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2 Q. HAN

1. PREREQUISITE KNOWLEDGE

This section serves as a preparation for the rest of the note. In the first part, we
briefly review some basic theory of outer measures. The second part includes the covering
theory. Many techniques in geometric measure theory involve covering arguments.

Let X be a topological space. We denote by S the family of all subsets of X. A
collection C of subsets of X is said to be a o-algebra if

i) 0,X ec¢;

(i) U, A; € Cand N2 A, € Cif A;eC fori=1,2,3,--;

(iii) X\AeCif AeC.

Let B be the smallest o-algebra containing all open subsets of X. The elements of B
are called Borel subsets of X. Obviously, B also contains all closed subsets of X.

Now we recall the definition of (outer) measures.

Let X be a topological space. If i : S — [0, 00] is a function such that p(f) =0 and

p(A) < u(4),
j=1

for any A C U2 A;, Aj C S. Then p is a measure on X.
A subset A C X is p-measurable if

w(B) =pu(B\A)+u(BNA) forany subset B C X.

It is easy to show that the subfamily of S consisting of all y-measurable subsets is a
o-algebra.

A measure p on X is called a Borel measure if each Borel set is g-measurable. A Borel
measure  is called Borel reqular if for each subset A C X there exists a Borel set B D A
such that p(B) = u(A).

The following result is often referred to as the Caratheodory Criterion.

Theorem 1.1. Let pu be a measure on a metric space X. Then all open sets are u-
measurable if and only if

#(AUB) = p(A) + pu(B),
for any subset A C X and B C X with dist(A, B) > 0.

Proof. The necessity is obvious. For the sufficiency, it suffices to prove that for any open
subset O C X and any subset T' C X

w(T) =z (T O) + (T N O),
if u(T) < oc.
Set C=TNO, and for k=1,2,---,

Cr = {z € C;dist(z, X \ O) >

}.

=

Then dist(Cy, T \ O) > 0 and hence
w(T) > (T N Cx) + p(T'\ O).
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Now we claim
klim wTNCr)=uw(TNC)=pu(TnNO),
— 00

or limy_oo p(Ck) = p(C).
Let Cy = 0 and R, = C, — Cj_1 for k > 1. By the condition of the sufficiency, we
obtain for any positive integer k

k
1(Cor) = > p(Rai),
i=1
k
w(Cok—1) > ZN(RQi—1)~
i=1
Note that
o0 o o)
C= UCk:CQk+ U Roi + U Rai—1,
k=1 i=k+1 i=k+1
and

D i(Ra) < p(T) < o0
i=1

> (Rai1) < u(T) < oo
i=1

Hence for any positive integer k,

1(C) < p(Cax) + Z (Roi) + Z (Rai—1)
i=k+1 i=k+1

This implies that limg_,o 1(Cox) = u(C). Similarly we have limy_, oo p(Cog+1) = p(C).
g

Lemma 1.2. Suppose that p is a Borel reqular measure on X and that

x=Ju,
i=1
where U; is open and p(U;) < oo for each i =1,2,3,--- . Then
A) = inf
M( ) o opelnr,lO D AM(O)7
for each subset A C X, and
p(A)y=  sup  p(C),

C closed, CCA

for each p-measurable subset A C X.
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The proof is left as an exercise.

Suppose X is a locally compact and separable topological space. Then p is a Radon
measure if p is Borel regular and finite on compact subsets of X.

Let U be a bounded open subset in R™. Denote by M(U) the space of signed Radon
measures on U with finite mass and by Cy(U) the space of continuous (real-valued)
functions on U with compact support.

Definition 1.3. A sequence {y}7°, C M(U) converges weakly to u € M(U), denoted
by pr — p weakly in M(U), if

/ fdug —>/ fdu as k — oo, for each f € Cy(U).
U U

Lemma 1.4. Assume that uy — p weakly in M(U). Then
lim sup 1 (C) < p(C),

k—o00

for each compact set C C U, and
1(0) < liminf (),

k—oo

for each open set O C U.
Proof. (1) For any e > 0, there exist a § > 0 and a d-neighborhood Cj of C' such that
#(Cs) < j(C) +e.
By taking
f(z) = min{1, %dist(x, U\ Cs)},
we have

u(C) + € > /fdu = klim fdug > limsup pg(C).

k—o0
(2) For any m < p(O), take a compact set A C O with u(A) > m and then take a
positive number ¢ > 0 such that the é-neighborhood A5 C O. We define f similarly as
above to obtain

m < /fd,u = klim /fd,uk < ligninf,uk(O).
Obviously, this completes the proof. O

In the rest of the section, we discuss the Vitali Covering Lemma.

Theorem 1.5. Suppose B is a family of closed balls in R™ with uniformly bounded radii.
Then there is a pairwise disjoint subcollection B’ C B such that

UBc | B.
BeB B'ep’
Moreover, for any B € B, there exists an S € B’ such that SN B # () and B C S,

In Theorem 1.5, we use the notation B = Bs,(z) if B = B,(z). Obviously, B is a
countable collection.
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Proof. Set
R = sup{rad(B); B € B} < .
For j=1,2,---, set
Bj ={B € B;R/2 <rad(B) < R/27'}.
Then B = U;";lBj. We proceed to define B; C Bj as follows:
(i) let B} be any maximal pairwise disjoint subcollection of By;
(ii) assuming j > 2, and By, - -+, B;_; are defined, let B} be a maximal pairwise disjoint

subcollection of
j—1

{B € Bj; BN B' =0 whenever B’ € U B}
i=1
Then evidently if 7 > 1 and B € B;, we must have

J
BNB #0foraB € UB;
i=1
Otherwise, we contradict the maximality of B. For such a pair B and B’, we have
rad(B) < R/2/~' = 2R/27 < 2rad(B'), so that B C B'.
To end the proof, we simply take B’ = U2, B.. O
Theorem 1.5 is often put in the following form, which is easier to use.

Corollary 1.6. Suppose A is a subset of R™ covered by a family of closed balls B in R™
with uniformly bounded radii. Then there is a pairwise disjoint subcollection {B;}5°, C B
such that

00
AC U Bz
=1

A subset A C R" is covered finely by a collection B of balls if, for any € > 0 and any
x € A, there is a ball B € B such that z € B and rad(B) < e.

Corollary 1.7. Suppose A is a subset of R™ covered finely by a family of closed balls
B in R™ with uniformly bounded radii. Then there is a pairwise disjoint subcollection

B' C B such that
N
A\ B, c U B,
Jj=1 BeB/\{Bi1, ,Bn}
for each finite subcollection {B1,--- ,By} C B'.

Proof. Let B’ be as in Theorem 1.5. For any = € A\ UéV:lBj, since B covers A finely
and since R™ \ Ué-vlej is open, we can find a B € B with BN (U;-VZIB]-) = and z € B.
By Theorem 1.5, there exists a S € B’ with SN B # () and B C S. Then S # Bj,
j=1,---,N, and hence x € S. d

For a Borel measure  on R” and a subset A C R", a family B of subset in R"™ covers
p-almost all of A if p(A\ UpepB) = 0.
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Corollary 1.8. Suppose that A is a subset of R™ covered finely by a family of closed
balls B in R™ with uniformly bounded radii and that i is a Radon measure satisfying for
ao € (1,00)

w(B) < ou(B) for any B € B.
Then, for each open U C R™, B contains a countable disjoint subfamily C that covers

pu-almost all of U N A, with UcecC C U.

Proof. We first discuss the case where A is bounded. In this case, we also assume that U
is bounded. Obviously, {B € B; B C U} is a fine cover of U N A. By Corollary 1.7, there
exists a disjoint subcollection C C {B € B; B C U} such that, for any finite subcollection

{Clv"' aCN}a

N

=1 ceC\{Cy,,On}

The collection C is countable because u(U) < oo and u(C) > 0 for C € C. We write
C ={C;}. Note

> uC) <o u(C) < ou(U) < oo.
=1 i=1

Now for any N > 1,

[e) N [e)
pUNANJC) <pUnANJC) < D u(C).
=1 =1 i=N+1

We conclude the proof by letting N — oo.

Now we discuss the general case. We fix an a € X. Starting with Uy = U, Ay = ()
and Cy = {0}, we define open sets U; and finite disjoint subfamilies C; of B by induction
so that

Ui=U;_1\ U C, A;={xe A;dist(z,a) <i},
CceCi_1

1
Uccu, wuina\ |0 <.

A
cgec; cec;

Then C = U2,C; is a countable disjoint subfamily of B. Note U; = U \ U};ll Ucee; C.
Hence

UnA\|JcCc ﬁ G(UiﬂAi\ U o).

ceC k=1i=k CeC;
This implies for any k£ > 1
- 1
pUNANJO) <) uUinAi\ | €) < 5=
ceC i=k CceC;

We let kK — oo. O
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2. HAUSDORFF MEASURES

In this section, we introduce Hausdorff measures, a class of lower dimensional measures
on R™, which allow us to measure certain very small subsets of R™.

Definition 2.1. Let A C R™ be a nonempty subset and s € [0, c0).
(i) For any ¢ € (0, 00], define

H5(A) = inf { Zw(s)(dlaglcj)s; AC U Cj,diamC; < 5},
Jj=1 j=1
where
7.‘_5/2
(.U(S) = m, fOI' S € [0, OO),
and

I'(s) = / e "2 ldx, for s € (0,00).
0

Note that I'(s) is the usual gamma function for s € (0, 00).
(ii) Define
H*(A) = lim H5(A) = sup H3(A).
6—0 §>0
We call H® the s-dimensional Hausdorff measure on R™.

For the empty set, we simply define H;(0) = 0 for any 6 > 0 and H*()) = 0.
Note that w(s) is the volume of the unit ball in R?® if s is a positive integer.

Remark 2.2. For 6 > ¢, H3(A) < H3(A). Hence H3(-) is a monotone decreasing
function of 0 € (0, cc]. In particular, we have for any subset A C R", 6 >0 and s >0

H2(A) =2 H3(A) = H(A).

We note that it is necessary to require § — 0 in order to force the coverings to follow
the local geometry of the set A.

Observe that
L"(By(x)) = w(n)r",
for any balls B,.(z) C R™. Later on, we will prove that, if s is an integer, H® agrees with
the ordinary s-dimensional surface area on nice sets. This is the reason to include the
normalizing constant w(s) in the definition.

Theorem 2.3. For any s € [0,00), H® is a Borel reqular measure on R™.

Proof. (i) H® is a measure, i.e., for any {A4;}3°, C R",
H(JA) <D HA(A).
i=1 i=1
By the definition of H3 for 4 > 0, we easily have

Hy(\J A < Y H3(A.
=1 =1
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Then take limit § — 0.
(ii) H® is a Borel measure. We will prove
H(AUB) =H*(A) + H*(B),
for any Borel sets A, B C R™ with dist(A, B) > 0. It is easy to prove by the definition
that
H5(AU B) = H5(A) + H5(B),
if dist(A, B) > 36. Then letting § — 0T, we obtain the desired result.
(iii) H?® is Borel regular. We need to show that, for any A C R"™ with H*(A) < oo,
there exists a Borel set B D A such that H*(A) = H*(B).
Note that diamC = diamC for any subset C' C R™. Hence,

d C
= inf { Z 1am AC U Cj,diamC; <6, C) closed}
7j=1
Since H*(A) < oo, H§(A) < oo for any § > 0. For each k > 1, take closed sets {C’f};’;l
so that dlaka <1/k, ACU C’k and

© dlaka

Zws

Let A = us2 C’k and B = N2 ® Ai. Then B is Borel and A C B, since A C Ay, for each
k. Furthermore

2)° <H(A) +

> dlaka 1
B < <H5(A —-.
Zw S ) ~ H%( ) + L
Letting k — oo, we have H*(B) < HS(A). With A C B, we get H*(A) = H*(B). O

Theorem 2.4. (i) H° is the counting measure.
(ii) H* =0 on R™ for any s > n.
(11i) H¥(AA) = XNH*(A) for any A > 0.
(iv) H*(L(A)) = H*(A) for any affine isometries L : R™ — R™.

Proof. (iii) and (iv) are trivial. For (i), we note that w(0) = 1 and H%({a}) = 1 for any
a € R™.

