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Abstract— When exploring computing elements made from
technologies other than CMOS, it is imperative to investigate
the effects of physical implementation constraints. This paper
focuses on molecular Quantum-dot Cellular Automata circuits.
For these circuits, it is very difficult for chemists to fabricate
wire crossings (at least in the near future). A novel technique
is introduced to remove wire crossings in a given circuit to
facilitate the self assembly of real circuits – thus providing
meaningful and functional design targets for both physical and
computer scientists. The technique eliminates all wire crossings
with minimal logic gate/node duplications. Experimental results
based on existing QCA circuits and other benchmarks are quite
encouraging, and suggest that further investigation is needed.

I. INTRODUCTION

While it is important to study the theoretical properties
of an emergent device, the feasibility of employing such a
device to build interesting circuits must also be investigated
simultaneously. The latter effort cannot only pave the way for
actually implementing killer applications with new devices,
but also provides valuable guidance to physical scientists
as to where to focus their research efforts in order to gain
performance wins of any kind. This is particularly critical for
devices that are significantly different than CMOS transistors.

We consider the nano-scale, quantum-dot cellular automata
(QCA), and investigate the impact of physical implementation
constraints on realizing reasonably complex circuits. QCA,
first proposed in the early 1990s [34], operates on binary
data at the nanometer-scale. Logical operations and data
movement are accomplished via Coulombic interaction rather
than electric current flow. QCA circuits could be clocked at
extremely high frequencies (1-10 THz), potentially leading to
circuits with densities that are one or two orders of magnitude
beyond what end-of-the-curve CMOS can provide [27], and
dissipate very little power [33]. As circuits made from QCA
devices could provide various “wins” over end-of-the-curve
CMOS, in the last several years there has been an influx of
QCA-related research [27], [35], [32].

Simple logic gates and a wire have been implemented using
metal “dots” [30]. Unfortunately, metal QCA has two signifi-
cant shortcomings: it must operate at a very low temperature,
and mass fabrication faces the same challenges as CMOS.
A promising implementation alternative is to use chemical
molecules as QCA cells (mQCA) that would self assemble

to form larger circuits, and operate at room temperature [21].
At present, there is limited work examining physical design

problems associated with QCA circuits [1], [15]. This work
not only falls into this category, but also has been done in
close coupling with physical scientists to explicitly consider
buildability issues. Our work targets a molecular QCA imple-
mentation, yet also introduces a significant design constraint:
with mQCA, wire crossings will be difficult to build. Thus, to
help facilitate the fabrication of computationally interesting
circuit designs with mQCA, we develop and present an ap-
proach that will eliminate all wire crossings for a given circuit
via logic gate/node duplication. The goal of our algorithms
is to minimize the number of gates that must be duplicated.
We will provide an initial comparison of QCA designs with
no crossings to CMOS designs, as well as to QCA designs
that assume fabricatable wire crossings. This work should
help to facilitate the implementation of small to medium
sized mQCA circuits, and also illustrates the criticallity of
interactions between computer and physical scientists.

Eliminating wire crossings also finds applications in
the physical synthesis of Binary Decision Diagram (BDD)
based regular circuit structures. Non-Crossing Ordered BDD
(NCOBDD) was first introduced by Cao and Koh [3] as a
viable alternative to overcome the timing closure problem
and offset the process variation in aggressively scaled silicon
technology [25]. By eliminating wire crossings in a reduced
ordered BDD (ROBDD), a more compact BDD structure can
be obtained, which can be directly mapped to a regular circuit
structure such as an FPGA or pass transistor logic (PTL)
circuit. Such designs allow precise determination of delays
and reduce cross-talk effects [3].

II. BACKGROUND AND RELATED WORK

QCA represents information by using binary numbers, but
replaces a current switch with a cell having a bi-stable charge
configuration. A device can consist of exactly 2 or 4 quantum
dots and exactly 1 or 2 excess electrons respectively. One
configuration of charge represents a binary ’1’, the other a
binary ’0’ (Fig. 1(a)), but no current flows into or out of a
cell [34], [18]. The charge configuration of one device alters
the charge configuration of the next device. This device-device
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Fig. 1. (a) QCA representation of binary 1 and 0. (b) Wire crossing in QCA.

interaction allows for the computation of any Boolean function
([34], [27]), and also forms interconnects. An electric field
(QCA’s “clock”) is also required which essentially turns QCA
cells “on” (and allows them to represent a ’1’ or ’0’) or “off”
(and places them into a null state) – see [12].

