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Abstract

We consider the problem of enforcing via supervision that the transitions in some

set T of a Petri net are live. We call this T -liveness enforcement. The procedure

presented in this paper synthesizes T -liveness enforcing supervisors for arbitrary Petri

nets, which may have uncontrollable and unobservable transitions. It is shown that for

a large class of Petri nets the synthesized supervisor is least restrictive. The procedure

is based on the structural properties of the Petri net, and so the supervisor synthesis

is independent of the initial marking.

1 Introduction

Liveness is a desirable quality of concurrent systems. Due to mutual interdependencies, such

systems may reach states of local or total deadlock. Deadlock means that some actions (or

all, for total deadlock) are impossible to pursue. A system is live when deadlock (both local

and total) is impossible. Rather than providing a method for liveness verification, we provide

a method which synthesizes a supervisor such that the supervised system is live. When not

all events of a system are desirable, enforcing liveness with respect to the set of desirable

events is preferable to enforcing that the whole system is live. In terms of Petri nets, an

event corresponds to firing a transition. When each transition corresponds to a distinct

event, enforcing liveness with respect to a desirable set of events corresponds to enforcing

liveness with respect to a set of transitions T , i.e. enforcing T -liveness.

Given an arbitrary Petri net, the procedure we present in this paper synthesizes a T -

liveness enforcing supervisor. The Petri nets we consider are allowed to be unbounded,
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generalized (i.e. with integer arc weights) and with uncontrollable and unobservable transi-

tions. In the case of Petri nets with all transitions controllable and observable, the supervisor

is least restrictive when the procedure is used to enforce liveness and typically least restrictive

when the procedure is used to enforce T -liveness. The supervisor is defined as a conjunction

of linear marking inequalities. Thus the procedure is not dependent on the initial mark-

ing. Instead, the set of initial markings for which T -liveness is enforced is characterized as

the feasible set of a system of linear marking inequalities. Thus the T -liveness supervisor

produced by our approach is defined for a set of initial markings, rather than for a single

initial marking. Moreover, when the supervisor is least restrictive, enforcing T -liveness is

impossible for all initial markings for which the supervisor is not defined. Therefore our

procedure can also be used for verification.

We note that our procedure may not always terminate and even when it terminates, the

computations may be complex. However these computations are performed offline. Once

a supervisor has been synthesized, running it in real-time involves few computations. We

provide a procedure extension for guaranteed termination, but the trade-off is that the

supervisor may be more restrictive and that the extension is only useful for bounded Petri

nets.

Compared to the existing methodologies for liveness enforcement, the supervisory prob-

lem solved by our procedure cannot be solved with finite automata based approaches. Indeed,

since we consider Petri net structures rather than a Petri net with an initial marking, an

automaton which would include the behavior of the Petri net for any initial marking would

have an infinite number of states. Of course, this is not the case for the approaches which

consider a single initial marking and a bounded Petri net. Applications which may benefit

from considering the initial marking to be unknown are in the area of Flexible Manufactur-

ing, as the initial marking corresponds to the number of available resources. Symbolic Model

Checking (SMC) could be used for T -liveness enforcement in Petri nets. However we note

that SMC approaches are not either guaranteed to terminate. Also, the output of an SMC

approach would be a set of markings rather than a compact representation as a conjunction

of linear marking inequalities, thus increasing the complexity of the supervisor.

To our knowledge, there are no results in the literature on enforcing the transitions in

a given set to be live. Thus the T -liveness problem we consider is new. Liveness is a

special case of T -liveness, as it means that all transitions in a Petri net are live. There

are not many results on liveness enforcement in Petri nets, although numerous results exist

on other liveness topics. Previous constructive results consider restricted classes of Petri

nets. A necessary and sufficient condition for the existence of liveness supervisors appears

in [13]. A method for liveness enforcement in a class of conservative ordinary Petri nets
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has been given in [3]; the approach is not least restrictive. The approach of [3] has been

recently extended to generalized Petri nets in [11]. Polynomial complexity has been proved,

however the considered Petri nets are conservative and the approach is not least restrictive.

A liveness enforcing approach for a restricted class of ordinary Petri nets is given in [14].

Another liveness enforcing approach appears in [15]; it is based on the coverability graph, and

hence the initial marking is required. In [4] the authors consider enforcing liveness based on

the unfolding of a Petri net. Unfolding is an efficient technique of searching the reachability

graph. The approach of [4] is limited to bounded Petri nets and the initial marking must be

known. Our approach is most related to the deadlock prevention procedure we presented in

[7], and its improvement in [5]. While our former procedure prevented deadlock but was not

guaranteed to enforce liveness, the procedure of this paper is guaranteed to enforce liveness.

The liveness enforcement procedure of this paper is iterative, at every iteration correcting

new deadlock situations. Using iterations to correct deadlock situations has also been used in

[8]. In our procedure we employ supervisory control based on place invariants [9, 16], which is

an established method in the supervisory control of Petri nets. We also use a transformation

to almost ordinary Petri nets and a transformation to asymmetric choice nets. The first

transformation was inspired by a similar transformation in [8]. A transformation to free

choice nets, which is a particular class of asymmetric choice nets, has been used in [12].

In [12] it is shown that liveness enforcing policies of a free choice equivalent of a Petri net

can be used to enforce liveness in the original Petri net. Our interest for asymmetric choice

nets stems from a generalization of the Commoner’s Theorem for asymmetric choice nets [2],

which relates liveness in asymmetric choice Petri nets to siphons.

We begin in section 2 by introducing notations, definitions and results important for

our procedure. The theoretical background of our procedure is given in section 3. To

the authors’ knowledge, the material presented beginning with section 3 is new. The T -

liveness enforcing procedure is described in section 4 and formally stated in section 4.5;

sections 4.1 to 4.5 describe the operations involved in the procedure. Section 5 includes

illustrative examples. The procedure is analytically proved in section 6. Thus Theorem 6.1

proves that the synthesized supervisor enforces T -liveness and Theorem 6.2 shows that the

supervisor is least restrictive for a large class of Petri nets. We conclude with two procedure

extensions in sections 7 and 8. Section 7 shows how to obtain the least restrictive supervisor

in one of the cases when the synthesized supervisor is not least restrictive. Section 8 gives a

procedure extension for guaranteed termination.
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2 Preliminaries

We denote a Petri net by N = (P, T, F,W ), where P is the set of places, T the set of
transitions, F the set of transition arcs and W the transition arc weight function. We use

the symbol µ to denote a marking and we write (N , µ0) when we consider the Petri net N
with the initial marking µ0. The incidence matrix of a Petri net is denoted by D, where the

rows correspond to places and the columns to transitions. Also, by denoting a place by pi

or a transition by tj, we assume that pi corresponds to the i’th row of D and tj to the j’th

column of D. We use the notation µ[σ > µ′ to express that the marking µ enables the firing

sequence σ and µ′ is reached by firing σ.

A Petri net N = (P, T, F,W ) is ordinary if ∀f ∈ F : W (f) = 1. We will refer to slightly
more general Petri nets in which only the arcs from places to transitions have weights equal

to one. We are going to call such Petri nets PT-ordinary, because all arcs (p, t) from a place

p to a transition t satisfy the requirement of an ordinary Petri net that W (p, t) = 1.

Definition 2.1 Let N = (P, T, F,W ) be a Petri net. We call N PT-ordinary if ∀p ∈
P ∀t ∈ T, if (p, t) ∈ F then W (p, t) = 1.

A siphon is a set of places S ⊆ P , S 6= ∅, such that •S ⊆ S•. A siphon S is minimal if
there is no siphon S ′ ⊂ S. A siphon S is controlled if for all reachable markings it contains
at least one token. Also, S is an empty siphon if the current total marking of S is zero.

Given a Petri net (N , µ0), a transitions t is live if any reachable marking enables some firing
sequence which includes t; the Petri net is live if all transitions are live and deadlock-free if

for all reachable markings there is a transition which can be fired.

Definition 2.2 Let (N , µ0) be a Petri net and T a subset of the set of transitions. We say
that the Petri net is T-live if all transitions t ∈ T are live.

Note that T -liveness corresponds to liveness when T equals the total set of transitions.

Definition 2.3 Let N = (P, T, F,W ) be a Petri net, M the set of all markings of N and
U ⊆ M. A supervisor Ξ is a function Ξ : U → 2T that maps to every marking a set of
transitions that the Petri net is allowed to fire.

We denote by R(N , µ0,Ξ) the set of reachable markings when (N , µ0) is supervised with
Ξ. We say that deadlock can be prevented in N if an initial marking µ0 and a supervisor
Ξ exist such that (N , µ0) supervised by Ξ is deadlock-free. Similarly, we say that liveness
can be enforced in N if an initial marking µ0 and a supervisor Ξ exist such that (N , µ0)
supervised by Ξ is live.
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A Petri net is said to be (partially) repetitive [10] if a marking µ0 and a firing sequence

σ enabled by µ0 exist such that every (some) transition occurs infinitely often in σ. It is

known [10] that a Petri net is (partially) repetitive iff a vector x of positive (nonnegative)

integers exists, such that Dx ≥ 0 and x 6= 0, where D is the incidence matrix. Conse-
quently we can use linear programming techniques to check whether a Petri net is (partially)

repetitive. Note that liveness can be enforced iff the Petri net structure is repetitive. Also,

if T -liveness can be enforced, then the Petri net is partially repetitive. A necessary and

sufficient condition for T -liveness to be enforcible results from Lemma 3.1, in section 3.