For (ii), we need to prove H*(Q) = 0 for any unit cube @ C R". Fix an integer m > 1.
Then the unit cube @ can be decomposed into m™ cubes with the side length 1/m and
the diameter /n/m. Therefore,

3\3

i w(s)ns/2mnfsj

and the last term goes to zero as m — oo if s > n. Hence H*(Q) = 0, and H*(R")
0.

ol

The next result yields an easy method to prove that a set has a zero measure.

Lemma 2.5. Suppose A C R™ and H3(A) =0 for a § € (0,00]. Then H*(A) = 0.
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Proof. We will show H*(A) = 0 if H3,(A) = 0. It is obvious for s = 0. We consider
s> 0.

For any € > 0, there exists a collection of sets {C;}32; such that A C U72,C; and

dlamC
Z w § €.
7=1

In particular, for each j > 1,

diamC; < 2( (68))1/8 = 0(e).
w
Hence
Since d(e) — 0 as € — 0, then H*(A) = 0. O

The next result asserts that, for any subset A C R"™, there is only one possible s > 0
such that H*(A) is meaningful.

Lemma 2.6. Let ACR" and 0 < s <t < o0.
(i) If H*(A) < oo, then H!(A) = 0.
(ii) If HY(A) > 0, then H*(A) = oo.

Proof. We only need to prove (i), as (ii) follows from (i).
Consider A C R™ with H*(A) < oo. For any § > 0, there exists a collection of sets
{C;}52, such that diamCj <6, A C U52,C; and

Zw dlamc )* < HI(A)+1 < HY(A) +1.
7j=1

Then, we obtain

> diamC
Hi(4) < () (D)

j=1

Cwt) e dlamC’

= w(s)2 Zw )’ (diamC;)"~

< 0 gomtsis (o) 4 1).

~ w(s)

By letting 6 — 0, we have H!(A4) = 0. O

Definition 2.7. The Hausdorff dimension of a set A C R™ is defined by
dimy (A) = inf{s € [0, 00); H*(A) = 0}.

Note that dimy(A) < n by Theorem 2.4(ii). By setting s = dimy/(A), we have
HY(A) = 0 for any t > s and H'(A) = oo for any ¢t < s. We note that H*(A) may be
any number between 0 and oo inclusive. Furthermore, dimy(A) need not be an integer.
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Even if dimy(A) = k is an integer and 0 < H*(A) < 0o, A need not be a k-dimensional
surface in any sense.

Example 2.8. The Cantor set in R.
For any closed interval J = [a,b] on R and any ¢ € (2,00), we define

b—a]u[b_b;a

o(J) =[a,a+ ,b].

We have the following important identity

log 2
|J]| g |S] or m Tog
Sed(J)

m

J
In fact, the right side expression is 2|tm. Hence 2 = t™. We begin with
HO = [07 1]7
and set inductively for j =1,2,--- |
H; = U{@(J), J e ijl}-
Then we define the Cantor set by

Cy=()H;.
=0
It can be checked that log 2
. _log
dimy (Cy) =m = logt’
and (m)
w

Note that C3 is the Cantor set studied in real analysis.

In the rest of this section, we prove that H" agrees with L™ on R". First we prove the
following Isodiametric Inequality by the Steiner symmetrization.

Theorem 2.9. For any A C R",
n diamA .
LM(A) < w(n)( 5 )"

Proof. Without loss of generality, we assume A is closed and diamA < oco. Taking a unit
vector e in R™, we write

R" = Rg_l @ {e},
where R?~! is the orthogonal space of e in R™. Denote by 2 = P.(A) the projection of
A to R27L. Then define

2h(z) = LY(ANL,) for any z € Q,
where L, is the line passing through « in the direction e. Set
So(A) = {(z,y) e R x Ryz € Q, |y| < h(x)}.
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It is easy to check by the Fubini Theorem that
(i) h(zx) is a measurable function;
(ii) 2 [ h(z)dx = L™(A).
Now we claim that diam(Se(A)) <diam(A). In fact, we prove

dlam(Se(A)) = sup \/(x _ 1”)2 + (h(x) + h({E’))Q

z,x' €N

< sup diam((Ly N A) U (Ly N A)).

2 €9
Set
a=inf(LyNA), b=sup(L, N A),
a' =inf(Ly N A), b =sup(Ly NA).

Assume b—a’ > b’ — a without loss of generality. Since b’ —a’ > 2h(z’) and b—a > 2h(x)
by the definition of h, we have

diam((Ly N A) U (Ly N A")) > Vg =22+ [b—d|?
> \/]m 2|2+ (h(z') + h(x))Q.

This finishes the proof of the claim.
Next, take an orthogonal basis {e1,- - ,e,} of R and set

A* =S, 0---08.(4).

Then, diam(A*) < diam(A) and L"(A*) = L"(A). It is clear that A* is symmetric with
respect to e, --- ,e,. Hence A* is symmetric with respect to the origin. Thus z € A*
implies —z € A*. So for any z € A*, we have 2|z| < diamA*, or x € Bgjama-/2(0). This
implies

A* C BdiamA*/Q(O)'
Then

L(A) = L7(AY) < w(n)(diar;A*)" < w(n) (@ Ay

This finishes the proof. O

Theorem 2.10. H" = L™ on R".

Proof. (i) We first show L"(A) < H"™(A) for any A C R™. For any § > 0, consider any
collection of sets {C;}52; such that A C U32,C; and diamCj < §. Then by Theorem
2.9, we have

| A

H22 e

Taking the infimum, we have E”(A) < H3(A), and thus L"(A) < H"(A).

Zn:w dlamC) .
1

Jj=
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(ii) We prove that H™ is absolutely continuous with respect to £™. To this end, we
first observe that for any 6 > 0 and A C R",

d o0
) < mf{z 1amQ] "AC U Qj, Q; are cubes, diam@; < §}.

J=1

For each cube Q) C R"™, we have
w(n)( )" =C(m)L(Q),

where C(n) = 27"w(n)v/n". Hence by the definition of Lebesgue measure,
Hi(A) < C(n)L"(A),

diam@)
2

or
H'(A) < C(n)L"(A).
(iii) We prove that H"(A) < L™(A) for any A C R"™. For any € > 0 and 6 > 0, there
exists a collection of cubes {Q); };’;’1 such that diam@; <4, A C Uj2,Q); and

S LMQy) < £7(A) + ¢

j=1
For each cube Q;, choose disjoint balls {B}}?° | C @; such that diamB] < & and £™(Q;\
> orey Bi) = 0. Then by (ii), H"(Q; \ Y_peq Bi) = 0. Hence we obtain

H3(4) < Z zczzszzﬂm S5 ) (e
i=1 i=1 k=1

1=1 k=

< Zkz = Z;L”(Qi) < LM(A) + e

This finishes the proof. O

3. DENSITIES

In this section, we discuss densities for Hausdorff measures. We first define densities
for general measures.

Definition 3.1. Let u be a measure on a metric space X. For any subset A C X and
any point € X, the s-dimensional upper and lower densities of x in A in the measure
w, O (u| A, z) and ©%(u| A, x), are defined, respectively, by

N L 1
0" (ulA,z) = hr:ljélp w(s)rsM(A N B, (z)),
and
O5(u|A,z) =liminf ——p(AN By (z)).

r—0 w(S)TS
The s-dimensional density ©%(u|A,z) is defined as the common value if ©*%(u| A, x)
= 05(p4,2).
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It is easy to see that we may use closed balls in the above definition.

13

Remark 3.2. When p = H?®, we write ©*(A,x), O5(A,z) and ©°(A,z) instead of
O*(H| A, x), O5(H?|A,z) and O°(H*|A,x). It is easy to show that ©*(A,z) and

O3 (A, z) are Borel functions of z € R™ if A C R" is Borel.

We first examine the densities of points in L™-measurable subsets of R™.
Lebesgue differentiation theorem, we have for an L£™-integral function f

) 1
ti e =15

for £"-almost all x € R”. For any £"-measurable subset A of R", by taking f =

obtain

I
r0 w(n)rr

L"(AN B, (z)) = x(z),
for £™-almost all z € R™. Hence we conclude the following result.
Lemma 3.3. Let A be an L™-measurable subset of R™. Then

SRR i
Now we prove some results concerning densities of Hausdorff measures.
Theorem 3.4. Suppose E C R" is H*-measurable with H*(E) < co. Then
O%(E,z) =0 for H®-almost all z € R" \ E.

Proof. We assume that F is a Borel set. Fix a t > 0 and define

Ay = {x € R"\ FE;limsup

msup s (B (2) (1 B) > 1),

We prove that H*(A;) = 0 for each ¢ > 0.

By the

XA, We

Note that H®| F is a Radon measure. For any € > 0, there exists a compact set K C F

such that
H(E\K)<e.
Consider the open set U = R"™ \ K. We have A; C U. Fix a 6 > 0 and consider
1 -

B = {B,(z); By(z) C U,r € (0,96), H*(By(z) N E) > t}.

w(s)rs

Then B is a fine cover of A;. By Corollary 1.7, there exists a countable disjoint family

of balls {By, (z;)}2; in B such that

A C U BSri(fEi)'
=1
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Then, we have

Mg

Hio(4) < Y wls)(5r)* < = S W (Br ) 1 B)
=1

1

< —H* (UOE):%HS(E\K)S%E.

(S S
| <

Letting § — 0, we have H*(4;) < 5°t"le. Thus H*(A;) = 0 for any ¢ > 0. O
Theorem 3.5. Suppose that E C R™ is H*-measurable with H*(E) < co. Then
©*(E,x) <1 for H®-almost all x € E.

Proof. We assume FE is a Borel set. Fix € > 0 and t > 1, and define

= {z € E; hmsup —H*(B,(z B,(z)NE) >t}

w(s )

Since H®| E' is a Radon measure, there exists an open set U containing E; with
H(UNE) <H(E) +e.
Define

B = {B,(x); B,(x) C U,r € (0,6), ——H*(B.(x) N E) > t}.

w(s )

Then B is a fine cover of F;. By Corollary 1.7, there exists a countable disjoint family of
balls {B,, (z;)}32, in B such that

E; C U B, (z;) U Bs,, (),
=1 i=k+1

for each £k =1,2,--- . Then

B

Hios(Et) S )ri + Z )(57)°

IN
[

k 00
1 5% —_
(B, (z;) N E) + H*(B,,(z:) N E
; ( Z( ) t z;-i-l ( ) )

1 59 R
< -HUNE)+—H( |J Br(x:)NE),
t t ,
i=k+1
for any £ =1,2,---. By taking k — 0o, we obtain

Tos(Er) < HS(U NE) < (Hs(Et) + e).

Letting § — 0 and then € — 0, we have
HP(Ey) < —H°(EY).

1
t
*(Ey) = 0 for each ¢t > 1. O

Since H*(E;) < H*(FE) < oo, this implies H
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Theorem 3.6. Suppose that E C R"™ is H*-measurable. Then
1
O (HL | E, ) > 2 for H?-almost all x € E.

Proof. Fix a t € (0,1) and define

1 — t
Ay = E; i 5 (B E — I
= {z € E; 11:1jélp W(S)TSHOO( (z)NE) < 25}
We prove H*(A:) = 0. For each positive integer j, define
e t 1

Then Bj C Bj11 and Ay = Uj2, B;. We prove H*(B;) = 0 for each j = 1,2,--- . For any
§ < 1/j, consider an arbitrary collection of subsets {C;} C R" such that B; C U2, C;,
B; N C; # 0 and diamC; < §. Then for each i, there exists an « € B; N C; such that

Hg(Cz N Bj) = Hgo(CZ N Bj) <HZ (BdiamCi(x) n Bj)
diamCi)s
2 )

where the first identity follows from the definition of Hausdorff measures and the fact
that diamC; < 6. Then, we have

< %w(s)(diamCi)s = tw(s)(

H3(Bj) < ZHE(Q N B;) < tw(s) Z (dia;nci)s'

i=1 i=1

By taking the infimum of all such covers {C;} of Bj, we have
H5(Bj) < tH3(Bj)-
This implies H3(Bj) = 0 for any § < 1/j, and hence H*(B;) = 0. O

4. LIPSCHITZ FUNCTIONS
In this section, we discuss the differentiability of Lipschitz functions.

Definition 4.1. Let A C R™ be a subset.
(i) A function f: A — R"™ is Lipschitz if

(4.1) F@) = FW) < Cla —y| for any o,y € A,

for a constant C. The smallest constant C' such that (4.1) holds for any z,y € A is
denoted by
: fx) — f(y
Lip(f) = sup {W;x,y €Az #y}.
(ii) A function f: A — R™ is locally Lipschitz if f is Lipschitz in any compact subset
K c A.