At present, four major “building blocks” are being con-
sidered for implementable systems of mQCA devices: (1)
molecular QCA cells where one cell is approximately 1.2 nm
by 1.2 nm with 3 nm center-to-center cell spacing, (2) DNA-
based substrates for the molecules to attach to, which consist
of tiles capable of holding 8 QCA cells each (similar to a 2 x
4 LEGO(tm) block); these would join together to form DNA
rafts that hold QCA logic, (3) a silicon-based, electric field
generating, clock structure, and (4) a means for integrating the
QCA logic and the clock structure (a process called “liftoff”
where DNA rafts are attached to the silicon clock structure in
electron beam lithography etched tracks) [24]. The chemical
process of assembling the DNA rafts, i.e., self-assembly, is
the key to forming a circuit or system. It is desirable to have
fewer distinct types of DNA rafts.

These building blocks unfortunately make it difficult to
fabricate certain constructs of interest to the circuit designer
– namely the co-planar wire crossing illustrated in Fig. 1(b).
mQCA cells with different orientations can theoretically cross
in the plane without the destruction of either value on either
wire [34]. However, chemically, the physical layouts for wire
crossings require sub-Angstrom control over the position and
orientation of QCA cells and are difficult to fabricate. Thus,
it is desirable to eliminate the need for the construct shown in
Fig. 1(b) from initial design targets. This could be especially
problematic as we are already considering just two dimensions
of circuit complexity, and there is currently no analog to
“multiple layers of metal”.

One way to eliminate crossings in a given circuit is to
duplicate logic gates such that the crossed connections can
be removed. This is equivalent to planarizing a circuit. From
a physical implementation standpoint, gate duplication will
unavoidably result in more QCA logic gates. Furthermore,
removing wire crossings with gate duplication essentially “pre-
pones” all wire crossings by pushing them to the inputs of the
circuit, which will result in more inputs. Both of the above
consequences will most likely increase the overall circuit area.
For small to medium sized circuits, the increase in number of
QCA cells is not a significant problem for the following two
reasons: (i) As the dimension of a molecular QCA cell is 1.2
nm by 1.2 nm, the resulting circuit should still have an area
advantage over the end-of-the-curve CMOS implementation

even with many more QCA cells, and (ii) More importantly,
the area increase caused by gate duplication does not introduce
new gate types. This is much desired for the self-assembly
process as a chemist would only have to map logic to DNA
rafts one time, and parts (i.e. logic nodes) could be re-
used. Mapping QCA cells to DNA rafts to deterministically
interconnect logic nodes in varying circuits would be a much
more difficult – if not impossible – task. Thus, another positive
“side effect” of eliminating wire crossings via gate duplication
is that all interconnects should become local, and essentially
consist of simple, short, uniform, and reusable QCA wire
segments. However, for large circuits, architectural innovations
are needed.

Generally speaking, gate-duplication based wire-crossing
elimination is to simply remove edge crossings in a directed
graph through node duplication. We refer to this problem
as the node-duplication based crossing-elimination (NDCE)
problem. At first sight, the NDCE problem appears to be
closely related to the crossing minimization problem (CM)
on directed layered graphs that has been well studied in the
graph drawing area [6], [7], [8] and arises in other applications
such as visualization [6] and DNA mapping [36]. Liebers has
presented a survey on planarizing graphs which includes an
annotated bibliography [20]. CM has also been widely used
in VLSI layout, e.g., [17], [5], [23], [31] to name a few.

While the NDCE problem seeks to avoid all edge crossings
by inserting new nodes (gates), the CM problem aims to min-
imize edge crossings (edge crossings may still exist after the
minimization). Though computationally the general versions
of both problems are NP-hard, the combinatorial structures of
the two problems are somewhat different. For example, for
the key basic case which is defined on a two-layer graph
with the order of the output nodes already fixed, the CM
version is still NP-hard [8] but the NDCE version is linear-
time solvable (as we will show). Due to the different structures
of the two problems, our algorithm for the NDCE problem is
quite different from those for the CM problem. Since the goal
of NDCE is different from that of CM, comparing results of
solving these two problems can be misleading and will not be
attempted in our work.

