
NODAL SETS OF HARMONIC FUNCTIONS

QING HAN

In the present lecture notes, we shall discuss the relation between the growth of har-
monic functions and the growth of nodal sets of those functions. The growth of harmonic
functions is measured by their frequency. For any harmonic function u in the unit ball
B1 ⊂ Rn, the frequency is defined as

(0.1) N =

∫
B1
|∇u|2∫

∂B1
u2

.

If u is a homogenous harmonic polynomial, its frequency is exactly its degree. In general,
the frequency controls the growth of the harmonic functions. In the present lecture notes,
we shall discuss how the frequency controls the size of nodal sets.

As we know, plane harmonic functions are simply the real parts of holomorphic func-
tions in the complex plane. This simple identification is not enjoyed by harmonic func-
tions in higher dimensional spaces. However, harmonic functions in Rn, as analytic
functions with interior estimates on derivatives, can be extended as holomorphic func-
tions in Cn. It turns out that such an extension is extremely important in the discussion
of nodal sets of harmonic functions. This is because the nodal sets of (general analytic)
functions in Rn are not stable in the sense that a simple perturbation may change the
structure of nodal sets. In particular, the dimension of nodal sets may change by per-
turbations. However, this never happens for holomorphic functions in Cn. In order to
discuss nodal sets of harmonic functions, we shall first discuss complex nodal sets of the
holomorphic extensions. It is not surprising that complex analysis plays an important
role in our study. For example, we shall use repeatedly Rouché Theorem in C and in
C2. It asserts that if an equidimensional holomorphic map has isolated zeroes then its
holomorphic perturbation enjoys the same property and the number of isolated zeroes is
preserved. Another property we shall use is the behavior of polynomials away from their
zeroes. For a suitably normalized polynomial, a positive lower bound can be established
for the modulus of the polynomial outside some balls around its zeroes.

The foundation of our discussion is a monotonicity formula for harmonic functions.
Corollaries of such a monotonicity include the doubling condition of L2-integrals and
finite vanishing order. In fact, an integral quantity of harmonic functions in the unit ball
controls the vanishing order of harmonic functions inside the ball.

This note is prepared for lectures in Peking University, July 2005.
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1. A Monotonicity Formula

In the present section, we shall discuss a monotonicity formula for harmonic functions.
Important corollaries include doubling conditions and the control of vanishing order by
the frequency. The entire section is modified from [13], [14] and [28].

Throughout this section, we always assume that u is a harmonic function in B1 ⊂ Rn,
i.e.,

(1.1) 4u = 0.

Define for any r ∈ (0, 1)

D(r) =
∫

Br

|∇u|2,

H(r) =
∫

∂Br

u2,

and

(1.2) N(r) =
rD(r)
H(r)

.

We first note that D(r) can be written as a surface integral. By (1.1), we have 4u2 =
2|∇u|2. With Green’s formula, we may rewrite D(r) as

(1.3) D(r) =
1
2

∫

Br

4u2 =
∫

∂Br

uun.

As an example, we first calculate N(r) for homogeneous harmonic polynomials.

Example 1.1. If u is a homogeneous harmonic polynomial of degree k, then N(r) is a
constant and N(r) = k. To see this, we write

u(x) = rkϕ(θ),

where ϕ is a spherical harmonics of degree k on Sn−1. Then we have

un = krk−1ϕ(θ),

and hence

N(r) =
rD(r)
H(r)

=
r
∫
∂Br

uun∫
∂Br

u2
= k.

Hence, N(r) is constant and equal to the degree.

Now we prove the following basic result.

Theorem 1.2. N(r) is a nondecreasing function of r ∈ (0, 1).

Proof. First, we have

N ′(r) =
D(r)
H(r)

+
rD′(r)
H(r)

− rD(r)
H2(r)

H ′(r)

= N(r)
{

1
r

+
D′(r)
D(r)

− H ′(r)
H(r)

}
.

(1.4)
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We need to calculate D′(r) and H ′(r). A simple differentiation yields

D′(r) =
∫

∂Br

|∇u|2 =
1
r

∫

∂Br

< x|∇u|2, x

r
> .

By applying Green’s formula for each i = 1, · · · , n, we have
∫

∂Br

xi|∇u|2 · xi

r
=

∫

Br

∂i(xi|∇u|2)

=
∫

Br

|∇u|2 + 2
∑

j

∫

Br

xiujuij (integration by parts of the second term)

=
∫

Br

|∇u|2 − 2
∑

j

∫

Br

∂j(xiuj)ui + 2
∑

j

∫

∂Br

xiujuiνj (ν =
x

r
on ∂Br)

=
∫

Br

|∇u|2 − 2
∫

Br

u2
i −

∑

j

∫

Br

xiujjui + 2r
∑

j

∫

∂Br

νiuiujνj (4u = 0)

=
∫

Br

|∇u|2 − 2
∫

Br

u2
i + 2r

∫

∂Br

(νiui)un.

Summing over i, we obtain

D′(r) =
1
r

{
(n− 2)

∫

Br

|∇u|2 + 2r

∫

∂Br

u2
n

}
,

or

(1.5) D′(r) =
n− 2

r
D(r) + 2

∫

∂Br

u2
n.

With (1.3), we obtain

(1.6)
D′(r)
D(r)

=
n− 2

r
+

2
∫
∂Br

u2
n∫

∂Br
uun

.

Next, we write H(r) as

H(r) =
∫

|x|=r
u2(x)dSx = rn−1

∫

|y|=1
u2(ry)dSy.

This implies

H ′(r) = (n− 1)rn−2

∫

|y|=1
u2(ry)dSy + 2rn−1

∫

|y|=1
u(ry)

∂u

∂n
(ry)dSy

=
n− 1

r
H(r) + 2

∫

∂Br

uun.

Hence, we have

(1.7)
H ′(r)
H(r)

=
n− 1

r
+

2
∫
∂Br

uun∫
∂Br

u2
.
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By substituting (1.6) and (1.7) into (1.4), we get

N ′(r) = 2N(r)

{ ∫
∂Br

u2
n∫

∂Br
uun

−
∫
∂Br

uun∫
∂Br

u2

}
,

which is nonnegative by Cauchy inequality. ¤

In the following, we provide another proof of (1.5) by a radial deformation, which has
its roots in studies of minimal surfaces.

Another proof of (1.5). For any fixed r,4r ∈ (0, 1) with r + 4r < 1 and a fixed t ∈
(0, 1 +

4r

r +4r
), define a function wt : R+ → R+ by

wt(ρ) =





t for ρ ≤ r,

1 for ρ ≥ r +4r,

t
r +4r − ρ

4r
+

ρ− r

4r
for r ≤ ρ ≤ r +4r,

and define lt : Rn → Rn by
lt(x) = wt(|x|)x.

It is easy to see that lt is bi-Lipschitz and maps B1 to B1. Then we set in B1

ut = u ◦ l−1
t .

Note ut is independent of t in B1 \Br+4r. Hence
d

dt

∣∣
t=1

ut has a compact support in B1.
Consider

I(ut) =
∫

B1

|∇ut|2.

Since u is harmonic, we have

(1.8)
d

dt

∣∣
t=1

I(ut) = 0.

To proceed, we write

I(ut) =
∫

Brt

|∇ut|2 +
∫

Br+4r\Brt

|∇ut|2 +
∫

B1\Br+4r

|∇ut|2 = I1 + I2 + I3.

In the following, we write
ut(y) = u(x),

with y = lt(x). For I3, we have y = x with r +4r ≤ |y| ≤ 1. This implies

I3 =
∫

B1\Br+4r

|∇ut|2 =
∫

B1\Br+4r

|∇u|2,

and then

(1.9)
d

dt

∣∣
t=1

I3 = 0.
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For I1, we have y = lt(x) = tx for |y| < tr and |x| < r, and hence

ut(y) = u
(y

t

)
.

The volume element is given by dy = tndx. Hence we get

I1 =
∫

Brt

|∇ut(y)|2dy = tn−2

∫

Br

|∇u(x)|2dx = tn−2D(r),

and then

(1.10)
d

dt

∣∣
t=1

I1 = (n− 2)D(r).

Last, for I2, we have

y =
(

t
r +4r − |x|

4r
+
|x| − r

4r

)
x,

for tr ≤ |y| ≤ r +4r and r ≤ |x| ≤ r +4r. We should note that the transformation
between x and y preserves the radial direction. By setting s = |y| and ρ = |x| and using
polar coordinates, we have

|∇ut(y)|2 = |∂su
t|2 +

1
s2
|∇θu

t|2 = |∂ρu|2
(

∂ρ

∂s

)2

+
1
s2
|∇θu|2.

Note the volume element is given by dy = sn−1dsdθ = sn−1 ∂s

∂ρ
dρdθ. Then we have

I2 =
∫

Br+4r\Brt

|∇ut|2 =
∫ r+4r

r

∫

Sn−1

(
sn−1 ∂ρ

∂s
|∂ρu|2 + sn−3 ∂s

∂ρ
|∇θu|2

)
dρdθ.

Note

s = ρ

(
t
r +4r − ρ

4r
+

ρ− r

4r

)
,

and
∂s

∂ρ
= t

r +4r − 2ρ

4r
+

2ρ− r

4r
.

Then a straightforward calculation yields

d

dt

∣∣
t=1

I2 =
1
4r

∫ r+4r

r

∫

Sn−1

{
ρn−1

(
(n− 1)(r +4r − ρ)− (r +4r − 2ρ)

)|∂ρu|2

+ ρn−3
(
(n− 3)(r +4r − ρ) + (r +4r − 2ρ)

)|∇θu|2
}
dθdρ.

By letting 4r → 0+, we obtain

d

dt

∣∣
t=1

I2 =
∫

Sn−1

(
rn|∂ru|2 − rn−2|∇θu|2

)
dθ = r

∫

∂Br

(
|∂ru|2 − 1

r2
|∇θu|2

)

=r

∫

∂Br

(
2|∂ru|2 − |∇u|2),

or

(1.11)
d

dt

∣∣
t=1

I2 = 2r

∫

∂Br

u2
n − rD′(r).
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With (1.8)-(1.11), we get

(n− 2)D(r) + 2r

∫

∂Br

u2
n − rD′(r) = 0.

This is (1.5). ¤

Now we discuss some corollaries of Theorem 1.2.

Corollary 1.3. The limit of N(r) as r → 0+ exists and equals to the vanishing order
of u at 0.

Proof. The existence of the limit of N(r) as r → 0+ follows easily from the monotonicity
of N(r), by Theorem 1.2. To calculate the value of this limit, we write

u = P + R,

where P is a nonzero homogeneous polynomial of degree k and R is the remainder term.
Both P and R are harmonic. Then we have by Example 1.1

lim
r→0

N(r) =

∫
B1
|∇P |2∫

∂B1
P 2

= k.