The supervisory technique used by our procedure for liveness enforcement is supervision

based on place invariants [9, 16]. In this approach the supervisor is defined by a set of linear

marking inequalities Lµ ≥ b. The supervision can be accomplished by extending the Petri
net with additional places, called control places. The construction is summarized in the

following theorem.

Theorem 2.1 [9, 16] Let a plant Petri net with all transitions controllable and observable,

incidence matrix D and initial marking µ0 be given. A set of nc linear constraints Lµ ≤ b are
to be imposed. If b− Lµ0 ≥ 0 then a Petri net supervisor with incidence matrix Dc = −LD
and initial marking µc0 = b−Lµ0 enforces the constraint Lµ ≤ b when included in the closed
loop system DS = [D

T , DTc ]
T . Furthermore, the supervision is least restrictive.

Theorem 2.1 can still be used for Petri nets with uncontrollable and unobservable tran-

sitions if Lµ ≤ b is admissible. Uncontrollable and unobservable transitions correspond to
uncontrollable and unobservable events of the modeled plant. Uncontrollable events cannot

be inhibited and unobservable events cannot be observed. As the Petri net supervisor is

implemented in the form of control places connected to the plant Petri net, we need to make

sure that no control place ever attempts to inhibit an uncontrollable transition enabled in

the plant Petri net, and no control place marking is varied by firing unobservable transi-

tions. Any constraints Lµ ≤ b satisfying this requirement are called admissible constraints.
Constraint admissibility may depend on the initial marking of the Petri net. However we are

interested in constraints which are admissible for all initial markings. It can easily be seen

that Lµ ≤ b is admissible for all initial markings iff the following equations of [9] are true:

LDuc ≤ 0 (1)

LDuo = 0 (2)

where Duc and Duo denote the columns of the incidence matrix which correspond to un-

controllable and unobservable transitions, respectively. In this paper we consider Lµ ≤ b
admissible if L satisfies (1) and (2).
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3 Theoretical Background

In this section we briefly introduce a number of definitions and results necessary for the

description and the proof of our T -liveness enforcement method. Please refer to the appendix

for the proofs.

Lemma 3.1 Let N = (P, T, F,W ) be a Petri net of incidence matrix D. Assume that there
is an initial marking µI which enables an infinite firing sequence σ. Let U ⊆ T be the set of
transitions which appear infinitely often in σ. There is a nonnegative integer vector x such

that Dx ≥ 0, ∀ti ∈ U : x(i) 6= 0 and ∀ti ∈ T \ U : x(i) = 0.

Theorem 3.1 Consider a Petri net N = (P, T, F,W ) which is not repetitive. Then at least
one transition exists such that for any given initial marking it cannot fire infinitely often.

Let TD be the set of all such transitions. There are initial markings µ0 and a supervisor Ξ

such that ∀µ ∈ R(N , µ0,Ξ), no transition in T \ TD is dead.

Next we denote by active subnets parts of a Petri net which can be made live by super-

vision for appropriate initial markings. Then we define a subclass of siphons.

Definition 3.1 Let N = (P, T, F,W ) be a Petri net and D the incidence matrix. NA =
(PA, TA, FA,WA) is an active subnet of N if PA = TA•, FA = F ∩ {(TA × PA) ∪ (PA ×
TA)}, WA is the restriction of W to FA and TA is the set of transitions with nonzero entry
in some nonnegative vector x satisfying Dx ≥ 0. We say that NA is T-minimal if T ⊆ TA
and TA 6⊆ TAx for any other active subnet NAx = (PAx , TAx , FAx ,WAx ) such that T ⊆ TAx .

Definition 3.2 Given an active subnet NA of a Petri net N , a siphon of N is said to be an
active siphon (with respect to NA) if it is or includes a siphon of NA. An active siphon
is minimal if it does not include another active siphon (with respect to the same active

subnet.)

Even though we consider T -liveness enforcement in arbitrary Petri nets, the following

theorem is fundamental for our approach. In our approach we iteratively generate interme-

diary Petri nets which are PT-ordinary and with asymmetric choice. The proof that the

supervisor generated by our procedure enforces T -liveness follows from the fact that the last

intermediary Petri net is T -live, which in turn follows from the result below.

Theorem 3.2 Given a PT-ordinary asymmetric choice Petri net N , let T be a set of tran-
sitions and NA a T -minimal active subnet. If all the minimal siphons with respect to NA
are controlled (i.e. they cannot become empty for any reachable marking), the Petri net is

T -live (and TA-live).
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4 The Liveness Enforcing Procedure

4.1 Introduction to the Procedure for Liveness Enforcement

Given a target Petri net N0, the liveness enforcing procedure generates a sequence of asym-
metric choice PT-ordinary Petri nets, N1, N2, . . . Nk, increasingly enhanced for liveness. N1
is N0 transformed to be PT-ordinary and with asymmetric choice. The other Petri nets are
largely obtained as follows: in each iteration i the new minimal active siphons of Ni are con-
trolled, and then, if needed, the Petri net is transformed to be with asymmetric choice and

PT-ordinary. Thus the iteration i produces the asymmetric choice PT-ordinary net Ni+1.
The active siphons (Definition 3.2) of each Ni are taken with respect to an active subnet NAi
computed for every iteration i; if T is the set of transitions of N0 to be enforced live, NAi is a
T -minimal active subnet of Ni (Definition 3.1). Controlling a siphon involves enforcing a lin-
ear marking inequality. Let Liµ ≥ bi be the total set of inequalities enforced in Ni. Because
Nk is the last Petri net in the sequence, it has no uncontrolled active siphons. Therefore, in
view of Theorem 3.2, Nk is T -live for all initial markings which satisfy Lkµ ≥ bk. Finally,
the constraints defined by (Lk, bk) can be easily translated in constraints in terms of the

markings of N0, which define the supervisor for liveness enforcement in N0.
The liveness enforcement procedure is defined in section 4.5. The sections preceding

section 4.5 define in detail operations performed by the procedure. Section 4.2 shows how

the Petri nets are transformed to be PT-ordinary and with asymmetric choice. The precise

way in which the constraints are generated is considered in section 4.3. Then section 4.4

presents algorithms for the computation of the active subnets.

4.2 Transforming Petri Nets to PT-ordinary asymmetric choice

Petri nets

We are interested in using PT-ordinary asymmetric choice Petri nets because our T -liveness

test requires such Petri nets. However, as we will show in the next sections, by using the

transformations of this section we can synthesize T -liveness supervisors for Petri nets not

necessarily PT-ordinary or with asymmetric choice.

4.2.1 A Transformation of Petri Nets to PT-ordinary Petri Nets

We use a modified form of the similar transformation from [8], and we call it the PT-

transformation. Let N = (P, T, F,W ) be a Petri net. Transitions tj ∈ T such that
W (p, tj) > 1 for some p ∈ •tj may be split (decomposed) in several new transitions:
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Figure 1: Illustration of the transition split: (a) initial configuration; (b) the effect of the

PT-transformation; (c) initial configuration; (d) the effect of the AC-transformation.

The transition tj is split in m = n(tj) transitions: tj,0, tj,1, tj,2, . . . tj,m−1, where

n(tj) = max{W (p, tj) : (p, tj) ∈ F}. Also, m − 1 new places are added: pj,1, pj,2, . . .
pj,m−1. The connections are as follows:

(i) •pj,i = tj,i, tj,i• = pj,i and pj,i• = tj,i−1, for i = 1 . . .m− 1
(ii) •tj,i = {p ∈ •tj : W (p, tj) > i}, for i = 0 . . .m− 1
(iii) tj,0• = tj•

Note that tj resembles very much tj,0: tj,0 has all the connections of tj plus one addi-

tional transition arc. After the split is performed, we denote tj,0 by tj.

The PT-transformation consists in splitting all transitions t such that W (p, t) > 1 for

some p ∈ •t. In this way the transformed Petri net is PT-ordinary. Note that:

|pj,i • | = | • pj,i| = 1 i = 1 . . .m− 1 (3)

|tj,i • | = 1 i = 1 . . .m− 1 (4)

We use the convention that a split transition tj is also a transition of the PT-transformed

net, since we denote tj,0 by tj.

4.2.2 Transformation of Petri nets to asymmetric choice Petri nets

Let N = (P, T, F,W ) be a Petri net and N ′ = (P ′, T ′, F ′,W ′) be the transformed Petri net,
where P ⊆ P ′, T ⊆ T ′. The idea of the transformation is as follows. Given the transition
t, pi ∈ •t and pj ∈ •t such that pi• 6⊆ pj• and pj• 6⊆ pi•, remove t from either the postset
of pi or that of pj by adding an additional place and transition. The idea is illustrated in

Figure 1(c-d). Note that the operations correspond to a modified form of transition split

operations (section 4.2.1). We call the transformation to asymmetric choice Petri nets AC-

transformation.
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Algorithm of the AC-Transformation

Input: N and optionally M ⊆ P ; the default value of M is M = P .
Output: N ′

Initialize N ′ to be identical with N .
For every t ∈ T with | • t| > 1 do

1. Construct U = {(pi, pj) ∈ P × P : pi ∈ •t, pj ∈ •t, pi• 6⊆ pj • and pj• 6⊆ pi•}.

2. if U is empty, then continue with the next iteration.

3. Let Q := ∅.

4. For every (pi, pj) ∈ U

(a) A place p ∈ {pi, pj} ∩M is selected. If two choices are possible:
i. p = pi (or p = pj) if pi (or pj) has been previously selected for another element

of U .

ii. otherwise p is chosen such that p appears in other element of U . If both pi and

pj satisfy this property, select p ∈ {pi, pj} such that |p•| = max{|pi•|, |pj •|}.
iii. if none of pi and pj appears in another element of U , select p ∈ {pi, pj} such
that |p • | = max{|pi • |, |pj • |}.

