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Abstract

Equations modeling compaction in a mixture of granular high explosive and interstitial gas are solved numerically.
Both phases are modeled as compressible, viscous fluids. This overcomes well known difficulties associated with computing
shock jumps in the inviscid version of the equations, which cannot be posed in a fully conservative form. One-dimensional
shock tube and piston-driven compaction solutions compare favorably with experiment and known analytic solutions. A
simple two-dimensional extension is presented.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

It is well known that heterogeneous, porous, energetic, materials behave in dramatically different ways than
do equivalent solid homogeneous energetic materials. In particular, porous media will show a greater tendency
toward detonation with even modest stimuli (Gonthier and Powers, 2000). Of special importance is the com-
paction process, which is often the critical precursor to ignition and transition to detonation. As a precise
understanding of the dynamics of such materials is important in a variety of aerospace and national defense
applications, a large modeling literature has evolved (Gonthier and Powers, 2000; Baer and Nunziato, 1986;
Baer, 1986; Powers et al., 1989, 1990; Bdzil et al., 1999; Kapila et al., 2001; Papalexandris, 2005; Lowe and
Greenaway, 2005; Gonthier, 2004; Lowe and Longbottom, 2006). These models are focused on the continuum
regime and do not consider individual grain behavior, which is typically at or below 10�4 m length scales. Nev-
ertheless, the continuum model admits a broad variety of multiscale features, ranging from just above the
grain scale to the device scale, which may be on the order of meters. In the literature, it is often unclear if
the computational resolution necessary to capture all of the length scales inherent even for continuum models
has been employed, as numerical diffusion associated with overly coarse grids smears the results in a way
which may not be obvious.
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Fig. 1. Schematic of compaction phenomena induced by a piston.

M.T. Cochran, J.M. Powers / Mechanics Research Communications 35 (2008) 96–103 97
Fig. 1 shows a schematic of a common benchmark experiment: compaction induced by a piston driving into
the porous material (Sandusky and Bernecker, 1985; Sandusky and Liddiard, 1985). A propagating compac-
tion wave leaves behind it a region that is almost completely solid. In contrast to most models of this exper-
iment, which are formally inviscid and rely on numerical viscosity to capture grain-level phenomena, we
employ the model of Powers (2004), who presents a simplified but useful model of physical diffusion which
introduces a cut-off length scale at the grain level and models, in a rough sense, grain-scale interactions. This
has the added advantage of rendering the model equations parabolic and, significantly, admits an unambig-
uously well-posed initial-boundary value problem; see also Vreman (2007). In contrast, many common invis-
cid models are hyperbolic, but lack a conservative form, so that shock jumps are impossible to determine
analytically. Such models thus rely on a regularization via grid-dependent numerical viscosity to fix shock
speeds, which themselves will have grid dependency. Moreover, it is often argued that this unusual regulari-
zation necessitates algorithmically exotic discretizations (Abgrall and Saurel, 2003) which in fact hinders wide-
spread adaptation. A related situation in reactive gas dynamics is explored by Powers (2006), where it is shown
that regularization via physical viscosity will suppress grid-dependent structures which commonly arise in
inviscid simulations of two-dimensional detonations. Other common classes of inviscid, single pressure,
two-phase models are well known to be formally ill-posed, which has induced a variety of complex remedies,
(cf. Tiselj and Petelin, 1997).

Most relevant to the present study, Baer and Nunziato (1986) (BN) introduced an inviscid continuum the-
ory for compaction. Baer (1986) and Powers et al. (1989) then examined steady compaction waves in such
materials. Additional modeling issues were considered by Powers et al. (1990). In a series of papers by Bdzil
et al. (1999) and Kapila et al. (2001), hereafter known as BMSKS, the model is further developed. Powers
(2004) expanded the BMSKS model by explicitly including diffusion of momenta and energy. In addition
to its well-posedness, it was shown that the model has full tensorial invariance, Galilean invariance, and sat-
isfies an entropy inequality.

Nearly all of the research in this field has focused on one-dimensional limits of two-phase materials. This
article contains a full two-dimensional analysis of the system presented by Powers (2004), and summarizes the
work of Cochran (2007); it is the first to give explicit special care in resolving all two-dimensional flow struc-
tures. As shown by Powers (2004), the representative smallest continuum physical scales encountered in these
problems are Oð10�2 mÞ. The grid resolution of the present calculations is Dx � Oð10�3 mÞ, thus capturing the
small scale continuum physics. Problems with known solutions in the one-dimensional limit are solved, and
then simple extensions into two dimensions are applied.