This finishes the proof. ¤

Corollary 1.4. There hold for any r < 1

(1.12)
d

dr
log

H(r)
rn−1

= 2
N(r)

r
,

and for any 0 < r1 < r2 < 1

(1.13)
H(r2)
rn−1
2

=
H(r1)
rn−1
1

exp{2
∫ r2

r1

N(r)
r

dr},

and

(1.14)
H(r2)
rn−1
2

≤
(

r2

r1

)2N(r2) H(r1)
rn−1
1

.

Proof. We may write (1.7) as

H ′(r)
H(r)

− n− 1
r

= 2
D(r)
H(r)

= 2
N(r)

r
,

or
d

dr
log H(r)− d

dr
log rn−1 = 2

N(r)
r

.

This implies (1.12). A simple integration of (1.12) yields (1.13). To get (1.14), we simply
note by Theorem 1.2

exp{2
∫ r2

r1

N(r)
r

dr} ≤ exp{2N(r2)
∫ r2

r1

1
r
dr} =

(
r2

r1

)2N(r2)

.

This finishes the proof. ¤
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The identity (1.12) plays an important role in subsequent discussions. An integration
of (1.12) relates two surface integrals of u2 through the function N(r), as shown in (1.13).

The following result is the so called doubling condition.

Corollary 1.5. There hold for any R ∈ (0, 1/2)

−
∫

∂B2R

u2 ≤ 22N(1) −
∫

∂BR

u2,(1.15)

−
∫

B2R

u2 ≤ 2−122N(1) −
∫

BR

u2.(1.16)

Proof. By Theorem 1.2 and taking r1 = R and r2 = 2R in (1.14), we obtain

H(2R)
(2R)n−1

≤ 22N(1) H(R)
Rn−1

,

which is (1.15). To get (1.16), we simply integrate (1.15) from 0 to R. ¤

Corollary 1.6. There holds

1
n + 2N(1)

∫

∂B1

u2 ≤
∫

B1

u2 ≤ 1
n

∫

∂B1

u2.

Proof. First, for any r ∈ (0, 1), we have

H(1) =
H(r)
rn−1

exp{2
∫ 1

r

N(r)
r

dr} ≥ H(r)
rn−1

,

or
H(r) ≤ rn−1H(1).

This implies ∫

B1

u2 =
∫ 1

0
H(r)dr ≤ H(1)

∫ 1

0
rn−1dr =

1
n

H(1).

On the other hand, for any r ∈ (0, 1), we have

H(1) =
H(r)
rn−1

exp{2
∫ 1

r

N(s)
s

ds} ≤ H(r)
rn−1

exp{2N(1)
∫ 1

r

1
s
ds}

=
H(r)
rn−1

exp{−2N(1) log r} =
1

rn−1+2N(1)
H(r),

or
H(r) ≥ r2N(1)+n−1H(1).

This implies
∫

B1

u2 =
∫ 1

0
H(r)dr ≥ H(1)

∫ 1

0
r2N(1)+n−1dr =

1
n + 2N(1)

H(1).

This finishes the proof. ¤



8 HAN

We should remark that the estimate in Corollary 1.6 is optimal. For example, consider
in R2 the homogeneous harmonic polynomial u of degree k given by

u(x) = rk cos kθ,

where (r, θ) is the polar coordinate in R2. Then it is easy to see that
∫

∂B1

u2 =
∫ 2π

0
cos2 kθdθ,

∫

B1

u2 =
∫ 1

0
r2k+1dr

∫ 2π

0
cos2 kθdθ =

1
2k + 2

∫ 2π

0
cos2 kθdθ.

Now, we may compare the Dirichlet energy with the L2-norm of u. First, we have
∫
B1
|∇u|2∫

B1
u2

= N(1)

∫
∂B1

u2

∫
B1

u2
.

Then by Corollary 1.6, we have

nN(1) ≤
∫
B1
|∇u|2∫

B1
u2

≤ N(1)
(
n + 2N(1)

)
.

Next, we provide another proof of Theorem 1.2 and Corollary 1.4. We assume u is
given by

u =
∞∑

k=0

uk =
∞∑

k=0

akr
kϕk,

where uk is a homogeneous harmonic polynomial of degree k in Rn and ϕk is a spherical
harmonics of degree k on Sn−1. We may assume {ϕk} is orthonormal in L2(Sn−1), i.e,

∫

Sn−1

ϕkϕl = δkl.

Since each uk is harmonic, we have by Green’s formula

0 =
∫

Br

uk4uk =
∫

∂Br

uk∂nuk −
∫

Br

|∇uk|2.

Note uk∂nuk = kr2k−1ϕ2
k. This implies

∫

Br

|∇uk|2 = k

∫

∂Br

r2k−1ϕ2
k = kr2k−1rn−1.

Therefore, we obtain

D(r) = rn−1
∞∑

k=0

k|ak|2r2k−1,

H(r) = rn−1
∞∑

k=0

|ak|2r2k,
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and

N(r) =
rD(r)
H(r)

=
∑∞

k=0 k|ak|2r2k

∑∞
k=0 |ak|2r2k

.

Then, we have

N ′(r) = 2

(∑∞
k=0 k2|ak|2r2k

) (∑∞
k=0 |ak|2r2k

)− (∑∞
k=0 k|ak|2r2k

)2

r (
∑∞

k=0 |ak|2r2k)2
≥ 0,

by Cauchy inequality. Hence, we conclude N(r) is increasing.
Next, we note

H(r)
rn−1

=
∞∑

k=0

|ak|2r2k.

Then we have
d

dr

(
log

H(r)
rn−1

)
=

∑∞
k=0 2k|ak|2r2k−1

∑∞
k=0 |ak|2r2k

=
2D(r)
H(r)

,

or
d

dr

(
log

H(r)
rn−1

)
= 2

N(r)
r

.

This is (1.12).

For any p ∈ B1 and any r ∈ (0, 1− |p|), we define

(1.17) N(p, r) =
r
∫
Br(p) |∇u|2∫
∂Br(p) u2

.

The quantity N(0, 1) is called the frequency.

Theorem 1.7. For any R ∈ (0, 1), there exists a constant N0 = N0(R) ¿ 1 such that
the following holds. If N(0, 1) ≤ N0, then u does not vanish in BR. If N(0, 1) ≥ N0,
then there holds

N(p,
1
2
(1−R)) ≤ CN(0, 1), for any p ∈ BR,

where C is a positive constant depending only on n and R. In particular, the vanishing
order of u at any point in BR never exceeds c(n,R)N(0, 1).

Proof. The monotonicity of N(0, r) implies that the vanishing order of u at 0 never
exceeds N(0, 1). In the following, we shall prove for R = 1/4.

As in the proof of Corollary 1.5, we have for any R ∈ (0, 1/2] and λ ∈ (1, 2]

−
∫

∂BλR

u2 ≤ λ2N(0,1) −
∫

∂BR

u2,

−
∫

BλR

u2 ≤ λ−1λ2N(0,1) −
∫

BR

u2.

Note B3/4(p) ⊂ B1 and B1/4 ⊂ B1/2(p) for any p ∈ B1/4. Hence, we have for any
p ∈ B1/4

−
∫

B 3
4
(p)

u2 ≤ c(n)42N(0,1) −
∫

B 1
2
(p)

u2.
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Now, we claim

(1.18) −
∫

∂B 5
8
(p)

u2 ≤ c(n)42N(0,1) −
∫

∂B 1
2
(p)

u2.

In fact, we have by (1.12)

(1.19)
d

dr
log−

∫

∂Br(p)
u2 =

2N(p, r)
r

.

Hence, the function

r 7→ −
∫

∂Br(p)
u2

is increasing with respect to r. Then, we have
∫

B 3
4
(p)

u2 ≥
∫

B 3
4
(p)\B 5

8
(p)

u2 =
∫ 3

4

5
8

rn−1 −
∫

∂Br(p)
u2dS dr ≥ c(n)−

∫

∂B 5
8
(p)

u2,

and ∫

B 1
2
(p)

u2 =
∫ 1

2

0
rn−1 −

∫

∂Br(p)
u2dS dr ≤ c(n)−

∫

∂B 1
2
(p)

u2.

This finishes the proof of (1.18). Integrating (1.19), we obtain

log−
∫

∂B 5
8
(p)

u2 − log−
∫

∂B 1
2
(p)

u2 =
∫ 5

8

1
2

2N(p, r)
r

dr ≥ 2N(p,
1
2
)
(

log
5
8
− log

1
2

)
.

This implies with (1.18)

c(n)N(p,
1
2
) ≤ log

(
c(n)42N(0,1)

)
,

or
N(p,

1
2
) ≤ c(n)N(0, 1) + c(n).

By the monotonicity of N(p, r), we obtain for any p ∈ B1/4 and any r ≤ 1/2

N(p, r) ≤ c(n)N(0, 1) + c(n).

Therefore, the vanishing order of u at p never exceeds c(n)N(0, 1) + c(n).
To finish the proof, we claim u(p) 6= 0 for any p ∈ B1/4 if N(0, 1) ≤ ε(n) ¿ 1. To

prove the claim, we assume by the normalization∫

∂B1

u2 = 1,

which implies ∫

B1

|∇u|2 ≤ ε(n).

Interior estimates yield
sup
B 1

2

|∇u| ≤ c1(n)
√

ε(n).
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By (1.15), we have

1 =
∫

∂B1

u2 ≤ 2n−122N(0,1)

∫

∂B 1
2

u2 ≤ c(n)
∫

∂B 1
2

u2.

Hence there exists a p0 ∈ ∂B1/2 such that |u(p0)| ≥ c2(n). Then, we have for any
p ∈ B1/2

|u(p)| ≥ c2(n)− c1(n)
√

ε(n) > 0,

if ε(n) is small. This completes the proof. ¤

Most of the results in the present section can be generalized to analytic functions in
C. Suppose f = f(z) is an analytic function in the unit ball in C given by

f(z) =
∞∑

k=0

akz
k.

Then we have

f ′(z) =
∞∑

k=0

nakz
k.

Similarly, we may define H(r), D(r) and N(r) by

H(r) =
∫

|z|=r
|f |2dσ = 2π

∞∑

k=0

|ak|2r2k+1,

D(r) =
∫

|z|≤r
|f ′(z)|dz =

∞∑

k=0

k2|ak|2
∫

|z|≤r
|z|2k−2dz = π

∞∑

k=0

k|ak|2r2k,

and

N(r) =
rD(r)
H(r)

=
∑∞

k=0 k|ak|2r2k

2
∑∞

k=0 |ak|2r2k
.

Then, we may conclude as before that N ′(r) ≥ 0.