Our next result is fairly straightforward.
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Lemma 4.2. Let f: R™ — R™ be Lipschitz, A C R™ and 0 < s < co. Then
H*(£(A)) < (Lip(f)) M (A).

We will prove in the next section that f(A) is H™-measurable in R™ if A is £™-
measurable in R™.

Now, we discuss extensions of Lipschitz functions. We have the following result due
to Kirszbraun.

Theorem 4.3. If i4 is a subset in R™ anAd f:A— R"is Lipschz;tz, then there is a
Lipschitz function f:R™ — R™ such that f = f on A and that Lip(f) =Lip(f).

We first prove Theorem 4.3 for n = 1.
Proof for n = 1. Consider f : A — R. Define

flz) = igg{f(a) + Lipf|z —a|} for any z € R™.

Since f(a) 4 Lipf - |[b — a| > f(b) for any a,b € A, it follows that f is real-valued and
fla= f. Furthermore, for any z,y € R™, we have

A~

f(a) < inf {£(a) + Linf(ly — al + |z — y])}

= f(y) + Lipflz — |,

i.e.,

f) < f(y) + Lipflz -y,
and similarly
f(y) < f(2) + Lipflz —y].
Hence, |f(z) — f(y)| < Lipf|z — y| for any z,y € R™. O

If we apply the result we just proved to the general case f : A — R", we get an
extension f : R™ — R" such that f = f on A and that Lip(f) < \/nLip(f). This does
not yield Theorem 4.3.

In order to prove Theorem 4.3, we need the following lemma.

Lemma 4.4. Suppose P is a nonempty compact subset in R™ x {r € R;r € (0,00)} and,
for any t € [0,00), set

Y: = {y € R™;y € By(a) for any (a,r) € P}.
Then ¢ = inf{t;Y; # 0} < oo, Y. consists of a single point b, and b belongs to the convex
hull of
Q={aeR"(a,r) € P and b € OB,c(a) for some r}.

It is convenient here to identify P as a collection of closed balls {B,(a)}.
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Proof. We note that each Y; is compact and 0 € Y; for any ¢ > sup{|a|/7; (a,r) € P}.
We see that Y. = N{Y};t € (¢,00)} is not empty, as Y; decreases with respect to t. We
define

w=sup{r € R;(a,r) € P for some a}.
If y, z € Y., we then have for any (a,r) € P

1 2 1
5w +2)—al =1|y+ZI2+Ia!2—(y+Z)'a
1 1 1

s R M N LR

2.2

1 2 2 1 2 r? 2
=5(ly—al +1z—al*) = gly— 2" <r’c —472|y—2| :

Thus (y + 2)/2 € Y; with t = \/c2 — |y — 2|2/(4p2). This implies y = 2. We henceforth
assume Y, = {0}, by a translation in R™.

We take any u € R™ with |u| = 1. Then € > 0 implies eu ¢ Y.. Hence there exists
(a,r) € P with

la* < r?c? < |eu —a* = €% + |af* — 2eu - a.

We note that (a,r) depends on €. Since P is compact, then there exists an (a,r) € P
such that |a| = rc and u - @ < 0. Hence, there exists an a € Q such that v -a < 0. Thus
no (m — 1)-dimensional plane separates 0 for the compact set 2. O

Now we are ready to prove Theorem 4.3.

Proof of Theorem 4.3. We assume Lip(f) = 1 and consider the class A of all those Lip-
schitz extensions of f which map some subset of R™ into R™ and have the Lipschitz
constant 1. By Hausdorff’s maximal principle, A has a maximal (with respect to inclu-
sion) element g : T'— R™, where T is a subset of R™.

We will show that if p € R™ \ T there would exist ¢ € R with

lg —g(x)] < |p— x| whenever z € T.

Then we may extend ¢ to g by defining g(p) = ¢. Obviously, g € A, and hence g would
not be maximal in A. Thus we must prove that

() Blo—pl(9(x)) #0.
zeT
Since these balls are compact, it suffices to verify that
ﬂ B\:v—p\ (g(ZL‘)) 7& (Da
zeF
for every finite subset F' of T'. For this purpose, we apply Lemma 4.4 with

P ={(g(z), |z —pl|);z € F}.
We choose distinct points x1,--- ,x; € F and positive numbers Ay, ---,\; such that
g(;) € Q,
|b—g(zi)| = |z; —plc fori=1,--- kK,
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and

k
b=>> Nglw), 1=\,
=1 L

where 2 and b are as defined in Lemma 4.4. With the identity 2u-v = |u|?+|v|? - |[u—v]|?,
we obtain

k k
0=2 >~ Ni(g(@i) = )" =23 Adi(gs) —b) - (g(x) — b)
=1

ij=1
k
= > A (lg(ei) — b7 + lg(j) = b* — lg(:) — g(z)[)
ij=1

k
> Z i (02|:1:Z~ — p|2 + 02\%‘ —P|2 — |z — xj|2)
3,j=1

k
= > AN (2@ —p) - ez —p) + (¢ = D)|ai — )
ij—1

k k
:2‘62)\1(1'1 —p)‘Q + (02 - 1) Z >\2)\]|-Tz - $]”2.
i=1 1,7=1

Hence either £k = 1 and ¢ = 0 (because p # x1 € T), or k > 1 and ¢ < 1. We conclude
that ¢ <1, and hence |g(z;) — b < |x; —p| forany i =1,--- | k. 0

Next, we prove a theorem of Rademacher concerning the differentiability of Lipschitz
functions on Euclidean spaces.

Theorem 4.5. Let f : R™ — R" be a locally Lipschitz function. Then f is differ-
entiable L™ -almost everywhere in R™, i.e., for L™-almost every x € R™, Df(x) =
(O1f(x), -+ ,0mf(x)) exists and

lim —— (f(y) — f(x) - Df(x) - (y — z)) = 0.

y=e |y — x|
Proof. We assume n = 1 and f is Lipschitz. Fix a vector v € R™ with |v| = 1, and define
1
Opf(z) = 7Pn%;(f(ar: +tv) — f(z)) for any z € R™,
if this limit exists. We define 9, f and 9, f similarly with lim replaced by limsup and

lim inf.
Claim 1. For each v € R™ with |v| =1, 0, f(z) exists for £L™-almost all x € R™.



GEOMETRIC MEASURE THEORY 19

To prove this, we first note that d,f and 9,f are Borel functions, since, by the
continuity of f,

Oy f(z) = limsup%(f(:n—l—tv) — f(x))

t—0

= lim sup 1(f(:v +tv) — f(z))

k—oo _ % <t< % ,t rational

is a Borel function, and so is

0, f(z) = liminf%(f(x+tv) — f(2)).

t—0
Thus the set
B, = {x € R™; 9, f(x) does not exist}
={z € R"™;0,f(z) < duf(x)}
is Borel measurable.

Now for each z,v € R™, with |v| = 1, define ¢ : R — R by ¢(t) = f(z + tv). Then ¢
is Lipschitz, thus absolutely continuous. Hence ¢ is differentiable £!-almost everywhere.
This implies

HY(B,NL)=0,
for each line L parallel to v. Then the Fubini Theorem yields
L™(By) = 0.

As a consequence, we see that

exists for £™-almost all z € R™. This finishes the proof of Claim 1.
Claim 2. For each v € R™ with |v| =1, 0, f(x) = v- D f(x) for L™-almost all z € R™.
To see this, we take an arbitrary test function £ € C§°(R™). Then

| Ut - f@)sade == [ f@)(¢le) € - ) do.
m Rm
Let t = % in the above equality for £ = 1,2, ---, and note that

[B(F(+ 10) — f(2))| < Lin(f)lv| = Lipf.

Thus the Dominated Convergence Theorem implies

0. (@)éado =~ [ fla)og(o)da

-

= — Z v;
=1

— [ o Df@g)is,

Rm

f@dig@)de =3 v | Oif(@)E(a)de
=1
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where we used the Fubini theorem and the absolute continuity of f on lines. This implies
Claim 2.
Now choose a countable dense subset {v}%2, of S™~1. Set

A ={x € R™;0,, f(x), Df(x) exist and 0y, f(x) = vi - Df(x)},

and define A = N2, Ay. Then L7 (R™\ A) =0, 0y, f(x) = vt - Df(x) for any x € A and
k=1,2,---.

Claim 3. f is differentiable at each point x € A.

Fix an 2 € A. For any v € S™ ! and t € R with ¢ # 0, define

Qe v,1) = 7 (7 + 1) — (&) —v- Df(@).
Then for any v € S™~!, we have
Q. v, 1)~ Q(a, o/, 1)
<|3 (F + 1) = f(z 4+ 0)| + (0 ~ ') - DS ()
<Lip(f)[v — v/| + [Dfl|o ~
<(vm + 1)Lipflv — v'|.

By the compactness of S™ !, for any ¢ > 0, choose N large enough so that, for any
v € S™! there exists a k € {1,2,---, N} satisfying

v —vg| <

€
~ 2(y/m+ 1)Lipf~
Hence
}iH(l)Q(:I},'l}k,t) =0 forany k=1,2,---,N,
and there exists a ¢ > 0 so that
|Q(x, vk, )| < % for any 0 < [t| < § and k =1,2,---, N.

Thus for each v € S !, there exists a k € {1,2,---, N} such that

|Q($,U,t>| < |Q($,Uk,t)| + |Q(£L',U,t) - Q($7Uk7t)’ <€,
if 0 < |[t| < §. Note that the same § > 0 works for all v € S™~ 1.
Now for any y € R™ with y # z, we write v = (y — z)/|y — z|, so that y = x + tv with
t = |y — x|. Then

fy) = f@) = Df(x) - (y —z) = flz+tv) - f(z) —tv- Df(x)
=ly —2|Q(z, v, |y —z|) = o(lx —y[) asy— .
Hence f is differentiable at x. O

Now, we state the following C'' approximation result.

Theorem 4.6. Suppose f : R™ — R is Lipschitz. Then for any € > 0, there exists a C'
function g : R™ — R such that

L7 ({x € R™: f(z) # g(x)} U{z € R™: Df(x) # Dg(a)}) <.
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We skip the proof as it is quite complicated.

5. AREA AND COAREA FORMULAE

In this section, we discuss the area formula and coarea formula for Lipschitz functions
on Euclidean spaces. We first need a result on polar decompositions from the linear
algebra.

Lemma 5.1. Let L : R™ — R" be a linear map.

(i) If m < n, then there exist a symmetric map S : R"™ — R™ and an orthogonal map
O :R"™ — R" such that L=0o0 S.

(ii) If m > n, then there exist a symmetric map S : R™ — R™ and an orthogonal map
O :R™ — R" such that L =50 O.

For case (i), Theorem 5.1 asserts that a linear map can be decomposed as a composition
of a dilation S and an orthogonal injection O. A similar interpretation is immediate for
case (ii).

Proof. We need only prove (i). For (ii), we simply consider the adjoint map L* : R" —
R™ and apply (i).

Let A = L*oL. Then A is a symmetric nonnegative definite matrix. Let p1 -+, ptmy, > 0
be the set of eigenvalues and eq, - - - , e, be a set of corresponding orthonormal eigenvec-
tors, i.e., Aey = pgey, k= 1,---,m. Furthermore, let \; = |/fij and z; = L(e;/);) for
Aj # 0. It is easy to see that < zj,2 >= 0y for any k and [ with Ay # 0 and A; # 0.
Note that {z;} is defined only for j with A; # 0. Supplement those z; by unit vectors
such that {z;}7"; forms an orthonormal set. Define S : R™ — R™ by Se; = Aje; and
define O : R"™ — R" by Oe; = zj, j = 1,--- ,m. Then it is easy to check L =00 S. [

We define the Jacobian of L : R™ — R" by
[[L]] = |det.S].
It is easy to see that

(L] = { det(L*L), m <mn,

Vdet(LL*), n <m.

