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We present a study of the boundary conditions for the potential at exposed semiconductor
surfaces in split-gate structures, which views the exposed surface as the interface between the
semiconductor and air. A two-dimensional numerical algorithm is presented for the coupling
between the nonlinear Poisson equation in the semiconductor (finite element method) and
Laplace’s equation in the dielectric (boundary element method). The utility of the coupling
method is demonstrated by simulating the potential distribution in an n-type AlGaAs/GaAs
split-gate quantum wire structure within a semiclassical Thomas—Fermi charge model. We also
present a comparison of our technique to more conventional Dirichlet and Neumann boundary

conditions.

I. INTRODUCTION

Recent advances in nanostructure fabrication have
made it possible to realize semiconductor quantum devices
by further confining a two-dimensional layer of electrons
into wires or dots in which quantum effects are
significant.? Typically, such device structures are defined
by metallic split gates as schematically depicted in Fig. 1.
In order to understand the potential distribution in these
structures, one has to solve the Poisson equation in the
two-dimensional problem domain,

V= —p. (1)

Here, ¢ is the confining electrostatic potential, ¢ is the
dielectric constant of the respective material, and p is the
charge density, which may depend upon the potential and
for which different charge models have been developed.’
Since Eq. (1) is a boundary value problem, one needs to
know the values of the potentials and/or fluxes at the var-
ious boundaries. In particular at the exposed semiconduc-
tor surface, it has proven difficult to formulate appropriate
boundary conditions. This is a crucial problem, especially
in nanostructures where the charge carriers reside close to
the surface, and a different choice for the boundary condi-
tion at the exposed surface may result in a noticeable dif-
ference in the confining potential of the quantum device.
Highly accurate models of the potential variation will be
needed to realize recently proposed computing architec-
tures for quantum devices, so-called quantum cellular au-
tomata, which consist of cells of coupled quantum dots
which are occupied by only a few electrons.*

In recent numerical studie)s,s‘ll the potential variation
in structures like the one shown in Fig. 1 has been treated
as a boundary value problem on the semiconductor domain
and various boundary conditions have been assumed on
the exposed semiconductor surface. One common ap-
proach is to utilize a Dirichlet boundary condition which
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simulates surface Fermi-level pinning at a characteristic
energy level in the band gap,®!!

¢|.;»=_¢pin' (2)

This approximation leads to an unrealistic discontinuous
step in the potential energy at the edge of the biased gate
between the values of the applied gate potential and the
Fermi-level pinning. Another commonly used approach is
to employ a Neumann boundary condition where one as-
sumes a certain value for the outward normal electric field
on the exposed semiconductor surface,>®

a
Esjﬁ S=Qint' (3)

n is the outward normal unit vector of the boundary, ¢, is
the dielectric constant of the semiconductor, and @, is the
charge density on the exposed surface. It can be shown that
this approximation is only valid if the exposed semicon-
ductor surface is large and smooth.'? In typical split-gate
structures used for quantum devices, the confined electron
gas is very close to the exposed semiconductor surface and
the separation between the split gates is rather small. The
validity of the above two boundary conditions, thus, ap-
pears doubtful.

In this paper, we adopt an alternative viewpoint and
develop an algorithm for its implementation: We view as
the natural problem domain the semiconductor and the
dielectric, as schematically shown in Fig. 2. Thus the arti-
ficial boundary conditions at the exposed semiconductor
surface are replaced by more physical matching conditions
at the interface between the semiconductor and dielectric.
We assume that the potential ¢ is continuous across this
interface and that the jump in the normal electric flux
density is equal to the interface charge density,

¢|s=¢|d’ (4
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FIG. 1. Typical problem domain for quantumi devices defined by metallic
gates. Shown are the multilayer semiconductor regions and the exposed
surface between the gates. ’
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where ¢ |, is the potential on the semiconductor side of the
interface and ¢ |, is the one on the dielectric side, and O,
is the surface charge density at the semiconductor/
dielectric interface.

