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We discuss novel nanoelectronic architecture paradigms based on cells composed of coupled
quantum-dots. Boolean logic functions may be implemented in specific arrays of cells repre-
senting binary information, the so-called Quantum-Dot Cellular Automata (QCA). Cells may
also be viewed as carrying analog information and we outline a network-theoretic description of
such Quantum-Dot Nonlinear Networks (Q-CNN). In addition, we discuss possible realizations
of these structures in a variety of semiconductor systems (including GaAs/AlGaAs, Si/SiGe,
and Si/ Si03), rings of metallic tunnel junctions, and candidates for molecular implementations.

1. Introduction

Since its inception a few decades ago, silicon ULSI
technology has experienced an exponential improve-
ment in virtually any figure of merit. However,
there are indications now that this progress will
slow, or even come to a standstill, as technologi-
cal and fundamental limits are being reached. This
slow-down of conventional silicon technology may
provide an opportunity for alternative device tech-
nologies. In this paper, we will describe some ideas
of the Notre Dame NanoDevices Group on a pos-
sible future nanoelectronic computing technology
based on cells of coupled quantum dots.

Up until today, silicon technology has closely
followed a famous dictum made in 1965 by Intel
Corporation chairman Gordon Moore. In those
early days of the integrated circuit, he had pro-
jected the expected progress for the next decade,
anticipating that the number of transistors on a
chip and their performance would double every 18
months, or so. Now, three decades later, this pre-
diction has turned out to be remarkably accurate
over the whole duration. Figure 1 gives a schematic
version of this so-called Moore’s Law, the solid line
showing the exponential reduction in the minimum
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feature size over the past 30 years. For how long
will this trend continue?

In recent years, the Semiconductor Industry
Association has studied this question and issued a
blueprint for future development which has become
known as the SIA Roadmap [1994]. Basically, the
Roadmap predicts a continuation of Moore’s Law
early into the next century. However, there is an
increasing indication that these improvements will
not continue when we enter the deep submicron or
nanometric regime. Both technological and funda-
mental limitations will be responsible for the an-
ticipated slow-down and eventual standstill. It is
expected that by the year 2010, minimum feature
sizes will be on the order of 0.07 micrometer, or
70 nanometer (10> nm = 1 pm = 107% m).

Among the chief technological limitations re-
sponsible for this expected slow-down are the in-
terconnect problem and power dissipation [Keyes,
1987; Ferry et al., 1987, 1988]. As more and more
devices are packed into the same area, the heat gen-
erated during a switching cycle can no longer be
removed, and the chip literally begins to melt. In-
terconnections do not scale in concert with device
scaling because of the effect of wire resistance and
capacitance, giving rise to a wiring bottleneck. It is
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Fig. 1.

Schematic version of Moore’s Law showing the exponential reduction in the minimum feature size for the past three

decades (solid line) and its extrapolation into the next century (dashed line).

generally recognized that alternate approaches are
needed to create innovative technologies that pro-
vide greater device and interconnect functionality
per lithography feature, thus lessening the depen-
dence on simple scaling, or to utilize innovative cir-
cuit and system architectural features that provide
more function per transistor.

Fundamental limits arise as device dimensions
shrink due to changes in device performance dic-
tated by the laws of physics. These phenomena in-
clude a loss of gate control and quantum mechanical
effects as devices enter the nanometer regime. Cur-
rent CMOS technology is based on devices which
basically act as voltage-controlled current switches.
In the deep submicron regime, the required gate
control will no longer be possible because of short-
channel effects due to electrostatics. Device opera-
tion will also be altered due to the emerging quan-
tum mechanical nature of the electrons, thus giving
rise to novel physical effects.

Because of the above reasons, expectations are
that potential show-stoppers await conventional sil-
icon ULSI as it approaches the nanometer regime.
Scaled-down transistors interconnected in conven-
tional circuit architectures will no longer function as
required and the fabrication will pose insurmount-
able problems. However, these obstacles for silicon
circuitry may present an opportunity for alterna-
tive device technologies which are designed for the
nano-regime and which are interconnected in an ap-
propriate architecture. This is the main “vision” of
this paper.

In this paper, we describe our ideas of us-
ing nanostructures (more specifically, quantum
dots) which are arranged in locally-interconnected

cellular-automata-like arrays. We will demonstrate
that suitably constructed structures may be used
for computation and signal processing. Our pro-
posal is called “Quantum-Dot Cellular Automata”
(QCA) [Lent et al., 1993]. Note that our proposal is
not a quantum computer in the sense of the “quan-
tum computing” community, as reviewed by Spiller
[1996]. QCA’s do not require quantum mechan-
ical phase coherence over the entire array; phase
coherence is only required inside each cell and the
cell—cell interactions are classical. This limited re-
quirement of quantum mechanical phase coherence
makes QCA’s a more attractive candidate for actual
implementations.

Our work is based on the highly advanced
state-of-the-art in the field of nanostructures and
the emerging technology of quantum-dot fabri-
cation [Weisbuch & Vinter, 1991; Kelly, 1995;
Turton, 1995; Montemerlo et al., 1996]. As
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Fig. 2. Schematic diagram of artificial “quantum-dot
atoms” and “quantum-dot molecules” which are occupied by
few electrons.
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schematically shown in Fig. 2, several groups
have demonstrated that electrons may be com-
pletely confined in semi-conductor nanostructures,
which may then be thought of as artificial “semi-
conductor atoms”.  Controllable occupation of
these quantum dots has been achieved in the few-
electron regime. One may speak of “quantum-dot
hydrogen”, “quantum-dot helium”, “quantum-dot
lithium”, etc. [Kastner, 1993; Ashoori, 1996]. Very
recently, coupling between quantum-dot atoms in
close proximity has been observed, thus realizing
artificial “quantum-dot molecules”.

In order to observe quantization phenomena,
extremely pure material is needed and the experi-
ments have to be done at very low temperatures us-
ing cryogenic techniques [Weisbuch & Vinter, 1991].
The reason for this is that quantum-mechanical co-
herence is destroyed by scattering due to both im-
purities (thus the requirement of highly pure ma-
terial) and lattice vibrations (thus the requirement
of low temperature). While low temperatures are
not desirable for purposes of applications, they re-
flect the current technological limitation in the fab-
rication of nano-meter-size structures [Kelly, 1995].
Any decrease in the feature sizes will result in less
stringent requirements for purity and low tempera-
ture. Control on the molecular level, i.e. molecular
electronics implementations, would make possible
room temperature operation.

