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This note presents a detailed and self-contained discussion of the Dirichlet problem of
real Monge-Ampère equations in strictly convex domains and complex Monge-Ampère
equations in strongly pseudo-convex domains. Sections 1.1 and 1.2 follow [2] and [3]
respectively, while Sections 2.1, 2.2 and 2.3 are based on [5], [4] and [1] respectively.

This note is written for lectures in the Special Lecture Series in Peking University in
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1. Global C2-Estimates for Monge-Ampère Equations

In this chapter, we use the method of continuity to discuss the solvability of Monge-
Ampère equations. We will derive a priori estimates for solutions and its derivatives up
to the second order.

1.1. Real Monge-Ampère Equations. Suppose Ω is a bounded domain in Rn with
a smooth boundary ∂Ω. The Monge-Ampère operator M is defined by

M(u) = det(uij),

for any u ∈ C∞(Ω). Obviously, M(u) ≥ 0 if u is convex, and M(u) > 0 if u is strictly
convex.

For strictly convex function u, it is convenient to introduce

F (D2u) ≡ log det(uij).

We claim

Fij ≡ ∂F

∂uij
= uij ,

Fij,kl ≡ ∂2F

∂uij∂ukl
= − uikujl,

where (uij) denotes the inverse of the Hessian matrix (uij). To see this, we denote by
A = {Aij} the cofactor matrix of the Hessian matrix H = (uij), i.e., A = (detH)H−1.
For a fixed i = 1, · · · , n, we expand the determinant according to the i-th row,

det D2u = Ailuil + · · ·+ Ainuin.

Then it is easy to see
∂F

∂uij
=

1
det D2u

·Aij = uij .

Next, for fixed i, j = 1, · · · , n, we have

uikujk = δi
j .

Differentiating with respect to upq, we get

(uik)upqujk + uik(ujk)upq = 0.

Multiplying ujl and summing over j, we have

(uil)upq = (uik)upqujku
jl = −uikujl(ujk)upq = −uiqupl,

or
∂uij

∂ukl
= −uilukj .

Hence we obtain
∂2F

∂uij∂ukl
=

∂uij

∂ukl
= −uilukj .
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We now show that F is a concave function of its argument, the positive definite
matrices D2u = (uij). This means

∂2F

∂uij∂ukl
mijmkl ≤ 0,

for any symmetric matrices M = (mij). To see this, we diagonalize the matrix (uij).
Then (uij) is a diagonal matrix diag (λ1, · · · , λn), with λi > 0, i = 1, · · · , n. Hence, we
have

∂2F

∂uij∂ukl
mijmkl = −uilukjmijmkl = −λiλjm2

ij ≤ 0.

Before discussing further Monge-Ampère equations, we give a simple result on positive
matrices, which will be needed later. If H = (uij) is a positive matrix, then there holds

|uij | ≤ 1
2
(uii + ujj).

This can be seen easily as follows. Since H is positive, any 2 × 2 diagonal minor has
positive determinant. This implies

u2
ij ≤ uiiujj .

Then Cauchy inequality implies the desired result.

Now we return to the Monge-Ampère equation

det(uij) = f.

We write it as
F (D2u) = log det(uij) = log f,

for strictly convex u.
Suppose ∂ is an arbitrary directional derivative in Rn. Differentiating the equation

with ∂, we obtain
uij∂uij = ∂ log f.

This leads to the linear differential operator

L ≡ uij∂ij .

Since u is strictly convex, L is elliptic. We get

L(∂u) = ∂ log f.

Differentiate again with ∂. We obtain

L(∂2u)− uilukj∂uij∂ukl = ∂2 log f,

or
L(∂2u) = uilukj∂uij ∂ukl + ∂2 log f.

The first term in the right side is positive, since u is strictly convex. Then we get

L(∂2u) ≥ ∂2 log f.
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We now use the method of continuity to discuss the Dirichlet problem in a strictly
convex domain Ω ⊂ Rn. We consider

(∗) det uij = f(x) in Ω
u = ϕ on ∂Ω,

where f ∈ C∞(Ω̄), f > 0 in Ω̄ and ϕ ∈ C∞(∂Ω).
Let u0 ∈ C∞(Ω̄) be a strictly convex function with u0 = ϕ on ∂Ω. We may easily find

such a function u0 satisfying, in addition,

f0 ≡ det(u0
ij) ≥ f in Ω.

Such a condition will be needed later in the a priori estimate of u itself.
For each t ∈ [0, 1], we intend to find a strictly convex solution ut ∈ C2+α(Ω̄) of

(∗)t

det(ut
ij) = tf + (1− t)f0 in Ω

ut = ϕ on ∂Ω.

We set

I = {t ∈ [0, 1]; (∗)t has a strictly convex solution ut ∈ C2+α(Ω̄)}.
Obviously 0 ∈ I, since (∗)0 has a solution u0. Now we prove I is open. We rewrite the
equation in (∗)t as

G(u, t) = det(uij)− tf − (1− t)f0.

We find the Frèchet derivative of G at u given by

Guv = det(uij) uij ∂ijv.

Since u is a strictly convex C2+α function, Gu is a uniformly elliptic linear operator with
Cα coefficients. By the classical Schauder theory, Gu is an invertible operator with any
fixed boundary condition. Suppose t0 ∈ I, i.e., G(ut0 , t0) = 0 for some strictly convex
function ut0 ∈ C2+α(Ω̄). By the implicit function theorem, for any t close to t0, there is
a unique ut ∈ C2+α(Ω̄), close to ut0 in C2+α-norm, satisfying G(ut, t) = 0. Obviously,
ut is strictly convex for t close to t0. Hence t ∈ I for all such t, and therefore I is open.

If we can establish the a priori estimate

|ut|2+α ≤ K, independent of t,

it follows that I is also closed, by Arzela-Ascoli Theorem. Hence I is the whole unit
interval. The function u1 is then our desired solution of (∗).

We will derive a priori estimates

|u|2+α ≤ K

for solutions of (∗), which apply to solutions of (∗)t, for the constant K depending only
on Ω, the C3-norm |f |3 of f , max f−1, and |ϕ|4.

We will derive the C2+α estimates in two steps. In the first step, we derive the C2

estimates
|u|2 ≤ K2.

In the second step, we derive the Cα estimates for D2u

|D2u|α ≤ K2,α.
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The C2 estimate is based on the maximum principle. For the Cα estimate of D2u, we
will derive it for solutions of the general elliptic equation of the concave type.

Remark 1.1. It follows from the standard elliptic theory that if f ∈ C l(Ω̄), ϕ ∈
Ck+α(∂Ω) for integers k ≥ 4 and l ≥ max(3, k − 2 + α), then there is a solution
u ∈ Ck+α(Ω̄).

The uniqueness follows from the following comparison principle.

Lemma 1.2. If Ω ⊂ Rn is a bounded domain and u, v ∈ C2(Ω̄) are convex functions
satisfying

det(uij) ≥ det(vij) in Ω,

u ≤ v on ∂Ω,

then u ≤ v in Ω.

Proof. First, we assume u is strictly convex in Ω̄. Then

det(uij)− det(vij) =
∫ 1

0

d

dt
det[(tu + (1− t)v)ij ]dt

=
∑

i,j

∫ 1

0
aij(t)dt(u− v)ij ≥ 0,

where aij(t) are cofactors of (tu+(1− t)v)ij . The strict convexity of u implies that u−v
is a subsolution of some uniformly elliptic equation. Hence u − v attains its maximum
on ∂Ω, which gives the desired result.

If u is only convex, we consider

uε = u + ε(|x|2 −max
∂Ω

|x|2)
for some positive ε. By comparing uε with v and letting ε → 0, we get the result. ¤
Theorem 1.3. Suppose that Ω ⊂ Rn is a strictly convex domain in Rn with a smooth
boundary and that u, f, ϕ are smooth functions in Ω̄ such that u is strictly convex and f
is positive in Ω̄. If u satisfies

(∗) det(uij) = f in Ω
u = ϕ on ∂Ω,

then there holds
|u|2 ≤ K,

where K is a positive constant depending only on Ω, the C3-norm |f |3 of f, max f−1,
and |ϕ|4.
Proof. Let u0 ∈ C∞(Ω̄) be a strictly convex function which equals ϕ on ∂Ω and satisfies

f0 = det(u0
ij) ≥ f in Ω.

We divide the proof into four steps:
Step 1. The estimate |u| in Ω;
Step 2. The estimate |∇u| in Ω;
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Step 3. The estimate |D2u| on ∂Ω;
Step 4. The estimate |D2u| in Ω.
Now, we carry out each step.

Step 1. Since u is convex, we have

u ≤ max
∂Ω

ϕ.

Furthermore, it follows by Lemma 1.2

(1) u0 ≤ u.

Here, we used the fact det(u0
ij) ≥ f . Thus we have

(2) |u| ≤ K0.

Step 2. Since u is convex, |Du| takes its maximum on the boundary. Since the
tangential derivatives are known, it suffices to estimate the exterior normal derivative uν

on ∂Ω. Note the convex function u is subharmonic. By (1) and the maximum principle,
we have

u0 ≤ u ≤ h in Ω,

where h is the harmonic function in Ω which equals ϕ on ∂Ω. Thus

(3) hν ≤ uν ≤ u0
ν on ∂Ω.

Therefore, we obtain

(4) |Du| ≤ K1, on ∂Ω and hence in Ω̄.

The constant K1 depends on |u0|1.
Step 3. We estimate the second derivatives of u on the boundary with the aid of

suitable barrier functions. Recall the linearized operator

L = uij∂ij .

If we take the logarithms of both sides of equation (∗) and differentiate with respect to
xk, we have

(5) Luk = uijuijk = (log f)k.

Note

L(xluk) = uij∂ij(xluk) = uij∂i(δjluk + xlujk)

= uij(δjluik + δilujk + xluijk) = uiluik + uljujk + xlu
ijuijk

= 2δl
k + xl(log f)k.

Hence we obtain

(6) L(xluk − xkul) = (xl∂k − xk∂l) log f.

This simply reflects the fact that the operator xl∂k − xk∂l is an angular derivative (on
|x| =constant) and the expression det(uij) is invariant under the rotation of coordinates.
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Consider any boundary point; without loss of generality, we may take it to be the origin
and the xn-axis to be the interior normal. Then, near the origin, ∂Ω is represented by

(7) xn = ρ(x′) =
1
2
Bαβxαxβ + O(|x′|3),

where x′ = (x1, · · · , xn−1). In the summation, Greek letters α, β etc. go from 1 to n− 1.
On ∂Ω, we have

u− ϕ = 0,

or
(u− ϕ)(x′, ρ(x′)) = 0 for small x′.

Recall ϕ is defined in Ω̄. So we get by differentiating with respect to xα and then xβ

(∂α + ρα∂n)(u− ϕ) = 0 on ∂Ω,

and
(∂β + ρβ∂n)(∂α + ρα∂n)(u− ϕ) = 0 on ∂Ω.

Note ∂αρ(0) = 0 and ∂αβρ(0) = Bαβ. Hence at 0 we obtain

∂αβ(u− ϕ)(0) + Bαβ∂n(u− ϕ)(0) = 0.

Since |Du| ≤ K1 on ∂Ω, we obtain

(8) |∂αβu(0)| ≤ C for α, β = 1, · · · , n− 1.

Now we establish, in addition, the estimate

(9)
∑

α,β<n

uαβ(0)ξαξβ ≥ C0 > 0,

for any unit vector ξ = (ξ1, · · · , ξn−1). Without loss of generality, we assume ξ1 = 1. We
will prove

(9′) u11(0) ≥ C0 > 0.

We suppose, furthermore, that

(10) u(0) = 0, uα(0) = 0 for α = 1, · · · , n− 1.

To prove (9′), we make use of a more carefully constructed barrier function and redo the
proof of the lower bound of (3). Recall we have (7) on ∂Ω.

Let ũ = u− λxn with λ so chosen that

∂2

∂x2
1

ũ (x′, ρ(x′)) = 0 at 0,

i.e.,

(11) u11(0) + ũxn(0)ρ11(0) = 0.

Note ũ still satisfies det ũij = f. We claim

(12) ũ|∂Ω ≤
∑

1<j≤n

aijx1xj + C(
∑

1<β<n

x2
β + x2

n).
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To prove (12), we consider the Taylor expansion of ũ(x′, ρ(x′)). In view of (7) and (10),
there is no linear terms. For quadratic terms of xαxβ, there is no x2

1 term by the definition
of ũ. Hence the quadratic part of ũ can be written as

∑

1<α<n

a1αx1xα +
∑

1<α,β<n

aαβxαxβ,

which is a part of the right side in (12). Now we consider the cubic terms and higher
order terms. By (7), there holds on ∂Ω

x2
1 =

2xn

B11
−

∑

(α,β) 6=(1,1)

Bαβ

B11
xαxβ + O(|x′|3).

