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MODELS AND MODALITY

ABSTRACT. This paper examines the connection between model-theoretic truth and ne-
cessary truth. Itis argued that though the model-theoretic truths of some standard languages
are demonstrably “necessary” (in a precise sense), the widespread view of model-theoretic
truth as providing a general guarantee of necessity is mistaken. Several arguments to the
contrary are criticized.

Models, in the sense in which logicians use the term “model”, are often
taken to be arbiters of a certain sort of modality. In particular, it is often
held thattruth on every modamplies necessary truthWhere necessary
truth can be taken, perhaps only metaphorically, to be truth across possible
worlds, the principle in question can be stated succinctly:

*) Truth across models implies truth across possible worlds.

The purposes of this paper are to attempt to clarify what this principle
might mean, and to investigate the grounds one might have for supposing
it to be true.

1. PRELIMINARIES

1.1. Clarifying (*)

At first glance, {) looks as if it should license inferences from claims of
the form “p is true on every model” to the corresponding is true in
every possible world”. But this cannot be what is intended. The kinds of
things which have truth-values on models are the well-formed formulas
of formal languages: they are purely syntactic items, and hence not the
kinds of things which have truth-values either at the actual world or at
possible worlds. The formulaFa”, for example, is true on some models
and false on others (typically, true on moaeiff m(“a”) € m(* F”)), but

it has no truth value at worlds. The kinds of things which have truth-values
at worlds, on the other hand, are either the fully-interpreted sentences of
(typically) natural languages, or the nonlinguistic entities expressed by
these sentences. Let us use the term “proposition” for those entities which
have truth-values at possible worlds. To say that the proposiime is
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Frenchis true at a worldw is just to say that, atv, Alice is French. We
need not take a stand here on the precise nature — linguistic or nonlinguistic
— of propositions; the important point for our purposes is that because pro-
positions are true or false at possible worlds, they are not the bare syntactic
formulae of formal languages. They are therefore not the kinds of things
directly assigned truth-values by models.

The claim (), then, if it is to make sense at all, cannot mean that the
items true on every model are also true at every possible world. The inten-
tion behind {) is rather that the propositions expressed by formulas true
on every model are themselves true at every possible world. We *take (
to license, for instance, the inference from the model-theoretic truth of the
formula

(2) (Fav ~ Fa)
to the necessary truth of the proposition
3) Either Alice is French or Alice is not French,

and of any other proposition reasonably expressible by (1). As a first
attempt at clarifying %), then, we have:

If a formula ¢ is true on every model, then each proposition
which ¢ can reasonably be used to express is true at every
possible world.

The “reasonably” in this gloss is important. For any of the usual formal
languages, there are straightforward restrictions on the allowable pro-
positions expressible by a formula. Thus for instance we usually take
“(Fav ~ Fa)" to be the right kind of formula to express the proposi-
tion either Jones is happy or Jones is not happuyt not to express the
propositionsnow is white And in general, we usually take a formal lan-
guage to come along with a handful of (implicit) restrictions on the kinds
of propositions expressible by its formulas. The precise nature of these
constraints will be discussed below. Here we simply introduce some ter-
minology: whereL is a formal language, an assignment of propositions to
L’s closed formulas will be called eeadingof L. When, as is usual,
comes along with various restrictions on its readings, a reading meeting
those restrictions will be called atceptablaeading ofL.

For example, leL be a familiar first-order language, of the kind found
in standard introductory logic texts. There are acceptable readings of this
language which assign the propositigither Jones is happy or Jones is not
happyto “(Fa v ~ Fa)", and which assign the propositiaither snow
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is white or snow is not whitéo that formula, but no acceptable reading
assigns to this formula the propositisnow is whitelt is a result of these
restrictions on its acceptable readings that, for exampleg & ~ Fa)”
expresses a false proposition on each acceptable readihg‘©fa v ~
Fa)” expresses truths on each such reading, ahd"“expresses truths
on some, and falsehoods on other acceptable readings of that language.
Where R is a reading of a language and ¢ a formula of L, let R(p)

be the proposition assigned R/to ¢. The inferences in which we are
interested, then, are inferences from a formpitatruth on every model to
a propositionR (¢)’s truth at every possible world. For a particular formal
languageL, then, the principle in question is:

() For every wffp of L: If = ¢, then for every acceptable reading
R of L, R(p) is true at every possible world.

Here and in what follows, = ¢" abbreviates ¢ is true on each of.’s
models”. (1) is the clarified version of), and is the principle with which
this paper will be primarily concerned.

1.2. Models, Readings, and Languages

Before examining (1), a few remarks on models and readings are in order.
Because both models and readings are often called “interpretations”, it is
easy and often natural to overlook the differences between the two. But
their differences will be important in what follows.

Typically, a model “interprets” a formal language by specifying a do-
main (or multiple domains) of quantification, and assigning individuals
and sets to the simple individual-, relation-, and function-symbols of that
language. A model also assigns truth-values to formulas, via the language’s
definedtrue-onrelation: to say that a formula is true on a moaeis just
to say thaty bears that defined relation t@. In short, a model interprets a
language by assigning set-theoretic constructions to parts of formulas, and
truth-values to formulas. A model does not, however, assign to formulas
anything like propositions. The important point for our purposes is that
a model does not assign to a formula anything which has truth-values at
possible worlds. Though formulas are true-on and false-on models, there
is no sense in which a formula isecessarily(or contingently) true (or
false) on a model.

A reading, on the other hand, “interprets” a language by assigning pro-
positions to formulas. The acceptable readings of a language are typically
given by the requirement that some symbols (the “logical constants”) be
assigned fixed meanings, that members of other syntactic categories be
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assigned meanings from a specific range of alternatives, and that the as-
signments of propositions to whole formulas be determined as a function
of the assignments to their parts. The truth of a formula under a reading,
unlike its truth on a model, has nothing to do with the defitree-on
relation. To say thap is true under reading is just to say that the pro-
position R(¢) is, in the ordinary sense, true. And to say tRdb) is true

at a possible worldp is just to say that the propositioR(¢) is such that,
hadw been actual, that proposition would have been true. Wheigea
formula andR a reading,R (¢) is either necessarily or contingently true or
false.

The standard practice of ignoring the distinction between models and
readings is to some extent justified by the fact that models and readings
are typically very intimately connected with one another. Ordinarily, for
instance, if there is a reading of a language on whichFa” expresses
the propositiontwo is an even integeithen there will be a modeh of
that language which assigns te"“the number two, and to F” the set
of even integers. In general: say that a readfh@nd a model: for a
languagecorrespondust in case the domain ef is the same as the range
of the first-order variables unddt, m and R assign the same individual
to each individual constant, and m assigns to the function- and relation-
terms the extensions of those functions and relations assigned th& by
A model is, essentially, an extensional version of any reading to which it
corresponds.

The parallel between models and readings is largely mediated by the
true-onrelation. Standardly, this relation is defined in such a way that a
formula of a given language tsue ona model iff that formula expresses a
truth under any corresponding reading. That is, an important characteristic
of typical languages is that they satisfy condition §T):

(M For every formulap of languageL, every modek of L, and
every acceptable reading of L: If m and R correspond, then
@ is true onm iff R(yp) is true.