We are led to consider quantum dots for device
applications. This will entail a need for new circuit
architecture ideas for these new devices. The nano-
structures we envision will contain only few elec-
trons available for conduction. It is hard to imagine
how devices based on nanostructures could func-
tion in conventional circuits, primarily due to the
problems associated with charging the interconnect
wiring with the few electrons available. Therefore,
we propose to envision a nanoelectronic architecture
where the information is contained in the arrange-
ment of charges and not in the flow of charges (i.e.
current). In other words, the devices interact by di-
rect Coulomb coupling and not by currents through
wires. We envision to utilize the existing physical
interactions between neighboring devices in order to
directly produce the dynamics, such that the logical
operation of each cell would require no additional
connections beyond the physical coupling within a
certain range of interactions. We are led to consider
cellular-automata-like device architectures of cells
communicating with each other by their Coulombic
interaction.

Figure 3 schematically shows a locally-
interconnected array consisting of cells of nano-
electronic devices. The physical interactions to-
gether with the array topology determine the
overall functionality. “What form must a cellular
array take when its dynamics should result directly
from known physical interactions?”. If we simply
arrange nanometer-scale devices in a dense cellular
array, the device cells may interact, but we have
given up all control over which cell interacts with
which neighbor and when they interact. In general,
the state of a cell will depend on the state of its
neighbors within a certain range. The main ques-
tions now are: “What functionality does one obtain
for a given physical structure?” and “Given a cer-
tain array behavior, is there a physical system to
implement it?”.

This problem of a desired mapping between lo-
cal connection rules and overall array behavior is
an old one, and known to be difficult. No general
principles exist which would allow one to extrapo-
late “interesting” array dynamics from a given set
of interactions. A two-pronged approach suggests
itself to tackle this problem: In the “top down ap-
proach” the functionality of the array is first speci-
fied, and then one faces the problem of realizing the
required local connectivities. On the other hand, in
a “bottom up approach” the physical pattern of in-
terconnections is given, and one then attempts to
infer possible overall behavior of the array.

Computation in physics-like cellular spaces has
been studied over the years. Konrad Zuse, a Ger-
man computer pioneer, investigated the behavior of
discrete-space and discrete-time systems, which he
termed “Rechnender Raum” (translated as “Com-
puting Space”) [Zuse, 1969]. He showed that a
binary space (two states per cell) with an appro-
priate dynamical law support the propagation of
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Fig. 3. Schematic picture of a cellular array where the in-
terconnections are given by physical law. The underlying
physics determines the overall functionality of the array.
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elementary patterns, which he called “Digital-
Teilchen” (“Digital Particle”). The idea that “dis-
crete” cellular spaces might provide an alternative
to “continuous” classical physics has been discussed
by Toffoli and Margolus [1987]. Frisch, Hasslacher,
and Pomeau [1986] showed that deterministic lat-
tice gases with discrete Boolean elements are able
to simulate the Navier—Stokes equation. Biafore
has proposed so-called replica cellular automata for
nanometer scale computation [1994]. We have stud-
ied this relationship between local connectivity pat-
terns with overall array behavior, using the dis-
cretized Helmholtz equation as a computational
model [Porod, Harbury & Lent, 1996]. Using con-
tinuous cell states, one obtains wave phenomena like
Huygen’s principle, diffraction, and interference.
For discrete cell states, the resulting switching rules
are very similar to the ones used by Konrad Zuse in
his pioneering work on discrete spacetime models of
computation.

In the following chapters we will develop these
ideas in detail and we will present a concrete ex-
ample of a quantum-dot cell with an appropriate
architecture, the so-called Quantum-Dot Cellular
Automata. We will discuss how one may construct
QCA cells that encode binary information and how
one can thus realize Boolean logic functions. We
will also discuss how one may view these arrays
as quantum-dot cellular neural (or, nonlinear) net-
works Q-CNN’s. A key question, of course, are im-
plementations. We will discuss ideas (and on-going
work) on attempting to implement these struc-
tures in a variety of semiconductor systems (includ-
ing GaAs/AlGaAs, Si/SiGe, and Si/SiO2) and also
metallic dots. Alternative implementations include
molecular structures. We will call attention to a
specific molecule which appears to be particularly
promising since it possesses a structure similar to
a QCA cell. One of the most promising material
systems appears to be Si/SiO2, mostly due to the
excellent insulating properties of the oxide. Note
that our search for a technology beyond silicon may
bring us back to silicon!

Exciting as the vision of a possible nanoelec-
tronics technology may be, many fundamental and
technological challenges remain to be overcome. We
should keep in mind that this exploration has just
begun and that other promising designs remain yet
to be discovered. This exciting journey will require
the combined efforts of technologists, device physi-
cists, circuit-and-systems theorists, and computer
architects.

2. Introduction to Nanoelectronic
Structures

Here we attempt to provide a state-of-the-art survey
of nanofabrication, i.e. the realization of electronic
devices on the nanometer scale. In this regime,
quantum mechanical effects become visible and may
be exploited for device functionality [Capasso,
1990]. In these small structures, device performance
is determined by only a few electrons, and in the
limit by only a single electron per device [Grabert &
Devoret, 1992]. Our focus in particular will be
on a review of quantum-dot fabrication techniques
for the design and realization of artificial semicon-
ductor quantum-dot atoms and molecules [Kastner,
1993; Ashoori, 1996].

2.1. Low-dimensional semiconductor
structures

Advanced semiconductor growth techniques, such
as molecular beam epitaxy (MBE), allow the fab-
rication of semiconductor sandwich structures with
interfaces of virtually atomic precision. This con-
trol in the growth direction allows one to realize ar-
tificial layered crystals with desired electronic and
optical properties, as first suggested by Esaki and
Tsu [1970]. A schematic picture of such a sandwich
structure is shown in Fig. 4. The various layers can
be made to posses different properties by choos-
ing an appropriate material during growth. One
of the main uses of this technique is to utilize the
difference in bandgap between materials in the var-
ious layers. This difference in the band gap results
in an effective electronic potential energy which
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Fig. 4. Schematic diagram of a semiconductor sandwich
structure with a “quantum well” layer resulting in a quasi
two-dimensional electronic system.



