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This paper presents a new method of writing the conservation equations of gas-
dynamics in curvilinear coordinates which eliminates undifferentiated terms. One can thus
readily apply difference schemes derived for Cartesian coordinates which conserve
mass, momentum, and energy in the total flow field. The method is derived for
orthogonal coordinates, and then extended to cover the most general class of
coordinate transformations, using general tensor analysis. Several special features of
the equations are discussed.

1. INTRODUCTION

An analytic solution of a physical problem usually depends on the equations
being cast in some specialized form. On the other hand, a numerical solution can
be based on more general forms of the equations, derived from fundamental
principles. In applying a numerical technique, however, we often tend to accept
as a starting point equations whose form is dictated by the requirements of an
analytic solution. We may, thus, overlook other forms of the equations, ideally
suited to that numerical technique, and extending its range of applicability. The
present paper offers an illustration of this point.

For time-dependent flows, or in supersonic regions of steady-state flows, the
equations of gasdynamics are hyperbolic with respect to some independent variable.
They then admit weak solutions, i.e., those containing shock waves and contact
surfaces across which certain dependent variables are discontinuous. There exist
well developed techniques for numerically integrating the equations, in which the
discontinuities are explicitly calculated {1, 2]. For three-dimensional flows past
complex bodies, the system of shock waves and contact surfaces can be so involved
as to make these techniques impractical. Problems in which shock waves suddenly
arise are also difficult to handle with these techniques. For these reasons, alternate
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techniques have been developed which automatically integrate ‘‘through” the
shock waves [3], with the resultant shock transition being spread over several mesh
intervals. There is general agreement that the most accurate way to accomplish
this is to difference equations which have been cast in conservation-law form [4].
These are differential forms of the basic integral relations which express the con-
servation of mass, momentum, and energy. Since the latter are valid in the presence
of discontinuitites, appropriate methods of differencing the differential equations
will result in the correct jump conditions being satisfied for the smeared out discon-
tinuities. Recently, a hybrid method has been developed, which treats certain
shock waves as sharp discontinuities by means of appropriate coordinate trans-
formations, and automatically “captures™ others by employing the conservation-
law form [5).
In Cartesian coordinates, the gasdynamic equations can be written as

oU ©¢E & oF | oG
w T Ty T 0
where U, E, F, and G are five-component vectors in function space. As an example,

for an ideal gas they are given by

P pu pv pw

pu p + pu? puv puw
U={ pv |, E= puv , F={p+p?t], G= pow ,

pw puw pow p + pw?

e (e + p)u (e +p)v (e+pw

)

where u, v, and w are velocity components in the x, y, and z directions, and p, p,
and e are the pressure, density, and total energy per unit volume. The system of
equations is completed by specifying an equation of state,

p =ple, p), 3
where the specific internal energy e is related to e through the defining relation,
elp = € + (Ut + v* + w?)/2. 4)

Equations (1) have two features. All terms are derivatives of the unknown
vector components with respect to the independent variables. This shall be called
a strong conservation-law form of the equations. The virtue of this form is that it
is possible to difference the equations by a variety of stable schemes, each of which
can be chosen so as to conserve mass, momentum, and energy for the total flow
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region. The other feature possessed by (1) is that for an ideal gas, the vector
components depend only on the physical unknowns. The resulting difference
relations are straightforward.

In order to satisfy conditions on arbitrarily shaped boundaries, it is often con-
venient to employ general curvilinear coordinates x, , x, , and x, . They are related
to Cartesian coordinates by the transformations

X = x(xl > Xa 5 X3),
Yy = J’(x1 > X2, x3)9 (5)
z = z(%y , X3, X3).

The transformed gasdynamic equations can always be written as

U’ oE’ JF oG
ot T oxy + o0x, +

%, +H =0, 6)
where the form of the vectors U’, E’, F’, and G’ depends on the representation of
the velocity components, as well as the coordinate transformation. In general,
the vectors now exhibit an explicit dependence on the independent variables. The
difference relations can therefore be generalized. For example, in a multistep
procedure, the independent variables and the physical unknowns need not be
evaluated at the same discrete points in any single term.

A more significant result of the transformation is the presence of the undiffer-
entiated term H. This term is analogous to the fictitious body force terms which
result from the use of a non-inertial reference frame. Equations (6) will be said to
be in weak conservation-law form. The presence of the H term prevents the achieve-
ment of overall conservation of mass, momentum, and energy. It would thus lead
to inferior shock capturing capability in regions of very large shock curvature.
The method of differencing the H term can be uncertain. For example, in difference
schemes employing the splitting of operators in coordinate directions [6, 7], there
is no obvious way to handle the undifferentiated term arising from the ignorable
coordinate in axisymmetric flow.

