a.

Proof. We first assume that ¢ has been extended inside (2 so as to be strictly pluri-
subharmonic and to satisfy

det(p;;) > mgx f(2).
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This can be done by simply extending ¢ arbitrarily in {2 and then replacing ¢ by @+ Cr
for C' large. Here r is the defining function for : r is strictly pluri-subharmonic in €2,
r<0in Q and r = 0,dr # 0 on 0f).
Step 1. Since a pluri-subharmonic function achieves its maximum on the boundary,
we have
u < I%%X ©.

With ¢ extended as indicated, we see that

det(u;;) < det(w;3).
It follows by Lemma 1.6 that
(1) u>¢@ in Q.
We conclude
(2) |ulo < Ko.

Step 2. We derive an estimate of the first derivatives of v on the boundary. By (1)
and the maximum principle, we have

p<u<h in
where h is the harmonic function in €2 which equals ¢ on 9. Thus, we get
(3) |Du(z)| < max{|D¢(z)|,|Dh(z)|} for z € ON.

Step 3. We estimate the first derivatives of u in . As in the real case, we write the
equation in the form

(4) F(D*u) = logdet(u;;) = log f.

Then (F,,;) = (u'7) is the inverse of the matrix (u;5), and Fy o, = —u'uki . Denote the

linearized operator of F' at u by o
L=u" 0;5-
Then L is elliptic, since u is strictly pluri-subharmonic.
By det(u¥) = f~! and the inequality for arithmetic and geometric means, we get

1 = 1
5 - u’L’L > ~n .
(5) S ut>f
If D is a real, constant coefficient operator of the form

D = (a;0u; +b;dy,) with Y (aF +b3) =1,
we have
(6) LDu = f~1Df.
Consider the function
w = +Du + A
Note ~ . )
L(ek\zp) — CMZF()\ZUW + )\Qu”,fizj) > TLGMZP)\f_E.
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Hence, we get

Df

Lwz ==+ N f > 0,

if we choose \ large enough. The maximum principle implies

max |[Du| < max |Du| + C.
Q oQ

With (3), we obtain
(7) ul1 < K.

Step 4. We estimate the second derivatives at any point P € 0{2. Choose coordinates
Z1,- -, zp with the origin at P such that r; (0) =0 for o < n, ry,(0) =0 and r;, (0) =
—1. We recall that r is strictly pluri-subharmonic near 0. The following notation is
convenient. Set t1 = x1,t2 = Y1, - ,ton-3 = Tn-1,t9n-2 = Yn—1,lon—1 = Yn = t,t’ =
(ti7 T 7t2n—1>-

Writing the Taylor expansion of r up to second order, we obtain

r=%R(—z, + Zaijzizj) + sz‘jzifj + O(|z|3)

Note {a;;} has a uniform bound, independent of the point P € 99Q. Introducing new
coordinates of the form

2, = 2, k=1,---,n—1,

/ 2 :
Zp = Rn — aijzizj,

r=—R(z)+ > 2z + 0(|2).

iy

we can write

Furthermore, at points where the Jacobian of the transformation does not vanish, a
function is pluri-subharmonic with respect to {z;} if and only if it is pluri-subharmonic
with respect to {2} }, and det(u;;) differs from det(u.; ,) by a factor of the absolute value

z Z]/
squared of the Jacobian. Thus, we drop the primes and assume, in a neighborhood of 0,
r is of the form

(8) r=—Re(z,) + Y c;z% + O(|2])

Since 7 is strictly pluri-subharmonic, (c;;) is positive definite. In a neighborhood of 0,
0f) can be expressed as

(9) wn=p(t') = Y bijtit; + O(|t'*),
4,7<2n

where (b;;) is a (real) positive definite matrix. To see this, we simply note that

Z bijtit; = Z %25

1,j<2n i,j=1

for

21 =1t1 +V—1lla, -, 2p_1 = top—3 +V—1top_2,2, = V—1ta_1.
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We first estimate g, (0) for i, 5 < 2n — 1. On 09, we have
u—p =0,
or
(u—)(#,p(t")) =0 for small ¢
Recall ¢ is defined in ). We get by differentiating with respect to ¢; and then tj,
(O + pt; 0z, )(u — ) =0 on 09,
and
(Or; + pt;01,,) (O, + pt;02,)(u — ) =0 on IQ.
Note 0, p(0) = 0 and 9,1, p(0) = b;;. Hence at 0, we obtain
Onit; (u = ©)(0) + by (u — ¢)(0) = 0.
By (7), we obtain
(10) |0y,¢,u(0)| < Oy for any 4, j < 2n — 1.
Next, we estimate the mixed derivatives uy,z, (0) for ¢ < 2n — 1. We define 7; in a
neighborhood of 0 by
0 re, O
:E_rjlﬁ’ i=1,--,2n—1;
then T;r = 0 and hence T; is a tangential vector to ). By u— ¢ = 0 on r = 0, we have
Ti(u— ) =0 onr=0. We can also see it by a direct calculation. Note

(u— ), 2, (1)) = 0.

(11) T,

Hence, we obtain

0 o(u—) Oxy
ati(u—gp)—i—(axn ) o =0.
Since r = 0 gives x, = x,(t'), we get
g + ﬁ . 8$n =0
ati a.Tn 8ti ’
and then
Orn, 1y
8ti N _Tacn '

Therefore on 052, we conclude

O(u—p) 1y O(u—y)

=0.
Ot; Ty Oxy,

n

We set
w=£T;(u— @) + (u — ¢r)°,
and for ¢ > 0,
Se ={z€U;r(z) <0,z, <e},
where U is a neighborhood of the origin. We show that for suitable € > 0
(a) Lw > L(Az,, — B|z|?) in S., for B sufficiently large;
(b) w < Az, — BJz|? on 0S., for A sufficiently large.



DIRICHLET PROBLEMS OF MONGE-AMPERE EQUATIONS 19

Tt;

To proceed, we set a = ——. Then, we have

Tz,

Tiu = ug;, + aug,,,
and
L(Tyu) = uP10pg(ut; + auy,,)
= uP10pqus, + auP10pqug, + uPlapuy,, + uPlagus, , + uPlapgu,,,
which yields
(12) L(Tyu) = T;log f + uPlapuy, g + uPlaguy, , + uPlapgu,, .

Observe that uPlu,; = &, and that

BRYERINC A}

9z, 2 \ oz, ot
o 9 9 )
oz 2om, TV e

so that

ul‘n(j = 2Un(j =+ v —1th.
Thus the second term on the right side in (12) can be written as
up‘japuan = 2apup‘7um7 + v/ —1upqaputq = 2a, +V —1upqaputq.
Here the derivatives of a are bounded. We also have
7 7 1, - 1
[uPapurg| < (uPapag)? (W upuig)?.

This follows from the Cauchy inequality and the fact that the positive matrix (upq)
induces an inner product in C". Therefore

[uPlayuy, | < C + C(Z uﬁ)%(upqutputq)%.

A similar estimate holds for the third term on the right side of (12), while the fourth
term is O(>_ u*). Therefore, we have

IL(Tiw)| < C+ C Y ul + O3 w2 (uPluprug) 2,

N|=

and hence

N

|LT;(u— )| < C+ C'Zuﬁ + C(Z uﬁ)%(up‘juptuqt) )
Further, we get
L(ug — ¢1)* = uP0pq(ur — p1)* = 2uP10, ((ur — 1) (usg — P17))
= 2uP(upy — @pt) (wrg — prg) + 20T (ur — 1) (Urpg — Pipg)
— o(I + II).