(b) If a place p could be selected (i.e. if {pi, pj} ∩M 6= ∅) then Q := Q ∪ {p}

5. For all p ∈ Q, delete from N ′ the transition arc (p, t) and add a new place p′ and a
new transition t′ such that •t′ = {p}, t′• = {p′}, p′• = {t}, W ′(p, t′) = W ′(t′, p′) = 1
and W ′(p′, t) = W (p, t).

The operation in the step 5 of the algorithm is a transition split. The transition split of

the AC-transformation is slightly different from the transition split of the PT-transformation

in section 4.2.1. The second argument of the transformation, M , is used to select the

transitions to be split. Indeed, in general there are many ways in which to choose transitions

to split such that the transformed net is with asymmetric choice. The liveness enforcement

procedure selects M such that the place invariants created in previous iterations are not

modified by the AC-transformation.
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4.3 Generating Marking Constraints

Each marking constraint generated by the procedure corresponds to the requirement that a

minimal active siphon is not empty. Thus, if S is such a siphon, the requirement is that∑
p∈S
µ(p) ≥ 1 (5)

where µ is the marking. The siphon S can be invariant controlled in order to always satisfy

(5). The invariant is created by adding an additional place, called control place, which we

denote by C. See Theorem 2.1 or [3, 1, 2]. Thus the equation of the marking of C is

µ(C) =
∑
p∈S
µ(p)− 1 (6)

The constraint (5) may not be admissible when the Petri net has unobservable and uncon-

trollable transitions. If this is the case, the constraint is replaced with a stronger constraint

which is admissible and has the form ∑
p∈S
αpµ(p) ≥ 1 (7)

where αp are nonnegative integers. Note that (5) is a special case of (7), and so, for the

remainder of the paper, we consider the constraints enforced by control places to have the

form (7). See section 4.3.2 for the transformation of (5) to an admissible form (7). The

liveness procedure considers a siphon control failure when no such admissible constraint

exists. The control place enforcing (7) is added with the methodology of Theorem 2.1:

µ(C) =
∑
p∈S
αpµ(p)− 1 (8)

In an iteration the liveness procedure controls in this way all minimal active siphons. The

Petri net in which the control places are added is PT-ordinary and with asymmetric choice,

but the Petri net resulting after the control places have been added may no longer be so. By

applying the PT and AC transformations to make again the Petri net PT-ordinary and with

asymmetric choice, the relation (8) is modified. In general, it can be proved that if lTµ ≥ b
is a marking constraint enforced in a Petri net N for initial markings in a setMI , and the

Petri net is PT and AC transformed to Nt, then the form of lTµ ≥ b in Nt is lTt µt ≥ bt,
where this form is obtained from lTµ ≥ b with the substitution

µ(p) −→ µt(p) +

r∑
z=1

µt(pz) +

k∑
i=1

mi−1∑
j=1

jµt(pi,mi−j) (9)

10



for each place p of N , where the notations are as follows. k and mi are determined in N :
k = |p • |, mi = W (p, ti) ∀ti ∈ p•. The places pi,j are the places resulted by splitting the
transitions ti ∈ p•, where the notation of section 4.2.1 is used. The places pz are the places
resulting from the AC-transformation which satisfy • • pz = p. We use (9) in order to derive
the new form of (8) after the PT and AC transformations. Thus assume that C is one of the

control places added by the liveness enforcing procedure in the iteration i to Ni. By applying
the PT-transformation and then the AC-transformation with the argument M equal to the

set of the control places added to Ni, (8) is transformed to

µ(C) +

r∑
z=1

µ(pz) +

k∑
i=1

mi−1∑
j=1

jµ(pi,mi−j) =
∑
p∈S
αpµ(p)− 1 (10)

where the notations are similar to (9): k = |C • |, mi = W (C, ti) ∀ti ∈ C•, pi,j are the
places resulted by splitting the transitions ti ∈ C•, and pz are the places resulting from the
AC-transformation such that • • pz = C. Note that the siphon S remains controlled, that
is (7) (and so (5)) is still true. The procedure insures that (10) is not further modified by

the operations performed in subsequent iterations. This is accomplished by selecting in each

iteration the parameter M of the AC-transformation to equal the set of the control places

added in that iteration.

4.3.1 The sets of inequalities (L, b) and (L0, b0)

The siphons in a iteration i may contain control places added in previous iterations. Thus

(7) may involve not only places of the target net N0, but also control places. However,
the marking of the control places appearing in (7) can be eliminated by using (10). By

eliminating all control place markings, (7) can be written as:

lTµ ≥ c (11)

where l is a column vector of integers, c a positive integer, and l(i) = 0 for all places pi which

are control places. The set of inequalities Lµ ≥ b contains the inequalities (11) corresponding
to each siphon controlled by the liveness procedure. When the procedure terminates, the

supervisor of the target net is defined by LRµ ≥ b, where LR is L restricted to the columns
which correspond to the places of the target net.

The test we use to check whether a siphon S does not need a control place is as follows.

First, a control place C is added to enforce (5). If C• ⊆ •S, C is not needed and so it
is deleted. In this case (5) is true for all markings if true for the initial marking. Such

initial marking constraints are not stored in Lµ ≥ b, but in a separate set of constraints,
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L0µ ≥ b0. As in the case of Lµ ≥ b, the constraints (5) stored in L0µ ≥ b0 are in the form
(11). When the procedure terminates, the initial marking µ0 of the target net is required

to satisfy L0,Rµ0 ≥ b0, where L0,R is L0 restricted to the columns which correspond to the
places of the target net.

4.3.2 Implicitly controlled siphons

Let S be a siphon considered for control. We say that S is (implicitly) controlled if (5) is

satisfied for all markings µ which satisfy the current Lµ ≥ b and L0µ ≥ b0. For a controlled
siphon a control place is not necessary and no new constraint needs to be added in L0µ ≥ b0.

4.3.3 Transforming Constraints to Admissible Constraints

This section describes an algorithm to generate the admissible constraints (7) and the ad-

ditional requirements that the coefficients αp of (7) are to satisfy. Assume that S in (7) is

an active siphon which appears in the iteration i. The admissibility requirement appears

because the final constraints Lµ ≥ b which define the supervisor of N0 are to be admissible.
Thus we are to obtain the coefficients αp such that the constraint of Lµ ≥ b which reflects
(7) is admissible in N0.
Let a be the vector whose elements are zero for the places p /∈ S and αp for the places

p ∈ S; then (7) can be written as aTµ ≥ 1. We require that at least two coefficients αp are
nonzero, and at least one coefficient αp such that p is in the active subnet is nonzero. Let

Ds be the restriction of the current incidence matrix D to the columns of the transitions

resulted by split operations in all previous iterations. An additional constraint is

aTDs ≤ 0 (12)

The last requirement is necessary for the proof of Theorem 6.1. It ensures that the control

place C which results by enforcing (7) satisfies C /∈ t• for all transitions t generated by
transition split operations. (This requirement can be proved to be satisfied when (5) is

directly enforced.) As shown in section 4.3.1, the marking of the control places µc can be

expressed only in terms of the marking of the other places µp, and so we have an equation:

µc = Uµp − g, where U is a matrix and g an integer vector. [µTc , µTp ]T can be obtained from
µ by applying to µ a permutation π; let az be a after applying the permutation π and let

az = [a
T
c , a

T
p ]
T (where ac is the restriction of az to µc). Equation (7) can be written as

aTz [U
T , I]Tµp ≥ 1 + aTc g (13)

If Duc and Duo are the restrictions of the incidence matrix of N0 to the uncontrollable and
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unobservable transitions, the admissibility requirements are:

aTNrDuc ≥ 0
aTNrDuo = 0

(14)

where Nr is obtained from [U
T , I]T as follows. Let V be [UT , I]T with the rows permuted

according to π−1. Then Nr is the restriction of V to the columns which correspond to the

places of N0. Let an be the restriction of a to the places which resulted through transition
split, let Pn = {p : an(p) 6= 0} and Tn = •Pn. As a transition split property, each place
p ∈ Pn has exactly one input transition, which is in Tn. Let Dsn be the restriction of Ds to
the columns which correspond to Tn. Note that an does not affect (14). Then we can choose

an such that:

aTDsn = 0 (15)

Thus the control place C results with less connections, and this may help reduce the number

of siphons in the next iteration. The following algorithm finds the coefficients αp. The

algorithm does not fail if a solution of the form (7) exists.

Input: N′ = (P0, T0, F0,W0), P - the set of places at the current iteration, PA ⊂ P the set
of places of the active subnet at the current iteration, Lµ ≥ b and L0µ ≥ b0 - the current
constraints restricted to the markings of N0, and the siphon S.
Output: An admissible constraint (7).

1. Let α be the restriction of a to the places p ∈ S.

2. Initialize α to αp = 1 ∀p ∈ S.

3. If (14) is satisfied then exit and declare (5) admissible constraint.

4. Let R be the set of transitions which correspond to the constraints of (14) not satisfied

by α.

5. If initial constraints1 have been given then2

(a) For each t ∈ R
i. If the system of inequalities µ(p) ≥ W0(p, t) ∀p ∈ •t, Lµ ≥ b, L0µ ≥ b0,
µ ≥ 0 and µ integer vector is infeasible, then R = R \ {t}

1initial constraints are an optional input of the liveness procedure; see section 4.5
2without initial constraints the step below will not reduce R
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(b) If R = ∅ then exit and declare (5) admissible.

