NODAL SETS OF HARMONIC FUNCTIONS

QING HAN

In the present lecture notes, we shall discuss the relation between the growth of har-
monic functions and the growth of nodal sets of those functions. The growth of harmonic
functions is measured by their frequency. For any harmonic function u in the unit ball
By C R™, the frequency is defined as

_ Jp VP
faBl U2

If u is a homogenous harmonic polynomial, its frequency is exactly its degree. In general,
the frequency controls the growth of the harmonic functions. In the present lecture notes,
we shall discuss how the frequency controls the size of nodal sets.

As we know, plane harmonic functions are simply the real parts of holomorphic func-
tions in the complex plane. This simple identification is not enjoyed by harmonic func-
tions in higher dimensional spaces. However, harmonic functions in R", as analytic
functions with interior estimates on derivatives, can be extended as holomorphic func-
tions in C”. It turns out that such an extension is extremely important in the discussion
of nodal sets of harmonic functions. This is because the nodal sets of (general analytic)
functions in R™ are not stable in the sense that a simple perturbation may change the
structure of nodal sets. In particular, the dimension of nodal sets may change by per-
turbations. However, this never happens for holomorphic functions in C™. In order to
discuss nodal sets of harmonic functions, we shall first discuss complex nodal sets of the
holomorphic extensions. It is not surprising that complex analysis plays an important
role in our study. For example, we shall use repeatedly Rouché Theorem in C and in
C?. Tt asserts that if an equidimensional holomorphic map has isolated zeroes then its
holomorphic perturbation enjoys the same property and the number of isolated zeroes is
preserved. Another property we shall use is the behavior of polynomials away from their
zeroes. For a suitably normalized polynomial, a positive lower bound can be established
for the modulus of the polynomial outside some balls around its zeroes.

The foundation of our discussion is a monotonicity formula for harmonic functions.
Corollaries of such a monotonicity include the doubling condition of L?-integrals and
finite vanishing order. In fact, an integral quantity of harmonic functions in the unit ball
controls the vanishing order of harmonic functions inside the ball.

(0.1) N

This note is prepared for lectures in Peking University, July 2005.
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1. A MONOTONICITY FORMULA

In the present section, we shall discuss a monotonicity formula for harmonic functions.
Important corollaries include doubling conditions and the control of vanishing order by
the frequency. The entire section is modified from [13], [14] and [28].

Throughout this section, we always assume that u is a harmonic function in By C R™,
ie.,

(1.1) Au=0.
Define for any r € (0, 1)

and

(1.2) N(r) =

We first note that D(r) can be written as a surface integral. By (1.1), we have Au? =
2|Vu|?. With Green’s formula, we may rewrite D(r) as

(1.3) D(r) = Au? = / Ul
2 /B, OB

As an example, we first calculate N(r) for homogeneous harmonic polynomials.

Example 1.1. If u is a homogeneous harmonic polynomial of degree k, then N(r) is a
constant and N (r) = k. To see this, we write

u(x) = r*e(0),
where ¢ is a spherical harmonics of degree k on S*~!. Then we have
Uy = kr*p(h),

and hence

N(T) _ TD(T) r fBBy. Ullp

H(r) [y u?
Hence, N(r) is constant and equal to the degree.

Now we prove the following basic result.
Theorem 1.2. N(r) is a nondecreasing function of r € (0,1).

Proof. First, we have

;_ D(r) rD'(r) rD(r)
NO=Fe T EE B
1 D) H()

r D) HE) }

H'(r)
(1.4)
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We need to calculate D'(r) and H'(r). A simple differentiation yields

1
D'(r) = / |Vu|> = / < z|Vul?, TS
OB, ™ JoB, r

By applying Green’s formula for each i = 1,--- ,n, we have

/’ xJVuP-$i—:/ O1(: | Vul?)
9B, r B,

:/ |Vul?> 42 2/ xjuju;  (integration by parts of the second term)
B, ~ /B,
j
x
:/ |Vul|? — 22/ 0j(ziuj)u; + 22/ zriujuiv; (v = — on 0B,)
B, 5/ Br 5 JoB: r
—/ |Vu|? — 2/ u? — Z/ T + QTZ/ viujujvy  (Au=0)
B By ] B, ,] 8Br

:/ \Vu]2—2/ u?—i—Qr/ (Vi) U,
. By OB,

Summing over ¢, we obtain

D’(r)—l{(n—2)/ \Vu]2+2r/ u%},
r B, 9B,
or

(1.5) D'(r) = D(r) + 2/@3 uZ.

With (1.3), we obtain

D) n-2 2[5 un
(1.6) = + r—.
D(r) r faBT Uy,

Next, we write H(r) as

H(r)= / u?(2)dS, = 7""1/ u?(ry)dS,.
|z|=r lyl=1
This implies

H'(r)=(n-— 1)7“71_2 /|| X u2(ry)d5y + 21""_1/ u(ry)
yl=

ly[=1
= H(r)+ 2/ Ul
r 9B,

ou

X (ry)dS,

Hence, we have

(1.7) -
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By substituting (1.6) and (1.7) into (1.4), we get

JWUﬁzzNhﬂ{‘%&“% B&ﬂmn},

faB,. Uln faB,‘ u?

which is nonnegative by Cauchy inequality. ]

In the following, we provide another proof of (1.5) by a radial deformation, which has
its roots in studies of minimal surfaces.

Another proof of (1.5). For any fixed r, Ar € (0,1) with » + Ar < 1 and a fixed t €

0,1+ 7“—1—27“)’ define a function w; : Ry — Ry by
t for p <,
>
wi(p) = 1T+A7~_ . for p > r+ Ar,
t p+p for r < p <r+ Ar,

Ar Ar
and define l; : R” — R™ by
li(z) = w(|z]).
It is easy to see that [y is bi-Lipschitz and maps By to B;. Then we set in B;

ut =uolt.

d
Note u! is independent of ¢ in By \ B,y a,. Hence

pn ‘tzlut has a compact support in Bj.

Consider
I(u") :/ |Vul|?.
By
Since u is harmonic, we have
d
(1.8) a\tzlf(ut) =0.

To proceed, we write

I(u") =/ V[ +/ V'] +/ IVull> = I + I + Is.
Byt BT+AT\B'M BI\BT+A7‘

In the following, we write
u'(y) = u(z),
with y = l¢(x). For I3, we have y = x with r + Ar < |y| < 1. This implies

n- | valf = [ Vuf?,
Bl\Br+Ar Bl\Br+A'r

and then

d
(1.9) Tl s = 0.
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For I, we have y = l;(x) = tzx for |y| < tr and |z| < r, and hence

v =u(?).

The volume element is given by dy = t"dz. Hence we get

o / IVl (y)2dy = 2 / Vu(e)2dz = "2 D(r),
Brt B'r

and then
d
(1.10) Tl Tt = (n=2)D(r).
Last, for I, we have
B tr—l—Ar—|x| N x| —r .
v= Ar Ar ’

for tr < |y| <r+ Ar and r < |z| < r + Ar. We should note that the transformation
between = and y preserves the radial direction. By setting s = |y| and p = |z| and using
polar coordinates, we have

dp

1
t 2 __ t)2 112 __ 2
V) = o+ Vi = o, (5

2 9
) + ?|VQU|2

0
Note the volume element is given by dy = s" 'dsdf = s"_la—sdpdﬁ. Then we have
P

r+Ar
I = / V!> = / / <s”18pya,,uy2 + 8”388N9u!2> dpdb.
By Ar\Brt T Sn—1 ds op

Note A
:s:/)<tr+ r—p+p—T>7

Ar Ar
and

87) - Ar Ar
Then a straightforward calculation yields

d 1 r+Ar - 9
%‘t:lh :Ar/r /Snl {p"H((n=1)(r+ Ar —p) = (r+ Ar —2p))|0,ul

+p" 3 ((n = 3)(r + A1 — p) + (r + A1 — 2p))|[Voul? } dbdp.
By letting Ar — 04, we obtain

d _ 1
%‘tzlfz :/Sn—l (r”]@ru\Q —r" 2]V9u]2)d0 = 7’/8 <|8Tu 2_ T2|V9u|2>

:7"/ (210,42 — [Vul?),
0B,

ds tr+A7’—2p+2p—r.

or

d
1.11 — _12:27’/ u%—rD/r.
(1.11) Ji =1 - (r)
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With (1.8)-(1.11), we get

(n—2)D(r) 4 2r /8B u? —rD'(r) = 0.