Typically, the guarantee of (T) is given in part by defininge-onso that

the semantic role of the logical constants with respect to models parallels
their semantic role with respect to acceptable readings. Thus, e.g., if each
acceptable reading assigns the mearingdto the symbol “&”, then the
definition oftrue-onwill include the stipulation that a formula of the form

‘(¢ & )" is true-on a modet iff both of ¢ andy are as well. The upshot

of this principle is that a formula is true on a model just in case it says
something true when read as being “about” the entities, relations, etc. out
of which the model is constructed. This is what makes it reasonable to call
the defined relation “true-on”.
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Every familiar language (at least, every familiar language with a co-
herenttrue-onrelation) satisfies (T). There is nothing interesting, for our
purposes, about those languages which fail to satisfy (T). Such languages
typically fail (I) for the mundane reason that in these cases, truth on a
model has nothing to do with truth. Henceforth, then, barsguagewe
will mean a triple(F, M, A) which satisfies (T), wheré’ is a class of
formulas,M a model-theoretic apparatus (consisting of a class of models
and a binarnyftrue-onrelation between formulas and models), ahds a
class of acceptable readings.

2. FROM MODEL-THEORETIC TRUTH TO TRUTH

2.1. Correspondence and Truth

A crucial question to ask of a language is whether it has “enough models”
to correspond with each of its readings. That is, the question is whether the
languageL satisfies (MOD):

(MOD)For every acceptable reading &f there is a corresponding
model forL.

(MOD) is simply the natural constraint that if it is acceptabledad the

wffs of L as quantifying over a particular collectiafi, and in such a
way that its constant terms stand for particular individuals and relations,
then there is a model fat whose domain i€, and which assigns those
individuals and the extensions of those relations to the same constant
terms.

The importance of (MOD) is that if a languade satisfies it, then
there is a straightforward sense in which each of its acceptable readings
is given a precise, formal representation by (at least) one of its models. We
are already guaranteed by (T) that a formula is true on a model iff it is
true under a corresponding reading; further satisfaction of (MOD) entails
that those formulas true on every model will express truths under each of
the acceptable readings of the language. That is, if a langlagisfies
(MOD), then:

(1 For every wffp of L: if = ¢, then for every acceptable reading
R of L, R(p) is true.

If a languageL satisfies (1), we are straightforwardly justified in making
the familiar inferences from¢' is true on every model” to¢ is true no
matter how you read it”.
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Because necessary truth implies truth, satisfaction of (Il) is a necessary
condition for satisfaction of (I).

2.2. (MOD) and (1)

Though (MOD) is a fairly naturally-motivated condition on formal lan-
guages, many familiar languages do not satisfy it. Consider the following
first-order arguments and typical readings:

(Al) Vx)(x =x) Everything is self-identical
SLa=a - .. Jones is self-identical
(A2) (Vx)(x ¢ x) No set is a member of itself
S0ed .. The empty set is not a member of
itself.

(A3)  (Vx)(Ox — (Ay)Syx) Every ordinal has a successor
Oa 3is an ordinal

(@) Sya .. 3 has a successor.

Typical first-order languages countenance these readings of premises and
conclusions. But given the usual constraint that a model's domain is a set
(and not a proper class), no models correspond to these readings. In this
case, (MOD) fails: the class of models for the typical first-order language
L does not contain extensional versions of each’'sficceptable readings.

Call a reading of a language a “set-reading” if the range it assigns
to the first-order variables is a set, and a “class-reading” otherwise. The
failure of (MOD) in the ordinary first-order case is due to the existence of
class-readings, to which no models correspond. Nevertheless, () holds in
this case, despite the failure of (MOD). This is at least mildly interesting.
Because of (T), a formula’s truth on a model implies its truth under every
corresponding reading. Thus a formula’s truth on every model guarantees
its truth under all of those readings which have corresponding models. One
might think, then, that when (MOD) fails, the readings without correspond-
ing models might occasionally falsify formulas which are true on every
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model. But as it turns out, this does not happen in the ordinary first-order
case, since:

(X) If a formula¢ of an ordinary first-order language expresses
a false proposition on some class-readkR@f L, then it also
expresses a false proposition on some set-reailimg L*.

(By an “ordinary” first-order language, we mean one with the usual
classes of models and of readings, counting only the usual gquantifiers
and sentential connectives as logical constants.) First-order formulas do
not discriminate, in this sense, between sets and classes. As long as every
set-reading has a corresponding model, as is the case with every ordinary
first-order language, any formula true on every model is, via (X), true under
every reading. Thus despite the fact that models do not precisely mirror
readings, the differences are insufficient, in the first-order case, to derail
the familiar inferences from¢' is true on every model” to¢ is true no
matter how we read it”. First-order models are in this sense good stand-ins
for first-order readings.

The failure of (MOD) becomes more problematic when we expand the
expressive resources of the first-order language. To borrow an example
from Vann McGee: consider the language obtained from an ordinary first-
order language by adding the quantifier “There exist absolutely infinitely
many”, @"x).> The formula ~3"x)x = x” is true on every first-
order model, while its natural reading, namely the propositi@ne aren’t
absolutely infinitely many things presumably false. Thus we have a
counterexample to (II) (and hence to (I) as well). Truth across models
in this case not only fails to guarantee necessary truth; it fails even to
guarantee truth.

Another candidate for a counterexample concerns second-order set
theory. Let “ZFC2" abbreviate the conjunction of the second-order ZFC
axioms® This sentence, under its ordinary reading, would be taken by most
people to express a true propositiofor it describes what we typically
suppose to be the case about the (or a) set-theoretic hierarchy. But it is not
at all clear that it has a model, since a model would require the existence of
an inaccessible cardinal, something not required by either the plausibility
or the truth of either ZFC2 or of any other widely-accepted principles of set
theory. If there are no inaccessible cardinals, then ZFC2 expresses, under
its “intended” reading, a truth, but has no model. In this case, the negation
of ZFC2 is true on every model, but expresses a falsehood on its intended
reading,contra (Il). And of course, if there are no inaccessible cardinals,
then we have a clear counterexample to (1) as well.

More mundane counterexamples to (MOD) arise with the usual second-
order languages (without added quantifiers), even without invoking large
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cardinals. These languages typically fail (MOD) straightforwardly in vir-
tue of their inclusion of class-readings. The question of their satisfaction of
(I is less straightforward, for two reasons. First of all, there is no uniform,
established set of constraints on the acceptable readings of second-order
languages, in the way in which, for the most part, there is for first-order
languages. The different options here in the second-order case concern
primarily the appropriate way to read the ranges of the higher-order quan-
tifiers: the existential quantifierIX”, for instance, is sometimes read

as “there is a property”, sometimes as “there is a set”, and sometimes
quite differently altogether. Secondly, there are two familiar choices of
model-theoretic apparatus for second-order languages: the first invokes
the standard, “full” models, while the second uses the alternative “Hen-
kin” models® The variety of different combinations of readings and of
classes of models gives us a variety of importantly-different second-order
languages, some of which satisfy (ll), and some of which do not. Some of
the details are as follows:

The sentencesIXVyXy” and “IXVy(Xy < y & y)” are true on
every model of “full” second-order logic, but are false on some fairly nat-
ural readings, e.g., on readings on which these sentences say, respectively:
“There is a universal set”, and “There is a collection of all the non-self-
membered things”. Any second-order langudgeith full models which
includes such readings will contain numerous counterexamples to (1), and
hence to (I).