Quantum-Dot Devices and Quantum-Dot Cellular Automata 2203

“Quantum Wire”

1 - Dimensional
Electron Gas

“Quantum Dot”

0 - Dimensional
Electron Gas

Fig. 5. Schematic diagram of etched lines resulting in
“quantum wires” and etched pillars resulting in “quantum
dots”.

electrons experience, as schematically shown in the
figure. This technique is referred to as bandgap en-
gineering and has been used extensively to taylor
device structures [Capasso, 1990]. The layers can
be grown sufficiently thin such that the quantum
mechanical confinement effect becomes important.
Also shown in the figure below are the resulting
quantized energy states in the quantum well struc-
ture. This leads to the formation of a quasi two-
dimensional electronic system in the quantum well
layer (2DEG).

Control in the lateral direction can be achieved
by conventional patterning techniques such as
optical or electron-beam lithography. Subsequent
processing steps, e.g. etching, can then selectively
remove material to define lines or dot patterns,
as schematically shown in Fig. 5. This process-
ing results in further confinement of the 2DEG into
quasi one-dimensional systems (so-called quantum
wires) or even quasi zero-dimensional systems (so-
called quantum dots) [Reed et al., 1988; Meurer
et al., 1992].

A different approach of further constricting
a 2DEG is to use electrostatic confinement. As
schematically shown in Fig. 6, one may use lat-
eral patterning techniques to shape a metallic layer
which has been deposited onto the top surface
of the MBE-grown semiconductor sandwich struc-
ture. Applying a negative bias to the gates will
deplete the 2DEG underneath the metallic elec-
trodes. In this fashion, one may create quantum
wires by using two gates as schematically shown.
In the literature, this technique is referred to as
split-gate design [Thornton et al., 1986]. Using a

Metallic Electrodes (Split Gates)

“Quantum Dots”

“Quantum Wire”

Fig. 6. Schematic diagram of further shaping a 2DEG into
“quantum wires” and “quantum dots” by using electrostatic
confinement provided by patterned metallic electrodes.

variety of gate structures, one may realize elec-
tronic systems of arbitrary shape. In particular,
one may use gates to create “puddles” of electrons,
thus realizing quantum dots [Meirav et al., 1990].
In recent years, there have been a variety of exper-
iments on such gate-confined quantum dots, and it
has been demonstrated that the dot size, and thus
also its occupation, can be adjusted by appropri-
ately varying the bias voltages on the top gates
[Hoffmann et al., 1995; Waugh et al., 1995; Blick
et al., 1996].

The techniques described so far utilize process-
ing steps which are also used in conventional IC
fabrication. In addition, more exotic nanostructure
fabrication techniques are under study and develop-
ment, which include the use of scanning tunneling
microscope (STM) tips and chemical self-assembly.

Nanolithography using an atomic force micro-
scope (AFM) is also possible. The atomically-sharp
AFM tip may be used to either directly pattern the
surface by scratching [Wendel et al., 1996], or it
may be used to induce local chemical or physical
reaction thus modifying the surface [Lyding et al.,
1994]. AFM nanometer scale lithography has been
described on various materials and structures, in-
cluding processing at ambient conditions. The gen-
erated patterns can then be transferred to the two-
dimensional electron gas by wet chemical etching or
ion-beam irradiation.

Chemical self-assembly techniques may also
be used to create nanostructure. Using special
growth conditions, several groups have demon-
strated that very thin semiconductor layers sponta-
neously assemble into tiny droplets, which exhibit
quantum-confinement effects [Leonard et al., 1993;
Kirstaedter et al., 1994; Temmyo et al., 1995]. Elas-
tic strain appears to play a critical role. While this
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technique yields rather small dots (with sizes on
the order of 10 nm, or so), the exact placement of
these dots is still a problem, but progress is being
made.

3. Quantum-Dot Cellular Automata

Based upon the emerging technology of quantum-
dot fabrication, the Notre Dame NanoDevices
group has proposed a scheme for computing with
cells of coupled quantum dots [Lent et al., 1993],
which will be described below. To our knowledge,
this is the first concrete proposal to utilize quantum
dots for computing. There had been earlier sugges-
tions that device—device coupling might be utilized
in a cellular-automata scheme, but alas, these were
without an accompanying proposal for a specific im-
plementation [Ferry & Porod, 1986; Grondin et al.,
1987].

What we have in mind is the general architec-
ture shown in Fig. 7. The coupling between the
cells is given by their physical interaction, and not
by wires. The physical mechanisms available for
interactions between nanoelectronic structures are
the Coulomb interaction and quantum-mechanical
tunneling.

3.1. A gquantum-dot cell

Our proposal is based on a cell which contains five
quantum dots [Lent et al., 1993], as schematically
shown in Fig. 8(a). The quantum dots are shown
as the open circles which represent the confining
electronic potential. In the ideal case, each cell is
occupied by two electrons, which are schematically
shown as the solid dots. The electrons are allowed
to “jump” between the individual quantum dots in
a cell by the mechanism of quantum mechanical
tunneling. Tunneling is possible on the nanometer
scale when the electronic wavefunction sufficiently
“leaks” out of the confining potential of each dot,
and the rate of these jumps may be controlled dur-
ing fabrication by the physical separation between
neighboring dots.

This quantum-dot cell represents an interest-
ing dynamical system. The two electrons experience
their mutual Coulombic replusion, yet they are con-
strained to occupy the quantum dots. If left alone,
they will seek, by hopping between the dots, the
configuration corresponding to the physical ground
state of the cell. It is clear that the two electrons
will tend to occupy different dots because of the

Quantum Quantum Quantum
Dot Dot Dot o o
Cell Cell Cell .
No Wires,
but .....
Quantum Quantum Quantum Physical
R Couplin by
€ i ¢ Coulomb
. Interaction
*
Physical Mechanisms:

*Tunneling between dots
*Coulomb interaction between electrons

Fig. 7. Each cell in the array interacts with the “environ-
ment” which includes the Coulomb interaction with neigh-
boring cells.
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Fig. 8. (a) A quantum-dot cell consisting of five dots is oc-
cupied by two electrons. (b) The two distinct ground-state
configurations with their respective polarizations.

Coulomb energy cost associated with bringing them
together in close proximity on the same dot. It is
easy to see that the ground state of the system will
be an equal superposition of the two basic configu-
rations with electrons at opposite corners, as shown
in Fig. 8(b).