Hence we have

x3
1 =

2
B11

x1xn −
∑

(α,β)6=(1,1)

Bαβ

B11
xαxβx1 + O(|x′|4).

Note x1xn term goes to the first sum in the right side of (12). The rest of the cube terms
in ũ(x′, ρ(x′)) have the form x2

1xα, x1xαxβ and xαxβxγ . For any 1 < α, β < n, we have

x2
1xα ≤ 1

2
(x2

α + x4
1),

and
x1xαxβ ≤ 1

2
(x2

α + x2
β).

For the fourth order term, we note for i ≥ 2,

x4
1 + |x3

1xi| ≤
∑

1<α<n

x2
α + x2

n.

Therefore, (12) is proved for x ∈ ∂Ω close to the origin. By the strict convexity of ∂Ω,
we have xn ≥ a > 0 for any x ∈ ∂Ω away from the origin. We may simply choose C
large enough so that (12) holds there.

Now we consider a barrier function

h = − εxn + δ|x|2 +
1

2B

∑

1<j≤n

(a1jx1 + Bxj)2

= − εxn + δ|x|2 +
1

2B

∑

1<j≤n

a2
1jx

2
1 +

∑

1<j≤n

a1jx1xj +
B

2

∑

1<j≤n

x2
j .

On ∂Ω, for x close to the origin, we require

−εxn + δ|x|2 ≥ 0,

which is equivalent to

xn ≤ C
δ

ε
|x′|2.

This can be achieved by taking ε ¿ δ. For x ∈ ∂Ω not close to the origin, x2
n obviously

controls −xn. Hence by taking B À C and ε ¿ δ for δ to be chosen, we obtain

h ≥ ũ on ∂Ω.
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Next

D2h = 2δI +




1
B

∑

1<j≤n

a2
1j a12 · · · a1n

a12 B
...

. . .
a1n · · · B




=




2δ + 1
B

∑

1<j≤n

a2
1j a12 · · · a1n

a12 2δ + B
...

. . .
a1n 2δ + B




.

A straightforward calculation shows

det(hij) = 2δ


2δ + B +

1
B

∑

1<j≤n

a2
1j


 (2δ + B)n−2.

In fact, eigenvalues of hij are given by

2δ, 2δ + B +
1
B

∑

1<j≤n

a2
1j , 2δ + B, · · · , 2δ + B.

Hence h is strictly convex in Ω̄ and satisfies

det hij < f in Ω,

if we choose δ small. Thus h is an upper barrier for ũ. By Lemma 1.2, there holds

ũ ≤ h.

Since ũ(0) = h(0) = 0, we get

ũn(0) ≤ hn(0) = −ε.

By (11), we obtain
u11(0) = −ũn(0)ρ11(0) ≥ ε ρ11(0).

Hence (9′) and (9) are proved. The constant C0 depends only on max f , max f−1, Ω and
|ϕ|C4 .

Next we estimate the mixed derivative uαn(0). Consider the vector field (directional
derivative)

T = ∂α +
∑

β<n

Bαβ(xβ∂n − xn∂β).

In view of (6), we have
L(Tu) = T (log f).

This implies

L
(
T (u− ϕ)

)
= LTu− L(Tϕ) = T (log f)− uij∂ij(Tϕ).
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Since (uij) is positive definite, we get

(13) |L(T (u− ϕ))| ≤ C(1 +
∑

i

uii).

On ∂Ω close to the origin, we have

(∂α + ρα∂n)(u− ϕ) = 0 for α = 1, · · · , n− 1,

or,
|(u− ϕ)α + (u− ϕ)nBαβ xβ| ≤ C|x|2.

This implies

(14) |T (u− ϕ)| ≤ C|x|2 on ∂Ω.

As before, we first prove (14) for any x ∈ ∂Ω close to the origin. Then it is trivially true
for xn ≥ a > 0.

Now, we consider a barrier function of the form

w = −a|x|2 + bxn,

for suitable positive constants a, b as a barrier function. First we have

Lw = −2a
∑

uii,

and hence for a large

|L(T (u− ϕ))|+ Lw ≤ −2a
∑

uii + C(1 +
∑

uii)

≤ −a
∑

uii + C.

By the theorem of the arithmetic and geometric mean, we get
1
n

∑
uii ≥ (detuij)

1
n = f−

1
n .

Choosing a large further, we then obtain

|L(
T (u− ϕ)

)|+ Lw ≤ 0 in Ω.

By (14), we note

|T (u− ϕ)| ≤ w on ∂Ω ⇐⇒ (C + a)|x|2 ≤ bxn.

Since Ω is strictly convex, we may then choose b so large that

|T (u− ϕ)| ≤ w on ∂Ω.

By the maximum principle, we obtain

|T (u− ϕ)| ≤ w in Ω.

By taking x′ = 0, dividing by xn and then letting xn → 0, we get

|∂n T (u− ϕ)| ≤ b at 0,

or
|∂αn(u− ϕ)(0)−

∑

β<n

Bαβ ∂β(u− ϕ)(0)| ≤ b.
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Thus we obtain
|uαn(0)| ≤ C.

Finally, we use equation (∗) to estimate unn(0). Note that

f(0) = detuij(0) =
∑

Ani(0)uin(0).

By the estimates already established, we see that the first (n− 1) terms in the sum are
bounded so that

Ann(0)unn(0) ≤ C.

By (9), we have a bound from below for Ann(0). Hence, we obtain

unn(0) ≤ C.

Having an upper bound for all the eigenvalues of H = (uij), we obtain also a lower bound
for each, since their product equals f . Thus we have

unn(0) ≥ C0 > 0.

Step 4. We estimate the second derivatives in Ω̄. We write the equation in the form

(15) F (D2u) ≡ log det (uij) = log f.

By differentiating (15) twice with respect to xr, we have by the concavity established
before that

Lurr ≥ (log f)rr ≥ −nC,

for some constant C depending only on f . Since Lu = n, we get

L(urr + Cu) ≥ 0,

and hence urr + Cu achieves its maximum on the boundary. Therefore, we conclude

urr ≤ K in Ω.

Since (uij) is positive definite, we have uii > 0 and

|uij | ≤ K in Ω.

This finishes the proof. ¤

Remark 1.4. Since the eigenvalues of D2u are bounded from above by K and their
product is equal to f , we obtain a positive lower bound for each one. Therefore, the
linearized operator L is uniformly elliptic. Let T be any constant directional derivative
T =

∑
cj∂j with

∑
c2
j = 1. We have

L(T 2u) = uikujl Tuij Tukl + T 2(log f)

≥ C0

∑

i,j

|Tuij |2 − C,

where C0 and C are positive constants under control. In particular, one has a positive
lower bound for C0.
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1.2. Complex Monge-Ampère Equations. Let z1, · · · , zn be complex coordinates in
Cn, with xj = <(zj) and yj = =(zj). If u is a smooth function in an open subset of Cn,
we define uj and uj̄ by

uj = ∂ju = ∂zju =
1
2

(∂xju−
√−1∂yju),

uj̄ = ∂j̄u = ∂z̄ju =
1
2

(∂xju +
√−1∂yju).

Hence, we have

∂jk̄u =
1
4
(∂xjxk

u + ∂yjyk
u) +

√−1
4

(∂xjyk
u− ∂xkyju),

and in particular

∂jj̄ u =
1
4
(∂xjxju + ∂yjyju) =

1
4
∆ju.

If u is a real-valued function, ∂jk̄ u = ∂kj̄ u. In other words, the n× n matrix (uij̄) is a
Hermitian matrix.

Definition 1.5. A real-valued smooth function u is pluri-subharmonic if (uij̄) is non-
negative, and u is strictly pluri-subharmonic if (uij̄) is positive definite.

Now we recall some terminology for complex matrices. For convenience, we use aij̄ to
denote the (i, j) entry in an n× n matrix (aij̄). A matrix (aij̄) is Hermitian if aij̄ = ajī.
For a Hermitian matrix, the quadratic form

aij̄tit̄j for t ∈ Cn

is real. If we write
aij̄ = bij +

√−1cij ,

then (bij) is a real symmetric matrix and (cij) is a real skew symmetric matrix. With
ti = ξi +

√−1ηi, we have

aij̄tit̄j = bij(ξiξj + ηiηj) + cij(ξiηj − ηiξj).

A Hermitian matrix (aij̄) is positive definite if

aij̄tit̄j > 0 for any t ∈ Cn.

For a positive definite matrix (aij̄), we have obviously aīi > 0. Moreover, any diagonal
2× 2 minors have positive determinants. Hence, we have

|aij̄ |2 ≤ aīi · ajj̄ .

This implies

|aij̄ | ≤
1
2
(aīi + ajj̄).

Suppose (aij̄) is a Hermitian matrix. Define

L = aij̄ ∂ij̄ .
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This is a linear operator in R2n with real coefficients. If (aij̄) is positive definite, then L
is elliptic. To see this, recall

∂ij̄ =
1
4

(
(∂xixj + ∂yiyj ) +

√−1(∂xiyj − ∂yixj )
)
.

With aij̄ = bij +
√−1cij , then we have

L = aij̄∂ij̄ =
1
4

(
bij(∂xixj + ∂yiyj )− cij(∂xiyj − ∂yixj)

)
.

For any ξ ∈ Rn (corresponding to x) and η ∈ Rn (corresponding to y), we get

bij(ξiξj + ηiηj)− cij(ξiηj − ξjηi) = aij̄(ξi −
√−1ηi)(ξj +

√−1ηj) = aij̄ t̄itj .

It is positive for nonzero (ξ, η) ∈ R2n.
Now we define the complex Monge-Ampère operator by

M(u) = det(uij̄).

This is positive if u is strictly pluri-subharmonic. As in the real case, it is convenient to
introduce

F (D2u) = log det(uij̄).

We then have

Fuij̄
= uij̄ ,

Fuij̄ukl̄
= − uil̄ukj̄ ,

where (uij̄) denotes the inverse of the Hessian matrix (uij̄). To see this, we denote by
A = {Aij̄} the cofactor matrix of the Hessian matrix H = (uij̄), i.e., A = (detH)H−1.
Note for each fixed i = 1, · · · , n,

det(uij̄) = Ai1̄ui1̄ + · · ·+ Ain̄uin̄.

Then it is easy to see
∂F

∂uij̄

=
1

det(uij̄)
Aij̄ = uij̄ .

Next, for each fixed i, j = 1, · · · , n, we have

uik̄ujk̄ = δi
j .

Differentiating with respect to upq̄, we get

(uik̄)upq̄ujk̄ + uik̄(ujk̄)upq̄ = 0.

Multiplying ujl̄ and summing over j, we obtain

(uil̄)upq̄ = (uik̄)upq̄ujk̄u
jl̄ = −uik̄ujl̄(ujk̄)upq̄ = −uiq̄upl̄,

or
∂(uij̄)
∂ukl̄

= −uil̄ukj̄ .
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Hence we have
∂2F

∂uij̄∂ukl̄

=
∂(uij̄)
∂ukl̄

= −uil̄ukj̄ .

Therefore, for any Hermitian matrix M = (mij̄), we obtain

∂2F

∂uij̄∂ukl̄

mij̄ mkl̄ ≤ 0.

Now we consider the following equation for a strictly pluri-subharmonic function u

det(uij̄) = f.

As in the real case, we rewrite it as

F (D2u) ≡ log det(uij̄) = log f.

Suppose ∂ is an arbitrary directional derivative in R2n. Differentiating the equation
with ∂, we obtain

uij̄∂uij̄ = ∂ log f.

This leads to the linear differential operator

L = uij̄∂ij̄ .

Since u is strictly pluri-subharmonic, L is elliptic. We get

L(∂u) = ∂ log f.

Differentiating again with ∂, we get

L(∂2u)− uil̄ukj̄∂uij̄∂ukl̄ = ∂2 log f,

or
L(∂2u) = uil̄ukj̄∂uij̄∂ukl̄ + ∂2 log f.

The first term in the right side is positive. Hence, we conclude

L(∂2u) ≥ ∂2 log f.

We now look at the change of the Monge-Ampère operator under a holomorphic change
of variables. Suppose w = w(z) is a holomorphic change of variables. Then, we have

uzi = uwk

∂wk

∂zi
,

and

uziz̄j = uwkw̄l

∂w̄l

∂z̄j

∂wk

∂zi
=

(
∂wl

∂zj

)
uwkw̄l

∂wk

∂zi
.

Therefore, we obtain
det(uzlz̄j ) = | det(wz)|2 det(uwkw̄l

).

Now we prove that the comparison principle holds as in the real case.
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Lemma 1.6. Suppose Ω ⊂ Cn is a bounded domain. If u, v ∈ C2(Ω̄) are pluri-
subharmonic satisfying

det(uij̄) ≥ det (vij̄) in Ω
u ≤v on ∂Ω,

then u ≤ v in Ω.