Second-order languages with full models, but with more-restricted
classes of readings do, however, satisfy (II). One such restriction involves
counting only “set-readings” as acceptable; in this case, (Il) holds (typic-
ally) because (MOD) hold¥A different restriction comes from employing
George Boolos’ “plural quantification” readings, under which no formulas
express the objectionable existence-assertions just mentioned; arguably, all
“plurally-quantified” readings of model-theoretic truths are indeed ¥fue.

In both of these cases, the potential counterexamples to (Il) are avoided
by simply ruling “unacceptable” all those readings of the problematic
model-theoretic truths on which they express falsehoods.

Second-order languages with Henkin models satisfy (II) on any of the
various standard choices of readings, even when they fail (MOD), for
the same reasons that first-order languages do. In this case, the counter-
examples to (I) are avoided because the problematic formulae of the kind
noted above are not model-theoretic truths.

There are, then, two ways of modifying languages which fail to satisfy
(D) and (Il) so as to obtain new languages satisfying both. The first is to
impose restrictions on acceptable readings in such a way that the false
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readings of model-theoretic truths are ruled “unacceptable”. This strategy
is illustrated above by the move to set-readings or to plural-quantification
readings. The second method is to expand the class of models in such a
way that those problematic formulae are falsified on some model. This is
illustrated by the move from full models to Henkin models.

There remains a great deal to be said about the relative advantages
and disadvantages of the several second-order languages discussed, and
of further variants of them. The important point for our purposes is simply
that the question of whether a language satisfies (1) will turn on the details
of its model-theoretic apparatus and on its range of acceptable readings.
The license for inferences from model-theoretic truth to truth will have to
be established on a case-by-case basis.

In short, though (Il) is clearly satisfied by ordinary first-order lan-
guages, its varied status elsewhere means that, as Vann McGee has put it,
“it is by no means obvious that being true in every model is any guarantee
that a sentence is trué®.

3. FROM MODEL-THEORETIC TRUTH TO NECESSARY TRUTH

Despite the failure of (Il) and hence of (1) in various cases, we do have
some straightforward guarantees that (I) will hold for perhaps the two most
important languages, those of standard propositional and first-order logics.

3.1. Standard Propositional Languages

A straightforward guarantee of (l) in the propositional case follows from a
demonstration by Richard Cartwright of a similar resélPut in terms of
readings, the demonstration is as follows:

Let L be a propositional language whose formulas comprise an infinite
collection of atomic formulas together with the closure of this collection
under the two operations which generate formulas of the fernp* and
of the form ‘(¢ — )’ from a formulag and a pair{g, ¥) of formulas,
respectively.

L’s “models” are simply the usual rows of truth-tables. Where a valu-
ation of L is simply a function fromL’s formulas into{T, F}, we can put
this as follows: the class of models bfis just the class of valuationsof
L satisfying the following two constraints:

(M1) Forevery formulap, v(~ @) # v(p).

(M2) For all formulasy andv, v((¢ — ¥)) = F iff v(¢) = T and
v(y) =F.
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Consider now a particular readimgof L which satisfies the following
two conditions:

(C1) Foreveryformulap, R(~ ¢) is the negation oR (¢).

(C2) For all formulasy andyr, R((¢ — 1)) is the material con-
ditional whose antecedent B(¢) and whose consequent is

R().

Given R, possible worlds induce valuations, in the obvious way: where
is a possible world, the valuatior, induced byw is defined as follows:

For every wffp, V,,(¢) = T iff R(p) is true atw.

Note that because there is no possible world at which both a proposition
and its negation are true, there is no possible werkuich thatV,, violates
constraint (M1). Similar considerations show that for no possible world
doesV,, violate (M2). So every valuation assigned s formulas by a
possible world (given reading) is also assigned by one @fs models.
This suffices to show thalf ¢ is true on every model, theR(y) is true at
every possible world

Note that this demonstration holds for every reading which meets con-
ditions (C1) and (C2). Define a “standard propositional language” to be
one whose formulas are as described forwhose models are the class
of valuations meeting (M1) and (M2), and whose acceptable readings all
meet conditions (C1) and (C2). We have shown, then, that (I) holds for
standard propositional languages. QED.

3.2. Standard First-Order Languages

Because the valuations given by models of quantified languages can-
not be characterized in terms of constraints which, like (M1) and (M2),
correspond directly with constraints on acceptable readings, there is no
straightforward way to extend Cartwright’s proof to quantified languages.
An argument by John Etchemendy, however, provides us a means of
demonstrating (1) for a range of first-order languatfeBtchemendy points
out that, as he would put it, since the theorems of a standard first-order
deductive system are truths of logic, and (via the completeness theorem)
all first-order model-theoretic truths are theorems, we can conclude that
all first-order model-theoretic truths are truths of logic. And since truths of
logic are presumably necessary truths, this gives us essentially (1).

This way of putting the issue is not as careful as one might like, since
it presupposes both that the language comes along with an “intended in-
terpretation” — i.e., an intende@ading— and that this reading assigns a



MODELS AND MODALITY 55

necessarily-true proposition to each theorem. In the more general case,
in which the language may not have a particular intended reading, the
crucial point is that each acceptable reading assigns only necessary truths
to theorems. Say that a deductive systbnfor a languagd. is niceif its
theorems express only necessary truths —i.e., if it satisfies (N):

(N)  Forevery theorenp of D and every acceptable readiRgpf L,
R () is true at every possible world.

Virtually every familiar deductive system satisfies this requiremenalor
mostsatisfies it; see below), as is easily verified by noting that axioms
express necessary truths on acceptable readings, and rules of inference
preserve this property. Say that a first-order languagtisdardif there is

some complete and nice deductive system for that language. We can now
put Etchemendy’s point slightly more carefully, as folloisrery standard
first-order language satisfies (I).

In fact, the most popular first-order languages are not quite “standard”.
Those which count formulas of the formax(x = a)” as model-theoretic
truths, and which contain the usual range of acceptable readings, clearly
fail this requirement. For any complete deductive system for such a lan-
guage will count these existential formulas as theorems, as is usual; but
these formulas express merely contingent truths on some of their accept-
able readings. In order to have a genuine guarantee of (I) in the first-order
case, we need to stick with first-order languages which are truly standard,
i.e., which differ from the most popular first-order languages in including
empty models, and which can therefore be completely axiomatized by a
deductive system satisfying (N). We will return to a discussion of the
problematic existential formulas in Section 4.1 below. For now, the im-
portant point is that, aside from a relatively-isolated collection of formulas,
ordinary first-order languages do demonstrably satisfy (I).

The interesting general result here is that (I) is satisfied by any lan-
guage with a nice, complete deductive system. Thus we are assured that (I)
holds not just for standard first-order languages, but additionally, e.g., for
those second-order languages with Henkin models and the usual choices
of acceptable readings.