To achieve planarity of logic circuits designed with Bi-
nary Decision Diagrams (BDDs) and Multi-values decision
diagrams (MDDs), Sasao and Butler examined the necessary
properties for BDDs and MDDs to be planar [29]. Specifically,
they showed that threshold functions, symmetric functions and
monotone increasing functions lead to planar diagrams. These
functions can be useful in deriving certain logic circuits for
QCA implementation. However, these functions alone cannot
adequately deal with the general wire-crossing elimination
problem.

Node duplication has been exploited by various performance
and area optimization approaches in the design automation
field. For example, cell duplication is used in circuit partition-
ing [22], [37], [9], in placement enhancement [26], [13], and in
FPGA timing optimization [2], [10]. Yet, none of these takes
wire-crossing elimination into consideration. To the best of
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Fig. 2. (a) A node-duplication in Vi+1 to avoid an edge crossing between
Vi and Vi+1. (b) A 2-layer input graph G. (c) Output graph G′ of G.

our knowledge, the only work that examined problems similar
to NDCE is the NCOBDD synthesis by Cao and Koh [3], [4].
In [3], an interesting, albeit exponential time, back-tracking
mechanism is proposed for optimal node duplication in a given
ROBDD. An elegant decomposition technique is discussed
in [4] to improve the efficiency of constructing NCOBDD.
However, the work is limited to graphs in which each node
has no more than two out-going edges.

III. OVERVIEW

In this section, we define the NDCE problem, give an
overview of our heuristic NDCE algorithm, and highlight the
key subproblems of our solution (the subsequent sections will
be devoted to the solutions for these subproblems).

As discussed in Section 2, QCA circuits function under the
influence of a clock field. To ensure proper evaluation and
propagation of signals, a driving gate and its driven gates must
be in two separate, yet consecutive clock zones [18]. This
naturally gives rise to QCA circuits being “layered”. If a circuit
design has wires across non-adjacent clock zones, buffers must
be inserted in order to guarantee correct functionality, similar
to synchronous circuits [1], [19]. Based on this fact, we study
the NDCE problem based on the layered graph model.

Given an integer k ≥ 2, let G = (V,E) be a directed k-
layered graph such that V = ∪k

i=1Vi and for each directed
edge (u, v) ∈ E from u to v, u ∈ Vi+1 and v ∈ Vi for some
i ∈ {1, 2, . . . , k − 1} (e.g., see Fig. 2(a)(a)). For modeling
QCA or other circuit design applications, we assume that
only Vk contains zero in-degree nodes; further, every non-
zero in-degree node has at least two incoming edges. The set
Vi is called the i-th layer of G. The NDCE problem seeks
a planar layout of G, by possibly inserting new nodes (i.e.,
duplicating certain gates) into the layers V2, V3, . . . , Vk to
avoid edge crossings in the layout. (Layer V1 contains only
the output nodes and does not need node-duplication.) A node-
duplication (if needed) is done as follows: For two edges (u, v)
and (u,w) such that u ∈ Vi+1 and v, w ∈ Vi, we duplicate
node u by adding a new node u′ to Vi+1 to replace the edge
(u,w) by a new edge (u′, w); the new node u′ has incoming
edges from the same subset of nodes in Vi+2 as u (if any).
See Fig. 2(a) for an example. The objective is to minimize
the number of inserted nodes. We can show that the NDCE
problem is NP-hard.

This fashion of eliminating edge crossings via node du-
plication models the wire-crossing elimination problem for
molecular QCA circuit implementation, where QCA gates are
duplicated to avoid wire crossings.

Note that, to avoid edge crossings in the layout of G, we
can (1) choose a “good” order of the nodes in each Vi, and

(2) possibly insert new nodes into the ordered node sequence
of Vi (i > 1). However, as shown in Fig. 2(a)(b), inserting
new nodes to Vi+1 to avoid edge crossings between Vi and
Vi+1 may create more crossings between Vi+1 and Vi+2, i.e.,
node-insertions may “propagate” edge crossings to adjacent
layers.

Observe that only the node order needs to be considered
for layer V1 (the output-node layer) since node duplications
in this layer would not help in reducing edge crossings.
Furthermore, edge crossings propagate naturally to higher
layers due to node-duplication. Hence, our heuristic algorithm
for the NDCE problem uses the following iterative process:
(1) eliminate edge crossings between V1 and V2 (called the
two-layer case), and (2) for i = 2, 3, . . . , k − 1, based on the
(already fixed) node ordering of Vi (Vi may contain inserted
nodes), determine the node ordering and node-insertion on
Vi+1 to avoid edge crossings between Vi and Vi+1 (called
the layer propagation).