Note
I = uPluping — wPlungppr — uPuprprg + P oprpig.
For the second term, we use Cauchy inequality as before

B _ [ 1
|[uP usgop| < (uPpproge) 2 (U urguey) 2.
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The third and fourth terms are handled in the same way. For I, we write
IT = (uy — ) (WP Tugpg — WP o) = (ur — 1) (O log f — uPlpryg).

Therefore, we obtain

L(us — @1)* > 2uPTuprueg — Clu™)z (UP%ptqtjt)% —Cu' - C,
and hence
Lw = £ LTi(u— ) + L(ut — 1)

> 2P g — C(u) 2 (uPTuyug)? — Cu’ — C

> -y W -C
Next, we note 7

L(Az, — B|2|?) = —BuP10,4|2|> = —B Zu”
To prove (a), we need 7
(B—C)) u">C.

This can be achieved by (5) and choosing B sufficiently large. To prove (b), consider
first 9S: N 0. By (8) or (9), we have for some a > 0
T, > alz|?.

Since u(t’, p(t')) = @(t', p(t')), we obtain

[ut = 1] = lpellua, — onl < CI¥| < Cl2| < Ca.
Taking A large, we obtain (b) on 992 N dS.. Note (b) is trivially true on 9S:. N Q if A is
sufficiently large.

By the maximum principle, we obtain

+T;(u — ) + (ug — ¢)* < Az, — B|z|* in S.,

or
+T;(u — ) < Az, — B|z|*> in S..
This implies
[(Tit)e,, (0)] < A+ [(Tig)a, (0)]-

Note

(Eu)mn = utixn - (

Hence we get

(13) |Ut;,, (0)] < Coa.
Using the special coordinates above again, we establish the estimate
(14) a2, (0)] < €.

Since we already proved

(15) ’utitj (O)‘a ‘utiivn (0)| < Ca i,j <2n-— 17
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it suffices to prove

(16) unn (0)] < C.

We may solve the equation det(u;;) = f for u,z(0), and see that (16) follows from (15)
provided the (n — 1) X (n — 1) matrix (uz,z,(0)) satisfies

(17) (uZaZ@ (0))a7ﬁ<n Z clIn—h

for some positive constant ¢; > 0. After a subtraction of a linear function, we may
assume ¢, (0) = 0,7 < 2n — 1. For (17), it suffices to prove
S ez, (0)6ads > caléf?.
a,B<n
In the following, we take ¢ = (1,0,---,0) € C*~! and prove
u17(0) > c1.

Let & = u — Az, with X\ so chosen that

0? 0?
<8t2+8t2> ﬂ(tl, ,t2n71ap(t17"' at2n*1)) =0 at0.
1 2
Note
o 02 °. 9 .
<8t2 8t2> — Z: 5% (@g; + g, pr;)
2

= Z (atiti + ﬂmntipti + (ﬂrnti + awnwnpti)pti + aznptiti)'
t=1

This implies at 0

(18) u11(0) + ta,, (0)p11(0) = 11(0) + (g, (0) — A)p17(0) = 0.
Now we claim close to the origin

(19) tlon < Rp(z —|—%Zajzlzj —{-C'z:|zj|2

where p is a holomorphic cubic polynomlal without hnear terms and ao,--- ,a, are
complex numbers.

To prove (19), we consider the Taylor expansion of @(t', p(t')). Obviously, there is no
linear terms. For the quadratic terms, we consider ¢;t;,1 < 4,5 < 2 and ¢;t;,1 < i <

2,3 <7 <2n—1. Since
0?2 0?
0)=0
<8t2+8t2> @(0) ’

the linear combination of t;t;,1 < 4,7 < 2, can be written as
a(t] — t3) + btqt,
which can be put into the form

Rl(a — V=1p)21],
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for some complex numbers o and 3. Next, a linear combination of t1t2;_1,%2t25_1,
t1tej,tat2j, 2 < j < m — 1, can be written as

R((a+vV—-1b)z12)) + R((c + V—-1d)z1 Z;).

In fact, we have

?R((a + vV —1b)212j) = a(tltgj_l - tgtgj) — b(tltgj + tztgj_l),
%((C —+ —1d)Z12j) = C(tltgjfl + tgtzj) + d(tltzj — tgtzjfl).

Last a linear combination of ¢1¢ and ¢9t can be written as
R ((a+ vV—1b)2t),

for some complex numbers a and b. Now we consider the cubic terms. We consider two
cases:

Case 1. cubic in (t1,t2).

Case 2. quadratic in (t1,2) and linear in ¢;,3 < j < 2n — 1.
For Case 1, we notice that any real homogeneous cubic in (¢, t2) admits a unique de-
composition

(20) ( (t1+\/7t2) + Bt — rt2)(t1+rt2)) (azl +ﬂz1\z1])

for some complex numbers « and (3. This can be seen easily by expanding (20) in terms
of t1,ts and noticing that complex numbers «, 3 provide four real parameters and any
real homogeneous cubic in (¢1,t2) has at most four coefficients. Hence we have proved
that

n—1
aloq < %Zajzléj + R(az1yn) + R(Bz1|21 %) + Rp(21,- -+, 2n)

(21) i=
+ cubic terms such that (¢1,t2) appears at most quadratically

+ fourth order terms,

for some complex numbers «, 8 and a1, - ,a,_1. Now we focus on z1|21|2. By (9), there
holds on 9%

Z bijtity + O(|t']*).

ij<2n—1

We may assume (b;;); j<2n—2 is diagonal. Note that the coefficients of t2 and t3 are same
and given by p;7(0) > 0. Hence on 0f2 there holds

(22) |21% =t + t3 = ax,, + quadratic of ¢’ + 0(|¢'|*),
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where there is no quadratic expression of (¢1,t2) in the quadratic part of ¢’. By adjusting
a; and p in (21) appropriately, we get

n—1
oo < %Z a;z1Z; + Rlaziyn) + R(Bz1zn) + Rp(21,- -+ 5 2n-1)
=2
+ quadratic terms in t3,t4, - ,ton_1

+ cubic terms such that (¢1,t2) appears at most quadratically
+ fourth order terms.
Obviously
R(aziyn + Bz12n) = R(az12, + b212,),

for some complex numbers a,b. Applying Cauchy inequality to cubic terms in Case 2,
we obtain

n n
oo < Rp(2) + R a;21% +C > |z + Clz|*.
j=2 =2
With (22), it is easy to see

n
EREYe) SIE
j=2

Hence (19) is proved. )
Let u = @ — Rp(z) and observe that u satisfies

det i;; = det u;; = f(z).

We set again S. = {z € Q;0 <z, <¢e}. Let

1 n
h(z) = — don + 01]2] + 75 > lajz1 + Bzl
j=z

1 n ~ B n
_ —5Oxn+(51]z\2+ﬁ > |aj|2|zl|2+§rezajzlzj+5Z|zj|2.
=2 i=2

1<j<n
On 0922 N 0S., we require
—00xn + 01|22 >0,

or

0
Ty < 5—(1)]2
This can be achieved by taking dp < ;. Then we have
@<h ondQNas.,

if B>2C. On 95-NQ, @ < h holds obviously if B is chosen sufficiently large. This is
because B|z,|? > Be? there. Therefore by taking B > C and §p < d1 for 1 to be fixed
later, we obtain

@w<h ondsS..
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Next, as in the real case, we get

0t 52 ala® a2 o an
a2 201+ B
(hz‘j) = . )
Qp, 201+ B

The eigenvalues of (h;;) are given by

1
251,251+B+Bz;|a]’|2, 251+B, ,251+B.
J:

This implies A is strictly pluri-subharmonic and
1 n
-2 2
det h;; = 201(201 + B)""* | 261 + B + B ?_2 |aj

Therefore, choosing d; small, we have
det h;; < f in Q.
Thus h is an upper barrier for . By Lemma 1.6, we obtain
@ <hin S..
Since @(0) = h(0) = 0, we get

Then (18) implies

Therefore, we conclude
|D?uly < K on 09.