This result guarantees that we are justified in inferring necessary truth
from model-theoretic truth in an important, useful range of cases. It doesn'’t
of course help establish amgneralconnection between model-theoretic
truth and necessary truth, since it turns essentially on the completeness
theorem. What it shows, rather, is that when the model-theoretic truths
of a language are also theorems of its deductive system, they will inherit
whatever modal character is had by those theorems.
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4. THE GENERAL CASE

Our results so far show the following: There is an important and familiar
range of languages each of which satisfies (I), and which does so be-
cause its model-theoretic truths form a subset of its deductive theorems.
This range includes the familiar propositional and standard first-order lan-
guages. Expansion of the expressive resources beyond this range in various
ways, for example by the addition either of new first-order quantifiers or of
second-order quantifiers, yields some languages which clearly fail (I) and
some whose satisfaction of (I) remains an open question, one which turns
on the existence of large cardinals.

The cases so far discussed in which (I) fails are ones in which this fail-
ure can be traced to the failure of (Il). That is, these have all been cases in
which model-theoretic truths fail to express necessary truths under certain
acceptable readings because, under those readings, they actually express
falsehoods. These have all, of course, been cases in which (MOD) fails.

These are not the only conditions under which (I) fails. Because the
truth of those propositions expressed by a formulander its acceptable
readings is a necessary but not sufficient condition fomieessaryruth
of each of those propositions, satisfaction of (Il) is a necessary but not a
sufficient condition for satisfaction of (I). It is a simple matter to define
languages which satisfy (II) but not the more demanding (1), and indeed,
languages which satisfy the more stringent (MOD) and (T) without satis-
fying. (1).1* What, then, of the status of (I) in general? Clearly it cannot be
claimed that (l) is true for all languages, nor that it is true for all languages
standardly in use. Itis, as just noted, true that (I) is satisfied by every lan-
guage with a nice, complete deductive system. This is an important claim,
but, as above, it does not underwrite the intuition we have taken to motivate
(1), the intuition that model-theoretic truth itself has an essentially modal
character.

One might of course argue that the languages discussed above which
pose counterexamples to (l) are somehow beside the point when investig-
ating the connection between model-theoretic truth and necessary truth, in
that they trespass upon some standard of “normality” for formal languages.
One might argue, that is, that there is some identifiable standard of nor-
mality for formal languages which rules out the kinds of counterexamples
discussed here, which rules “in” the usual examples of formal languages,
and which demonstrably implies (I). This is the argument which must be
made if there is to be a defense of any scaled-down version of the view that
model-theoretic truth implies necessary truth. The argument must consist
of a clear characterization of the class of languages in question, a demon-
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stration that (1) holds for this class, and some reason to view this class of
languages as representative of the “genuine” character of model-theoretic
truth.

There is no such defense in the literature. There are, however, vari-
ous lines of reasoning which bear some responsibility for the pervasive
intuition that there simplynustbe a general connection between model-
theoretic truth and necessary truth. We turn next to consideration of several
of these lines of reasoning.

4.1. Models as Representatives

There is a widely-held intuition that modeispresentpossible worlds or
parts thereof (“possible situations”, “possible states of affairs”) in such a
way that formulas true across models are guaranteed to express necessary
truths. Gila Sher, for example, has argued that as long as the models for
a language meet a quite general condition, those models will successfully
represent possible states of affairs in just this way. Sher’s condition on the
class of models for a language is essentially that for each stbbjects,

the language have a model whose domai$), iand have models assigning
every possible configuration of members, subsets et6. wof the “non-
logical” terms of the language, where the “logical” terms are those which
stand for structural or mathematical properties or relatir&her’s claim

is that as long as this constraint is met,

Since every set of objects is the universe of some model, any possible state of affairs — any
possible configuration of individuals, properties, relations, and functions — vis-a-vis the
extralogical terms of a given formalized language (possible, that is, with respect to their
meaning prior to formalization) is represented by some mbgiel.

In keeping with Sher’s way of putting the issue, let us take the langliage

in question to be fully-interpreted, i.e., to have, as we would put it, a single
canonical reading. We will also assume that is by any ordinary meas-

ure “acceptable” — i.e., that it assigns the “right” meanings to the logical
constants, and so on. The question is whether Sher is right to suppose that
as long as the models &f meet the general condition just outlined, they
will representpossible states of affairs in such a way thetatisfies (}):

(Ir)  Forevery formulap of L: If ¢ is true on every model, theR(yp)
is true at every possible world.

Let us clarify the sense afpresentationat issue. There are many
different senses in which models resemble states of affairs or possible
worlds: they can resemble these possibilia in virtue of having the same
cardinality, in virtue of having the same population, perhaps in virtue of
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bearing some abstract structural similarity to one another, and so on. In the
end, though, the only “resemblance” between a model and a state of affairs
which matters for the satisfaction okjlis the agreement in assignments

of truth-values to formulas. WheR assigns to Fa” the propositionJones

is wise a modelm represents a state of affairs in which Jones isn't wise
simply by assigning the valufalseto “Fa”. It makes no difference to

m's representational capacity in this regard whether Jones is a member
of m's domain. In general, say that a modelrepresentsa possible state

of affairs in which the propositiorR (¢) is true (false) iffm assigns the
value true (false)to ¢. The languagd. will satisfy (Ir) if, and only if,

L’s models represent possibilia in this way. In particular, wheris the

class of propositions assigned Byto formulas ofL, L will satisfy (Ir) if

and only if every possible situation in which some membeb éé false is
represented by one @fs models.

The precise makeup at’s universe will typically be irrelevant to its
representational capacity, and, as above, need have nothing in common
with the objects involved in the “represented” state of affairs. The question
of representation, then, does not — despite Sher’s opening remark above —
have much to do with the particular objects found in a model's domain; it
turns only on the various models’ assignments of truth-values.

Sher’s condition on models ensures that, wHeigany one of the usual
quantified languaged,’s class of models will be combinatorially quite
rich: for each non-logicak-place predicate letter andtuple of terms,
there will be models that assign to thattuple of terms am-tuple of
objects which is a member of the set assigned to the predicate-letter; there
will be models that assign to the terms a#tuple that is not a member
of the set assigned to the predicate letter; there will be models that assign
to the predicate letter the empty set, and others that assign iit-tbigl
cartesian product of the universe, and so on.

Satisfaction of this condition implies thatgjl holds, trivially, for a
language consisting entirely of atomic formulas of the foPn ...z,.

For under this condition, none of these formulas will be a model-theoretic

truth. Expanding the language by adding the usual propositional connect-
ives also gives a language in which satisfaction of Sher’s condition implies

(Ir); this is easily shown along the lines of Cartwright’s proof abbve.

What about the general case? Is the combinatorial richness of the class
of models sufficient to guarantee the existence of a model falsifying
wheneverR(y) is false in some possible situation? Though this is the
crucial claim, Sher simply supposes it without argument. The intuition
here would seem to be that R(p) is false in some possible situation,
then the combinatorial richness of the class of modalstguarantee the
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existence of a model on whighis assigned the valualse But this rather
vague intuition simply begs the question. What needs to be established is
that the satisfaction of Sher’s criterion by a class of models guarantees
that that class contains representatives of each possible state of affairs.
And this can only be established by demonstrating that satisfaction of this
criterion ensures the existence of models which give the right distributions
of truth-values.