6. Keep in (14) only the constraints which correspond to transitions in R. Then write

(12), (14) and (15) as Za ≥ 0 and then as V α ≥ 0, where V is the restriction of Z to
the columns corresponding to the places p ∈ S.

7. Let f = TRUE and A = ∅.

8. While f is TRUE

(a) Check3 the feasibility of
∑
i/∈A
x(i) ≥ 1 for x ≥ 0 and V x ≥ 0.

(b) If infeasible, f = FALSE.

(c) Else let A = A ∪ {p ∈ P : x(p) 6= 0}

9. If A ∩ PA = ∅ or |A| < 2 then declare siphon control failure and exit.4

10. Let Y α ≥ b be the constraints V α ≥ 0 and α(i) ≥ 1 ∀i ∈ A.

11. Solve the linear integer program min
α

∑
α(i) subject to Y α ≥ b and return α.

4.4 The Computation of a T -minimal Active Subnet

The following algorithm computes a T -minimal active subnet or, if none exists, a Tx-minimal

active subnet such that Tx ⊂ T . A T -minimal active subnet does not exist iff some of the
transitions of T cannot be made live (see Definition 3.1 and Lemma 3.1).

Input: The Petri net N0 = (P0, T0, F0,W0) and its incidence matrix D; a nonempty set of
transitions T ⊆ T0; optionally a set X of transitions which must not appear in the T -minimal
active subnet (by default X = ∅.)
Output: The active subnet NA = (PA, TA, FA,WA).

1. Check the feasibility of Dx ≥ 0 subject to x ≥ 0, x(i) ≥ 1 ∀ti ∈ T and x(i) = 0
∀ti ∈ X.

If feasible then let x0 be a solution; T
A = minactn(T0, x0, D, T )

else TA = maxactn(T0, D, T , X) (no T -minimal solution exists, and so an

approximation is constructed)

3The feasibility check involves solving a linear program
4|A| denotes the number of elements of A
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2. The active subnet is NA = (PA, TA, FA,WA), PA = TA•, FA = F0 ∩ {(TA × PA) ∪
(PA × TA)} and WA is the restriction of W0 to FA.

minactn(T0, x0, D, T )

Let5 M = ‖x0‖ and xs = x0.

For ti ∈M \ T do

Check feasibility of Dx ≥ 0 subject to x ≥ 0, x(i) = 0, x(j) = 0 ∀tj ∈ T0 \M and
x(j) ≥ 1 ∀tj ∈ T .
If feasible then let x∗ be a solution; M = ‖x∗‖ and xs = x∗.

Return ‖xs‖

maxactn(T0, D, T , X)

Let M = T and xs = 0|T0|×1

While M 6= ∅ do

Check feasibility of Dx ≥ 0 subject to x ≥ 0, ∑
ti∈M
x(i) ≥ 1 and x(i) = 0 ∀ti ∈ X.

If feasible then let x∗ be a solution; M =M \ ‖x∗‖ and xs = x∗ + xs.
Else M = ∅.

N = minactn(T0, xs, D, T ∩ ‖xs‖)

Return N

Using a nonempty set X adds to the feasibility problems of the algorithm above the

additional constraints that x(j) = 0 ∀j ∈ X. The set X may also be used to specify
transitions which are not desired to be live (for instance transitions modeling system faults.)

Because of the iterative nature of the liveness procedure, the active subnet needs to be

reevaluated at every iteration. If X has not been changed in the iteration i − 1, the new
active subnet NAi can be updated by simply repeating the changes done to Ni−1 in NAi−1.
We give below the update algorithm.

Input: NAi−1 = (PAi−1, TAi−1, FAi−1,WAi−1), Ni = (Pi, Ti, Fi,Wi) and the sets Σ(t), denoting for
each t ∈ Ti−1 which has been split the set of the new transitions in Ti \ Ti−1 which appeared
by splitting t.

Output: NAi = (PAi , TAi , FAi ,WAi ).
5‖x‖ denotes {ti : x(i) 6= 0}
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1. TAi = T
A
i−1 ∪ {t ∈ Ti : ∃tu ∈ TAi−1 and t ∈ Σ(tu)}

2. The active subnet is NAi = (PAi , TAi , FAi ,WAi ), PAi = TAi •, FAi = Fi ∩ {(TAi × PAi ) ∪
(PAi × TAi )} and WAi is the restriction of Wi to FAi .

4.5 The Liveness Enforcing Procedure

Input: The target Petri net N0, a nonempty set of transitions T and, optionally, a set of
initial constraints LIµ ≥ bI . (See remark 3 of section 4.6 for the usage of initial constraints.)
Output: Two sets of constraints (L, b) and (L0, b0) (T -liveness is enforced for all initial

markings µ0 such that Lµ0 ≥ b, L0µ0 ≥ b0 when (N0, µ0) is supervised according to Lµ ≥ b.)
Procedure:

A. (L0, b0) is initialized to (LI , bI) and (L, b) to be empty. N0 is PT-transformed and then
AC-transformed (section 4.2). The transformed net is N1. The initial constraints (L0, b0), if
any, are transformed according to (9). Let i = 1. If not previously defined, let X = ∅.
B. A T -minimal active subnet for each of N0 and N1 is computed such that the transitions
in X are not included (section 4.4). If none exists, the algorithm of section 4.4 computes a

Tx-minimal active subnet such that Tx ⊂ T and the transitions in X are not included. If no
such Tx 6= ∅ exists, the procedure terminates and declares failure.
C. While true do (the initial Petri net of the iteration i is Ni; the active subnet is NAi .)

1. If no new uncontrolled minimal active siphon is found, the next step is D. (A siphon

is uncontrolled if not implicitly controlled (section 4.3.2).)

2. For every new uncontrolled minimal active siphon S:

Let C be the control place which would result by enforcing (5).

(a) If C• ⊆ •S, then S does not need control, C is not added to Ni and (5) is added
to (L0, b0).

(b) If C• 6⊆ •S then
i. if (5) is admissible, then C is added to Ni to enforce (5), and (5) is added to
(L, b).

ii. if (5) is not admissible but it can be transformed to an admissible constraint

(7), then C is added to Ni to enforce (7), and (7) is added to (L, b).
iii. if (5) is not admissible and the procedure could not transform it to an admis-

sible constraint (7), let X = X ∪ S•.
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(c) If a constraint has been added to (L, b) or (L0, b0) in the previous step (b) and

the procedure started with initial constraints, it is verified whether the system

Lµ ≥ b and L0µ ≥ b0 is feasible. If not feasible, the constraint added to (L, b) or
(L0, b0) at (b) is deleted, the control place (if any) added at (b) is deleted, and

X = X ∪ S•.

3. If the Petri net is no longer PT-ordinary, the Petri net is PT-transformed.

4. If the Petri net is no longer with asymmetric choice, the Petri net is AC-transformed,

where the second argument M is taken to be the set of the control places added in the

current iteration.

5. The matrices L and L0 are enhanced with new columns, each column corresponding

to one new place resulted in the steps 2, 3 and 4.

6. If the set X has been changed in the current iteration (X represents the set of transi-

tions which must not appear in the active subnet) the new active subnet is recomputed,

else it is obtained using the update algorithm (see section 4.4).

7. Let TA be the set of transitions of the new active subnet. If an infeasibility occurred

at a step C.2.c of the current iteration, X → T0 \ TA and the procedure is restarted at
the step A with this value of X.

8. The final nets of the iteration i are denoted by NAi+1 and Ni+1. The next step is C.1
and i = i+ 1.

D. The constraints (L, b) and (L0, b0) are modified to be written only in terms of the marking

of the target net N0 by removing the columns of L and L0 corresponding to places not in N0.
E. The redundant constraints of (L, b) and (L0, b0) are removed.

F. The supervisor of N0 is built according to the constraints (L, b) (Theorem 2.1).

4.6 Remarks

1. The purpose of the procedure is to produce two sets of linear constraints on the marking

of the target net: Lµ ≥ b and L0µ ≥ b0, where L and L0 are integer matrices and b
and b0 are integer column vectors. For all initial markings µ0 such that Lµ0 ≥ b
and L0µ0 ≥ b0, T -liveness in the closed loop Petri net is guaranteed by Theorem 6.1.
Liveness enforcement corresponds to T = T0. When an infeasibility occurs in a step

C.2.c or a failure at step C.2.b.iii, the supervisor enforces T ′-liveness, for some T ′ ⊂ T .
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2. If no initial constraints are given and all transitions are controllable and observable,

the procedure is optimal, in the sense that if it terminates it gives the least restrictive

T -liveness supervisor, if a T -liveness supervisor exists. This is proved in Theorem 6.2.

3. Optionally, initial constraints (LI , bI) may be used to tell the procedure that all reach-

able markings µ satisfy LIµ ≥ bI whenever LIµ0 ≥ bI for the initial marking µ0, and
that markings µ such that LIµ 6≥ b are undesired. A more general usage of the initial
constraints appears in section 8. Initial constraints reflect structural properties of the

target net N0, such as place invariants. For instance, when N0 is the closed loop ob-
tained by supervision based on place invariants ([9, 16], Theorem 2.1), LIµ ≥ bI can
be used to specify the place invariants.

4. The difference between the constraints (L, b) and (L0, b0) is that (L, b) need to be en-

forced by supervision, while (L0, b0) need not. (L0, b0) are guaranteed by the structure

of N0 in closed loop with the supervisor enforcing (L, b) for all initial markings µ0 of
N0 which satisfy L0µ0 ≥ b0 and Lµ0 ≥ b.