We may associate a “polarization” with a spe-
cific arrangement of the two electrons in each cell.
Let us label the five dots in the following fashion:
Starting from the upper right-hand corner, we la-
bel the dots in the four corners from 1 to 4, and the
center dot as 0. We also denote the electron density
in dot j by n;, with the constraint that in each cell
the sum of all the dot occupancies n; has to add up
to a total of 2 electrons. With that, we can define
a cell polarization as

_ (n1 +n3) — (n2 + ny)
ng +ni1+no+ng+nyg

Note that this polarization is not a dipole moment,
but a measure for the alignment of the charge along
the two cell diagonals. A polarization of P = +1
results if cells 1 and 3 are occupied, while electrons
on sites 2 and 4 yield P = —1 (compare Fig. 8).
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Any polarization between these two extreme values
is possible, corresponding to configurations where
the electrons are more evenly “smeared out” over
all dots. The ground state of an isolated cell is a
superposition with equal weight of the two basic
configurations, and therefore has a net polarization
of zero.

As described in the literature, this cell has been
studied by solving the Schrédinger equation using
a quantum mechanical model Hamiltonian [Tougaw
et al., 1993]. We do not need to concern ourselves
with the details here, suffice it to say that the basic
ingredients to the equation of motion are: (1) the
quantized energy levels in each dot, (2) the coupling
between the dots by tunneling, (3) the Coulombic
charge cost for a doubly-occupied dot, and (4) the
Coulomb interaction between electrons in the same
cell and also with those in neighboring cells. The
solution of the Schrédinger equation, using cell pa-
rameters for an experimentally reasonable model,
confirms the intuitive understanding that the
ground state is a superposition of the P = +1 and
P = —1 states. In addition to the ground state,
the Hamiltonian model yields excited states and cell
dynamics.

3.2. Cell-cell coupling

The properties of an isolated cell were discussed
above. Here, we study the interactions between
two cells, each consisting of five dots and each oc-
cupied by two electrons. The electrons are allowed
to tunnel between the dots in the same cell, but not
between different cells. Since the tunneling proba-
bilities decay exponentially with distance, this can
be achieved by having a larger dot—dot distance be-
tween cells, than within the same cell. Coupling
between the two cells is provided by the Coulomb
interaction between the electrons in different cells.

Figure 9 shows how one cell is influenced by
the state of its neighbor. The inset shows two cells
where the polarization of cell 1 (P;) is determined
by the polarization of its neighbor (P»). The polar-
ization of cell 2 is presumed to be fixed at a given
value, corresponding to a certain arrangement of
charges in cell 2, and this charge distribution exerts
its influence on cell 1, thus determining its polariza-
tion P;. The important finding here is the strongly
nonlinear nature of the cell-cell coupling. As shown
in the figure, cell 1 is almost completely polarized
even though cell 2 might only be partially polarized.
For example, a polarization of P» = 0.1 induces
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Fig. 9. Cell-cell coupling characteristic. Note the strongly

nonlinear nature of the response which corresponds to “gain”
in conventional devices.

almost perfect polarization in cell 1, i.e. P, = 0.99.
In other words, even a small asymmetry of charge
in cell 2 is sufficient to break the degeneracy of the
two basic states in cell 1 by energetically favoring
one configuration over the other.

The abruptness of the cell-cell response func-
tion depends upon the ratio of the strength of the
tunneling energy to the Coulomb energy for elec-
trons on neighboring sites. This reflects a competi-
tion between the kinetic and potential energy of the
electron. For a large tunneling energy, an electron
has a tendency to spread out more evenly over the
available dots, and the nonlinearity becomes less
pronounced. Stronger Coulomb coupling tends to
keep electrons apart, and the nonlinearity becomes
more pronounced. Properly designed cells will pos-
sess strongly nonlinear coupling characteristics.

This bistable saturation is the basis for the ap-
plication of such quantum-dot cells for computing
structures. The nonlinear saturation plays the role
of gain in conventional circuits. Note that no power
dissipation is required in this case. One can think
of the saturation levels of the polarization as the
“signal rails”.

These general conclusions regarding cell behav-
ior and cell—cell coupling are not specific to the five-
dot cell discussed so far. Similar behavior is also
found for alternate cell designs, such as cells with
only four dots in the corners, as opposed to the five
discussed here [Tougaw et al., 1993].

3.3. QCA logic

Based upon the bistable behavior of the cell-
cell coupling, the cell polarization can be used to
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encode binary information. We will show that the
physical interactions between cells may be used to
realize elementary Boolean logic functions [Lent
et al., 1994; Lent & Tougaw, 1994].

Figure 10 shows examples of simple cell arrays.
In each case, the polarization of the cell at the edge
of the array is kept fixed; this is the so-called driver
cell and it is plotted with a thick border. We call it
the driver since it determines the state of the whole
array. Without a polarized driver, the cells in a
given array would be unpolarized in the absence of
a symmetry-breaking influence that would favor one
of the basis states over the other. Each figure shows
the cell polarizations corresponding to the physical
ground state configuration of the whole array.

Figure 10(a) shows that a line of cells allows
the propagation of information, thus realizing a bi-
nary wire. Note that only information but no elec-
tric current flows down the line, which results in low
power dissipation. Information can also flow around
corners, as shown in Fig. 10(b), and fan-out is pos-
sible, compare Fig. 10(c). A specific arrangement
of cells, such as the one shown in Fig. 10(d), may
be used to realize an inverter. In each case, elec-
tronic motion is confined to within a given cell, but
not between different cells. Only information, and
not charge, is allowed to propagate over the whole
array.

These quantum-dot cells are an example of
quantum-functional devices. Utilizing quantum-
mechanical effects for device operation may give rise
to new functionality. Figure 11 shows a majority
logic gate, which simply consists of an intersetion of
lines and the “device cell” is just the one in the cen-
ter. If we view three of the neighbors as inputs (kept
fixed), then the polarization of the output cell is the
one which “computes” the majority votes of the in-
puts. The figure also shows the majority logic truth
table which was computed as the physical ground
state polarizations for a given combination of in-
puts. Using conventional circuitry, the design of
a majority logic gate would be significantly more
complicated. The new physics of quantum mechan-
ics gives rise to new functionality, which allows a
rather compact realization of majority logic.

Note that conventional AND and OR gates are
hidden in the majority logic gate. Inspection of the
majority logic truth table reveals that if input A
is kept fixed at 0, the remaining two inputs B and
C realize an AND gate. Conversely, if A is held
at 1, inputs B and C realize a binary OR gate. In
other words, majority logic gates may be viewed as

programmable AND and OR gates, as schematically
shown in Fig. 12. This opens up the interesting
possibility that the functionality of the gate may
be determined by the computation itself. The im-
plications of this for circuit design and applications
remain largely unexplored as of now.