Several numerical methods may be employed to solve
the above problem on the enlarged domain. Applying the
finite element method or the finite difference method to
both the dielectric and semiconductor regions would be the
most direct approach. However, direct discretization of
both domains would significantly increase the size of the
system of equations compared to the original problem, re-
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FIG. 2. The full problem domain consisting of both the semiconductor
(regions Q, and ,) and the dielectric (region {},). The exposed semi-
conductor surface is treated as the interface between the semiconductor
and the dielectric.
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sulting in an increase in memory requirements and opera-
tion counts. Also, since the dielectric domain extends to
infinity, it would be difficult to discretize by conventional
numerical techniques. To overcome these disadvantages,
we develop a new algorithm which couples a finite element
solution!® of Poisson’s equation in the semiconductor to a
boundary element solution!* of Laplace’s equation in the
dielectric. This coupling algorithm between the finite ele-
ment method (FEM) and the boundary element method
(BEM) is referred to as FBEM.

The main virtue of our problem formulation and the
FBEM algorithm consists in providing an accurate solu-
tion of the potential in the dielectric domain, yet the sys-
tem of equations to be solved is not significantly larger than
the one for the semiconductor domain alone. Because of
the inherently more complex material system, the potential
in the semiconductor domain is obtained by employing a
finite element discretization of the entire semiconductor
region. Since the dielectric domain is homogeneous and
charge free, Poisson’s equation there reduces to Laplace’s
equation, for which we know the fundamental solution,
that is, the Green’s function for the infinite domain. By
employing a boundary integration with this known Green’s
function, one can obtain both the potential and the electric
field along the boundary of the dielectric if one only knows
either the potential or the electric field on the boundary of
the dielectric domain. Furthermore, the potential and the
electric field within the whole dielectric domain then can
be easily calculated by using the Green’s function with the
completed boundary values of potential and electric field.
In the boundary element method,'* since only the bound-
ary needs to be discretized, the size of the resultant system
of equations is much smaller compared to the one gener-
ated by other numerical techniques. After employing the
finite element formulation in the semiconductor domain
and the boundary element formulation in the dielectric
domain, we obtain twa systems of equations which repre-
sent the discretized forms of the original equations. Cou-
pling of the finite element system of equations to the
boundary element system of equations is accomplished by
transforming the boundary element system of equations to
an equivalent finite element system of equations. Similar
coupling techniques have also been successfully applied in
elastostatics in civil engineering.!> Assembling this equiv-
alent system of equations into the native finite element
system of equations along the interface between the semi-
conductor and dielectric, implements the matching condi-
tions on the exposed semiconductor surface.

The remainder of this paper is organized as follows. In
Sec. I1, we present the precise formulation of the problem
including the boundary conditions. We also outline the
numerical formulation of our FBEM solution algorithm,
with the mathematical details deferred to the appendix. In
Sec. III, we present example results of the FBEM calcula-
tion for an n-type AlGaAs/GaAs quantum wire structure
under bias conditions, and we compare these to the ones
obtained with the usual Dirichlet and Neumann boundary
conditions. Concluding remarks are given in Sec. IV. Ap-
pendix A contains the details of the finite element formu-
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lation in the semiconductor domain, and Appendix B of
the boundary element formulation in the dielectric. Appen-
dix C explains the procedure for coupling these two regions
into one global system of equations.

II. FORMULATION OF THE PROBLEM
A. Problem statement

We solve the two-dimensional potential problem in the
domain shown in Fig. 2, where region ; with boundary
dQ,; and Q, with boundary dQ, are semiconductor do-
mains in which the nonlinear Poisson equation governs,
and region (), with boundary 9Q; is the dielectric domain
in which Laplace’s equation governs. We are mostly inter-
ested in the variation of the conduction band edge in the
semiconductor, which depends upon the local potential in
the form Eo(¢)=EL—ep, where EL is the conduction
band edge in the bulk which is determined by the back-
ground doping density. Below, we state the problem in
terms of the reduced variable u=[Eq(¢$) — Eg]/kT which
measures the separation between the conduction band edge
and the Fermi level E in units of the thermal energy k7.

In order to perform a device simulation, an artificial
boundary is introduced, and the problem domain is defined
by the polygonal region shown in Fig. 2. We assume that
the artificial boundaries I-4-H-G-F-E-D-J-I are suffi-
ciently far removed from the exposed surface and the het-
erointerface region that a zero normal gradient boundary
condition, du/dn=0, may be used. In Fig. 2, the bound-
aries B-4 and D-C are Schottky contacts where the poten-
tial is known. The boundary C-B is the exposed semicon-
ductor surface. Mathematically C-B is the interface
between the region ), and the region Q. Across this in-
terface, the potential is continuous and the jump in the
normal electric flux density is equal to the interface charge
density. For the heterointerface E-H, between the semicon-
ductors, a linear constraint, u;—u,=Au, is employed.
Here boundaries are labeled in a counterclockwise direc-
tion and the normal direction of the boundary has the
relation nyy=—ny,,.

