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1. Consider
T = 6000

the three species O, O, and Os. Initially, there is 1 kmole of O at
K and P = 1.01x108 dyne/cm?. The system equilibrates isothermally

and isobarically. The reference pressure is P, = 1.01 x 10° dyne/cm?. At

T = 6000

K, one has the following thermodynamic data:

ho = 0.370 x 10" erg/mole, 5% = 0.224 x 10" erg/mole/K,
ho, = 0.224 x 10" erg/mole, 5%, = 0.313 x 10" erg/mole/ K,
ho, = 0.471 x 10" erg/mole, 5%, = 0.401 x 10" erg/mole/K,

(a) Find the equilibrium concentrations of O, O, and Os.

Solution

Let us use the method of Lagrange multipiers as outlined in the course notes.

L
_ ;P ‘
ﬁ%,i*RT1n<%F)Z)\l¢M = 0, i=1,...,N, (1)
¢ =1
N
> iilnio—mni) = 0 1=1,...,L (2)
i=1

For this problem P=P,, N =3, L =1. Takei =1 for O, : = 2 for Oz, and i = 3
for Os. This gives the four equations

— - no
2 +RIIn|——F—— ) =X = 0, 3
H6000,0 (no tno, + n03> (3)
—0 5] no,
+RTIn| ———— | =2\ = 0, 4
H6000,0, (no T no, + n03> ( )
. = no
e +RI'ln| —=2—— -3\ = 0, 5
H6000,05 (no T no, + n03> ( )
no + 2no, + 3no, = 1000. (6)

Rearranging, one gets

— A

H(sgooﬁo ln <”—O> - = = 0, (7)
RT no +no, + no, RT

—o 2

%H%L)_TA _ (8)
RT no +no, +no, RT

Foooo.03 g (Mo, ) _ 3 _ (9)
RT no +no, + no, RT

no + 2nop, + 3nop, = 1000. (10)



Rearranging further, one finds

no _ A F6000,0
— = exp|=—)exp|-——=]), (11)
no +no, + 1o, RT RT
2
"o, 0 _ (eXp (4)) exp <— HG@O’OQ ) , (12)
no + no, + No, RT RT
] A 3 —0
"o 0 _ exp | = exp | — MGQO’OS ) , (13)
no +no, + no, RT RT
no + 2no, +3no, = 1000. (14)

First get the chemical potentials at the reference pressure for each species:

erg

Tiso00,0 = ho — TSy = —9.74 x 10" P (15)
— 7 —0 13 e’rg
/‘1“6000,02 = h02 — T802 = —1.654 x 10 W, (16)
— 7 —0 13 e’rg
/‘1“6000,03 = ho‘5 — T503 = —-1.935x 10 m (17)
Now scale the chemical potentials at the reference pressure for each species
T ho — T
Hoooo.0 _ M0 — 250 _ 195953, (18)
RT RT
Iz ho, — T's¢
H6000.0, _ 202 ~ 250, _ 3319569, (19)
RT RT
I ho, — T5?
Hoo00.0a _ 105 — 2505 _ 3879, (20)
RT RT
So the equations reduce to
no A
———— = exp|==)exp(19.5253), (21)
no +no, + no, RT
A 2
10 o exp (22 )) exp(33.1569) (22)
no +no, + No, RT
A\ 3
Mo (exp (_>) exp (38.79) , (23)
no +no, + No, RT
no + 2no, +3no, = 1000. (24)
There are three roots to these equations. The first is physical:
no = 994.532 mole, (25)
no, = 2.73424 mole, (26)
no, = 2.52537 x 107% mole, (27)
A
exp <_> = 3.30429 x 107? (28)
RT

The other two are non-physical because they have negative numbers of moles for
some species:

no = —994.868 mole, (29)
no, = 997.938 mole, (30)
no, = —0.336289 mole, (31)

A
exp(=—) = —1.20559 x10°° 32
o () 32



no = 0.336286 mole, (33)
no, = —1000.67 mole, (34)
no, = 1000.34 x 107 mole, (35)
A

exp <—> = —0.00357638 (36)
RT

Now get the molar concentrations at equilibrium. The ideal gas law has
PV = (no + no, + no,)RT.
So at equilibrium the volume is