Step 5. We estimate D?u in 2. For any real constant coefficient operator D of the

form
D = (a;ds; +b;dy,) with Y (a? +b3) =1,
we have
LD%*u > D?log f > —C.
As in Step 3, we obtain for large A
L(D*u + e’\|z‘2) > 0.
By the maximum principle, we conclude

maXDQU <maxD*u+C < K.
Q o0

With the upper bound for every D?u and the lower bound gz, + ty,y, > 0, we will
prove the bound for any second derivatives.
First, by taking D = 0., and D = 9,,, we have

Opiz; v < K and 0y, u < K.
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With 0z,0,u + Oy,y,u > 0, we obtain
|Ozz;ul, |Oy,yul < K.
1

Next, by taking D = 5

(On; £0y,), we get

5

1
D*u = §(aﬂﬁz$zu £ 205,y,u + Oyy,u) < K,
and hence
|0z yul < K.
1 1

Last, for i # j, by taking D = ﬁ(a% +0,,)and D = —2(8%. + 0,,), we obtain

1

5(8901961“ + 2a$iyju + 8yjyju) < K,

1

5(8xjx].u + 20z;y,u + Oyy,u) < K.

Adding these two inequalities yields
F0py,u F Opyyu < 2K.

We remark that there are four inequalities here. It is then easy to see
Oy, uls 0n;y,ul < 2K.

This finishes the proof.

25
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2. HOLDER ESTIMATES FOR SECOND DERIVATIVES

In this section, we derive the Holder estimates for second derivatives of solutions
of fully nonlinear elliptic equations under the key assumption that the functional is
concave with respect to the Hessian matrices. This restriction still enables us to cover
the equations of Monge-Ampére type. To be specific, we consider a smooth function

F:S§ — R,

where S is the space of n x n symmetric matrices. For any M = (m;;) € S, we denote

oF
Fij(M) = am_,(M%
(]
O*F

Suppose a smooth function u in an open set in R" satisfies
F(D*u) = f(2),

for some smooth function f defined in the same open set. For any unit vector v € R",
we differentiate the equation with respect to v to get

Fijuijy = fy,
where F}; is evaluated at (D?u(z)). This leads to the introduction of the linear operator

L = F;;0;.
The above calculation shows u., satisfies

Lu, = f,.
Now we differentiate with respect to v again to get
Fijuijyy + Fij pitigy gy = fyry,
or
Ly + Fij giwijy iy = fyy-

The fully nonlinear equation F(D?u) = f is elliptic if the matrix (F};) is positive definite.
In other words, the linearized operator L is elliptic. The function F'(M) is concave with
respect to M if there holds for any M = (m;;) € S

Fyj pmijmyg < 0.
If F is concave at D?u(z) for any x, then u.., satisfies
Luyy 2 fry.

In this chapter, we prove the Holder estimates for the second derivatives of the solutions
to the fully nonlinear elliptic equation of the concave type.
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2.1. Harnack Inequality. In this section, we derive Harnack inequality and its corol-
laries. These results will be needed in later sections. We will focus on a priori estimates
instead of regularity. Our assumptions are more than what we need.

Suppose {2 is a bounded domain in R™ and consider a linear elliptic operator L in €2

L= Qg (m)Dij,
where coefficients a;; are at least continuous in €. The ellipticity means that the co-

efficient matrix A = (a;;) is positive definite everywhere in 2. We assume that L is
uniformly elliptic in the following sense

N S (aij) S AI,

where A and A are two positive constants. This means that all eigenvalues are between

A and A. We also set D = det(A) and D* = D7 so that D* is the geometric mean of
the eigenvalues of A. Obviously the uniform ellipticity implies

A< D" <A.

Before stating the Alexandroff maximum principle, we first introduce the concept of
contact sets. For u € C?(2) we define

T ={y e u(x) <uly) + Du(y) - (x —y), for any z € Q}.

The set T't is called the upper contact set of u, and Hessian matrix D?u = (Djju) is
nonpositive on I'". In fact, the upper contact set can also be defined for continuous
function u by the following

T={yeQ ulx) <uly) +p-(x—y), forany z € Q and some p=p(y) € R"}.

Clearly, u is concave if and only if I'T = Q. If u € C*(Q), then p(y) = Du(y) and any
support hyperplane must then be a tangent plane to the graph.
Now we consider the equation of the following form

Lu=f inQ

for some f € C(Q). In fact, it suffices to assume that a;; are bounded and measurable,
f € L™(Q) and u € W2™(Q). So the equation holds almost everywhere.

Theorem 2.1. Suppose u € C(Q) N C%(Q) satisﬁes Lu > f in Q. Then there holds
d

sup u < sup ut +
o

H llen ey,
Q

1
nwyy

where T'" is the upper contact set of u, d = diam() and w,, is the volume of the unit
ball in R™.

Proof. It suffices to prove

3=

d
(1) supu < suput + — / | det D%
Q 20 W 2
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In fact, for the positive definite matrix A = (a;;) we have

1 /—a.Diu\"
det(—D?%u) < 1) <W> onI't,
n

This implies Theorem 2.1.
Next we proceed to prove (1). Without loss of generality we assume u < 0 on 9€). Set
Ot = {u > 0}. By the area-formula for Du in I'" N QT C Q, we have

) purtnanis [ deDu),
r+nQ+
where | det(D?u)| is the Jacobian of the map Du : 2 — R". In fact we may consider

Xe = Du—eld : Q — R™. Then Dx. = D?*u—cl, which is negative definite in I'. Hence
by the change of variable formula, we have

e = [ |det(DPu - e,
r+nQ+
which implies (2) if we let ¢ — 0.
Now we claim B;7(0) C Du(I'T N Q7F), i.e., for any a € R" with |a| < M there exists
z € TT N QY such that @ = Du(zx). Here M = supu/d.
We may assume u attains its maximum m > 0 at 0 € 2, i.e.,

u(0) = m = supu.
Q

Consider an affine function for |a| < m/d(= M)
Lzx)y=m+a-x.

Then L(z) > 0 for any z € Q2 and L(0) = m. Since u assumes its maximum at 0, then
Du(0) = 0. Hence there exists an x; close to 0 such that u(x1) > L(z1) > 0. Note that
u <0 < L on 0. Hence there exists an & € € such that Du(Z) = DL(z) = a. Now
we may translate vertically the plane y = L(x) to the highest such position, ie., the
whole surface y = u(x) lies below the plane. Clearly at such point, the function wu is
positive. ]

Remark 2.2. The integral domain ' can be replaced by
' n{zc Qu(x) >suput}.
o0

Remark 2.3. There is no assumption on uniform ellipticity in Theorem 2.1.

Next we discuss the Calderon-Zygmund decomposition. First we introduce some ter-
minology.