The purpose of this paper is to present a new method of writing the conservation
equations of gasdynamics which preserves the strong form for curvilinear coordi-
nates, with minimum added complication. For simplicity, the method is first
derived for orthogonal coordinates. It is then extended to general nonorthogonal
and time-dependent coordinate transformations. Since this employs the tools of
general tensor analysis, unfamiliar to most readers, the details of the extended
derivation are relegated to an appendix. For illustrative purposes, an ideal gas
will be assumed.

The results of this paper are formally applicable to steady-state flows in which
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the velocity component in the marching direction is supersonic. There are important
differences, relative to the time-dependent case, involving the decoding of the
conservative variables. If the marching variable is not “straight”, it will also affect
the decoding procedure. These points are discussed at the end of the paper.

2. STRONG CONSERVATION LAW FOR ORTHOGONAL CURVILINEAR COORDINATES

If the new coordinates defined by (5) are orthogonal, then the infinitesimal
distance ds between two points whose coordinates differ by dx, , dx, , and dx; is
given by

3
ds? =) h2dxp, O

i=1
where the scale factors &; can be obtained from (5) as
h? = (0x/0x;)? + (0y/ox;)* + (0z/0x;). @®

The unit base vector e; in the x; direction is expressed in terms of the Cartesian
unit vectors i, j, and k by

€; = oyl + e + aygk, ©

where the direction cosines oy, are given by

1 ox 1 oy 1 oz
&y = hj axj > Ujg = hj ax]_ ’ X3 = hj axj . (10)
From the orthogonality of the two coordinate systems, it follows that
3 3 3
1= Z 0j1€5 5 = 2 ®;9€; , k= Z ®j3€; an
i=1 j=1 j=1

A vector b can be expressed in component form in curvilinear and Cartesian
coordinates as

3
b= be (12a)
j=1
or
b = b, + b,j + bk (12b)

There are two types of conservation laws in physics. One is the scalar conservation
law of the form
(6afOt) + divh = 0, (13)
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involving the scalar « and the vector b. The continuity and energy equations are
of this form. In orthogonal coordinates, we have

divh = 7o [ Ghaheby) + g (i) + o ihibo)]. (1)

Since Ay, h,, and h, are independent of time, we obtain immediately the strong
conservation-law form

(hlhzhsa) + 3 (h2h3b1) + o (hlhabz) + 5 (hlhzbs) =0. (15

If it is desirable to use Cartesian components of b as unknown variables, we obtain,
with the aid of (11) and (12), the alternate form

6t (hlhzhso‘) + [hzha(o‘ub + ayaby, + b))l

0
+ 5 [mbs(ombs + ageby, + asb,)] + o [iho(ambs + agsby + ageb,)] = 0.
X,y 3x3
(16)

The momentum equation is an example of the vector conservation law,
(eafor) + divT = 0. an

Here a is a vector, and T is a symmetric tensor which can be written in component
form as

3
Z Tjxes€y - (18)

H
I M«

As a vector equation, the strong conservation-law form of (17) is
(hlhzhsa) + o= 3 (hehsT - €,) + (hlhsT e) + >— 3 (11T - €5) = 0. (19)

Introducing vector and tensor components using (12a) and (18), we can write (19) as

7

3 2 3 2 3
o1 (hlhzha El a:iei) + gg (hzha jz=:1 lee,) + 5x—2 (h1h3 El T, a'zei)

8 3
+ 7 (h1h2 2 Tiae:i) =0. (20)
Xs j=1
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The base vectors e; are functions of position for curvilinear coordinates. Thus,
the separation of (20) into three scalar equations introduces undifferentiated terms
arising from the quantities de;/0x;, .

One way to obtain scalar conservation equations in the strong form is to expand
the base vectors e; with respect to the Cartesian unit vectors i, j, and k. Since the
latter are constant vectors, the scalar decomposition introduces no additional terms.
Substituting (9) into (20), we obtain the strong conservation-law form

3

17 17 8 7 3
o (h1h2hs Y O‘J'kaf) + o, (hzha Y %’an) + o, (hlha Y %’kTa'z)
j=1

j=1 i=1
. 3

+ 'é— (hlhg Z aiija) = 0, (k =1to 3). (21)
X3 j=1

This result (for general coordinates) was derived by Anderson, Preiser, and Rubin
[8]in a different manner. The direction cosines o are in general nonzero functions
of position. Only for coordinate systems containing cylindrical surfaces can one
coordinate be aligned with a Cartesian coordinate, resulting in the vanishing of two
of the «;; . Other practical coordinate systems involving straight coordinates, such
as polar or boundary-layer coordinates, do not offer any simplification. Equations
(21) are thus fairly complicated, since they are of a hybrid nature, being partially
Cartesian and partially curvilinear in character.