Proof. We first assume that u is strictly pluri-subharmonic. As in the real case, we have

det (uij̄)− det (vij̄) =
∫ 1

0

d

dt
det [(tu + (1− t)v)ij̄ ]dt

=
∑∫ 1

o
Bij̄(t) dt (u− v)ij̄ ≥ 0,

where
(
Bij̄(t)

)
are cofactors of

(
tu + (1 − t)u

)
ij̄

. Hence u − v attains its maximum on
∂Ω, which gives the desired result.

In general, we consider uε = u + ε(|z|2 −max
∂Ω

|z|2) and compare uε and v. ¤

Now we discuss the Dirichlet problem.
A domain Ω ⊂ Cn with a smooth boundary ∂Ω is called strongly pseudo-convex if

there exists a smooth strictly pluri-subharmonic function r defined in Ω̄ such that r < 0
in Ω and r = 0, dr 6= 0 on ∂Ω.

We now study the Dirichlet problem for the complex Monge-Ampère equation

det(uij̄) = f(z) in Ω,

u = ϕ on ∂Ω.

Here f is a smooth positive function for z ∈ Ω̄. Assuming Ω is a bounded strongly
pseudo-convex domain with a smooth boundary, we intend to solve for a strictly pluri-
subharmonic solution u ∈ C∞(Ω̄).

As in the real case, we reduce the solvability to C2+α a priori estimates. We will
derive the C2 estimates in the rest of the section and study the Cα-estimates of the
second derivatives in the next chapter.

Theorem 1.7. Let u be a smooth strictly pluri-subharmonic function in the strongly
pseudo-convex domain Ω̄ satisfying

det(uij̄) = f in Ω
u = ϕ on ∂Ω,

for some f > 0 in Ω̄ and smooth function ϕ on ∂Ω. Then there holds in Ω̄

|u|2 ≤ K,

where K depends on Ω, max f−1, |f |3 and |ϕ|4.
Proof. We first assume that ϕ has been extended inside Ω so as to be strictly pluri-
subharmonic and to satisfy

det(ϕij̄) > max
Ω̄

f(z).
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This can be done by simply extending ϕ arbitrarily in Ω and then replacing ϕ by ϕ+Cr
for C large. Here r is the defining function for Ω: r is strictly pluri-subharmonic in Ω,
r < 0 in Ω and r = 0, dr 6= 0 on ∂Ω.

Step 1. Since a pluri-subharmonic function achieves its maximum on the boundary,
we have

u ≤ max
∂Ω

ϕ.

With ϕ extended as indicated, we see that

det(uij̄) < det(ϕij̄).

It follows by Lemma 1.6 that

(1) u ≥ ϕ in Ω.

We conclude

(2) |u|0 ≤ K0.

Step 2. We derive an estimate of the first derivatives of u on the boundary. By (1)
and the maximum principle, we have

ϕ ≤ u ≤ h in Ω,

where h is the harmonic function in Ω which equals ϕ on ∂Ω. Thus, we get

(3) |Du(z)| ≤ max{|Dϕ(z)|, |Dh(z)|} for z ∈ ∂Ω.

Step 3. We estimate the first derivatives of u in Ω. As in the real case, we write the
equation in the form

(4) F (D2u) ≡ log det(uij̄) = log f.

Then (Fuij̄
) = (uij̄) is the inverse of the matrix (uij̄), and Fuij̄ukl̄

= −uil̄ukj̄ . Denote the
linearized operator of F at u by

L = uij̄∂ij̄ .

Then L is elliptic, since u is strictly pluri-subharmonic.
By det(uij̄) = f−1 and the inequality for arithmetic and geometric means, we get

(5)
1
n

∑
uīi ≥ f−

1
n .

If D is a real, constant coefficient operator of the form

D =
∑

(aj∂xj + bj∂yj ) with
∑

(a2
j + b2

j ) = 1,

we have

(6) LDu = f−1Df.

Consider the function
w = ±Du + eλ|z|2 .

Note
L(eλ|z|2) = eλ|z|2(λ

∑
uīi + λ2uij̄ z̄izj) ≥ neλ|z|2λf−

1
n .
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Hence, we get

Lw ≥ ±Df

f
+ nλeλ|z|2f−

1
n ≥ 0,

if we choose λ large enough. The maximum principle implies

max
Ω̄
|Du| ≤ max

∂Ω
|Du|+ C.

With (3), we obtain

(7) |u|1 ≤ K1.

Step 4. We estimate the second derivatives at any point P ∈ ∂Ω. Choose coordinates
z1, · · · , zn with the origin at P such that rzα(0) = 0 for α < n, ryn(0) = 0 and rxn(0) =
−1. We recall that r is strictly pluri-subharmonic near 0. The following notation is
convenient. Set t1 = x1, t2 = y1, · · · , t2n−3 = xn−1, t2n−2 = yn−1, t2n−1 = yn = t, t′ =
(ti, · · · , t2n−1).

Writing the Taylor expansion of r up to second order, we obtain

r = <(−zn +
∑

aijzizj) +
∑

bij̄ziz̄j + O(|z|3).
Note {aij} has a uniform bound, independent of the point P ∈ ∂Ω. Introducing new
coordinates of the form

z′k = zk, k = 1, · · · , n− 1,

z′n = zn −
∑

aijzizj ,

we can write
r = −<(z′n) +

∑
cij̄z

′
iz̄
′
j + O(|z|3).

Furthermore, at points where the Jacobian of the transformation does not vanish, a
function is pluri-subharmonic with respect to {zj} if and only if it is pluri-subharmonic
with respect to {z′j}, and det(uij̄) differs from det(uz′iz̄j′ ) by a factor of the absolute value
squared of the Jacobian. Thus, we drop the primes and assume, in a neighborhood of 0,
r is of the form

(8) r = −Re(zn) +
∑

cij̄ziz̄j + O(|z|3).
Since r is strictly pluri-subharmonic, (cij̄) is positive definite. In a neighborhood of 0,
∂Ω can be expressed as

(9) xn = ρ(t′) =
∑

i,j<2n

bijtitj + O(|t′|3),

where (bij) is a (real) positive definite matrix. To see this, we simply note that

∑

i,j<2n

bijtitj =
n∑

i,j=1

cij̄ziz̄j ,

for
z1 = t1 +

√−1t2, · · · , zn−1 = t2n−3 +
√−1t2n−2, zn =

√−1t2n−1.
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We first estimate utitj (0) for i, j ≤ 2n− 1. On ∂Ω, we have

u− ϕ = 0,

or
(u− ϕ)(t′, ρ(t′)) = 0 for small t′.

Recall ϕ is defined in Ω̄. We get by differentiating with respect to ti and then tj ,

(∂ti + ρti∂xn)(u− ϕ) = 0 on ∂Ω,

and
(∂tj + ρtj∂xn)(∂ti + ρti∂xn)(u− ϕ) = 0 on ∂Ω.

Note ∂tiρ(0) = 0 and ∂titjρ(0) = bij . Hence at 0, we obtain

∂titj (u− ϕ)(0) + bij∂n(u− ϕ)(0) = 0.

By (7), we obtain

(10) |∂titju(0)| ≤ C1 for any i, j ≤ 2n− 1.

Next, we estimate the mixed derivatives utixn(0) for i ≤ 2n − 1. We define Ti in a
neighborhood of 0 by

(11) Ti =
∂

∂ti
− rti

rxn

∂

∂xn
, i = 1, · · · , 2n− 1;

then Tir = 0 and hence Ti is a tangential vector to ∂Ω. By u− ϕ = 0 on r = 0, we have
Ti(u− ϕ) = 0 on r = 0. We can also see it by a direct calculation. Note

(u− ϕ)(t′, xn(t′)) = 0.

Hence, we obtain
∂

∂ti
(u− ϕ) +

∂(u− ϕ)
∂xn

· ∂xn

∂ti
= 0.

Since r = 0 gives xn = xn(t′), we get
∂r

∂ti
+

∂r

∂xn
· ∂xn

∂ti
= 0,

and then
∂xn

∂ti
= − rti

rxn

.

Therefore on ∂Ω, we conclude
∂(u− ϕ)

∂ti
− rti

rxn

∂(u− ϕ)
∂xn

= 0.

We set
w = ±Ti(u− ϕ) + (ut − ϕt)2,

and for ε > 0,
Sε = {z ∈ U ; r(z) ≤ 0, xn ≤ ε},

where U is a neighborhood of the origin. We show that for suitable ε > 0
(a) Lw ≥ L(Axn −B|z|2) in Sε, for B sufficiently large;
(b) w ≤ Axn −B|z|2 on ∂Sε, for A sufficiently large.
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To proceed, we set a = − rti

rxn

. Then, we have

Tiu = uti + auxn ,

and

L(Tiu) = upq̄∂pq̄(uti + auxn)

= upq̄∂pq̄uti + aupq̄∂pq̄uxn + upq̄apuxnq̄ + upq̄aq̄uxnp + upq̄apq̄uxn ,

which yields

(12) L(Tiu) = Ti log f + upq̄apuxnq̄ + upq̄aq̄uxnp + upq̄apq̄uxn .

Observe that upq̄unq̄ = δp
n and that

∂

∂zn
=

1
2

(
∂

∂xn
−√−1

∂

∂t

)
,

or
∂

∂xn
= 2

∂

∂zn
+
√−1

∂

∂t
,

so that
uxnq̄ = 2unq̄ +

√−1utq̄.

Thus the second term on the right side in (12) can be written as

upq̄apuxnq̄ = 2apu
pq̄unq̄ +

√−1upq̄aputq̄ = 2an +
√−1upq̄aputq̄.

Here the derivatives of a are bounded. We also have

|upq̄aputq̄| ≤ (upq̄apaq̄)
1
2 (upq̄utputq̄)

1
2 .

This follows from the Cauchy inequality and the fact that the positive matrix (upq̄)
induces an inner product in Cn. Therefore

|upq̄apuxnq̄| ≤ C + C(
∑

uīi)
1
2 (upq̄utputq̄)

1
2 .

A similar estimate holds for the third term on the right side of (12), while the fourth
term is O(

∑
uīi). Therefore, we have

|L(Tiu)| ≤ C + C
∑

uīi + C(
∑

uīi)
1
2 (upq̄uptuq̄t)

1
2 ,

and hence
|LTi(u− ϕ)| ≤ C + C

∑
uīi + C(

∑
uīi)

1
2 (upq̄uptuq̄t)

1
2 .

Further, we get

L(ut − ϕt)2 = upq̄∂pq̄(ut − ϕt)2 = 2upq̄∂p

(
(ut − ϕt)(utq̄ − ϕtq̄)

)

= 2upq̄(upt − ϕpt)(utq̄ − ϕtq̄) + 2upq̄(ut − ϕt)(utpq̄ − ϕtpq̄)

= 2(I + II).

Note
I = upq̄uptutq̄ − upq̄utq̄ϕpt − upq̄uptϕtq̄ + upq̄ϕptϕtq̄.

For the second term, we use Cauchy inequality as before

|upq̄utq̄ϕpt| ≤ (upq̄ϕptϕq̄t)
1
2 (upq̄utq̄utp)

1
2 .
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The third and fourth terms are handled in the same way. For II, we write

II = (ut − ϕt)(upq̄utpq̄ − upḡϕtpq̄) = (ut − ϕt)(∂t log f − upq̄ϕtpq̄).

Therefore, we obtain

L(ut − ϕt)2 ≥ 2upq̄uptutq̄ − C(uīi)
1
2 (upq̄uptqq̄t)

1
2 − Cuīi − C,

and hence

Lw = ± LTi(u− ϕ) + L(ut − ϕt)2

≥ 2upq̄uptuq̄t − C(uīi)
1
2 (upq̄uptuq̄t)

1
2 − Cuīi − C

≥ − C
∑

uīi − C.

Next, we note
L(Axn −B|z|2) = −Bupq̄∂pq̄|z|2 = −B

∑
uīi.

To prove (a), we need
(B − C)

∑
uīi ≥ C.

This can be achieved by (5) and choosing B sufficiently large. To prove (b), consider
first ∂Sε ∩ ∂Ω. By (8) or (9), we have for some a > 0

xn ≥ a|z|2.
Since u(t′, ρ(t′)) = ϕ(t′, ρ(t′)), we obtain

|ut − ϕt| = |ρt||uxn − ϕxn| ≤ C|t′| ≤ C|z| ≤ Cx
1
2
n .

Taking A large, we obtain (b) on ∂Ω ∩ ∂Sε. Note (b) is trivially true on ∂Sε ∩ Ω if A is
sufficiently large.