This central claim, however, is clearly false. All of the languages dis-
cussed in Section 2.2 that falsify (1) and (II) meet Sher’s criterion. In each
case, the class of models is combinatorially rich, and the logical constants
express “structural or mathematical” properti@But in none of these
cases do models “represent” possible states of affairs in a way sufficient
to underwrite the inference from model-theoretic truth to necessary truth.
Indeed, in those cases in which the language falsifies (ll), the models fail
to provide representatives even of thetual state of affairs, let alone of
non-actual possibilia. This despite the combinatorial richness of the class
of models.

The satisfaction of Sher’s criterion by a language fails to guarantee that
the models of that language represent possibilia in any sense relevant to
(. Itis instructive, however, to see what the satisfaction of this criterion
does imply. The combinatorial richness of the class of models guaranteed
by this criterion entails that from model-theoretic truth in certain cases
we can reliably infer “general” truth, in the following sense. Suppose the
readingR corresponds with one df's models. Then, as long dssatisfies
Sher’s criterion, we are guaranteed thatylis true on every model, then
not only isR(¢) true, but so too are all those propositiak&)r) expressed
by formulasy: which are of the same syntactic form@4°

The richness of the class of models (together with reasonable require-
ments on acceptable readings) ensures that the model-theoretic truth of a
formula entails the truth of the proposition expressed by that formula, and
of atypically large class of structurally-similar propositions. That is, under
these conditions, the model-theoretic truthpammplies the actual truth of
every member of the set

() {R(yr)|¢ is of the same syntactic form ag.

The gulf between the truth of each member @) @nd the necessary
truth of any of its members (includin@®(¢)) is most easily seen with

the simple example(3x)(x = a)”. On any standard reading of the lan-
guage, the propositions expressed by formulas of the same syntactic form
as(3x)(x = a), i.e., by those formulagdx)(x = b), (Ix)(x = ¢), and

so on, are all true. That is, for example, each of the proposifidrese is
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something identical with Smith, There is something identical with Jones
and so on, is true. But of course many of these propositions are only con-
tingently, not necessarily, true. In the most favorable case, in which each
acceptable reading of the language does correspond with some model, we
can infer from the model-theoretic truth of a formylahe actual truth of

a wide range of propositions: i.e., of those propositions expressible (under
acceptable readings) by formulas of the same syntactic fogmBst this,

of course, is no guarantee of the necessary truth of propositions expressible
by ¢.

The example (Ix)(x = a)” also serves, incidentally, as a further
counterexample to Sher’s claim, since it too is a model-theoretic truth of a
language meeting Sher’s criterion, but which does not express a necessary
truth. Sher’s response to the example is as follows: concerning the formula

(9) (3x)(x = Jean-Paul Sartre),

Sher claims that we have no counterexample to the necessity of model-
theoretic truths, because: “since ‘Jean-Paul Sartre’ is a strongly variable
term [i.e., a non-logical term], what (9) says is ‘Thereaislean-Paul
Sartre’, not The (French philosopher) Jean-Paul Sartre exi€td’don’t

know what it means to say “thereaslean-Paul Sartre”. But the important
point here is that the formula (9) must be taken to be fully-interpreted —i.e.,
to have a particular fixed reading — if we are to make any sense of the ques-
tion whether its model-theoretic truth implies the necessary truth of what it
expresses. And if the reading in question is any of the readings ordinarily
associated with formulas of that kind, then the proposition it expresses
is contingent. The model-theoretic truth of the formula does nothing to
ensure the necessary truth of the proposition it expresses, despite the fact
that the language satisfies Sher’s criterion.

4.2. Models and Consistency Proofs

To show that a sef of formulas has a model is to give a relative consist-
ency proof forT". This much is uncontroversial. It might well be supposed,
however, that this use of models demonstrates a general modal feature
of those models, one which suffices to underwrite (I). Thus in particular,
one might hope to establish a connection between the use of models in
consistency-proofs and some modal feature of model-theoretic truth via
the following kind of argument: Since (i) a formula’s truth on a model

is equivalent to its consistency, it must be that (ii) a formula’s truth on
everymodel entails its necessity (singeés truth on every model entails
that~ ¢ is true on no model, in which case ¢ is inconsistent (by (i)),

S0 ¢ is necessary). Thus one might conclude that as long as the language
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in question is one of those for which model-theoretic consistency-proofs
are unproblematic, it must be one in which model-theoretic truth implies
necessity.

There are a number of problems with this reasoning. A model-theoretic
consistency proof works as follows: Suppose a languhgis associ-
ated with a deductive syste® which satisfies the standard soundness
constraint:

(S) For every sel” of formulas ofL, and every formula of L: If
'@, thenl’ &, ¢

That is, (S) is the condition that i§ is derivable inD from I', theng is
model-theoretically implied, irl., by I". Under this condition, the exist-
ence of a modeh of a setl” of formulas implies thaif a contradiction is
derivable inD from I", then that contradiction is “true on# — in which
case the “background theory” governing the attribution of truth on a model
is itself inconsistent. Assuming the consistency of the background theory,
then, a model of”, for a system satisfying (S), implies thatis consistent

in the sense that no contradiction is derivable finfrom I". We will call

this sense of consistency “deductive consistency”.

The first problem with the reasoning of steps (i)—(ii) above is that (i) is
typically false: though the languages in question are always ones for which
the existence of a mod#hpliesconsistency, the reverse implication is not
a general requirement, and often fails. The fact that no contradiction is
derivable fromI” does not entail thdf has a model — unless of course the
language and deductive system together meet the much stronger require-
ment of completenessThus the first thing to note about this reasoning is
that it must be restricted to systems satisfying the completeness theorem.

The second problem is that (ii) makes little sense, at least if “neces-
sity” is interpreted to mean anything like “true across possible worlds”.
Deductive consistency and inconsistency apply to formulas, and not to the
kinds of things which have truth-values at possible worldsy ¥ has no
model, then, assuming the existence of a complete deductive system
can conclude thap is a theorem ofD. But from this we cannot conclude
that the proposition® (¢) expressible by under acceptable readings of
the language are necessary truths, unless we add the further assumption
that the deductive system is, as characterized abuwe,Once again, the
existence of anice complete deductive system turns out to be crucial in
establishing (1).

The only essential requirement on a language and deductive system that
are to be used for relative consistency proofs is the soundness theorem (S).
And satisfaction of (S) is neither necessary nor sufficient for satisfaction of
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(). The use of models in consistency proofs gives us no reason to suppose
that truth across models implies necessary truth in the sense of (I).

4.3. “Possible Models”

A quite different kind of argument for a connection between model-
theoretic truth and necessary truth has recently been offered by Vann
McGee. The sense of necessity involved here has to do with what might
be called “possible models”. Given a langudg®ith a particular class of
models, we can enquire about the models which would have existed, had
the world been different. Thus though, for examglehas no models with
unicorns in their domains, it might well have had such models if there had
existed any unicorns. The question McGee raises is this: would the model-
theoretic truths ofL have been any different had L's models included
not just the ones it actually has, but additionally models which, though
structurally similar to the actual ones, contained such additional “merely
possible” objects? In particular, whereV is L’s class of models, anstf’

is the “expanded” class of models which would have existed had the world
been richer in inhabitants, we can ask the following question about the wffs
of L:

(Q) Is it the case that for each wif of L, if ¢ is true on every
member ofM, theng would have been true on every member
of the expanded/’?