Note that in the above iterative framework, the edge crossing
propagation goes “upwards” (i.e., to higher layers). For this al-
gorithm to work well, we need to solve two key subproblems:
the two-layer case on V1 and V2, and the layer propagation
from Vi to Vi+1 (i ≥ 2).

To solve the two-layer case on V1 and V2, we need to (i)
determine an order of the nodes in V1, and (ii) determine a
node order and possible node-insertions for V2. As to be shown
in Section IV, the two-layer case is NP-hard. In Section IV, we
give an integer linear programming (ILP) formulation for this
case. Since solving the ILP formulation is time-consuming on
large-size input, we also use a heuristic method to solve the
two-layer case in polynomial time, as follows: We first choose
a node order for V1 (say, from a set of random node orders for
V1), and then apply our algorithm for the layer propagation
problem to determine the order and node-insertions for V2; the
best output over the set of random node orders for V1 is used
as our output for the two-layer case.

The layer propagation problem from Vi to Vi+1 assumes
that the node order (possibly with inserted nodes) for Vi is
already given, and we need to determine the order and node-
insertions for Vi+1 to avoid all edge crossings between Vi and
Vi+1. As we show in Section V, this problem can be solved
optimally by a nontrivial linear time algorithm.

IV. 2-LAYER NDCE PROBLEM

Given a directed 2-layer graph G = (V1, V2, E), where V1

and V2 are the sets of nodes in layers 1 and 2, respectively,
the 2-layer NDCE problem is to determine an order for the
nodes in V1, and determine a node order and possible node
duplications in V2. This problem is, unfortunately, NP-hard.
This can be shown by a polynomial time reduction of the
Hamiltonian path problem [11] to the 2-layer NDCE problem.
We briefly discuss some key observations below but omit the
detailed proof due to the page limit.

Let the optimal solution to the 2-layer problem assign the
order σ1 to the nodes in V1, and the order σ2 to V ′

2 , which is
the set possibly with duplications added to V2. As is explained
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in detail later in Section V, the optimal solution is such that σ1

has the largest possible number of pairs of consecutive nodes
that share a common node in σ2 (we call such pairs sharings).
In fact, the number of duplications is m − s∗ − |V2|, where
m is the number of edges of G and s∗ is the largest possible
number of sharings. (Note that a graph cannot have more than
|V1| − 1 sharings.)

Based on the NP-hard conclusion, it is unlikely that poly-
nomial time algorithms exist for solving the 2-layer NDCE
problem. We present an ILP formulation for the problem such
that various ILP solvers can be exploited to solve the problem
when the size of a 2-layer graph is not very large. In the
formulation, we strive to introduce the minimal numbers of
variables and constraints. To model the node order in Layer-1
we introduce variables ykl, where

ykl =
{

1 if vk ∈ V1 is at location l
0 otherwise

(1)

and 1 ≤ k, l ≤ |V1| (|V1| is the number of nodes in Layer-1).
For Layer-2, both the node order and node duplications need
to be determined. That is, a node in Layer-2 can be duplicated
(i.e., appear more than once). The maximum number of nodes
in the resulting Layer-2 is bounded by the total number of
edges, |E|, since in the worst case each node in Layer-2 only
connects with one edge for which a non-crossing order always
exists. We use variables xij to model the node order and
duplication for Layer-2, where

xij =
{

1 if vi ∈ V2 is at location j
0 otherwise

(2)

and 1 ≤ i ≤ |V2|, 1 ≤ j ≤ |E|. To model the edges,
a straightforward way needs |V1|2 · |V2| · |E| variables to
representation all possible connections between xij and ykl.
However, by careful formulation of the constraints, we only
need |V1| · |V2| · |E| variables defined as

zijl =





1 if an edge exists between locations j and l
and the edge connects to node vi

0 otherwise
(3)

where 1 ≤ i ≤ |V2|, 1 ≤ j ≤ |E|, and 1 ≤ l ≤ |V1|.
Observe that each non-zero xij indicates the presence of

a node in Layer-2. If the sum of xij is greater than |V2|,
duplicate nodes have been introduced. Therefore, the objective
of the ILP formulation is to minimize the sum of xij , i.e.,

Minimize:
∑

i

∑

j

xij (4)

To enforce a valid assignment of nodes to locations, we
introduce the following four constraints.