By the maximum principle, we obtain

±Ti(u− ϕ) + (ut − ϕt)2 ≤ Axn −B|z|2 in Sε,

or
±Ti(u− ϕ) ≤ Axn −B|z|2 in Sε.

This implies
|(Tiu)xn(0)| ≤ A + |(Tiϕ)xn(0)|.

Note

(Tiu)xn = utixn −
(

rti

rxn

)

xn

uxn −
rti

rxn

uxnxn .

Hence we get

(13) |utixn(0)| ≤ C2.

Using the special coordinates above again, we establish the estimate

(14) |uxnxn(0)| ≤ C.

Since we already proved

(15) |utitj (0)|, |utixn(0)| ≤ C, i, j ≤ 2n− 1,
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it suffices to prove

(16) |unn̄(0)| ≤ C.

We may solve the equation det(uij̄) = f for unn̄(0), and see that (16) follows from (15)
provided the (n− 1)× (n− 1) matrix

(
uzαz̄β

(0)
)

satisfies

(17)
(
uzαz̄β

(0)
)
α,β<n

≥ c1In−1,

for some positive constant c1 > 0. After a subtraction of a linear function, we may
assume ϕtj (0) = 0, j ≤ 2n− 1. For (17), it suffices to prove

∑

α,β<n

uzαz̄β
(0)ξαξ̄β ≥ c1|ξ|2.

In the following, we take ξ = (1, 0, · · · , 0) ∈ Cn−1 and prove

u11̄(0) ≥ c1.

Let ũ = u− λxn, with λ so chosen that(
∂2

∂t21
+

∂2

∂t22

)
ũ
(
t1, · · · , t2n−1, ρ(t1, · · · , t2n−1)

)
= 0 at 0.

Note
(

∂2

∂t21
+

∂2

∂t22

)
ũ
(
t′, ρ(t′)

)
=

2∑

i=1

∂

∂ti
(ũti + ũxnρti)

=
2∑

t=1

(
ũtiti + ũxntiρti + (ũxnti + ũxnxnρti)ρti + ũxnρtiti

)
.

This implies at 0

(18) u11̄(0) + ũxn(0)ρ11̄(0) = u11̄(0) + (uxn(0)− λ)ρ11̄(0) = 0.

Now we claim close to the origin

(19) ũ|∂Ω ≤ <p(z) + <
n∑

j=2

ajz1z̄j + C
n∑

j=2

|zj |2,

where p is a holomorphic cubic polynomial without linear terms and a2, · · · , an are
complex numbers.

To prove (19), we consider the Taylor expansion of ũ
(
t′, ρ(t′)

)
. Obviously, there is no

linear terms. For the quadratic terms, we consider titj , 1 ≤ i, j ≤ 2 and titj , 1 ≤ i ≤
2, 3 ≤ j ≤ 2n− 1. Since (

∂2

∂t21
+

∂2

∂t22

)
ũ(0) = 0,

the linear combination of titj , 1 ≤ i, j ≤ 2, can be written as

a(t21 − t22) + bt1t2,

which can be put into the form

<[(α−√−1β)z2
1 ],
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for some complex numbers α and β. Next, a linear combination of t1t2j−1, t2t2j−1,
t1t2j , t2t2j , 2 ≤ j ≤ n− 1, can be written as

<(
(a +

√−1b)z1zj

)
+ <(

(c +
√−1d)z1z̄j

)
.

In fact, we have

<((a +
√−1b)z1zj) = a(t1t2j−1 − t2t2j)− b(t1t2j + t2t2j−1),

<((c +
√−1d)z1z̄j) = c(t1t2j−1 + t2t2j) + d(t1t2j − t2t2j−1).

Last a linear combination of t1t and t2t can be written as

< (
(a +

√−1b)z1t
)
,

for some complex numbers a and b. Now we consider the cubic terms. We consider two
cases:

Case 1. cubic in (t1, t2).
Case 2. quadratic in (t1, t2) and linear in tj , 3 ≤ j ≤ 2n− 1.

For Case 1, we notice that any real homogeneous cubic in (t1, t2) admits a unique de-
composition

(20) <(
α(t1 +

√−1t2)3 + β(t1 −
√−1t2)(t1 +

√−1t2)2
)

= <(αz3
1 + βz1|z1|2),

for some complex numbers α and β. This can be seen easily by expanding (20) in terms
of t1, t2 and noticing that complex numbers α, β provide four real parameters and any
real homogeneous cubic in (t1, t2) has at most four coefficients. Hence we have proved
that

(21)

ũ|∂Ω ≤ <
n−1∑

j=2

ajz1z̄j + <(αz1yn) + <(βz1|z1|2) + <p(z1, · · · , zn)

+ cubic terms such that (t1, t2) appears at most quadratically
+ fourth order terms,

for some complex numbers α, β and a1, · · · , an−1. Now we focus on z1|z1|2. By (9), there
holds on ∂Ω

xn =
∑

i,j≤2n−1

bijtitj + O(|t′|3).

We may assume (bij)i,j≤2n−2 is diagonal. Note that the coefficients of t21 and t22 are same
and given by ρ11̄(0) > 0. Hence on ∂Ω there holds

(22) |z1|2 = t21 + t22 = axn + quadratic of t′ + 0(|t′|3),
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where there is no quadratic expression of (t1, t2) in the quadratic part of t′. By adjusting
aj and p in (21) appropriately, we get

ũ|∂Ω ≤ <
n−1∑

j=2

ajz1z̄j + <(αz1yn) + <(βz1xn) + <p(z1, · · · , zn−1)

+ quadratic terms in t3, t4, · · · , t2n−1

+ cubic terms such that (t1, t2) appears at most quadratically
+ fourth order terms.

Obviously
<(αz1yn + βz1xn) = <(az1zn + bz1z̄n),

for some complex numbers a, b. Applying Cauchy inequality to cubic terms in Case 2,
we obtain

ũ|∂Ω ≤ <p(z) + <
n∑

j=2

ajz1z̄j + C
n∑

j=2

|zj |2 + C|z|4.

With (22), it is easy to see

|z|4 ≤ C
n∑

j=2

|zj |2.

Hence (19) is proved.
Let ˜̃u = ũ−<p(z) and observe that ˜̃u satisfies

det ˜̃uij̄ = det uij̄ = f(z).

We set again Sε = {z ∈ Ω̄; 0 ≤ xn ≤ ε}. Let

h(z) = − δ0xn + δ1|z|2 +
1

2B

n∑

j=z

|ajz1 + Bzj |2

= − δ0xn + δ1|z|2 +
1

2B

∑

1<j≤n

|aj |2|z1|2 + <
n∑

j=2

ajz1z̄j +
B

2

n∑

j=2

|zj |2.

On ∂Ω ∩ ∂Sε, we require
−δ0xn + δ1|z|2 ≥ 0,

or

xn ≤ δ1

δ0
|z|2.

This can be achieved by taking δ0 ¿ δ1. Then we have
˜̃u ≤ h on ∂Ω ∩ ∂Sε,

if B ≥ 2C. On ∂Sε ∩ Ω, ˜̃u ≤ h holds obviously if B is chosen sufficiently large. This is
because B|zn|2 ≥ Bε2 there. Therefore by taking B À C and δ0 ¿ δ1 for δ1 to be fixed
later, we obtain

˜̃u ≤ h on ∂Sε.
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Next, as in the real case, we get

(hij̄) =




δ1 + 1
B

∑n
j=2 |aj |2 a2 · · · an

ā2 2δ1 + B
...

. . .
ān 2δ1 + B


 .

The eigenvalues of (hij̄) are given by

2δ1, 2δ1 + B +
1
B

n∑

j=2

|aj |2, 2δ1 + B, · · · , 2δ1 + B.

This implies h is strictly pluri-subharmonic and

det hij̄ = 2δ1(2δ1 + B)n−2


2δ1 + B +

1
B

n∑

j=2

|aj |2

 .

Therefore, choosing δ1 small, we have

det hij̄ < f in Ω.

Thus h is an upper barrier for ˜̃u. By Lemma 1.6, we obtain
˜̃u ≤ h in Sε.

Since ˜̃u(0) = h(0) = 0, we get
˜̃un ≤ hn(0) = −δ0.

Then (18) implies
u11̄(0) = −˜̃un(0)ρ11̄(0) ≥ δ0ρ11̄(0).

Therefore, we conclude
|D2u|0 ≤ K on ∂Ω.

Step 5. We estimate D2u in Ω. For any real constant coefficient operator D of the
form

D =
∑

(aj∂xj + bj∂yj ) with
∑

(a2
j + b2

j ) = 1,

we have
LD2u ≥ D2 log f ≥ −C.

As in Step 3, we obtain for large λ

L(D2u + eλ|z|2) ≥ 0.

By the maximum principle, we conclude

max
Ω̄

D2u ≤ max
∂Ω

D2u + C ≤ K.

With the upper bound for every D2u and the lower bound uxixi + uyiyi ≥ 0, we will
prove the bound for any second derivatives.

First, by taking D = ∂xi and D = ∂yi , we have

∂xixiu ≤ K and ∂yiyiu ≤ K.
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With ∂xixiu + ∂yiyiu ≥ 0, we obtain

|∂xixiu|, |∂yiyiu| ≤ K.

Next, by taking D =
1√
2
(∂xi ± ∂yi), we get

D2u =
1
2
(∂xixiu± 2∂xiyiu + ∂yiyiu) ≤ K,

and hence
|∂xiyiu| ≤ K.

Last, for i 6= j, by taking D =
1√
2
(∂xi ± ∂yj ) and D =

1√
2
(∂xj ± ∂yi), we obtain

1
2
(∂xixiu± 2∂xiyju + ∂yjyju) ≤ K,

1
2
(∂xjxju± 2∂xjyiu + ∂yiyiu) ≤ K.

Adding these two inequalities yields

±∂xiyju± ∂xjyiu ≤ 2K.

We remark that there are four inequalities here. It is then easy to see

|∂xiyju|, |∂xjyiu| ≤ 2K.

This finishes the proof. ¤
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2. Hölder Estimates for Second Derivatives

In this section, we derive the Hölder estimates for second derivatives of solutions
of fully nonlinear elliptic equations under the key assumption that the functional is
concave with respect to the Hessian matrices. This restriction still enables us to cover
the equations of Monge-Ampére type. To be specific, we consider a smooth function

F : S −→ R,

where S is the space of n× n symmetric matrices. For any M = (mij) ∈ S, we denote

Fij(M) =
∂F

∂mij
(M),

Fij,kl(M) =
∂2F

∂mij∂mkl
(M).

Suppose a smooth function u in an open set in Rn satisfies

F (D2u) = f(x),

for some smooth function f defined in the same open set. For any unit vector γ ∈ Rn,
we differentiate the equation with respect to γ to get

Fijuijγ = fγ ,

where Fij is evaluated at (D2u(x)). This leads to the introduction of the linear operator

L = Fij∂ij .

The above calculation shows uγ satisfies

Luγ = fγ .

Now we differentiate with respect to γ again to get

Fijuijγγ + Fij,kluijγuklγ = fγγ ,

or
Luγγ + Fij,kluijγuklγ = fγγ .

The fully nonlinear equation F (D2u) = f is elliptic if the matrix (Fij) is positive definite.
In other words, the linearized operator L is elliptic. The function F (M) is concave with
respect to M if there holds for any M = (mij) ∈ S

Fij,klmijmkl ≤ 0.

If F is concave at D2u(x) for any x, then uγγ satisfies

Luγγ ≥ fγγ .

In this chapter, we prove the Hölder estimates for the second derivatives of the solutions
to the fully nonlinear elliptic equation of the concave type.
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2.1. Harnack Inequality. In this section, we derive Harnack inequality and its corol-
laries. These results will be needed in later sections. We will focus on a priori estimates
instead of regularity. Our assumptions are more than what we need.

Suppose Ω is a bounded domain in Rn and consider a linear elliptic operator L in Ω

L ≡ aij(x)Dij ,

where coefficients aij are at least continuous in Ω. The ellipticity means that the co-
efficient matrix A = (aij) is positive definite everywhere in Ω. We assume that L is
uniformly elliptic in the following sense

λI ≤ (aij) ≤ ΛI,

where λ and Λ are two positive constants. This means that all eigenvalues are between
λ and Λ. We also set D = det(A) and D∗ = D

1
n so that D∗ is the geometric mean of

the eigenvalues of A. Obviously the uniform ellipticity implies

λ ≤ D∗ ≤ Λ.