5. The failure at step B may occur only if the structure of the Petri net does not allow

any of the transitions in T to be made live, or if initial constraints are given and none

of the transitions in T can be made live for any of the markings satisfying the initial

constraints, or if uncontrollable and/or unobservable transitions are present and the

procedure systematically fails to generate admissible constraints at the steps C.2.b.ii.

5 Examples

Example 5.1 (Liveness enforcement) Consider the repetitive Petri net of Figure 2(a),

where t1 is unobservable. In the first iteration there are two minimal siphons: {p1, p3} and
{p2, p3}. Consider the siphon {p1, p3}. The marking constraint (5) is µ(p1) + µ(p3) ≥ 1, and
is not admissible. Thus it is transformed to the admissible constraint 2µ(p1) + µ(p3) ≥ 1,
which is in the form (7). Then the control place C1 is added to enforce this constraint, and

the constraint is added to (L, b). The place invariant (8) is µ(C1) = 2µ(p1) + µ(p3) − 1.
Similarly, C2 enforces 2µ(p2) + µ(p3) ≥ 1 on {p2, p3}, which is added to (L, b), and (8) is
µ(C2) = 2µ(p2) + µ(p3)− 1.
In the second iteration there is a single new minimal siphon, {C1, C2}. The control place

which would result by enforcing µ(C1) + µ(C2) ≥ 1 is C3 such that C3• = ∅. Therefore,
{C1, C2} does not need control, according to the step C.2.a of the procedure. The form (11)
of µ(C1) + µ(C2) ≥ 1 is 2µ(p1) + 2µ(p2) + 2µ(p3) ≥ 3, which is added to (L0, b0).
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Figure 2: Example 5.1: (a) N0; (b) the final Petri net supervised for deadlock-freedom

Then the procedure terminates, since there is no new uncontrolled siphon in the third

iteration. The final matrices (L, b) and (L0, b0) are:

L =

[
2 0 1

0 2 1

]
b =

[
1

1

]
L0 =

[
2 2 2

]
b0 =

[
3
]

The supervised net is shown in Figure 2(b). For all initial markings µ0 such that Lµ0 ≥ b
and L0µ0 ≥ b0, liveness is enforced in a least restrictive manner (Theorems 6.1 and 6.2).

Example 5.2 (T-liveness enforcement) Consider the Petri net of Figure 3(a), which is

not PT-ordinary and not with asymmetric choice. Three transitions cannot be made live,

for any marking: t1, t2, t3. We want to enforce T -liveness for T = {t4, t5}.
The first iteration begins with the PT and AC-transformed net N1. There is a single

minimal active siphon, {p1, p2, p3}. A control place C1 is added to the total net (Figure 3(d)).
The active subnets are shown in Figure 3(c). The inequality associated with C1 is µ(p1) +

µ(p2) + µ(p3) ≥ 1, which is added to (L, b). Due to the subsequent AC-transformation, the
invariant introduced by C1 has the form (10): µ(C1) = µ(p1) + µ(p2) + µ(p3) − µ(p1,2) −
µ(p2,2)− µ(p3,2).
In the second iteration, {p1, p2, p2,1, p3,1, p1,2, p2,2, p3,2, C1} is the only new minimal active

siphon. The siphon is uncontrolled, since µ(p1)+µ(p2)+µ(p2,1)+µ(p3,1)+µ(p1,2)+µ(C1) ≥ 1,
that is 2µ(p1)+2µ(p2)+µ(p3)+µ(p2,1)+µ(p3,1) ≥ 2, is not implied by µ(p1)+µ(p2)+µ(p3) ≥ 1.
The control place C2 which is added is also a source place. The procedure terminates, since

at the third iteration there is no new minimal active siphon. The resulting matrices L and

b after the step D are:

L =

[
1 1 1

2 2 1

]
b =

[
1

2

]
There is one redundant constraint, so the final constraints are L = [2, 2, 1] and b = 2.

The supervised net is shown in Figure 3(f). For all initial markings µ0 satisfying Lµ0 ≥ b,
T -liveness is enforced in a least restrictive manner (Theorems 6.1 and 6.2).
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Figure 3: Example 5.2: (a) N0; (b) N1; (c) NA1 , the same as NA2 and NA3 ; (d) N1 and the
added control place; (e) N2 and added control place; (f) N0 supervised for T -liveness
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Figure 4: Example 5.3: (a) N0; (b) N1; (c) N2; (d) N3; (e) the supervised Petri net.
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Example 5.3 (Liveness enforcement) Consider the Petri net of Figure 4(a) for liveness

enforcement. The intermediary Petri nets N1, N2 and N3 are represented in Figure 4(b-d),
where the control places added to N1, N2 and N3 are connected with dashed lines to the
existing transitions. In the first iteration there is a single minimal siphon, {p1, p2, p3, p4},
and the control place p7 is added. In the second iteration there are two new minimal siphons:

{p4, p5, p7, p8} and {p4, p6, p7, p9} and two control places p10 and p11, respectively, are thus
added. In the third iteration there are two new minimal siphons: {p4, p6, p9, p10, p15} and
{p4, p5, p8, p11, p14}, and so the control places p16 and p17, respectively, are added. At the
fourth iteration no new minimal siphons are found, and so the procedure terminates. The

constraints enforced by p7, p10, p11, p16 and p17 are respectively

µ(p1) + µ(p2) + µ(p3) + µ(p4) ≥ 1
µ(p1) + µ(p2) + µ(p3) + 2µ(p4) + µ(p5)− µ(p9) ≥ 2
µ(p1) + µ(p2) + µ(p3) + 2µ(p4) + µ(p6)− µ(p8) ≥ 2

µ(p1) + µ(p2) + µ(p3) + 3µ(p4) + µ(p5) + µ(p6)− µ(p12) ≥ 3
µ(p1) + µ(p2) + µ(p3) + 3µ(p4) + µ(p5) + µ(p6)− µ(p13) ≥ 3

After removing the redundant constraints, the supervisor of N0 is defined by L = [1, 1, 1, 3]
and b = 3, and is the least restrictive liveness enforcing supervisor (Theorems 6.1 and 6.2).

6 Proof of the Liveness Procedure

The proofs of the following results use the notations of the liveness procedure (section 4.5),

e.g. the Petri net at the beginning of iteration i is Ni = (Pi, Ti, Fi,Wi), and the active subnet
NAi = (PAi , TAi , FAi ,WAi ). Additionally we introduce the following definitions and notations.
A marking µ of Ni is valid if for all control places added in the iterations 1 . . . i − 1 the
invariant equations of the form (10) hold true, and if µ(p) = 0 for all places p other than

control places and places ofN0. Two validmarkings µi and µj ofNi andNj are equivalent if
µi(p) = µj(p) for all places p of N0. We also say that a siphon control failure occurs when
no admissible constraint is found at step C.2.b.ii or in case of infeasibility at step C.2.c. Next

we introduce firing sequence notations. Both the PT and AC transformations (section 4.2)

perform transition splits. A transition ti may be split in more than just one iteration, the

transitions ti,k (where ti,k resulted by splitting ti) may also be split in subsequent iterations,

and so on. We denote by σ0,j(t) an arbitrary transition sequence of Nj such that (a) σ0,j(t)
enumerates the transitions (including t itself) in which t of N0 is successively split until (and
including) the iteration j − 1, and (b) valid markings µ of Nj exist such that µ enables
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σ0,j(t). In this way firing the sequence σ0,j(t) in Nj corresponds to firing t in N0. If t is
not split, we let σ0,j(t) = t. The notation σi,j(t) for i < j and t in Ni, is similarly defined
by taking Ni instead of N0. If σ = t1t2t3 . . ., we let σi,j(σ) = σi,j(t1)σi,j(t2)σi,j(t3) . . .. For
instance, in Example 5.2 σ0,2(t2) = t2,1t2, in Example 5.3 σ0,1(t4) is any of t8t9t4 and t9t8t4

and σ2,3(t10) = t14t10.

Theorem 6.1 Assume that the procedure terminates and that it does not fail at a step B. Let

N0 = (P0, T0, F0,W0) be the target Petri net, T ⊆ T0 the parameter passed to the procedure
as the set of transitions which are to be live and Nk the net produced by the last iteration.
Let (L, b) and (L0, b0) denote the two sets of constraints generated by the procedure and

NAk = (PAk , TAk , FAk ,WAk ) the active subnet at the last iteration. If NAk is nonempty, then N0
in closed loop with the supervisor enforcing Lµ ≥ b is Tx-live for all initial markings µ0 of
N0 such that Lµ0 ≥ b and L0µ0 ≥ b0, where Tx = TAk ∩ T0. Moreover, if no siphon control
failures occurred in the steps C.2.b.ii or C.2.c of the procedure, the closed loop is Ty-live for

Ty = T
A
0 ∩ T and the initial markings µ0 satisfying Lµ0 ≥ b and L0µ0 ≥ b0.