Hence [[L]] is independent of the decomposition in Lemma 5.1. Obviously, [[L]] = 0 if
rank(L) < min{m,n}. By the Cauchy-Binet formula, we can calculate the Jacobian of
L:R™ — R" m <n, by

L= > (det(Pyo L)),
AEA(n,m)

where A(n,m) is the (n, m)-permutation group and P) is the orthogonal projection to
the appropriate m-dimensional subspace in R"™.

Remark 5.2. Let L, Ly : R™ — R be linear maps and ¢ > 0. If |Ljv| < t|Lov| for any
v € R™, then [[L;]] < ¢™][[L2]]. Such a simple fact will be employed frequently.
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Now we introduce the Jacobian of differentiable maps. Suppose f: A C R™ — R" is
a map differentiable at x € A. We define the Jacobian of f at x by

Jf(x) = [[Df()]].
Sometimes, in order to emphasize the maximal possible rank, we denote the Jacobian
by Jpnf(z) for m < n and J, f(x) if m > n.
Let f: R™ — R” be a Lipschitz map and A be an £"-measurable subset of R™. We
intend to calculate

/ Jf(x)dL™(x).
A
We will derive the area formula and the coarea formula for m < n and m > n respectively.

We first state state the area formula.

Theorem 5.3. Let f : R™ — R™ be a Lipschitz map and m < n. Then for any L™-
measurable set A C R™,

[ mityia = [ H0(an £ w)an )
A R

In particular, if f is one-to-one on A, then
/A Jnf(@)dz = H™ (F(4)).

We note that the integral in the right hand side of the first formula is over f(A). We
will prove that it is an H™-measurable set of R™.
To prove Theorem 5.3, we need three preliminary lemmas.

Lemma 5.4. Suppose L : R™ — R" is linear, m < n. Then H"™(L(A)) = [[L]]L™(A).

Proof. By Lemma 5.1, we have L = O o S, where § : R™ — R™ is symmetric and
O : R™ — R" is orthogonal. Then

H™(L(A)) = H™ (0 0 S(4)) = H™(S(4)) = [detS|L™ (4) = (L]} £™(A).
O

Lemma 5.5. Let f : R™ — R" be Lipschitz, m < n. If A CR™ is L™-measurable, then
(i) f(A) is an H™-measurable subset of R";
(ii) the function y— H°(AN f~1(y)) is H™-measurable on R";
(iii) Jgn HO(f7H(y) N A)dH™ (y) < (Lipf)™L™(A).

Proof. Without loss of generality, we assume that A is bounded. Otherwise, we simply
decompose it into a countable union of bounded sets.

(i) Fori =1,2,--- , we choose a sequence of compact sets K; C A such that L™ (K;) >
L"™(A) — 1/i. Since f is continuous, f(K;) is compact, which implies f(K;) is H™-
measurable, and so is their countable union U, f(K;) = f(U2, K;). Then, we have

A)\f(UKn)gHm A\UK LlpfmﬁmA\UK
=1

i=1
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This implies that f(A) is H™-measurable.

(ii) We first decompose R™ into a set of pairwise disjoint small cubes. For any integer
k>1,let By = {Q;Q = (a1, b1] X - - - X (@, bn]}, where a; = n; /2%, b; = (n; +1)/2F, n;’s
are integers. Note that any element of By is a subset of some element of By. Obviously,
R™ = Ugep, Q- Define

9= Y Xfang) nR™
QeBy

Then by (i), gr is an H™-measurable function in R™ for any k. Note that gx(y) is the
number of cubes Q € By, such that f~!(y) N AN Q is nonempty. Therefore, g increases
monotonically to H(f~*(y) N A) as k — oo. By the Monotone Convergence Theorem,
HO(f~1(y) N A) is also an H™-measurable function on R".

(iii) We first note that the result of (iii) is sharper than Lemma 4.2 for s = m. Let gy
be the functions defined in (ii). Then, by the Monotone Convergence Theorem, we have

HO(fHy) N A)dH™ (y) = lim [ gi(y)dH™(y)

R™ k—oo Jpn
= lim Y H"(f(ANQ)) < lim Y (Lipf)"L™(@QN A)
QEBy QEBy;
=(Lipf)"L™(A).
This finishes the proof. O

Lemma 5.6. Let f: R"™ — R™ be Lipschitz, m <n, t>1 and
R ={x; Df(x) exists and Jp f(z) > 0}.
Then there is a countable collection {Ey}72, of Borel sets of R™ such that
(i) R = U2, Ex;
(i) f |E, is one-to-one;

(iii) for each k = 1,2,-- -, there is a symmetric nonsingular linear map Ty, : R™ — R™
such that

Lip(f |g, T ") < t, Lip(Ty o (f |g,)"") <t,
and
t_1|Tkv| <|Df(p)-v| <t|Txv| for anyp € E, v eR™,
™" detTy| < (I f) |E, < t|detTy].

Lemma 5.6 asserts that f can be locally approximated by a nonsingular symmetric
linear map as close as we wish.

1
Proof. We fix a small € > 0 so that € satisfies — + € <1 <t —¢€. Let C be a countable

dense subset of R and let S be a countable dense subset of symmetric nonsingular linear
maps of R™. Then we define, for each c€ C, T € S,i=1,2,---, a set E(c,T,i) to be
all b € RN By y;(c) satisfying

1
(5.1) (z +e)|Tv| < |Df(b) -v| < (t —€)|Tv| for any v € R™,
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and
(5.2) |f(a) — f(b) — Df(b) - (a—b)| <e€lT(a—10b)| foranyac B%(b).

Note that for any b € R, we have D f(b) = O o S, for an orthogonal map O : R™ — R"
and a nonsingular symmetric map S on R™, and hence

[f(a) = f(b) = Df(b) - (a = b)| < €[S(a—D)],

if |a — b| is small. Since S is dense in the set of all symmetric nonsingular maps, we can
replace S by a T' € S so that (5.1) and (5.2) are satisfied. Thus b € E(c,T),4) for some
c,T,1.

Also note that E(c,T,1) is a Borel set since Df is Borel measurable. By (5.1) and
(5.2), we have

HT(a—b) < |f(a) ~ O] < HT(a D),

for any b € E(c,T,i) and a € By/;(b). This shows in particular that f is one-to-one on
E(c,T,i). By (5.1), we have

1
E|TU‘ < |Df(b)-v| <t|Tv| for any v € R™,

and hence
t7"detT| < Jyp f(b) < t™|detT,
for any b € E(c,T,i). We relabel E(c, T, i) as {E}72, and this concludes the proof. [J

Now we are ready to prove Theorem 5.3.

Proof of Theorem 5.3. Since Df exists almost everywhere, by Lemma 5.5 (iii), we as-
sume that D f exists for all x € A.

Case 1. Suppose A C {Jf(z) > 0}.

Fix a t > 1 and choose Borel sets {£;}2°, as in Lemma 5.6. We assume that all of E;
are pairwise disjoint. For each fixed integer k > 1, we define B as in Lemma 5.5 and
set F]’ =E;NQiNA, Q; € By. Then {Fj’} is disjoint and A = Ui’ij.

We claim that

(5.3) dm 37 W (FED) = [ H @) n A ).
i,7=1

To prove this, let g, = >, i X p(riy in R™. Then g is H™-measurable by Lemma 5.5 and
’ J

gk (y) is the number of sets {F;} such that FjZ N f~1(y) # 0 for any y € R™. Thus gx(y)
converges to H°(f~'(y) N A) monotonically. By applying the Monotone Convergence
Theorem, we obtain (5.3).
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Next, we have by Lemma 5.6
R (f(F))) = H"™(f |, oT; " o T3(F}))
< (Lip(f |5, oT; 1)) " H™ (T;(F}))
< HT(T5(F))) = t™|det Ty L™ (F))

< ¢2m / I f(x)dx
Fi
J

< t3m/ |detT}|da < t°™|detT;| L™ (F]})
Fi
J

< #mygm (f(FY)).

Thus by dividing by t*™ and summing over i and j, we obtain

CSIHHED) < [ Juf(e)ds <SS (HE)).
0. 0.
By taking ¢ — 1, we conclude the Case 1.

Case 2. Suppose A C {J,,f(x) = 0}.

Fix an € > 0. Define g : R™ — R" x R™ by g(z) = (f(x),ex) and P : R" x R™ — R"
by the projection P(y,z) =y for any (y,z) € R™ x R™. We then have f(x) = P o g(x).
We can check easily that 0 < J,,g(x) < Ce on A, for a constant C. Since LipP = 1, we
have by Case 1,

H™(F(A)) < H™(9(A)) < / HO(AN g~ (y, 2))dH™(y, 2)

Rm+n
= / Img(x)dr < CeL™(A) — 0 ase— 0.
A

Thus we obtain by letting € — 0,
H™ (f(4)) =0,
and hence

/ HO(AN f(y))dH™ (y) = / HO (AN f7H(y))dH™ (y) = 0.
. 74

Theorem 5.3 now is obtained by combining Cases 1 and 2. O

Corollary 5.7. Suppose f : R™ — R"™ is Lipschitz and m < n. For every L™ -measurable
set A, there exists a Borel set

Bc{x e A;J,f(z) >0}
such that f|p is one-to-one and H™(f(A)\ f(B)) = 0.

Proof. In case L™(A) =0, we take B = ().
In case A is a Borel set, we use Lemma 5.6 to obtain Borel sets E; such that f|g, is
one-to-one for 1 =1,2,---, and

P={zeAJ,f(x) >0} C U2 E,.
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By setting

Fi=PnE\|Jf ' (f(PNEy) fori=12---,
j=1

we conclude by Theorem 5.3 easily that B is Borel, f|p is one-to-one, f(B) = f(P) and
SN SB) SHO(FAVP) < [ gngac <o
This finishes the proof. O

We can also obtain the following change of variable formula.

Theorem 5.8. Let f : R™ — R” be a Lipschitz function, m < n, and let u € L'(R™).
Then

(5.4) / w() I f (2 dx—/ Z z)dH™ (y).

In particular, if f is one-to-one, then
[ w@dnf@de = [ a(rw)d" ).

Proof. We consider the case u > 0. The general case then follows easily.
We first consider a decomposition of u. Define

Ay ={u>1},

and inductively
k=1

—l—Z XA} for k > 1.
]1

=1
U= Z ;XAZ--
=1

Ak:{u 1

We claim

1
In fact, it is easy to see that (i) u > ZfXAj and (ii), for 0 < u(x) < oo and for
J

j=1
—1 1
sufficiently large k, v ¢ Ay implies 0 < u(x) — Z —x4;(z) < T Now the above claim
— J
7=1

follows from (i) and (ii) readily. With this decomposition, we have

/m w(x) Iy f(x)dz = Z % /m XA, Im f(z)dz
—Z / T f (o Z “1(y) N A dH" (y),
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where we used Theorem 5.3 in the last equality. This implies
=1
Z gHO (f 'y n )
i=1

is finite for H™-almost all y € R™. By the claim, it is equal to

zef~1(y)
This finishes the proof. O

In the rest of this section section, we discuss the coarea formula for Lipschitz functions
on Euclidean spaces. We first state the result.

Theorem 5.9. Let f : R"™ — R™ be Lipschitz and m > n. Then for any L™ -measurable
subset A C R™,

/Jnf(x)da::/ H™ (AN 1 (y))dy.
A R

The co-area formula is the generalized version of Fubini Theorem. This can be seen
easily by choosing f to be an orthogonal projection.

Remark 5.10. If we take A = {x € R™;J,f(z) = 0}, the set of critical points, we
obtain for £L™-almost all y € R™,

H™ " ({z € R™; Juf(x) =0} N f7 (y)) =0.
This statement is weaker than the standard Sard Theorem.

Similar to Theorem 5.8, we also have the following change of variable formula for the
coarea formula.

Theorem 5.11. Let f : R™ — R” be a Lipschitz function, m > n, and let u € L*(R™).

Then
/ u(z)Jy f(x)de = / / udH™ "dy.
m mJ )

Now we begin to prove Theorem 5.9. First, we need a few lemmas.

Lemma 5.12. Let L : R™ — R” be a linear map, m > n, and A C R™ be an L™-
measurable subset. Then

(i) the map y — H™ (AN L~Y(y)) is L"-measurable;

(i) fgn H™ (AN L7 (y))dy = [[L]]L™(A).

Proof. We divide the proof into the following three cases.