Before stating the Alexandroff maximum principle, we first introduce the concept of
contact sets. For u ∈ C2(Ω) we define

Γ+ = {y ∈ Ω; u(x) ≤ u(y) + Du(y) · (x− y), for any x ∈ Ω}.
The set Γ+ is called the upper contact set of u, and Hessian matrix D2u = (Diju) is
nonpositive on Γ+. In fact, the upper contact set can also be defined for continuous
function u by the following

Γ+ = {y ∈ Ω; u(x) ≤ u(y) + p · (x− y), for any x ∈ Ω and some p = p(y) ∈ Rn}.
Clearly, u is concave if and only if Γ+ = Ω. If u ∈ C1(Ω), then p(y) = Du(y) and any
support hyperplane must then be a tangent plane to the graph.

Now we consider the equation of the following form

Lu = f in Ω

for some f ∈ C(Ω). In fact, it suffices to assume that aij are bounded and measurable,
f ∈ Ln(Ω) and u ∈ W 2,n(Ω). So the equation holds almost everywhere.

Theorem 2.1. Suppose u ∈ C(Ω̄) ∩ C2(Ω) satisfies Lu ≥ f in Ω. Then there holds

sup
Ω

u ≤ sup
∂Ω

u+ +
d

nω
1
n
n

‖f−

D∗ ‖Ln(Γ+),

where Γ+ is the upper contact set of u, d = diam(Ω) and ωn is the volume of the unit
ball in Rn.

Proof. It suffices to prove

(1) sup
Ω

u ≤ sup
∂Ω

u+ +
d

ω
1
n
n




∫

Γ+

| det D2u|



1
n

.
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In fact, for the positive definite matrix A = (aij) we have

det(−D2u) ≤ 1
D

(−aijDiju

n

)n

on Γ+.

This implies Theorem 2.1.
Next we proceed to prove (1). Without loss of generality we assume u ≤ 0 on ∂Ω. Set

Ω+ = {u > 0}. By the area-formula for Du in Γ+ ∩ Ω+ ⊂ Ω, we have

(2) |Du(Γ+ ∩ Ω+)| ≤
∫

Γ+∩Ω+

| det(D2u)|,

where | det(D2u)| is the Jacobian of the map Du : Ω → Rn. In fact we may consider
χε = Du−εId : Ω → Rn. Then Dχε = D2u−εI, which is negative definite in Γ+. Hence
by the change of variable formula, we have

|χε(Γ+ ∩ Ω+)| =
∫

Γ+∩Ω+

| det(D2u− εI)|,

which implies (2) if we let ε → 0.
Now we claim BM̃ (0) ⊂ Du(Γ+ ∩ Ω+), i.e., for any a ∈ Rn with |a| < M̃ there exists

x ∈ Γ+ ∩ Ω+ such that a = Du(x). Here M̃ = supu/d.
We may assume u attains its maximum m > 0 at 0 ∈ Ω, i.e.,

u(0) = m = sup
Ω

u.

Consider an affine function for |a| < m/d(≡ M̃)

L(x) = m + a · x.

Then L(x) > 0 for any x ∈ Ω and L(0) = m. Since u assumes its maximum at 0, then
Du(0) = 0. Hence there exists an x1 close to 0 such that u(x1) > L(x1) > 0. Note that
u ≤ 0 < L on ∂Ω. Hence there exists an x̃ ∈ Ω such that Du(x̃) = DL(x̃) = a. Now
we may translate vertically the plane y = L(x) to the highest such position, i,e., the
whole surface y = u(x) lies below the plane. Clearly at such point, the function u is
positive. ¤
Remark 2.2. The integral domain Γ+ can be replaced by

Γ+ ∩ {x ∈ Ω;u(x) > sup
∂Ω

u+}.

Remark 2.3. There is no assumption on uniform ellipticity in Theorem 2.1.

Next we discuss the Calderon-Zygmund decomposition. First we introduce some ter-
minology.

Take the unit cube Q1. Cut it equally into 2n cubes, which we take as the first
generation. Do the same cutting for these small cubes to get the second generation.
Continue this process. These cubes (from all generations) are called dyadic cubes. Any
(k + 1)-generation cube Q comes from some k-generation cube Q̃, which is called the
predecessor of Q.
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Lemma 2.4. Suppose f ∈ L1(Q1) is nonnegative and α > |Q1|−1
∫
Q1

f is a fixed con-
stant. Then there exists a sequence of (non-overlapping) dyadic cubes {Qj} in Q1 such
that

f(x) ≤ α a.e. in Q1 \ ∪jQ
j ,

and

α ≤ 1
|Qj |

∫

Qj

fdx < 2nα.

Proof. Cut Q1 into 2n dyadic cubes and keep the cube Q if |Q|−1
∫
Q f ≥ α. For others

keep cutting and always keep the cube Q if |Q|−1
∫
Q f ≥ α and cut the rest. Let {Qj}

be the cubes we have kept during this infinite process. We only need to verify that

f(x) ≤ α a.e. in Q1 \ ∪jQ
j .

Let F = Q1\∪jQ
j . For any x ∈ F , from the way we collect {Qj}, there exists a sequence

of cubes Q̃i containing x such that
1
|Q̃i|

∫

Q̃i

f < α

and
diam(Q̃i) → 0 as i →∞.

By Lebesgue density theorem, this implies

f ≤ α a.e. in F.

This finishes the proof. ¤

Now we give a simple consequence of Calderon-Zygmund decomposition.

Lemma 2.5. Suppose measurable sets A ⊂ B ⊂ Q1 have the following properties
(i) |A| < δ for some δ ∈ (0, 1);
(ii) for any dyadic cube Q, |A∩Q| ≥ δ|Q| implies Q̃ ⊂ B for the predecessor Q̃ of Q.

Then there holds
|A| ≤ δ|B|.

Proof. Apply the Calderon-Zygmund decomposition (Lemma 2.4) to f = χA. We obtain,
by the assumption (i), a sequence of dyadic cubes {Qj} such that

A ⊂ ∪jQ
j except for a set of measure zero,

δ ≤ |A ∩Qj |
|Qj | < 2nδ,

and
|A ∩ Q̃j |
|Q̃j | < δ,

for any predecessor Q̃j of Qj . By the assumption (ii), we have Q̃j ⊂ B for each j. Hence
we obtain

A ⊂ ∪jQ̃
j ⊂ B.
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We relabel {Q̃j} so that they are non-overlapping. Therefore we get

|A| ≤
∑

i

|A ∩ Q̃i| ≤ δ
∑

i

|Q̃i| ≤ δ|B|.

This finishes the proof. ¤

Now we begin to prove the Harnack inequality. First we prove a local maximum
principle for subsolutions.

Theorem 2.6. Suppose Lu ≥ f in Ω. Then for any ball B2R(x0) ⊂ Ω and p > 0, there
holds

sup
BR(x0)

u ≤ C





(
1

Rn

∫

B2R(x0)
(u+)p

) 1
p

+ R‖f−‖Ln(B2R(x0))



 ,

where C = C(n, λ,Λ, p) is a positive constant.

Proof. Without loss of generality, we can assume B2R(x0) = B1(0), the general case

being recovered by means of coordinate transformation x 7→ x− x0

2R
.

A cut-off function is needed since there is no control on ∂B1. For β ≥ 1, a cut-off
function η is defined by

η(x) = (1− |x|2)β.

By a differentiation, we obtain

Diη(x) = −2βxi(1− |x|2)β−1,

and
Dijη(x) = −2βδij(1− |x|2)β−1 + 4β(β − 1)xixj(1− |x|2)β−2.

Hence we get
|Dη(x)| = 2β|x|(1− |x|2)β−1 ≤ 2βη

1− 1
β ,

and
Lη = 4β(β − 1)aijxixj(1− |x|2)β−2 − 2β

∑
aii(1− |x|2)β−1.

Setting v = ηu, we then have

Lv = ηLu + uLη + 2aijDiηDju.

Consider the upper contact set Γ+ = Γv+ of v in B1. We clearly have v > 0 in Γ+, since
v = 0 on ∂B1. Hence for any x ∈ Γ+

|Dv(x)| ≤ v(x)
1− |x| ≤

2v(x)
1− |x|2 ,

and then in Γ+

|Du(x)| = 1
η
|Dv − uDη| ≤ 1

η

(
2v

1− |x|2 + u|Dη|
)
≤ 2(1 + β)η−1− 1

β v.

Then in Γ+ we have

|aijDiηDju| ≤ Λ|Du||Dη| ≤ 4β(1 + β)Λη
− 2

β v.
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Note we also have u > 0 in Γ+. Hence, we get

−uLη = 2βu
∑

aii(1− |x|2)β−1 − 4β(β − 1)uaijxixj(1− |x|2)β−1

≤ 2βu
∑

aii(1− |x|2)β−1

= 2βnΛuη
1− 1

β = 2nΛβvη
− 1

β

≤ 2nΛβvη
− 2

β .

Therefore on Γ+ we obtain the inequality

−aijDijv ≤ c(n, β, λ,Λ)η−
2
β v + ηf− ≤ cη

− 2
β v + f−.

Applying the Alexandroff maximum principle for β ≥ 2, we obtain

sup
B1

v ≤ C
{
‖η− 2

β v+‖Ln(B1) + ‖f−‖Ln(B1)

}

≤ C

{(
sup
B1

v+

)1− 2
β

‖(u+)
2
β ‖Ln(B1) + ‖f−‖Ln(B1)

}
.

If we choose β > 2, then using Cauchy inequality we get

sup
B1

v ≤ C

{
‖(u+)

2
β ‖

β
2

Ln(B1) + ‖f−‖Ln(B1)

}

= C

{
‖u+‖

L
2n
β (B1)

+ ‖f−‖Ln(B1)

}
.

For β > 2, we have 2n
β ∈ (0, n). Hence we have for any p ∈ (0, n)

sup
B1

v+ ≤ C
{‖u+‖Lp(B1) + ‖f−‖Ln(B1)

}
.

We use Hölder inequality to get the result for p ≥ n. ¤

By replacing u with −u, Theorem 2.6 extends automatically to supersolutions and
solutions of the equation Lu = f.

Corollary 2.7. Suppose Lu = f in Ω. Then for any ball B2R(x0) ⊂ Ω and p > 0, there
holds

sup
BR(x0)

|u| ≤ C





(
1

Rn

∫

B2R(x0)
|u|p

) 1
p

+ R‖f‖Ln(B2R(x0))



 ,

where C is a positive constant depending only on n, λ,Λ and p.

Now we turn to supersolutions. For convenience we work in cubes instead of balls.
The following result is the key ingredient. It claims that if a solution is small somewhere
in Q3 then it is under control in a good portion of Q1.
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Lemma 2.8. Suppose Lu ≤ f in B2
√

n for some f ∈ C(B2
√

n). Then there exist
constants ε0 > 0, µ ∈ (0, 1) and M > 1, depending only on n, λ and Λ, such that if

(1)

u ≥ 0 in B2
√

n,

inf
Q3

u ≤ 1,

‖f‖Ln(B2
√

n) ≤ ε0,

there holds

|{u ≤ M} ∩Q1| > µ.

We will construct a function g, which is very concave outside Q1, such that, if we
correct u by g, the lower contact set of u+g occurs in Q1 and occupies a large portion of
Q1. In other words, we localize where the contact occurs by choosing suitable functions.

Proof. Note B1/4 ⊂ B1/2 ⊂ Q1 ⊂ Q3 ⊂ B2
√

n. Define g in B2
√

n by

g(x) = −M
(
1− |x|2

4n

)β
,

for large β > 0 to be determined and some M > 0. We choose M , according to β, such
that

(2) g = 0 on ∂B2
√

n and g ≤ −2 in Q3.

Set w = u + g in B2
√

n. We will show by choosing β large that

(3) Lw ≤ f in B2
√

n \Q1.

We need to calculate the Hessian matrix of g. Note

Dijg(x) =
M

2n
β
(
1− |x|2

4n

)β−1
δij − M

(2n)2
β(β − 1)

(
1− |x|2

4n

)β−2
xixj .

This implies that

aijDijg =
M

2n
β
(
1− |x|2

4n

)β−2
{(

1− |x|2
4n

) ∑
aii − 1

2n
(β − 1)aijxixj

}
.

Therefore for |x| ≥ 1/4 we have

Lg ≤ M

2n
β
(
1− |x|2

4n

)β−2
{(

1− |x|2
4n

)
aii − 1

2n
(β − 1)λ|x|2

}
≤ 0,

if we choose β large, depending only on n, λ and Λ. This finishes the proof of (3). In
fact we obtain

Lw ≤ f + η in B2
√

n,

for some η ∈ C∞
0 (Q1) and 0 ≤ η ≤ C(n, λ,Λ).
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Now we apply Theorem 2.1 to −w in B2
√

n. Note infQ3 w ≤ −1 and w ≥ 0 on ∂B2
√

n

by (1) and (2). We obtain

1 ≤ C

(∫

B2
√

n∩Γ−w
(|f |+ η)n

) 1
n

≤ C‖f‖Ln(B2
√

n) + C|Γ−w ∩Q1|
1
n ,

where Γ−w is the lower contact set of w. Choosing ε0 small enough we get

1
2
≤ C|Γ−w ∩Q1|

1
n ≤ C|{u ≤ M} ∩Q1|

1
n ,

since w(x) ≤ 0 and hence u(x) ≤ −g(x) ≤ M on Γ−w . ¤

Next we prove the power decay of distribution functions for supersolutions.