The presence of all three unknowns g; in the time-derivative term requires a
solution of a third order linear algebraic system to accomplish the decoding at
each time step in the integration. This can be avoided by using Cartesian com-
ponents of vectors and tensors, the latter being defined by the expansion

T= T:ca:ii + vaij + szik -+ T, wji + T, wjj + Twzjk
-+ T..ki + T,.kj + T,.Kkk. (22)

Substituting (11), (12b), and (22) into (19), we obtain an equation whose i com-
ponent is

] 1]
o (mhshyar) + _éx—l (ohy(0a1 Tow + 1o Ty + 33T 2)]
b
+ N bl Tor + ctga Ty + gaT;)]
Fi
+ 5;3 [hiho(og: T + 3o Ty + 33T)] = 0. (23)

The equations for the j and k components are analogously written. This form of
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the strong conservation law was first proposed by MacCormack and Paullay [7],
and implemented in a blunt-body flow calculation by Rizzi and Inouye [9]. Actually,
these authors used an integral rather than a differential formulation of the problem,
and employed Cartesian coordinates to calculate the geometric factors equivalent
to the A; and «;; of (23). While the time derivative term is now simpler than the
one in (21), the spatial derivative terms in the scalar equations (16) are more
involved than the corresponding terms in (15).

Both (21) and (23) make an appeal to Cartesian coordinates to achieve the strong
conservation-law form. While the use of curvilinear coordinates has simplified
the handling of boundary conditions, the introduction of Cartesian directions in
order to effect the scalar decomposition results in unduly complicated terms in
the interior of the flow region. Since the directions of the base vectors are variable
for curvilinear coordinates, the Cartesian decomposition, and the resultant compli-
cation, appear to be unavoidable. This conclusion results from looking at (20)
as an gnalytic equation. But, by examining the aumerical procedure used to solve
that equation, a new natural method of scalar decomposition can be found,
which is in general much simpler than either (21) or (23).

The numerical solution of Egs. (15) and (20) is accomplished by using a time-
continuous method (also known as the method of lines). The unknown variables
are given only at discrete points fixed in space, and considered as functions of time
at these points. (Alternatively, the points may be representative points inside
discrete cells. The unknown variables would then be suitable averages over these
cells. This interpretation is more consistent with a strong conservation-law
formulation, as will be discussed later.) If the spatial derivatives are approximated
by suitable finite differences involving the unknown point variables, the partial
differential equations are then reduced to a system of ordinary differential equations
in time. This latter system can be integrated numerically by any desired scheme.

Let the subscript P denote a quantity evaluated at one of the discrete points.
The partial derivative with respect to time in Eq. (20) can be written as

0 3 3 dajp
o (hlhzhs Y aiei) = hyphophap Y. ey (24
1 7

= =1

In the finite difference approximations of the spatial derivatives appearing in the
same equation, the base vectors e; will be evaluated at points in space other than
the discrete point P. (Note that whereas the dependent variables T;; are defined
only at the discrete points (or cell centers) of the numerical mesh, functions of the
independent variables (such as 4; or e;) are continuously defined. It is thus possible
to evaluate the 4; and e; at points other than those of the discrete mesh, e.g., points
on cell boundaries.) A local scalar decomposition can be achieved if the e; at points
other than P are expanded with respect to e;» . In evaluating the direction cosines
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of the expansions, one notes that for each spatial derivative, only one coordinate
is varied in the difference expression, the other coordinates being held fixed at
their values at point P.

Let us introduce the notation that a subscript i appearing to the left of a quantity
denotes variation with x; only, the other coordinates being held fixed at their values
at point P. Thus, for example,

1€ = €x(Xy , Xap , X3p). (25)

The expansion for the base vector in the i direction appearing in the x; derivative
term can thus be written as

3

€ = Z 7YirCxp . (26)

k=1

(The notation ,y;, reminds us that the role played by these coefficients is somewhat
analogous to that of the Christoffel symbols of the second kind, I'f; .) The direction
cosines ;y;;, will always be numbers very close to zero or one. They are easily
calculated in terms of the «;;, defined by (10). Using Eq. (9), we obtain

3

ik = €p " € = ) jXimOump - @7
m==1

The scalar decomposition of Eq. (20) in strong conservation form thus becomes

0 7] 3 o 3
o (hyhohsar) + A (hzha > 1}’1ij1) =+ Frs (h1ha Y, 273'IcT52)

j=1 J=1

a 3
+ o (b 3, waTa) =0, Ge=1103) 28)
3 1

j=

The new form of the strong conservation law (28) is formally similar to Eq. (21)
or (23). In general, (28) will be much simpler than (21) or (23). For an ideal gas,

a; = pu;, Ti; = puu; + pdy; (29)

where u; is the velocity component in the x; direction. Results obtained from
Eq. (28) for the components of the momentum equation in cylindrical and spherical
polar coordinates are found in Appendix A. These can be compared to the com-
ponent equations obtained from (21) published in Ref. [8]. For completeness, the
continuity and energy equations (obtained from (15) by setting « = p, b, = pu;,
and o = e, b; = (e + p) u; , respectively) are also shown in Appendix A. A com-
parison reveals far fewer terms in the new momentum equations. This results
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principally from the presence of the straight radial coordinate. By definition, if x;
is a straight coordinate, then

Vi = ik - (30)

Thus the x; derivative is one term rather than being the sum of three terms. This
simplification does not occur for the radial coordinate in formulations (21) or (23).