One may conceive of larger arrays representing
more complex logic functions. The largest struc-
ture simulated so far (containing some 200 cells) is
a single-bit full adder, which may be designed by
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Fig. 10. Examples of simple QCA arrays showing (a) a bi-

nary wire, (b) signal propagation around corners, (c) the pos-
sibility of fan-out, and (d) an inverter.
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Fig. 11. Majority logic gate. The basic structure simply
consists of an intersection of lines. Also shown are the com-
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Fig. 12. Reduction of the majority logic gate to AND and
OR gates by fixing one of the inputs.
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taking advantage of the QCA majority logic gate
as a primitive [Tougaw & Lent, 1994]. The general
principles for computing with such QCA arrays will
be discussed below.

3.4. Computing with QCA’s

In a QCA array, cells interact with their neighbors,
and neither power nor signal wires are brought to
each cell. In contrast to conventional circuits, we
do not have external control over each and every
interior cell. Therefore, we need a new way of
using such QCA arrays for computing. The main
concept is that the information in a QCA array is
contained in the physical ground state of the sys-
tem. Figure 13 schematically illustrates the idea.

Computation in a QCA array proceeds along
the following three basic steps:

(i) First, the initial data is set by fixing the po-
larization of those cells at the edge, which rep-
resent the input information (edge-driven
computation).

(ii) Next, the whole array is allowed to relax (or is
adiabatically transformed) to the new ground
state, compatible with the input cells kept
fixed (computing with the ground state).

(iii) Finally, the results of the computation are read
by sensing the polarization of those cells at the
periphery which represent the output data.

The two key features which characterize this new
computing paradigm are “computing with the

Potentials set Input to i
on edge cells - | computational
problem
Physics * Logic
Many-electron Solution of
grouzlld state -~ | computational
problem

Fig. 13. Schematic representation of computing with a QCA
array. The key concepts are “computing with the ground
state” and “edge-driven computation” described in the text.

ground state” and “edge-driven computation”
which we discuss in further detail below.

3.4.1. Computing with the ground state

Consider a QCA array before the start of a compu-
tation. The array, left to itself, will have assumed its
physical ground state. Presenting the input data,
i.e. setting the polarization of the input cells, will
deliver energy to the system, thus promoting the ar-
ray to an excited state. The computation consists
in the array reaching the new ground state config-
uration, compatible with the boundary conditions
given by the fixed input cells. Note that the infor-
mation is contained in the ground state itself, and
not in how the ground state is reached. This rel-
egates the question of the dynamics of the compu-
tation to one of secondary importance; although it
is of significance, of course, for actual implementa-
tions. In the following, we will discuss two extreme
cases for this dynamics, namely one where the sys-
tem is completely left to itself, and another where
exquisite external control is exercised.

Let physics do the computing: The natural
tendency of a system to assume that the ground
state may be used to drive the computation pro-
cess. Dissipative processes due to the unavoidable
coupling to the environment will relax the system
from the initial excited state to the new ground
state. The actual dynamics will be tremendously
complicated since all the details of the system-
environment coupling are unknown and uncontrol-
lable. However, we do not have to concern our-
selves with the detailed path in which the ground
state is reached, as long as the ground state is
reached. The attractive feature of this relaxation
computation is that no external control is needed.
However, there also are drawbacks in that the sys-
tem may get “stuck” in metastable states and that
there is no fixed time in which the computation is
completed.

Adiabatic computing: Due to the above dif-
ficulties associated with metastable states, Lent
and coworkers have developed a clocked adiabatic
scheme for computing with QCA’s. The system
is always kept in its instantaneous ground state
which is adiabatically transformed during the com-
putation from the initial state to the desired final
state. This is accomplished by lowering or rais-
ing potential barriers within the cells in concert
with clock signals. The modulation of the poten-
tial barriers allows or inhibits changes of the cell
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polarization. The presence of clocks makes syn-
chronized operation possible, and pipelined archi-
tectures have been proposed [Lent et al., 1994; Lent
& Tougaw, 1997].

3.4.2. FEdge-driven computation

Edge-driven computation means that only the pe-
riphery of a QCA array can be contacted, which is
used to write the input data and to read the out-
put of the computation. No internal cells may be
contacted directly. This implies that no signals or
power can be delivered from the outside to the in-
terior of an array. All interior cells only interact
within their local neighborhood. The absence of
signal and power lines to each and every interior
cell has obvious benefits for the interconnect prob-
lem and the heat dissipation.

The lack of direct contact to the interior cells
also has profound consequences for the way such ar-
rays can be used for computation. Since no power
can flow from the outside, interior cells cannot be
maintained in a far-from-equilibrium state. Since
no external signals are brought to the inside, in-
ternal cells cannot be influenced directly. These
are the reasons why the ground state of the whole
array is used to represent the information, as op-
posed to the states of each individual cell. In fact,
edge-driven computation necessitates computing
with the ground state!

Conventional circuits, on the other hand, main-
tain devices in a far-from-equilibrium state. This
has the advantage of noise immunity, but the price

Semiconductor Quantum-Dot Cell

1.0 '
 BAJe<ed

7K

0.5

ar 0.0
-0.5
1K
-1.0 .
-1.0 -0.5 0.0 0.5 1.0
P,
(a)

Fig. 14.

to be paid comes in the form of the wires need to
deliver the power (contributing to the wiring bot-
tleneck) and the power dissipated during switching
(contributing to the heat dissipation problem).

3.4.3.

Thermodynamic considerations

Thermal fluctuations are of concern for ground
state computing. Thermal noise may excite the sys-
tem from its ground state to a higher-energy state,
and thereby interfere with the computation. The
probability for the occurrence of such errors is ba-
sically given by the relative magnitude of a typical
excitation energy to the thermal energy, kT. Ex-
citation energies become larger as the size of the
system becomes smaller, thereby providing increas-
ing noise immunity. A typical QCA cell fabricated
with current state-of-the-art lithography (for min-
imum feature sizes of 20 nm) is expected to oper-
ate at cryogenic temperatures, whereas a molecular
implementation (for feature sizes of 2 nm) would
work at room temperature. This is illustrated in
Fig. 14.

Thermodynamic considerations also are of con-
cern for large arrays. Entropy needs to be taken
into account. The tendency of a system to increase
its entropy makes error states more favorable. As
the size of the system increases, there are more and
more error states. This sets an upper limit on the
size of the allowed number of cells in an array be-
fore entropy takes over. It can be shown that this
limit depends in an exponential fashion on the ratio
of a typical excitation energy to the thermal energy

Molecular Electronics Cell
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Cell—cell response functions for various temperatures. (a) Semiconductor cell with minimum lithographic feature

sizes of 20 nm and (b) molecular implementation with dimensions of 2 nm.
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[Lent et al., 1994]. For example, arrays with about
20,000 cells are feasible if this typical error energy
is 10 times larger than the thermal energy.