This is (1.5). O
Now we discuss some corollaries of Theorem 1.2.

Corollary 1.3. The limit of N(r) as r — 0+ exists and equals to the vanishing order
of u at 0.

Proof. The existence of the limit of N(r) as » — 0+ follows easily from the monotonicity
of N(r), by Theorem 1.2. To calculate the value of this limit, we write

u=P+ R,

where P is a nonzero homogeneous polynomial of degree k£ and R is the remainder term.
Both P and R are harmonic. Then we have by Example 1.1

VP?
lim N (r) = Ll | 2’ -
r—0 fBBl P
This finishes the proof. O
Corollary 1.4. There hold for any r < 1
d H(r) N(r)
1.12 —1 =2
(1.12) dr 08 =1 r’
and for any 0 <r;y <rg <1
H H N
(1.13) 752) = n(ill) exp{2/ (T)dr},
T2 1 o T
and
H 2N (r2) H
(1.14) (r2) <T2> ()
To r1 Ty

Proof. We may write (1.7) as

or
N(r)

m_—
This implies (1.12). A simple integration of (1.12) yields (1.13). To get (1.14), we simply
note by Theorem 1.2

exp(2 / N 41y < exp2N (o) / h %dr} _ (”)m(m.

T 1 ™

d d
—log H(r) — — logr™™t =2
g g H(r) = 5 logr

This finishes the proof. O
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The identity (1.12) plays an important role in subsequent discussions. An integration
of (1.12) relates two surface integrals of u? through the function N (r), as shown in (1.13).
The following result is the so called doubling condition.

Corollary 1.5. There hold for any R € (0,1/2)

(1.15) ][ u2§22N(1)][ u?,
aBzR 8BR

(1.16) ][ u? < 27122V () ][ u?.
Baog Br
Proof. By Theorem 1.2 and taking 1 = R and r, = 2R in (1.14), we obtain

H(2R) < 92N(1) H(R)
(2R)n (op\n—1 = Rnfl’

which is (1.15). To get (1.16), we simply integrate (1.15) from 0 to R. O

Corollary 1.6. There holds

1/ 2</ 2<1/ 2
u” < u” < u”.
n+2N(1) Jop, B n Jom,

Proof. First, for any r € (0,1), we have

T LN (r T
H(1)= 51(1) exp{2/ Nﬁ)dr} > fn(l),

H(r) <r"LH(1).

/Bl = /1 H(r)dr < HQ1) /17"”‘1611" = H()

On the other hand, for any r € (0, 1), we have

or

This implies

r 1
H(1) = {2/ N(s r"( ) exp{zN(l)/ éds}
_ ﬁ(f exp{—2N(1)logr} = MleNmH(T%

or
H(r) > r?NWrn=1p (1),

This implies

1 1
1
2 _ 2N(1)+n—14,. _
u° = HrdrEHl/T dr = ——H(1).
[ wt= [ i = o) | )
This finishes the proof. O
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We should remark that the estimate in Corollary 1.6 is optimal. For example, consider
in R? the homogeneous harmonic polynomial u of degree k given by

u(z) = ¥ cos k6,

where (r,6) is the polar coordinate in R?. Then it is easy to see that

21
/ u? :/ cos® k0de,
0B, 0

1 2 2
/ u? = / r2k gy / cos? kOdf = ! / cos® kOdf.
B 0 0 2k+2 J,

Now, we may compare the Dirichlet energy with the L?-norm of u. First, we have

fBl ’vu‘Q o f@Bl
B - N e
fBl u f31 u
Then by Corollary 1.6, we have
2
fBl |Vl

Next, we provide another proof of Theorem 1.2 and Corollary 1.4. We assume v is
given by

e e} o0
k
u=y up =) ar'er
k=0 k=0

where uy, is a homogeneous harmonic polynomial of degree k£ in R™ and ¢y, is a spherical
harmonics of degree k on S*~!. We may assume {(}} is orthonormal in L?(S"71), i.e,

/ Prpr = O
Sn—l

Since each wuy is harmonic, we have by Green’s formula

O:/ ukAuk:/ ukﬁnuk—/ (V2.
7" 0B, B

Note upd,u = kr%_lgoi. This implies

/ V|2 = k:/ p2E=1p2 — pp2k—lpn—l
r 6B1"

Therefore, we obtain

(e e
Dr) = 17713 klayf*r¥
k=0

00
H(T’) — =1 Z ‘CLkPT’Qk,
k=0
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and
_rD(r) Y klag*r?F

NO=TH0) T S g

Then, we have
(0 2lanl?r?) (552 lan[>r2*) — (072, Klax*r2%)”

2
r (k=0 lax|?r?F)

by Cauchy inequality. Hence, we conclude N (r) is increasing.
Next, we note

N'(r) =2 >0,

H(r =
)5 e,

Tn

k=0
Then we have
i o H(r) _zgiOQk]akPT%_l_QD(r)
ar \ 8= ) TS e T H ()
or
(1 IO N0
dr rn—1 r

This is (1.12).
For any p € By and any r € (0,1 — |p|), we define
" I, |Vul?

J: 9B, (p) u? -

The quantity N(0,1) is called the frequency.

(1.17) N(p,r) =

Theorem 1.7. For any R € (0,1), there exists a constant Ng = No(R) < 1 such that
the following holds. If N(0,1) < Ny, then u does not vanish in Br. If N(0,1) > Ny,
then there holds

N(p 5(1=R) < CNO,1), for enyp € B,

where C' is a positive constant depending only on n and R. In particular, the vanishing
order of u at any point in Br never exceeds c(n, R)N(0,1).

Proof. The monotonicity of N(0,7) implies that the vanishing order of u at 0 never
exceeds N (0,1). In the following, we shall prove for R = 1/4.
As in the proof of Corollary 1.5, we have for any R € (0,1/2] and A € (1,2]

][ w2 < A2V0OD 2.
83,\3 aBR,

][ u2<)\—1)\2N(0,1)7[ u2.
Bir Br

Note Bsu(p) C Br and Byy C Byja(p) for any p € Byjy. Hence, we have for any

pE By
1,

u2 < C(n)42N(0,1)][ u2.

(p) B 1 (p)

3
4
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Now, we claim

(1.18) 7{93

u? < C(n)42N(0,1)7[ u2'

5(p) 0B (p)

In fact, we have by (1.12)
2N

(1.19) 4 log][ u2 = 2NPr).

dr B (p) r
Hence, the function

ri— u?
dB:(p)

is increasing with respect to r. Then, we have

3
/ u? > / u? = /4 et ][ u?dS dr > c(n) 7[ u?,
B3 (p) By (p)\Bg (») 3 dBr(p) dBs (p)

1
/ u? = /2 vt ][ u?dS dr < ¢(n) 7[ u?,
B1(p) 0 9Br(p) 0B (p)

This finishes the proof of (1.18). Integrating (1.19), we obtain

5
s 2N 1 1
log][ u2—log][ u2:/8 MdTZQN(p,*) <10g5—log>.
9B (p) 9B () 1 r 2 8 2

This implies with (1.18)

3
1

and

or
1
N(p, 5) < ¢e(n)N(0,1) + ¢(n).
By the monotonicity of N(p,r), we obtain for any p € B/, and any r < 1/2
N(p,r) < c(n)N(0,1) + ¢(n).

Therefore, the vanishing order of u at p never exceeds ¢(n)N(0,1) + ¢(n).
To finish the proof, we claim u(p) # 0 for any p € By /4 if N(0,1) < e(n) < 1. To
prove the claim, we assume by the normalization

/ u? = 1,
B

/ IVul? < e(n).
By

sup |Vu| < ¢1(n)y/2(n).
"3

which implies

Interior estimates yield
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By (1.15), we have

1 :/ U2 < 2n122N(0,1)/ U2 < c(n)/ u2.
0B, BB% 83%

Hence there exists a pg € 9By, such that |u(po)| > ca(n). Then, we have for any
pE By

[u(p)| = c2(n) — c1(n)y/e(n) > 0,
if e(n) is small. This completes the proof. O

Most of the results in the present section can be generalized to analytic functions in
C. Suppose f = f(z) is an analytic function in the unit ball in C given by

f(z) = Z apz®.
k=0
Then we have
f'(z) = Znakzk.
k=0

Similarly, we may define H(r), D(r) and N(r) by

o0
H(r) = / f2do = 20y Jagf2r 2,
|2|=r k=0

D(r) = / W@ = > Rl /| 2P 2de = 'S Klag 2,
zlsr k=0

z|<r k=0

and

rD(r) _ Yito klax*r?
H(r) 2352 lawl*r
Then, we may conclude as before that N'(r) > 0.