Take the unit cube @;. Cut it equally into 2™ cubes, which we take as the first
generation. Do the same cutting for these small cubes to get the second generation.
Continue this process. These cubes (from all generations) are called dyadic cubes. Any
(k + 1)-generation cube @ comes from some k-generation cube Q, which is called the
predecessor of Q).
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Lemma 2.4. Suppose f € L'(Q1) is nonnegative and o > |Q1]™" le f is a fized con-

stant. Then there exists a sequence of (non-overlapping) dyadic cubes {Q’} in Q1 such
that

f(@) <a ae in Q\U;@Q,
and )
a< — dr < 2"a.
@S
Proof. Cut Q1 into 2" dyadic cubes and keep the cube @ if |Q|! fQ f > a. For others

keep cutting and always keep the cube Q if |Q|~! fQ f > a and cut the rest. Let {Q’}
be the cubes we have kept during this infinite process. We only need to verify that
f(x) <a ae in Qp\U;Q’.
Let F = Q1\U;Q7. For any z € F, from the way we collect {7}, there exists a sequence
of cubes Q' containing x such that
1

— | f<a

Q' Joi
and

diam(Q*) — 0 as i — oo.
By Lebesgue density theorem, this implies
f<aae. in F.

This finishes the proof. O
Now we give a simple consequence of Calderon-Zygmund decomposition.
Lemma 2.5. Suppose measurable sets A C B C Q1 have the following properties
(i) |A| < § for some 6 € (0,1);
(ii) for any dyadic cube Q, |ANQ| > §|Q| implies Q C B for the predecessor Q of Q.
Then there holds
|A| < 4|B|.

Proof. Apply the Calderon-Zygmund decomposition (Lemma 2.4) to f = x4. We obtain,
by the assumption (i), a sequence of dyadic cubes {@’} such that

AC Uij except for a set of measure zero,

AN QY]
§< =l ong,
- @
and ~
J
M<57
Q|

for any predecessor Q7 of Q7. By the assumption (ii), we have Q7 C B for each j. Hence
we obtain
AcCu;Q CB.
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We relabel {QJ} so that they are non-overlapping. Therefore we get
A<D 1ANQT <6) |Q < 4lB].
i i
This finishes the proof. O

Now we begin to prove the Harnack inequality. First we prove a local maximum
principle for subsolutions.

Theorem 2.6. Suppose Lu > f in Q. Then for any ball Bar(xo) C Q and p > 0, there
holds

1

1 D
swp w8 (g [ @) 4 RIS o mantenn ¢
Br(xo) (R Bar(zo0) (an(eo)

where C'= C(n, A\, A, p) is a positive constant.

Proof. Without loss of generality, we can assume Bsg(zg) = B1(0), the general case
T — X0

being recovered by means of coordinate transformation = —

A cut-off function is needed since there is no control on dBy. For 8 > 1, a cut-off
function 7 is defined by

n() = (1— |o2)°.
By a differentiation, we obtain
Din(x) = —28x;(1 — |=[*)"~,
and
Dijn(x) = =238;5(1 = |2[*)7™" +48(8 — Dy (1 - |2*)77%,
Hence we get
_ 2\6-1 -1
| D) = 26]|(1 — |2|7)" < 26n 7,
and
Ly =4B(8 — Dagaaw;(1 —x)P 7% =28 " au(l — [«*)"".
Setting v = nu, we then have
Lv = nLu + ULT] + 2aiijDju.

Consider the upper contact set I'" = I',+ of v in By. We clearly have v > 0 in I'"", since
v =0 on dB;. Hence for any z € I'*

v(z) 2v(x)
Dote)] < 20 < T,

and then in I'T
2v

1 1
|Du()| = ~|Dv - uDy] < - (
n n\1—|z|

1
+ u\Dm) <21+ 8P,

Then in T'" we have

2
la;jDinDju| < A|Dul||Dn| < 468(1+ 5)An Bo.
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Note we also have u > 0 in I'". Hence, we get
—ulLn = Zﬂuz aii(1—|z*)P~ = 4B(8 — Duaijziz;(1 — |z|*)°~!
<28u) a1 —|z?) !

%

1— 1

= 20nAun = 2nABun ?#

2

< 2nApvn B.
Therefore on I't we obtain the inequality

2 2
—a;Dijo < e(n, B,\, A\)n" Fv+nf~ <en Fo+ f.

Applying the Alexandroff maximum principle for § > 2, we obtain

_2 —
supv < C LIl 50" sy + 15 loes,) §

By
1—2
+\ T2 -
<C { (SEPU ) (W) Lnsy) + I ||Ln(31)} :
1

If we choose 3 > 2, then using Cauchy inequality we get

25 -

sup < O {1 o+ 15 v |
1

=c{mw

For 8 > 2, we have € (0,n). Hence we have for any p € (0,n)

+wwm@}.

¥ (5

Sup vt < C{llu ey + 1 lenesy -
1
We use Holder inequality to get the result for p > n. O

By replacing u with —u, Theorem 2.6 extends automatically to supersolutions and
solutions of the equation Lu = f.

Corollary 2.7. Suppose Lu = f in Q. Then for any ball Bor(xo) C Q and p > 0, there
holds

1 3
sup Jul < C n/ R T —
Br(wo) (R Bagr(wo) (Fantzo))

where C' is a positive constant depending only on n, \, A and p.
Now we turn to supersolutions. For convenience we work in cubes instead of balls.

The following result is the key ingredient. It claims that if a solution is small somewhere
in Q3 then it is under control in a good portion of Q).
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Lemma 2.8. Suppose Lu < f in By 5 for some f € C(By,5). Then there exist
constants g > 0, p € (0,1) and M > 1, depending only on n, A and A, such that if

u >0 By g,

Qs

1f 1By =) < €0,
there holds
Hu < M}NQi| > p.

We will construct a function g, which is very concave outside Q1, such that, if we
correct u by g, the lower contact set of u+ g occurs in (1 and occupies a large portion of
Q1. In other words, we localize where the contact occurs by choosing suitable functions.

Proof. Note By C Byjs C Q1 C Q3 C By f5. Define g in By s by

1,2
o) = v~ 202

for large B > 0 to be determined and some M > 0. We choose M, according to (3, such
that

(2) g=00n0dBy 5 and g¢<-2inQs.
Set w =u+ g in By . We will show by choosing [ large that
(3) Lw < fin By s \ Q1.

We need to calculate the Hessian matrix of g. Note

M N M
(- ZL)B K (2n)2

Dijg(x) = on

B(B—-1)(1— %)5_2%3@-.

This implies that

M |2\ g2 |z 1
aijDijg = o -p(1— 7 -)" 73 (1= 7 =) D i — 5= (8= Dagwia; .

Therefore for |x| > 1/4 we have

M |z p—2 |z 1 2
< = _ _ " Ng.. (B3 — <
Lg < 2nﬁ(1 ™ ) (1 o )agi 5, (B = DAlz" ¢ <0,

if we choose 3 large, depending only on n, A\ and A. This finishes the proof of (3). In
fact we obtain

Lw < f+nin By s,
for some n € C3°(Q1) and 0 < n < C(n,\,A).
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Now we apply Theorem 2.1 to —w in By, /m- Note infg, w < —1 and w > 0 on OBQ\/;L
by (1) and (2). We obtain

1< c(/ (s +n>“)
By s

1

< Cllfllen(s, ) + Cly N Q1

where I',, is the lower contact set of w. Choosing £y small enough we get

1 _ 1 1
5 SCITaN Q7 < Cl{u < My Qi+,
since w(x) < 0 and hence u(x) < —g(x) < M on I',. O
Next we prove the power decay of distribution functions for supersolutions.