∑

k

ykl = 1 ∀1 ≤ l ≤ |V1| (5)

∑

l

ykl = 1 ∀1 ≤ k ≤ |V1| (6)

∑

i

xij ≤ 1 ∀1 ≤ j ≤ |E| (7)

∑

j

xij ≥ 1 ∀1 ≤ i ≤ |V2| (8)

(5) and (6) require that each node in V1 be assigned to one
and only one location as no duplication is allowed in Layer-1.
Since node duplication may be required in Layer-2 in order
to remove crossings, (8) forces that each node vi in V2 can
appear at one or more locations while (7) specifies that each
location j in Layer-2 can have at most 1 node.

Additional constraints are needed concerning the edges. The
first set of these, (9) and (10), are used to preserve the total
number of edges connected to a node in Layer-1 and Layer-2,
respectively.

∑

i

∑

j

zijl =
∑

k

ykl|Ek| ∀1 ≤ l ≤ |V1| (9)

∑

j

∑

l

zijl = |Ei| ∀1 ≤ i ≤ |V2| (10)

To ensure that edges in the resulting graph are always
connected with the correct nodes, we introduce two additional
constraints, (11) and (12).

zijl ≤ xij ∀1 ≤ i ≤ |V2|, 1 ≤ j ≤ |E|, 1 ≤ l ≤ |V1| (11)

zijl ≤
∑

k|(i,k)∈E

ykl i, j, l are the same as above (12)

Inequality (11) specifies that an edge between node vi at
location j of Layer-2 and location l of Layer-1 can exist (i.e.,
zijl = 1) only if node vi is assigned to location j (i.e., xij =
1). Similarly, (12) indicates that an edge between node vi at
location j of Layer-2 and location l of Layer-1 can only exist
if at least one of the Layer-1 nodes connected to node vi of
Layer-2 is assigned to location l. In (12), we use a summation
over k to capture the edges connected to node vi, and thus
avoid the introduction of more edge related variables. This
is only possible for Layer-1 since each node in Layer-1 can
appear at only one location. The last constraint enforces that
no crossing occurs in the resulting graph as given below:
∑

i

zijl+
∑

i

zij′l′ ≤ 1 ∀1 ≤ j < j′ ≤ |E|, 1 ≤ l′ < l ≤ |V1|
(13)

Note that a crossing occurs if two locations j and j′ in
Layer-2 are connected to two locations l and l′ in Layer-1,
respectively, while j < j′ and l > l′.

We will illustrate the ILP formulation for the example
graph in Fig. 2(b). For this example, V1 = {p, q, r} and
V2 = {s, t, w}. We name the locations for V1 as {1, 2, 3}
from left to right and those for V2 as {1, 2, 3, 4, 5, 6}. The
objective function is then

Minimize:
6∑

j=1

(xsj + xtj + xwj) (14)

We omit the constraints corresponding to (5)-(8) as they are
straightforward. To ensure that the correct number of edges are
connected to a location in Layer-1, say location 1, we obtain
the following constraint based on (9):

6∑

j=1

zsj1 +
6∑

j=1

ztj1 +
6∑

j=1

zwj1 = 2ys1 + 2yt1 + 2yw1 (15)

567



For a node in V2, say t, we have
6∑

j=1

ztj1 +
6∑

j=1

ztj2 +
6∑

j=1

ztj3 = |Et| = 3 (16)

Constraints for other locations and nodes can be derived
accordingly. To guarantee the correct connections between
nodes of the resulting graph, we need to constrain the edge
variables based on (11) and (12). Consider the edge variable
corresponding to a connection between location 1 in Layer-1
and location 4 in Layer-2, we have

zs41 < xs4, zs41 < yp1 (17)

zt41 < xt4, zt41 < yp1 + yq1 + yr1 (18)

zw41 < xw4, zw41 < yq1 + yr1 (19)

Similarly, constraints for other edge variables can be built.
To enforce that the connection between location 1 in Layer-1
and location 4 in Layer-2 does not cross that between location
3 in Layer-1 and location 2 in Layer-2, we need

zs41 + zt41 + zw41 + zs23 + zt23 + zw23 ≤ 1 (20)

(See (13).) No-crossing constraints for other connections
can be constructed similarly. Solving the ILP, we obtain the
resulting graph as given in Fig. 2(c).