N(r) =

2. THE MEASURE ESTIMATE OF NODAL SETS

In the present section, we shall estimate the measure of nodal sets of harmonic func-
tions in terms of the frequency. The main result, Theorem 2.1, was proved in Lin in [28].
The proof presented here, which is consistent with the rest of the paper, is different from
that in [28].

We first examine an example. Consider in R? the homogeneous harmonic polynomial
ug given by

ug(z,y) = Re(z?) = ré cos(db).
The nodal set of ug consists of d straight lines intersecting at the origin. Hence, we have
H (uz'(0) N By) = 2d.

Note the measure of the nodal set depends on the degree linearly.
In general, we have the following result.
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Theorem 2.1. Suppose u is a harmonic function in Bi. Then there holds
(2.1) H" 2 € Bi;u(xr) =0} < c(n)N,

2
where N is the frequency of u in By as in (0.1).

We begin with a result of H. Cartan, which provides an estimate from below for the
modulus of a polynomial in C away from its zeroes. For a proof, refer to Theorem 10,
P19 in [27].

Lemma 2.2. For any given number H > 0 and complex numbers ay,--- ,aq, there is a
collection of at most d circles in C, with the sum of the radii equal to 2H, such that for
each z lying outside these circles there holds

H d
|z —ai|- |z —azs| - |z —aq| > (€> .

Corollary 2.3. Suppose p(z) = ZZ:O cp2® is a polynomial in C with ZZ:O leg? > 1.
Then for any H € (0,1), there is a collection of at most d circles in C, with the sum of
the radii < 2H, such that for any z with |z| <1 lying outside these circles there holds

ver> (2)
1

d
— P> = |el* > 1.
27T 8D, kgo

Since p has d zeroes in C, we may assume

Proof. We note

p(z) =c(z —a1)--- (2 — aq).
Then for some zy € D1, we have
1 < |p(20)| = le| - |20 — a1 -+ - [20 — aal < [e|(1 + [a1]) -~ (1 + |aql),

which implies

[z —ai| |z~ adl
z2)| > e .
‘p( )‘_ 1+|a1\ 1—|—]ad]
Note we only consider z with |z| < 1. We assume for some integer d’' < d, |ax| < 2 for
k <d and |ag| > 2 for d’ < k < d. Then for d' < k < d, we have

|z —ak| _ Jag]—1 1 .
> — for any z with |z| < 1.
1+|ak|_\ak\+1 3 Y ‘|_

Obviously, 1 + |ag| < 3 for k < d'. Hence we obtain

1 d—d’
= (5) el = ol

A simple application of Lemma 2.2 yields the desired result. O

Now we prove an important result in this section.
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Lemma 2.4. Let f(z) be a nonzero analytic function in By = {z € C;|z| < 1}. Then
there holds

#{f~1(0)N B} < 2N,
where 7 € (0,1) is universal and N is defined as
I P

Jop, |7

Lemma 2.4 was first proved by Lin by using Taylor expansion in [28]. Here we shall
prove by Rouché Theorem. The proof was adapted from [20].

N

Proof. Set g(z) = f(z/M) for some M > 0 to be determined. Then we have
B MfBM |9/‘2
Jomy, l9P?

We claim for some sufficiently large M,

#{z € By:g(x) =0} <2N

N

where M is universal.
We set

o
g(z) = Z amz".
m=0

We may assume, without loss of generality, that

1 o0
(2.2) /|W= a2 = 1.
2 dB; mZ:() m

In the following, we set N, = [IN], the integral part of N. Obviously, we have
N, < N<N,+1.
By (1.14) for analytic functions, we get

2N
: P <5 [ loP =,
27TM 8By 2 dB;
which implies
o0
Z |am|2M2m < MQN.
m=0

By N < N, + 1, we have obviously

o
m=0

Therefore, we obtain

(2.3) || < M= for any m > 0.
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Note there holds for some universal constant ¢ > 0
1 m2 2 c
= ISR E SRR
m>2N,+1 m>2N,+1
We then get by interior estimates

c
(2.4) sup | Z amz™| < N
B m>aN,+1

We choose M large, independent of NV, such that

1
2
. < -
(25) > P <
m=2N,+1
Set
2N oo
(2.6) P.(z) = Z amz™, Ry(z) = Z amz™.
m=0 m=2N,-+1
Then g = P, + R.. Obviously, we have by (2.2) and (2.5)

2N,

1
§ |am|2 s
m=0 2

Then by Corollary 2.3 with d = 2N, and possibly a different normalization constant, we
conclude

inf |P,| > 2V,

OB
for some r € (1/2,3/4) and a universal constant € € (0,1). By choosing M large enough,
independent of N,, we conclude by (2.4)

sup |R.| < 2N
3/4

This implies
9(2) = Pu(2)| <[Pu(z)| for any [z| =r.
Then Rouché Theorem implies
#{z € B;;g(z) =0} < 2N,,

and in particular
#{z € B1;g(z) =0} <2N.,.
2

This finishes the proof, since N, < N. O
We now prove a different version of Lemma 2.4.
Lemma 2.5. Suppose f: By C C — C is analytic with
FO=1 and sup|f| < 2N,
1

for some positive constant N. Then there holds

#{ZeBr§f(Z):O}§N7
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where r is universal.
Proof. Set g(z) = f(2/M) for some M > 0 to be determined. Then we have
9(0)) =1 and suplg| <27

Bar
We claim for some sufficiently large M,
#{z € Biig(z) =0} <N,

where M is universal.
To prove this, we recall the Cauchy integral formula

)y - 9@ ,
(0 = - /|< e

n! |
™) < — V9N

This implies

Now we set
o0

g9(z) = Z amz".
m=0

We have
N

2
lap| =1 and ]am\<M form=1,2,-

By taking N, = [N], we consider

oo
Py, (2 Z amz™, Rn,(2) = Z amz".
m=Nx+1
Then we get
o0 o0
Br.(2)| < D lamllz™ <2V Y-
m=N.+1 m=N.+1
By considering |z| < 1 and requiring M > 2, we have
1 2N+1 ) N 2N—N*+1
N _
@I Y th<pen=(n) S
m=Nx+1

With |Py, (0)| = 1, the maximum principle implies supyp, [Py,| > 1. By Corollary 2.3,
there holds for some r € (1/2,1)

inf | Py, (2)] > N,

|z[=r

where ¢ is universal. In fact, we may take ¢ = 1/40. Then, we take M such that
4/M < e. Therefore, we have

[Bn. (2)] <[Pn.(2)] for any [2] =,

or
9(2) = Pn.(2)] < |Pn.(2)|  for any |z] =r.
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Then Rouché Theorem implies
#{z € Brig(z) =0} < N,
and in particular
#{z € Biigl(z) = 0} < ..
This finishes the proof. 0

To prove Theorem 2.1, we need the complexification of harmonic functions. Suppose
u is a harmonic function in By C R". Then there is an R € (0, 1) such that u(z) extends
to a holomorphic function 4(z) on

Q={z=2+iyec C"z € Bs,y € Br}.
4
Moreover, there holds for some universal constant ¢ > 0

(2.7) sup ] < ellullp2omy)-

To see this, we simply consider the Taylor expansion of u = u(x) at any point p € Bs /4
and replace x —p € R™ by z —p € C". With the estimate of the derivatives of harmonic
functions, the new complex series converges for |z — p| < R, with R independent of w.
In the following, R will be fixed such that the above extension property and (2.7) hold.
Hence, the constant c is also fixed, independent of w.

Now we are ready to prove Theorem 2.1. A key lemma in the proof is Lemma 2.5,
where the universal constant r is small. In the proof of Theorem 2.1, we shall assume
Lemma 2.5 holds for » = 4/5. The proof below can be modified easily when Lemma 2.5
holds only for small .

Proof of Theorem 2.1. We assume without loss of generality that

/ u?=1.
8B,

By Corollary 1.4, Corollary 1.5 and Theorem 1.7, we have
7[ u? > 47N for any p € B,
B (p) ‘
16
where c is a universal constant. In particular, there is a point x;, € By,16(p) such that
fulzy)| = 27N,

Now we choose pi1,---,p, € 0By4(0), with p; on the zj-axis, j = 1,--- ,n. Let
Ty, € By16(pj) be such that

|u(xpj)| > 27N for any j=1,---,n.