Lemma 2.9. Suppose Lu < f in By s for some f € C’(BQW;). Then there exist positive
constants g, € and C, depending only on n, A and A, such that if

u=>0in By g,
(1) infu S 1,

Qs
HfHLn(BQﬁ) < €0,
there holds
Hu>t}NQi| < Ct™¢ fort > 0.
Proof. We will prove that under the assumption (1) there holds

where M and p are as in Lemma 2.8.
For k =1, (2) is just Lemma 2.8. Suppose now (2) holds for & — 1. Set

A={u>M}NQ, B={u>M"1nQ.
We will use Lemma 2.5 to prove that
(3) Al < (1 —p)|BJ.

Clearly AC B C @Qq and |A| < [{u> M} NQ1| <1— p by Lemma 2.8. We claim that
if Q = Q,(zo) is a cube in @ such that

(4) ANQI> (1 -plel,

then QN Q1 C B for Q = Q3 (x0). We prove it by contradiction. Suppose not. We may
take Z € @ such that u(#) < M*~1. Consider the transformation

x=xz9+ry forye @ and z € Q = Q,(x0),
and the function

ily) = 3 yule).
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Then @ > 0 in B, 5 and info,u < 1. It is easy to check that La < fin B, 5 with
HJFHL"(BQ\E) < gp. In fact we have

~ 7‘2

fy) = gp= f(@) fory € By m,
and hence
171 Ba) < 57l lin B ) < 1Fliniy ) < 00
Therefore, @ satisfies the assumption (1). We may apply Lemma 2.8 to @ to get
p < Haly) < M}n Qi =r"{u(z) < M*} N Q.
Hence |Q N A®| > p|Q|, which contradicts (4). We are in a position to apply Lemma 2.5
to get (3). O

Now we rewrite the power decay of the distribution function for supersolutions.

Corollary 2.10. Suppose Lu < f with w > 0 in By . Then there exist positive
constants v and C, depending only on n, X and A, such that

: v (; v
H{z € By; u(x) >t} < Ct V(glfu+ HfHL"(BQﬁ)) for any t > 0.
2

Proof. This follows from Lemma 2.9 easily. Consider
u

infQq u+ 8+ L[|l

us =

)

By m)
for § > 0. We apply Lemma 2.9 to ugs to get, after letting § — 0,

Hx € Q1; u(x) >t} < C't_'y(icr?lfu + ||f||Ln(B2\/ﬁ)),Y for any ¢ > 0.
3
This clearly implies Corollary 2.10. l

Now we prove the weak Harnack inequality for supersolutions.

Corollary 2.11. Suppose Lu < [ with w > 0 in By 5. Then there exist positive
constants p and C, depending only on n, A and A, such that

1

P
P < i n .
() =elages 1m0}

Proof. Set A(t) = {x € B1; u(z) >t} for any ¢t > 0. First we have for any £ > 0,

oo £ 0o
/ up:p/ tp_l\A(t)|dt:p/ tp_1|A(t)\dt+p/ LA |dt =T + 1.
B1 0 0 13
For I, we have easily

13
1<p|Bi] / ?ldt = | B¢
0
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For 11, we get by Corollary 2.10

oo o0 v
I1=p /5 P A(b)]dt < Cp /6 =1y <g11fu+ufum<3m>)
2

3
— =7 | 3
= C¢ (g,llfu+ HfHL"(BQﬁ)) 7

2

if we choose p < . Combining these two estimates, we obtain

)
P < P ep— [ . _
/Blu _0{5 e (gl%fqu\f\lL (BM)> }

Next we may choose

E=infut |

This finishes the proof. O

(BQ\/E)'

NI

Now we can state the Harnack inequality. It is an easy corollary to Theorem 2.6 and
Corollary 2.10.

Theorem 2.12. Suppose Lu = f in Bg with uw > 0 in Bg for some f € C(Br). Then
there holds

supu < C {infu + R”JCHL"(BR)} ’
Bp

Bgr
5 2
where C' is a positive constant depending only on n, \ and A.

Proof. Without loss of generality, we may assume that R = 1, the general case being
recovered by means of the coordinate transformation z — x/R. The case R = 1 is
implied by Theorem 2.6 and Corollary 2.10, rescaled, together with a simple covering
argument. ]

The interior Holder estimates of solutions is a direct consequence.
Corollary 2.13. Suppose Lu = f in Bg for some f € C(Bg). Then there ezists an
a € (0,1), depending only on n,\ and A, such that there holds

oscp, u < C(;)a{oscBRu + RHf”L"(BR)} for any r <R,

where C' = C(n, A\, A) is a positive constant.

Proof. Again we prove the case R = 1. Let M(r) = maxp, v and m(r) = ming, u for
€ (0,1). Then M(r) < 400 and m(r) > —oo. It suffices to show that

w(r)=M(r) —m(r) < Cro‘{w(l) + HfHLn(Bl)} for any r < 1.
Apply Theorem 2.12 to M(r) —u > 0 in B, to get

Sél%P(M(T) —u) < C{ ?%(M(r) — ) +T||f||L"(BT)},
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ie.,

r
2

r

(1) M(r) = m( .

) < C’{(M(r) - M(3)) JF7‘|J‘”HL"(BT)}'

Similarly, apply Theorem 2.12 to v — m(r) > 0 in B, to get

) M(G) —mlr) = m(5) = ) + 1o

Then by adding (1) and (2) together we get

o(r) +(3) < € 0r) = W) + rlflonis

or
r

w(2

) <qw(r) + Crl| fllr(s,),

for some vy = % < 1.
Choosing p satisfying (1 — p)logvy/logT = p and applying Lemma 2.14 below with
o(r) = Cr| fl|»(5,), we obtain

w(r) < Cro‘{w(l) + ||f||Ln(Bl)} for any r € (0, 1].

This finishes the proof. O

Lemma 2.14. Let w and o be non-decreasing functions in an interval (0, R| satisfying
foranyr <R

w(tr) <Aw(r) 4+ o(r),
for some 0 < ~,7 < 1. Then for any u € (0,1) and r < R, there holds
w(r) < C{(;)%;(R) + U(r“Rl_“)},
where C = C(v,7) and o = «(y,7T,u) are positive constants. In fact o« = (1 —
p)logvy/logT.
Proof. Fix some number ;1 < R. Then for any r» < r; we have
w(rr) < qw(r) + o(r1),

since o is nondecreasing. We now iterate this inequality to get for any positive integer k

w(thry) < Fw(r) +a(r) Y7 <AMw(R) +

o
—

o(r1)
-y

-
I
o

For any r < r; we choose k in such a way that

Tkrl <r< kalrl.
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Hence we have
o(r1)

w(r) < w(Tk_lrl) < 'yk_lw(R) +

< T~
log vy
1 Togr
<L (N Ry 4 )
7\ -y
Now let 7 = r*RH. We obtain
1 /7r\(0=p }zéz o(rPRI7H)
< - R)+ ——
w(r)_’y<R> w(R) + 1—7x
This finishes the proof. O

In the rest of the section, we give another application of Harnack inequality to the
normal derivatives of solutions on boundary. We introduce the notions B;" and T, as
follows

Bf = {(2/,x,) = x; x| < 7,2, > 0},
L, = {(«,0);]2'| < r}.
Theorem 2.15. Let u be a solution of

(1) Lu = f in Bf ,u(2’,0) =0,
and assume
(2) lul, |Vul,|f| < K in By,

for some K > 0. Then there are constants o € (0,1) and C > 0 depending only on n, A
and A such that

ou
(3) |5 —lca@y) < C | sup [Vu| +sup|f] | .
Ox + +
n B4 B4
Proof. Since u = 0 on I'y, we have
o , , . ou(a,xn) -0 u(x)
B, @0 0) = Jim == = im =
thus we estimate
u(z)
4 = .
() ow) = 2