Proof: By construction, every marking µ of the original Petri net N0 which satisfies the
constraints Lµ ≥ b and L0µ ≥ b0 has an equivalent marking µk in Nk such that all active
siphons of Nk are not empty. (Indeed, it can be easily noticed that there is no siphon which
only contains places resulted from transition splits. Therefore no constraint is “lost” at the

step D of the procedure, and so the equivalent marking µk exists). Thus (Nk, µk) has all
siphons controlled (otherwise Nk would not be the Petri net of the last iteration) and so is
TAk -live, by Theorem 3.2. Assume that from an initial marking µ0 of N0 satisfying Lµ0 ≥ b
and L0µ0 ≥ b0, the closed loop net (let it be NS) reaches a marking µ such that the transition
t ∈ T0 ∩ TAk is dead. We show that this leads to contradiction.
Let µ0,k and µk be the equivalent markings of µ0 and µ inNk. Because µk is valid, (Nk, µk)

is TAk -live, and so µk enables a transition sequence σ in Nk which includes the transitions
of σ0,k(t). Let TR be the set of transitions that appeared by transition split operations in

all iterations. Let C be the set of control places. It can be proved by induction on i, the
iteration number, that firing any t ∈ TR always reduces the marking of some places in P0∪C,
while firing tx ∈ T0 (note that T0 = Tk \ TR) may increase the marking of some places in
P0 ∪C. Because the total marking of P0 ∪C is finite, σ must include transitions tx ∈ T0. Let
t1 be the first transition in T0 that appears in σ. Then we can write σ as σ = σ1σ

′
1, where

t1 appears only once in σ1. It can be proved that σ1 contains a subsequence σ0,k(t1) (we

prove this as Proposition 6.13 in [6]). Since all transition of σ before t1 are in TR, and firing

them only decrease markings of P0 ∪ C, σ0,k(t1) is enabled by µk, since it is enabled after
firing the transitions that precede it in σ. Let t2 be the next transition of σ in T0. Similarly,
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σ0,k(t1)σ0,k(t2) is enabled by µk. We continue this way and eventually find tj in σ and in T0

such that tj = t. We have that µk enables σ0,k(t1)σ0,k(t2) . . . σ0,k(tj). But this implies that µ

enables t1t2 . . . tj in NS, and since tj = t, t is not dead in (NS, µ), which is a contradiction.
The only situation in which NAi+1 does not contain all transitions of NAi is when a siphon

control failure has occurred in the iteration i. Therefore, if no siphon control failures occur,

TA0 ⊆ TAk and so TA0 ⊆ Tx, which implies that NS is Ty-live, for Ty = T ∩TA0 and µ0 satisfying
Lµ0 ≥ b and L0µ0 ≥ b0. 2

If the problem is well formulated and thus T -liveness is possible, by Theorem 6.1, the

procedure will enforce T -liveness, if no siphon control failures occur. This always is the

case for Petri nets which have all transitions controllable and observable when no initial

constraints are given. When initial constraints are given, assuming that the Petri net can

be made T -live for some initial marking satisfying the initial constraints, we guarantee in

Proposition 6.1 that T -liveness is enforced, under an additional assumption. When siphon

control failures occur, Theorem 6.1 shows that the procedure enforces Ty-liveness for some

Ty ⊂ T . The case when T -liveness cannot be enforced due to the structure of the Petri net
is when T 6⊆ TA0 . In such a case the procedure attempts enforcing T ∩ TA0 -liveness.
The siphon control approach used by the procedure enforces inequalities of the form (7)

in order to control a siphon S, where αp are nonnegative integers. When all transitions

are controllable and observable, αp = 1 ∀p ∈ S; the coefficients αp may have other values
when uncontrollable and unobservable transitions are present. The next result is proved

for the case when for all controlled siphons S, the enforced constraint satisfies αp 6= 0
∀p ∈ S. The requirement is always satisfied for the Petri nets with all transitions controllable
and observable. The meaning of the requirement is that all minimal active siphons S are

controlled in a maximally permissive way (that is, only the markings µ which satisfy µ(p) = 0

∀p ∈ S are forbidden.) In the next theorem we prove that the procedure generates least
restrictive T -liveness supervisors for a large class of Petri nets. In addition to the assumption

on (7) we also require that there is a single T -minimal active subnet. Slightly more general

conditions can be used instead, with little changes in the proof, such as that in all iterations

the active siphons are the same regardless of which T -minimal active subnet we would take.

Theorem 6.2 Assume that for all minimal active siphons S the procedure is able to find

admissible constraints of the form (7) with all αp positive integers. Assume also that N1 has
a single T -minimal active subnet. The liveness enforcement procedure provides a supervisor

not more restrictive than any supervisor subject to the same initial constraints (if any initial

constraints are given) which also enforces T -liveness.

23



Proof: Let S be the set of supervisors which enforce T -liveness for some initial marking(s)
satisfying the initial constraints. Note that when we compare our procedure to another

supervisor we assume an initial marking for which that supervisor is defined: we do not

require the supervisors in S to be defined for all initial markings for which the supervisor
given by our procedure is defined. We first consider the case when there are no initial

constraints.

Note that (N0, µ0) cannot be made T -live if (N1, µ0,1) cannot be made T -live, where
µ0,1(p) = µ0(p) ∀p ∈ P0 and µ0,1(p) = 0 ∀p ∈ P1 \ P0. Indeed, assume the contrary. Then
µ0 enables an infinite transition sequence σ in which all transitions of T appear infinitely

often. But this implies that σ0,1(σ) is also enabled by µ0,1, and therefore N1 is also T -live.
Next we note that (Ni, µ0,i) cannot be made T -live if (Ni+1, µ0,i+1) cannot be made T -live,
where µi+1,0 is the equivalent marking of µi,0. Assume the contrary. Let σ be an infinite

firing sequence enabled by µi,0 such that all transitions of T occur infinitely often in σ. Since

(Ni+1, µ0,i+1) cannot be made T -live, σ′ = σi,i+1(σ) is not enabled in Ni+1. Then σ = σ1t1σ2,
µ0,i[σ1 > µ1, µ0,i+1[σi,i+1(σ1) > µ

′
1, µ1 enables t1, but µ

′
1 does not enable σi,i+1(t1). This

corresponds to the following: Ni has an active siphon S1 which is controlled in Ni+1 with C1
and µ′1(C1) does not allow σi,i+1(t1) to fire. Hence t1 ∈ C1• was satisfied when C1 was added
to Ni. This implies t1 ∈ S1•. Firing σi,i+1(t1) in Ni+1 produces the same marking change
for the places in Pi as firing t1 in Ni. Since σi,i+1(t1) is not allowed by µ′1(C1) to fire, firing
t1 from µ1 empties S1. Indeed, otherwise firing σi,i+1(t1) would not empty S1 and so µ

′
1(C1)

would allow it. Since t1 is fired in the sequence σ = σ1t1σ2, S1 is an empty active siphon of

(Ni, µ1).
An empty active siphon implies a set Tx of dead transitions from the active subnet.

Therefore the transitions in Tx do not appear infinitely often in σ. Let Tx1 = {t ∈ TA1 :
∃tu ∈ σ1,i(t) and tu ∈ Tx}. Since we are in the case of no initial constraints, the theorem
assumption implies that no siphon control failures occur. Then, the active subnets NAi for
i > 1 are computed using the update algorithm of section 4.4, so Tx1 ⊆ TA1 . Using the
same construction as in the proof of Theorem 6.1, the projection of σ on T1 (let it be σ1)

is enabled by µ1,0, where µ1,0 is the restriction of µi,0 to the places of P1. Note that the

transitions of Tx1 do not appear infinitely often in σ1. We apply Lemma 3.1 for N1 and σ1,
and using the notation of Lemma 3.1, we let TAx = ‖x‖; TAx defines an active subnet and
T ⊆ TAx , as all transitions of T appear infinitely often in σ1. However TA1 is not a subset
of TAx , for Tx1 ⊆ TA1 \ TAx . Therefore NA1 is not the single T -minimal subnet, and this is a
contradiction.

Assume thatN0 can be made T -live for a marking µ0 which does not satisfy all constraints
Lµ ≥ b and L0µ ≥ b0. Let i be the first iteration in which an inequality l′1µ ≥ b1 is added
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such that its restriction l1µ ≥ b1 to P0 is one of the inequalities of Lµ ≥ b and L0µ ≥ b0 not
satisfied by µ0. The markings forbidden at every iteration i are those for which there are

empty active siphons. Therefore Ni has an empty active siphon for µ0,i, where µ0,i is the
equivalent marking of µ0 in Ni. By the paragraph above, this implies that (Ni, µ0,i) cannot
be made T -live, and by the first part of the proof this implies that (N0, µ0) cannot be made
T -live, which is a contradiction. Therefore all T -liveness enforcing supervisors forbid the

markings such that Lµ 6≥ b or L0µ 6≥ b0.
The case when there are initial constraints is similar to the case when there are no such

constraints if the procedure is never in the situation that the constraints at step C.2.c of the

procedure are infeasible. In the case when infeasibilities at some steps C.2.c occur, consider

the first occurrence. In view of the proof of the paragraph above, such infeasibilities imply

that T -liveness cannot be enforced for any initial marking satisfying the initial constraints,

and so there are no supervisors in S (S is empty.) Therefore, we can conclude that the
supervisor generated by the procedure is more permissive than any other supervisor in S
whenever it enforces T -liveness; when it does not, S is empty. 2

We note that in case of liveness enforcement, there is a single T -minimal active subnet,

that is the whole net, and therefore we have the following consequence.

Corollary 6.1 Assume that for all minimal active siphons S the procedure is able to find

admissible constraints of the form (7) with all αp positive integers. When the procedure is

used to enforce liveness, the supervisor it provides is not more restrictive than any supervisor

subject to the same initial constraints (if any) which also enforces liveness.

Theorem 6.2 gives sufficient conditions for the T -liveness supervisor to be least restric-

tive. The comparison assumes that the other supervisors are subject to the same initial

constraints. In particular, the first assumption of the theorem is always true for Petri nets

with all transitions controllable and observable. Therefore, whenever the procedure is used

to enforce liveness, no uncontrollable and unobservable transitions exist, and the procedure

ends successfully, the supervisor generated is least restrictive. The procedure may not end

successfully when initial constraints are given and the initial constraints prevent enforcing

T -liveness. Also, for some Petri nets the procedure may not end at all, and therefore we

include section 8.