3.5. Possible quantum-dot cell
tmplementations

In this section, we discuss possible implementations
of the coupled-quantum-dot cells discussed so far.
Based upon the reported studies of dot—dot cou-
pling in the literature, there is an experimental ef-
fort underway at Notre Dame to realize a cell using
split-gate technology [Bernstein et al., 1996]. We
give a brief review of that work, including the re-
sults and implications of our numerical modeling.
We also discuss a candidate molecule which might
serve as a proto-type molecular electronics imple-
mentation of a QCA cell.

3.5.1.

The fabrication of a QCA cell by split-gate tech-
nology is a challenging problem, yet appears to
be within reach of current lithographic capability
[Bernstein et al., 1996]. Figure 15 shows a possible
physical realization which is based on electrostatic
confinement provided by a top metallic electrode.
The key implementation challenges are (i) to gain
sufficient gate control in order to define quantum
dots in the few-electron regime, and (ii) to place
these dots sufficiently close to each other in order
to make coupling possible. Using these techniques,
it is conceivable that coupled-dot cells may be re-
alized in a variety of materials systems, such as
ITII-V compound semiconductors, Si/SiGe hetero-
layers, and Si/SiO2 structures.

In order to achieve a crisp confining potential,
it is important to minimize the effects of fringing
fields, which may be accomplished by bringing the
electrons as close as possible to the top surface.
This design strategy of “trading mobility versus
gate control” by utilizing near-surface 2DEG’s
has been pioneered by Snider, Hu and co-workers.
However, the resultant proximity of the quan-

Gate-controlled quantum dots

Exposed Surface

tum dot to the surface raises the question of the
effect of the exposed surface on the quantum con-
finement. To study these questions, we have under-
taken extensive numerical modeling of such gate-
controlled dots, and we have explicitly included the
influence of surface states which are occupied, in a
self-consistent fashion, according to the local elec-
trostatic potential [Chen & Porod, 1995].

We have performed numerical simulations for
the design of quantum dot structures in the few-
electron regime, both in the AlGaAs/GaAs and
Si/SiO2 material systems. The confining poten-
tial is obtained from the Poisson equation within a
Thomas—Fermi charge model. The electronic states
in the quantum dot are then obtained from solu-
tions of the axisymmetric Schrédinger equation.

Our model takes into account the effect of sur-
face states by viewing the exposed surface as the in-
terface between the semiconductor and air (or vac-
uum). Figure 16 schematically shows the simulation
strategy, where we employ a finite-element tech-
nique for the semiconductor domain and a bound-
ary element method for the dielectric above [Chen
et al., 1994]. Both domains are coupled at the
exposed surface, taking into account the effect of
charged surface states. This is particularly impor-
tant for modeling the ITI-V material system, where
surface states are known to be significant.

Our modeling shows that the single most criti-
cal parameter for the design of gate-controlled dots
is the proximity of the 2DEG to the top metallic
gates. This distance is limited in the III-V ma-
terial system by the “leakyness” of the layer sep-
arating the electronic system from the electrodes.
Distances as close as 25 nm have been achieved,
but more typically 40 nm are being used. The sil-
icon material system appears to be a particularly
promising candidate because of the extremely good
insulating properties of its native oxide. SiOs lay-
ers can be made as thin as 10 nm, and even less
(4 nm appears to be about the limit). This allows
for extremely crisp confining potentials.

We have explored various gate configurations
and biasing modes. Our simulations show that the

Metal Electrode

P Insulating Layer

[~ 2 DEG at Heterointerface

\ Semiconductor

Fig. 15.

Possible physical realization of gate-controlled quantum dots by top metallic gates.
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number of electrons can be effectively controlled in  example, we have chosen a radius of rg; = 6 nm
the few electron regime by the combined action of  for the center enhancement gate, and a radius of

depletion and enhancement gates, which we will il-  rgo = 50 nm for the surrounding depletion gate.
lustrate below. The resulting number of electrons induced by three

different voltages on the depletion gate, Vg2, is plot-
3.5.2. AlGaAs/GaA material system ted as a function of the enhancement gate bias volt-

age, Vg1. We see that variations of the depletion-
Figure 17 shows an example of the occupation of  gate bias of 10 mV will result in threshold-voltage
quantum dots for combined enhancement/depletion  variations of as much as 80 mV. This biasing mode
mode biasing on an AlGaAs/GaAs 2DEG. The appears to be an effective way of controlling the
main idea is to negatively bias the outer electrode = quantum-dot threshold voltage in the few-electron
(gate 2) such that the 2D electron density is de-  regime.
pleted, or near depletion; a positive bias on the in- The use of a single, negatively-biased de-
ner electrode (gate 1) is then utilized to induce the  pletion gate would not suffice for our purposes.
quantum dot and to control its occupation. In this  Even though it would be possible to obtain
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Fig. 16. Solution strategy used in the numerical simulations. Finite elements are used in the semiconductor domain, and a
boundary element technique for the dielectric above.
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Fig. 17. Example of dot occupation using combined enhancement (G1) and depletion (G2) gates in the AlGaAs/GaAs
material system.
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few-electron dots, the resulting potential variations
are too gradual to allow fabrication of a QCA cell
with closely-spaced dots [Chen & Porod, 1995].

3.5.3. S8i/SiOy material system

We have also performed numerical simulations
for the design of gated few-electron quantum dot
structures in the Si/SiO2 material system. The mo-
tivation for this work has been to investigate the
feasibility of transferring the emerging technology
of quantum dot fabrication from the III-V semi-
conductors, where it was pioneered over the past
few years, to the technologically more important
Si/SiO2 material system. Silicon appears to be a
promising candidate due to the excellent insulating
behavior of thin SiOs films which yields the required
crisp gate-control of the potential in the plane of
the two-dimensional electron gas at the Si/SiO; in-
terface. Another advantage of silicon for quantum
dot applications appears to be the higher effective
mass, as compared to the III-V materials, which
reduces the sensitivity of the energy levels to size
fluctuations.