It is convenient to introduce some notations. For R < 1 and some ¢ > 0 to be fixed (one
can take § = A/(9nA) < 3), let
Q(R) = {|2'| < R,0 <z, <R},
QT (R) = {|2/| < R,6R/2 <z, < R},
and
mpr =infv, Mpgr =supv.
Qr Qr
Two preliminary results are needed.
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Lemma 2.16. If Lu < f in Q(R) with u > 0 and u(z’,0) = 0, then

2 R

5 1nfv<71nfv+—supf
) RN SRS ST
Proof. Let
(6) v = infv(x) for x, = 6R, |2/| <R,
and introduce the comparison function

\:1:'|2 T, Tn(0R — xy,)
(7) w(z) = 7en (5 Y

It is straightforward to verify that if 0 < ¢ < %, then in Q(R)

(i) z(2',0) = 0;

(ii) z(z) < 0 on the sides of Q(R) : {|z'| = R,0 < x,, < 0R};

(iii) z(z) < 2v62R < vSR on the top of Q(R) : {|2'| < R,z, = R};
and

(iv) Lz > sup |f| > f if 6 > 0 is sufficiently small.
In particular, these all hold if § = A/9nA. In fact, for part (iv), we find

46 .
zij:_Ri;y‘r”ij’ 1§z,]§n—1,
46
ZmZ—FZHTu 1<i<n—1,
2v 1
znn:§+xsup‘f|7

and hence

a 2 46
Lz = % sup |f| + % Ann — 7 <Z QiiTn + Zaznm'L) .

So (iv) follows easily.
Since u > 0 in Q(R) and by (6) u = z,v > vdR on the top of Q(R), then L(u—2z) <0
in Q(R) with u > z on dQ(R). Hence, by the maximum principle, v > z in Q(R), or

v(x) > za(:a:) for x € Q(R).

n

In particular, using the explicit formula (7), we obtain
4] R
inf v > _(y— —sup|f]).
e — 20 A
Since v > inf v(z) for z in QT (R), this gives (5). O
The second lemma we need is a Harnack-type inequality.

Lemma 2.17. Let Lu = f in ij and u > 0 in Q(2R), with R < 1. There is a constant
¢ > 0, depending only on n, A and A, so that

(8) sup < ¢( inf v+ Rsup|f]).
Q+(R) QT(R)
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Proof. Observe that every point z in Q*(R) there is a ball Bszr (z) in Q(2R). Since u > 0
2
in Q(2R), we apply the scaled version of Harnack inequality with 4r = R/2 to get

sup < c( inf u+r?sup|f).
By (x) Br(z)

Since a finite number (independent of R) of the balls Bsz (z),z € QT (R), cover QT (R),
8

we conclude that, with a new c,

9 sup u < ¢( inf u+ R%sup|f]).
) g ws et b

In Q" (R) we have dR/2 < x,, < 6R. Since u = z,v this gives

1
—0R sup v< sup u, and inf u< JR info.
2 g+(R) Q+(R) QT (R) QT (R)

Combined with (9), this proves (8) with some possibly larger constant c. O

Now we continue the proof of Theorem 2.15. In what follows, we assume R < 1 and
denote by C' a constant depending only on n, A and A. By Lemma 2.17, with u replaced
by u — magrz, > 0 in Q(2R), we obtain

- <C|( inf (v— +R :
QSE%(U ) < (QIP(R)(U ) Supm)

Thus using Lemma 2.16, we get
sup (v —mar) < C| inf
Q*(R) (%)
=C (mg —ng+Rsup|f]> :
2

(v —mag) + Rsup |f|>

Repeating these same inequalities with u replaced by Magx, —u > 0 in Q(2k), we find
that

sup (Mar —v) < C <M2R — Mg + Rsup |f\) :
Q*+(R) ’
Adding these two inequalities thus gives
MQR — M2R < C ((MQR — mQR) - (M% - mg) + RSU.p |f’) .

Let w(R) = Mr — mpg denote the oscillation of v in Q(R). Then we obtain

w (?) < Ow(2R)+ Rsup |f| for any R <1,
for some 0 < # < 1. Then by using Lemma 2.14 as in the proof of Corollary 2.13, we
obtain for some a € (0, 1),

w(R) < CR*(w(1) +sup|f|) forany R <1,

where C'is a positive constant depending only on n, A and A. Note that (2) implies that
w(1) is bounded. Letting z,, — 0 we find that, in the set I'r with R < 1, the oscillation
of 8677; < ¢R®. This is the desired Holder estimate (3). O
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2.2. Interior Holder Estimates for Second Derivatives. In this section, we derive
interior Holder estimates for second derivatives. We first need the following result on
symmetric matrices.

Lemma 2.18. Let S(\, A) denote the set of positive matrices in R™*™ with eigenvalues
lying in the interval [\, A], where 0 < A\ < A. Then there exists a finite set of unit vectors
Y1, YN € R™ and positive numbers A* < A*, depending only on n, A\ and A such that
any matriz A = (a;;) € S(A\,A) can be written in the form

N N
(1) A= "Bt @V Qe ag = BrVkiTess
k=1 k=1
where B € [\*,A*], k =1,---, N. Furthermore, the directions 1, --,yn can be chosen
1
to include the coordinate directions e;,i = 1,--- ,n, together with the directions —(e; +

V2

ej),i < j,i,j=1,---,n.

Proof. Let S; denote the cone of positive matrices in S and n’ = n(n+1)/2 = dim(S).
We may represent any A € S in the form

n/

(2) A= "% @,

k=1
for some vectors 1, -- - , v € R™ with the property that the dyadic matrices v ® v, =
[VkiVk;] are linearly independent. To see this we observe that any two matrices in Sy are
similar, and hence in particular each A € S, is similar to the matrix Ag whose diagonal
and nondiagonal terms are n and 1, respectively. With

n n
Ay = Zei Re; + Z(ei +e;) ® (e + ¢€;),
i=1 i<j

(2) follows by an appropriate base change. Consequently, the family of sets of the form

U(’Ylv"' 77%') = {Z/Bka@'Yk,ﬂk > Oak: 17'.'7n/}7

k=1

where v ® i, are linearly independent, forms an open cover of S(A,A) C S;, and since
S(A, A) is compact there exists a finite subcover. Accordingly, there exists a fixed set of
unit vectors vi,--- ,7vn, depending only on A, A and n such that any A € S(\,A) may
be written

N
(3) A= B @ s
k=1
with 0 < B < A, for any £ = 1,--- , N. Note in this step, any particular finite set of

unit vectors may be included among .
To create a common positive lower bound, we proceed as follows. We apply the
previous process to S(A/2,A) to get unit vectors vi,---,vn. For any A € S(\A),
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consider
al A
A-— A*kzl% ® € S(5,4),
for sufficiently small A*(\* = ﬁ is sufficient). Now if we write A as in (3), we get
A< By < A+ A 0

Applying Lemma 2.18 to uniformly elliptic operators, we get a relation among pure
second derivatives of solutions. Suppose L is a linear operator of the form L = a;;0;;
with

Then L can be written as

L= Bk(x)a'ymk’

T

where functions 31, - - -, By satisfy
A< Br(z) <A™
Now we derive interior Holder estimates for second derivatives. Suppose F': § — R is

a C? function defined in the space of n x n symmetric matrices and v is a C* function
defined in an open set 2 C R™. We consider the equation

F(D*u) = f in Q,
for some function f € C?(£2). We assume
(i) F' is uniformly elliptic with respect to u, i.e., there exist positive constants A and

A such that
MNé? < Fyj (D)€€ < AJEJ?, for all € € R™;

(ii) F is a concave function on the range of D?u, i.e.,
Eyj (D*u)ymgmy <0,
for any M = (m;j) € S.
Theorem 2.19. Let u be a smooth solution in ) to the equation
(1) F(D?u) = f in Q,
and assume (i) and (ii) hold. Then there holds for any ball B, C © and R < Ry,
%SRCDQu <C (g))a {JogigD?u + Ro|Dflo + Rg\D2f|0} ;
where C' > 0 and o € (0,1) are constants depending only on n, X\ and A.