The problem to be solved can be posed as follows:

P1. Find.

ul )u23ud’ ’ (6)
such that
GIVZuI(X,J’):—f[ul(x’,V)], (X,Y)EQI: I= 1’2: (7)
dezud(x:y') =0’ (x’y) Eﬂd, (8)
with boundary conditions:

u2=ud=ug1, on 3.Q.BA, (9)

Uy=ug=ugp, on dpc, (10)

Bul

‘5;‘:0, on GQHG,BQFE,é)QGF, (11)

Buz

Sa=0, on 90 414,0Q0gp, (12)
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aud
"6F=O, on HQIA,aﬂDJ,aQJI, (13)
and with interface conditions:

uz—ud=0, on BQCB, (14)
du, du; e

€ an 4 gn — & Q> On ey, (15)

uy—uy=Au, on IQgy, (16)
aul au2

€ E‘—Gz ET-O, on GQEH, } (17)

where € is the dielectric constant of the domain, and u,,
and ug, represent the known values of the gate potential on
the boundaries dQ g4 and 9Q e, respectively. Au is the
jump in the conduction band edge at the heterointerface
0Qgg, f(u)=fr=epy/kT, is the charge density term in
the domain ;, and Q,,, is the interface charge density on
the interface dQcp. In general, @, and p; may be a func-
tion of the electrostatic potential, that is, Q.= Qi (#) and

pr=p(up).

B. Numerical formulation

The boundary value problem posed in Sec. IT A recog-
nizes explicitly the fact that the “open boundary,” dQ ¢ is
in fact an interface between the semiconductor and the
dielectric. This obviates the need to assume a boundary
condition on dQ 5 as is often done. The potential on Qg
and the electric flux across dQcp are part of the solution.
This boundary value problem may be solved by a number
of different ways. Generally, detailed knowledge of the po-
tential in the interior of the dielectric domain is not re-
quired, which suggests a boundary integral approach,
whereas a finite element approach is more natural in the
semiconductor domain. The main ideas of our approach
employed herein are given below, and the mathematical
details are explained in the appendix.

We recast the problem in the semiconductor domain as
a weak variational problem suitable for application of the
finite element method, as shown in Appendix A. In doing
so, we proceed as if a flux boundary condition were spec-
ified on dQcp. The discretized form of Poisson’s equation
then yields the following linear system:

K+ Kppupe=p%, (18)

K+ Kppu'pe=pe.

K is the stiffness matrix, and u%c and p%c contain the
potentials and nodal forces, respectively, at the nodes on
the interface dQ p between the semiconductor and the di-
electric, whereas ug and p’ contain the potential and nodal
forces, respectively, at all other nodes in the semiconductor
domain. The details of the FEM formulation in the semi-
conductor domain are given in Appendix A.

Since the fundamental solution of Laplace’s equation
(8) is known, a boundary integral technique can be em-
ployed for the dielectric domain, as detailed in Appendix
B. Again, we proceed as if a flux boundary condition were
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specified on Q¢ 5. The discretized form of Laplace’s equa-
tion then yields the following linear system:

Suu6'+Snu‘§c=p§, (19)
So i+ Syousc=p%¢.

S is the equivalent stiffness matrix, and u%¢ and p%¢ con-
tain the potentials and nodal forces, respectively, at the
nodes on the interface dQ p- between the semiconductor
and the dielectric, whereas ug and pg contain the potential
and nodal forces, respectively, at all other nodes on the
boundary of the dielectric domain. The details of the BEM
formulation are given in Appendix B.