2. The Measure Estimate of Nodal Sets

In the present section, we shall estimate the measure of nodal sets of harmonic func-
tions in terms of the frequency. The main result, Theorem 2.1, was proved in Lin in [28].
The proof presented here, which is consistent with the rest of the paper, is different from
that in [28].

We first examine an example. Consider in R2 the homogeneous harmonic polynomial
ud given by

ud(x, y) = Re(zd) = rd cos(dθ).
The nodal set of ud consists of d straight lines intersecting at the origin. Hence, we have

H1(u−1
d (0) ∩B1) = 2d.

Note the measure of the nodal set depends on the degree linearly.
In general, we have the following result.
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Theorem 2.1. Suppose u is a harmonic function in B1. Then there holds

(2.1) Hn−1{x ∈ B 1
2
;u(x) = 0} ≤ c(n)N,

where N is the frequency of u in B1 as in (0.1).

We begin with a result of H. Cartan, which provides an estimate from below for the
modulus of a polynomial in C away from its zeroes. For a proof, refer to Theorem 10,
P19 in [27].

Lemma 2.2. For any given number H > 0 and complex numbers a1, · · · , ad, there is a
collection of at most d circles in C, with the sum of the radii equal to 2H, such that for
each z lying outside these circles there holds

|z − a1| · |z − a2| · · · |z − ad| >
(

H

e

)d

.

Corollary 2.3. Suppose p(z) =
∑d

k=0 ckz
k is a polynomial in C with

∑d
k=0 |ck|2 ≥ 1.

Then for any H ∈ (0, 1), there is a collection of at most d circles in C, with the sum of
the radii ≤ 2H, such that for any z with |z| ≤ 1 lying outside these circles there holds

|p(z)| >
(

H

10

)d

.

Proof. We note
1
2π

∫

∂D1

|p|2 =
d∑

k=0

|ck|2 ≥ 1.

Since p has d zeroes in C, we may assume

p(z) = c(z − a1) · · · (z − ad).

Then for some z0 ∈ ∂D1, we have

1 ≤ |p(z0)| = |c| · |z0 − a1| · · · |z0 − ad| ≤ |c|(1 + |a1|) · · · (1 + |ad|),
which implies

|p(z)| ≥ |z − a1|
1 + |a1| · · ·

|z − ad|
1 + |ad| .

Note we only consider z with |z| ≤ 1. We assume for some integer d′ ≤ d, |ak| ≤ 2 for
k ≤ d′ and |ak| > 2 for d′ < k ≤ d. Then for d′ < k ≤ d, we have

|z − ak|
1 + |ak| ≥

|ak| − 1
|ak|+ 1

>
1
3

for any z with |z| ≤ 1.

Obviously, 1 + |ak| ≤ 3 for k ≤ d′. Hence we obtain

|p(z)| ≥
(

1
3

)d−d′

|z − a1| · · · |z − ad′ |.

A simple application of Lemma 2.2 yields the desired result. ¤
Now we prove an important result in this section.
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Lemma 2.4. Let f(z) be a nonzero analytic function in B1 = {z ∈ C; |z| ≤ 1}. Then
there holds

#{f−1(0) ∩Br} ≤ 2N,

where r ∈ (0, 1) is universal and N is defined as

N =

∫
B1
|f ′|2∫

∂B1
|f |2 .

Lemma 2.4 was first proved by Lin by using Taylor expansion in [28]. Here we shall
prove by Rouché Theorem. The proof was adapted from [20].

Proof. Set g(z) = f(z/M) for some M > 0 to be determined. Then we have

N =
M

∫
BM

|g′|2∫
∂BM

|g|2 .

We claim for some sufficiently large M ,

#{z ∈ B 1
2
; g(z) = 0} ≤ 2N,

where M is universal.
We set

g(z) =
∞∑

m=0

amzm.

We may assume, without loss of generality, that

(2.2)
1
2π

∫

∂B1

|g|2 =
∞∑

m=0

|am|2 = 1.

In the following, we set N∗ = [N ], the integral part of N . Obviously, we have

N∗ ≤ N ≤ N∗ + 1.

By (1.14) for analytic functions, we get

1
2πM

∫

∂BM

|g|2 ≤ M2N

2π

∫

∂B1

|g|2 = M2N ,

which implies
∞∑

m=0

|am|2M2m ≤ M2N .

By N ≤ N∗ + 1, we have obviously
∞∑

m=0

|am|2M2m ≤ M2(N∗+1).

Therefore, we obtain

(2.3) |am| ≤ MN∗−m+1 for any m ≥ 0.
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Note there holds for some universal constant c > 0
1
2π

∫

∂B1

|
∑

m≥2N∗+1

amzm|2 =
∑

m≥2N∗+1

|am|2 ≤ c

M2N∗
.

We then get by interior estimates

(2.4) sup
B 3

4

|
∑

m≥2N∗+1

amzm| ≤ c

MN∗
.

We choose M large, independent of N∗, such that

(2.5)
∞∑

m=2N∗+1

|am|2 ≤ 1
2
.

Set

(2.6) P∗(z) =
2N∗∑

m=0

amzm, R∗(z) =
∞∑

m=2N∗+1

amzm.

Then g = P∗ + R∗. Obviously, we have by (2.2) and (2.5)
2N∗∑

m=0

|am|2 ≥ 1
2
.

Then by Corollary 2.3 with d = 2N∗ and possibly a different normalization constant, we
conclude

inf
∂Br

|P∗| > ε2N∗ ,

for some r ∈ (1/2, 3/4) and a universal constant ε ∈ (0, 1). By choosing M large enough,
independent of N∗, we conclude by (2.4)

sup
B3/4

|R∗| < ε2N∗ .

This implies
|g(z)− P∗(z)| < |P∗(z)| for any |z| = r.

Then Rouché Theorem implies

#{z ∈ Br; g(z) = 0} ≤ 2N∗,

and in particular
#{z ∈ B 1

2
; g(z) = 0} ≤ 2N∗.

This finishes the proof, since N∗ ≤ N . ¤
We now prove a different version of Lemma 2.4.

Lemma 2.5. Suppose f : B1 ⊂ C→ C is analytic with

|f(0)| = 1 and sup
B1

|f | ≤ 2N ,

for some positive constant N . Then there holds

#{z ∈ Br; f(z) = 0} ≤ N,
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where r is universal.

Proof. Set g(z) = f(z/M) for some M > 0 to be determined. Then we have

|g(0)| = 1 and sup
BM

|g| ≤ 2N .

We claim for some sufficiently large M ,

#{z ∈ B 1
2
; g(z) = 0} ≤ N,

where M is universal.
To prove this, we recall the Cauchy integral formula

g(n)(0) =
n!
2πi

∫

|ζ|=M

g(ζ)
ζn+1

dζ.

This implies

|g(n)(0)| ≤ n!
Mn

sup
∂BM

|g| ≤ n!
Mn

2N .

Now we set

g(z) =
∞∑

m=0

amzm.

We have

|a0| = 1 and |am| ≤ 2N

Mm
, for m = 1, 2, · · · .

By taking N∗ = [N ], we consider

PN∗(z) =
N∗∑

m=0

amzm, RN∗(z) =
∞∑

m=N∗+1

amzm.

Then we get

|RN∗(z)| ≤
∞∑

m=N∗+1

|am||z|m ≤ 2N
∞∑

m=N∗+1

|z|m
Mm

.

By considering |z| < 1 and requiring M ≥ 2, we have

|RN∗(z)| ≤ 2N
∞∑

m=N∗+1

1
Mm

≤ 2N+1

MN∗+1
=

(
2
M

)N∗
· 2N−N∗+1

M
.

With |PN∗(0)| = 1, the maximum principle implies sup∂B1
|PN∗ | ≥ 1. By Corollary 2.3,

there holds for some r ∈ (1/2, 1)

inf
|z|=r

|PN∗(z)| ≥ εN∗ ,

where ε is universal. In fact, we may take ε = 1/40. Then, we take M such that
4/M ≤ ε. Therefore, we have

|RN∗(z)| < |PN∗(z)| for any |z| = r,

or
|g(z)− PN∗(z)| < |PN∗(z)| for any |z| = r.
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Then Rouché Theorem implies

#{z ∈ Br; g(z) = 0} ≤ N∗,

and in particular
#{z ∈ B 1

2
; g(z) = 0} ≤ N∗.

This finishes the proof. ¤

To prove Theorem 2.1, we need the complexification of harmonic functions. Suppose
u is a harmonic function in B1 ⊂ Rn. Then there is an R ∈ (0, 1) such that u(x) extends
to a holomorphic function ũ(z) on

Ω = {z = x + iy ∈ Cn;x ∈ B 3
4
, y ∈ BR}.

Moreover, there holds for some universal constant c > 0

(2.7) sup
Ω
|ũ| ≤ c‖u‖L2(∂B1).

To see this, we simply consider the Taylor expansion of u = u(x) at any point p ∈ B3/4

and replace x− p ∈ Rn by z − p ∈ Cn. With the estimate of the derivatives of harmonic
functions, the new complex series converges for |z − p| < R, with R independent of u.
In the following, R will be fixed such that the above extension property and (2.7) hold.
Hence, the constant c is also fixed, independent of u.

Now we are ready to prove Theorem 2.1. A key lemma in the proof is Lemma 2.5,
where the universal constant r is small. In the proof of Theorem 2.1, we shall assume
Lemma 2.5 holds for r = 4/5. The proof below can be modified easily when Lemma 2.5
holds only for small r.

Proof of Theorem 2.1. We assume without loss of generality that
∫

∂B1

u2 = 1.

By Corollary 1.4, Corollary 1.5 and Theorem 1.7, we have

−
∫

B 1
16

(p)
u2 ≥ 4−cN for any p ∈ B 1

4
,

where c is a universal constant. In particular, there is a point xp ∈ B1/16(p) such that
|u(xp)| ≥ 2−cN .

Now we choose p1, · · · , pn ∈ ∂B1/4(0), with pj on the xj-axis, j = 1, · · · , n. Let
xpj ∈ B1/16(pj) be such that

|u(xpj )| ≥ 2−cN for any j = 1, · · · , n.

For each j and w ∈ Sn−1, we consider

fj(w; t) = u(xpj + tw) for t ∈ (−5
8
,
5
8
).



NODAL SETS OF HARMONIC FUNCTIONS 17

It is obvious fj(w; t) is an analytic function of t ∈ (−5/8, 5/8). Moreover, fj(w; t) extends
to an analytic function fj(w; z) for z = t + iy, |t| < 5/8 and |y| < y0. Then we have

|fj(w; 0)| ≥ 2−cN ,

and
|fj(w; t + iy)| ≤ C,

for some universal constant C. Applying Lemma 2.5, we obtain

#{t;u(xpj + tw) = 0, |t| < 1
2
} ≤ C(n)N,

and in particular

Nj(w) ≡ #{t;u(xpj + tw) = 0, xpj + tw ∈ B 1
16
} ≤ C(n)N.