An additional simplification can be seen by considering the finite-difference
representations of the equations. In a two-step difference method of the type first
proposed by MacCormack [10], each spatial derivative is always approximated
by a difference of two quantities, one of which is evaluated at the point P held
constant in the time derivative. It is then advantageous to evaluate the ;y; at
the same points as the T; (rather than at cell boundaries). Since

(J"}’z’k)P = Sik s (31)
it follows that

3
(Z j'}'ikT i:i)P = TkiP . (32)

i=1

Thus, while the difference approximation of a spatial derivative in (21) or (23) will
in general consist of six terms, it is reduced to at most four terms if (28) is used.
A further simplification is possible for angular coordinates, using equal mesh
spacing. The functions cos(6 — 6,), sin(d — 6;), or cos(¢ —¢p), sin(¢ — ¢5)
(see Appendix A) evaluated at the point other than P are then all constants in
absolute value, irrespective of the location of the point. This is not true in (21)
or (23), where the corresponding trigonometric functions must be reevaluated at
each point P along their respective coordinates.

3. STRONG CONSERVATION LAwW FOR GENERAL CURVILINEAR COORDINATES

For some practical applications, formulation (28) must be generalized. Non-
orthogonal curvilinear coordinates may be appropriate for certain geometries.
For problems involving a time-varying free surface (such as a shock wave), a time-
dependent coordinate transformation is found useful. It is also sometimes con-
venient to employ base vectors defined by one coordinate system, while the
independent variables are given by a second coordinate system. In this case the
vector and tensor components can be defined with respect to either of the coordinate
systems.

The generalizations require the use of general tensor analysis. In order to include
time-dependent coordinate transformations, it is convenient to utilize a new higher-
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dimensional formulation of the conservation equations recently developed by
the author [11]. The details of the derivation of the strong conservation law for
the most general class of coordinate transformations will be found in Appendix B.
For most cases it is sufficient to consider a more restricted class of transformations.
Let x; , x, , and x; be an orthogonal coordinate system in which x;, is straight, i.e.,

oe;[ox; = 0 (i =1103). (33)
Introduce a new coordinate system through the transformation

X{ = x1'(%1, X2, X3, 1)

X, = X5'(x3)

, , 34
X3 = x3'(xy) (34)
t =t
The determinant of the inverse transformation | dx,/0x;" | is given by
_(0x) dxy dxg \7!
4= ( ox; dx, dx, ) ) (33)

In terms of the velocity components and base vectors defined with respect to the
original coordinate system, the results of Appendix B can be specialized to yield
the following strong conservation equations for an ideal gas:

P -
o Oy 09) + o [y 2p (5 3 S )|

Xj

_+_

(1ohs 20 22 )+-a—xs—,(hlh24p;,§—:ﬁ—ua) ~0, (36a)

3x2

1
(h1h hs Apuy) + Uy, -+ Z 8x W (puste; + Psm‘)]g

hofahad [

a -}
+ oy [’hha dx, 2 Z oV ir{ puju +P872)]

0
o [
oxy w; ]

(hlhzh de) + %h hzhA[ + (e +p)Z o k.
J 3

dx

+ z syir(puiug + 175,3)] 0, (k =1to3) (36b)

d x2 __
+ 5 [ Ae + p) i w] + 5»? [she u] = 0. (360)
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The coefficients 5y, and gy;; are determined by the original coordinate system using
(27), but are considered as functions of x," and x', respectively.

A comparison of (36) with (15) and (28) shows that the new equations involve
more terms arising from the time dependent transformation (34). There is a more
fundamental difference, which can affect certain numerical procedures. While
transformation (34) and condition (33) have the effect of making the base vector
e; independent of ¢’ (as well as x;’), the functions 4, , h, , k3 , 4, 8x,’/0t, and &x,’/ox;
at a fixed point P’ in the computational space x,’, x,’, x;” will in general be functions
of t’ through their dependence on x;. Thus, in any multistep finite-difference
technique in which quantities are evaluated at some “intermediate” moment in
the time interval A¢', the precise moment must be specified for the evaluation of
these time-dependent functions. This problem does not exist for (15) and (28) (or
more general equations where the spatial coordinates and time are uncoupled),
since only the physical unknowns depend on time, and the precise moment at
which the “intermediate” values of these unknowns are calculated is irrelevant.