(’no +no, + noa)%T

V =
P

Therefore, we have

(994.532 + 2.73424 + 2.52537 x 10~2)(8.314 x 107)(6000)
1.01 x 106

V =4.92551 x 10° em?.
The equilibrium molar concentrations are then

994.532

Po = Togriigs = 201915 1076 mole/em?, (37)
2.73424
Po: = ol if = 5.55118 x 10™? mole/cm?, (38)
2.52537 x 10~6
Po, = m = 5.12713 x 107 mole/cm?. (39)

(b) Imagine now that the reaction kinetics is governed by the single reaction
Oy +M=0+0+M

with collision frequency factor 1.85 x 10!, temperature exponent 3 = 0.5,
and activation energy E = 95560.0 cal/mole. The reaction rate has the
typical units of mole/cm?/s. Write the appropriate differential-algebraic
system that describes the evolution of O, Oy and Os.

[
Solution

Here, we begin with no Oz, and there is no mechanism for its creation, so it can
safely be ignored for this problem. For this reaction, we have

N
AG? = Zﬁi’/i =2fip = Fo,» (40)

=1
—92.94x 1012 9

mole K~

(41)



First, let us calculate the equilibrium constant K:

P it vi AG°
K. = <_O ) exp (__ ) (42)
RT RT

Substituting numbers, we get

1.01 x 108 \** 2.94 x 1012 mole
Ke= (-2 =0.000734429 %S (43
(8.314 X 1076000) P (8.314 X 107(6000)> o (43)

Second, let us calculate the reaction rate r:

= al” BN oo (5o + 7 - L7 44
ro= alvexp{ =g Po, (Po +7o,) *Ea ; (44)
95560 -cal
= (1.85 x 10'") (6000)"° exp ol (45)
1.987 52— (6000 K)
o 1 23
1—-—— 46
*Po, (Po +7o,) ( 0.000734429 p02> ’ (46)
1361.6 p?
—  4.73357 x 10° (1 - _”0> (47)
Po,
Now for the isobaric reaction, following the in class derivation, we have
dp poRT
% =r <1/o _Po (vo + 1/02)) , (48)
dpo Po, RT
72 =r <U02 — ;D (Vo + Uoz) . (49)
Summing the two kinetics equations, one finds
d _  _ _ _ \RT
G Po+70) = 100 +v0,) (1= (o707 ). (50)
= 0. (51)
Therefore, as expected for the isothermal, isobaric combustion,
- = 1000 _g mole
Po + p02 = Constant = m = 2.03025 x 10 Cm3 . (52)
Substituting numbers, one finds
o _ 4.73357 x 10° (1 — 13616 p6 (2 —4935015,) (53)
at 2.03025 x 106 — 7, po)-

This is one equation in one unknown and forms a complete system. When the
right hand side of Eq. (53) is zero, we have equilibrium. Three roots are found,
one of which is physical. The physical equilibrium gives

mole

Po = 2.02467 x 1076 P (54)
!

Po, = 558158 x 1077 % (55)

- mole

Po, = 0 (56)

cm3



Note that because there is no mechanism here to generate Os, its value is zero,
which perturbs the equilibrium states for O and Os slightly from what they were
if O3 were present.

Near equilibrium, the kinetics linearizes as
dpo
dt

So the time scale of reaction near equilibrium is

1
T 9663.45

— —9663.45(p, — 2.02456 x 107°). (57)

=1.03x107* s. (58)

. Develop an expression for how element concentration evolves for an ideal mixture
of N ideal gases undergoing J reactions in an isobaric environment.

[
Solution

For an isobaric system, we can repeat the analysis of the course notes to arrive at
Eq. (5.355) for a single reaction:

- N
dz; 5,RT
d’j; = r(l/iplp > yk.). (59)
k

Extending this for J reactions, one gets

— J
% - Z r; ( "’ZRT Z uk]) , (60)
dp, ! BRI
% = g ( P2 v <7°j> ) (61)
o dp; $ pz 2
li dt z_: leZJrj ¢lz Z ViiTi | (6 )
N — N J
Zd’li Cfiptl ZZ (d’lzymrj s leT Z’ﬁc]”j) y (63)
=1 i=1 j=1
N N J N J
T <Z %’pi) DSOS uviri =D du pl Z VkjTjs (64)
=1 =1 j=1 =1 j=1
J ’ N RTJ N
er Z¢lzyzg er Z¢lzpzzyk]7 (65)
=1 =1
=0
- J N N
NS Y e (66)
=1 k=1  i=1
s — N
;tl _%ZWZ%P!’ (67)