Proof. Let « be an arbitrary unit vector in R™ and differentiate (1) twice in the direction
~v. We thus obtain
FijDijyu = D, f,
and
Fij Dijyyu + Fij a DijouDiinu = Doy f.
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Consequently, the function w = u., satisfies the differential inequality
(2) EjDijw > D,Wf in Q.

We shall apply the weak Harnack inequality. Let Bp, Bog be concentric balls in 2 of
radius R, 2R, respectively, and set for s = 1,2,

Mg =supw, ms= inf w.
BSR BSR

Applying Corollary 2.11 to the function My — w, we thus obtain

{Rln/BR(MQ—w)P} < C{M>— M, + R*|D*f|o}
< C {(Mg — mg) — (M1 — ml) + R2|D2f‘0} .

To conclude a Holder estimate for w from (3), we need a corresponding inequality for
—w, which we obtain by considering (1) as a functional relationship between the second
derivatives of u. To begin with, using the concavity of F' again, we have for any =,y € 2

Fi;(D*u(y))(Diju(z) — Dijuly)) = F(D*u(x)) — F(D*uly)) = f(x) — f(y)-
Applying Lemma 2.18 to the matrix (Fj;), we obtain

N
(4) S Bilwily) — wila)) < fy) - f(),
k=1

where wy, = D, ,, u and (i, = Bk (y) satisfy
0 <A <GB <A
the vectors 71, -+ ,yn and numbers A*, A* depending only on n, A and A. Set
My (sR) = supwg, myg(sR) = ]ignf Wi,

Bsr sR
and
wi(sR) = My(sR) —mg(sR), s=1,2; k=1,---,N.
Then each of the function wy, satisfy (3); so that
1 v
(5) { Re /BR<Mk<2R> - ww”} < C{wr(2R) — wi(R) + R*[D*floa} -

By a summation over k # [ for some fixed [, we obtain

1
P £

7 | [0ner —w

< C QY (wi(2R) — wi(R)) + R*[D*f]
k#l
< C{w(2R) — w(R) + R*|D*f|},



DIRICHLET PROBLEMS OF MONGE-AMPERE EQUATIONS 43

where, for s =1, 2,
N

N
w(sR) = Z gsc wy = Z (Mi(sR) — mg(sR)) .
k=11 k=1

By (4), we have for € Bog,y € Bp,
Bilwi(y) —wi(@)] < f(y) = F@)+ Y Be(wi(x) — wi(y)),
k£l
so that

wi(y) —mi(2R) < — {3RIDflog + A" Y (My(2R) — wy)

1
A k£l

This implies
1

1 P

© {g [ @-m@ERr} <0 {w@r - o+ DS+ R0 ).
Br
where C' again depends only on n, A\, A. By taking £ = [ in (5) and adding this to (6),
we get
My(2R) — mu(2R) < C{w(2R) — w(R) + R|Dflo + R?|D*f|o}.
Summing over [ = 1,--- , N, we obtain
w(2R) < C{w(2R) —w(R) + R|D flo + R*|D*f|o},

and hence
w(R) < 6w(2R) + R|Df|o + R?|D?flo,

1
ford=1-— ol € (0,1). This implies Holder estimates for the functions wy, k =1,--- , N.
Hence, for any ball Br, C 2 and R < Ry, we get

w(R) < C (}i) {w(Ro) + Ro|Dflo + R3|D*flo} ,

where C' > 0 and « € (0,1) are positive constants depending only on n, A and A. By
using the last assertion of Lemma 2.18, we obtain the desired estimate for D?u. U

2.3. Global Holder Estimates for Second Derivatives. In this section, we derive
the global Holder estimates for second derivatives. Let 2 be a bounded domain in R"
with a smooth boundary 9€2. We consider the Dirichlet problem

F(D?u) = f(x) in Q
u = @ on 02,
for some smooth function f in  and ¢ on 9.

As in the previous section, we suppose F : S — R is a C? function defined in the space
of n x n symmetric matrices and u is a C* function defined in Q C R”. We assume
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(i) F is uniformly elliptic with respect to u, i.e., there exists positive constants A, A

such that
MEP? < Fij(D*u)&i&; < AEJ?, for any € € R™;
(ii) F is a concave function on the range of D?u, i.e.,
Fyj i (D*u)mizmy <0,

for any M = (m;;) € S.
Theorem 2.20. Let u € C*(Q) be a solution of the Dirichlet problem
) F(D?*u) = f(x) in Q

u =@ on 02,
and assume (i) and (i) hold. If u satisfies in )

(2) lul2 < K,
then there holds in Q for some positive o < 1,
(3) ‘u|2+06 S Cv

where o and C' depend only on K, |f|2, |¢|3, F and Q.

Proof. We divide the proof of (3) into several steps. In the following, a universal constant
C' depends only on K, |fl2, |¢|s, F' and Q.

Step 1. We estimate C%-norm of (D?u)|sq, for a universal 8 € (0,1). We prove
(4) | D?u(z1) — D*u(zo)|| < Ci|zy — 20|°, for any zg, z; € AN

For a fixed zg € 012, we flatten the boundary 02 near xg; that is, we consider smooth
diffeomorphisms

z=x),y=x"(x) =nx),r€QyeA=nQ),
so that n(zp) = 0, and
n(UNQ) = Bf ={y Ryl <4,y, >0},
nUNN) =Ts={y= (' yn) € R xR;|y/| <4,yn =0},

where U is a neighborhood of xy which contains a ball centered at xg with a universal
radius. We also have that [n|¢cs(q) and [x||¢s 1) are bounded by a universal constant.
We consider the function

v(y) = ulx(y)) — e(x(y) = u(@) — p(z), y € A,
which vanishes on 0A and satisfies the equation

- F Db Oeaw)ow + > nli(x(@)ow + ¢i(x(1)
k,l k

ij
— f(x(y) =0,
where n = (n',--- ,n"). Hence

(6) G(D*v, Dv,y) =0 in A,
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where
G(M,p,y)
(7) =F( [D_aF o)t cw)mu + > nli )pe + @i (x (1))
k.l k i
= f(x()).
The estimate (4) will be proved if we show that
(8) ID?v(y) — D*v(0)|| < Cly|” for any y € Ty,
where
Ti={y=(y,yn);l¥'| <1yn =0}
Note that 5
I iy = CA > 0;

the implicit function theorem implies that (6) may be written as

9) Unp = H ((Vk1)1<k<n—1, 1<i<n, Dv, ).