2. Model

2.1. Governing equations

The following evolution axioms are employed:
o

ot
qs/sð Þ þ r � qs/susð Þ ¼ 0; ð1Þ
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o

ot
qg/g

� �
þr � qg/gug

� �
¼ 0; ð2Þ
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T
s þ /s psI� ssð Þ

� �
¼M; ð3Þ
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� �
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g þ /g pgI� sg
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qsð Þ þ r � qsusð Þ ¼ � qsF

/s

: ð7Þ
Eqs. (1)–(6) describe the evolution of mass, linear momenta, and energy; Eq. (7) accounts for compaction
(Baer and Nunziato, 1986). Scalar quantities in Eqs. (1)–(7) are q, /, p, e and T which represent intrinsic den-
sity, volume fraction, pressure, energy, and temperature, respectively. The subscripts s and g denote properties
of the solid phase and the gas phase, respectively. The vector quantities u and q represent the velocity and the
heat fluxes, while s is the viscous stress tensor for each phase. The terms M and E represent interphase transfer
of momentum and energy between the gas and solid phases. The term F represents a source term for material
compaction. Eqs. (1)–(6) are constructed to formally conserve mixture mass, momentum and energy. The
forms chosen for M;E and F are those given by BMSKS, taking the limit of negligible interphase drag
and heat transfer.
M ¼ pgr/s; E ¼ �pgFþ us �M; F ¼
/s/g

lc

ðps � bs � pgÞ: ð8Þ
This limit is justified in Powers (2004), where one finds that F is the main source of irreversibility. Here lc is
the compaction viscocity; the configuration stress is bs.

2.2. Constitutive relations

Closure of the system requires specifying constitutive equations:
ps ¼ q2
s

ows

oqs

jT s/s
; pg ¼ q2

g

ows

oqg

jT g
; ð9Þ

gs ¼ �
ows

oT s

jqs/s
; gg ¼ �

owg

oT g

jqg
; ð10Þ

es ¼ ws þ T sgs; eg ¼ wg þ T ggg; ð11Þ

ss ¼ 2ls

ðrusÞT þrus

2
� 1

3
ðr � usÞI

 !
; sg ¼ 2lg

ðrugÞT þrug

2
� 1

3
ðr � ugÞI

 !
; ð12Þ

qs ¼ �ksrT s; qg ¼ �kgrT g; ð13Þ
ws ¼ ŵðqs; T sÞ þ Bð/sÞ; wg ¼ wgðqg; T gÞ; ð14Þ

bs ¼ qs/s

ows

o/s

����
qs;T s

; ð15Þ

/s ¼ 1� /g: ð16Þ
The following new parameters appear in Eqs. (9)–(16): coefficient of viscosity, l and the coefficient of thermal
conductivity, k. Helmholtz free energy, w, and entropy g are variables introduced into the system. Eqs. (9)–
(11) are definitions of canonical thermodynamic relationships for pressure, energy and entropy. Eq. (12) gives
statements of the standard Newtonian relations between viscous stresses and strain rate for isotropic
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compressible fluids which satisfy Stokes’ assumption. Eq. (13) states Fourier’s law of heat transfer. Eq. (14)
gives classical (as yet unspecified) equations of state for the solid and gas. The free energy associated with con-
figurational stresses appears as the new variable B(/). Eq. (15) gives the configurational stress, and Eq. (16)
gives the saturation condition.

A standard virial equation of state for the gas is adopted (Powers, 2004) which yields expressions for gas
pressure and energy:
Table
Param

Param

lg

ls

kg

ks

cg

cs
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cvs

lc

trise
wgðqg; T gÞ ¼ cvgT g 1� ln
T g
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� �
þ ðcg � 1Þ ln

qg
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 !
þ bgðqg � qg0Þ

 ! !
; ð17Þ

pg ¼ ðcg � 1ÞcvgqgT gð1þ bgqgÞ; ð18Þ
eg ¼ cvgT g: ð19Þ
Here cvg is the constant specific heat at constant volume for the gas; bg is the virial coefficient; cg is the ratio of
specific heats for the gas; and qg0 and Tg0 are the initial, reference, states for the system.