By the integral geometry estimate ([12], 3.2.22), we have

Hn−1{x ∈ B 1
16

;u(x) = 0} ≤ c(n)
n∑

j=1

∫

Sn−1

Nj(w)dw ≤ C(n)N.

Now Theorem 2.1 follows simply by a suitable finite covering of B1/2 by balls of radius
1/16. This completes the proof. ¤

3. Measure Estimates of Singular Sets in R2

Let u be a harmonic function in B1 ⊂ Rn. For any p ∈ B1 with u(p) = 0 and
Du(p) 6= 0, it is easy to see that u−1(0) is an (n− 1)-dimensional analytic submanifold
in a neighborhood of p. Now we set

S(u) = {p ∈ B1;u(p) = 0, Du(p) = 0}.
We first prove a result, which is due to Caffarelli and Friedman [4].

Lemma 3.1. Let u be a nontrivial harmonic function in B1 ⊂ Rn. Then S(u) is
contained in a countable union of (n− 2)-dimensional analytic manifolds.

Proof. For any d ≥ 2, we set

Sd(u) = {p ∈ B1; ∂νu(p) = 0 for any |ν| < d,

∂ν0u(p) 6= 0 for some |ν0| = d}.
Then we have

S(u) =
⋃

d≥2

Sd(u).

This is a finite union by the finite vanishing order due to analyticity. We shall prove
that Sd(u) is (n− 2)-dimensional for each fixed d ≥ 2.

For any p ∈ Sd(u), there exists a |β| = d − 2 such that ∂2v(p) 6= 0 for v = ∂βu.
Obviously, v is a harmonic function in B1. First, the Hessian matrix (∂2v(p)) has a
nonzero eigenvalue. Next, we may diagonalize

(∂2v(p)) = diag(λ1, · · · , λn).
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Then we have
λ1 + · · ·+ λn = 0.

By assuming λ1 6= 0, we have another nonzero eigenvalue and hence we may assume
λ2 6= 0. Note

∂∂1v(p) = (λ1, 0 · · · , 0), ∂∂2v(p) = (0, λ2, 0, · · · , 0).

By applying the implicit function theorem to ∂1v and ∂2v, we conclude that {∂1v =
0, ∂2v = 0} is an (n−2)-dimensional analytic manifold in a neighborhood of p. Obviously,
this manifold contains Sd(u) in a neighborhood of p. This finishes the proof. ¤

Lemma 3.1 illustrates that S(u) is indeed the singular part of {u = 0}. We usually
call S(u) the singular set of u.

The following conjecture concerns the size of singular sets in terms of the frequency.
It was proposed by Lin in [28].

Conjecture 3.2. Let u be a harmonic function in B1 ⊂ Rn. Then there holds

Hn−2{x ∈ B 1
2
;u(x) = |Du|(x) = 0} ≤ cN2,

where c = c(n) is a general constant and N is the frequency of u in B1 as in (0.1).

At this time, it is known to be true only for the case n = 2. The question for the
general dimension remains open.

The rest of the section only concerns the case n = 2 and is adapted entirely from [20].
In fact, a better result is available for n = 2.

Theorem 3.3. Let u be a harmonic function in B1 ⊂ R2. Then there holds

#
(
S(u) ∩B 1

2

)
≤ cN,

where c > 0 is some universal constant and N is the frequency of u in B1 as in (0.1).

Here we have the linear growth for the estimate on the singular set. Compare with
the quadratic growth in Conjecture 3.2.

To prove Theorem 3.3, we shall identify C = R2 and prove the following result.

Theorem 3.4. There exists a universal constant M > 1 such that for a harmonic
function u in BM ⊂ R2, with u(0) = 0, satisfying

M
∫
BM

|∇u|2∫
∂BM

u2
≤ N,

there holds
#{x ∈ B 1

2
;ux1(x) = ux2(x) = 0} ≤ 2N.

Proof. Let (r, θ) denote polar coordinates in R2 and we write u in the following form

u(r, θ) =
∞∑

m=1

amrm cos(mθ + θm),



NODAL SETS OF HARMONIC FUNCTIONS 19

where θm ∈ [0, 2π). We may assume, without loss of generality, that

(3.1)
1
π

∫

∂B1

u2 =
∞∑

m=1

a2
m = 1.

In the following, we set
N∗ = inf{n ∈ Z+; n ≥ N}.

In other words, N∗ = N if N is an integer and N∗ = [N ] + 1 otherwise. Here [N ] is the
integral part of N . Obviously, we have

N∗ − 1 ≤ N ≤ N∗.

By (1.14), we get

1
πM

∫

∂BM

u2 ≤ M2N(0,M)

π

∫

∂B1

u2 = M2N(0,M),

which implies
∞∑

m=1

a2
mM2m ≤ M2N(0,M).

By N(0,M) ≤ N ≤ N∗, we have obviously
∞∑

m=1

a2
mM2m ≤ M2N∗ .

Therefore, we obtain

(3.2) |am| ≤ MN∗−m, for any m ≥ 1.

We first choose M large, independent of N∗, such that

(3.3)
∞∑

m=2N∗

|am|2 ≤ 1
2
.

Now we identify C = R2 and write z = x1 + ix2. Setting f(z) = ux1 − iux2 , we note
f is holomorphic and f−1(0) = |Du|−1(0). A straightforward calculation yields

f(z) =
∞∑

m=1

mameiθmzm−1.

Set

(3.4) P (z) =
2N∗−1∑

m=1

mameiθmzm−1, R(z) =
∞∑

m=2N∗

mameiθmzm−1.

Then we get f = P +R. Note P is a polynomial in C of degree 2N∗−2 and its coefficients
satisfy

2N∗−1∑

m=1

|mam|2 ≥ 1
2
.
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By Corollary 2.3, there exists an r ∈ (1/2, 1) and a universal ε > 0 such that

|P (z)| > ε2N∗−2 for any |z| = r.

Moreover, by choosing a universal M large enough, independent of N∗, we have by (3.3)
for any |z| < 1

|R(z)| ≤
∑

m≥2N∗

|mam| ≤
∑

m≥2N∗

m

Mm−N∗
≤ c

MN∗
< ε2N∗−2.

This implies
|f(z)− P (z)| < |P (z)| for any |z| = r.

By Rouché Theorem, we have

#{f−1(0) ∩Br} ≤ 2N∗ − 2,

or
#{f−1(0) ∩B 1

2
} ≤ 2N∗ − 2.

This finishes the proof, since N∗ − 1 ≤ N . ¤

Theorem 3.3 follows from Theorem 3.4 and Theorem 1.7 easily. The proof of Theorem
3.3 makes an essential use of the identification R2 = C. In the following, we study the
singular set from another point of view. Instead of identifying R2 as C, we put R2 into
C2 and then consider the complexification of harmonic functions.

Suppose u is a harmonic function defined in B1 ⊂ R2. As discussed in the previous
section, u extends to a holomorphic function ũ(z) in DR ⊂ C2 for some universal R ∈
(0, 1). Moreover, there holds for some universal constant c > 0

(3.5) sup
DR

|ũ| ≤ c‖u‖L2(∂B1).

In the following, we always denote by ũ the complexification of u. We shall also use Br(x)
and Dr(z) to denote open balls of radius r centered at x and z in R2 and C2, respectively.
When the center is the origin, we shall simply write Br and Dr. The singular set ũ is
defined as

S(ũ) = {z ∈ DR; ũ(z) = ũz1(z) = ũz2(z) = 0}.
Then we have the following result concerning complex singular sets.

Theorem 3.5. Let u be a (real) harmonic function in B1 ⊂ R2. Then for some universal
constants R0 ∈ (0, 1) and c > 0 there holds

#(S(ũ) ∩DR0) ≤ cN2,

where N is the frequency of u in B1 as in (0.1).

A significant aspect of Theorem 3.5 is that a property of the complexified ũ is deter-
mined by its restriction on the real space u = ũ|R2 . Here we make an important remark
about the complexification ũ. Since u is a harmonic function, the holomorphic function
ũ satisfies ∂z1z1 ũ + ∂z2z2 ũ = 0. Theorem 3.5 asserts that the singular set of ũ is isolated
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and that the number of singular points can be estimated in terms of the frequency of the
(real) function u. This result does not hold for general holomorphic functions v satisfying

(3.6) ∂z1z1v + ∂z2z2v = 0.

The following example is taken from [26].

Example 3.6. Let v(z) = (z1− iz2)2. Obviously v satisfies (3.6). However, the singular
set of v is not even isolated.

Hence in order to have an isolated singular set for a holomorphic function v = v(z1, z2)
satisfying (3.6), all the coefficients in the Taylor expansion of v have to be real.

To prove Theorem 3.5, we shall first provide a simple but crucial calculation for
harmonic polynomials in R2 and their complexification ũ in C2. In the polar coordinate
system (r, θ) in R2, the homogeneous polynomial Pd(x) = rd cos dθ is harmonic. If we
consider a linear transform T : R2 → R2 given by

(3.7) T =
(

a −b
b a

)
, with a2 + b2 = 1, a, b ∈ R,

then Pd(T ·) is also harmonic. In fact, any homogeneous harmonic polynomial of degree
d can be written in this way. Note T in (3.7) is simply a rotation in R2.

Now we consider the gradient of homogeneous harmonic polynomials. We identify
R2 = C and use the complex coordinate z = x1 + ix2. Consider the homogeneous
polynomial

z̄d = (x1 − ix2)d = rd cos dθ − ird sin dθ.

We use its real part and complex part to construct a homogeneous polynomial map
Qd : R2 → R2 as follows

Qd(x) = Qd(x1, x2) =
(

rd cos dθ
−rd sin dθ

)
=

1
2

(
zd + z̄d

i(zd − z̄d)

)
,

or

(3.8) Qd(x) =
1
2

(
(x1 + ix2)d + (x1 − ix2)d

i((x1 + ix2)d − (x1 − ix2)d)

)
.

Each component is a homogeneous harmonic polynomial. In fact Qd is the gradient of
some homogeneous harmonic polynomial of degree d + 1.

As before, we consider a linear transform T : R2 → R2 given in (3.7). If Qd is
a homogeneous polynomial map given in (3.8), then T tQd(T ·) is also a homogeneous
polynomial map given by the gradient of some homogeneous harmonic polynomial of
degree d + 1. In fact, the converse is also true. A homogeneous polynomial map of
degree d can be expressed as T tQd(T ·) for some linear transform T in (3.7) if it is the
gradient of some homogeneous harmonic polynomial of degree d + 1.