Case 1. Suppose dimL(R™) < n, i.e., [[L]] = 0. Then AN L~!(y) = 0 and hence
H™ (AN L (y)) = 0 for £"-almost all y € R™. Thus (i) and (ii) are trivial.

Case 2. Suppose L is an orthogonal projection P : R™ — R™. Then, by Fubini
Theorem, y — L™ (AN P~(y)) is L"-measurable and [, L™ (AN P~ (y))dy =
L™(A). So (i) and (ii) are proved for this case.
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Case 3. Suppose L = S o O where O : R™ — R" is an orthogonal projection and
S :R™ — R" is a symmetric nonsingular map as in Lemma 5.1. Then by Case 2 and by
the change of variables, we have

LM(A) = / H™ (AN O (y))dy

= detS™! A H™ ™" (ANO oS (2))dz (where z = Sy)

=detS™' [ H™(ANL(2))dz.
R?’L
This concludes the proof. O
Lemma 5.13. Let f : R™ — R™ be Lipschitz for m > n and A C R™ be an L™-
measurable set. Then

(i) f(A) is an L"-measurable subset of R™;
(ii) the function y — H™ (AN f~1(y)) is L"-measurable on R™;

(ii) /R CHTTMAN £ (y))dy < W(szf)nmm).

Proof. The proof of (i) is the same as in the corresponding case for the area formula in
Lemma 5.5.

Next, we prove that A satisfies (iii) if it satisfies (ii). For each j = 1,2,---, there
is a collection of closed balls {BJ ©, such that A C U2, B/, dlamB] < 1/ J and
S L™(B!) < L™(A) 4 1/j. Define

gi(y) = w(m — n)(%diame )" Xy ).

By (i), gZ is an L™-measurable function on R”, and for any y € R"

Hi" (Anf! Z gl (y
By Fatou’s Lemma and (ii), which we assumed to be true, we obtain

Lomr@an s w)ds= [ dim wr(an £ )y

j—o0
< li f y)dy < 1i f ! (y)d
_/R" bnlégl Zg Y 1]12(1)13 Z/ngz(y)y
= lim inf d B "L (f(B]
im in Z} iamB;)" "L (f(B)))
1 . j\ym—n . n 1 . I\
<h]12£f; )(§d1amBi) (Lipf) w(n)(2d1amBi)

< w(n)w(m —n)

(Lipf)"L™(A),
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where we used the isodiametric inequality

£7(F(B]) < wn) (5iamf(B])"

To prove (ii), we first consider the case when A is compact. For each fix t > 0, we
claim

{y e R, H™ (AN f7Y <t}_ﬂU

where, for each integer i > 1, U;(t) is the collection of those pomts y € R™ such that there
are ﬁnitely many open sets S1_---,S;, ANf1(y) C UézlSj, diam S; < 1/i,5=1,---,1,

1
and Z - (diamS;/2)™ " <t + 7 Since f is continuous, U;(t) is open. This

shows that y — H™ (AN f~Y(y)) is Borel measurable. Now we prove the claim. If
H™(ANf~1(y)) < t, then HY" ™(ANf~!(y)) < tfor any § > 0. Given any integer i > 1,
there exists a collection of sets {S;}32, such that AN iy c U328, diamS; < 1/i
and 72 w(m — n)(diamS;/2)™ " < t + 1/i. Furthermore, we can assume that S; are

open. Since AN f~!(y) is compact, we can choose a finite number of S;. This shows that
Yy € Ui(t), i.e

o0
{y eRMH™™MANf () <t} € (Ult)
i=1
The other inclusion is immediate, and this proves the claim.
Next, we treat the case when A is open. A can be written as a countable union of
compact sets, i.e., A = U2 K; with compact sets K; C K;y1,7=1,2,---. Then

H™ AN y)) = lim B (K0 7 ().

Thus H™ (AN f~1(y)) is Borel measurable on R™.
To show (ii) for the general case, let K; and U; be compact and open sets such that
K; C ACU; and L™(U;\K;) < 1/i. Note (iii) holds for U; \ K;. Then we obtain

[ 0 @in 7 ) = £ )y
= [ (@A) 0 7 )y

<Lelm = n) oy em UK — o,

as ¢ — 00. Since
R E N T () S H (AN T () S H TN (U0 (),
we see that H™ (AN f~1(y)) is a measurable function of y. O

Now we begin to prove Theorem 5.9.
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Proof of Theorem 5.9. First assume that £™(A) < oo and D f(z) exists for each z € A,
since measure zero sets can be ignored by Lemma 5.13(iii).

Case 1. Suppose A C {z € R™; J,, f(x) > 0}.

For a A € A(m,m —n), let Py : R™ — R™ ™ be the orthogonal projection defined by
P(z) = (zx,, -+ ,xx,_,). Then f(x) = qo hy(x), where hy : R™ — R™ is defined by
ha(z) = (f(z), Px(z)) and g : R™ = R™ x R™™" — R" is defined by q(y, z) = y.

Let Ay = {z € A;Jnhx(z) > 0}. Then A = Uyep(mm—n)Ax- So we assume that
A = A, for a A € A(m,m —n) and denote hy by h. Moreover, we assume that h is
one-to-one and |h(z) — h(y)| > c|x — y| for any x,y € A. In fact, by Lemma 5.6, A may
be decomposed into a disjoint union of Borel sets {F}}7°, such that h is one-to-one in
each F} and |h(z) — h(y)| > ¢|z — y| for any @,y € F. So h™! is Lipschitz in h(F}).

We apply Lemma 5.6 to h~! in h(A). For each fixed ¢t > 1, there exists a disjoint
union A = U2, E} and associated symmetric nonsingular linear maps S : R™ — R™,
k=1,2,---, such that

Lip(S; ' oh|g,) <t, Lip((h|g,) ' oSk <t

and
t71S M| < |DhH(y) - v| <t[S; | for any y € h(E}) and v € R™.
Then we have
T EN ST @) dy = | R (B hT o g (y)dy

=L H™ " (h™ " o S o S, (h(Ex) Mg (y)))dy

<gmTn s H™ (S o h(ER) NSy g (y))dy

=t"""[[q 0 S]] L™ (Sk_l o h(Ey)) (by Lemma 5.12(ii))
<t*™"([g o S]]L™ (Ex)

<#m/ I f(z)de,
Ej,
where in the last step we used [[q o Si]] < t"J,, f(z) for any x € Ej. Similarly, we have

H™ " (Ex N f(y))dy > t—2m/ Jnf(2)de.

Rn Ej,

To conclude Case 1, we sum over k and let t — 1.
Case 2. Suppose A C {x € R™; J,, f(x) = 0}. We prove [, H™ " (f~Y(y) N A)dy = 0.
Fix an € > 0 and define
g:R™"xR" = R" by g(z,2) = f(x) + ez,
P:R™ xR" - R" by P(z,2) = z.
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Then we see 0 < Jpg(z,z) < Ce. Apply Case 1 to g in A x B} C R™ x R", where B} is
the unit ball in R™. We get

Ce- LA BY = [ gl )L™z, 2)
AxBm?

= [ A (AxBY g w)dc )
A slight modification of Lemma 5.13 shows that
H™((Ax BY) Ng~'(y))

>c(m,n) /n H™ (A x BY)ng Hy) N P~ (w))dL" (w).

Thus

ceL™(A)L"(BY)
(5.5) /n/nHm "((Ax BY)N g Hy) N P~ w))dLm (w)dL (y),
where

(r,2) € Ax BT, g(x,z) =y, p(z,z) =w,
which is equivalent to # € f~!(y — ew) and w € B}. Hence,

the right side of (5.5)
:C/n /nHm_”(A Nf iy - ew))dﬁ"(w)ﬁ"(y)
:c/n /nHm”(Aﬂ F Ny — ew))dL"(y)dL™ (w)

—cw(n) [ Hm(AN FL) AL ().

R
Letting € — 0, we obtain

[ an s @)det ) <o

Combining cases 1 and 2, we finish the proof. O

6. COUNTABLY RECTIFIABLE SETS

Countably rectifiable sets provide an appropriate notion of generalized submanifolds
in Fuclidean spaces; they are the sets on which rectifiable currents and varifolds live.
Throughout this section, m and n are two positive integers with 1 < m <n — 1.

Definition 6.1. An H™-measurable set & C R™ is countably m-rectifiable if
Ec Eu({fH®rRm),

j=1
where H™(Ep) = 0 and f; : R™ — R" is a Lipschitz function for j =1,2,--- .
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By Theorem 4.3, this is equivalent to

E=Eyu(l£i(4),

j=1
where H™(Ep) = 0 and f; : Aj — R"™ is a Lipschitz function on an £™-measurable subset
A, CR™ G=1,2,--.

Definition 6.2. An H"-measurable set E C R" is purely m-unrectifiable if E' contains
no countably m-rectifiable subsets of positive H"*-measure.

Remark 6.3. It is useful to remark that there is a dichotomy between rectifiable and
purely unrectifiable sets. Precisely speaking, for any H"-measurable subset A C R™, by
using the Hausdorff maximal principle, there holds

A=BUC, BnNnC =10,
where B is countably m-rectifiable and C' is purely m-unrectifiable in R".
Now, we introduce tangent cones. For any p € R”, v € R” and € > 0, we define
X(p,v,e) ={z € R" |r(x — p) — v| < & for some r > 0}.
Note that the requirement on x can be written as r(x — p) — v = ey for some y € By, or

v+e€
r=p-+ . y‘

It is easy to see that X (p,v,¢) is a cone and X (p, sv, se) = X(p,v,¢) for any s > 0.

Definition 6.4. Suppose E is a subset of R™ and p is an arbitrary point in R™. (Note
that p is not necessarily on E.) The tangent cone T,E of E at p is defined by

T,E ={veR"ENX(p,v,e)NB:(p)\ {p} #0 for any € > 0}.
Vectors in T, E' are called tangent vectors of E at p.

Usually, we call T, FE the tangent space if it is a subspace of R™.

Alternatively, tangent vectors can be defined in the following way: v € T,E \ {0} if
and only if there exist z; € E'\ {p} and r; > 0 such that z; — p and r;(x — p) — v. If,
in addition, |v| = 1, we may take r; = ;
|z; — p
Remark 6.5. We observe that

(1) T,E is a closed subset of R™;

(2) T,E is a cone in R", i.e., v € T,E and s € [0,00) imply sv € T,E;

(3) 0 € T,E (or T,E # 0) if and only if p € E.

(4) T,E = T,FE.

Lemma 6.6. Suppose E is a subset of R™ and f : R® — R! is a map differentiable at
p € R™. Then

Df(p)(ToE) C Ty f(E).
Moreover, equality holds if f|g is one-to-one, p € E, (f|g)~! is continuous at f(p), and
Df(p) is a linear homeomorphism mapping R™ onto a subspace of RL.
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Proof. We assume p = 0, f(p) = 0 and write Df(p) = L. For each v € ToFE, there exist
x; € E, r; € (0,00) with z; — 0, r;2; — v as i — co. Hence
La; — f(xi)

|zi]
and Lv € Tof(E). On the other hand, in case the additional hypotheses hold and
w € Tof(E), there exist x; € E, r; € (0,00) with f(xz;) — 0, rif(z;) — w as i — oo.
Hence z; — 0 and

Lv —rif(x;) = L(v — riz;) + |rixi| -

ozl L — f(i)
| f ()] ||

This implies that r;x; converges to some v € R" with Lv = w, and hence v € ToE. 0O

L(rixi) —w = |Tzf(xl)‘

+7rif(x;) —w—0asi— oo.

Of particular interest is the tangent space of an m-dimensional submanifold of R".

Proposition 6.7. Let M C R" be a subset. Then the following statements are equiva-
lent.

(1) For any p € M, there are neighborhoods U of p and V of 0 in R™ and a C*
diffeomorphism f : U — V such that

fUNM)=VnNn(R™x{0}).

(2) For any p € M, there is a neighborhood U of p in R™ and a C* map h : U — R*™™
such that UNM = h=1(0) and h is a submersion at each point of U, i.e., Dh is surjective
at each point of U.

(3) For any p € M, there is a neighborhood U of p in R™, a neighborhood Q of 0 in R™
and a C* map g : Q — R™ such that (Q, g) is a local parametrization of U N M around

p, i.e., g: Q2 — MNU is a homeomorphism and g is an immersion at each point of €2,
i.e., Dg is injective at each point of §2.