Schewendeman et al. (2006) provides the specific form for ws giving solid pressure, energy and configura-
tional stress:
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T s

T s0

� �
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qs/s

qs0/s0

2� /s0

2� /s
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� �
ln 1

1�/s0
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As with the gas, cvg and cs represent the constant of specific heat at constant volume, and the ratio of specific
heats of the solid. The constants qs0, Ts0, /s0, ps0 and pg0 are the initial states of solid density, solid temper-
ature, solid volume fraction, solid pressure and gas pressure, respectively. The remaining parameters are �s,
which is a factor used to match experimental data. Table 1 reports the values for all of the parameters in this
paper.
1
eter values used in this study

eter Units Value Parameter Units Value

Ns/m2 1.0 · 100 qg0 kg/m3 1.0 · 100

Ns/m2 1.0 · 103 qs0 kg/m3 1.9 · 103

W/m/K 1.0 · 103 /s0 7.3 · 10�1

W/m/K 1.0 · 100 Tg0 K 3.0 · 102

2.7 · 100 Ts0 K 3.0 · 102

5.0 · 100 q̂g kg/m3 1.1 · 100

J/kg/K 2.4 · 103 q̂s kg/m3 2.0 · 100

J/kg/K 1.5 · 103 �s J/kg3 8.98 · 106

Ns/m2 1.0 · 103 bg m3/kg 1.1 · 10�3

s 1.0 · 10�6 umax
p m/s 1.0 · 102
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2.3. Boundary conditions

We consider only one-dimensional geometries with x 2 [0, L], and rectangular geometries in two dimen-
sions, with x 2 [0,L], y 2 [0,H]. For one-dimensional problems we take as boundary conditions oT/ox = 0
at x = 0 and x = L and us(0) = us(L) = ug(0) = ug(L) = 0.

The two-dimensional problems have thermally insulated boundaries, $Ts = $Tg = 0, and satisfy no-slip
boundary conditions:
usðy ¼ 0; tÞ ¼ usðy ¼ H ; tÞ ¼ 0; ugðy ¼ 0; tÞ ¼ ugðy ¼ H ; tÞ ¼ 0; ð24Þ
vsðy ¼ 0; tÞ ¼ vsðx ¼ L; tÞ ¼ 0; vgðx ¼ 0; tÞ ¼ vgðy ¼ L; tÞ ¼ 0: ð25Þ
2.4. Numerical method

The numerical algorithm embodied in the commercial software package FEMLAB (COMSOL, 2003) was
used to solve the Eqs. (1)–(23). FEMLAB uses the method of lines to solve the problem. The spatial domain is
first discretized into a number of finite elements, reducing the problem to a large system of ordinary differential
equations (ODE’s). The time advancement algorithm is a version of the differential/algebraic equation (DAE)
solver, DASPK. This solver uses variable-order, variable-step-size backward differentiation formulas to gen-
erate a linear system at each time step. The resulting linear system is of the form A Æ x = b, and is solved via an
LU factorization algorithm.

3. One-dimensional verification and validation problems

Two one-dimensional problems are were solved in Cochran (2007): a shock tube, which has an ideal-gas-
limit analytic solution, used for verification, and a piston problem, for which good experimental data exists for
validation. In order to estimate the convergence of the solver, an approximation of the local error
el ¼
jqe

s max � qs maxj
qe

s max

ð26Þ
was used. Here qs max is the maximum value of the solid density for the solution to the equation set for a given
mesh and qe

s max is the maximum value of the solid density for the solution to a highly resolved mesh, number-
ing 32,768 nodes, which is taken to be the exact solution to the problem. The estimate for Dx is the average
distance between the nodes in the domain. The error el converges at a uniform rate of OðDx2:7Þ. It was neces-
sary to do a simple point convergence test on these meshes, since the exact location of the node points shifted
with each change in the mesh. A domain convergence test would be a better approximation of the error, and
would give a better estimate of the convergence of the system.

A shock tube with two ideal, calorically perfect gases and F ¼ 0 was studied and is detailed in Cochran
(2007). The region x 2 [0 m,0.25 m] had increased densities, q̂s and q̂g (Table 1), for the solid and gas, respec-
tively; the whole system started at rest, and at a uniform temperature. The results match remarkably well with
the analytic solution. The only difference is that the predicted results have finite wave thicknesses in the shock
and rarefaction zones due to physical diffusion.