Now we extend the map Qd : C2 → C2 simply by replacing x = (x1, x2) by z = (z1, z2),

(3.9) Qd(z) = Qd(z1, z2) =
1
2

(
(z1 + iz2)d + (z1 − iz2)d

i((z1 + iz2)d − (z1 − iz2)d)

)
.
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Suppose T : R2 → R2 is a linear transform given in (3.7). Set
(

z′1
z′2

)
= T

(
z1

z2

)
=

(
az1 − bz2

bz1 + az2

)
.

Then we have

z′1 + iz′2 = (a + ib)(z1 + iz2), z′1 − iz′2 = (a− ib)(z1 − iz2).

Set α = a + ib. We obtain

Qd(Tz) =
1
2

(
αd(z1 + iz2)d + ᾱd(z1 − iz2)d

i
(
αd(z1 + iz2)d − ᾱd(z1 − iz2)d)

)
,

and

(3.10) T tQd(Tz) =
1
2

(
αd+1(z1 + iz2)d + ᾱd+1(z1 − iz2)d

i
(
αd+1(z1 + iz2)d − ᾱd+1(z1 − iz2)d)

)
.

We conclude easily

|T tQd(Tz)|2 =
1
2
(|z1 + iz2|2d + |z1 − iz2|2d

)
.

A direct calculation shows

|z1 ± iz2|2 = |z1|2 + |z2|2 ± 2(y1x2 − x1y2).

Then we obtain

|T tQd(Tz)|2 =
1
2

((|z1|2 + |z2|2 + 2(y1x2 − x1y2)
)d

+
(|z1|2 + |z2|2 − 2(y1x2 − x1y2)

)d
)

.

Notice that only the even powers of y1x2 − x1y2 appear in the right side. Hence we get

(3.11) |T tQd(Tz)| ≥ |z|d.
Next we shall generalize (3.11) to nonhomogeneous harmonic polynomial maps.

Lemma 3.7. Suppose Q : C2 → C2 is given by

(3.12) Q(z) =
d∑

k=0

ckT
t
kQk(Tkz),

where for k = 0, 1, · · · , d, Qk : C2 → C2 is the homogeneous harmonic polynomial map
given by (3.9), Tk : C2 → C2 is a linear transform given by

Tk =
(

ak −bk

bk ak

)
, with a2

k + b2
k = 1, ak, bk ∈ R,

and ck is a complex number such that
∑d

k=0 |ck|2 ≥ 1. Then there exists an r ∈ (1/2, 1)
such that

|Q(z)| > εd for any z ∈ ∂Dr,

for some universal constant ε ∈ (0, 1).
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Proof. Set αk = ak + ibk, for k = 0, 1, · · · , d. We claim

(3.13) |Q(z)|2 =
1
2

(
|

d∑

k=0

ckα
k+1
k (z1 + iz2)k|2 + |

d∑

k=0

ckᾱ
k+1
k (z1 − iz2)k|2

)
.

To prove this, we set for simplicity

w1 = z1 + iz2, w2 = z1 − iz2.

Then we obtain by (3.10)

Q(z) =
d∑

k=0

ckT
t
kQk(Tkz) =

1
2

d∑

k=0

ck

(
αk+1

k wk
1 + ᾱk+1

k wk
2

i(αk+1
k wk

1 − ᾱk+1
k wk

2)

)

=
1
2

( ∑d
k=0 ckα

k+1
k wk

1 +
∑d

k=0 ckᾱ
k+1
k wk

2

i(
∑d

k=0 ckα
k+1
k wk

1 −
∑d

k=0 ckᾱ
k+1
k wk

2)

)
=

1
2

(
I + II
I − II

)
.

This implies

|Q(z)|2 =
1
4
(|I + II|2 + |I − II|2) =

1
2
(|I|2 + |II|2)

=
1
2

(
|

d∑

k=0

ckα
k+1
k wk

1 |2 + |
d∑

k=0

ckᾱ
k+1
k wk

2 |2
)

.

This finishes the proof of (3.13).
We now apply Corollary 2.3 to polynomials

d∑

k=0

ckα
k+1
k wk, and

d∑

k=0

ckᾱ
k+1
k wk.

For any H ∈ (0, 1), there is a collection of discs {Drk
(pk)} and {Dsl

(ql)} in C, with∑
rk ≤ 2H and

∑
sl ≤ 2H, such that for each z = (z1, z2) ∈ D1 with

z1 + iz2 /∈ ∪Drk
(pk), or z1 − iz2 /∈ ∪Dsl

(ql),

there holds

|Q(z)| >
(

H

10

)d

.

Now we consider the set

Br,s(p, q) = {(z1, z2) ∈ C2; z1 + iz2 ∈ Dr(p), z1 − iz2 ∈ Ds(q)}.
Consider the linear transform in C2 from (z1, z2) to (w1, w2)

w1 =
1√
2
(z1 + iz2), w2 =

1√
2
(z1 − iz2).

In the new coordinate system, Br,s(p, q) is a polydisc

Dr/
√

2(
p√
2
)×Ds/

√
2(

q√
2
) ⊂ C× C = C2.
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Hence by setting r = rk and s = sl, there is a collection of polydiscs {Drk/
√

2(pk/
√

2)
×Dsl/

√
2(ql/

√
2)} such that if w = (w1, w2) is not in these polydiscs then |Q(z)| >

(H/10)d for the corresponding z = (z1, z2). By choosing H > 0 small enough, we may
find an r ∈ (1/2, 1) such that

∂Dr ∩
(
∪{Drk/

√
2(

pk√
2
)×Dsl/

√
2(

ql√
2
)}

)
= ∅.

Therefore we obtain

|Q(z)| >
(

H

10

)d

, for any z ∈ ∂Dr.

This finishes the proof. ¤

The next result is the 2-dimensional version of the Rouché Theorem. For a general
form and a proof, refer to [29].

Lemma 3.8. Suppose f, g : D1 ⊂ C2 → C2 are holomorphic in D1 and C1 up to the
boundary ∂D1. If

|f(z1, z2)− g(z1, z2)| < |g(z1, z2)| for any (z1, z2) ∈ ∂D1,

then f−1(0) and g−1(0) are isolated in D1 and the number of points in f−1(0) is the
same as that in g−1(0), counting the multiplicity.

Corollary 3.9. Suppose f : D1 ⊂ C2 → C2 is holomorphic in D1 and continuous up
to the boundary ∂D1 and that Q is given in Lemma 3.7. If for the universal ε > 0 in
Lemma 3.7, there holds

|f(z1, z2)−Q(z1, z2)| < εd, for any (z1, z2) ∈ D1 \D 1
2
,

then
#{f−1(0) ∩D 1

2
} ≤ d2.

Proof. By Lemma 3.7, there exists an r ∈ (1/2, 1) such that

|f(z1, z2)−Q(z1, z2)| < |Q(z1, z2)|, for any (z1, z2) ∈ ∂Dr.

Bezout formula ([1], Corollary 1, P200) implies

#{Q−1(0)} ≤ d2.

Here the multiplicity is counted. Hence by Lemma 3.8, we obtain

#{f−1(0) ∩Dr} ≤ d2.

This finishes the proof. ¤

Remark 3.10. Suppose P is a harmonic polynomial of degree d + 1, with P (0) = 0.
We may write

P =
d+1∑

m=1

amΦm,
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where Φm is a homogeneous harmonic polynomial of degree m with
∫
S1 Φ2

m = 1, for any
1 ≤ m ≤ d + 1. Obviously, {Φm|S1} is orthogonal in L2(S1). Now we assume

∫
S1 P 2 ≥ 1.

This implies
∑d+1

m=1 a2
m ≥ 1. Then it is easy to see that DP , considered as a map from

C2 to C2, can be written as in (3.12), with
∑d

k=0 |ck|2 ≥ 1/2.

Now we begin to prove Theorem 3.5. We shall prove the following result. The constant
N in Theorem 3.11 means different from that in (0.1).

Theorem 3.11. There are two universal constants M > 1 and r ∈ (0, 1) such that for
a harmonic function u in BM ⊂ R2, with u(0) = 0, satisfying

M
∫
BM

|∇u|2∫
∂BM

u2
≤ N,

there holds
#{z ∈ Dr; ũz1(z) = ũz2(z) = 0} ≤ 4N2.

The proof of Theorem 3.11 is similar to that of Theorem 3.4.

Proof. For simplicity, we shall use the same notation to denote harmonic functions and
their complexifications. Let (r, θ) denote polar coordinates in R2 and we write u in the
following form

u(r, θ) =
∞∑

m=1

amΦm(r, θ) and Φm(r, θ) = rmϕm(θ),

where ϕm(θ) satisfies∫

S1
ϕ2

m(θ)dθ = 1 and ϕ′′m(θ) + m2ϕm(θ) = 0.

Moreover, we may assume, without loss of generality, that

(3.14)
∫

∂B1

u2 =
∞∑

m=1

a2
m = 1.

In the following, we set
N∗ = inf{n ∈ Z+; n ≥ N}.

In other words, N∗ = N if N is an integer and N∗ = [N ] + 1 otherwise. Here [N ] is the
integral part of N . Obviously, we have

N∗ − 1 ≤ N ≤ N∗.

By (1.14), we get
1
M

∫

∂BM

u2 ≤ M2N(0,M)

∫

∂B1

u2 = M2N(0,M),

which implies
∞∑

m=1

a2
mM2m ≤ M2N(0,M).



26 HAN

By N(0,M) ≤ N ≤ N∗, we have obviously
∞∑

m=1

a2
mM2m ≤ M2N∗ .

Therefore, we obtain

(3.15) |am| ≤ MN∗−m for any m ≥ 1.

Since {ϕm} is orthonormal in L2(S1), there holds for some universal constant c > 0∫

∂B1

|
∑

m≥2N∗

amΦm|2 =
∑

m≥2N∗

|am|2 ≤ c

M2N∗
.

We first choose M large, independent of N∗, such that

(3.16)
∞∑

m=2N∗

|am|2 ≤ 1
2
.

By (3.5), we get for some universal R ∈ (0, 1),

sup
DR

|
∑

m≥2N∗

amΦm| ≤ c

MN∗
.

Interior estimates for holomorphic functions imply

(3.17) sup
D R

2

|D(
∑

m≥2N∗

amΦm)| ≤ c

RMN∗
.

Set

(3.18) P∗ =
2N∗−1∑

m=1

amΦm, R∗ =
∞∑

m=2N∗

amΦm.

Then u = P∗ + R∗. Obviously, we have by (3.14) and (3.16)
2N∗−1∑

m=1

|am|2 ≥ 1
2
.

Then DP∗ satisfies the assumptions in Lemma 3.7, with d = 2N∗ − 2 and possibly a
different normalization constant. See the Remark 3.10. By choosing M large enough,
independent of N∗, we conclude by (3.17)

sup
D R

2

|DR∗| < ε2N∗−2,

where ε is the universal constant as in Corollary 3.9, or Lemma 3.7. This implies

|Du(z)−DP∗(z)| < ε2N∗−2 for any z ∈ DR
2
.

