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Abstract

In this paper, a generalization of polynomial interpolation to the matrix case is
introduced and applied to problems in systems and control. It is shown that this
generalization is most general and it includes all other such interpolation schemes that have
appeared in the literature. The polynomial matrix interpolation theory is developed and then
applied to solving matrix equations; solutions to the Diophantine equation are also derived.
The relation between a polynomial matrix and its characteristic values and vectors is
established and it is used in pole assignment and other control problems. Rational matrix
interpolation is discussed; it can be seen as a special case of polynomial matrix
interpolation. It is then used to solve rational matrix equations including the model
matching problem.

. INTRODUCTION

A theory of polynomial and rational matrix interpolation is introduced in this paper
and its application to certain Systems and Control problems is discussed at length. Note
that many system and control problems can be formulated in terms of matrix equations
where polynomial or rational solutions with specific properties are of interest. It is known
that equations involving just polynomials can be solved by either equating coefficients of
equal power of the indeterminate s or equivalently by using the values obtained when
appropriate values for s are substituted in the given polynomials; in the latter case one uses
results from the theory of polynomial interpolation. Similarly one may solve polynomial
matrix equations using the theory of polynomial matrix interpolation presented here; this
approach has significant advantages and these are discussed below. In addition to equation
solving, there are many instances where interpolation type constraints are being used in



systems and control without adequate justification; the theory presented here provides such
justification and thus it clarifies and builds confidence into these methods.

Polynomial interpolation has fascinated researchers and practitioners alike. This is
probably due to the mathematical simplicity and elegance of the theory complemented by
the wide applicability of its results to areas such as numerical analysis among others. Note
that although for the scalar polynomial case, interpolation is an old and very well studied
problem, only recently polynomial matrix interpolation appears to have been addressed in
any systematic way (Antsaklis 80, 83, Antsaklis and Lopez 84, Antsaklis and Gao 90,
Lopez 84). Rational, mostly scalar interpolation has been of interest to systems and control
researchers recenly. Note that the rational interpolation results presented here are distinct
from other literature results as they refer to matrix case and concentrate on fundamental
representation questions. Other results in the literature attempt to characterize rational
functions that satisfy certain interpolation constraints and are optimal in some sense and so
they rather complement our results than compete with them.

In this paper polynomial matrix interpolation of the type;Y¥s= by, where Q(s) is
a matrix and @ by vectors, is introduced as a generalization of the scalar polynomial
interpolation of the form q(s=ly. This generalization appears to be well suited to study
and solve a variety of multivariable system and control problems. The original motivation
for the development of the matrix interpolation theory was to be able to solve polynomial
matrix equations, which appear in the theory of Systems and Control and in particular the
Diophantine equation; the results presented here however go well beyond solving that
equation. It should be pointed out that the driving force while developing the theory and
the properties of matrix interpolation has always been system and control needs. This
explains why no attempt has been made to generalize more of the classical polynomial
interpolation theory results to the matrix case. This was certainly not because it was felt
that it would be impossible, quite the contrary. The emphasis on system and control
properties in this paper simply reflects the main research interests of the authors.

Characteristic values and vectors of polynomial matrices are also discussed in this
paper. Note that contrary to the polynomial case, the zeros of the determinant of a square
polynomial matrix Q(s) do not adequately characterize Q(s); additional information is
needed that is contained in the characteristic vectors of Q(s), which must also be given
together with the characteristic values, to characterize Q(s).



The use of interpolation type constraints in system and control theory is first
discussed and a number of examples are presented.

Motivation: Interpolation type constraints in Systems and Control theory

Many control system constraints and properties that are expressed in terms of
conditions on a polynomial or rational matrix R(s), can be written in an easier to handle
form in terms of R(g, where R(p is R(s) evaluated at certain (complex) values js =s
1, I. We shall call such conditions in terms of jR(sterpolation (type) conditions on
R(s). This is because in order to understand the exact implications of these constraints on
the structure and properties of R(s), one needs to use results from polynomial interpolation
theory. Next, a number of examples from Systems and Control theory where polynomial
and polynomial matrix interpolation constraints are used, are outlined. This list is not
complete, by far.

Eigenvalue / eigenvector controllability test:is known that all the uncontrollable

eigenvalues of x Ax + Bu are given by the roots of the determinant of a greatest left
divisor of the polynomial matrices sl - A and B. An alternative, and perhaps easier to
handle, form of this result is thaf & an uncontrollable eigenvalue if and only if
rank[gl-A, B] < n where A is nxn (PBH controllability test (Kailath 80)). This is a more
restrictive version of the previous result which involves left divisors, since it is not clear
how to handle multiple eigenvalues when it is desirable to determine all uncontrollable
eigenvalues. The results presented here can readily provide the solution to this problem.

Selecting T(s) In the Model Matching Problem, the plant H(s) and the desired
transfer function matrix T(s) are given and a proper and stable M(s) is to be found so that
T(s) = H(s)M(s), The selection of T(s) for such M(s) to exist can be handeled with matrix
interpolation.

The state feedback pole assignment probleas a rather natural formulation in
terms of interpolation type constraints; similarly thaput feedback pole assignment
problem

More recently, stability constraints in th&° formulation of the optimal control
problemhave been expressed in terms of interpolation type constraints (Kimura 87, Shaked
89, Chang and Pearson 84). It is rather interesting that (Shaked 89, Chang and Pearson
84) discuss a "directional" approach which is in the same spirit of the approach taken here.