For each j and w € S"~!, we consider

55
fi(w;t) = u(xpj +tw) forte (—§, g)
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It is obvious fj(wj;t) is an analytic function of t € (—5/8,5/8). Moreover, f;(w;t) extends
to an analytic function f;(w;z) for z =t + 4y, |t| < 5/8 and |y| < yo. Then we have
|f5(w; 0)] > 27N,
and
fiwst+iy)| < C,
for some universal constant C'. Applying Lemma 2.5, we obtain

1
#{t;u(a:pj +tw) =0, |t| < 5} < C(n)N,
and in particular
Nj(w) = ##{t; u(wy, +tw) =0, zp, +tw € B%} < C(n)N.

By the integral geometry estimate ([12], 3.2.22), we have
n
H" Yo € Bisu(z) =0} <c(n)) Nj(w)dw < C(n)N.
16
j=1
Now Theorem 2.1 follows simply by a suitable finite covering of By by balls of radius
1/16. This completes the proof. O

3. MEASURE ESTIMATES OF SINGULAR SETS IN R2

Let w be a harmonic function in B; C R™. For any p € By with u(p) = 0 and
Du(p) # 0, it is easy to see that u~1(0) is an (n — 1)-dimensional analytic submanifold
in a neighborhood of p. Now we set

S(u) = {p € Bi;u(p) = 0, Du(p) = 0}.
We first prove a result, which is due to Caffarelli and Friedman [4].

Lemma 3.1. Let u be a nontrivial harmonic function in By C R™.  Then S(u) is
contained in a countable union of (n — 2)-dimensional analytic manifolds.

Proof. For any d > 2, we set
Sq(u) = {p € By; 0"u(p) =0 for any |v| < d,
0"u(p) # 0 for some |vp| = d}.

Then we have
S(u) = | J Sa(u).
d>2

This is a finite union by the finite vanishing order due to analyticity. We shall prove
that Sg(u) is (n — 2)-dimensional for each fixed d > 2.

For any p € Sy(u), there exists a || = d — 2 such that 9%v(p) # 0 for v = .
Obviously, v is a harmonic function in B;. First, the Hessian matrix (0%v(p)) has a
nonzero eigenvalue. Next, we may diagonalize

(0%v(p)) = diag( A1, -+, An).
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Then we have
M+ + A, =0.

By assuming A; # 0, we have another nonzero eigenvalue and hence we may assume
A # 0. Note

aalv(p) = ()\1, 0--- ,O), 3821)(}?) = (0, /\2,0, e ,0).

By applying the implicit function theorem to 0jv and dsv, we conclude that {0jv =
0,09v = 0} is an (n—2)-dimensional analytic manifold in a neighborhood of p. Obviously,
this manifold contains Sy(u) in a neighborhood of p. This finishes the proof. O

Lemma 3.1 illustrates that S(u) is indeed the singular part of {u = 0}. We usually
call S(u) the singular set of u.

The following conjecture concerns the size of singular sets in terms of the frequency.
It was proposed by Lin in [28].

Conjecture 3.2. Let u be a harmonic function in By C R™. Then there holds
H" {2z € B1;u(z) = |Du|(x) = 0} < cN?,
2
where ¢ = c¢(n) is a general constant and N is the frequency of w in By as in (0.1).

At this time, it is known to be true only for the case n = 2. The question for the
general dimension remains open.

The rest of the section only concerns the case n = 2 and is adapted entirely from [20].
In fact, a better result is available for n = 2.

Theorem 3.3. Let u be a harmonic function in By C R%. Then there holds
#(SwnBy) <eN,
2
where ¢ > 0 is some universal constant and N is the frequency of u in By as in (0.1).

Here we have the linear growth for the estimate on the singular set. Compare with
the quadratic growth in Conjecture 3.2.
To prove Theorem 3.3, we shall identify C = R? and prove the following result.

Theorem 3.4. There exists a universal constant M > 1 such that for a harmonic
function u in By C R?, with u(0) = 0, satisfying

MfBM |Vul|?

faBM u?

— I

there holds
#{x € B%;um(ac) = ug,(z) =0} < 2N.

Proof. Let (r,0) denote polar coordinates in R? and we write u in the following form

u(r,0) = Z amr™ cos(mb + 60.,),

m=1
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where 6, € [0,27). We may assume, without loss of generality, that

1 o
(3.1) / W= da =1
T JoB; mzzl "

In the following, we set

N, =inf{n € Zy; n > N}.
In other words, N, = N if N is an integer and N, = [N] + 1 otherwise. Here [N] is the
integral part of N. Obviously, we have

N,—1<N<N,.
By (1.14), we get
2N (0,M
1 w2 < M2N(0,M) / u? = MENOM),
M OB ™ 0B,
which implies
(o)
Z a72nM2m < M2N(O1M)'

m=1

By N(0,M) < N < N,, we have obviously

o0
Z CL?n]\42m < MZN*'
m=1
Therefore, we obtain

(3.2) |am| < MN="™ " for any m > 1.
We first choose M large, independent of Ny, such that

[e.9]

1
(3.3) > laml? < 5

m=2N

Now we identify C = R? and write z = x1 + ixg. Setting f(2) = Uy, — ius,, We note
f is holomorphic and f~1(0) = |Du|~1(0). A straightforward calculation yields

[e.o]
f(z) = Z My, efm M1
m=1
Set
2N, —1 o0
(3.4) P(z) = Z Maymefm 21 R(z) = Z May,edm2m1,
m=1 m=2N,

Then we get f = P+ R. Note P is a polynomial in C of degree 2N, —2 and its coefficients
satisfy

2N.—1

> Imanm|* 2
m=1

N
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By Corollary 2.3, there exists an r € (1/2,1) and a universal € > 0 such that
|P(2)| > &*M2  for any |z| = r.

Moreover, by choosing a universal M large enough, independent of N,, we have by (3.3)
for any |z] < 1

m C No—
RIS Y mans Y g < o <R
m>2N. m>2N.

This implies
|f(z) = P(2)| < |P(2)| forany |z| =1
By Rouché Theorem, we have

#{f~10)N B,} < 2N, -2,

or

#{f71(0)N By} < 2N, - 2.
This finishes the proof, since N, —1 < N. 0

Theorem 3.3 follows from Theorem 3.4 and Theorem 1.7 easily. The proof of Theorem
3.3 makes an essential use of the identification R? = C. In the following, we study the
singular set from another point of view. Instead of identifying R? as C, we put R? into
C? and then consider the complexification of harmonic functions.

Suppose u is a harmonic function defined in By C R?. As discussed in the previous
section, u extends to a holomorphic function @(z) in Dr C C? for some universal R €
(0,1). Moreover, there holds for some universal constant ¢ > 0
(3.5) sup |a| < cllullz298,)-

Dgr
In the following, we always denote by @ the complexification of u. We shall also use B, (x)
and D,(z) to denote open balls of radius r centered at = and z in R? and C?, respectively.
When the center is the origin, we shall simply write B, and D,. The singular set « is
defined as
S(a) ={z € Dr;u(z) = Uz (2) = Uz (2) = 0}.

Then we have the following result concerning complex singular sets.

Theorem 3.5. Let u be a (real) harmonic function in By C R%. Then for some universal
constants Ry € (0,1) and ¢ > 0 there holds

# (S(@) N Dp,) < cN?,
where N is the frequency of u in By as in (0.1).

A significant aspect of Theorem 3.5 is that a property of the complexified @ is deter-
mined by its restriction on the real space u = u|g2. Here we make an important remark
about the complexification @. Since u is a harmonic function, the holomorphic function
U satisfies 0y, U + 0zy2, 4 = 0. Theorem 3.5 asserts that the singular set of @ is isolated
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and that the number of singular points can be estimated in terms of the frequency of the
(real) function u. This result does not hold for general holomorphic functions v satisfying

(3.6) 0212,V + Ozy2,v = 0.
The following example is taken from [26].

Example 3.6. Let v(z) = (21 —i22)%. Obviously v satisfies (3.6). However, the singular
set of v is not even isolated.

Hence in order to have an isolated singular set for a holomorphic function v = v(z1, 22)
satisfying (3.6), all the coefficients in the Taylor expansion of v have to be real.