If the original spatial coordinate which is coupled to the time is not straight, then
time derivative term of each component of the momentum equation involves the
coupling of all three velocity components (see Appendix B). This necessitates the
solution of a third order linear algebraic system to obtain the velocity components,
in contrast to their direct calculation from (36b). The new time coordinate is still
basically distinct from the new spatial coordinates in the sense that the time
derivatives involve mass, momentum, and energy densities, while the spatial
derivatives involve fluxes, stresses, and work terms. This distinction is crucial
in contrasting the decoding process in time-dependent and steady-state flow
calculations.

Decoding can be illustrated by considering the system of Egs. (1) to (4) for an
ideal gas in Cartesian coordinates. In a time-dependent calculation, once a new
vector U is determined, the first component gives p directly. The velocity com-
ponents then follow from the next three components of U, and the last component
combined with Eq. (4) yields €. The equation of state (3) then gives the pressure p,
which must be obtained by some subroutine in the case of a real gas. This provides
all the data necessary to determine the vectors E, F, and G. For a steady-state
flow in which z is the marching variable (w is supersonic), the vector G is determined
at each integration step. The first three components readily give u and ». The first,
fourth, and fifth components, combined with (3) and (4), then define an equivalent
one-dimensional flow problem with two solutions, one subsonic and one super-
sonic. (In the present application the supersonic solution is required, while in the
shock wave problem the supersonic solution is given and the subsonic solution
is desired.) For a perfect gas, the one-dimensional problem can be reduced to the
solution of a quadratic equation. For a real gas, an iterative solution is necessary,
with repeated calls on the equation of state subroutine. If the steady flow is iso-
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energetic (e.g., uniform upstream flow), the fifth components of E, F, and G can
be replaced by the condition that the total enthalphy is constant. Equation (3)
would then be written in terms of the specific enthalpy instead of €. The decoding
procedure would not be changed by this reduction in the number of equations to
be integrated.

The above discussion indicates that for a real gas, the decoding for steady-state
flows is iterative and time consuming compared to the direct procedure for time-
dependent flows. While based on equations written in Cartesian coordinates, the
discussion is essentially valid for any coordinate system in which the marching
coordinate ¢" depends only on ¢. It is readily seen from Appendix B, Eq. (B.23),
that the decoding remains direct under these conditions. On the other hand, for
the most general transformation (B.9) in which the new marching coordinate
depends also on the original spatial coordinates, the marching derivatives contain
the same terms as the new spatial derivatives. The decoding for a real gas now
involves the iteration associated with steady-state flows.

4. CONCLUDING REMARKS

In this paper a natural method of writing the strong conservation-law form of the
equation of gasdynamics in arbitrary coordinates has been presented. Specific
finite-difference relations have been deliberately avoided, and the equation cast
in a form suitable for any desired numerical algorithm. While an ideal gas has been
used for illustrative purposes, the extension to a viscous, heat-conducting gas are
readily made. The primary motivation behind a strong conservation form is the
ability to maintain exact numerical conservation of quantities that are physically
conserved. In that regard, there are several points that merit further comment.

There exists an anomalous situation in which a strong conservation-law form
cannot be achieved. It is the degenerate case of a curved, ignorable coordinate,
exemplified by axisymmetric flow. Considering orthogonal coordinates for
simplicity, let x; be the ignorable coordinate, so that 8/0x; = 0 for all physical
quantities. Thus, the last term in the scalar equation (15) vanishes. In the vector
equation, assume also that

a3 — T13 - T23 = 0 (37)

This condition is satisfied for axisymmetric flow with no swirl velocity, i.e., u; = 0.
Since x; is curved, the coefficient 5y, is a function of x; . One must therefore
examine the limit,

lir;a (&fex3) sy i)
Xg=Xgp
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to determine if the last term in (28) vanishes. It is readily shown for axisymmetric
flow that the k = 3 equation vanishes identically. In the other two equations,
the last term does not vanish, but

oh
x}ggp —8— (hlh" ; 37;'17}3) = —hy 6—xf Ty, (38)
and
x}fgpr hyhy Z s¥ielis) = “‘h Tss (39
21

For an ideal gas, Ty, = p. In cylindrical coordinates, where x; = 0, all § derivatives
vanish except in

Eq. (A.2a): ‘1]151 (0/66) ) = —p. (40)

In spherical polar coordinates, where x; = ¢, all ¢ derivatives vanish except in

Eq. (A.52): im %( ) = —rp sin 6, @1
Eq. (A.5b): hm _6?( ) = —rpcos 8. (42)

The undifferentiated terms act as “sources” of momentum and appear to violate
the conservation of momentum. The explanation is readily seen by applying the
conservation law to a finite volume element. In cylindrical coordinates, forces on
the two lateral faces have small additive components in the radial direction deter-
mined by the center of the volume element. These components do not vanish as
46 — 0, but in fact result in the term given by (40). In summing the change in
radial momentum over all the volume elements of the wedge-shaped sector of
angular width 46, the forces in the radial direction stemming from the lateral
surfaces of all the elements will add. In the limit 46 — 0 they therefore behave as
“sources” of radial momentum, and a strong conservation-law form consequently
does not exist for the radial momentum equation. A similar argument in spherical
polar coordinates leads to an explanation of (41) and (42).