By applying Corollary 3.9 to Du and DP∗ in DR/2, we conclude

#{|Du|−1(0) ∩DR/4} ≤ (2N∗ − 2)2.

This finishes the proof, since N∗ − 1 ≤ N . ¤
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Now we may prove Theorem 3.5.

Proof of Theorem 3.5. Recall N is defined in (0.1).
First, we consider the case that N is small. Let N0 = N0(1/4) be the constant in

Theorem 1.7. If N ≤ N0, then u is never zero in B1/4 by Theorem 1.7. Harnack inequality
and interior estimates for harmonic functions and holomorphic functions imply that ũ
has no zeroes in DR1 , for some universal R1 < 1. Therefore we have S(ũ) ∩DR1 = ∅.

Next, we consider N ≥ N0. By Theorem 1.7 there holds for any p ∈ B1/4∫
B 1

4
(p) |∇u|2

4
∫
∂B 1

4
(p) u2

≤ CN,

for some positive constant C independent of u. For any p ∈ B1/4, with u(p) = 0, by the
scaled version of Theorem 3.11, we have

#{S(ũ) ∩DR2(p)} ≤ cN2,

for some positive constants R2 < 1 and c, independent of u and p. To finish the proof,
we consider two cases. If u is never zero in BR2/2, then ũ is never zero in D2R1R2 , as in
the first part of the proof. This implies that S(ũ) ∩ D2R1R2 = ∅. If u(p) = 0 for some
p ∈ BR2/2, then we have

#{S(ũ) ∩DR2(p)} ≤ cN2,

which implies
#{S(ũ) ∩DR2

2

} ≤ cN2.

This finishes the proof by taking R0 = min{R1, 2R1R2, R2/2}. ¤

To finish this section, we provide an example to show that the number of complex
singular points is indeed in the quadratic order of the frequency. Hence the estimate in
Theorem 3.5 is optimal.

Example 3.12. For any integer d ≥ 2 and any small ε > 0, consider the harmonic
polynomial u in the polar coordinate

u(x) = εr cos θ − 1
d + 1

rd+1 cos(d + 1)θ.

Then it is easy to see that

Du(x) =
(

ε− rd cos dθ
rd sin dθ

)
.

By (3.9), we have

Dũ(z) =
(

ε− 1
2

(
(z1 + iz2)d + (z1 − iz2)d

)
− i

2

(
(z1 + iz2)d − (z1 − iz2)d

)
)

.

A simple calculation shows that Dũ(z) = 0 has d2 solutions close to the origin. Obviously,
the frequency of u is in the order of d.
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4. Measure Estimates of Singular Sets in Rn

In the present section, we shall discuss singular sets of harmonic functions in multi-
dimensional spaces.

We first examine an example.

Example 4.1. Consider the harmonic polynomial in R3

u(x1, x2, x3) = x2
1x3 + x2

2x3 − 2
3
x2

3 − εx3.

A simple calculation shows that

Du(x1, x2, x3) = (2x1x3, x2x3, x
2
1 + x2

2 − 2x2
3 − ε).

Then we have

S(u) =





∅ for ε < 0,

{(0, 0, 0)} for ε = 0,

{(x1, x2, 0);x1
1 + x2

2 = ε} for ε > 0.

The dimension of the singular set S(u) changes according to the sign of ε.

Example 4.1 illustrates that a serious problem arises if we study singular sets only
in real spaces. This suggests that we shall study the singular set for the holomorphic
extension of harmonic functions in the complex space.

We shall first prove a structure result for singular sets of harmonic functions. The
proof is adapted from [17].

Lemma 4.2. Let u be a nontrivial harmonic function in B1 ⊂ Rn. Then there holds

S(u) = S∗(u)
⋃
S∗(u),

where S∗(u) is contained in a countable union of (n− 2)-dimensional C1 manifolds and
the Hausdorff dimension of S∗(u) is at most n − 3. Moreover, for any p ∈ S∗(u) the
leading polynomial of u at p is a polynomial of two variables after some rotation of
coordinates.

Proof. The proof consists of several steps. For each fixed d ≥ 2, we consider

Sd(u) = {p ∈ S(u); ∂νu(p) = 0 for any |ν| < d,

∂ν0u(p) 6= 0 for some |ν0| = d}.
Step 1. We first study local behaviors at each point. For each point y ∈ B1/2 ∩Sd(u),

set for any r ∈ (
0,

1
2
(1− |y|)),

(4.1) uy,r(x) =
u(y + rx)

(∫− ∂Br(y)|u|2
) 1

2

for any x ∈ B2.

Then we have

(4.2) uy,r → P in L2(B2) as r → 0,
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where P = Py is a non-zero homogeneous harmonic polynomial of d-degree. Moreover,
‖P‖L2(∂B1) = 1. Note P is the normalized leading polynomial of u at y.

Since P is a non-zero homogeneous polynomial of d-degree, we have

Sd(P ) = {x; ∂νP (x) = 0 for any |ν| ≤ d− 1}.
Obviously 0 ∈ Sd(P ) by the homogeneity of P . Now we claim that Sd(P ) is a linear
subspace and

(4.3) P (x) = P (x + z) for any x ∈ Rn and z ∈ Sd(P ).

To see this, we take any z ∈ Sd(P ). Then we have

DνP (z) = 0 for any |ν| ≤ d− 1.

By assuming

P (x) =
∑

|ν|=d

aνx
ν ,

we have
P (x) =

∑

|ν|=d

aν(x− z)ν .

This implies
P (x + z) = P (x) for any x ∈ Rn.

Note P is a homogeneous polynomial of d-degree. Then we have

P (x + λz) = P (x) for any x ∈ Rn and λ ∈ R.

Therefore, we obtain
DνP (λz) = 0 for any |ν| ≤ d− 1.

Hence λz ∈ Sd(P ) for any λ ∈ R. Now it is not difficult to conclude that Sd(P ) is a
linear subspace and that (4.3) holds.

Next, we observe that dimSd(P ) ≤ n−2 for d ≥ 2. In fact, (4.3) implies P is a function
of n-dimSd(P ) variables. If dimSd(P ) = n− 1, P would be a d-degree monomial of one
variable harmonic function. Hence d < 2, which is a contradiction.

Step 2. We define for each j = 0, 1, 2, . . . , n− 2,

Sj
d(u) = {y ∈ Sd(u); dimSd(Py) = j}.

We claim that Sj
d(u) is on a countable union of j-dimensional C1 graphs. In fact, we

shall prove that for any y ∈ Sj
d(u) there exists an r = r(y) such that Sj

d(u) ∩ Br(y) is
contained in a (single piece of) j-dimensional C1 graph.

To show this, we let `y be the j-dimensional linear subspace Sd(Py) for any y ∈ Sj
d(u).

For any {yk} ⊂ Sj
d(u) with yk → y, we first prove

(4.4) Angle < yyk, `y >→ 0.
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To prove (4.4), we may assume y = 0 and pk =
yk

|yk| → ξ ∈ Sn−1. Note pk ∈ Sd(u0,|yk|)

for

u0,|yk|(x) =
u(|yk|x)

(∫− ∂B|yk|
u2

) 1
2

.

See (4.1) for notations. Obviously, u0,|yk| is a harmonic function. It is easy to see that
Py vanishes at ξ with an order at least d, i.e.,

(4.5) DνPy(ξ) = 0 for any |ν| ≤ d− 1.

In fact, (4.5) holds since u0,|yk| → Py in Cd(B̄1) and pk → ξ as k →∞, and Dνu0,|yk|(pk)
= 0 for any |ν| ≤ d−1. Since Py is a homogeneous polynomial of d-degree, then we have
ξ ∈ `y. This implies (4.4).

By (4.4), we obtain that for any y ∈ Sj
d(u) and small ε > 0 there exists an r = r(y, ε)

such that

(4.6) Sj
d(u) ∩Br(y) ⊂ Br(y) ∩ Cε(`y),

where
Cε(`y) = {z ∈ Rn; dist(z, `y) ≤ ε|z|}.

Let Pk and P be leading polynomials of u at yk and y = 0, respectively. Then we have

(4.7) Pk → P uniformly in Cd(B1).

This implies
`yk

→ `y as k →∞,

as subspaces in Rn. By an argument similar as proving (4.4), we may prove that the
constant r in (4.6) can be chosen uniformly for any point z ∈ Lj

d(u) in a neighborhood
of y. In other words, for any y ∈ Sj

d(u) and any small ε > 0 there exists an r = r(ε, y)
such that

Sj
d(u) ∩Br(z) ⊂ Br(z) ∩ Cε(`z) for any z ∈ Sj

d(u) ∩Br(y).

For ε > 0 small enough, this clearly implies that Sj
d(u) ∩ Br(y) is contained in a j-

dimensional Lipschitz graph. By (4.4) this graph is C1.
Step 3. Now we set

S∗(u) =
⋃

d≥2

Sn−2
d (u) and S∗(u) =

n−3⋃

j=0

⋃

d≥2

Sj
d(u).

This finishes the proof. ¤

Remark 4.3. In fact, we can prove that S∗(u) is on a countable union of (n − 2)-
dimensional C1,β manifolds, for some 0 < β < 1.

The main result in the present section is the following theorem, which was proved in
[23].
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Theorem 4.4. Suppose u is a harmonic function in B1 ⊂ Rn. Then there holds

Hn−2(S(u) ∩B 1
2
) ≤ C(N),

where C(N) is a positive constant depending only on n and N , and N is the frequency
of u in B1 as in (0.1).

The key result is the following lemma for functions in Rn.

Lemma 4.5. Let P be a homogeneous harmonic polynomial of degree d ≥ 2 and of two
variables in Rn. Then there exist positive constants ε and r, depending on P , such that
for any harmonic function u in B1 with

|u− P |L∞(B1) < ε,

there holds
Hn−2(|Du|−1{0} ∩Br) ≤ c(n)(d− 1)2rn−2.

Proof. First, there exists a universal constant R ∈ (0, 1) such that u(x) can be extended
into a holomorphic function u(z) in DR with

(4.8) |u− P |C1(DR) ≤ c(n)|u− P |L∞(B1) ≤ cε.

In the following, we assume
∫
∂B1

P 2 = 1.
We first prove for n = 2. By the calculation in the previous section, (3.11) specifically,

we have
|DP (z)| ≥ c0|z|d−1.

By taking ε small in (4.8), we get

|Du(z)−DP (z)| < |PD(z)| for any |z| = R.

Note Bezout’s formula ([1], Corollary 1, P200) implies

#{|DP |−1(0)} = (d− 1)2, (including the multiplicity).