To prove Theorem 3.5, we shall first provide a simple but crucial calculation for
harmonic polynomials in R? and their complexification % in C2. In the polar coordinate
system (r,0) in R?, the homogeneous polynomial P;(x) = r%cosdf is harmonic. If we
consider a linear transform 7' : R? — R? given by

(3.7) T = (“ ab> , witha? 4+ =1, a,beR,

then Py(7T-) is also harmonic. In fact, any homogeneous harmonic polynomial of degree
d can be written in this way. Note T in (3.7) is simply a rotation in R2.

Now we consider the gradient of homogeneous harmonic polynomials. We identify
R? = C and use the complex coordinate z = x1 + izy. Consider the homogeneous
polynomial

7% = (x1 — ix9)? = r¥ cos df — ir? sin do.
We use its real part and complex part to construct a homogeneous polynomial map
Q4 : R? — R? as follows

r?cos df 1/ 204z4
Qa(r) = Qa(x1,72) = (—rd sind9> T2 (i(zd - zd)> ’
or

(3.8) Qu(z) = 1 ( (1 + izg)? + (w1 — iwa)? ) .

2 \i((21 +ixg)? — (21 — ix2)?)

Each component is a homogeneous harmonic polynomial. In fact )4 is the gradient of
some homogeneous harmonic polynomial of degree d + 1.

As before, we consider a linear transform 7' : R? — R? given in (3.7). If Qg is
a homogeneous polynomial map given in (3.8), then T'Qu(T-) is also a homogeneous
polynomial map given by the gradient of some homogeneous harmonic polynomial of
degree d + 1. In fact, the converse is also true. A homogeneous polynomial map of
degree d can be expressed as T'Qq(T-) for some linear transform 7T in (3.7) if it is the
gradient of some homogeneous harmonic polynomial of degree d + 1.

Now we extend the map Qg : C*> — C2 simply by replacing z = (x1,z2) by z = (21, 22),

. d — iz d
(3.9) Qa(2) = Qa(z1,22) = % (i(((zzllili?;)dt((ill B i222))d)> .
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Suppose T : R? — R? is a linear transform given in (3.7). Set
21\ () _ (5 - bzo
zh) zo)  \bzi+az )’

2y +izh = (a+1ib)(21 +iz2), 2] —izh = (a—1ib)(z1 — iz2).

Set o« = a + ib. We obtain

Then we have

_ 1 (e +iz) 4 ad(z — iz)?
Qu(T2) = 5 (i(ad(21 +izg) —al(z —iz)?) )’
and
1 [ a1 (2 +iz)? + @t (2 — izg)?
t — 1 2 ! >
(3.10) T"Qu(T=) = 5 <i(ad+1(z1 +izg) —att (2 —iz)?) )

We conclude easily
Tt Q (T2 = %(]21 imfP 4 |z — i),
A direct calculation shows
|21 £iz)? = |21 > + |22]? £ 2(y120 — 2192).
Then we obtain
T'QuT=) =5 (151 + |22l + 2012 — a32)’

+(l21)* + |22 = 2(y122 — ﬂflyz))d> :
Notice that only the even powers of yjx2 — x1y2 appear in the right side. Hence we get
(3.11) T'Qu(T2)| = |1
Next we shall generalize (3.11) to nonhomogeneous harmonic polynomial maps.

Lemma 3.7. Suppose Q : C*> — C? is given by

d
(3.12) Q(2) = e TiQu(Ty2),
k=0
where for k =0,1,---,d, Qi : C2 — C? is the homogeneous harmonic polynomial map

given by (8.9), Ty, : C*> — C? is a linear transform given by

Q. —bk .
T, = (bk a ) ,  with ai%—bi =1, ag, b € R,

and ¢, is a complex number such that ZZ:O lcx|?> > 1. Then there exists an r € (1/2,1)
such that

1Q(2)| > ¢ for any z € OD,,

for some universal constant € € (0,1).
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Proof. Set oy, = ay, + iby, for k =0,1,--- ,d. We claim

(3.13) Q <|chak+1 21 + izt +|chak+1 7 — izZ)k|2>.

To prove this, we set for simplicity
W] = 21 + 129, Wo = 2| —1i22.
Then we obtain by (3.10)
d d
1 ak-‘rlwk + aktlypk
Q(Z) = Z CkaQk TkZ 2 ch (i(cﬁﬁ'l 7l?€+1w2k)
=0 wf 2

=0
— 1 ( Zk OCkaI’:‘le + Z% Ockal]z+1w2 > . 1 <I+ II)
o k k+1 =

2 (X erai il — S0 epalttwh)) 2 \I - 11

This implies

Q)2 = (|I+II|2+]IfII\2):l(|I|2+|II\2)

d
1 k k+1, k
SR 1 Do R ]
k=0

This finishes the proof of (3.13).
We now apply Corollary 2.3 to polynomials

=

d

d
cho/’zﬂwk, and chdllzﬂ
k=0

k=0

For any H € (0,1), there is a collection of discs {D,, (px)} and {Dy(¢)} in C, with
dorp <2H and Y s; < 2H, such that for each z = (21, 22) € D; with

z1+ iZQ ¢ UDrk (pk)) or =z — iZz ¢ U‘DSl (QZ)7

"\
Q1> (3g) -
Now we consider the set

Brs(p,q) = {(21,22) € C*; 21 + 22 € Dy(p), 21 — iz2 € Ds(q)}-
Consider the linear transform in C? from (z1, 2z2) to (w1 )

w1 = 21 +129), Wwo = z 129).
! \/i ! 2 2 \/i ! ?

there holds

In the new coordinate system, B, s(p, q) is a polydisc

p q
Dr/ﬁ(\ﬁ) X Ds/ﬁ(ﬁ) cC XC:(Cz.
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Hence by setting 7 = r;, and s = s;, there is a collection of polydiscs {Drk/ﬂ(pk/\@)
xDSl/ﬁ(ql/\/ﬁ)} such that if w = (w1, w2) is not in these polydiscs then |Q(z)| >

(H/10)? for the corresponding z = (21, 22). By choosing H > 0 small enough, we may
find an r € (1/2,1) such that

oD, N <u{Dwﬁ(3’%) X Dsl/ﬂ(\%)}> = 0.

Therefore we obtain

H

d
|Q(2)| > (10> , for any z € dD,.

This finishes the proof. O

The next result is the 2-dimensional version of the Rouché Theorem. For a general
form and a proof, refer to [29].

Lemma 3.8. Suppose f,g : D; C C> — C? are holomorphic in D1 and C' up to the
boundary 0Dy . If

|f(21,22) — g(21, 22)| < |g(21,22)| for any (z1,22) € ODx,

then f~1(0) and g=1(0) are isolated in Dy and the number of points in f~1(0) is the
same as that in g~*(0), counting the multiplicity.

Corollary 3.9. Suppose f : D1 C C?> — C? is holomorphic in Dy and continuous up
to the boundary 0D1 and that Q is given in Lemma 8.7. If for the universal € > 0 in
Lemma 3.7, there holds

|f(21,22) = Q(z1,22)| <, for any (21,22) € Dy \ Dy,
then
#{f71(0)N D1} < d’.
Proof. By Lemma 3.7, there exists an r € (1/2,1) such that
|f(21,22) — Q(z1,22)] < |Q(21,22)|, forany (z1,22) € OD,.
Bezout formula ([1], Corollary 1, P200) implies
#{Q71(0)} < .
Here the multiplicity is counted. Hence by Lemma 3.8, we obtain
#{fH0)N D} < d*.
This finishes the proof. 0

Remark 3.10. Suppose P is a harmonic polynomial of degree d + 1, with P(0) = 0.
We may write
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where ®,, is a homogeneous harmonic polynomial of degree m with fsl 2 =1, for any
1 <m < d+1. Obviously, {®,|s:} is orthogonal in L*(S'). Now we assume [, P? > 1.
This implies Zf::ll a2, > 1. Then it is easy to see that DP, considered as a map from
C? to C?, can be written as in (3.12), with Zi:o lex|? > 1/2.

Now we begin to prove Theorem 3.5. We shall prove the following result. The constant
N in Theorem 3.11 means different from that in (0.1).

Theorem 3.11. There are two universal constants M > 1 and r € (0,1) such that for

a harmonic function u in By C R?, with u(0) = 0, satisfying
MfB |Vul?
M
gy
OBy

there holds
#{z € Dy iy (2) = Uy (2) = 0} < ANZ

The proof of Theorem 3.11 is similar to that of Theorem 3.4.