Having established the reason for the undifferentiated terms in axisymmetric
flow, one must still determine how to treat them in a multistep finite-difference
scheme. The appropriate representation in the two-step MacCormack scheme can
be determined unambigously by taking the limit Ax; — 0 in the three-dimensional
algorithm, If there is further splitting of terms in coordinate directions, it is not
obvious how to apportion the term arising from the ignorable coordinate. One
reasonable solution is to apportion in a way to minimize unwanted oscillations in
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regions of uniform flow caused by the splitting. As an illustration, consider the
radial momentum equation in spherical polar coordinates (A.5a). For uniform
pressure, differencing the radial term alone gives a force contribution

2rp sin 6[1 + O(4r)],
while the polar angle term contribution is
—rpsin O[1 + O(40)).

Therefore, to eliminate spurious first-order oscillations in regions of uniform flow,
(41) should be apportioned as

radial polar
—rpsin 0 = (—2rp sin 0) + (rp sin 6). 43)

It is clear that to achieve exact conservation of physically conserved quantities in
the total flow field, the difference equations should be considered as finite-difference
approximations to integral relations for finite volume elements, or cells. Appro-
priate differencing will assure exact cancellation over interior cell -faces. The
quantities in the time derivative must also be defined as averages over cell volumes,
rather than point values at the center of the cell, in order to achieve exact conser-
vation. At the same time, an unambiguous point (such as the cell center) must
be associated with each cell to define the base vector with respect to which the
variable base vectors are expanded. The use of cell-averaged instead of point
quantities has important implications for the handling of boundaries, the decoding
process, and the analysis of a particular difference scheme. These will be discussed
in a future publication.

APPENDIX A: STRONG CONSERVATION EQUATIONS FOR AN IDEAL Gas

1. Cylindrical Coordinates

x=rcosf y=rsinf =z

I

Xy =r X, = 0 Xy =z
By =1 By =r hy = 1
U = U, Uy = Uy Uy = U,

i = g¥i = 8

2y = cos( — 85) 212 = sin(6 — 6p) 2¥1s = 0
gy = —sin(@ — 6,) 222 = €08(8 — 85) 2Yes =0
2¥sr = 0 ¥sz = 0 2¥ss = 1
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Continuity

2 ) 2 )
37 P) + 57 (rpur) + =5 (pug) + - (rpu) = 0. (A1

Momentum
2 0 o .
77 P + 77 [rou® + P+ 25 [cos(8 — O¢) pu,us — sin(8 — 0p)(pu?6 + p)]
i
+ % (rougue,) = 0. (A.2a)
0 g O 1sin(6 — 8 8 — 6p)pug?
77 (retie) ~+ 77 (rpustta) + 75 [sin(6 — Op) puyuty + cos(6 — Op)pus® +- p)]
2
+ 55 (renatt) = 0. (A.2b)
L (o) + 2 (rpugss) + 2 (ousts) + 2 [rlpest + p)] = 0 (A.20)
ot (rpu; or rpudu, 20 (Puauz S rpu, o)l = 2C
Energy

27 + o Irle + ) ) + mp (e + el + 2 [rle + p ] = 0. (A3)

2. Spherical Polar Coordinates

x=rsinfcos¢ y=rsinfsing z=rcosb

X =r x2=0 x3:¢

h1= h2:r h3=rsin9

u1=u,. u2=UQ u3:u¢
i = 8is

ayn = cos(d — 0p) 212 = sin(@ — 0,) Ve =10
gya1 = —sin(d — 65) 222 = cos(0 — 0p) 2¥es =0
sy = 0 2¥ss = 0 23 = 1
ayn = cos? 8 + cos(¢ — ¢p)sin? 0 s¥12 = sin 8 cos [cos(¢ — $p) — 1]
sV == Sin 6 cos fcos(¢ — ép) — 1]  gyze = sin? 6 + cos(¢é — ¢;) cos? §
sy = —sin 0sin(¢ — ) aYae = —c0s 8 sin(¢ — &)
sv13 = sin 0 sin(¢ — )
s¥ss = €05 0 sin(¢ — ¢p)
s¥ss = Co8(¢ — Pp)

581/14/2-2
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Continuity

F . 8 . E . o
5; (o sin 0) + = (pu, sin 8) + = (rpuy sin 6) + % (rpus) = 0. (A.4)

Momentum

6% (r®pu, sin 8) + 587 [r?sin O8(pu,? + p)] + 8% {r sin 0{pu,u, cos(6 — 65)
. 0
— (pug® + p) sin(@ — Gp)}] + Fr {r{{cos® § + cos(¢ — ¢p) sin® 6] pu,u,
+ sin 6 cos B[cos(¢ — bp) — 1] pugu, — sin 0 sin(¢p — $p)(pu,* + p)}] = 0.