Quantum dots may be realized by applying
a positive bias to a metallic gate on the surface,
as schematically shown in the inset to Fig. 18. The
positive voltage induces an inversion layer under-
neath the biased gate, which may lead to the for-
mation of an “electron droplet” at the silicon/oxide
interface, i.e. a quantum dot. Figure 18 shows, for
an applied gate bias of 1.7 V, the corresponding po-

Potential variation at the silicon/silicon dioxide interface as a function of oxide thickness.

tential variations along the Si/SiO2 interface. An
electronic system is induced when the silicon con-
duction band edge at the oxide interface, indicated
by the solid line, dips below the Fermi level (in-
dicated by the thin horizontal line). We see that
the formation of a quantum dot critically depends
upon the thickness of the oxide layer. Our mod-
eling shows that for a 10 nm gate radius, an ox-
ide thickness around (or below) 10 nm is required.
Further modeling shows that these dots are occu-
pied in the few-electron regime [Chen & Porod,
1996].

Our modeling suggests a design strategy as
schematicaly shown in Fig. 19. Two metallic elec-
trodes are being used, one (the bottom one) as a
depletion gate, and the top one as an enhance-
ment gate. We envision to fabricate openings

D

epletion region

Back Contact

Fig. 19. Design strategy for a quantum-dot cell in the silicon
material system using the combined action of two metallic
electrodes.
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in the bottom electrode by electron beam lithog-
raphy with dimensions of about 20 nm. The top
electrode is then evaporated onto the patterned
and oxidized metallic layer, which results in a top
electrode which may reach the semiconductor sur-
face inside the openings, providing the enhancement
gates.

3.5.4. Rings of metallic tunnel junctions

In addition to the semiconductor systems discussed
above, single-electron tunneling phenomena may
also be observed in metallic tunnel junctions
[Grabert & Devoret, 1992]. It is possible to fab-
ricate tiny metallic droplets with self-capacitances
on the order of atto-Farads (107! F). Adding (or
subtracting) a single electron to (or from) such a
miniscule metallic particle, will result in easily ob-
servable voltage variations on the order of 1/10th

(a)

==

(©)

of 1 Volt! This is the basic idea behind the phe-
nomenon of “Coulomb blockade”.

Consider a ring of metallic tunnel junctions,
schematically shown in Fig. 20(a). The tunnel junc-
tions are represented by the crossed capacitor sym-
bols, indicating that these junctions are charac-
terized by their capacitance and tunnel resistance.
The metallic droplets themselves are the “wires”
between the tunnel junctions. Consider now that
two extra electrons are added to such a cell, as
schematically shown in part (b) of the figure. It
can be shown that this cell exhibits precisely the
same two distinct ground state configurations as the
semiconductor cell discussed above. In addition,
the cell-cell coupling also shows the same strongly
nonlinear saturating characteristic [Lent & Tougaw,
1994]. Note that cell—cell coupling is purely capac-
itive, as schematically shown for the line of cells in

Fig. 20(c). The metallic tunnel junction cell may
(b)
P=-1 P=+1

== ==

==

= == =

=

=l

Fig. 20. Possible QCA implementation using rings of metallic tunnel junctions. (a) Basic cell, (b) cell occupied by two

additional electrons, (c) line of capacitively coupled cells.

Identical Clusters

M,{(C0O)yCo3CCO,}4

with M = Mo, Mn, Fe, Co, Cu.

o

Fig. 21.

around a “spindle” constituted by the Mz core.

C
o\
| 0 0\9
J/ Transition Metal Cluster
Q }l) (0%

£ - -2 Neocoy,
5 <

' (CO)3
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be used as a building block for more complicated
structures, in a fashion completely analogous to the
semiconductor implementations.

Using the technique of shadow evaporation,
coupled-dot structures have recently been fabri-
cated and tested in the aluminum-aluminum ox-
ide material system [Bernstein & Snider, 1996]. To
date, a coupled two-dot system has been investi-
gated and the charge state of each dot could be
measured independently. Work on a four-dot ring
of tunnel junctions is in progress.

3.5.5. Possible molecular tmplementation

As discussed above, QCA room temperature
operation would require molecular-scale imple-
mentations of the basic cell. Molecular chemistry
promises to offer the versatility for the desired
miniaturization.

The requirements for a molecular QCA tech-
nology include: (1) Cells made of a rigid array of
identical clusters with inter-cell interactions that
are insulating (e.g. a square arrangement of four
clusters); (2) Two-electron occupation of each cell
with distinct arrangements of the two charges;
(3) Charge interchange between these distinct ar-
rangements, which are energetically equal in the
absence of a polarizing field; (4) Patterning of cells
into predefined array geometries on a substrate; (5)
Connections to the periphery of an array for inputs
and outputs.

In previous work by Fehlner and co-workers,
a candidate for such a prototypical molecular
cell had been synthesized and crystallographically
characterized [Cen et al., 1992]. As schematically
illustrated in Fig. 21, these molecular substances
with the formula M3{(CO)9Co3CCO2}4, where
M=Mo, Mn, Fe, Co, Cu, consist of square arrays
of transition metal clusters, each containing three
cobalt atoms. It is remarkable that the four clus-
ters are arranged in a (flat) square, as opposed to
a (three-dimensional) tetrahedron, which one might
have expected. The reason for this behavior lies in
the two metallic atoms at the center which form a
“spindle” and the clusters attach themselves in the
plane perpendicular to this axis.

It has been demonstrated that these com-
pounds may be obtained as pure crystalline molecu-
lar solids in gram quantities. In spite of high molec-
ular weights, these substances are soluble and most
dissolve without dissociation, which makes it pos-
sible to disperse them on a substrate. Each cell
has an edge-to-edge distance of about 2 nm, which
is precisely the desired dimension for QCA room

temperature operation. The spectroscopic prop-
erties demonstrate intra-cell cluster-core elec-
tronic communication and inter-cell interactions are
insulating.

4. Quantum-Dot Cellular
Neural Networks

In addition to employing QCA cells to encode bi-
nary information, these cells may also be used in an
analog mode. As schematically shown in Fig. 22
each cell interacts with its neighbors within a cer-
tain range, thus forming what we call a Quantum-
Dot Cellular Nonlinear Network (Q-CNN) [Toth
et al., 1996]. This way of viewing coupled cells as
a nonlinear dynamical system is similar to Cellu-
lar Nonlinear (or, Neural) Networks (CNN), which
are locally-interconnected structures implemented
using conventional circuitry [Chua & Yang, 1988a,
1988b]. Each cell is described by appropriate state
variables, and the dynamics of the whole array is
given by the dynamical law for each cell, which in-
cludes the influence exerted by the neighbors on any
given cell.