Proof. For simplicity, we shall use the same notation to denote harmonic functions and
their complexifications. Let (r,6) denote polar coordinates in R? and we write u in the
following form

u(r,0) = Z am P (r,0) and Dy, (1,0) = r"pn,(0),
m=1

where ¢,,(0) satisfies

/Sl 02 (0)dd =1 and ¢! (0) + m om(0) = 0.

Moreover, we may assume, without loss of generality, that

o0
(3.14) / w=) d =1

In the following, we set
N, =inf{n € Z;; n > N}.
In other words, N, = N if N is an integer and N, = [N] + 1 otherwise. Here [N] is the
integral part of N. Obviously, we have
N,—1< NN,
By (1.14), we get
1 / W2 < MENOM) W2 = MANOM).
OB 0B,

which implies

oo

Z a2 M2 < APNOM).

m=1
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By N(0,M) < N < N,, we have obviously

o0
Z a2 M?™ < MM«
m=1

Therefore, we obtain
(3.15) || < MN=="™" for any m > 1.
Since {¢m} is orthonormal in L?(S'), there holds for some universal constant ¢ > 0

/8 Z Am m|2 Z |am|2 MQN*

B1 >on, m>2N,
We first choose M large, independent of Ny, such that

[e.9]

(3.16) S Jaml? < ;

m=2N,
By (3.5), we get for some universal R € (0, 1),
c
sup | > @l <
m>2N,

Interior estimates for holomorphic functions imply

(3.17) sup | D( (Y an®u)l < o
5 m>2Ny
Set
2N, —1
m=1 m=2Ny
Then u = P, + R,. Obviously, we have by (3.14) and (3.16)
2N, 1

2 loml*2

Then DP, satisfies the assumptions in Lemma 3.7, with d = 2N, — 2 and possibly a
different normalization constant. See the Remark 3.10. By choosing M large enough,
independent of N,, we conclude by (3.17)

sup |DR,| < M=%

Dpgr

where ¢ is the universal constant as in Corollary 3.9, or Lemma 3.7. This implies
|Du(z) — DP,(2)| < €72 for any z € D%‘
By applying Corollary 3.9 to Du and DP; in D/, we conclude
#{|Dul1(0) N Dpyu} < (2N, — 2%
This finishes the proof, since N, —1 < N. O
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Now we may prove Theorem 3.5.

Proof of Theorem 3.5. Recall N is defined in (0.1).

First, we consider the case that N is small. Let Ny = Ny(1/4) be the constant in
Theorem 1.7. If N' < Ny, then w is never zero in By /4 by Theorem 1.7. Harnack inequality
and interior estimates for harmonic functions and holomorphic functions imply that @
has no zeroes in Dp,, for some universal Ry < 1. Therefore we have S(4) N Dg, = 0.

Next, we consider N > Ny. By Theorem 1.7 there holds for any p € By 4

Jg, | Vul?
4 00 < CN,
4‘[83%(10) u?

for some positive constant C' independent of u. For any p € By 4, with u(p) = 0, by the
scaled version of Theorem 3.11, we have

#{S(a) N Dg,(p)} < eN?,

for some positive constants Ry < 1 and ¢, independent of u and p. To finish the proof,
we consider two cases. If u is never zero in Bp, /2 then u is never zero in Dag, R,, as in
the first part of the proof. This implies that S(@) N Dagr, g, = 0. If u(p) = 0 for some
p € Bg, /2, then we have

#{S(@) N Dr,(p)} < eN?,
which implies
#{S(@) N Dry} < cNZ.
2
This finishes the proof by taking Ry = min{R;,2RRs, Ro/2}. O
To finish this section, we provide an example to show that the number of complex

singular points is indeed in the quadratic order of the frequency. Hence the estimate in
Theorem 3.5 is optimal.

Example 3.12. For any integer d > 2 and any small € > 0, consider the harmonic
polynomial v in the polar coordinate

_ L an
u(z) = ercosf R cos(d +1)6.

Then it is easy to see that

r?sin df

Du(z) = <5 — 74 cos d9> |

By (3.9), we have

(21 +iz2)® — (21 — i22)9)

pate) = (gl B ),
)=

A simple calculation shows that Dii(z) = 0 has d? solutions close to the origin. Obviously,

the frequency of w is in the order of d.
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4. MEASURE ESTIMATES OF SINGULAR SETS IN R"

In the present section, we shall discuss singular sets of harmonic functions in multi-
dimensional spaces.
We first examine an example.

Example 4.1. Consider the harmonic polynomial in R3
2
u(zy, T2, 3) = w3 + T3 — gl‘g —exs.
A simple calculation shows that
Du(xy, 12, 13) = (22123, T2w3, T3 + T35 — 225 — €).

Then we have
0 for e <0,
S(u) = ¢ {(0,0,0)} for e =0,
{(z1,22,0);21 + 23 =€} for e > 0.
The dimension of the singular set S(u) changes according to the sign of .
Example 4.1 illustrates that a serious problem arises if we study singular sets only
in real spaces. This suggests that we shall study the singular set for the holomorphic
extension of harmonic functions in the complex space.

We shall first prove a structure result for singular sets of harmonic functions. The
proof is adapted from [17].

Lemma 4.2. Let u be a nontrivial harmonic function in B; C R™. Then there holds
S(u) = 8" (u) |J S (w),

where S*(u) is contained in a countable union of (n — 2)-dimensional C* manifolds and
the Hausdorff dimension of Si«(u) is at most n — 3. Moreover, for any p € S*(u) the
leading polynomial of u at p is a polynomial of two variables after some rotation of
coordinates.

Proof. The proof consists of several steps. For each fixed d > 2, we consider
Sa(u) = {p € S(u); 0"u(p) =0 for any |v| < d,
0"u(p) # 0 for some |vy| = d}.
Step 1. We first study local behaviors at each point. For each point y € By, N Saq(u),

1
t f 0,51~
set for anyTE( ,2( |?/|))v

u(y +rax)
1
(f oB.(lu?)?

(4.1) Uy r(z) = for any = € Bs.

Then we have

(4.2) Uy, — P in L?(By) asr —0,
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where P = P, is a non-zero homogeneous harmonic polynomial of d-degree. Moreover,
|P||z20B,) = 1. Note P is the normalized leading polynomial of u at y.
Since P is a non-zero homogeneous polynomial of d-degree, we have

S4(P) = {x;0"P(x) =0 for any |v| < d—1}.

Obviously 0 € S;(P) by the homogeneity of P. Now we claim that Sy(P) is a linear
subspace and

(4.3) P(z) = P(zx+z) forany x € R" and z € S4(P).
To see this, we take any z € Sy(P). Then we have
D"P(z) =0 for any |v| <d—1.

By assuming
P(z) = Z a,x”,
lv|=d

we have

This implies
P(z+ z) = P(x) for any z € R".
Note P is a homogeneous polynomial of d-degree. Then we have

P(z+ Xz) = P(x) for any x € R" and A € R.

Therefore, we obtain
D"P(Az) =0 forany [v| <d—1.

Hence Az € S4(P) for any A € R. Now it is not difficult to conclude that S;(P) is a
linear subspace and that (4.3) holds.

Next, we observe that dimSy(P) < n—2 for d > 2. In fact, (4.3) implies P is a function
of n-dimSy(P) variables. If dimS;(P) =n — 1, P would be a d-degree monomial of one
variable harmonic function. Hence d < 2, which is a contradiction.

Step 2. We define for each j =0,1,2,...,n — 2,

Sh(u) = {y € Sa(u); dimSy(P,) = j}.

We claim that Sé(u) is on a countable union of j-dimensional C! graphs. In fact, we
shall prove that for any y € Sg(u) there exists an r = r(y) such that Sé(u) N By (y) is
contained in a (single piece of) j-dimensional C'! graph.

To show this, we let £, be the j-dimensional linear subspace S;(P,) for any y € Si (w).
For any {yix} C Sg(u) with y, — y, we first prove

(4.4) Angle <yyg, £, >— 0.
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To prove (4.4), we may assume y = 0 and pg = |y—k| — £eS" L. Note p;, € Sa(uo,|y,|)
Yk
for
u(|ykl|z)

Uo,|yy, (z) = 1
0,]yx| <3C aB‘ykﬂﬂ) 2

See (4.1) for notations. Obviously, ug,,| is a harmonic function. It is easy to see that
P, vanishes at { with an order at least d, i.e.,

(4.5) D"P,(§) =0 forany |v|<d—1.

In fact, (4.5) holds since ug |, | — P, in C%(By) and py, — £ as k — oo, and D¥ug 1y, (Pr)
=0 for any |v| < d—1. Since P, is a homogeneous polynomial of d-degree, then we have
¢ € 4,. This implies (4.4).