Lemma 2.9. Suppose Lu ≤ f in B2
√

n for some f ∈ C(B2
√

n). Then there exist positive
constants ε0, ε and C, depending only on n, λ and Λ, such that if

(1)

u ≥ 0 in B2
√

n,

inf
Q3

u ≤ 1,

‖f‖Ln(B2
√

n) ≤ ε0,

there holds
|{u ≥ t} ∩Q1| ≤ Ct−ε for t > 0.

Proof. We will prove that under the assumption (1) there holds

(2) |{u > Mk} ∩Q1| ≤ (1− µ)k for k = 1, 2, · · · ,

where M and µ are as in Lemma 2.8.
For k = 1, (2) is just Lemma 2.8. Suppose now (2) holds for k − 1. Set

A = {u > Mk} ∩Q1, B = {u > Mk−1} ∩Q1.

We will use Lemma 2.5 to prove that

(3) |A| ≤ (1− µ)|B|.
Clearly A ⊂ B ⊂ Q1 and |A| ≤ |{u > M} ∩Q1| ≤ 1− µ by Lemma 2.8. We claim that
if Q = Qr(x0) is a cube in Q1 such that

(4) |A ∩Q| > (1− µ)|Q|,
then Q̃∩Q1 ⊂ B for Q̃ = Q3r(x0). We prove it by contradiction. Suppose not. We may
take x̃ ∈ Q̃ such that u(x̃) ≤ Mk−1. Consider the transformation

x = x0 + ry for y ∈ Q1 and x ∈ Q = Qr(x0),

and the function

ũ(y) =
1

Mk−1
u(x).
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Then ũ ≥ 0 in B2
√

n and infQ3 ũ ≤ 1. It is easy to check that Lũ ≤ f̃ in B2
√

n with
‖f̃‖Ln(B2

√
n) ≤ ε0. In fact we have

f̃(y) =
r2

Mk−1
f(x) for y ∈ B2

√
n,

and hence
‖f̃‖Ln(B2

√
n) ≤

r

Mk−1
‖f‖Ln(B2

√
n) ≤ ‖f‖Ln(B2

√
n) ≤ ε0.

Therefore, ũ satisfies the assumption (1). We may apply Lemma 2.8 to ũ to get

µ < |{ũ(y) ≤ M} ∩Q1| = r−n|{u(x) ≤ Mk} ∩Q|.
Hence |Q∩AC | > µ|Q|, which contradicts (4). We are in a position to apply Lemma 2.5
to get (3). ¤

Now we rewrite the power decay of the distribution function for supersolutions.

Corollary 2.10. Suppose Lu ≤ f with u ≥ 0 in B2
√

n. Then there exist positive
constants γ and C, depending only on n, λ and Λ, such that

|{x ∈ B1; u(x) > t}| ≤ Ct−γ
(
inf
B 1

2

u + ‖f‖Ln(B2
√

n)

)γ for any t > 0.

Proof. This follows from Lemma 2.9 easily. Consider

uδ =
u

infQ3 u + δ + 1
ε0
‖f‖Ln(B2

√
n)

,

for δ > 0. We apply Lemma 2.9 to uδ to get, after letting δ → 0,

|{x ∈ Q1; u(x) > t}| ≤ Ct−γ
(
inf
Q3

u + ‖f‖Ln(B2
√

n)

)γ for any t > 0.

This clearly implies Corollary 2.10. ¤

Now we prove the weak Harnack inequality for supersolutions.

Corollary 2.11. Suppose Lu ≤ f with u ≥ 0 in B2
√

n. Then there exist positive
constants p and C, depending only on n, λ and Λ, such that

(∫

B1

up

) 1
p

≤ C

{
inf
B 1

2

u + ‖f‖Ln(B2
√

n)

}
.

Proof. Set A(t) = {x ∈ B1; u(x) > t} for any t > 0. First we have for any ξ > 0,
∫

B1

up = p

∫ ∞

0
tp−1|A(t)|dt = p

∫ ξ

0
tp−1|A(t)|dt + p

∫ ∞

ξ
tp−1|A(t)|dt = I + II.

For I, we have easily

I ≤ p|B1|
∫ ξ

0
tp−1dt = |B1|ξp.
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For II, we get by Corollary 2.10

II = p

∫ ∞

ξ
tp−1|A(t)|dt ≤ Cp

∫ ∞

ξ
tp−γ−1dt

(
inf
B 1

2

u + ‖f‖Ln(B2
√

n)

)γ

= Cξp−γ

(
inf
B 1

2

u + ‖f‖Ln(B2
√

n)

)γ

,

if we choose p < γ. Combining these two estimates, we obtain
∫

B1

up ≤ C

{
ξp + ξp−γ

(
inf
B 1

2

u + ‖f‖Ln(B2
√

n)

)γ}
.

Next we may choose
ξ = inf

B 1
2

u + ‖f‖Ln(B2
√

n).

This finishes the proof. ¤
Now we can state the Harnack inequality. It is an easy corollary to Theorem 2.6 and

Corollary 2.10.

Theorem 2.12. Suppose Lu = f in BR with u ≥ 0 in BR for some f ∈ C(BR). Then
there holds

sup
B R

2

u ≤ C

{
inf
B R

2

u + R‖f‖Ln(BR)

}
,

where C is a positive constant depending only on n, λ and Λ.

Proof. Without loss of generality, we may assume that R = 1, the general case being
recovered by means of the coordinate transformation x 7→ x/R. The case R = 1 is
implied by Theorem 2.6 and Corollary 2.10, rescaled, together with a simple covering
argument. ¤

The interior Hölder estimates of solutions is a direct consequence.

Corollary 2.13. Suppose Lu = f in BR for some f ∈ C(BR). Then there exists an
α ∈ (0, 1), depending only on n, λ and Λ, such that there holds

oscBr u ≤ C
( r

R

)α
{

oscBR
u + R‖f‖Ln(BR)

}
for any r ≤ R,

where C = C(n, λ,Λ) is a positive constant.

Proof. Again we prove the case R = 1. Let M(r) = maxBr u and m(r) = minBr u for
r ∈ (0, 1). Then M(r) < +∞ and m(r) > −∞. It suffices to show that

ω(r) ≡ M(r)−m(r) ≤ Crα

{
ω(1) + ‖f‖Ln(B1)

}
for any r < 1.

Apply Theorem 2.12 to M(r)− u ≥ 0 in Br to get

sup
B r

2

(M(r)− u) ≤ C

{
inf
B r

2

(M(r)− u) + r‖f‖Ln(Br)

}
,
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i.e.,

(1) M(r)−m(
r

2
) ≤ C

{
(M(r)−M(

r

2
)) + r‖f‖Ln(Br)

}
.

Similarly, apply Theorem 2.12 to u−m(r) ≥ 0 in Br to get

(2) M(
r

2
)−m(r) ≤ C

{
(m(

r

2
)−m(r)) + r‖f‖Ln(Br)

}
.

Then by adding (1) and (2) together we get

ω(r) + ω(
r

2
) ≤ C

{
(ω(r)− ω(

r

2
)) + r‖f‖Ln(Br)

}
,

or
ω(

r

2
) ≤ γω(r) + Cr‖f‖Ln(Br),

for some γ = C−1
C+1 < 1.

Choosing µ satisfying (1 − µ) log γ/ log τ = µ and applying Lemma 2.14 below with
σ(r) = Cr‖f‖Ln(B1), we obtain

ω(r) ≤ Crα

{
ω(1) + ‖f‖Ln(B1)

}
for any r ∈ (0, 1].

This finishes the proof. ¤

Lemma 2.14. Let ω and σ be non-decreasing functions in an interval (0, R] satisfying
for any r ≤ R

ω(τr) ≤ γω(r) + σ(r),

for some 0 < γ, τ < 1. Then for any µ ∈ (0, 1) and r ≤ R, there holds

ω(r) ≤ C

{
(
r

R
)αω(R) + σ(rµR1−µ)

}
,

where C = C(γ, τ) and α = α(γ, τ, µ) are positive constants. In fact α = (1 −
µ) log γ/ log τ .

Proof. Fix some number r1 ≤ R. Then for any r ≤ r1 we have

ω(τr) ≤ γω(r) + σ(r1),

since σ is nondecreasing. We now iterate this inequality to get for any positive integer k

ω(τkr1) ≤ γkω(r1) + σ(r1)
k−1∑

i=0

γi ≤ γkω(R) +
σ(r1)
1− γ

.

For any r ≤ r1 we choose k in such a way that

τkr1 < r ≤ τk−1r1.



DIRICHLET PROBLEMS OF MONGE-AMPÈRE EQUATIONS 37

Hence we have

ω(r) ≤ ω(τk−1r1) ≤ γk−1ω(R) +
σ(r1)
1− γ

≤ 1
γ

(
r

r1

) log γ
log τ

ω(R) +
σ(r1)
1− γ

.

Now let r1 = rµR1−µ. We obtain

ω(r) ≤ 1
γ

( r

R

)(1−µ) log γ
log τ

ω(R) +
σ(rµR1−µ)

1− γ
.

This finishes the proof. ¤

In the rest of the section, we give another application of Harnack inequality to the
normal derivatives of solutions on boundary. We introduce the notions B+

r and Γr as
follows

B+
r = {(x′, xn) = x; |x| < r, xn > 0},

Γr = {(x′, 0); |x′| < r}.
Theorem 2.15. Let u be a solution of

(1) Lu = f in B+
4 , u(x′, 0) = 0,

and assume

(2) |u|, |∇u|, |f | ≤ K in B̄+
4 ,

for some K > 0. Then there are constants α ∈ (0, 1) and C > 0 depending only on n, λ
and Λ such that

(3) | ∂u

∂xn
|Cα(Γ1) ≤ C

(
sup
B+

4

|∇u|+ sup
B+

4

|f |
)

.

Proof. Since u = 0 on Γ4, we have
∂u

∂xn
(x′, 0) = lim

xn→0

u(x′, xn)− 0
xn − 0

= lim
xn→0

u(x)
xn

;

thus we estimate

(4) v(x) ≡ u(x)
xn

.

It is convenient to introduce some notations. For R ≤ 1 and some δ > 0 to be fixed (one
can take δ = λ/(9nΛ) < 1

2), let

Q(R) = {|x′| ≤ R, 0 ≤ xn ≤ δR},
Q+(R) = {|x′| ≤ R, δR/2 ≤ xn ≤ δR},

and
mR = inf

QR

v, MR = sup
QR

v.

Two preliminary results are needed.
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Lemma 2.16. If Lu ≤ f in Q(R) with u ≥ 0 and u(x′, 0) = 0, then

(5) inf
Q+(R)

v ≤ 2
δ

inf
Q(R

2 )
v +

R

λ
sup |f |.

Proof. Let

(6) γ = inf v(x) for xn = δR, |x′| ≤ R,

and introduce the comparison function

(7) ω(x) = γxn

(
δ − 2δ

|x′|2
R2

+
xn

R

)
− xn(δR− xn)

2λ
sup |f |.

It is straightforward to verify that if 0 < δ ≤ 1
2 , then in Q(R)

(i) z(x′, 0) = 0;
(ii) z(x) ≤ 0 on the sides of Q(R) : {|x′| = R, 0 ≤ xn ≤ δR};
(iii) z(x) ≤ 2γδ2R ≤ γδR on the top of Q(R) : {|x′| ≤ R, xn = δR};

and
(iv) Lz ≥ sup |f | ≥ f if δ > 0 is sufficiently small.

In particular, these all hold if δ = λ/9nΛ. In fact, for part (iv), we find

zij = − 4δγ

R2
xnδij , 1 ≤ i, j ≤ n− 1,

zin = − 4δγ

R2
xi, 1 ≤ i ≤ n− 1,

znn =
2γ

R
+

1
λ

sup |f |,
and hence

Lz =
ann

λ
sup |f |+ 2γ

R
ann − 4δγ

R2

(
n−1∑

i=1

aiixn +
n−1∑

i=1

ainxi

)
.

So (iv) follows easily.
Since u ≥ 0 in Q(R) and by (6) u = xnv ≥ γδR on the top of Q(R), then L(u−z) ≤ 0

in Q(R) with u ≥ z on ∂Q(R). Hence, by the maximum principle, u ≥ z in Q(R), or

v(x) ≥ z(x)
xn

for x ∈ Q(R).

In particular, using the explicit formula (7), we obtain

inf
Q(R

2
)
v ≥ δ

2
(γ − R

λ
sup |f |).