By Lemma 3.8, Rouché Theorem in C2, we have

#{|Du|−1(0) ∩DR} ≤ (d− 1)2.

This implies in particular

#{|Du|−1(0) ∩BR} ≤ (d− 1)2.

Next, we discuss the general dimension. We temporarily use x̃ = (x̃1, · · · , x̃n) to
denote coordinates in Rn and use z̃ to denote the corresponding complex coordinates.
In the following, we set Du = (f, f̃) and DP = (g, 0). Here we treat f and g as maps
from Cn to C2. Then we have

|g(z̃)|2 ≥ c0(|z̃1|2 + |z̃2|2)
d−1
2 ,

and
|f − g|L∞(DR) ≤ cε.

Now we introduce a change of coordinate x̃ = Ox in Rn with an orthogonal matrix
O = (oij) to be chosen. Then in Cn, we have z̃ = Oz. In the following, we shall evaluate
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f and g in z. For simplicity, we still write f and g, instead of f ◦O and g ◦O. Then we
have

(4.9) |g(z)|2 ≥ c0

(
|

n∑

i=1

o1izi|2 + |
n∑

i=1

o2izi|2
) d−1

2

.

Note only the first two rows of the matrix O appear in (4.9).
For any p ∈ Rn and any 1 ≤ i < j ≤ n, let Pij(p) denote the 2-dimensional hyperplane

{(p1, · · · , pi−1, zi, pi+1, · · · , pj−1, zj , pj+1, · · · , pn)}
and simply write Pij(p) = {(zi, zj)} when there is no confusion. We also set Pij = Pij(0).

Fix any 1 ≤ i < j ≤ n. We consider f and g restricted on Pij . A straightforward
calculation shows that

∣∣g|Pij

∣∣2 ≥ c0

(|o1izi + o1jzj |2 + |o2izi + o2jzj |2
) d−1

2

≥c0

(
min{1

2
(o2

1i + o2
1j + o2

2i + o2
2j),

(o1io2j − o1jo2i)2

o2
1i + o2

1j + o2
2i + o2

2j

} · (|zi|2 + |zj |2)
) d−1

2

.
(4.10)

Therefore we require that in the orthogonal matrix O any 2× 2 submatrices in the first
two rows have nonzero determinants. If we write g = (g1, g2), then each gi is a product
of d− 1 homogeneous linear functions with real-valued coefficients. We may again apply
Lemma 3.8, Rouché Theorem in C2, to get the following conclusion. There exists a
constant δij such that for any holomorphic function v : DR ⊂ C2 = {(zi, zj)} → C2 with

(4.11) |v − g|Pij | < δij , for any (zi, zj) ∈ DR,

there holds

(4.12) #(v−1{0} ∩D2
R) ≤ (d− 1)2.

Here we use D2
R to denote the ball (centered at origin) with radius R in C2.

Take

δ =
1
2

min
1≤i<j≤n

δij .

For any p ∈ Rn and any 1 ≤ i < j ≤ n, set vij,p = f
∣∣Pij(p). By taking ε small in (4.8),

we may find a small r ∈ (0, R) such that for any p ∈ Br there holds
∣∣vij,p − g|Pij

∣∣
L∞(D2

R)
< 2δ ≤ δij .

Then we have
#(v−1

ij,p{0} ∩D2
R) ≤ (d− 1)2.

Obviously |Du|−1{0} ∩ Pij(p) ⊂ v−1
ij,p{0}. If we set πij as the projection

πij(x1, · · · , xn) = (x1, · · · , xi−1, xi+1, · · · , xj−1, xj+1, · · · , xn) ∈ Rn−2,

then we have shown, in particular, that for q ∈ Bn−2
r ⊂ Rn−2 and any 1 ≤ i < j ≤ n

#(|Du|−1{0} ∩ π−1
ij (q) ∩Br) ≤ (d− 1)2.
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Hence the integral geometric formula ([12], 3.2.22) implies

Hn−2(|Du|−1{0} ∩Br)

≤
∑

1≤i<j≤n

∫

Bn−2
r

#(|Du|−1{0} ∩ π−1
ij (q) ∩Br)dHn−2q ≤ c(n)(d− 1)2rn−2.

This finishes the proof. ¤
As the first step in proving Theorem 4.4, we shall show the following result.

Lemma 4.6. Suppose u is a nonconstant harmonic function in B1 with ‖u‖L2(B1) = 1.
Then there exist positive constants C(u) and ε(u), depending on n and u, and a finite
collection of balls {Bri(xi)} with ri ≤ 1/8 and xi ∈ S(u) such that for any harmonic
function v in B1, with

|u− v|L∞(B1) < ε(u),
there hold

Hn−2
(S(v) ∩B1/2\ ∪Bri(xi)

) ≤ C(u),
and ∑

rn−2
i ≤ 1

2n−1
.

Lemma 4.6 illustrates that the singular set S(v) of v is decomposed into two parts, a
good part and a bad part. The good part has a measure estimate and the bad part is
covered by small balls. The key point here is that the estimate for the good part and the
covering for the bad part can be made uniform for harmonic functions v close to some
u.

Proof. Let u be given in Lemma 4.6. By Lemma 4.2, we have

S(u) = S∗(u) ∪ S∗(u),

where S∗(u) has the Hausdorff dimension not exceeding n − 3, S∗(u) is on a countable
union of (n−2)-dimensional C1 manifolds and for any p ∈ S∗(u) the leading polynomial
of u at p is a homogeneous harmonic polynomial of 2 variables after an appropriate
rotation. In particular, we have

Hn−2 (S∗(u)) = 0.

Then there exist at most countably many balls Bri(xi) with ri ≤ 1/8 and xi ∈ S∗(u)
such that

(4.13) S∗(u) ⊂
⋃

i

Bri(xi),

and

(4.14)
∑

rn−2
i ≤ 1

2n−1
.

We claim for any y ∈ S∗(u) ∩B3/4, there exist positive constants R = R(y, u) < 1/8,
r = r(y, u), η = η(y, u) and c = c(y, u), with r < R, such that if the function v satisfies

(4.15) |u− v|L∞(BR(y)) < η,
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then

(4.16) Hn−2 {S(v) ∩Br(y)} ≤ crn−2.

We will postpone the proof of (4.16).
It is obvious that the collection of {Bri(xi)} and {Br(y)(y)}, y ∈ S∗(u), covers S(u).

By the compactness of S(u), there exist xi ∈ S∗(u), i = 1, · · · , k = k(u), and yj ∈ S∗(u),
j = 1, · · · , l = l(u), such that

(4.17) S(u) ∩B3/4 ⊂
(

k⋃

i=1

Bri(xi)

)⋃



l⋃

j=1

Bsj (yj)


 ,

with ri ≤ 1/8, i = 1, · · · , k, and sj ≤ 1/8, j = 1, · · · , l. Since S(u) is closed, there exists
a positive constant ρ = ρ(u) such that{

x ∈ B3/4 ; dist(x,S(u)) < ρ
}

⊂
(

k⋃

i=1

Bri(xi)

)⋃



l⋃

j=1

Bsj (yj)


 .

(4.18)

It is easy to see that for such a ρ there exists a positive constant δ = δ(u) such that
|u− v|C1(B3/4) < δ implies

(4.19) S(v) ∩B1/2 ⊂
{
x ∈ B3/4; dist(x,S(u)) < ρ

}
.

Denote

Bu =
k⋃

i=1

Bri(xi), Gu =
l⋃

j=1

Bsj (yj).

Now we take ε(u) < δ(u) small enough such that, for any harmonic function v in B1,
the condition

|u− v|L∞(B1) < ε(u)
implies for each j = 1, · · · , l = l(u),

|u− v|L∞(BR(yj)) < η(yj , u).

Therefore there hold by (4.13), (4.14), (4.17)-(4.19),

S(v) ∩B1/2 ⊂ (S(v) ∩ Bu) ∪ (S(v) ∩ Gu) ,

Hn−2 (S(v) ∩ Gu) ≤ c
l∑

j=1

sn−2
j ≡ C(u),

and

Bu =
k⋃

i=1

Bri(xi), ri ≤ 1
8

and
k∑

i=1

rn−2
i ≤ 1

2n−1
.

Now we prove (4.16) under the assumption (4.15). For any y ∈ S∗(u) ∩ B3/4, there
holds

u(x + y) = P (x) + ψ(x) for any x ∈ B 1
4
,
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where P is a nonzero d-degree homogeneous harmonic polynomial with 2 ≤ d ≤ N and
ψ(x) satisfies, by interior estimates, for any |x| < 1/8,

(4.20) |ψ(x)| ≤ C|x|d+1,

where C is a positive constant depending only on N and n. By an appropriate rotation
P is a function of two variables. Hence we may assume P is defined in R2 × {0} with
Rn = R2×Rn−2. We abuse the notation by saying that P is defined in R2. Let ε∗ and r∗
be the constants given in Lemma 4.5 for P . By (4.20), we may take a positive constant
R = R(y, u) < 1/8 such that

| 1
Rd

ψ|L∞(BR) <
1
2
ε∗.

Choose η small, depending on R and ε∗, such that (4.15) implies

| 1
Rd

(u− v)|L∞(BR(y)) <
1
2
ε∗.

Then there holds

| 1
Rd

(v − P (· − y)) |L∞(BR(y)) < ε∗.

By considering the transformation x 7→ y + Rx, we have

| 1
Rd

v(y + R ·)− P |L∞(B1) < ε∗.

Hence we may apply Lemma 4.5 to P . After transforming back to BR(y) we get for
some r ≤ Rr∗

Hn−2(|Dv|−1{0} ∩Br) ≤ c(n)(d− 1)2rn−2.

Therefore, we obtain (4.16). ¤

The proof of Theorem 4.4 is based on an iteration of Lemma 4.6. In order to do this,
we need to introduce a class of compact harmonic functions. Consider a positive integer
N . We denote by HN the collection of all harmonic functions u in B1 ⊂ Rn

(4.21) −
∫

B2r(x0)
u2(x) dx ≤ 4N −

∫

Br(x0)
u2(x) dx,

for all x0 ∈ B2/3 and 0 < 2r < dist(x0, ∂B1). Obviously, HN is invariant under dilations
and translations. Specifically, if u ∈ HN , then we have ux0,r = u(x0 + r·) ∈ HN for
any x0 ∈ B2/3 and 0 < 2r < dist(x0, ∂B1). The class HN has the following important
compactness property.

Lemma 4.7. For any fixed positive integer N , the collection

{u ∈ HN ;
∫

B1/2

u2(x)dx = 1}

is compact under the local L∞-metric.
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Proof. The proof is straightforward. Suppose uk ∈ HN satisfies
∫
B1/2

u2
k(x) dx = 1. By

(4.21) and some covering argument there holds for any R ∈ (0, 1)

‖uk‖L2(BR) ≤ c(N, R), k = 1, 2, · · · .