Both domains, semiconductor and dielectric, are cou-
pled through the matching conditions at the exposed sur-
face, (14) and (15). In discretized form, they read

(20)

Pac+HDhc=4. (21)

As described in Appendix C, the above matching condi-
tions then couple these two problems, Egs. (18) for the
semiconductor and Eqgs. (19) for the dielectric, to form a
new global system of equations:

Siu Sz 00 “g Pg
Sy Sp 0 I ugc| |4
0 K, K, O w ||
0 Ky K, —I/\ph/ \0O

Equation (22) has been written with all the known quan-
tities on the right-hand side. Solution of this set yields the
potential distribution in the semiconductor domain, in-
cluding the interface dQ ¢, and the nodal flux on dQ g
An integral equation similar to Eq. (B4) of the appendix
can then be used to evaluate the potential at any desired
location in the interior of the dielectric. Note that the sys-
tem of equations given in (19) is much smaller than the
finite element set, (18). Therefore, the final set, Eq. (22),
is not much larger than Eq. (18). This allows us to obtain
the potential in the whole domain, semiconductor and di-
electric, with a numerical effort not much larger than for
the semiconductor domain alone.

s d
W pc=Upgc=UpC;

(22)

lll. EXAMPLE

In order to demonstrate the utility of our algorithm,
we now present a numerical example. We utilize the ge-
neric heterostructure shown in Fig. 2. In the semiconduc-
tor domain, a quantum wire is realized at the
Alj 3Gag 7As/GaAs heterojunction and is defined by apply-
ing a sufficiently negative gate voltage ¥, to the metal gates
on the top surface. The exposed semiconductor surface
resides between the gate electrodes. The n-type doping den-
sity is assumed to be 10'® cm™? in the Al,;Gag,As layer
and 10" cm ™ in the GaAs substrate. At equilibrium the
exposed semiconductor surface must support a surface
charge of equal density but opposite sign to the charge
density in the semiconductor, as dictated by charge neu-
trality. The implied value of the interface charge density
Q. is equal to 4.456% 10'%e/cm? for a 0.8 eV pinning en-
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ergy. For simplicity, when a bias is applied, O, is assumed
to be fixed at this value although this is not a limitation of
the algorithm.

In this example, a typical width of 200 nm is assumed
for the exposed semiconductor surface, dQcz. Both
Schottky contacts, 9.4z and dQcp, extend laterally 700
nm from the exposed surface which is sufficient to ensure
that the solution is laterally invariant at the domain bound-
ary, that is du/dn=0. We assume a typical thickness of 40
nm for the n-type AlGaAs layer and a thickness of 1600
nm of the lightly doped GaAs substrate. The thicknesses of
the GaAs layer and of the 256-um-thick dielectric layer are
chosen such that the potential far from the heterointerface
and the exposed semiconductor surface is invariant at the
domain boundary.

For the boundary condition at the Schottky contact,
Fermi-level pinning is assumed with a typical pinning en-
ergy of 0.8 eV.>"!! The conduction band discontinuity
across the heterointerface is modeled by an additional lin-
ear constraint boundary condition, #|;—u|,=Au, and is
implemented by a penalty element method.!>!® All simu-
lations are performed for room temperature.

Within a semiclassical Thomas-Fermi charge
model,'¢'® the equilibrium electron and hole densities in
the semiconductor domain are given by the Fermi-Dirac
integral of order 1/2,

n(u)=NcFn(—u), (23)
E
p(u)=NVF1,2(u-—§), (24)

where Eg is the energy band gap, and N and N} are the
effective conduction and valence band density of states,
respectively. As specified in Sec. II, the variable
u=[Eq(¢) —Eg]l/kT measures the separation of the
potential-dependent conduction band edge from the Fermi
level in units of k7. The densities of ionized donors and
ionized acceptors are given by

Ep
N3=ND/[1+2exp(—u+ﬁ) s (25)
E—Eg
N;:NA/[1+2exp(u+ T ) (26)

where N, and N, are the doping densities of donors and
acceptors, respectively, and E and E, are the ionization
energies for donors and acceptors, respectively. Poisson’s
equation can then be written as
2
2 ¢ +_ A

eV u=-—rr (p—n+NpH—N). 27
The material parameters used herein are similar to those
used by Sadao Adachi in his review paper.?®

A. Numerical procedure

It is a challenging numerical problem to solve the
above two-dimensional nonlinear Poisson equation for
quantum structures which include heterojunctions and
open boundaries. The requirements include a highly non-
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FIG. 3. Mesh used in the numerical example; upper panel shows non-
uniform boundary element mesh for the dielectric region and lower panel
nonuniform finite element mesh for the semiconductor domain.

uniform mesh design, both bandwidth optimization and
sparse matrix techniques, and iterative linearization, each
of which will be discussed in the following subsections.