For validation, a piston problem with F 6¼ 0 and non-ideal state equations is considered; the system begins
at rest, with uniform temperature profile. To model the piston problem, the reference frame is attached to the
accelerating piston face, and the domain is subjected to a non-Galilean transformation (Cochran, 2007):
x̂ ¼ x� umax
p t þ trise exp � t

trise

� �
� 1

� �� �
; t̂ ¼ t: ð27Þ
Here, umax
p is the maximum piston velocity, and trise is the rise time.

The result is that there is an effective body force introduced into Eqs. (3) and (4). Solving the piston prob-
lem results in a steady compaction wave in the long time limit, after a brief transient of similar duration as the
very small trise = 10�6 s. For example when umax

p ¼ 100 m=s, there is a compaction wave traveling ahead of the
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Fig. 2. Compaction wave speed versus piston speed showing both numerical and experimental results (Sandusky and Liddiard, 1985).

M.T. Cochran, J.M. Powers / Mechanics Research Communications 35 (2008) 96–103 101
piston at a predicted speed of approximately 375 m/s. Experimental data show a compaction wave traveling at
360 m/s ahead of the 102 m/s piston. The discrepancy is likely due to the difficulty of determining the precise
location of a wave front of finite thickness.

Fig. 2 shows the variation of the compaction wave speed, Uc for a range of piston speeds Up. The exper-
imental data from Sandusky and Liddiard (1985) is also shown. For many of the piston speeds, the predicted
wave speeds are slightly higher, although the scatter of the data indicates that the numerical results are still in
good agreement with the experimental results.

4. Two-dimensional problems

Next, the algorithm is shown to be valid for two-dimensional scenarios. Results here are confined to small
deviations from the one-dimensional limit. We consider problems with L = 0.5 m, H = 0.05 m, noting that H

is approaching, but not yet at the physical cutoff length scale of 0.01 m. Larger domains can and should be
considered, at the expense of more computational resources.

4.1. Shock tube

The two-dimensional shock tube problem solved here is for a long narrow tube in the ideal gas limit with
F ¼ 0. A cross section of the domain, Fig. 3, through the center of the shock tube (y = 0.025 m,
x 2 [0 m, 0.05 m]), shows the profile for gas temperature at 60 ls superposed over the viscous one-dimensional
results, and the analytical inviscid one-dimensional solution. For the two-dimensional problem, the leading
edge of the shock becomes slightly more diffuse, and the temperatures in the domain through which the waves
have passed are not constant. It is evident that both the one- and two-dimensional cases agree well with the
analytical solution.

4.2. Piston

For the two-dimensional piston, the problem is solved after the appropriate non-Galilean transformation
(Cochran, 2007) with F 6¼ 0 and non-ideal state equations. Fig. 4 shows a shaded contour plot of solid vol-
ume fraction and solid pressure. The speed of the wavefront at centerline y = 0.025 m, x 2 [0 m,0.05 m], is
nearly identical to that of the one-dimensional piston. However, boundary layer effects are beginning to
become evident, particularly in the solid pressure, as evidenced by the slight curvature of the pressure wave



Fig. 3. Comparison of gas temperature profiles through the centerline of the domain for no-slip and periodic boundary conditions in a
two-dimensional shock tube at t = 60 ls.

Fig. 4. Solid pressure and volume fraction at t = 600 ls for a two-dimensional piston traveling at 100 m/s.
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front. The faint diamond patterns in Fig. 4 are likely acoustic waves reflecting in the domain. There are
approximately 35–40 grids in the y direction, meaning that the characteristic grid size is Dy � 1.25 · 10�3 m.
Moreover, there are roughly 7–10 grids in the boundary layer region.

5. Discussion

We have shown preliminary results to predict two-dimensional compaction waves with a common, robust
multi-dimensional unsteady finite element algorithm. The algorithm produces results which are consistent with
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earlier one-dimensional results. Use of this standard algorithm is enabled by the employment of an underlying
mathematical model which is guaranteed to be well-posed, satisfies Galilean frame invariance and an entropy
inequality, and easily captures shocks via a physical diffusion mechanism. This thus avoids many well-known
problems that have long afflicted models of this class. Future work which more fully explores important multi-
dimensional questions of stability and wave diffraction are thus possible and should be undertaken.
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