The answer, as McGee demonstrates, is “yes”, assumingd.that M
meet some fairly standard constraiftdzor: Suppose would have been
false on some member’ of M'. Then, given the set-theoretic complexity
of the “actual” models, there is a modelin M that is isomorphic tan’'.
And because isomorphic models satisfy the same formulas false on
m as well?3

If we use the term “possible models” for the member36f then this
result can be expressed as the claim thatiff true on every model, then
is true on every possible model. If, further, one uses the phrase “fornula
is necessary” to mean “formulais true on every possible model”, then the
result is expressible, and indeed sometimes expressed, as the claim that all
model-theoretic truths are necessary. It is important to note that despite the
similarity in terminology, this claim has nothing to do with (1): that model-
theoretic truths remain model-theoretically true when we expand the class
of models as described above (or in any other way, for that matter) does not
tell us anything about the propositions expressed by those model-theoretic
truths. “Necessity”, in the sense just introduced, has nothing to do with the
truth of a proposition across possible worlds.
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4.4. Cardinality

Formulas which express (under acceptable readings) claims about the
cardinality of the universe offer a particularly interesting class of counter-
examples to (I) and to (Il). Consider for example a languagdl of whose
models are finite, and which contains the sentence

(INF)  (Vx)(Y)(fx = fy = x = )&E)(Y)(fy # x).

Though INF expresses true propositions under various acceptable read-
ings, it is false on every model of. Thus its negation~INF, is a
model-theoretic truth of. which expresses falsehoods under acceptable
readings. And as we have seen, sentences of ordinary second-order lan-
guages exhibit the same phenomenon: in a language whose models are all
smaller than the least inaccessible cardinal, the sente@deC2 is true
on every model, despite the fact that the propaosition it expresses under its
usual intended reading is presumably false. Similarly for larger cardinals:
as Stewart Shapiro has pointed out, there are sentences that are satisfiable
only in domains of Mahlo cardinality, sentences that are satisfiable only
in domains of greater than measurable cardinality, and s@ ®he neg-
ations of such sentences will be model-theoretic truths of any language
whose models are all smaller than the relevant cardinals. But of course
it does not follow from the model-theoretic truth of these negations that
the propositions they express, under intended readings, are in fact true. In
those cases in which there exists a set of sufficiently large cardinality, the
proposition expressed by the negation in question (i.ecyiNF, ~ZFC2,
etc.) will be false.

This suggests that a way to guard against such counterexamples is
simply to “rule out” any languages in whickINF, ~ZFC2, etc., are
model-theoretic truths, and to do this by paying attention only to lan-
guages with “large enough” models. As long as we restrict our attention
to languages some of whose models are infinite, we will have restricted
ourselves to languages in whiefINF fails to be a model-theoretic truth,
as desired. As long as we restrict ourselves to languages some of whose
models are of an inaccessible cardinality, we will encounter only languages
in which ~ZFC2 fails, as desired, to be a model-theoretic truth. And so on.
We overcome potential counterexamples to (I1) by, first, deciding which of
the cardinality-sentences “ought” to be falsified by some model, and then
restricting our attention to languages which include the relevant models —
i.e., whose “metatheory” includes the relevant cardinality-axiéms.

Such a strategy has recently been proposed by Stewart Shapiro. As
Shapiro puts it,
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As far as cardinality goes, an axiom of infinity is enough for first-order languages.
The downward Léwenheim—Skolem theorem entails that if a (countable) argument has
a counter-model at all, it has one in a model whose domain is at most countable. The
situation with second-order logic is more complex. There are sentences, with no nonlogical
terminology, that are satisfiable only in domains of Mahlo cardinality, domains greater than
measurable cardinality, etc. So, if these sentences are not to be declared logically false, the
metatheory must have some rather strong axioms of infinity (see Shapiro 1991, chap. 6) -
unless the possibility of such large domains can be ruled out on logical grounds. ...

So far, the only constraints on the metatheory we have considered concern the cardin-
alities of the models. Is this the only type of constraint we need to consider in order to
avoid substantive generalizations? With standard first-order or higher-order languages, the
answer is “yes”. This is a consequence of what may be calledstraorphism property
of the formalism: If two models4, M’ are isomorphic vis-a-vis the nonlogical items in a
formula®, thenM satisfiesd if and only if M’ satisfiesp.26

The connection with modality is as follows:

If the isomorphism property holds, then in evaluating sentences and arguments, the only
‘possibility’ we need to ‘vary’ is the size of the universe. If enough sizes are represented in
the universe of models, then the modal nature of logical consequence will be reg@tered.

The strategy, then, is to rule out the problematic model-theoretic truths
just discussed by dealing only with languages which have sufficiently-
large models. This, together with the isomorphism property, is intended to
ensure that model-theoretic consequences, and a fortiori model-theoretic
truths, are necessary.

There are three things to note about this strategy. The first is that
this method of avoiding the cardinality-counterexamples can succeed only
if there are in fact sets of appropriately large cardinality. And we have
no guarantee that there are in fact such sets. Consider for example the
question of the existence of an inaccessible cardinal. If there is no such
cardinal, then no language has models of “sufficiently large” cardinality,
and~ZFC2 will be a model-theoretic truth which expresses a falsehood,
no matter how carefully we choose our class of models. Similarly for the
larger cardinals. The interesting point here is that the positive cardinality-
sentences in question (e.g., INF, ZFC2, etc.) will express truths under their
ordinary intended readings as long as the set-theanatierse as a whole
has certain characteristics (e.g., having infinitely many members, satisfy-
ing the ZFC axioms, etc.). But these characteristics of the set-theoretic
universe do not guarantee the existence sétawith the relevant charac-
teristics, i.e., of a model on which the cardinality-sentence in question is
true.

The second point to make about the strategy is that it is not a de-
fense of (1), i.e., of a general connection between model-theoretic truth
and logical truth for any non-circularly defined class of languages. It is
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rather the claim that, once we have determined which sentences we would
like to count as model-theoretic truths, we can choose languages which
are guaranteed to have this model-theoretic output; and that we can do
this simply by choosing languages whose models are sufficiently large.
This is an extremely interesting claim. That simple cardinality constraints
(together with the isomorphism property) can guarantee a connection
between model-theoretic truth and necessary truth is a highly non-trivial
claim, and if true promises to give us a straightforward way of construct-
ing languages whose model-theoretic truths do indeed express necessary
truths. Indeed, Shapiro’s central claim appears to be not that there is an
essentially “modal” characteristic of model-theoretic truth, but rather that,
in appropriately-chosen languages, judicious selection of model-theoretic
apparatus can bring about a connection between the model-theoretic truths
of that language and the necessary truths expressiblédin it.

But the third point to make about this strategy is that the counter-
examples to (1) that it rules out are only those having to do explicitly with
cardinality. Formulas not directly asserting the cardinality of the universe
(under acceptable readings) remain as problematic as before. In the first-
order case, for example, the addition of the quantifi# £” still gives us
counterexamples to (1), no matter how large our models are. Similarly for
formulas of the form 3x(x = a)”. In the second-order case, such formulas
as "IXVy(Xy < y = y)", “3IXVy(Xy < y € y)", and the like will pose
counterexamples to (I) on various choices of acceptable readings for these
formulas (see Section 2.2). And these formulas remain model-theoretically
true independently of the cardinalities of models.