1. Nonuniform FBEM mesh design

The finite element portion of the domain is discretized
with two-dimensional triangular master elements. Close to
the semiconductor heterointerface, the potential is ex-
pected to exhibit large variations on a nanometer length
scale whereas it is expected to vary rather slowly in the
semi-insulating bulk region. In order to match this nonuni-
form potential variation and to keep the computational size
reasonably small, a highly nonuniform mesh is designed as
shown in the bottom panel of Fig. 3. This mesh consists of
13 972 triangular elements and 7360 nodes. The area ratio
between the largest element and the smallest element is
5120.5, where the area of the smallest element is 781.25 A?
which describes the highest resolution near the heteroint-
erface. Special four-node penalty elements are added along
the heterointerface to impose the conduction band discon-
tinuity.

The nonuniform boundary element mesh for the di-
electric portion of the domain consists of 181 constant el-
ements and is shown in the top panel of Fig. 3. Because of
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the radiation property of the fundamental solution, the
boundary element mesh is designed with a very large side
length of 256 um, which truncates the infinite dielectric
domain into the finite domain without losing required ac-
curacy. The coupling nodes, which share both the FEM
domain and the BEM domain, are designed for connecting
the FEM domain with the BEM domain. Notice that in the
example mesh shown in Fig. 3, the BEM domain boundary
farthest from the semiconductor surface has been closed
with only eight large boundary elements (shown as the
eight segments of the top horizontal boundary in Fig. 3).

2. Bandwidth optimization

If we use the mesh generated by a standard mesh gen-
erator directly for the FEM procedure, the resultant sys-
tem of equations, K*n®=p’, has a randomly populated stiff-
ness matrix K° with a size of (7360Xx7360). The
distribution of nonzero elements in this matrix, results in a
large bandwidth, which makes it expensive to solve this
system of equations. In order to gain both storage and
computational efficiency, we employ sparse matrix tech-
niques. First, we use standard bandwidth optimization al-
gorithms to efficiently reorder the node numbers of our
FEM mesh to reduce the bandwidth between coupled
equations. Then, a skyline storage scheme is used to effi-
ciently store this sparse matrix. The final matrix represents
a savings of ~95% of the original storage space.

3. Solution of the nonlinear system of equations

The coupled system of Egs. (22) is nonlinear because
P¥ is a nonlinear function of the potential within the semi-
classical Thomas—Fermi charge model. This nonlinear cou-
pled system is linearized by the Continuous Newton Iter-
ation method.?’ The resultant linear system of equations is
solved by standard Gaussian elimination with row pivot-
ing, The Fermi-Dirac integrals of orders = 1/2 used in the
charge model are approximated by the Rational Chebyshev
Polynomial with a relative error of 10~°.2! Bandwidth op-
timization of the stiffness matrix in conjunction with the
skyline storage technique provides an efficient solution of
the linear system of equations. The Continuous Newton
Iteration converges with an iterative error of 10~% within
20 iterations, with a typical cumulative CPU time of 660 s
on an IBM RISC System/6000.

B. Numerical resuits

The results shown in this section concentrate on dem-
onstrating the utility of the FBEM algorithm, and on com-
paring it to other choices of boundary conditions at the
exposed surface. Figure 4 shows clearly the formation of
the quantum wire as a function of the gate bias. In Fig.
4(a), the conduction band edge is plotted parallel to the
AlGaAs/GaAs heterointerface (on the GaAs side) for dif-
ferent bias conditions. Electron accumulation occurs in
those regions where the conduction band dips below the
semiclassical electron quasi Fermi level, which is chosen as
the zero of the energy axis and indicated by the dashed
line. Figures 4(b) and 4(c) show plots of the conduction
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FIG. 4. Result of the FBEM algorithm showing the conduction band
profiles for different bias conditions; (a) parallel to the heterointerface
(on the GaAs side), (b) perpendicular to the semiconductor surface at
x=0.0 nm (under the exposed surface), (c) perpendicular to the semi-
conductor surface at x=400.0 nm (under the biased gate.)