Since γ ≥ inf v(x) for x in Q+(R), this gives (5). ¤
The second lemma we need is a Harnack-type inequality.

Lemma 2.17. Let Lu = f in B+
4 and u ≥ 0 in Q(2R), with R ≤ 1. There is a constant

c > 0, depending only on n, λ and Λ, so that

(8) sup
Q+(R)

≤ c( inf
Q+(R)

v + R sup |f |).
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Proof. Observe that every point x in Q+(R) there is a ball B δR
2

(x) in Q(2R). Since u ≥ 0
in Q(2R), we apply the scaled version of Harnack inequality with 4r = δR/2 to get

sup
Br(x)

≤ c( inf
Br(x)

u + r2 sup |f |).

Since a finite number (independent of R) of the balls B δR
8

(x), x ∈ Q+(R), cover Q+(R),
we conclude that, with a new c,

(9) sup
Q+(R)

u ≤ c( inf
Q+(R)

u + R2 sup |f |).

In Q+(R) we have δR/2 ≤ xn ≤ δR. Since u = xnv this gives
1
2
δR sup

Q+(R)

v ≤ sup
Q+(R)

u, and inf
Q+(R)

u ≤ δR
Q+(R)

inf v.

Combined with (9), this proves (8) with some possibly larger constant c. ¤
Now we continue the proof of Theorem 2.15. In what follows, we assume R ≤ 1 and

denote by C a constant depending only on n, λ and Λ. By Lemma 2.17, with u replaced
by u−m2Rxn ≥ 0 in Q(2R), we obtain

sup
Q+(R)

(v −m2R) ≤ C

(
inf

Q+(R)
(v −m2R) + R sup |f |

)
.

Thus using Lemma 2.16, we get

sup
Q+(R)

(v −m2R) ≤ C

(
inf

Q(R
2 )

(v −m2R) + R sup |f |
)

= C
(
mR

2
−m2R + R sup |f |

)
.

Repeating these same inequalities with u replaced by M2Rxn − u ≥ 0 in Q(2k), we find
that

sup
Q+(R)

(M2R − v) ≤ C
(
M2R −MR

2
+ R sup |f |

)
.

Adding these two inequalities thus gives

M2R −m2R ≤ C
(
(M2R −m2R)−

(
MR

2
−mR

2

)
+ R sup |f |

)
.

Let ω(R) = MR −mR denote the oscillation of v in Q(R). Then we obtain

ω

(
R

2

)
≤ θω(2R) + R sup |f | for any R ≤ 1,

for some 0 < θ < 1. Then by using Lemma 2.14 as in the proof of Corollary 2.13, we
obtain for some α ∈ (0, 1),

ω(R) ≤ CRα(ω(1) + sup |f |) for any R ≤ 1,

where C is a positive constant depending only on n, λ and Λ. Note that (2) implies that
w(1) is bounded. Letting xn → 0 we find that, in the set ΓR with R ≤ 1, the oscillation
of ∂u

∂xn
≤ cRα. This is the desired Hölder estimate (3). ¤
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2.2. Interior Hölder Estimates for Second Derivatives. In this section, we derive
interior Hölder estimates for second derivatives. We first need the following result on
symmetric matrices.

Lemma 2.18. Let S(λ,Λ) denote the set of positive matrices in Rn×n with eigenvalues
lying in the interval [λ,Λ], where 0 < λ < Λ. Then there exists a finite set of unit vectors
γ1, · · ·, γN ∈ Rn and positive numbers λ∗ < Λ∗, depending only on n, λ and Λ such that
any matrix A = (aij) ∈ S(λ,Λ) can be written in the form

(1) A =
N∑

k=1

βkγk ⊗ γk, i.e., aij =
N∑

k=1

βkγkiγkj ,

where βk ∈ [λ∗, Λ∗], k = 1, · · · , N. Furthermore, the directions γ1, · · ·, γN can be chosen

to include the coordinate directions ei, i = 1, · · · , n, together with the directions
1√
2
(ei±

ej), i < j, i, j = 1, · · ·, n.

Proof. Let S+ denote the cone of positive matrices in S and n′ = n(n + 1)/2 = dim(S).
We may represent any A ∈ S+ in the form

(2) A =
n′∑

k=1

γk ⊗ γk,

for some vectors γ1, · · · , γn′ ∈ Rn with the property that the dyadic matrices γk ⊗ γk =
[γkiγkj ] are linearly independent. To see this we observe that any two matrices in S+ are
similar, and hence in particular each A ∈ S+ is similar to the matrix A0 whose diagonal
and nondiagonal terms are n and 1, respectively. With

A0 =
n∑

i=1

ei ⊗ ei +
n∑

i<j

(ei + ej)⊗ (ei + ej),

(2) follows by an appropriate base change. Consequently, the family of sets of the form

U(γ1, · · · , γn′) =

{
n′∑

k=1

βkγk ⊗ γk; βk > 0, k = 1, · · ·, n′
}

,

where γk ⊗ γk are linearly independent, forms an open cover of S(λ,Λ) ⊂ S+, and since
S(λ,Λ) is compact there exists a finite subcover. Accordingly, there exists a fixed set of
unit vectors γ1, · · · , γN , depending only on λ,Λ and n such that any A ∈ S(λ,Λ) may
be written

(3) A =
N∑

k=1

βkγk ⊗ γk,

with 0 ≤ βk ≤ Λ, for any k = 1, · · · , N . Note in this step, any particular finite set of
unit vectors may be included among γk.

To create a common positive lower bound, we proceed as follows. We apply the
previous process to S(λ/2, Λ) to get unit vectors γ1, · · · , γN . For any A ∈ S(λ,Λ),
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consider

A− λ∗
N∑

k=1

γk ⊗ γk ∈ S(
λ

2
, Λ),

for sufficiently small λ∗(λ∗ = λ
2N is sufficient). Now if we write A as in (3), we get

λ∗ ≤ βk ≤ Λ + λ∗. ¤

Applying Lemma 2.18 to uniformly elliptic operators, we get a relation among pure
second derivatives of solutions. Suppose L is a linear operator of the form L = aij∂ij

with
λI ≤ (aij) ≤ ΛI.

Then L can be written as

L =
N∑

k=1

βk(x)∂γkγk
,

where functions β1, · · ·, βN satisfy

λ∗ ≤ βk(x) ≤ Λ∗.

Now we derive interior Hölder estimates for second derivatives. Suppose F : S → R is
a C2 function defined in the space of n × n symmetric matrices and u is a C4 function
defined in an open set Ω ⊂ Rn. We consider the equation

F (D2u) = f in Ω,

for some function f ∈ C2(Ω). We assume
(i) F is uniformly elliptic with respect to u, i.e., there exist positive constants λ and

Λ such that
λ|ξ|2 ≤ Fij(D2u)ξiξj ≤ Λ|ξ|2, for all ξ ∈ Rn;

(ii) F is a concave function on the range of D2u, i.e.,

Fij,kl(D2u)mijmkl ≤ 0,

for any M = (mij) ∈ S.

Theorem 2.19. Let u be a smooth solution in Ω to the equation

(1) F (D2u) = f in Ω,

and assume (i) and (ii) hold. Then there holds for any ball BR0 ⊂ Ω and R ≤ R0,

osc
BR

D2u ≤ C

(
R

R0

)α {
osc
BR0

D2u + R0|Df |0 + R2
0|D2f |0

}
,

where C > 0 and α ∈ (0, 1) are constants depending only on n, λ and Λ.

Proof. Let γ be an arbitrary unit vector in Rn and differentiate (1) twice in the direction
γ. We thus obtain

FijDijγu = Dγf,

and
FijDijγγu + Fij,klDijγuDklγu = Dγγf.
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Consequently, the function w = uγγ satisfies the differential inequality

(2) FijDijw ≥ Dγγf in Ω.

We shall apply the weak Harnack inequality. Let BR, B2R be concentric balls in Ω of
radius R, 2R, respectively, and set for s = 1, 2,

Ms = sup
BsR

w, ms = inf
BsR

w.

Applying Corollary 2.11 to the function M2 − w, we thus obtain

(3)

{
1

Rn

∫

BR

(M2 − w)p

} 1
p

≤ C
{
M2 −M1 + R2|D2f |0

}

≤ C
{
(M2 −m2)− (M1 −m1) + R2|D2f |0

}
.

To conclude a Hölder estimate for w from (3), we need a corresponding inequality for
−w, which we obtain by considering (1) as a functional relationship between the second
derivatives of u. To begin with, using the concavity of F again, we have for any x, y ∈ Ω

Fij(D2u(y))(Diju(x)−Diju(y)) ≥ F (D2u(x))− F (D2u(y)) = f(x)− f(y).

Applying Lemma 2.18 to the matrix (Fij), we obtain

(4)
N∑

k=1

βk(wk(y)− wk(x)) ≤ f(y)− f(x),

where wk = Dγkγk
u and βk = βk(y) satisfy

0 < λ∗ ≤ βk ≤ Λ∗,

the vectors γ1, · · · , γN and numbers λ∗,Λ∗ depending only on n, λ and Λ. Set

Mk(sR) = sup
BsR

wk, mk(sR) = inf
BsR

wk,

and
ωk(sR) = Mk(sR)−mk(sR), s = 1, 2; k = 1, · · · , N.

Then each of the function wk satisfy (3); so that

(5)
{

1
Rn

∫

BR

(Mk(2R)− wk)p

} 1
p

≤ C
{
ωk(2R)− ωk(R) + R2|D2f |0;Ω

}
.

By a summation over k 6= l for some fixed l, we obtain




1
Rn

∫

BR


∑

k 6=l

(Mk(2R)− wk)




p


1
p

≤ C





∑

k 6=l

(ωk(2R)− ωk(R)) + R2|D2f |




≤ C
{
ω(2R)− ω(R) + R2|D2f |} ,
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where, for s = 1, 2,

ω(sR) =
N∑

k=1

osc
BsR

wk =
N∑

k=1

(Mk(sR)−mk(sR)) .

By (4), we have for x ∈ B2R, y ∈ BR,

βl[wl(y)− wl(x)] ≤ f(y)− f(x) +
∑

k 6=l

βk

(
wk(x)− wk(y)

)
,

so that

wl(y)−ml(2R) ≤ 1
λ∗



3R|Df |0,Ω + Λ∗

∑

k 6=l

(Mk(2R)− wk)



 .

This implies

(6)
{

1
Rn

∫

BR

(wl −ml(2R))p

} 1
p

≤ C
{
ω(2R)− ω(R) + R|Df |0 + R2|D2f |0

}
,

where C again depends only on n, λ,Λ. By taking k = l in (5) and adding this to (6),
we get

Ml(2R)−ml(2R) ≤ C{w(2R)− w(R) + R|Df |0 + R2|D2f |0}.
Summing over l = 1, · · · , N, we obtain

ω(2R) ≤ C{ω(2R)− ω(R) + R|Df |0 + R2|D2f |0},
and hence

ω(R) ≤ δω(2R) + R|Df |0 + R2|D2f |0,
for δ = 1− 1

C
∈ (0, 1). This implies Hölder estimates for the functions wk, k = 1, · · · , N.

Hence, for any ball BR0 ⊂ Ω and R ≤ R0, we get

ω(R) ≤ C

(
R

R0

)α {
ω(R0) + R0|Df |0 + R2

0|D2f |0
}

,

where C > 0 and α ∈ (0, 1) are positive constants depending only on n, λ and Λ. By
using the last assertion of Lemma 2.18, we obtain the desired estimate for D2u. ¤

2.3. Global Hölder Estimates for Second Derivatives. In this section, we derive
the global Hölder estimates for second derivatives. Let Ω be a bounded domain in Rn

with a smooth boundary ∂Ω. We consider the Dirichlet problem

F (D2u) = f(x) in Ω
u = ϕ on ∂Ω,

for some smooth function f in Ω̄ and ϕ on ∂Ω.
As in the previous section, we suppose F : S → R is a C2 function defined in the space

of n× n symmetric matrices and u is a C4 function defined in Ω ⊂ Rn. We assume
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(i) F is uniformly elliptic with respect to u, i.e., there exists positive constants λ,Λ
such that

λ|ξ|2 ≤ Fij(D2u)ξiξj ≤ Λ|ξ|2, for any ξ ∈ Rn;
(ii) F is a concave function on the range of D2u, i.e.,

Fij,kl(D2u)mijmkl ≤ 0,

for any M = (mij) ∈ S.

Theorem 2.20. Let u ∈ C4(Ω̄) be a solution of the Dirichlet problem

(1)
F (D2u) = f(x) in Ω

u = ϕ on ∂Ω,

and assume (i) and (ii) hold. If u satisfies in Ω̄

(2) |u|2 ≤ K,

then there holds in Ω̄ for some positive α < 1,

(3) |u|2+α ≤ C,

where α and C depend only on K, |f |2, |ϕ|3, F and Ω.