By (4.4), we obtain that for any y € Si(u) and small € > 0 there exists an r = r(y, €)
such that

(4'6) ‘S(ji,(u) N Br(y) - Br(y> N Ce<€y)>
where
C:(4y) = {z € R™;dist(z, £y) < €|z|}.
Let P, and P be leading polynomials of u at y; and y = 0, respectively. Then we have
(4.7) P, — P uniformly in C%(B).
This implies
by, — ¥, ask — oo,

as subspaces in R"”. By an argument similar as proving (4.4), we may prove that the
constant 7 in (4.6) can be chosen uniformly for any point z € £7(u) in a neighborhood

of y. In other words, for any y € Sg(u) and any small ¢ > 0 there exists an r = r(e,y)
such that

S)(u) N Br(2) € Br(2) N CL(£,) for any 2z € 8% (u) N By(y).

For ¢ > 0 small enough, this clearly implies that Sé(u) N By (y) is contained in a j-
dimensional Lipschitz graph. By (4.4) this graph is C?.
Step 3. Now we set

n—3
S*w) =Sy and S.(u) =] ]S
d>2 §=0 d>2
This finishes the proof. O

Remark 4.3. In fact, we can prove that S*(u) is on a countable union of (n — 2)-
dimensional C'# manifolds, for some 0 < 3 < 1.

The main result in the present section is the following theorem, which was proved in

[23].



NODAL SETS OF HARMONIC FUNCTIONS 31

Theorem 4.4. Suppose u is a harmonic function in By C R™. Then there holds
H'2(S(u) N By) < C(N),

where C(N) is a positive constant depending only on n and N, and N is the frequency
of w in By as in (0.1).

The key result is the following lemma for functions in R".

Lemma 4.5. Let P be a homogeneous harmonic polynomial of degree d > 2 and of two
variables in R™. Then there exist positive constants € and r, depending on P, such that
for any harmonic function u in By with
|u - P‘LOO(BI) < 5,
there holds
H"2(|Du|~1{0} N B,) < ¢(n)(d — 1)>" 2.

Proof. First, there exists a universal constant R € (0,1) such that u(x) can be extended
into a holomorphic function u(z) in Dg with
(4.8) |u — Plcipyy < c(n)|u — Plpe(p,) < ce.
In the following, we assume [, P?=1.
We first prove for n = 2. By the calculation in the previous section, (3.11) specifically,
we have
IDP(2)] > col2|*.
By taking ¢ small in (4.8), we get
|Du(z) — DP(z)| < |PD(z)| for any |z| = R.
Note Bezout’s formula ([1], Corollary 1, P200) implies
#{|DP|71(0)} = (d — 1), (including the multiplicity).
By Lemma 3.8, Rouché Theorem in C2?, we have
#{|Dul~1(0) " D} < (d— 1)
This implies in particular
£{|Dul"1(0) " Br} < (d— 1)

Next, we discuss the general dimension. We temporarily use & = (%1, -, &) to
denote coordinates in R™ and use Z to denote the corresponding complex coordinates.

In the following, we set Du = (f, f) and DP = (g,0). Here we treat f and g as maps
from C" to C?. Then we have

s _ _ gyd=t
9P = co(|21)? + [22) =,
and
|f = glree(pp) < ce.

Now we introduce a change of coordinate £ = Ox in R™ with an orthogonal matrix
O = (0i;) to be chosen. Then in C", we have Z = Oz. In the following, we shall evaluate
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f and g in z. For simplicity, we still write f and g, instead of f o O and go O. Then we
have

d—1

2

n n 2
(4.9) ’9(2)|2 > Co (| Zouzi\z + | 2021‘21‘!2) .
i=1 i=1

Note only the first two rows of the matrix O appear in (4.9).
For any p € R” and any 1 <i < j < n, let P;;(p) denote the 2-dimensional hyperplane

{p1,- -+ pi—1, 26, Pig1, -+ Dj—1, 25 Dj+1, "+, Pn)}

and simply write P;;(p) = {(zi, z;)} when there is no confusion. We also set P;; = IP;;(0).
Fix any 1 < i < j < n. We consider f and g restricted on P;;. A straightforward

calculation shows that
2 d—1
|g|IP>Z-j > ¢ ([orizi + 01;2;|* + |02z + 02j2j|2) 2
(4.10) ot

ol 2 2 2 (01502 01j02i)2 2 2
> m — . . . . . . .
ZCo ( ln{ 2 (01; + o1 + 0y + 02])7 O%i O%j O%i Ogj} (’Zl’ + ‘ZJ’ )

Therefore we require that in the orthogonal matrix O any 2 x 2 submatrices in the first
two rows have nonzero determinants. If we write g = (g1, g2), then each g; is a product
of d — 1 homogeneous linear functions with real-valued coefficients. We may again apply
Lemma 3.8, Rouché Theorem in C?, to get the following conclusion. There exists a
constant &;; such that for any holomorphic function v : Dgr C C? = {(2;,2;)} — C? with

(4.11) v — glp;;| < dij, for any (2;,2;) € Dg,
there holds
(4.12) #(w 0} N D%) < (d—1)2

Here we use D% to denote the ball (centered at origin) with radius R in C2.

Take
1

0= 2 135%[1@ Oij:
For any p € R” and any 1 <1i < j < n, set v;;, = f’IP)ij(p). By taking ¢ small in (4.8),
we may find a small r € (0, R) such that for any p € B, there holds

<20 < (513

[vigp = 9B | o2

Then we have
#(v;;5,{0} N DR) < (d— 1)

J,p
Obviously |Du|~ {0} NP;;(p) C Ui;’;{O}. If we set m;; as the projection
Wij(.%’l, to 1xn) = (;Ub L1, L1, s X1, L1y ,ZL‘n) € Rn_27

then we have shown, in particular, that for ¢ € B" 2 CR" 2 andany 1 <i<j<n
#(|Dul7H{0} N (@) N Br) < (d—1)%
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Hence the integral geometric formula ([12], 3.2.22) implies
H"2(|Dul~H{0} N By)

< Z /BfQ #(|DU’_1{O} N '/TZ;I(q) N Br)dHn_Qq < C(ﬂ)(d B 1)271”_2.

1<i<j<n
This finishes the proof. O

As the first step in proving Theorem 4.4, we shall show the following result.

Lemma 4.6. Suppose u is a nonconstant harmonic function in By with |[ul|2(p,) = 1.
Then there exist positive constants C(u) and e(u), depending on n and u, and a finite
collection of balls {By,(x;)} with r; < 1/8 and x; € S(u) such that for any harmonic
function v in By, with
[u — v|peo(my) < e(u),
there hold
H2 (S(v) N Bijo\ U By, (@)) < C(u),

1
n—2
Z i = on—1"

Lemma 4.6 illustrates that the singular set S(v) of v is decomposed into two parts, a
good part and a bad part. The good part has a measure estimate and the bad part is
covered by small balls. The key point here is that the estimate for the good part and the

covering for the bad part can be made uniform for harmonic functions v close to some
u.

and

Proof. Let u be given in Lemma 4.6. By Lemma 4.2, we have
S(u) = §*(u) U S. (u),

where S, (u) has the Hausdorff dimension not exceeding n — 3, $*(u) is on a countable
union of (n — 2)-dimensional C'* manifolds and for any p € S*(u) the leading polynomial
of u at p is a homogeneous harmonic polynomial of 2 variables after an appropriate
rotation. In particular, we have

H2(Sk(u)) = 0.

Then there exist at most countably many balls B, (x;) with r; < 1/8 and z; € S.(u)
such that

(4.13) Si(u) C U B, (),
and
(4.14) S < 2n1_1.

We claim for any y € S*(u) N Byy, there exist positive constants R = R(y,u) < 1/8,
r=r(y,u), n=n(y,u) and ¢ = c(y,u), with r < R, such that if the function v satisfies

(4.15) |U—’U|Loo(BR(y)) <mn,
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then
(4.16) H2 {S(w)NBr(y)} < ™2,

We will postpone the proof of (4.16).