The ellipticity implies that (6) is exactly equivalent (not only locally, but globally) to
(9). By the chain rule, we have

|DH(M, p,y)| < (CA)~'DG| < C(1 + [p| + [M]),
where M denotes (Myi)1<k<n—1,1<i<n- By (2), we know that
1 Dvl| o4y + [ D*0]| poo(ay < K.
Hence (9) implies

1<k<n-—1, 1<I<n

[Unn(y) — vnn(0)| < C < sup vkt (y) — v (0)] + \3/!) :

This inequality, together with vg|p, = 0if 1 < k,1 < n—1 (recall that v|p, = 0), implies
that, in order to prove (8), we only need to show

(10) [pn (y) — vpn(0)] < Cy|? for any y € T1,1 <p <n— 1.
To prove (10), we differentiate (5) with respect to y, and get

Fimfniomp + Y Fijoudp(nin}) + Fijo, (Z MUk + SDij) —0pf =0,
ol K

where nF, nfj, and f are evaluated at x(y). This equation can be put into the form
fﬂ)p = f(y) in Aa

where
n

L= an(y)om,

k=1
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and
ar(y) = Fi (x()nf (x(w))n5 (x()),

and hence L is uniformly elliptic with ellipticity constants C~'\ and CA (for a universal
constant C' > 1). Since [[xllos(ay, Inlles@ys lellcsy 1DVlpe(ay, [1D?*v][Le(a) are
bounded, we have that

1 fllzo(ay < C,

for a universal C.
We therefore have for k=1,--- ,n — 1,

Luy, = f(y) in B}
v =0 on I‘I,
where L is uniformly elliptic and
[0kl oo 3y + 1DV oo (1) + Hﬂ|po(131) < K.
By Theorem 2.15, the normal derivative 0,, of vy, along I'1 is C?, i.e.,
[Onvillosryy < C,

or for any y,y" € I'y
|Onv(y) — Oprv(y')] < Cly — 3//’57

for some universal constant 3 € (0,1) and C' > 0. This obviously implies (10).
Note we did not use the concavity in this step.

Step 2. We shall prove
(11) | D%u(x) — D*u(xo)|| < Calx — x0|® for any = € Q,z¢ € Q.
We need the following Lemma.

Lemma 2.21. Suppose F' is uniformly elliptic. Then for any My, Ms € S

4 (! (Mo~ My)e)” + SIFOR) — F()]

A
[ Mz — My <
Proof. Using ||My — M| < ||(My — My)t|| + || (M2 — My)~||, we have

La
F(MQ) —F(Ml) = /0 £F(M1 +t(M2 —Ml))dt

1
= / Fij(tMa + (1 —t)My)dt - (Mo — My);;
0

All(My = M) || = MMz — My)~ |
(A+N[[(Mz = M) F|| = || Mz — M.

This finishes the proof. O
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Now we begin to prove (11). For any unit vector v € R™, we have
Luyy > fyy =2 =C,
where C = |D2f|0’g. Note that the linear operator L = F;;0;; satisfies
M < (Fj;) <AL

Fix an zg € 090 and consider

¢ 2
w:uw—#—%kﬂ—x(ﬂ .

Then we have
Lw = Lu, + %ZF > 0.

By (4), we have

w(x) —w(zg) < Clz —x0®  for any x € 9.
We claim
(12) w(z) —w(zg) < Clr — xo\g for any x € Q.
This implies

Uy () — Uy (20) < Okl — w0|§ for any x € 0S.

Note this holds for arbitrary unit vector v € R”. By Lemma 2.21, we obtain
A|ID*u(@) = D*u(wo)|l < sup (uyy(x) = gy (z0)) + f(x) = f(z0)

lyI=1
< Clz — :co|g + |z — zo||D flo,0-
This implies (11).
To prove (12), we transform the boundary 0f2 near x( to a parabola. Take o = 0 € 99

and assume w(zg) = w(0) = 0. We consider smooth diffeomorphisms

v=x(y)y=x""'W) =n(), r€Q ye A=),
such that n(xg) = 0, and

n(UN0Q) = {y € R™ |y* = 2yn,0 < yn < a},

n(UNQY) = {y € R™ Jy* < 2yn,0 <yn < a} =Py,

where @ is a constant in (0, 1) and U is a neighborhood of zy which contains a ball
centered at zo with a universal radius. We also have that [n]lc2(4) and [[x[|c2(q) are

bounded by a universal constant. Moreover, by writing n = (n',--- ,n"), we also require
that

|Dn"(x(y))| > C for any y € P,

for a universal constant C > 0.
We consider the function

v(y) = w(x(y)) = w(z) forye A
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Since v(0) = 0, we define
v(y)]

K = sup .
yEIA |y’ﬁ

Note v satisfies the following equation
Lo = Fyj(x(y)n; Ocw))mg () vwe + Fig )iy (x () vx = 0,

where L is uniformly elliptic.
For simplicity, we denote ¢ = w|sq. We already proved 1 € C?(9Q) in Step 1. There

hold
B
v(y) < Kly|® = 2§Ky7% for any y € 0ANOF,,
and
_ |¢’0 5 f A
v(y) < Wlo=—5ys foranyye ANOF,.
a2
Hence on dP,, we have
B
v(y) < Cuyd
where
Ci = ColY|,00,

for some universal constant Cy. A direct calculation shows
5_B(B 52 B -1
Lt =5 (5= 1) i Ean) o) + G B )

2
=gt (= (1-5) B i) + R ) ) <o

2

if a is small. Hence we obtain
B
LUZL(G@%) in Pa

B
v < Cyyn on 0F,.

By the maximum principle, we get for y € P,
8 B8
v(y) < Cuy? < Culyl2.
Transform back to x and recall the definition of C,. We obtain
B
w(z) —w(zo) < CilYlgo [z — zol2,
for any x in B,(z0) N, where r is universal. This is obviously true for any other x €

by increasing C. Hence we finishes the proof of (12).
Step 3. Take « to be the minimum of « in Theorem 2.19 and /2 in Step 2, and we

prove
(13) HDzu(m) — D2u(y)H < Clx —y|* for any z,y € Q.
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We first recall Theorem 2.19, the interior estimates. For any Bg(xo) C €2, there holds
for any z,y € Br/a(w0)
el D%u(e) = Duly)|
|z —yl*

(14) < C (|1D?ulpo(py) + RIDf|1 + R*|D*f|1e) .

For any z,y € Q, set d, = dist(z,2) and d, = dist(y,2). Suppose dy, < d,. Take
o, Yo € OS2 such that [x — x| = d; and |y — yo| = dy. Assume first that |z —y| < d/2.
Then we have y € By, /o(7) C Bg,(z) C §2. Consider

w =u—u(xg) — Du(zo)(z — z) — é(w — 20)'Du?(20) (z — x0).

Then w satisfies
G(D*w) = f(z) in Q,
where
G(M) = F(M + D*u(xo)).
Obviously, G is elliptic and concave with the same ellipticity constant as F. We apply
the interior estimate (scaled version) to w in By, (x) and get by (14)

|D*u(x) — D?u(y)]
|z —yl*
< C (1D = D2u(w0) | (5, () + dal DF 1o + 21D f |1 )
By (11), we obtain

dy

|D2u - D2u($0)‘Loo(BdI(l.)) < Cody.
Hence we obtain
[D*u(z) = D*u(y)| < Clo —y|* (Ca + [Dflree + [D*flr) = Clo = y|*
Assume now that d, < d, < 2|z —y|. Then by (11) again we have
|D*u(z) — D?u(y)|

< |D*u(x) — D*u(o)| + |D*u(z0) — D*ulyo)| + |D*u(yo) — D*u(y)|

< C(dg + [zo — yol* + dy)

< Clz —y|%
since |zg — yo| < dy + | — y| + dy < 5|z — y|. This finishes the proof of (13). O
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