Proof. We divide the proof of (3) into several steps. In the following, a universal constant
C depends only on K, |f |2, |ϕ|3, F and Ω.

Step 1. We estimate Cβ-norm of (D2u)|∂Ω, for a universal β ∈ (0, 1). We prove

(4) ‖D2u(x1)−D2u(x0)‖ ≤ C1|x1 − x0|β, for any x0, x1 ∈ ∂Ω.

For a fixed x0 ∈ ∂Ω, we flatten the boundary ∂Ω near x0; that is, we consider smooth
diffeomorphisms

x = χ(y), y = χ−1(χ) = η(x), x ∈ Ω, y ∈ A = η(Ω),

so that η(x0) = 0, and

η(U ∩ Ω) = B+
4 = {y ∈ Rn; |y| < 4, yn > 0},

η(U ∩ ∂Ω) = Γ4 = {y = (y′, yn) ∈ Rn−1 × R; |y′| < 4, yn = 0},
where U is a neighborhood of x0 which contains a ball centered at x0 with a universal
radius. We also have that ‖η‖C3(Ω̄) and ‖χ‖C3(Ā) are bounded by a universal constant.

We consider the function

v(y) ≡ u(χ(y))− ϕ(χ(y)) = u(x)− ϕ(x), y ∈ Ā,

which vanishes on ∂A and satisfies the equation

(5)
F





∑

k,l

ηk
i (χ(y))ηl

j(χ(y))vkl +
∑

k

ηk
ij(χ(y))vk + ϕij(χ(y))




ij




− f(χ(y)) = 0,

where η = (η1, · · · , ηn). Hence

(6) G(D2v, Dv, y) = 0 in A,
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where

(7)

G(M,p, y)

= F





∑

k,l

ηk
i (χ(y))ηl

j(χ(y))mkl +
∑

k

ηk
ij(χ(y))pk + ϕij(χ(y))




ij




− f(χ(y)).

The estimate (4) will be proved if we show that

(8) ‖D2v(y)−D2v(0)‖ ≤ C|y|β for any y ∈ Γ1,

where
Γ1 = {y = (y′, yn); |y′| < 1, yn = 0}.

Note that
∂G

∂mnn
= Fijη

n
i ηn

j ≥ Cλ > 0;

the implicit function theorem implies that (6) may be written as

(9) vnn = H
(
(vkl)1≤k≤n−1, 1≤l≤n, Dv, y

)
.

The ellipticity implies that (6) is exactly equivalent (not only locally, but globally) to
(9). By the chain rule, we have

|DH(M̃, p, y)| ≤ (Cλ)−1|DG| ≤ C(1 + |p|+ |M̃ |),
where M̃ denotes (Mkl)1≤k≤n−1,1≤l≤n. By (2), we know that

‖Dv‖L∞(A) + ‖D2v‖L∞(A) ≤ K.

Hence (9) implies

|vnn(y)− vnn(0)| ≤ C

(
sup

1≤k≤n−1, 1≤l≤n
|vkl(y)− vkl(0)|+ |y|

)
.

This inequality, together with vkl|Γ1 ≡ 0 if 1 ≤ k, l ≤ n−1 (recall that v|Γ1 ≡ 0), implies
that, in order to prove (8), we only need to show

(10) |vpn(y)− vpn(0)| ≤ C|y|β for any y ∈ Γ1, 1 ≤ p ≤ n− 1.

To prove (10), we differentiate (5) with respect to yp and get

Fijη
k
i ηl

jvklp +
∑

k,l

Fijvkl∂p(ηk
i ηl

j) + Fij∂p

(∑

k

ηk
ijvk + ϕij

)
− ∂pf = 0,

where ηk
i , ηk

ij , and f are evaluated at χ(y). This equation can be put into the form

L̃vp = f̃(y) in A,

where

L̃ =
n∑

k,l=1

akl(y)∂kl,
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and
akl(y) = Fij

(
χ(y)

)
ηk

i

(
χ(y)

)
ηl

j

(
χ(y)

)
,

and hence L̃ is uniformly elliptic with ellipticity constants C−1λ and CΛ (for a universal
constant C ≥ 1). Since ‖χ‖C3(A), ‖η‖C3(Ω̄), ‖ϕ‖C3(Ω̄), ‖Dv‖L∞(A), ‖D2v‖L∞(A) are
bounded, we have that

‖f̃‖L∞(A) ≤ C,

for a universal C.
We therefore have for k = 1, · · · , n− 1,

L̃vk = f̃(y) in B+
4

vk = 0 on Γ+
4 ,

where L̃ is uniformly elliptic and

‖vk‖L∞(B+
4 ) + ‖Dvk‖L∞(B+

4 ) + ‖f̃‖L∞(B+
4 ) ≤ K∗.

By Theorem 2.15, the normal derivative ∂n of vk along Γ1 is Cβ, i.e.,

‖∂nvk‖Cβ(Γ1) ≤ C,

or for any y, y′ ∈ Γ1

|∂nkv(y)− ∂nkv(y′)| ≤ C|y − y′|β,

for some universal constant β ∈ (0, 1) and C > 0. This obviously implies (10).
Note we did not use the concavity in this step.

Step 2. We shall prove

(11) ‖D2u(x)−D2u(x0)‖ ≤ C2|x− x0|β for any x ∈ Ω̄, x0 ∈ ∂Ω.

We need the following Lemma.

Lemma 2.21. Suppose F is uniformly elliptic. Then for any M1,M2 ∈ S

‖M2 −M1‖ ≤ Λ + λ

λ
sup
|e|=1

(et(M2 −M1)e)+ +
1
λ

[F (M1)− F (M2)].

Proof. Using ‖M2 −M1‖ ≤ ‖(M2 −M1)+‖+ ‖(M2 −M1)−‖, we have

F (M2)− F (M1) =
∫ 1

0

d

dt
F (M1 + t(M2 −M1))dt

=
∫ 1

0
Fij(tM2 + (1− t)M1)dt · (M2 −M1)ij

≤ Λ‖(M2 −M1)+‖ − λ‖(M2 −M1)−‖
≤ (Λ + λ)‖(M2 −M1)+‖ − λ‖M2 −M1‖.

This finishes the proof. ¤
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Now we begin to prove (11). For any unit vector γ ∈ Rn, we have

Luγγ ≥ fγγ ≥ −C,

where C = |D2f |0,Ω. Note that the linear operator L = Fij∂ij satisfies

λI ≤ (Fij) ≤ ΛI.

Fix an x0 ∈ ∂Ω and consider

w = uγγ +
C

2nλ
|x− x0|2.

Then we have

Lw = Luγγ +
C

nλ

∑
Fii ≥ 0.

By (4), we have
w(x)− w(x0) ≤ C|x− x0|β for any x ∈ ∂Ω.

We claim

(12) w(x)− w(x0) ≤ C|x− x0|
β
2 for any x ∈ Ω.

This implies

uγγ(x)− uγγ(x0) ≤ C∗|x− x0|
β
2 for any x ∈ ∂Ω.

Note this holds for arbitrary unit vector γ ∈ Rn. By Lemma 2.21, we obtain

λ‖D2u(x)−D2u(x0)‖ ≤ sup
|γ|=1

(uγγ(x)− uγγ(x0)) + f(x)− f(x0)

≤ C|x− x0|
β
2 + |x− x0||Df |0,Ω.

This implies (11).
To prove (12), we transform the boundary ∂Ω near x0 to a parabola. Take x0 = 0 ∈ ∂Ω

and assume w(x0) = w(0) = 0. We consider smooth diffeomorphisms

x = χ(y), y = χ−1(y) = η(x), x ∈ Ω, y ∈ A = η(Ω),

such that η(x0) = 0, and

η(U ∩ ∂Ω) = {y ∈ Rn; |y|2 = 2yn, 0 ≤ yn < a},
η(U ∩ Ω) = {y ∈ Rn; |y|2 < 2yn, 0 < yn < a} = Pa,

where a is a constant in (0, 1) and U is a neighborhood of x0 which contains a ball
centered at x0 with a universal radius. We also have that ‖η‖C2(Ā) and ‖χ‖C2(Ω̄) are
bounded by a universal constant. Moreover, by writing η = (η1, · · · , ηn), we also require
that

|Dηn(χ(y))| ≥ C for any y ∈ Pa,

for a universal constant C > 0.
We consider the function

v(y) = w(χ(y)) = w(x) for y ∈ Ā.
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Since v(0) = 0, we define

K = sup
y∈∂A

|v(y)|
|y|β .

Note v satisfies the following equation

L̃v ≡ Fij(χ(y))ηk
i (χ(y))ηl

j(χ(y))vkl + Fij(χ(y))ηk
ij(χ(y))vk = 0,

where L̃ is uniformly elliptic.
For simplicity, we denote ψ = w|∂Ω. We already proved ψ ∈ Cβ(∂Ω) in Step 1. There

hold

v(y) ≤ K|y|β = 2
β
2 Ky

β
2
n for any y ∈ ∂A ∩ ∂Pa,

and

v(y) ≤ |ψ|0 =
|ψ|0
a

β
2

y
β
2
n for any y ∈ A ∩ ∂Pa.

Hence on ∂Pa, we have

v(y) ≤ C∗y
β
2
n ,

where
C∗ = C0|ψ|β,∂Ω,

for some universal constant C0. A direct calculation shows

Ly
β
2
n =

β

2

(
β

2
− 1

)
y

β
2
−2

n (Fijη
n
i ηn

j )(χ(x)) +
β

2
y

β
2
−1

n (Fijη
n
ij)(χ(y))

=
β

2
y

β
2
−2

n

(
−

(
1− β

2

)
(Fijη

n
i ηn

j )(χ(x)) + yn(Fijη
n
ij)(χ(y))

)
≤ 0,

if a is small. Hence we obtain

Lv ≥ L

(
C∗y

β
2
n

)
in Pa

v ≤ C∗y
β
2
n on ∂Pa.

By the maximum principle, we get for y ∈ Pa

v(y) ≤ C∗y
β
2 ≤ C∗|y|

β
2 .

Transform back to x and recall the definition of C∗. We obtain

w(x)− w(x0) ≤ C∗|ψ|β,Ω |x− x0|
β
2 ,

for any x in Br(x0)∩ Ω̄, where r is universal. This is obviously true for any other x ∈ Ω̄
by increasing C. Hence we finishes the proof of (12).

Step 3. Take α to be the minimum of α in Theorem 2.19 and β/2 in Step 2, and we
prove

(13) ‖D2u(x)−D2u(y)‖ ≤ C|x− y|α for any x, y ∈ Ω̄.
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We first recall Theorem 2.19, the interior estimates. For any BR(x0) ⊂ Ω, there holds
for any x, y ∈ BR/2(x0)

(14) Rα |D2u(x)−D2u(y)|
|x− y|α ≤ C

(|D2u|L∞(BR) + R|Df |L∞ + R2|D2f |L∞
)
.

For any x, y ∈ Ω, set dx = dist(x,Ω) and dy = dist(y, Ω). Suppose dy ≤ dx. Take
x0, y0 ∈ ∂Ω such that |x− x0| = dx and |y − y0| = dy. Assume first that |x− y| ≤ dx/2.
Then we have y ∈ B̄dx/2(x) ⊂ Bdx(x) ⊂ Ω. Consider

w = u− u(x0)−Du(x0)(x− x0)− 1
2
(x− x0)tDu2(x0)(x− x0).

Then w satisfies
G(D2w) = f(x) in Ω,

where
G(M) = F

(
M + D2u(x0)

)
.

Obviously, G is elliptic and concave with the same ellipticity constant as F . We apply
the interior estimate (scaled version) to w in Bdx(x) and get by (14)

dα
x

|D2u(x)−D2u(y)|
|x− y|α

≤ C
(
|D2u−D2u(x0)|L∞(Bdx (x)) + dx|Df |L∞ + d2

x|D2f |L∞
)

.

By (11), we obtain
|D2u−D2u(x0)|L∞(Bdx (x)) ≤ C2d

α
x .

Hence we obtain

|D2u(x)−D2u(y)| ≤ C|x− y|α (
C2 + |Df |L∞ + |D2f |L∞

) ≡ C|x− y|α.

Assume now that dy ≤ dx ≤ 2|x− y|. Then by (11) again we have

|D2u(x)−D2u(y)|
≤ |D2u(x)−D2u(x0)|+ |D2u(x0)−D2u(y0)|+ |D2u(y0)−D2u(y)|
≤ C(dα

x + |x0 − y0|α + dα
y )

≤ C|x− y|α,

since |x0 − y0| ≤ dx + |x− y|+ dy ≤ 5|x− y|. This finishes the proof of (13). ¤
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