V. LAYER PROPAGATION ALGORITHM

In this section we present an algorithm for the layer propa-
gation problem, which was introduced in Section III. Given a
fixed order of the first layer, the algorithm determines the node
order and duplications for the second layer with the minimum
number of node duplications, and it has a time complexity
that is linear in the input size. We present the algorithm in
two stages: (1) we transform the layer propagation problem to
that of finding a shortest path between two nodes in a graph
of size polynomial in the size of the input, and (2) we show
how a shortest path in (1) can be computed in time that is
linear in the size of the input.

To recall, in the layer propagation problem, we are given a
directed 2-layer graph G = (V1, V2, E).

All directed edges are of the form (u, v) where u ∈ V2 and
v ∈ V1. The order of vertices in V1 is fixed. The problem is to
determine the insertions of nodes (duplications) in V2 as well
as the order of nodes in V2 (including the new duplicate nodes)
such that all edge crossings are eliminated and the number of
duplications is minimized. See Fig. 2(b) and 2(c).

Let n1 and n2 denote |V1| and |V2| respectively, and let m
denote |E(G)|. Denote the given order of nodes in V1 by σ1

and without loss of generality let it be v1, . . . , vn1 . Let the
solution be graph G′ such that V (G′) = V1 ∪ V ′

2 , where V ′
2

is the second layer with duplications added. Let the order of
nodes in V ′

2 in the solution be denoted by σ2 = u1, . . . , um′ ,
where ui ∈ V ′

2 and m′ = |V ′
2 | ≤ m. Note that each ui ∈ V ′

2

corresponds to a node in V2; denote it by f(ui).

br,wbq,waq,w

aq,t bq,t

cp,q

bp,t

bp,sap,s

ap,t
cq,r

ar,w

br,tar,t
y

x

Fig. 3. Graph H for the problem in Fig. 2(b). The shortest path is in bold.

A. Partial Order on Edges

Consider the edges in the optimal output graph G′. There is
a one-to-one correspondence between edges (ux, va) ∈ E(G′)
and (f(ux), va) ∈ E(G). Let (ux, va) and (ux, vb) be two
edges in G′. Also, let a < b. Since there are no edge crossings
in G′, there can be no edge (uy, va) in G′ with y > x;
otherwise, this edge will cross (ux, vb). Similarly, there can
be no edge (uw, vb) in G′ with w < x. Thus there is a partial
edge order, based on the nodes in V1 that they are adjacent to,
which the edges in G′ must respect.

Let vi and vi+1 be a pair of consecutive nodes in σ1. The
partial order on edges implies that these two nodes can have
at most one common neighbor in V ′

2 . A trivial non-optimal
solution to the layer propagation problem is to have a distinct
node in V ′

2 corresponding to each edge in E(G). This would
imply that the number of duplications is m − n2. In this
solution, no pair of nodes in V1 shares a common neighbor.
Instead, in our solution, suppose that there are s pairs of
consecutive nodes in V1 that share a common neighbor in V ′

2 ,
that is, there are s sharings. The number of duplications then
is m− s−n2. Thus, to minimize the number of duplications,
we need to maximize the sharings.

B. Shortest Path

We now define a graph H such that computing the maxi-
mum number of sharings s∗ in G′ corresponds to computing a
shortest path between two nodes in H . For each node vi ∈ V1,
there are two sets Avi

, Bvi
of nodes in H . Both sets contain

the same number of nodes, each corresponding to an edge
adjacent to vi in G. Thus, for an edge (u, vi) in G, there is
a node avi,u ∈ Avi

and a node bvi,u ∈ Bvi
. For the graph in

Fig. 2(b), edges (q, w) and (r, w) introduce nodes aq,w, bq,w

and ar,w, br,w, respectively as in Fig. 3. Intuitively, Avi
is

used to determine a common neighbor with Bvi−1 , and Bvi

to determine a common neighbor with Avi+i
. In order to do

so, there is an (undirected) edge between avi,u and bvi−1,u

for every node u ∈ V2 that vi and vi−1 have as a common
neighbor (e.g. edge (bq,w, ar,w) in Fig. 3). If in the (optimal)
solution u is a common neighbor that results in a sharing
between vi and vi−1, the shortest path will use this edge. If,
instead, vi and vi−1 have no sharing, none of these edges will
be in the path. For that case, we add a node cvi−1,vi

such that
there is an edge to it from all nodes in Avi

and from all nodes
in Bvi−1 (e.g., node cq,r in Fig. 3).

