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Fig.5a-d. Numerical predictions for the detonation wave simulation: a gas velocity history, b solid velocity history, c gas pressure history, 
and d solid pressure history 
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Fig. 6. Gas density (kgjm3
) contours in the (x, t)-plane for the det­

onation wave simulation 

ing all spatial structures when numerically solving unsteady 
problems. 

Since the focus of this study was on obtaining unsteady 
predictions which could be directly compared with previously 
published results for a steady two-phase CJ detonation, simple 
constitutive relations were used. Constitutive relations which 
are more representative of real physical systems can be easily 
incorporated into the model in order to obtain better predictive 
capabilities. Lastly, we note that additional work is needed 

to determine the influence of model singularities on both the 
analytical and computational solution. 
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Appendix A: 
Approximate solution of the Riemann problem 

The two-phase Riemann problem is defined as the initial 
value problem 

and 

q(x, 0) = { qL, 
qR, 

if x < 0; 
if x > 0, 

A.l 

A.2 

where qL and qR are constant states to the left and right of 
the initial discontinuity located at x = o. 

the quantitiesYI <Pi> 3!1, P1..<PJ, 

el, F lpl 4>I' F I 4>I' F lel , P2<P2, <P2, ih, P2<P2, e2, F2p24>2' F24>2' F2e2 , 
and n [average quantities are denoted by (e)] are defined as 
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Fig_ 7a-c. Comparison ofthe numerical and steady-state theory (S-S) 
prediction for detonation wave structure: a gas and solid pressure, b 
gas and solid Mach number squared (measured relative to wave), and 
c solid volume fraction 

functions of qL and qR such that the following expressions are 
identically satisfied: 

8 

.6.q == qR - qL = L Ci(k~k) , A.3 
k=r 

8 

.6.f == fR - fL = L );(k)Ci(k~k). AA 
k=r 

where 

);(1) = Ur, );(2) = ur + Cr, );(3) = ur - Cr, );(4) = U2, 

);(5) = U2 + C2, );(6) = U2 - C2, );(7) = U2, );(8) = U2, 

:;(1) [ - - -2 - ] T r = 1, Ur, Hr - cr/fr, 0, 0, 0, 0, ° 
~2) = [1, ur +cr, Hr +urcr, 0, 0, 0, 0, or, 
~3)= [1, Ur-Cr, Hr-urcr, 0, 0,0,0, or, 
~4) = [0, 0, 0, 1, U2, H2 - ~/j\, ¢2, or, 
~5) = [0, 0, 0, 1, U2 + C2, H2 + U2C2, ¢2, Til P2<P2 r 
~6) = [0, 0, 0, 1, U2 - C2, H2 - U2C2, ¢2, Til P2<P2 r ' 
~7) = [ F r

4>' 

P2<P2 ((U2 - ur)2 - C'T) 

1, 0 1 

-(5) 1 P2<P2 
a = --::::2.6. (P2<P2) + 2- .6.U2, 

2q C2 

-(6) = _1_ A(F'/" ) _ P2<P2 A a -::2 u 2 '/-'2 2- uU2, 
2c2 C2 

Ci(7) = P2<P2.6.<P2, 

Ci(8) = .6.n - n .6. (P2<P2) , 
P2<P2~ 

and cr, C2, Hr, H2, i\, and i\ are defined by 
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- 1-
f2 == -=-F2e2 • 

P2<P2 

In these expres~ions, ~(e) == (elR - (e)L is a difference 
operator, and Fipi</>i' Fi</>i' and Fi.; (i = 1,2) are aver­
ages for the derivatives 8Fd8(Pi<Pi), 8Fd8<pi, and 8Fd8ei 
(i = 1,2), respectively. The functional forms for the relation­
ships Fi(Pi<Pi, <Pi, ei) = Pi<Pi (i = 1,2) are obtained using the 
equations of state for the gas and solid. The average quantities 
are defined by 

Pi<Pi = J PiL<PiLPiR<PiR, 

_ ~UiL+~UiR 
Ui = V PiL<PiL + V PiR<PiR ' 

- V PiL<PiLeiL + V PiR<PiReiR 
ei = --~====~~~====---V PiL<PiL + V PiR<PiR ' 

if. _ ~HiL + ~HiR 
,- ~+~ , 

¢2 = VP2L<P2L<P2L + VP2R<P2R<P2R 

V P2L<P2L + V P2R<P2R ' 

_ VP2L<P2L n R + VP2R<P2RnL 
n = --yrp=2L=<pT 2=L=-+---'-y7=P=2R=<P:;=2=R:--' 

+Fi(PiR<PiR, <PiL, eiL) + Fi(PiR<PiR, <PiL, eiR)] 

1 
-4 [Fi(PiL<PiL, <PiR, eiR) + Fi(PiL<PiL, <PiL, eiR) 

+Fi(PiL<PiL, <PiR, eiL) + Fi(PiL<PiL, <PiL, eid] } 

A.5 

Fi</>i = {~ [Fi(PiR<PiR, <PiR, eiR) + Fi(PiL<PiL, <PiR, eid] 

-~ [Fi(PiR<PiR, <PiL, eiR) + Fi(PiL<PiL, <PiL, eid] } 

Fiei = { ~ [Fi(PiR<PiR, <PiR, eiR) + Fi(PiL<PiL, <PiL, eiR) 

+Fi(PiR<PiR, <PiL, eiR) + Fi(PiL<PiL, <PiR, eiR)] 

1 
-4 [Fi(PiR<PiR, <PiL, eid + Fi(PiR<PiR, <PiR, eid 

+Fi(PiL<PiL, <PiR, eiL) + Fi(PiL<PiL, <PiL, eiL)] } 

A.6 

A.7 

For f).(Pi<Pi) = 0, f).<Pi = ° or f).ei = ° (i = 1,2), we take 
the appropriate limits of Eqs. (A.5-A.7) [i.e., as f).(Pi<Pi) ---4 0, 

f).<Pi ---40, and f).ei ---40, respectively] to obtain the following 
expressions: 

8~ 8~ ] 
+ 8(Pi <Pi) (Pi <Pi, <PiL, eiR) + 8(Pi <Pi) (Pi <Pi, <PiL, eid , 

if f).(Pi<Pi) = 0, 

- 1 [8Fi 8Fi ] 
Fi</>i = 2 8Pi (PiR<PiR, <Pi, eiR) + 8Pi (PiL<PiL, <Pi, eid , 

if f).<Pi = 0, 

if f).ei = 0. 

In the solution outlined here, the average quantities :X(k) 

(k = 1, ... , 8) are approximations for the propagation speeds 
of the waves associated with the solution of the Riemann prob­
lem, and the average quantities a(k)J={k) are approximations for 
the jump in the state of the system across these waves. The ap­
proximate solution is constructed such that as qR - qL ---4 0, it 
reduces to the exact solution of the linearized Riemann prob­
lem [i.e., for qR - qL = O(E), E small]. Furthermore, Eq. (A.4) 
guarantees that the numerical scheme is conservative since, 
across the kth wave, we require A (k) = {jf(k) / 8q(k), where 
8q(k) == a(k)J={k) and 8r(k) == :X(k)a(k)J={k) are jumps in the 
conserved variables and the fluxes across the kth wave, re­
spectively. Details concerning the derivation of the approxi­
mate Riemann solution outlined here are given by Gonthier 
(1996). 
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