band profile perpendicular to the semiconductor surface at
x=0.0 nm (under the exposed surface) and at x=400.0
nm (under the biased gates), respectively. We see the for-
mation of the quantum wire for negative gate biases in

2550 J. Appl. Phys., Vol. 75, No. 5, 1 March 1994

0.8

0.8

Neumann

Potemial (eV)
o
'S

——=FBEM |
02 | 1
00 frmmmm e e e B T -
02 l st ‘ ]
-400 -300 -200 -100 0 100 200 300 400
Distance (nm)
3.0 Frrerorrrr ¥ T T - ey T
25 b 1
20 (b)
> -==- Dirichiet
= . ~r N@umann ]
2 —-— FBEM
8
£
1.0 ¢ 3
05 4
0.0 L Il 2 L I} 1l
-400 -300 -200 -100 o] 100 200 300 400

Distance (nm)

FIG. 5. Comparison of the conduction-band profiles under —1.5 V gate
bias for the three types of boundary conditions on the exposed semicon-
ductor surface; (a) parallel to the heterointerface (on the GaAs side) and
(b) parallel to the semiconductor surface.

excess of —0.5 V due to the depletion of the two-
dimensional electron gas underneath the metallic gates, but
not underneath the exposed semiconductor surface. Possi-
ble device applications of such structures are based on the
demonstrated ability to utilize the gate bias to modulate
both the width of the channel and the electron density in
the wire.

Figure 5 presents, for a negative gate bias of —1.5V, a
comparison of the results obtained with our FBEM algo-
rithm and those utilizing the conventional Dirichlet or
Neumann boundary conditions at the exposed semiconduc-
tor surface. For the Dirichlet boundary conditions at the
exposed surface, the conduction band is assumed to be
pinned at the value of 0.8 eV, regardless of gate bias. For
the Neumann boundary conditions at the exposed surface,
the electric field is assumed to be fixed at the exposed
surface, at a value equal to the field for zero gate bias.
Figure 5(a) shows this comparison for a plot of the con-
duction band profile parallel to the AlIGaAs/GaAs hetero-
interface (on the GaAs side). We see that the different
methods produce significantly different results. Specifi-
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cally, the expected width of the electron channel differs by
a factor of 2 for the Dirichlet and FBEM boundary con-
ditions. The Dirichlet boundary conditions also predict a
significantly higher electron density than the FBEM algo-
rithm. Figure 5(b) shows the same comparison at the
semiconductor surface. The center region in this figure cor-
responds to the exposed surface, and the split gates are
shown by the fixed potential on either side. For the Dirich-
let boundary conditions at the exposed surface, there is an
unrealistic discontinuous step in the conduction band edge
at the metallic gate. The Neumann boundary conditions
also exhibit a discontinuous behavior, as opposed to the
physically more appealing smooth result of the FBEM al-
gorithm.

Judging from Fig. 5, the Neumann boundary condi-
tions yield better results than the Dirichlet boundary con-
ditions. We therefore suggest the use of Neumann bound-
ary conditions for simulations which restrict themselves to
the semiconductor region, as opposed to treating the full
problem domain including the dielectric.

IV. CONCLUSION

We have presented a study of the boundary conditions
at exposed semiconductor surfaces, which views the
boundary as the interface between the semiconductor and
the dielectric. We developed an algorithm, termed FBEM,
which couples the two-dimensional finite element method
(FEM) in the semiconductor to the boundary element
method (BEM) in the dielectric. The problem domain is
composed of semiconductor regions governed by the non-
linear Poisson’s equation and a dielectric region governed
by Laplace’s equation. The interface conditions (14) and
(15) combine the two regions together by matching both
the potential and the normal electric flux. The size of the
resultant system of equations from the FBEM method is
essentially the same as that of the conventional method in
which only the semiconductor region is considered. The
major advantage of the FBEM algorithm is to model the
exposed semiconductor surface by imposing the more
physical interface matching conditions without making ar-
tificial assumption about either the potential or the electric
field at the exposed surface. We also demonstrated the fea-
sibility and utility of the FBEM algorithm by showing re-
sults for a typical split gate structure. v