The subset M in Proposition 6.7 is called an m-dimensional C* submanifold in R™.

Proposition 6.8. Let M C R" be an m-dimensional C' submanifold and p € M.
Suppose U is a neighborhood of p in R™.

(1) Suppose f is a diffeomorphism from U onto a neighborhood V' of 0 in R™ such that
FUNM) =V (R™x{0}). Then T,M = (Df(p))” (R™ x {0}).

(2) Suppose h is a submersion of U to R"™™ such that U N M = h~'(0). Then
T,M = Ker(Dh(p)).

(3) Suppose (€2, g) is a local parametrization of U N M such that g(u) = p. Then
7,0 = (Dy(w) (B7).

Obviously, T,M is an m-dimensional suspace of R". For an m-dimensional C* sub-
manifold M in R", tangent vectors can also be characterized by the following way:
v € T,M if and only if there is a C* curve ¢ on M such that ¢(0) = p and ¢/(0) = v.

The proof of Proposition 6.7 and Proposition 6.8 is left as an exercise.

Suppose E is a subset of R” and p is an arbitrary point in R™. We define the cone
T)VE={ve R™ 0" (E N X (p,v,¢),p) > 0 for any € > 0},
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which is called the m-dimensional approximate tangent cone of E at p and whose el-
ements are called m-dimensional approzimate tangent vectors of E at p. Obviously,
TJ'E C T,E. When m is clear from context, we simply say the approximate tangent
cone of E at p and approximate tangent vectors of E at p.

It is easy to verify

T"E= () {T,E;0™E\E,p) = 0}.
ECRm™
Remark 6.9. If C is any compact subset of R" \ T)"E and T' = {p + rv;r > 0,v € C},
then ©"(ENT,p) = 0. In fact, {a + v;v € C'} can be covered by a finite family of sets
X(p,v,e,) with ©"(EN X (p,v,&,),p) = 0, with &, depending on v, and this family also
covers T'.

Remark 6.9 asserts that the density of F¥ at p in any closed cone away from the
approximate tangent cone T;"E is zero.

Example 6.10. Let E be the union of z1-z2 plane and the zz-axis in R3. Then THF is
F itself and TOQE is the x1-z5 plane.

Now we start to discuss tangent cones of countably rectifiable sets. We first prove a
decomposition of countably rectifiable sets similar to Lemma 5.6.

Lemma 6.11. Suppose E is a countably m-rectifiable subset of R™ andt € (1,00). Then
there exist compact subsets Ay, As, As,--- of R™ and Lipschitz maps 1,119,353, :
R™ — R™ such that 11(A1),%9(A2),v3(As), - are disjoint subsets of E and that

00
E=Ey U Jwi(4),
i=1

with H™(Ey) = 0. Moreover, for each i =1,2,---

Lip(vila;) <t, 1ila, is one-to-one, Lip((?j)iui)_l) <t,
and

t~ | < |DYi(p)v| < tlu|  for any p € Aj,v € R™.

Proof. By Definition 6.1, we write

[e.@]
E=FEyU U fZ(KZ),

i=1
where Ej is a subset of R" with H™(Ep) = 0 and, for each i = 1,2,--- | K; is a Borel
subset of R™ and f; : K; — R™ is Lipschitz. By Corollary 5.7, we assume that f;|x,
is one-to-one and J,, fi(z) > 0 for any = € K;. Furthermore, we assume by Theorem
4.3 that f; is Liptschitz from R™ into R™. For each K; and f;, we apply Lemma 5.6
to get a countable collection {Elj};‘;l of Borel sets of R™ and a sequence of symmetric
nonsingular linear maps 7;; : R™ — R such that

oo
K; = U Eij,
j=1



GEOMETRIC MEASURE THEORY 35

and for each j =1,2,---,
Lip(filg, o Ty;') <t, Lip(Tj o (film,)™") <t,
and
tTy0| <|Dfi(p) - v| < t|Tyv|  for any p € Eij, v € R™.
Now we set 1;; = f; o TJI and A;; = T;;(E;;). The result follows by a simple approxi-
mation by compact subsets. ]

Theorem 6.12. Suppose E is a countably m-rectifiable subset of R™. Then, for H™-
almost all x in F,
O™ (E,z) =1,

and T)'E is an m-dimensional subspace of R™.

Proof. We first consider a special case. Suppose E = 1(A), where A is a subset of R
and 1) : R™ — R"™ is a map such that 9|4 is one-to-one and that ¢ € (1, 00) is a Lipschitz
constant for 1|4 and ()|4)!. Let p € A be a point such that A has £™-density 1 at
p € A and ¢ has an injective differential at p. Now we claim

£ < O (1(A), ¥(p)) < O (P(A), () < £,
and
TP W(A) = Tyyb(A) = im Dy(p).
To prove this, we assume p = 0, ¥(p) = 0 and write D¢ (p) = L. First we note that
ANB: €6 (@A) N B,), ¥(A)N B, C $(AN By),

and hence

—om Lm(AN Br/t) < H™(y(A) N By) < tzmﬁm(A N Byr)
wm)(r/ty™ = wlm)rm T w(m) ()™
for any r € (0,00). Therefore, the first conclusion follows because A has L£™-density 1
at 0. Next, it is easy to see that

To(¥(A)) C imL.
To prove the oppositive inclusion, we suppose v € R” and € > 0. By choosing > 0 and
& > 0 with
(lo[+n)- &+ LIl -n <e,
we have for any r sufficiently small
() — La| < €lz| for any x € B,

where B:f} +

is the ball with radius r/t and center at the origin in R™. It implies
Y(X(0,0,m) N B,) € X(0,Lv,e),
because, if z € R™, s > 0, |z| < r/t and |sz — v| <7, then
|s(x) — Lo| < slip(x) = La| + |L(sz - v)]
<|szl€ + |L]| - sz — v < (jo[ + n)€ + [|L]ln <e.
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Therefore,
H™ (¥ (A) N X (0, Lv,e) N By) — H™(ANX(0,v,m) N B, )
w(m)rm N w(m)(r/t)™ 7
which approaches t~2™£™ (X (0,v,1) N By)/w(m) as r approaches 0. We conclude that
07 (¢(A) N X (0, Lv,£),0) > 0,

and hence Lv € TJ"(¢(A)). This finishes the proof of the claim.
Now we consider a general case. Assuming ¢ € (1,00), we choose A; and 1); as in
Lemma 6.11. By Lemma 3.5 and Lemma 3.4, we have

O (E,z) <1, O™(E\¢i(4),x) =0,

for H™-almost all z € ¥;(A4;). Furthermore, Lemma 3.3, Theorem 4.5 and Lemma 5.5(iii)
imply that, for H™-almost all points x € 1;(A;), the hypotheses of the special case hold
with p = (1| 4,)"'2. We conclude that

7 < ON(B,2) <O (B,x) <1,
T;"E = imDyy(p),
at H™-almost all z € 1;(A;), with p = (¥|4,) . O

To conclude this section, we give another characterization of countably rectifiable sets
and discuss its applications.

Lemma 6.13. An H™-measurable set E C R™ is countably m-rectifiable if and only if
(o]
E C U Nj,
j=0
where H™(No) = 0 and N; is an m-dimensional C' submanifold of R™ for each j > 1.
Proof. The if part is essentially trivial and is omitted. The only if part is an easy

consequence of Theorem 4.6 as follows.
Without loss of generality, we assume E has the form E C f(R™) for a Lipschitz

function f : R™ — R™. By Theorem 4.6, we choose C' functions g1, go,--- on R™, such
that
oo
F®R™ C Byu (|Ja@®™),
i=1

where H™(Ey) = 0. Then set

o0
No=FEoU ( U 9i(Cy)),
i=1
where C; = {z € R™; J,g;(z) = 0} and J,,,g; denotes the Jacobian of g;. By Theorem
5.3, H™(g:(C;)) = 0, and hence H™(Ny) = 0. Now for each x € R™ \ C;, we let U;(x) be
an open subset of R™ \ C; containing = such that g;|y,(,) is one to one. By the Inverse
Function Theorem, such a U;(z) exists and N;(z) = g;(U;(w)) is an m-dimensional C*



GEOMETRIC MEASURE THEORY 37

submanifold of R™. We choose a countable collection x1,xs, -, of R™ \ C; such that
gi(R™\ C;) C U32, Nj(z;). Hence, we have

FR™) C Nou (| Niay))-
i,j=1
This finishes the proof. O

Another way to express Lemma 6.13 is to write

o0
E=FyuU( U Ej),
j=1
where H™(Ep) = 0 and, for each j > 1, there exist an open subset A; C R™ and a ct
map g; : Aj — R" such that E; C gj(A;) and that g; is one-to-one on A; and Dg;(x) is
injective for any = € A;.

By Lemma 6.13, an H™-measurable set &£ C R" is purely m-unrectifiable if and only
if H™(E N N) = 0 for any m-dimensional C'-manifold N of R™.

As an application of Lemma 6.13, we give another characterization of approximate
tangent spaces of countably rectifiable sets. We show that approximate tangent spaces
can be obtained by the weak convergence of suitable measures.

For any A > 0 and x € R", we define n, y : R" — R" by

y—

e (y) = T for any y € R".

Theorem 6.14. Suppose E is a countably m-rectifiable subset in R™ with 0 < H™(FE) <
o0o. Then for H™-almost every x € £

Ot [ A = [ f@a ) for any € Co@Y)
A—=0 Do (E) TmE
By a change of variables z = Ay + , (6.1) is equivalent to
1 m n
)l\lir%))\—m Ef( )\ / f(y)dH™(y) for any f € Co(R").

Proof. We first consider a special case when E = 1)(A) for an open subset A C R™ and a
C' map v : A — R"™ such that 1 is one-to-one on A and D(x) is injective for any x € A.
Hence E is a C' m-dimensional submanifold in R™ and we prove that classical tangent
planes are approximate tangent planes. Consider an arbitrary = € F with & = v (p) for
ape€ Aand f € Cy(R™). Then we have by Theorem 5.8

1 Z—x m
A

:/ p(APFAD VDN 5 4 dw)de ),
Np,A (A)
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where J,,9 is the Jacobian of ). We note that the integration is over a bounded domain
for A small in the last integral. Hence we may replace 71, 1(A) by R™. Letting A — 0
and using Theorem 5.8 again, we obtain

L.H.S. — - F(DY(p) - v) I (p)dL™ (v)

- / F)dH™ (y).
Di(p)(R™)

We note that Di(1p~1(z))(R™) is the approximate tangent cone of E at z.
Now, we consider the general case. By Lemma 6.13, we assume

o0
E=EU({JE)),
j=1

where H™(Ep) = 0 and, for each j > 1, there exist an open subset A; C R™ and a C!
map g; : A; — R" such that E; C gj(A;) and that g; is one-to-one in A; and Dg;(z) is
injective for any x € A;. Then for any f € Cy(R") and any j > 1, we have

/ fdH™ :/ fdH™ —/ fdH™
Mo, (E) Nz A (E\Ej) N2, (95 (A5)\Ej)

+ / fdH™.
2,7 (95 (E5))

We assume suppf C Br(0) for some R > 0. Then, we have

1 -z
fdH™ =— f(——)dH™
‘ Nz, 2 (E\Ej) ‘ A ‘ E\E; ( A ) ‘
1
<sup|f]- )\—mHm((E \ E;) N Bxg(0)).

By Theorem 3.4, we obtain for H" almost all z € F;
/ fdH™ — 0 as A — 0.
nz,k(E\E])

Similarly, we have

/ fdH™ — 0 as A —0.
Nz, (95 (A5)\Ej)

By what we just proved, we obtain

/ fdH™ — fdH™ as A — 0.
72,2 (95(4;)) Dygj(g; " (2))(®R™)

Hence Dy; (gj_l(:v))(Rm) is the approximate tangent space of E for H™ almost all x €
E;. 0

Remark 6.9 and the density one property in Theorem 6.12 can also be obtained by
choosing appropriate f in (6.1).
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Corollary 6.15. Suppose E is a countably m-rectifiable subset in R™ with 0 < H™(FE)
< 00. Then for H™-almost every point x € F,

(6.2) Om(E,z) =1,

and for any o € (0,1)

(6.3) lim iH’” (ENB(z)\ Xo(T)'E, x)) =0,

r—Q rm
where

Xo(T'E, ) = {y; dist(y — 2, T)"E) < aly — z|}.