It is obvious that the collection of {B,(z;)} and {B,(y)}, ¥ € S*(u), covers S(u).
By the compactness of S(u), there exist z; € Si(u), i =1,--- .k = k(u), and y; € S*(u),
j=1,---,1=1I(u), such that

k

l
(4.17) S(u) N Byy C (U B, (:ci)> Ul UBsw) |,
j=1

=1

with r; <1/8,i=1,--- ,k,and s; <1/8,j=1,---,l. Since S(u) is closed, there exists
a positive constant p = p(u) such that

{z e Bs)y ;5 dist(z,S(u)) < p}

k l
C (U Bri(xi)) U U Bs, (y5)
i=1 j=1
It is easy to see that for such a p there exists a positive constant 6 = 0(u) such that
lu — U|01(B3/4) < ¢ implies
(4.19) S(w)N By, C {ze Bsy; dist(z,S(u)) < p}.

Denote

(4.18)

l
7‘7 xz gu = U BSj (yj)
j=1
Now we take e(u) < d(u) small enough such that, for any harmonic function v in By,
the condition

||C»

[u = v|peo(By) < €(u)
implies for each j =1, -, = l(u),

| = | Lo (Br(y;) < 1Y) w).
Therefore there hold by (4.13), (4.14), (4.1 ) ( 19),

S(v) N Bz C (S(v) N Bu) U (S(v) NGu),

C(u

l
H' 2 (S()NGu) <c Z

and
k

k
1 _ 1
= U B, (xi), ri < 3 and E n S g
=1 i=1

Now we prove (4.16) under the assumption (4.15). For any y € S*(u) N Bsy, there
holds

u(x +y) = P(x) + ¢(x) for any = € B%,
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where P is a nonzero d-degree homogeneous harmonic polynomial with 2 < d < N and
1 (x) satisfies, by interior estimates, for any || < 1/8,

(4.20) ()] < Cla| ™,

where C' is a positive constant depending only on N and n. By an appropriate rotation
P is a function of two variables. Hence we may assume P is defined in R? x {0} with
R™ = R? x R"~2. We abuse the notation by saying that P is defined in R?. Let ¢, and r,
be the constants given in Lemma 4.5 for P. By (4.20), we may take a positive constant
R = R(y,u) < 1/8 such that

1 1
|ﬁ¢|Lw(BR) < 55*-
Choose 1 small, depending on R and ¢,, such that (4.15) implies

1 1
| g (4 = V)l (Br(y) < 58+

Then there holds
1
[ (0 = PC=9) o (Ba) < &

By considering the transformation z — y + Rx, we have

1

’ﬁv(y + R ) — P’Loo(Bl) < Ex.

Hence we may apply Lemma 4.5 to P. After transforming back to Br(y) we get for
some r < Rr,

H"2(|Dv| {0} N B,) < ¢(n)(d — 1)%r" 2.
Therefore, we obtain (4.16). O
The proof of Theorem 4.4 is based on an iteration of Lemma 4.6. In order to do this,

we need to introduce a class of compact harmonic functions. Consider a positive integer
N. We denote by Hy the collection of all harmonic functions v in By C R"

(4.21) ][ u?(z) de < 4N ][ u?(z) dz,
Bar(zo)

Br(z0)

for all xg € By/3 and 0 < 2r < dist(zg, dB1). Obviously, Hy is invariant under dilations
and translations. Specifically, if v € Hy, then we have ug,, = u(zg + r-) € Hy for
any zg € By3 and 0 < 2r < dist(z9,0By). The class Hy has the following important
compactness property.

Lemma 4.7. For any fired positive integer N, the collection
{u e HN;/ u?(z)dx = 1}
By /2

is compact under the local L -metric.
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Proof. The proof is straightforward. Suppose ui € Hy satisfies fBl/Q u%(aj) dx = 1. By
(4.21) and some covering argument there holds for any R € (0, 1)
lukll 2By < ¢(N, R), k=1,2,---.

Then there is a subsequence ug such that ug converges to a harmonic function u locally
in C?(By). In (4.21) with u replaced with uy, we may take the limit k¥ — oo. Hence
(4.21) holds for u and then u € Hy. It is obvious that fBl/Q u?(z)dz = 1. O

Now we prove the following result.
Theorem 4.8. Let N be a positive integer. Then there holds for any u € Hy
H' 2 {S(u) N By} < C,
where C' is a positive constant depending on N and n.

Theorem 4.4 follows readily from Theorem 4.8. To prove Theorem 4.8, we need an
improved version of Lemma 4.6.

Lemma 4.9. Suppose N is a given positive integer. Then there exists a positive constant
C, depending on N and n, such that for any u € Hy there exists a finite collection of
balls { By,(z;)}, with r; < 1/4 and z; € S(u), such that there hold

H" 2 (S(u) N By 2\ U By, (%)) < C,

and
1

-2
2Ty
By comparing Lemma 4.6 and Lemma 4.9, we note that the constant C' in Lemma 4.6

depends on the function v and that the constant C' in Lemma 4.9 depends only on the
class ‘Hy, independent of the specific functions in this class.

Proof. We set
H}V:{uEHN;/ u2:1}.

B
2
Take an arbitrary function ug € H}V. Consider any u € ’H}V with |ug — ul L°(B,5) < o-
We take 19 = no(up) small such that

no < e(up),

where e(up) is the constant given in Lemma 4.6. Then by Lemma 4.6, there exist a
positive constant C(ug) and finitely many balls { B,, (z;)}, with z; € S(up) and r; < 1/8,
such that for any u € Hl,, with |ug — U‘LOO(B7/8) < 1o, there hold

H 2 (S(u) N B%\ Ui>1 By, (%)) < C(up),

and
1

er?‘Z S 2n—1 :

i>1
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If S(u) N By, (x;) # 0, we may take Z; € S(u) N By, (x;). Obviously By, (x;) C Bay, (Z;).
Therefore, for such a u by renaming radii and centers, we find a finite collection of balls
{By,(x;)}, with z; € S(u) and r; < 1/4, such that

H""2(S(u) N Byjp\ U By, (1)) < C(uo),

and 1
-2
2 s
1>1
By Lemma 4.7, H}V is compact under local L>°-metric. Hence there exist uy,---, u, € H}V
and m1 = n(u1),- -+ ,np = n(up) such that for any u € HY; there exists a k with 1 <k <p

with the property
[u = uk|oo (B, ) < k-
Denote
C =max{C(u1), -+ ,C(up)}.
Such a constant C'is finite and depends only on the class H . This finishes the proof. [

Now we are ready to prove Theorem 4.8. The iteration scheme in the proof was first
used by Hardt and Simon in [25].

Proof of Theorem 4.8. We use an iteration process to prove Theorem 4.8. To begin with,
define

¢o = {B12}-
We claim that we may find ¢1, ¢, - - -, each of which consists of a collection of balls, such
that for any ¢ > 1
1 1
rad(B) < 3 o for any B € ¢y,
e 1
[rad(B)] 2 < ?7
Beg,
and
n—2 C
H Swn |J B~ |J B < 50

Begpy_1 Begy
where C' is the positive constant given in Lemma 4.9. Observe that

S(u)ﬂB%CU Swn( |J B~ | B
/=1

Begy_y Begy
u (swnlJ U B
=0 j=0 BEg;
Hence we have
H" 2 (S(u) N Byyp) <C Zi—l—inf 3 i < 2C.
1/2) = P S A

>1 j=t
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To prove the claim we construct {¢,} by an induction. Note ¢g9 = {B;/2}. Suppose
¢0,®1, - - ., dg_1 are already defined for some ¢ > 1. To construct ¢y, we take B = B,.(y) €
¢o—1, with » < 1/2. Consider the transformation z — y + 2rz. Then, u(x) = u(y + 2rzx)
is a harmonic function in By. Obviously, @ € Hy. Hence we may apply Lemma 4.9 to
@ to obtain a collection of balls {Bs,(z;)}, with s; < 1/4 and z; € S(a), such that there
hold

Hr2 (S(a) N Bi\UB, (zi)> <0,

Sate

Now transform Bj /5 back to B, (y) by = + (z —y)/2r. We obtain that, for B = B,(y) €
¢¢—1, there exist finitely many balls {B,, (x;)} in Ba,(y), with r; < r/2, such that

and

N | —

H2 (S(u) N B-(y)\ U B, ($1)> <Cr"?

and

1
Z 1”?72 < 57“”_2.

)

of = U{Bz‘(%)}a

Then we set

and

B
b0 = U ¢z .
Begy_
Hence we obtain

H2swn |J B~ B|<c| > 7,

Bege1 Beg, By (wi)€de—1
and by induction
11 .1
TS 5 on Z TS o
Bri (xi)E(bK
for each £ > 1. This concludes the proof. O
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