In ongoing work, we study the implementation of dif-
ferent physical models for the interface charge @, at the
exposed surface, including microscopic models for surface
states. These results, based on the techniques developed in
this paper, will be presented in the future.
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APPENDIX A: FINITE ELEMENT FORMULATION OF
THE POISSON PROBLEM

1. Weak variational problem in the semiconductor
domain

For the semiconductor domain ;, with Q,=Q,UQ,,
we give the symmetric weak variational problem for Pois-
son’s equation, (7). The problem may be posed as follows:
P2, Find

u, e H'(Q,—0Qzy), (A1)
such that
|, evurvods= [ sodat [ goas,
ﬂs Qs 60(;3
Yo, ), (A2)
where
f_Il=[us f Vus'VudA<m, us-—; 21 on HQBA,
OS
uUs=ug on dpc, [[u]]=Au on dQgy{, (A3)
and
ﬁ1={w, f Vo, VodA < o,
nS
;=0 on dQpg,, and BQDC}. (A4)
In P2,
23] in ‘Ql
Us= u, in Q, (AS5)
and
€ in ‘Q‘l
&= € in Qz' (A6)

2. FEM discretization

The domain £ is discretized with a two-dimensional
mesh with M nodal points at locations x;,X;,....X;;. We
assume an approximate expression for the potential trial
function #,(x) in terms of standard finite element shape
functions! as follows:

u(x) =¢(X) * uy+¢ gc(x) *ue, (A7)

where the set of all nodal potentials has been partitioned
into the vector u’. containing the potentials at the nodes
on the interface d{) zc between the semiconductor and the
dielectric, and uj contains the values of the potential at all
other nodes in the semiconductor domain. The test func-
tion wy(x) is interpolated similarly,

ay(x) =¢(x) - @+ ¢ pc(x) - &pc¢. (A8)
We then express the gradients as
Vity(x) =B(x) - u+ B pe(x) * wye, (A9)
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Vou(x) =B(x) * 05+Bpc(x) 0, (A10)

The finite element approximation to Eq. (A2) can then be
written as

wf,T{ J;) e BTBdAu}+- f o BB pdAu’yc

—I—mzzc{f esBBCBdAuO+f esBBCBBCdAuBC}

— T, T
o} f ¢ f,dA-{-wBCfanBC(ﬁBCqst. (A11)

Equation (A11) must hold for all wj and %¢. This im-
plies the following coupled sets of equations:

( f eB” BdA)uf,-i—( f esBTBBCdA)usBC
Q Q

- J' o7%, dA, (Al12)
QS
(Jﬂ €sB£chA)“3+( f o fngcBBch)“ch
= $3cd; dS. (A13)
Qg

Again, if q, is specified on d{ ¢, this set of equations may
be solved for the nodal potentials, uy and u%pc For the
problem as formulated herein the term involving g, couples
the semiconductor domain to the dielectric. We may cast
these equations in a more usable format by defining the
following matrices and vectors:

K, = f eBTB dA, (A14)
n!

K12=J~ €BTB pcd4, (A15)
ﬂ.\‘

Ky= f eBL B pcdA, (A16)
QS

p‘f=f $7f, dA, (A17)

‘0'5

Ds3c=f $ 54, dS. (A18)

N pe
Equations (A12) and (A13) then become
K g+ K upe=p5,
KTu§ + Ky oe=pe- (A19)

In the above formulation we have not assumed that the
trial function satisfies the essential boundary conditions
and the jump on the heterointerface. We impose these con-
ditions on the final discretized equations by a penalty func-
tion method.!*!8
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APPENDIX B: BOUNDARY ELEMENT FORMULATION
OF THE LAPLACE PROBLEM

1. Boundary integral equation in the dielectric
domain-

The dielectric domain Q, is a homogeneous charge-
free region. The governing equation is Laplace’s equatlon
The boundary integral equation for Laplace’s equation is!*

1
a6+ [ utog@nds= [ amurenas,
a0, a0,
(BD)

where u*(&,x) is the potential at x given a unit point
charge at £ in an infinite domain. u™* is often referred to as
the fundamental solution of Laplace’s equation and
g*=edu*/om is the associated electric flux density. The
integrals are in the sense of Cauchy Principal Values.