Then there is a subsequence uk′ such that uk′ converges to a harmonic function u locally
in C2(B1). In (4.21) with u replaced with uk, we may take the limit k → ∞. Hence
(4.21) holds for u and then u ∈ HN . It is obvious that

∫
B1/2

u2(x)dx = 1. ¤

Now we prove the following result.

Theorem 4.8. Let N be a positive integer. Then there holds for any u ∈ HN

Hn−2
{S(u) ∩B1/2

} ≤ C,

where C is a positive constant depending on N and n.

Theorem 4.4 follows readily from Theorem 4.8. To prove Theorem 4.8, we need an
improved version of Lemma 4.6.

Lemma 4.9. Suppose N is a given positive integer. Then there exists a positive constant
C, depending on N and n, such that for any u ∈ HN there exists a finite collection of
balls {Bri(xi)}, with ri ≤ 1/4 and xi ∈ S(u), such that there hold

Hn−2
(S(u) ∩B1/2\ ∪Bri(xi)

) ≤ C,

and ∑
rn−2
i ≤ 1

2
.

By comparing Lemma 4.6 and Lemma 4.9, we note that the constant C in Lemma 4.6
depends on the function u and that the constant C in Lemma 4.9 depends only on the
class HN , independent of the specific functions in this class.

Proof. We set

H1
N = {u ∈ HN ;

∫

B 1
2

u2 = 1}.

Take an arbitrary function u0 ∈ H1
N . Consider any u ∈ H1

N with |u0 − u|L∞(B7/8) < η0.
We take η0 = η0(u0) small such that

η0 ≤ ε(u0),

where ε(u0) is the constant given in Lemma 4.6. Then by Lemma 4.6, there exist a
positive constant C(u0) and finitely many balls {Bri(xi)}, with xi ∈ S(u0) and ri ≤ 1/8,
such that for any u ∈ H1

N , with |u0 − u|L∞(B7/8) < η0, there hold

Hn−2
(
S(u) ∩B 1

2
\ ∪i≥1 Bri(xi)

)
≤ C(u0),

and ∑

i≥1

rn−2
i ≤ 1

2n−1
.
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If S(u) ∩ Bri(xi) 6= ∅, we may take x̃i ∈ S(u) ∩ Bri(xi). Obviously Bri(xi) ⊂ B2ri(x̃i).
Therefore, for such a u by renaming radii and centers, we find a finite collection of balls
{Bri(xi)}, with xi ∈ S(u) and ri ≤ 1/4, such that

Hn−2
(S(u) ∩B1/2\ ∪Bri(xi)

) ≤ C(u0),

and ∑

i≥1

rn−2
i ≤ 1

2
.

By Lemma 4.7,H1
N is compact under local L∞-metric. Hence there exist u1, · · · , up ∈ H1

N

and η1 = η(u1), · · · , ηp = η(up) such that for any u ∈ H1
N there exists a k with 1 ≤ k ≤ p

with the property
|u− uk|L∞(B7/8) ≤ ηk.

Denote
C = max{C(u1), · · · , C(up)}.

Such a constant C is finite and depends only on the classHN . This finishes the proof. ¤
Now we are ready to prove Theorem 4.8. The iteration scheme in the proof was first

used by Hardt and Simon in [25].

Proof of Theorem 4.8. We use an iteration process to prove Theorem 4.8. To begin with,
define

φ0 = {B1/2}.
We claim that we may find φ1, φ2, · · · , each of which consists of a collection of balls, such
that for any ` ≥ 1

rad(B) ≤ 1
2
· 1
2`

for any B ∈ φ`,

∑

B∈φ`

[rad(B)]n−2 ≤ 1
2`

,

and

Hn−2


S(u) ∩

⋃

B∈φ`−1

B ∼
⋃

B∈φ`

B


 ≤ C

2`
,

where C is the positive constant given in Lemma 4.9. Observe that

S(u) ∩B 1
2
⊂

∞⋃

`=1


S(u) ∩ ( ⋃

B∈φ`−1

B ∼
⋃

B∈φ`

B
)



∪
∞⋂

`=0


S(u) ∩

∞⋃

j=`

⋃

B∈φj

B


 .

Hence we have

Hn−2
(S(u) ∩B1/2

) ≤ C





∑

`≥1

1
2`−1

+ inf
`≥1

∞∑

j=`

1
2j



 ≤ 2C.
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To prove the claim we construct {φ`} by an induction. Note φ0 = {B1/2}. Suppose
φ0, φ1, . . . , φ`−1 are already defined for some ` ≥ 1. To construct φ`, we take B = Br(y) ∈
φ`−1, with r ≤ 1/2. Consider the transformation x 7→ y + 2rx. Then, ũ(x) = u(y + 2rx)
is a harmonic function in B1. Obviously, ũ ∈ HN . Hence we may apply Lemma 4.9 to
ũ to obtain a collection of balls {Bsi(zi)}, with si ≤ 1/4 and zi ∈ S(ũ), such that there
hold

Hn−2
(
S(ũ) ∩B 1

2
\ ∪Bsi(zi)

)
≤ C,

and ∑
sn−2
i ≤ 1

2
.

Now transform B1/2 back to Br(y) by x 7→ (x− y)/2r. We obtain that, for B = Br(y) ∈
φ`−1, there exist finitely many balls {Bri(xi)} in B2r(y), with ri ≤ r/2, such that

Hn−2

(
S(u) ∩Br(y)\

⋃

i

Bri(xi)

)
≤ Crn−2 ,

and ∑

i

rn−2
i ≤ 1

2
rn−2.

Then we set
φB

` =
⋃

i

{Bi(xi)},

and
φ` =

⋃

B∈φ`−1

φB
` .

Hence we obtain

Hn−2


S(u) ∩

⋃

B∈φ`−1

B ∼
⋃

B∈φ`

B


 ≤ C


 ∑

Bri (xi)∈φ`−1

rn−2
i


 ,

and by induction

ri ≤ 1
2
· 1
2`

,
∑

Bri (xi)∈φ`

rn−2
i ≤ 1

2`
,

for each ` ≥ 1. This concludes the proof. ¤

References

[1] V.I. Arnold, S.M. Gusein-Zade, & A.N. Varchenko, Singularities of Differentiable Maps, Volume I,
Birkhauser, 1985.

[2] V.I. Bakhtin, Weierstrass-Malgrange preparation theorem for finitely smooth case, Functional Anal.
Appl., 24(1990), 86-96.

[3] L. Bers, Local behavior of solution of general linear elliptic equations, Comm. Pure Appl. Math.,
8(1955), 473-496.

[4] L.A. Caffarelli, & A. Friedman, Partial regularity of the zero-set of solutions of linear and superlinear
elliptic equations, J. Diff. Eq., 60(1985), 420-433.



NODAL SETS OF HARMONIC FUNCTIONS 39

[5] R.-T. Dong, Nodal sets of eigenfunctions on Riemann surfaces, J. Differential Geometry, 36(1992),
493-506.

[6] R.-T. Dong, A Bernstein type of inequality for eigenfunctions, J. Differential Geom., 42 (1995),
23-29.

[7] H. Donnelly, & C. Fefferman, Nodal sets of eigenfunctions on Riemannian manifolds, Invent. Math.,
93(1988), 161-183.

[8] H. Donnelly, & C. Fefferman, Nodal sets of eigenfunctions, Riemannian manifolds with boundary,
Analysis etc., 251-262, Academic Press, Boston, MA, 1990.

[9] H. Donnelly, & C. Fefferman, Nodal sets of eigenfunctions on surfaces, J. Amer. Math. Soc., 3(1990),
333-353.

[10] H. Donnelly, & C. Fefferman, Growth and geometry of eigenfunctions of the Laplacian, Analysis and
partial differential equations, 635-655, Lecture Notes in Pure and Appl. Math., 122, Dekker, New
York, 1990.

[11] H. Donnelly, & C. Fefferman, Nodal domains and growth of harmonic functions on noncompact
manifolds, J. Geom. Anal., 2(1992), 79-93.

[12] H. Federer, Geometric Measure Theory, Springer, Berlin, 1969.
[13] N. Garofalo, & F. H. Lin, Monotonicity properties of variational integrals, Ap-weights and unique

continuation, Indiana Univ. Math. J., 35(1986), 245-267.
[14] N. Garofalo, & F.-H. Lin, Unique continuation for elliptic operators: a geometric-variational ap-

proach, Comm. Pure Appl. Math., 40(1987), 347-366.
[15] D. Gilbarg, & N. S. Trudinger, Elliptic Partial Differential Equation of Second Order, Springer,

Berlin, 1983.
[16] M. Golubitsky, & V. Guillemin, Stable Mappings and Their Singularities, Springer-Verlag: New

York, 1973.
[17] Q. Han, Singular sets of solutions to elliptic equations, Indiana Univ. Math. J., 43(1994), 983-1002.
[18] Q. Han, On the Schauder estimates of solutions to parabolic equations, Annali Sculo Di Pisa,

27(1998), 1-26.
[19] Q. Han, Schauder estimates for elliptic operators with applications to nodal sets, J. Geom. Analysis,

10(2000), 455-480.
[20] Q. Han, Singular sets of harmonic functions in R2 and their complexifications in C2, Indiana Univ.

Math J., 53(2004), 1365-1380.
[21] Q. Han, & F.-H. Lin, Nodal sets of solutions of parabolic equations, II, Comm. Pure Appl. Math.,

48(1994), 1219-1238.
[22] Q. Han, & F.-H. Lin, On the geometric measure of nodal sets of solutions, J. Partial Diff. Eqs.,

7(1994), 111-131.
[23] R. Hardt, Q. Han, & F.-H. Lin, Geometric measure of singular sets of elliptic equations, Comm.

Pure Appl. Math., 51(1998), 1425-1443.
[24] R. Hardt, M. Hoffmann-Ostenhop, T. Hoffmann-Ostenhop, & N. Nadirashvili, Critical sets of solu-

tions to elliptic equations, J. Differential Geometry, 51(1999), 359-373.
[25] R. Hardt, & L. Simon, Nodal sets for solutions of elliptic equations, J. Differential Geometry,

30(1989), 505-522.
[26] M. Hoffman-Ostenhof, T. Hoffman-Ostenhof, & N. Nadirashvili, Critical sets of smooth solutions to

elliptic equations in dimension 3, Indiana Univ. Math J., 45(1996), 15-37.
[27] B. Levin, Distribution of Zeros of Entire Functions, Translations of Mathematical Monographs,

Vol.5, AMS, 1964.
[28] F.-H. Lin, Nodal sets of solutions elliptic and parabolic equations, Comm. Pure Appl. Math.,

44(1991), 287-308.
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