(A.52)

0 . 0 . 0 . .
En (r®pu, sin 6) + a (r?pu,ug sin ) - 50 [r sin 8{pu,u, sin(6 — 05)

+ (pug® + p) cos(8 — 85)}] + 565 [r{sin 6 cos B[cos(¢ — ¢p) — 1] pu,u,

+ [cos? 6 cos(¢ — ¢p) + sin? 0] pugu, — cos 0 sin(p — $p)pus + p)}] = 0.

(A.5b)
8% (r%pu, sin 0) + -a-a; (r®pu,u, sin 6) -+ é% (rpugu, sin )
+ _82:[ [r sin 8 sin(d — ép) pu,uy + cos 8sin(d — Pp) pugis
+ cos($ — $a)pus® + p)}] = 0. (A.50)
Energy
gt— (rfesin 0) 4+ g—; [r2sin 8(e + p)u,] + :-0 [r sin 8(e + p) ue]
+ 2 lre + Pyl = . (A6)

o¢

APPENDIX B: GENERALIZED DERIVATION OF STRONG CONSERVATION LAw

An arbitrary curvilinear coordinate system x!, x2, x3, has as its natural basis
the covariant base vectors

g = orfox’, (B.1)
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where r is the position vector in three-dimensional space. The covariant components
of the metric tensor are defined by
8i; = 8 " 8- (B.2)

The determinant of g,; is denoted by g. The conservation equations for an ideal gas
can be written as

d G .
77 (87%9) + 77 (842%0u) = 0, (B.3a)
2 . 9 s
77 (808D + 57 [V’ + pg’) 8] = O, (B.3b)
2 2 ,
57 (87%0) + 5 [g/e + p) ] = 0, (B.3c)

where u¢ is the contravariant component of the velocity vector, and the contra-
variant components of the metric tensor g¥ are related to the covariant components
by

gign = 8. (B-4)

Summation over repeated indexes is assumed, Latin indexes being summed from
1 to 3. Equations (B.3) can be written as a single vector equation in a five-dimen-
sional space. Let x* = ¢, and define x° to be a fictitious energy coordinate having
the property that all real, physical variables are independent of x5. The corre-
sponding covariant base vectors g, and g; are both assumed to be constant vectors
of unit length, orthogonal to the physical base vectors and to each other. The
covariant components of the five-dimensional metric tensor thus take the matrix
form

gu &2 &3 0 0
81 8» 8a 0 0
88 = |8u &2 &3 0 O (B.5)
0O 0 o0 10
0O 0 0 01

We use Greek indexes for quantities defined over the five-dimensional space.
Unless otherwise stated, Greek indexes are summed from 1 to 5.

For an ideal gas, the contravariant components of the five-dimensional flow
tensor T are defined by

gll g12 g13 0 ul
g21 g22 g23 0 u2
T® = pweuf +p | g g2 g® 0 |, (B.6)
0O 0 0 00
wouwr o 00
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where
=1, u® = elp. B.7)

Equations (B.3) are then equivalent to the condition that the flow tensor is diver-
gence free, i.e.,
div; T = (6/ox~)[ g'/2T?*gz] = 0. (B.8)

(Recall, from the definition of x5, that 8/@x® = 0.) Further details and extension
of this result may be found in Ref. [11].

The most general coordinate transformation involves the three physical
coordinates and time. It can be written (along with the inverse transformation) as

x = x¥(xl, %% 6%, XY x = xo(xl, x¥, x¥, x¥)
x5 = x5 x5 = x¥ (B.9)

(¢, 0’ = 1to 4).

The determinant of the inverse transformation | dx*/0x?’ | is denoted by 4. The
transformed Eq. (B.8) is

(6/0x) (g N *T?*'ger] = 0. (B.10)

The unprimed coordinate system will in general be simpler than the primed one.
Thus, a scalar decomposition along the unprimed directions will lead to simpler
equations. It will also be generally simpler to define tensor components with respect
to the unprimed coordinate system. Introducing the transformation law for
contravariant components of vectors, one obtains

(8/ox*)[( g 1*(0x'/ox") TPgg) = O. (B.11)
Since g, and g; are constant, it follows immediately that
(@/ox)(gN 1 (ox[ox) T*} =0 (B =4,5). (B.12)