In addition, there are edges between nodes in Avi
and Bvi

that depend on the number of edges adjacent to vi in G. If vi

has just one adjacent edge in G, say (u, vi), then there is an
edge between avi,u and bvi,u. If, however, vi has 2 or more
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adjacent edges in G, then the situation is quite the opposite.
Let U be the set of nodes in V2 that have an edge to vi. For
each u ∈ U , avi,u has edges with bvi,z , for all z ∈ U \ {u}.
Doing so prevents our path from choosing the same node u
(in V2) for vi to share with vi−1 as well as with vi+1. We need
to prevent this only when |U | ≥ 2. We also add a node x to
H with edges to all nodes in Av1 and a node y with edges to
all nodes in Bvn1

.
Note that H has O(m) nodes and O(mn) edges. The

construction of H allows us to solve the layer propagation
problem exactly as stated in the following theorem. We omit
the proof due to page limit.

Theorem 1: Every feasible solution σ2 for the layer prop-
agation problem on G corresponds to an x-y path in H . In
addition, the length of the shortest x-y path in H is equal to
3n1 − s∗, where s∗ is the maximum possible sharings in G′.

VI. EXPERIMENTAL RESULTS

To evaluate, we focus on the effect of node-duplication
based wire-crossing elimination on circuit area, and the ef-
ficiency of the algorithms. To assess the impact of removing
wire crossings on the area of a circuit, we compare not only
the numbers of nodes (gates) based on the abstract graph
model, but also the QCA layouts before and after applying
our algorithms. We first present results based on the graph
model and then discuss their impact on actual circuit layout.

We applied both the ILP-based and random-order based
NDCE algorithms to a sample QCA circuit (the control path
of a 12-bit accumulator-based microprocessor [27], referred
to as S12) as well as a subset of circuits in the ISCAS
benchmark suites. Results are summarized in Table I. The last
five circuits are BDDs similar to the ones used in [3]. The
second column of Table I indicates the total number of nodes
(original gates and buffers for converting the connections
across multiple layers to those only between two adjacent
layers) in each circuit. The next two columns give the total
numbers of nodes in the circuits with no crossings, and the last
two columns summarize the run times for both the ILP-based
and random-order based NDCE algorithms. (’XX’ indicates
that the problem size was too large to be solved by ILP
in a reasonable time). For each random-order based result,
the number reported is an average of 10 runs; the difference
between the minimum and the maximum of each 10 runs is
somewhere between 3% to 20%.

From Table I, we can conclude that our algorithms are
effective in solving the NDCE problem, especially if random
selection is used for ordering the layers. Recall that the ILP
formulation gives the optimal result only for the two-layer
problem. In general, an optimal two-layer (local optimal)
solution does not necessarily guarantee to the best global
solution. This scenario is evident in the C27 example.

As expected, the data in Table I reveals that the run times for
ILP solutions can be quite long. Thus, the ILP-based NDCE
algorithm is only applicable to circuits with a small number
of gates and wires at the two layers closest to the output.

Circuit # of # of Nodes Time Taken
Nodes after (sec)
before ILP Random ILP Random

S12 83 184 184 <1 <1
C17 16 19 19 <1 <1
C27 29 32 31 <1 <1
C432 468 1,324 1,328 2.3 <1
C499 1,403 XX 160,021 XX 58.34
C880 2,227 XX 50,832 XX 16.98
C1355 1,343 XX 156,087 XX 62.79
xor5 (BDD) 9 13 13 <1 <1
xor7 (BDD) 13 28 28 <1 <1
rd53 (BDD) 29 35 35 <1 <1
rd73 (BDD) 49 71 71 <1 <1
z4ml (BDD) 61 76 76 <1 <1

TABLE I

RESULTS OF APPLYING NDCE ALGORITHMS.

We have also compared our technique with the one in [3]
for BDDs. Since the dynamic ordering used in generating the
ROBDDs is not given in [3], we simply picked an arbitrary
order to create the BDDs for the circuits in [3]. For most
circuits, both methods give the same results. For some, our
method is either slightly worse or better than that in [3]. (Due
to the space limit, we omit the detailed comparison, but note
that the technique in [3] is not applicable to general circuits.)