Proof. To prove (6.2), we approximate the characteristic function of By(x) C R™ by
functions in Co(R™). We first choose

(v) = 1, |yl<1
P=N 0, =140

Then, we have

m _ 1 y—=T m
L e =g [ a5 )

1 — 1
Z/ ga(%)dﬂm(y) > o H" (B0 B()).
EQB)\(CC)

Therefore, we obtain

lim sup iHm (ENBy(z)) < (1+6)"w(m).

=0 AT

Next, by choosing

B 1, |y<1-=9¢

we have

.1
hg\nHl(I]lf )\—mHm(E N Bx(z)) > (1 —6)"w(m).
These give (6.2).

To prove (6.3), we approximate the characteristic function of B, (z) \ Xa(Vz, ) by
functions in Cy(R™). Essentially the same argument as in the proof of (6.2) yields

(6.3). O

Remark 6.16. As we see in the next section, approximate tangent spaces can also be
characterized by (6.3) with positive lower densities.
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7. WEAK APPROXIMATE TANGENT SPACE PROPERTY

Throughout this section, m and n are two positive integers with 1 <m <n —1. We
first introduce some notations which will be used repeatedly.

Let GL(n,m) be the Grassmannian manifold of all m-dimensional linear subspaces of
R™. For any V € GL(n,m), z € R", r € (0,00) and « € (0,1), a cone around the plane
V + x with the opening « is defined by

Xa(V,z) ={y; dist(y — z,V) < aly —zl},
Xa(V,LIZ‘,T) = {y>d18t(y -, V) < Oé|y - .’13‘|7 |y - .73| < T}’

Finally, for any subset A C R", we write for r > 0,
A(r) = {z € R"; dist(z, A) <r}.

In this section, we discuss the rectifiability by approximate tangent spaces. We first
prove a simple result.

Lemma 7.1. Suppose E C R"™ is an H™-measurable set such that for some V €
GL(n,m), a € (0,1) and r € (0, 00),

ENB.(z) C Xo(V,z) foranyz € E.
Then E is countably m-rectifiable.

Proof. Without loss of generality, we assume diam(E) < r, so that E C B,(x) for any
x € E. Let Py be the orthogonal projection of R™ onto V. Then we have

|Pyx — Pyy| > V1 —a?lz—y| forany z,y € E.

Hence Py|g is injective. Taking f = (Py|g)~!, we see that f : Py(E)(C V) — R" is a
Lipschitz function with Lip(f) < (1 — a?)~/2 and E = f(PyE). Thus, E is countably
m-rectifiable. O

In Lemma 7.1, the m-dimensional subspace V' € GL(n, m) is fixed for the entire set
E. In fact, we may allow V', as well as a and r, to change according to z.
We now discuss the rectifiability by approximate tangent spaces.

Theorem 7.2. Suppose E is an H™-measurable subset of R™ with 0 < H™(E) < 0.
Suppose g € (0,1) and o € (0,1/2) are two constants such that, for H™ almost every
x € E, there exists a V =V, € GL(n,m) satisfying

GT(Ev .27) 2 €0,

and

lim —H™(E N B,(2)\ Xa(V,2)) = 0.

r—0+ r™m

Then E s countably m-rectifiable.
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Proof. First, we set
1

fi(z) = oi?i% WHm(E N B, (z)),
gi(x) = 0Supl WHm (ENBr(z)\ Xo(Va, 2)).

Then f;(x) — €1 and g;(z) — 0 for H™ almost all z € E as i — o0, for a constant
€1 > €9. By Egoroff’s Theorem, for any ¢ > 0, there is a closed subset F' C E such that
H™(E '\ F) < € and that f;(x) and g;(x) converge uniformly on F. Hence, there exists a
constant § = d(e) such that

(7.1) w(ni)rmHm (ENBp(z)) > &0 —
and
(7.2) w(ml)TmHm(E N By (2)\ Xa(Va,2)) < e,

for any z € F and r € (0, 0].
Now, we choose a finite collection {Vj}j\f:1 in GL(n,m) such that, for any V €
GL(n,m), thereis a 1 < j < N with

. (6%
dist(V, V) = |, = Pyl < 5

Let Fj = {z € F;dist(V,,V;) < a/8}. Then

N
F= U Fj.
j=1

Now we claim

(7.3) F;NBs(z) C Xsa(Vj,z) foranyz e Fj, j=1,2,---,N.
2 2

If (7.3) were not true, we could find a point € Fj and a point y € F; N IB.(z) \
X34/2(Vj, ) for an r € (0,0/2]. Since x € F and 2r < 6, we have by (7.2)

H™ (E N Boy () \ Xo(Va, x)) < ew(m)(2r)™.

Meanwhile, a simple geometry shows that By, 4(y) C Bar(z) \ Xa(Vz, 2).
In fact, we have
«
o=l <ly—al+ |3l < (14 S)r < 3n
and

[Pyo(z —a)| 2|Pyi(y — @) = (P = Pyo)(y — )| = [Pyo(z — 2)|
1 1 9

25(17’ — gar — Zar = gar,
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where Py,1 and Py . are orthogonal projections onto VL and ij_ respectively. Then we
J
obtain by (7.1)

H™(E N Byy(2) \ Xa(Va, 7)) = H™(E N Bax (y)) > w(m)(%)m(sg — o).

It follows ¢ > (a/8)™(eg — €). This yields a contradiction if € > 0 is chosen small,
and hence proves (7.3). Now we apply Lemma 7.1 to conclude that F} is countably
m-rectifiable for each j =1,--- | N.

In conclusion, there exists a positive number e(m,a,gp) such that, for each e <
e(m, a,gp), there exists a countably m-rectifiable subset E. C E such that

H™(E\ E.) <e¢
This implies that E itself is countably m-rectifiable. O

Theorem 7.3. Suppose E is an H™-measurable subset of R™ with 0 < H™(E) < oo.
If for H™ almost every x € E there exists a m-dimensional hyperplane V- € GL(n,m)
satisfying

(7.4) lim fly)dH™(y / fy)dH™(y) for any f € Co(R"),
A—=0 nz,/\(E)

then E is countably m-rectifiable.

Proof. By Corollary 6.15, (7.4) implies (6.2) and (6.3). Hence Theorem 7.2 yields the
desired result. O

A similar argument yields the following more general form.

Theorem 7.4. Suppose i is a Radon measure on R™, and for any x € R™ and A > 0,
let pg x be the measure given by pyx (A) = A""u(z + XA) for any subset A C R™.
Suppose that, for p almost all x, there is a 0(x) € (0,00) and an m-dimensional subspace

V € GL(n,m) with

)l\in%)/f O(z + \y)dpz A (y /f YAH™ (y

Let E = {x; the above identity holds for a V€ GL(n,m) and a 6(z) € (0,00)}, and set
O(x) =0 for x € R"\ E. Then E is countably m-rectifiable, 0 is H™-measurable on E
and pp ="H™|6.

In above results, we discuss the approximate tangent spaces by using cones. We may
also use strips.

Corollary 7.5. Suppose E is an H™-measurable subset of R™ with 0 < H™(E) < oco.
Suppose €9 € (0,1) and n € (0,1/4) are two constants such that, for H™ almost every
point x € E, there exists an m-dimensional affine space W = W, of R"™ containing x
satisfying

GT(Ea CU) 2 €0,
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and
(7.5) r£%1+ T—’Hm (E N B.(x)\ W(nr)) =0.

Then E is countably m-rectifiable if and only if
Recall that W (3) = {y € R™;dist(y, W) < [} for any positive number (3.
Proof. Take an x € E such that (4.2.9) holds. Set V. =W — {x}. We prove

(7.6) hm;—wﬂEmB()y&Au@)za

r—04 1™
For any fixed r > 0, consider y € E'N B,(z) \ X2,(V,z). Then there exists a positive
integer i such that r/2° < |y — x| < r/2071 It follows that dist(y — z,V) > 2nly — x| >
nr/2°=1, and hence y € E N B(x,r/2~1) \ W(nr/2=1). Therefore we have

E N By(z)\ Xoy(V, ) C U_Emaﬂbl)\wmwfﬂn.
=1

Now (7.6) follows from (7.5) easily. O

In the following, A(x,n,m) denotes the collection of all m-dimensional affine spaces
of R™ containing x.

To motivate our discussion, we first examine Corollary 7.5 and note that (7.5) can be
formulated as follows. For any o > 0, there exists an 7o > 0 such that for any r € (0,7¢)

rimHm (BN By(z) \ W(nr) < o.

Here the affine subspace W depends only on the point z, independent of r. In many
cases, W is allowed to change according to . We still intend to conclude the rectifiability.
To do this, we need to strengthen the hypothesis on the density lower bound.

Definition 7.6. A subset £ C R" has the weak approximate tangent space property at
x € F if, for any positive constants o and 7, there exist positive contants g and A such
that, for any r € (0,79), there exists an affine m-plane W € A(x,n, m) satisfying

(7.7) H™(EN By (y)) =M™ for any y € W N B, (),
and
(7.8) H™(E N By(z) \ W(nr)) < or™.

Such a W is called a weak approximate tangent space of E at x at the scale r.
In Definition 7.6, the affine m-plane W is allowed to depend on 7.

Remark 7.7. According to (7.8), most of E lies near W in B,(x). Clearly, (7.7) implies
the positiveness of the lower density of E, i.e., O7'(E,z) > 0 for H™ almost all z € E.
Note that (7.7) also implies W N B,.(z) C E(nr). Hence, there are no big holes in E near
W N B(x).

The main result is the following theorem.
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Theorem 7.8. Suppose E is an H™ measurable subset of R™ with H™(E) < co. If E
satisfies the weak approrimate tangent space property at H™ almost all points in E, then
E is countably m-rectifiable.

We first prove a key result on the projection.

Lemma 7.9. Suppose E is an H™ measurable subset of R" with H™(E) < oo. If E
satisfies the weak approximate tangent space property at H™ almost all points in E, then
for H™ almost all x € £

1
(7.9) lim  sup
r—0 VeA(xz,n,m) w(m)’r

—H"™(Py(EN B, (z))) = 1.

We first discuss the idea of the proof. For simplicity, let E satisfy, for some positive
constants ¢ and d, er™ < H™(E N By(z)) < dr™ for any x € E and r € (0,79) and have
the weak approximate tangent space property in a uniform manner. Consider a fixed
ball B,(z) such that E N B,(x) lies close to an m-plane V. We need to prove that the
projection of EN B,(z) on V cannot be too small. If otherwise, we find many disjoint
open cylinders C; of radii p; << r and orthogonal to V such that the cylinders with the
same centers and radii 5p; are disjoint, that E N B.(z) N C; = 0 and that B,(x) N 9C;
contains a point z; of E. Then for a large constant M, ENByy,,(2;) is well approximated
by an m-plane W;. For most indices i, there is very little of E in B, (xz) N C;, whence W;
must be almost orthogonal to V. This will yield many disjoint balls B,,(x; ;) C By(z)
with z; ; € E so that H"™(E N U, ;B,,(z;;)) will be much greater than 7™, which is a
contradiction.

Proof of Lemma 7.9. Let € > 0. Since E has positive lower densities at H™ almost all
points E, there exist a compact subset I’ of F with H"(E\ F') < ¢ and positive constants
d and rg such that for any z € F and r € (0,79),

(7.10) H™(E N By(z)) > dw(m)r™.

See Remark 7.7. We claim that, for any n € (0, d¢), we can find a compact subset F; C F'
and a positive constant r; < ¢ such that H™(F' \ F}) < € and that, for any € F and
r € (0,71), there is a W € A(x,n, m) satisfying

(7.11) FNBy(x)\W(nr) =10,
and
(7.12) W N By(z) C F(nr).

Note that (7.12) is equivalent to the relation
By (y)NF #0 for any y € W N By (x).