These two equations are the transformed continuity and energy equations. Let
x* be the new marching, or timelike coordinate. For an arbitrary coordinate system
x1, x2, x3, the general transformation (B.9) results in some g; being a function of
x*. Thus, at a point fixed in the computational space x', x', x¥, the base vectors
g; are no longer constant. In order to achieve the natural scalar decomposition
analogous to (28), we need an extension of the concepts used to derive that
equation. Specifically, since the integration with respect to x*' is also accomplished
by finite differences, all unknown variables are defined at discrete points fixed in
the four-dimensional space x'', x?', x¥, x*. These points define constant base
vectors g; which can be used at each integration step as a basis for the expansion
of the variable g, .
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Let the subscript P’ denote a quantity evaluated at one of the discrete points
in the four-dimensional space x'', x*, x¥, x4'. A subscript o’ appearing to the lef?
of a quantity again denotes variation with x*" only, the other coordinates being
held fixed at their values at point P’. The expansion for the base vector in the j
direction appearing in the x** derivative term is

8 = oVi'8rp’ - (B.13)

The scalar decomposition of the transformed momentum equation in strong
conservation form becomes

(@)ox=)(g )2 oy 2 (@x*[ox) T = 0 (k = 1 to 3). (B.14)

In terms of tensor components defined with respect to the primed coordinate
system (B.12) and (B.14) become

@lox) (g V*@xPox) T"] =0 (B =4,5), (B.15)
and
@/ox (g2 sy #(0x[ox") TP =0  (k = 1to 3). (B.16)

It will be seen that (16) and (23) are special cases of (B.12) and (B.14), while (15)
and (21) are special cases of (B.15) and (B.16).

In actual calculations, it is customary to use physical components of vectors and
tensors. The physical contravariant component of the velocity vector is related
to the (mathematical) contravariant component by

4 = (g;)'24*  (unsummed). (B.17)
The corresponding physical (or unit) covariant base vector is
gw = 8/(g)"*  (unsummed). (B.18)
Expansion (B.13) in terms of the physical base vectors can be written as
“BO = VO Bwr - (B.19)

If the curvilinear coordinate system x1, x%, x* is related to the Cartesian coordinate
system )*, %, y® by

Y=y, x5 %% X = X 1% )9), (B.20)
and we let
ot = oytlox? and Bt = oxijoy’ (B.21)

one can easily show that

oY) = (el &) vo™Blp (j, k unsummed). (B.22)
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For an ideal gas, the strong conservation equations in terms of physical components
defined by the unprimed coordinate system take the form

o e [t axt WY
n1/2
oxv 3(5’) P[ o (g,.,.y/z]i
o 3§ axi' axi' u(j)
"L/2 =
t 5 (@00 [+ 2 (gﬁ)llz]} 0, (B.23a)

P , ax4' G 6x4' u(i)u(m) .
Eva [(g W2 v 3—57— pul + = [W + plgn)' g""] %

4 : o5 ox* G) ox* pu(j)u(m) s s
+ Pxt [(g W2 oy 3——81‘ pu + Fr [m + plgi)2 g ]5 =0,
(k=1t03), (B.23b)
0 e 1/2 ox* ox* (e +p) u?
oxt 3(g) [ o ¢ o (gi)'? ]%
2 N2 axt ox' (e + p)u? $ B
+ oxv g(g) [ ot e+ ax  (gy)P ] = 0. (B.23¢)

Similar equations can be written in terms of physical components defined by the
primed coordinate system. The determinants of the metric tensor in the two coordi-
nate systems are related by

(g2 = dg'i2 (B.24)

In comparing (B.23) with (15) and (28), one sees that the derivative with respect
to the new marching coordinate x*' now consists of many terms, particularly in
the momentum equation (B.23b). This results in additional labor in the decoding
for the physical unknowns required at each time step. There are two special cases
of the general transformation (B.9) which result in simplications of the derivative.
One case is that for which x* is a straight coordinate, for which

(
v = 8~ (B.25)
One can show that the most general transformation satisfying this condition is

xt = xV(x, x%, x%, x%) xt = x1(xV, x¥, x¥, x*)
x% = x¥(x% x%) x% = x%(x¥, x¥)
x¥ = x¥(x%, x%) x? = x3(x¥, x¥) (B.26)
x¥ = x¥(x, x?, x%, x%) xt = xMxl, x¥, x¥, x4
x5 = x3 x% = x¥,
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where x! must be a straight coordinate. It follows from (B.26) that xV is also
straight, which therefore simplifies the x!" derivative. The other case is that for
which x*" = x% This eliminates all terms involving dx*/ox’ appearing in the x*
derivative. Both of these cases are found in most practical coordinate trans-
formations. If, additionally, x* and x® undergo only stretching transformations, so
that x* and x* are uncoupled, it follows that

A =0 (=23 (B.27)

Finally, if the original coordinate system is orthogonal, the metric tensor compo-
nents can be expressed in terms of scale factors through the relations

g = —2—;— , 8y = h28;  (unsummed). (B.28)

-,

In terms of a new notation defined by
x=x, x/=x, wu=d4"  ad gp=usF, (829

the resulting set of strong conservation equations are given as Eqgs. (36).
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