In the paragraphs below, we develop a simple
two-state model for the quantum states in each cell
and show how the quantum dynamics of the ar-
ray can be transformed into a CNN-style descrip-
tion by choosing appropriate state variables. The
general features of this model are: (1) Each cell is
a quantum system, characterized by both classical
and quantum degrees of freedom. (2) The inter-
actions between cells only depends upon the clas-
sical degrees of freedom; the precise form of the

Fig. 22. Schematic view of a locally-connected cellular QCA
array. The circle indicates the range of interaction for the
central cell.



2214 W. Porod

“synaptic input” is determined by the physics of the
intercellular interactions. (3) The state equations
are derived from the time-dependent Schrdédinger
equation; one state equation exists for each classi-
cal and quantum degree of freedom.

For the case of a two-dimensional array, each
Q-CNN cell possesses an equivalent CNN-cell mo-
del described by the differential equations given
below. We may thus think of such a quantum-
dot cell array as a special case of cellular nonlin-
ear networks [Nossek & Roska, 1993]. The equiv-
alent circuit describing a cell is composed of two
linear capacitors, four nonlinear controlled sources
and eight linear controlled sources representing the
interactions between the cell and its eight neighbors
[Csurgay, 1996].

Our quantum model is a special case of a
general formalism for “quantum networks” devel-
oped by Mabhler [1995]. As schematically shown in
Fig. 23, a quantum network consists of subsystems
which are special quantum objects denoted as “net-
work nodes” and the interaction channels between
them are denoted as “network edges”. In his book,
Mahler develops the theoretical study of small
(coherent) quantum networks by means of the den-
sity matrix theory: the network node is taken as a
finite local state space of dimension n. The network
might be a regular lattice or an irregular array of
nodes. The network is coupled to external driving
fields and dissipative channels, which are required
for measurement. This approach provides a system-
theoretic tool adaptable to situations where a finite
quantum mechanical state space is controlled by a
classical environment. In other words, this formal-
ism also includes dissipation, which we have not yet
incorporated in our Q-CNN model, but this work is
in progress.

4.1.

Following the work of Toth et al. [1996], we describe
the quantum state in each cell using the two basis
states |¢1) and |¢p2) which are completely polarized.

|¥) = al¢r) + Blé2)

Within this two-state model, each property of a cell
is completely specified by the quantum mechani-
cal amplitudes o and (. In particular, P, the cell
polarization is given by:

Quantum model of cell array

P =lal* - |5”

The Coulomb interaction between adjacent cells in-
creases the energy of the configuration if the two

Quantum Objects
‘ = Network Nodes

Interaction Channel
= Network Edges

Boundary to
Environment

I

Fig. 23. Quantum Network: the subsystems of the network
are special quantum objects denoted as “network nodes”
and the interaction channels are denoted as “network edges”
(after [Mahler, 1995]).

cell polarizations differ. This can be accounted for
by an energy shift corresponding to the weighted
sum of the neighboring polarizations, which we de-
note by PE. The cell dynamics is then given by the
Schrédinger equation,

ihd /5t|T) = H|D)

where H represents the cell Hamiltonian. Once the
Hamiltonian is specified, the cell dynamics is com-
pletely determined. Since |¥) represents the state
of a given cell, and not the state of the whole array,
quantum entanglement is not accounted for in this
formulation.

4.2. Formulating CNN-like
quantum dynamaics

In order to transform the quantum mechanical de-
scription of an array into a CNN-style description,
we perform a transformation from the quantum-
mechanical state variables to a set of state variables
which contains the classical cell polarization, P, and
a quantum mechanical phase angle, ¢:

V) = (a, B) — [¥) = (P, ¢)

This transformation is accomplished by the follow-
ing relations:

a=((1+ P)/2)'/?
B=((1—P)/2)!2e

With this, the dynamical equations derived from
the Schrodinger can be rewritten as CNN-like dy-
namical equations for the new state variables P
and ¢

ho /0tP = —2vysinp(1 — P?)1/2

hé /6t = —PE + 27 cos pP/(1 — P?)1/2
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Fig. 24. Wave front motion in a linear Q-CNN array.

The term PE accounts for the cell-cell interaction
and 7 is the tunneling matrix element between dots.
For a more detailed derivation, we refer to the orig-
inal paper by Toth and co-workers [1996].

It can be shown that the resulting dynamics
for each cell is governed by a Liapounov function
V (P, ) which is given by:

V(P, ) = 2ycos p(1 — P2)'/? 4 PPE

4.3. Cellular network model of

quantum-dot array

This above network model simulates the dynamics
of the polarization and the phase of the coupled cel-
lular array. If the polarization of the driver cells of
an array in equilibrium is changed in time, a dy-
namics of the polarizations and phases for all cells
in the whole array is launched. In the framework
of the CNN model, ground-state computing by the
Quantum Cellular Array corresponds to transients
between equilibrium states.

It is well known for CNN arrays that the dy-
namics may give rise to interesting spatio-temporal
wave-phenomena [Chua, 1995]. A significant liter-
ature exists on this subject, and different classes

of wave behavior and pattern formation have been
identified.

By complete analogy, spatio-temporal wave be-
havior also exists for the dynamics of Q-CNN ar-
rays. We have begun to study these phenomena,
and we present a few examples below.

Figure 24 shows wave front motion in a linear
Q-CNN array. The driver cell on the left-hand-
side is switched at ¢ = 0, thereby launching such a
soliton-like wave front. The figure shows snapshots
of the classical polarization P and the quantum
mechanical phase angle ¢ at various times. Note
that the information about the direction of propa-
gation is contained in the sign of the phase angle.
Just from the polarization alone, one could not tell
whether the wave front would move to the right or
left.

Figure 25 shows examples of wave-like excita-
tion patterns in two-dimensional Q-CNN arrays.
The top panel shows an example of wave behav-
ior induced by a periodic modulation of the bound-
aries. Note that a fixed cell block is also included
near the upper left-hand corner. Several snap-
shots are shown (time increases from left to right)
which display concentric wave fronts. The bottom
panel shows an example of cyclical excitations at
the boundaries which give rise to a spiral wave.
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Fig. 25.

LD

Examples of wave-like excitation patterns in two-dimensional Q-CNN arrays. The top panel shows concentric waves

due to a periodic modulation of the boundaries. The bottom panel shows a spiral wave due to cyclical modulation of the

boundaries.

The excitation at each of the four boundaries are
90 degrees out of phase with respect to their neigh-
boring edge.
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