Moreover, the general strategy of dealing only with languages whose
model-theoretic apparatus has been designed specifically to give the pre-
determined, “correct” results threatens to become viciously circular if
applied as a means of avoiding the kinds of counterexamples just noted.
Given any collection of formulas whatsoever, it is possible to design a
model-theoretic apparatus and class of readings for these formulas which
together satisfy (I). The important question, if one is interested in the
modal status of model-theoretic truth, however, is whether there is any-
thing about model-theoretic truth itself, in some ordinary or canonical or
natural range of languages (not just in those designed ad hoc to get the right
result), which underwrites a general connection between model- theoretic
truth and necessity. And of such a connection there seems, as yet, to be no
evidence.
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4.5. A Wealth of Evidence?

A fundamental intuition underlying the use of model-theoretic truth to
assess necessity seems to be the following: ékpresses something that
could befalse, therp itself mustbefalse on some model. As we have seen,
however, this is not in general true.isttrue for any language with a nice
deductive system and a completeness theorem, since here we can reason
as follows: If ¢ expresses something thatuld befalse, theny is not a
theorem, and, by completenegss false on some model. It is also true for

a variety of other specialized languages, some of which are noted above.
But it is by no means a universal feature of formal languages.

Nevertheless, there is a pervasive intuition that () is simply and obvi-
ously true, especially when couched in its vague formulationRart of
the explanation of this is, | think, that there is a good deal of anecdotal
evidence for (). Pick “at random”, as it were, a formula which is true on
every model, and odds are you will have picked a formula which expresses
a necessary truth. But this anecdotal evidence is due to the fact that the
“random” model-theoretic truths we are likely to pick are first-order. The
beautiful organization and balance of first-order logic, in which all model-
theoretic truths are theorems, and (virtually) all theorems necessarily true
(under every acceptable reading) leaves us with the easy impression that
model-theoretic truth implies necessary truth. But once we recognize that it
is the carefully-engineered balance of first-order logic, and not any modal
character of model-theoretic truth which is responsible, this impression
ought to fade.

A second source of intuitive support for (I) comes from the mathemat-
ical contexts in which we frequently employ formal languages. Consider
for example the languages of set theory, number theory, algebra, etc.,
whose formulas express (under acceptable readings) only necessary truths
or necessary falsehoods. In these cases, satisfaction of (ll) implies satisfac-
tion of (I): if every model-theoretic truth expresses otrlyths, then every
model-theoretic truth will express onlyecessantruths, for the simple
reason that the language expresses no contingent truths. If, further, as in
the typical case with, e.g., languages of set theory and of number theory,
there is only one acceptable reading (the “intended” reading), the guar-
antee of (Il) itself requires very little: instead of the quite strong (MOD),
all that’s required is the rather weak condition that the language have a
model corresponding to the intended reading. The truth of a forpmola
this “intended” model implies the truth of the proposition expresseg by
under the intended reading (via (T)); and the truth of this proposition en-
tails its necessary truth, simply because all true propositions expressed by
formulas of such a language are necessarily true. In short, a mathematical



MODELS AND MODALITY 67

language with a single acceptable reading will satisfy (I) as long as it has
a model corresponding with the intended reading.

As we have seen, it is not always a simple matter — and indeed perhaps
it is not always possible — to provide one’s language with a model which
corresponds with its intended reading. But in those mathematical cases
in which there is such a model, the necessary truth of the propositions
expressed by model-theoretic truths is straightforwardly guaranteed. This
of course has nothing to do with a connection between model-theoretic
truth and necessity: the only model which plays any role whatsoever here
is the single “intended” model, and the necessity of the propositions ex-
pressed is due entirely to the subject-matter of the intended reading. But
the straightforwardness of this connection, together with the ubiquity of
mathematical languages of this type, doubtless helps to reinforce the per-
vasive impression that truth across models is in some sense an indicator of
necessary truth.

5. CONCLUSION

Models and possible worlds are extremely different kinds of things. Mod-
els typically provide “interpretations” of the non-logical vocabulary of
the language, and assign truth-values accordingly: a formula is true on
a model iff that formula is in fact true when interpreted in the way given
by the model. To say that a formula is true on every model is to say that
under each of these different interpretations, the formula says something
which is in fact true. Possible worlds, on the other hand, have nothing to
do with alternative interpretations. To assess a formula’s truth-value at a
possible world, we must take that formula already to have a determinate
interpretation, or reading. A fully-interpreted formula (i.e., one paired with
a reading) is true at every possible world iff the claim actually made by
that formula, under that reading, is true and would have remained true no
matter how the world turned out.

We can put the difference between truth across models and truth across
possible worlds (somewhat crudely) as followss truth on every model
is a matter of the actual truth of a range of propositiasis;truth at every
possible world is a matter of the necessary truth of a given proposition.
As we have seen, there are important cases in which these two converge:
cases in which if a formula expresses (under some acceptable reading
of the language) something which &t a necessary truth, then also
expresses (under the assignment made by some model) something which is
actually false. That s, there are cases in which (I) holds. But the differences
between the way in which models assign truth-values and the way in which
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possible worlds do so should make it unsurprising that this convergence is
not a universal feature of formal languages, not even of fairly typical ones.

We are now in a position to make a few general comments about the
conditions under which (1) and (Il) do hold. A fairly natural constraint to
impose on a language is that its models serve as precise, tractable versions
of its acceptable readings — i.e., as “corresponding to” those readings in
the sense discussed above, and as assigning truth-values accordingly. This
constraint is met by just those languages satisfying (MOD) and (T). As we
have seen, satisfaction of (MOD) and (T) is sufficient for satisfaction of
(.

A variety of stronger conditions imply satisfaction of (). One such
condition, as we have seen, is the existence of a nice, complete deductive
system. There are also “trivial” ways of satisfying (I):lifhas no model-
theoretic truths, then it satisfies (1); if eachIoé readings assigns to every
formula a necessary truth, then it satisfies (l), and so on. More interesting
are those cases in which the readings all assign either necessary truths
or necessary falsehoods to each formula, as for example is the case with
languages used for purely mathematical purposes. In these cases, the ne-
cessity of the propositions expressed by the model-theoretic truths is due
not to the model theory, but to the subject-matter of the readings.

In short, there are at least two interesting, and a variety of uninteresting,
constraints one might impose on a langudgerhich, when met, ensure
that L's model-theoretic truths express necessary truths. There remains
a great deal to be said about what kinds of constraints might be useful
and important to impose on the trio of formulas, acceptable readings,
and model-theoretic apparatus that make up a formal language, and about
which of these together suffice to guarantee (I) or the weaker (II). What
seems clear, however, is that the connection between model-theoretic truth
and necessary truth, when it obtains, will turn on the details of the con-
nections between formulas, models, and readings, and not on any general
modal character of model-theoretic truth.