When Theorem 6.2 applies, we know that T -liveness is not enforcible in N0 for any initial
marking µ0 which does not satisfy L0µ0 ≥ b0 and Lµ0 ≥ b. The next result is a consequence
of Theorem 6.2, and it deals with the question whether there is some supervisor enforcing

T -liveness when the supervisor generated by our procedure does not enforce T -liveness.
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Proposition 6.1 T -liveness is not enforcible in N0 for any initial marking if T 6⊆ TA0 .
Furthermore, in the conditions of Theorems 6.1 and 6.2, if T 6⊆ TAk , then T -liveness is not
enforcible in N0 for any initial marking satisfying the initial constraints.

Proof: The first part is a consequence of Theorem 3.1, as the algorithm of section 4.4 does

not fail to find a T -minimal active subnet if such a subnet exists. For the second part we

assume T ⊆ TA0 and T 6⊆ TAk . Consider that in iteration j the first siphon control failure
occurs. The failure occurs at step C.2.c because there is an active siphon Sx of Nj which,
due to the initial constraints, must be empty for all valid markings. No transition t ∈ Sx•
can be live in Nj for valid initial markings; similarly to the proof of Theorem 6.2, there are
transitions in TAj ∩ T0 which cannot be made live in Nj, namely the transitions tx such that
∃t ∈ σ0,j(tx): t ∈ Sx•. Let Tl ⊂ TAj be the set of all transitions which can be made live in
Nj. As in the proof of Theorem 6.2, T ⊆ Tl is not possible, as it would imply that NA0 is not
the only T -minimal active subnet. Therefore T \ Tl 6= ∅. Next we assume there is an infinite
sequence σ of N0 including infinitely often all transitions of T and enabled by a marking µ0,
such that µ0 and all reachable markings obtained by firing σ satisfy the initial constraints.

Then σj = σ0,j(σ) is enabled by µ0,j, the marking equivalent to µ0 in Nj , and µ0,j as well as
the other markings reached by firing σj satisfy the initial constraints. (Indeed, this can be

easily verified for the markings generated by σ1 = σ0,1(σ) in N1; for σj it results from the
facts that the initial constraints have the same form in N1, N2, . . ., Nj and the marking of
the places of P1 in Nj depends only on firing transitions in T1.) Therefore the transitions
which appear infinitely often in σj should be a subset of Tl. This contradicts T \ Tl 6= ∅.
Therefore not all transitions of T can be made live in N0. 2

7 Extending Permissivity

Theorem 6.2 and Corollary 6.1 show that for a large class of Petri nets the procedure is

least restrictive. The natural question whether we can use our procedure to ensure least

restrictiveness for an even larger class of Petri nets has a positive answer, as we show in

this section. We consider the case when the target Petri net N0 has the T -minimal active
subnets NA,10 , NA,20 , . . . NA,p0 . Theorem 6.2 does not apply, as we have p (p > 1) T -minimal
subnets. However, it applies for TA,i0 -liveness, as there is a single T

A,i
0 -minimal active subnet:

NA,i0 (we denote by TA,i0 the set of transitions of NA,i0 and i = 1 . . . p). Assume that the

procedure terminates for all i = 1 . . . p when used to enforce TA,i0 -liveness. Let L
(i)µ ≥ b(i)

and L
(i)
0 µ ≥ b(i)0 be the generated constraints. Assume that we have ordered the T -minimal

active subnets such that for 1 ≤ i ≤ u the procedure had no siphon control failures when used
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for TA,i0 -liveness, but for each u+ 1 ≤ i ≤ p it had some siphon control failures (0 ≤ u ≤ p).
Let Ξ be the supervisor defined as follows. Ξ requires the initial marking µ0 to be in the set

M, where
M =

u⋃
i=1

{
µ : L(i)µ ≥ b(i)

∧
L
(i)
0 µ ≥ b(i)0

}
Also Ξ allows a transition to fire only if the next reached marking is inM.

Theorem 7.1 Assume that for each i = 1 . . . u, for all minimal active siphons S the

procedure is able to find admissible constraints of the form (7) with all αp positive integers.

Assume also that for each i = u+1 . . . p the first siphon control failure occurs at the step C.2.c

and that in all iterations previous to the failure, for all minimal active siphons S the procedure

is able to find admissible constraints of the form (7) with all αp positive integers. Then Ξ is

the least restrictive T -liveness enforcing supervisor.

Proof: Failures at the step C.2.c are only possible when initial constraints are given. The

proof of Theorem 6.2 applies, and so for the given initial constraints TA,i0 -liveness cannot be

enforced for all i = u + 1 . . . p. Let µ0 /∈ M, and assume that µ0 enables a firing sequence
σ which includes all transitions in T infinitely often. In the notations of Lemma 3.1, let

TA = ‖x‖. Then TA defines an active subnet, and note that T ⊆ TA. Since NA,i0 , i = 1 . . . p,
are all the T -minimal active subnets, there is j, 1 ≤ j ≤ p, such that TA,j0 ⊆ TA. If j ≤ u,
we have contradiction, since by Theorem 6.2 not all transitions of TA,j0 can be made live for

µ0 /∈ M, and so not all of them can appear in σ. If j > u we again have contradiction,
since for all initial markings satisfying the initial constraints not all transitions of TA,j can

be made live. 2

8 An Extension for Guaranteed Termination

The siphon control method is modified as follows. Let S be an uncontrolled siphon. Instead

of enforcing (5), the constraint
∑
p∈S∩R

µ(p) ≥ 1 is used, where R is the set of places which are
not obtained from transition splits. Similarly, the admissible constraints (7) are built such

that αp = 0 ∀p ∈ R.

Theorem 8.1 Let N0 be a Petri net and (LI , bI) be a set of marking constraints LIµ ≥
bI , with bounded feasible region. The modified liveness enforcement procedure terminates if

started with initial constraints (LI , bI).

Proof: Let L′Iµ ≥ b′I be LIµ ≥ bI transformed according to (9) in the step A. The usage
of initial constraints assumes that there is a set of initial markings MI of N0 such that
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∀µ0 ∈ MI ∀µ ∈ R(N0, µ0): LIµ ≥ bI . It can be noticed that if LIµ ≥ bI is satisfied
∀µ ∈ R(N0, µ0) for some µ0, µ0,i is the equivalent marking of µ0 in Ni, i ≥ 1, µi is the
marking of Ni, and µr,i is the restriction of µi to the places of N1, then ∀µr,i ∈ R(Ni, µ0,i):
L′Iµr,i ≥ b′I . Let MR be the feasible set of L

′
Iµ ≥ b′I . Since the feasible set of LIµ ≥ bI is

bounded (and so finite), so is MR. The modification above of (5) and (7) ensures that all

constraints added by the procedure are only expressed in terms of the markings of the places

of the target net N0; the marking of the places of the split replacements is never taken in
account. So each time a new constraint is added to (L, b), at least one new marking ofMR

is forbidden. BecauseMR is finite, after a finite number of iterations, an iteration is reached

in which all new siphons (if any) considered in the step C.1 of the procedure are implicitly

controlled, and so the procedure terminates. 2

Given a Petri net N , the usage of the modified procedure is summarized below:

• Let MI be the set of initial markings of interest. Find a set of marking constraints

LIµ ≥ bI with bounded feasible set F , such that ∀µ0 ∈MI : R(N , µ0) ⊆ F .

• Use the modified procedure with initial constraints (LI , bI) (or with (LI , bI) in addition
to other initial constraints).

• The supervisor can be used for all initial markings µ0 ∈ MI satisfying Lµ0 ≥ b and
L0µ0 ≥ b0.

The disadvantage of this procedure extension is that Theorem 6.2 does not always apply.

Another problem of this extension is that in principle it is possible to get infeasible constraints

Lµ0 ≥ b and L0µ0 ≥ b0, in which case the procedure will fail and exit at step B. In the case
of normal termination, Theorem 6.1 still applies, as shown in the next theorem.

Theorem 8.2 Let LIµ ≥ bI be a set of marking constraints with bounded feasible region F
and MI a set of initial markings of N0 such that ∀µ0 ∈ MI: R(N0, µ0) ⊆ F . Consider
the modified liveness enforcement procedure with initial constraints (LI , bI). Theorem 6.1

applies with the only additional requirement that the initial markings µ0 of N0 should satisfy
µ0 ∈MI in addition to Lµ0 ≥ b and L0µ0 ≥ b0.

Proof: The proof of Theorem 6.1 applies for the following reasons. First, Theorem 8.1

guarantees termination. Second, either of
∑
p∈S∩R

µ(p) ≥ 1 and ∑
p∈S∩R

αpµ(p) ≥ 1 implies∑
p∈S
µ(p) ≥ 1 when S ∩R 6= ∅ (in view of our requirement for admissible constraints (7) that

at least two coefficients αp are positive). But it can be shown that it is impossible to have
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siphons only made up of places from transition splits, so S ∩ R 6= ∅. Therefore the siphons
are indeed controlled at the step C.2 of the procedure. Third, using the notations of the

proof of Theorem 8.1, the siphons considered to be implicitly controlled due to constraints in

L′Iµ ≥ b′I are indeed controlled, since the constraints L′Iµ ≥ b′I are true in all the intermediary
nets Ni, i ≥ 1, for all markings reachable from valid markings µ0,i equivalent to markings
µ0 ∈MI of N0. 2

9 Conclusion

In this paper we have introduced a procedure which synthesizes a supervisor enforcing the

liveness of the transitions in a given set. The approach is based on structural properties

of Petri nets and may be used for arbitrary Petri nets. For a large class of Petri nets the

procedure is optimal, in the sense that the synthesized supervisors are least restrictive. Ter-

mination is not guaranteed, and so we have included a suboptimal procedure with guaranteed

termination.