Not surprisingly, the number of nodes duplicated may grow
rapidly as circuits become bigger. To examine the impact of
such an increase, we generated the QCA layouts for several
circuits. We used a custom QCA Place and Route (PR) tool to
convert graph representations to actual QCA layouts. Nodes
were replaced with relevant logic where appropriate. A 3 cell
pitch was assumed between parallel QCA wires – to obtain
both a dense layout while simultaneously considering (and
avoiding) any cross talk.

Statistics for equivalent circuits with wire crossings (con-
struct in Fig. 1(b)) were also computed. As the clock wire
pitch will be a function of a given lithographic process, we
chose to compare the circuits before and after duplication by
considering the ratio of the number of cells in a circuit, and
the ratio of the area of a bounding box. This should provide
some initial inisght into how circuits with constructs believed
to be implementable, compare to circuits with constructs that
are theoretically possible.

Table II summarizes our results. Pre- and post-duplication
circuit data, and the ratio between them, are listed in adjacent
rows. Col. 2 is the number of wire crossings for a QCA
layout via our PR tool, Col. 3 is the number of QCA cells
in the interconnect (anything not in a logic node), Col. 4 is
the number of QCA cells in the logic nodes, Col. 5 is the total
number of QCA cells in the design, and Col. 6 is the bounding
box area in µm2 (using 3 nm center-to-center cell spacing).

The experimental data shows that for relatively small cir-
cuits, node duplication can be a viable approach for elimi-
nating wire crossings. For the Simple12 control path, post-
duplication increases the area by a factor of 3. However, the
number of QCA cells required to construct this circuit has
gone down. Most importantly, the number of cells required
to connect logic nodes has almost been cut in half. Long
and convoluted wires that existed pre-duplication have been
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Circuit Wire QCAs QCAs in Total Bounding
Name Cross. in IC Logic QCA Box Area

Nodes Cells (µm2)
S12 Bef. 129 7685 1949 9634 1.62
S12 Aft. 0 4325 4508 8833 4.78
Aft./Bef. 1 0.563 2.31 0.917 2.95
c17 Bef. 1 159 195 354 0.019
c17 Aft. 0 217 228 445 0.029
Aft./Bef. 1 1.36 1.17 1.26 1.52
c432 Bef. 1267 80141 6541 86655 8.82
c432 Aft. 0 18886 16942 35828 3.45
Aft./Bef. 1 0.236 2.60 0.413 0.391
c880 Bef. 3079 327237 27191 354428 62.6
c880 Aft. 0 980292 816039 1796331 1658.9
Aft./Bef. 1 3.00 30.0 5.07 26.5

TABLE II

IMPACT OF DUPLICATION ON QCA LAYOUTS.

sreplaced by shorter, local wires in the interconnect post
duplication. This explains the drop in the number of QCA
cells in the interconnect. For c432, again, the number of cells
required has dropped by a factor of 4, and by a factor of 2.4
overall. Additionally, the total area required for this circuit
has actually decreased by a factor of 2.5!. We believe that
this occurs because wire crossings have been eliminated. More
specifically, if the two signals that were initially on 90-degree
wires needed to cross, one value would have to be ripped onto
another wire – creating additional area overhead.

We also estimated the area of the CMOS implementation
of c432 based on the standard-cell design given in [14]. We
used λ = 25nm for a hypothetical 45nm technology. The
CMOS design would take 7812µm2, which is more than 2000
times larger than the no-crossing QCA design. While such a
comparison does not give a complete picture, it does provide
motivation to further consider this research.

Unfortunately, the above trends do not hold. For the more
complex c880 example, the number of QCA cells increases
by a factor of 3 in the interconnect, increases by a factor of 5
overall, and the area of the circuit increases by a factor of 26.5.
We believe that this problem stems from two sources. First, the
number of inputs to our combinational logic has increased (i.e.,
c432 requires 36 individual input signals, and c880 requires
60). Thus, more signals must be routed to different layers in
a graph representation of a circuit. Second, as we continue
to iterate through the layers of the circuit, we must duplicate
larger and larger parts of the circuit. This is somewhat expected
as theoretically, removing wire crossings via node duplication
causes the number of duplications to grow exponentially.
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