It is important to note that this last point has no bearing on the lo-
gical and mathematical purposes for which models, and model-theoretic
relations, were originally introduced. Its importance concerns entirely the
philosophical significance of those applications. The use of models in
demonstrating (relative) consistency and independence results, and the use
of model-theoretic techniques in characterizing and investigating similar-
ities across abstract mathematical structures, are independent of the issues
raised here concerning models and mod&fitfhe use of truth across
models to indicate necessary truth is a philosophers’ invention. As we
have seen, model-theoretic truiha good indicator of necessary truth
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in particular cases, most importantly in the case of standard first-order
logic. But it is important not to mistake this important feature of first-
order model-theoretic truth for a general characteristic of model-theoretic
truth 3°

NOTES

1 This point is easy to miss. Given a series of symbols which constitutes a well-formed
formula, it might appear that that series, together with a chosen model, might be the kind of
thing that is necessarily true. Consider for instance the senténcedhd a model which
assigns to &” the number two and toF” the set of even integers. The sentence-on-that-
model seems a good candidate for necessary truth, since two is, presumably, necessarily
an even integer. But the association of this sentence-model pair with the proposition

is an even integeis misleading. Note that the sentence-model pair is equally accurately
associated with the (presumably contingeltthes is thinking of twaf Jones happens to

be thinking just of the even integers. Because the kinds of “meanings” assigned by models
are purely extensional, they do not associate unique propositions with formulas.

2 This presupposes th&tassigns a range to the first-order variables, and assigns individu-
als, functions and relations to the individual constants, function-terms and relation-terms
respectively. Readings which do not do so (e.g., readings which simply assign propositions
directly to wifs) will not be said to correspond to models.

3 This constraint of course does not apply to all those things which are commonly called
languages; it does not apply, for example, to languages whose model-theoretic apparatus
includes Boolean-valued models. But it does apply to all those languages which have a
coherent notion of model-theoretic truth, and for which the question of the truth of (I) can
reasonably arise.

4 Supposep is true on every set-reading. Then since every model corresponds with some
set-readingy is true on every model. By completenegss a standard first-order theorem,

and all standard first-order theorems have only true readings. QED. Kreisel (1967, 152—
5) has given a similar demonstration, also appealing to completeness, of the equivalence
between a first-order formula’s truth on every “set-theoretic” model and its truth on every
(possibly proper-class-sized) model. (X) can be obtained from Kreisel's result by assuming
(T), and by supposing (a) that every set-sized model corresponds with some acceptable
reading, and (b) that the language can be expanded in such a way that for every reading
there is a corresponding (possibly proper-class-sized) model. What Kreisel calls “intuitive
validity” is model-theoretic truth in such an expanded language. See also Section 3.2 below.
5 There are absolutely infinitely manys if there are “too many&’s to form a set. See

Vann McGee (1992a). For the origin of the quantifier, see Cantor (1899).

6 The second-order axioms are those obtained from the first-order by replacing axiom-
schemes (replacement, separation) by their universally-quantified second-order versions.
See Shapiro (1991), esp. chaps. 4 and 5.

7 See McGee op. cit. pp. 273, 292.

8 See Henkin (1950). The usual “full” models of second-order logic are those in which the
second-order variables of degreegange over all sets of orderedtuples of the model’s
domain. In a Henkin model, the second-order variables need not contain within their range
all such sets of orderedtuples; thus many formulas true on every full model are falsified
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by a Henkin model. There is a complete, recursive axiomization for second-order logic
with Henkin models (op. cit.).

9 See Boolos (1975).

10 see Boolos (1984) and (1985).

11 McGee, op. cit. p. 273. The second occurrence of “true” here expresses what we have
called “true under its intended reading”.

125ee Cartwright (1987). Cartwright's proof actually demonstrates not just (I) but
the stronger result that every model-theoretically valid argument is necessarily truth-
preserving.

13 see Etchemendy (1990, esp. pp. 144-155).

14 For example: Begin with an ordinary first-order langudgéetm be one ofL’s models

andR a reading which corresponds with and on which some formula of L expresses

a contingent truth. Let* be the language which is syntactically just likeand which has

m as its only model an® as its only readingL*, then, satisfies (MOD) [and (T)] but not

(1.

15 Sher (1991, 44-48) and Sher (1996).

16 Sher (1991, 47).

17 This requires additionally that none of the formulas of the fam ...z, is a model-
theoretic falsehood.

18That is, as long as the models of standard first-order logic meet Sher's criterion, as
Sher takes it they do, then the models of these languages do as well; in most of the cases
discussed above, these are the same classes of models.

19 A formula ¢ is of the samesyntactic formas a formulay iff v is obtainable from

¢ by a function mapping the logical constants to themselves, and mapping non-logical
primitive terms to non-logical primitive terms of the same syntactic category. (Thus which
formulae count as “of the same syntactic form” as one another will turn in part on the
choice of logical constants.) R(y) is false, theny is false on that modek with which

R corresponds, and because of the combinatorial richness of the class of models, there
is @ modelm’ which assigns to the non-logical constantsgofvhatm assigns to their
counterparts iny, so thatp is false or’.

20 Sher (1991, 48).

21 This is not a perfectly clear specification: we would need to say more about what counts
as “structurally similar”, particularly if there are more “merely possible” objects than there
are actual objects. But nothing will turn on this lack of specificity.

22\/ann McGee, op. cit. and Vann McGee (1992b). Incidentally, though McGee character-
izes Etchemendy’s concern, ithe Concept of Logical Consequenes being with the
question (Q), this is a mistake. In asking whether model-theoretic truths are generally
necessary, Etchemendy has no concern with “possible models”; his question is whether
model-theoretic truths express, under their intended readings, claims which are necessarily
true. See Etchemendy (1990, chaps. 6 and 7). That is, taking the language to have a single
(“intended”) reading Int, Etchemendy’s concern, couched in our terminology, is a concern
with (I'):

() For every wffg of L: If ¢ is true on every model, then Iigf) is true at every
possible world.

Each of the problems with (1) discussed in this paper is equally a problem' Yparid
of course cases in which (I) holds are a fortiori cases in whithh@lds. Thus, contra
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McGee, the very points McGee makes (op. cit.) concerning the “reliability problem” go
towards showing that Etchemendy’s central claim is true, not false.

23The important “standard constraints” appealed to here are that the domas of
models include all the usual sets, and that “truth-on” be defined in the usual way, so that,
in particular, isomorphic models satisfy the same formulas.

24 see Shapiro (1991, chap. 6) and also Shapiro (1998, 151).

25Here, the “metatheory” of a languadeis the set theory governing’s collection of
models.

261pid., 151.

27 bid., 152.

28 As Shapiro puts it, in terms of the more general notion of model-theoretic consequence:
“My claim is that model-theoretic consequencan be made int@ good mathematical
model of” the modal relation of logical consequence (emphasis added). Ibid., 148.

29 The claim that model-theoretic consistency (and a fortiori independence) results indeed
have no “modal” flavor of the kind investigated here is argued at greater length in my
Blanchette (1996).

30 Versions of this paper have been presented to the 1997 meeting of the Society for Exact
Philosophy, the Indiana University-Bloomington Logic Group, the University of Notre
Dame Logic Group, and the University of Notre Dame Philosophy Department; many
thanks to the members of these audiences for helpful comments. Thanks to Marian David,
Mic Detlefsen, Charlie Donahue, Martin Jones, Vann McGee, and Alvin Plantinga; and
particularly to Stewart Shapiro for detailed comments. It is also a pleasure to acknowledge
the influence of the work of John Etchemendy, and to thank him as well for comments and
criticism.
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