APPENDIX

A Proof of Lemma 3.1

Proof: Consider firing σ, and let µ0 be the marking reached after all transitions which

appear finitely often in σ have fired. Let σ = σ0σ1σ2 . . . σk . . . such that each σk is finite, for

all k ≥ 1 each of the transitions in U appears in σk, and µI [σ0 > µ0. Then let µ1, µ2, . . . be
defined as follows: µk−1[σk−1 > µk for all k ≥ 1.
Let Vn be a nonempty set of the form Vn = {y ∈ Nn :6 ∃yi ∈ Vn, y 6= yi, y ≥ yi or y ≤ yi}.

Next it is proved by induction that Vn is finite (i.e. it cannot have infinitely many elements).

Assume that any Vn−1 is finite. Then, let ys,n ∈ Vn; Vn ⊆
⋃
k,u

Ck,u, where Ck,u = {y ∈ Nn :
y(jk) = u, y(ik) > ys,n(ik), 6 ∃yi ∈ Vn, y 6= yi, y ≥ yi or y ≤ yi}, is defined for 0 ≤ u < ys,n(jk)
and k = 1, 2 . . . n(n− 1) corresponds to the possibilities in which ik 6= jk, 0 ≤ ik, jk ≤ n can
be chosen. The induction assumption implies that each Ck,u is finite, because the component

jk of the vectors is fixed and only the remaining n− 1 can be varied. So Vn is finite.
LetM be recursively constructed as follows: initiallyM0 = {µ0}; for all i,Mi =Mi−1∪

{µi} if 6 ∃y ∈ M : y ≥ µi or y ≤ µi and else Mi =Mi−1. The previous paragraph showed

that ∃n0 ∈ N: ∀k > n0,Mk =Mn0. LetM =Mn0 and M̃ = {y ∈ Nn : ∃yx ∈M, y ≤ yx}.
Both are finite sets.
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Next we show that 6 ∃i, j, 0 ≤ i < j, such that µi ≤ µj leads to contradiction. Assuming
the contrary, ∀k > 0 ∃yx ∈M such that µk+n0 ≤ yx and µk+n0 6= yx. If y ∈ Nn, yx ∈M and

yx ≥ y, then for u such that u 6≥ yx and u 6≤ yx either y ≤ u or both y 6≤ u and y 6≥ u; for u
such that u 6≥ y and u 6≤ y either yx ≥ u or both yx 6≤ u and yx 6≥ u. LetM(1) be constructed

in a similar way as M, but starting from M(1)
0 = (M∪ {y}) \ {u ∈ M : u ≥ y}, where

y = µ1+n0 , and using µn0+i instead of µi for M(1)
i . For the same reason the construction

ends in finitely many steps. Also, M(1) ⊆ M̃ and ∃n0,1 such that ∀k > 0 ∃yx ∈ M such

that µk+n0,1 ≤ yx and µk+n0,1 6= yx. So we can continue in the same way withM(2), . . .M(j),

also subsets of M̃. However these operations cannot be repeated infinitely often: j ≤ |M̃|,
because M(j) contains at least one element from M̃ \

j−1⋃
i=1

M(i). (This is so because y ≤ u,
y 6= u, u ∈ M(i) ⇒ y /∈ M(i), also u ∈ M(i) \ M(i−1) ⇒ ∃v ∈ M(i−1): v ≥ u, hence
∃u ∈ M(i): y ≤ u implies ∃v ∈ M: y ≤ v.) So, M(j+1) cannot be constructed for some j,

which implies µ1+n0,j 6≤ u, ∀u ∈M(j), which is a contradiction.

Therefore ∃j, k, j < k, such that µj ≤ µk. Let qj and qk be the firing count vectors:
µj = µ0 + Dqj and µk = µ0 +Dqk; let x = qk − qj . Then µk − µj ≥ 0 ⇒ Dx ≥ 0, and by
construction x ≥ 0, x(i) > 0 ∀ti ∈ U and x(i) = 0 ∀ti ∈ T \ U . 2

B Proof of Theorem 3.1

Proof: Let ‖x‖ be the support of the vector x, that is ‖x‖ = {i : x(i) 6= 0}. There is an
integer vector x ≥ 0 such that Dx ≥ 0 and ‖w‖ ⊆ ‖x‖ for all integer vectors w ≥ 0 which
satisfy Dw ≥ 0. If tj ∈ T can be made live, there is a marking that enables an infinite firing
sequence σ such that tj appears infinitely often in σ. Therefore by Lemma 3.1 ∃y ≥ 0 such
that Dy ≥ 0 and y(j) > 0. By the definition of x, ‖y‖ ⊆ ‖x‖ and so tj ∈ ‖x‖. This proves
that all transitions which can be made live are in ‖x‖. Therefore TD is nonempty. Next, the
proof shows that all transitions in ‖x‖ can be made live, which implies that T \ TD = ‖x‖.
Let σx be a firing sequence such that every ti ∈ T appears x(i) times in σx. Then there is a
marking µ0 which enables the infinite firing sequence σxσxσx . . . σx . . .. Also, we may choose

Ξ to restrict all possible firings to the former infinite firing sequence. Hence all transitions

in ‖x‖ can be made live. 2

C Proof of Theorem 3.2

We first need to prove the following result.

Lemma C.1 Consider a PT-ordinary asymmetric choice Petri net N and a marking µ such
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that a transition t is dead. Then there is µ′ ∈ R(N , µ) such that S is an empty siphon for
the marking µ′ and t ∈ S•.
Proof: Since N has asymmetric choice, any n places such that pi • ∩pj• 6= 0, ∀ i, j ∈
{1, 2, . . . n} satisfy pi1• ⊆ pi2• ⊆ . . . pin•, where i1, . . . in are distinct and ij ∈ {1, 2, . . . n} for
all j = 1 . . . n. Let •t = {p1, . . . pn}, where the notation is chosen such that p1• ⊆ p2• ⊆
. . . pn•. We first prove that ∃µ1 ∈ R(N , µ) and ∃j ∈ {1, . . . n} such that ∀µx ∈ R(N , µ1):
µx(pj) = 0. Assume the contrary. Let µ1 = µ and i be the least number in {1, . . . n} such
that ∃µi,1 ∈ R(N , µ1): µi,1(pi) = 0 (i exists, for t is dead and N is PT-ordinary). Then
∃µi,2 ∈ R(N , µi,1): µ1,2(pi) ≥ 1. If ∀µi,3 ∈ R(N , µi,2): µi,3(pi) ≥ 1, then let µ1 = µi,2, let
i be the least integer in {1, . . . n} such that ∃µi,1 ∈ R(N , µ1): µi,1(pi) = 0 and repeat the
operation above. Note that i is increasing, and so after at most n such steps we find that

∃µi,3 ∈ R(N , µi,2): µi,3(pi) = 0. (Otherwise we would have a reachable marking enabling t.)
From µi,2(pi) ≥ 1 and µi,3(pi) = 0 we infer that ∃µi,4 ∈ R(N , µi,2) and ∃ti ∈ pi• such that
µi,4 enables ti. Note that ti ∈ pj• ∀j = i . . . n, so µi,4(pj) ≥ 1 ∀j = i . . . n. By the choice of
i, µi,4(pj) ≥ 1 ∀j = 1 . . . i− 1. Therefore µi,4 enables t. Contradiction.
Therefore, ∃µ1 ∈ R(N , µ) and ∃j ∈ {1, . . . n} such that ∀µx ∈ R(N , µ1): µx(pj) = 0.

We recursively use this property to construct S. Note that all transitions in •pj are dead for
µ1. Let S0 = ∅ and S1 = {pj}. We recursively construct S by generating S2, . . . Sm+1 and
the markings µ2, . . . µn+1. Si for i ≥ 1 is such that all transitions in •Si are dead for some
marking µi. The construction in a iteration is as follows. Let µi+1 ∈ R(N , µi) such that
∀t ∈ •(Si\Si−1) ∀µx ∈ R(N , µi+1) ∃p ∈ •t: µx(p) = 0. Then we let Si+1 = Si

⋃
tx∈•(Si\Si−1)

{p ∈
•tx : ∀µx ∈ R(N , µi+1) : µx(p) = 0}. There is n such that Sn+1 = Sn, for the Petri net has a
finite number of places. We let S = Sn and µ

′ = µn. Since pj ∈ S, t ∈ S•. By construction
S is a siphon, S is empty for µ′, and µ′ ∈ R(N , µ). 2

We can now prove Theorem 3.2.

Proof: Assume that no active siphon becomes empty. If there is a reachable marking such

that a transition t ∈ TA is dead (and T ⊆ TA), by Lemma C.1 there is a reachable marking
such that a siphon S is empty and t ∈ S•. Then t ∈ S• implies S ∩ PA 6= ∅. From •S ⊆ S•
we infer •S ∩ TA ⊆ S • ∩TA. If tx ∈ TA and for some p ∈ P : tx ∈ p•, then p ∈ PA, by
Definition 3.1. Hence S •∩TA ⊆ (S∩PA)• and so S •∩TA = (S∩PA)•∩TA. Note also that
•(S ∩ PA) ∩ TA ⊆ •S ∩ TA. Therefore •S ⊆ S• implies •(S ∩ PA) ∩ TA ⊆ (S ∩ PA) • ∩TA,
which proves that S∩PA is a siphon of NA. Therefore S is an active siphon. Contradiction,
for S is empty. 2
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