For an isotropic two-dimensional domain, the funda-
mental solution of Laplace’s equation (8) is

1 1
%* —_ —

u (é',x)—zﬂ_ln(r), (B2)
where r= |x—£| is the distance from the source point § to
any point under consideration, x

By using the notation for the dielectric boundary as
given in Fig. 3, the boundary integration problem (B1) can
be posed as P3, Find

uy(x), xey,

such that

1
~ug+ f uq*dS -+ J. uq*dS+ f ug*dS
2 a0 g apy a

- qu*dS— J gu*dS+ f uq*dsS
Myp Aep Mgy
= f ugqg*dS— f upg*dS+ f gau*ds.
a0 4B aﬂc 'D aQ BC
(B3)

2. BEM discretization

The boundary element method requires the boundary
of the dielectric, dQ,, to be discretized and a functional
form assumed for # and g over each resulting element.
Herein we divide 0Q, into NV segments and assume « and ¢
constant over each element. Equation (Bl) can then be
written for a given nodal point §; as

1 N
Eud(gi) + 2 ( J- q:(gi:xj)ds)ud(xj) .
j=1\ Jang

(B4)

N
-3 ( f ug(g,,xj)ds)qd(xj).
j=1 ang,
Define the following matrices:
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FIG. 6. A typical section of the common boundary JQ p- with the FEM

and the BEM discretization shown separately.

Y= [ argxpds, 6= [ usexpas.
a0y, o0y,

(BS)

Now let
. BY when i)

i= Hi+} when i=j (B6)

Then Eq. (B4) can be written as

N N

3. = 3 e ®7)

= =

This equation can also be expressed in matrix form as
Hw’'=G’, (B8)

where H? and G? are two (VX N) matrices and u? and q°
are vectors of length NV which contain the boundary values
of the potential # and the normal flux density g.

In Appendix C, we show that by employing the inter-
face conditions (14) and (15), the two systems of equa-
tions, (A19) and (B8), are coupled together forming a
determined system of equations.

APPENDIX C: FINITE ELEMENT COUPLED WITH
BOUNDARY ELEMENT FORMULATION

We define the “total flux” across a boundary segment
0Q, as

p= f qu’
a0,

where ¢ is the normal electric flux density.

In the FEM, a total flux is associated with each node
by taking a weighted average of the normal electric flux
density over the elements adjacent to the node; see Eq.
(A18). In the resulting FEM equations, each node has
either an unknown potential #,; or an unknown total flux
Ds; see BEq. (A19). In the boundary element equations each
element has an unknown potential u; or an unknown flux
density g4. On the interface between the semiconductor
and the dielectric, 9 -, we must impose interface Egs.
(14) and (15).

In Fig. 6, we show a typical section of the common
boundary dQ g with the FEM discretization and the BEM

(C1H)
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discretization shown separately. We can impose Eq. (14)
by associating the constant BEM potential for element {
with node point 7 and write

us(x;) =uy(x;). (c2)
YTen crmmdmue Lo 2t 1 _
111 vCCLOT IOIT LIS DeCoImes
d
Upc=Upc==Upc. (C3)

The imposition of Eq. (15) is not so straightforward. As
described above, the FEM has a total flux associated with
node i, whereas the BEM has a constant flux density asso-
ciated with element /. We convert the BEM flux density to
a total flux by multiplying by the element length m;. In
matrix notation this can be written as

pd= qud, (C4)
where M? is a diagonal matrix with entries m;. We can
then replace Eq. (15) with a total flux balance as

e
PitPi=a=77 Qumis (C5)
or in vector notation
Phc+Phc=a. (C6)

Equatioﬁ (B8) can now be converted into an “equiv-
alent” FEM set of equations by rewriting as

MeGe™ lHdud=qudE °, (CT)
or

S%ud=p. (C8)
Partitioning u® and p? similar to the finite element system
of Egs. (18), i.e,

T T T T T T
o =(ug %), p? =0 pho) (C9)
yields Eq. (C8) in partitioned form:
Si1ug+Subc=p{,
Syug+Spubc=p%c- (C10)

A new global system of equations is formed by coupling
Eq. (C10) with the finite element system of Eq. (A19) and
enforcing the interface conditions (C3) and (C6),

Su Sp 00 uj g
Syt S» 0 1 Uge q
0 KIZ Kl] 0 ug —_— p;’ . (Cl 1 )

0 Ky K, —I/\p5 0
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