We first prove (7.11). By taking n < de and ¢ = d(n/4)™ in Definition 7.6, we find a
compact subset F1; C F and positive constant ri; < ro, with H™(F \ F11) < £/2, such
that for any = € Fy1 and r € (0,711) there is a W € A(x,n, m) satisfying

m nr N\m m
H (EOB’"(@\W(Z))<6(Z) ',
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Then (7.11) holds for any x € F1; and r < r11/2. If not, we take a y € FNB,.(x)\ W (nr).
On one hand, y € B,.(z) \ W(nr) implies B, 2(y) C Bar(z) \ W(nr/2). Hence, we have

H™ (BN B (y)) < H™(E N Bay(z) \ W(%)) < 5(127")’”.
On the other hand, by y € F, (7.10) implies
H™(EN By (y) > 3(5)"™

This is a contradiction. To prove (7.12), we first observe that it holds with F' replaced
by E by (7.7). Note that, when 7 is fixed, A = A(z) in (7.7) depends only on x. Hence,
we first take a compact subset F' C F, with H™(F \ F’) < /4, such that A\(z) > Ao > 0
for any x € F’, namely, for any x € F' and r € (0,7¢)

H™(EN By (y)) > Aor™  for any y € W N By(x).

By Theorem 3.4, ©™(E \ F,z) = 0 for H™ almost all € F. Hence, we have a compact
set Fio C F', with H™(F'\ F12) < /4, and a constant r12 < rg such that for any = € Fj
and r < rq9

[t

H™((B\ F) N Byy()) < hor™

This implies for any = € Fi and r < rq9
1
H™(F N By (y)) > 5)\07”” for any y € W N By (x).

and hence (7.12) holds for any x € Fis and r < r15. Now we set F} = Fj; N Fi2 and
r = min{r11/2, 7“12}.

By Theorem 3.4 and Theorem 3.5, ©*(E,z) < 1 and O™ (E\ Fy,z) = 0 for H™ almost
all x € F1. Hence, as before, we see that for H™ almost all x € F; there exists a positive
number rp < 71 such that for any r € (0,72) there is an affine m-space W € A(x,n, m)
for which

(7.13) Fy N By (x) \ W(nr) =0,

(7.14) W N By(z) C Fi(nr),

(7.15) H™(E N B, (z)) < 2w(m)r™,

(7.16) H™((E\ F1) N By(x)) < 200" ™w(m)tér™,

for a small ¢t to be fixed. We note that ro depends on x € F;. Compare with r1, which
depends only on F}.

Fix such z, r and W. For simplicity, we assume x = 0 and V = W € GL(n,m).
Let Py be the orthogonal projection of R™ onto V. We prove that if, for given § and
s € (1/2,1), the constant n < (1 — s)/8 is sufficiently small, then

(7.17) H™(Py(E N B (0)) > w(m)s*™r™.
If (7.17) holds, then
1

limsup sup —————H"™(Py(EN B,(0) > s*™.
r—0 VeGL(n,m) w(m)rm ( ' )
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Since s < 1 is arbitrary, we conclude (7.9) for x = 0 as ©*"(E, z) < 1 for H™ almost all
x € E. (Without evoking the rectifiability, we conclude from (7.17) that ©™(E,z) = 1,
as O (E,z) <1 for H™ almost all x € E.)

Suppose (7.17) fails. Set

C =Py (FiNB.(0), D=VnNB,(0)\C.
Then C' is compact and
H™(C) < w(m)s*™r™,
Therefore,
(7.18) H™(D) > w(m)(s™ — s™)r™ = w(m)tr™,

with t = s™ — 5. We emphasize that the precise value of H™ (V N By (O)) is used, as
H™ = L™ on R™ by Theorem 2.10. We cover D by balls B,(z), with € D and

CNBy(x)=0, CNIB,(z)#0.
This is equivalent to
FiNB.(0)n P (By(2)) =0, FinB.(0)NoP; " (B,(z)) # 0.
By (7.14) and the inequality n < 1 — s, we obtain

p=r.
Applying Theorem 1.5, the Vitali’s covering theorem, to the balls Bs,(x) as a covering
of D, we select a finite number of them, say Bs,,(x;), ¢ = 1,--- [, such that
(7.19) Bs,, (z;) N B5pj (ZL‘J) =0 fori# 7,
and the balls Bas,, (x;) cover D, hence by (7.18)

1
(7.20) > P =25 ™,
i=1

Note also
(7.21) pi<nr, fori=1,--- L

For an a € (0,1) to be determined, we consider the sets
S; = P‘;l (Bpi/g(a:i)) NV(ar), foranyi=1,--- 1,

and rearrange them so that they contain no points of F' for i = 1,--- |k and that they
contain at least one point, say y; of F, fort=k+1,---,L.
By z; € VN B, (0) and (7.21) for i = k+1,--- 1, we have

il < @il + |@i — Pyys| + [Pvyi — vl
1 1
< sr+§pi—i—o¢r gsr—l—inr—l—ar.
Hence B, /4(yi) C B:-(0) provided

1 1
Sr—|—§nr+ar—|—1nr§r.
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Therefore, we take o = (1 — s)/4 and n < 1 — s. Moreover,
(7.22) Pv(B%(yi» C VﬂBpi<1'i) C V\C

It follows that
!
(7.23) U EN By (i) C (E\ F1) N By (0).
i=k+1
Since the balls B, /4(y;) are disjoint by (7.22) and (7.19), we obtain from (7.10), (7.23)
and (7.16),

m)d4~"" Z Pt < w(m)200” " tor™

i=k+1
and hence by (7.20),

k
(7.24) > P> 50" ™

i=1

From now on, we only consider i = 1,-- - , k. Recalling (7.13) and how the balls B, (z;)

were chosen, we see that there are points
(7.25) zi € Py (0B, (x))NV(pr)NnFy fori=1,--- k.

By (7.21), n7'p; < r < r1, and we can apply (7.12) to 2z; and 51 (1 — s)p;/16 to get
W; € A(z;,n,m) such that

(7.26) Ai = By-1(1-)p j16(21) N Wi C F(16(1 — 5)pi).-

Then z; ¢ Py A;. In fact, if there were x € A; with Pyx = x;, we could find by (7.26)
a point y € F' with |z —y| < (1 — s)p;/16. Then Pyy € B, jo(x;) and by (7.25), (7.21)
and n < (1 —s)/8,

1 1
<7

<1¢( = s)pit g0
and hence y would belong to S; N F', which is empty. We note that the fact x; ¢ Py A;
illustrates that W; is almost orthogonal to V.

Let I; be the closed line segment with endpoints z; and Py z;. Then I;Ndy Py (A;) # 0,
since x; € I; \ Py(A;) and Pyz; € I; N Py A;. Here Jy means the boundary relative to V.
Since avpv(AZ) = Pv(awlAz), we find w; € 8W1AZ such that Pyw; € I;. Let J; be the
closed line segment connecting z; and w;. Then J; C A; and Py J; C I;, hence by (7.25)

1
1= s8)pi+ar < 1(1 —s)r,

(7.27) |Pyax — x;| < p; for any z € J;.

By (7.26), J; is contained in the union of the balls B, (), € F. Since the length of J;
is n71(1 — s)pi/16, we choose a finite number of them, say B,,(z;;), 7 = 1,--- ,p, such
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that,

(7.28) Ji N By, (z;5) # 0,

(729) BPi (l’i7j) n BPz‘ (xi,q) = (D’ for j 7é q,
and

(7.30) p>160"1p71(1 - s).

Set fori=1,--- .k

Chs

By, xw

It follows from (7.27) and (7.28) that PVBZ- C Bsy,(x;), whence by (4.3.18) the sets B;
are disjoint. By (7.28), (7.21) and n < (1 — s)/8,

1(1 —s)r.

1
—n (1—8)Pz‘+m<4

16
With x; € Bs-(0) NV, as before, (7.25) and (7.21) yield

i — wi| <H'(Ji) + pi =

\w; — x;| <|w; — 2| + |zi — Pyzi| + |Pwzi — i
1 1
<—n — < (1 — _ )
<16" A =s)pi4+nr+p < 16(1 s)r+2nr < 2(1 s)r
It follows that B; C B,(0). Using (7.29), (7.10) and (7.30), we obtain for i =1,--- ,k,

p
H™ENB;)=> H"(ENB,,(xi))
j=1
>pdw(m)pf* > 16071 (1 — s)n~" dw(m)pf",
and hence by (7.15) and (7.24),
k
2w(m)r™ > H™(EN B.(0)) =Y H™ENB;)
=1

> 16071 (1 — )~ Low(m sz

> 16071507 (1 — s)n~ létw(m)rm.
As we may choose an arbitrary small n for given § and s, we obtain a contradiction. [J

Now, we begin to prove Theorem 7.8. The idea of the proof is quite simple. We prove
by contradiction. Assuming FE is purely m-unrectifiable, we prove H™(Py E) = 0 for
any V € GL(n,m). Take any V € GL(n,m). The weak tangent space property and the
unrectifiablity imply that many tangent planes at small scales are almost verdict to V.
Hence the projection of E onto V occupies a small portion. To be slightly more specific,
consider any ball B,(x) with x € E. The weak approximate tangent space property
implies the existence of an affine m-plane W containing x such that the most part of
E in B,(z) lies close to W. By the unrectifiability, a certain amount of E is around
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VL. Hence W is close to V. Therefore, most part of E in B,(r) projects into a small
neighborhood of Pyx in V. The last assertion is reflected in (7.34) in the proof below.

Proof of Theorem 7.8. We prove by a contradiction argument. By assuming F is purely
m-unrectifiable, we prove H™(Py E) = 0 for any V € GL(n, m). This clearly contradicts
(7.9).

Let € € (0,1/2) and V € GL(n,m). Then we find a compact subset F' C E and
positive numbers rg, ¢ and n, with H™(E \ F') < € and n < d¢, such that for any 2 € F
and r € (0,7¢) there is a W € A(z,n,m) satisfying

(7.31) H™(E N B, (z)) > 6™,
and
(7.32) FNB.(x)\ W(nr)=0.

The proof is similar to that of (7.10) and (7.11) in the proof of Lemma 7.9. Note that
we also have

(7.33) H™(Py(E\F)) <e.
Now we claim that, for H" almost all x € F, there exists sufficiently small 7 such that
(7.34) H™(Py(F N By(x))) < 10Mpr™.

To prove this, we first note by Lemma 7.1 that {z € F;F N X, (V+, z,1/i) = 0} is
countably m-rectifiable for any integer i. Since F' is purely m-unrectifiable, then

m . . 1 1 _ _
H (izul{aceF,FﬂXn(V ,x,Z_)—(Z)})—O.

Hence for H™ almost all x € F, there are points y € F arbitrarily close to z such that

(7.35) [Pv(y — )| <nly —xl.
Let = € F be such a point and take a y € F such that z,y € F satisfy (7.35) and
r = |z —y| < ro. Let W be the weak tangent plane at x at the scale r as in (7.32).
Intuitively, W is close to V. Hence the projection of W, or even W (nr), which contains
F, into V should be small. First by (7.32), we see y € W(nr). By setting z = Pyy, we
have .

e—yl<ar, 5 <sle—alsr [Pv(z—2)] <2
We select an orthonormal basis {eq, - ,en} for W — {z} such that Py (e;) - Py(e;) =0
for i # j. Then for an i € {1,--- ,m},

|Pye;| < 27‘_1|PV(2 —x)| < 4n,
because otherwise we should have

m
[Py(z = a)]> = |(z =) - | Prey?

7=1
> 47’_2\PV(2 — :B)]Z\z — x\Q > |Py(z — x)]2
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It follows that Py (W NB,(x)) is contained in an m-dimensional rectangle with one side of
the length 8nr and the others of length 2r. Hence by (7.32), Py (F N By(z)) is contained
in a rectangle with side lengths 10nr, 2r + 2nr,- -, 2r 4+ 2nr. Therefore, as n < 1/2 and
H™ = L™ on R™, we have (7.34).

Note that the collection of those balls B,(x), x € F, is a fine cover of F. We use
Corollary 1.8 to obtain disjoint By, (x;) satisfying (7.34), x; € F', and

H™(F\ | Br,(x:)) =0.
i=1
Hence, we have

H™(Py(F)) <> H™(Py(F N By, () <10™) ri,
=1 i=1
and by (7.31)

H™(Py(F)) < 10Mps~* iHm (EN By, (z;)) <10mH™(E).

i=1
Combining with (7.33), we obtain H"(Py(F)) < (1 4+ 10™H™(FE))e. This holds for any
€ small. g
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