The above are just a few of the many examples of the strong presence of
interpolation type conditions in the systems and control literature; this is because they
represent a convenient way to handle certain types of constraints. However, a closer look
reveals that the relationships between conditions oy) &{¢gl properties of the matrix R(s)
are not clear at all and this needs to be explained. Only in this way one can take full
advantage of the method and develop new approaches to handle control problems. Our
research on matrix interpolation and its applications addresses this need.

The main ideas of the polynomial matrix interpolation results can be found in earlier
publications (Antsaklis 80, 83, Antsaklis and Lopez 84, Antsaklis and Gao 90, Lopez 84),
with state and static output feedback applications appearing in (Antsaklis 77, Antsaklis and
Wolovich 77); some of the material on rational matrix interpolation has appeared before in
(Antsaklis and Gao 90). Here a rather complete theory of polynomial and rational matrix
interpolation with applications is presented. Note that all the algorithms in this paper have
been successfully implemented in Matlab. In summary, the contents of the paper are as
follows:



Summary

Section Il presents the main results of polynomial matrix interpolation. In
particular, Theorem 2.1 shows that a pxm polynomial matrix Q(s) of column degiees d
1, m can be uniquely represented, under certain conditions, Byd = m triplets (§ 3,
bj) j=1,1 where s is a complex scalar angl & are vectors such that Q(g =1I j=
1, . Itis shown that this formulation is most general and it includes as special cases other
interpolation constraints which have been used in the literature.

In Section lll, equations involving polynomial matrices are studied using
interpolation. All solutions of degree r are characterized and it is shown how to impose
additional constraints on the solutions. The Diophantine equation is an important special
case and it is examined at length. The conditions under which a solution to the Diophantine
equation of degree r does exist are established and a method based on the interpolation
results to find all such solutions is also given.

In Section IV the characteristic values and vectors of a polynomial matrix Q(s) are
discussed and all matrices with given characteristic values and vectors are characterized.
Based on these results it is possible to impose restrictions on Q(s) of the fqing Qs
that imply certain characteristic value locations with certain algebraic and geometric
multiplicity. This problem is completely solved here. The cases when the desired
multiplicities require the use of conditions involving derivatives of Q(s) are handled in
Appendix A.

In Section V, the results developed in the previous section on the characteristic
values and vectors of a polynomial matrix Q(s) are used to study several Systems and
Control problems. The pole or eigenvalue assignment is a problem studied extensively in
the literature. Itis shown how this problem can be addressed using interpolation, in a way
which is perhaps more natural and effective; dynamic (and static) output feedback as well
as state feedback is used and assignment of both characteristic values and vectors is
studied. Tests for controllability and observability and control design problem with
interpolation type of constraints are also discussed.

Section VI introduces rational matrix interpolation. It is first shown that rational
matrix interpolation can be seen as a special case of polynomial matrix interpolation and the
conditions under which a rational matrix H(s) is uniquely represented by interpolation



triplets are derived in Theorem 6.1. It is also shown how additional constraints on H(s)
can be incorporated. These results are then applied to rational matrix equations and results
analogous to the results on polynomial matrix equations derived in the previous sections are
obtained.

Appendix A contains the general versions of the results in Section 1V, that are valid
for repeated values of, svith multiplicities beyond those handled in that section. Smith
forms are defined and the relation between Smith and Jordan canonical forms is shown.

. POLYNOMIAL MATRIX INTERPOLATION

In this section the theory of polynomial matrix interpolation is introduced. The
main result is given by Theorem 2.1 where it is shown that a pxm polynomial matrix Q(s)
of column degreesjd = 1, m can be uniquely represented, under certain conditions, by |
=) di + mtriplets (g g, Iy) j = 1, | where s a complex scalar ang, & are vectors such
that Q(p g =0 j=1,1. One may have fewer thand; + m interpolation points | in
which case the matrix (with column degreg9 @hn satisfy additional constraints. This is
very useful in applications and it is shown in (2.6); in Corollary 2.2 the leading coefficient
is assigned. Connections to the eigenvalues and eigenvectors are established in Corollary
2.3. In Lemma 2.4 the choice of the interpolation points is discussed. In Theorem 2.1 the
vector @ postmultiplies Q(s); in Corollary 2.5 premultiplication of Q(s) by a vector is
considered and similar (dual) results are derived. The theory of polynomial matrix
interpolation presented here is a generalization of the interpolation theory of polynomials
and there are of course alternative approaches which are discussed; they are shown to be
special cases of the formulation in Theorem 2.1. In particular, Q(S) is seen as a matrix
polynomial and alternative expressions are derived in Corollary 2.6; in Corollary 2.7
interpolation constraints of the form Qfz= R k = 1, q are considered, which may be
seen as a direct generalization of polynomial constraints. Finally in Theorem 2.8
derivatives of Q(s) are used to generalize the main interpolation results.

The basic theorem of polynomial interpolation can be stated as follows:
Given | distinct complex scalarg 5= 1, | and | corresponding complex valugsthere
exists a unigue polynomial q(s) of degree n-4 lfor which
ag)=h j=1,1 (2.1)
That is, an nth degree polynomial g(s) can be uniquely represented by thell
interpolation (points or doublets or) pairg ) j = 1, . To see this, write the n-th degree



polynomial q(s) as q(s) = q [1, s, ..n]swhere q is the (1x(n+1)) row vector of the
coefficients and [ ]' denotes the transpose. Thent1l equations in (2.1) can then be

written as
Ll
5ol

Note that the matrix V (Ixl) is the well known Vandermonde matrix which is nonsingular if
andonly if the | scalarsjsj = 1, | are distinct. Here @re distinct and therefore V is
nonsingular. This implies that the above equation has a unique solution g, that is there
exists a unique polynomial q(s) of degree n which satisfies (2.1). This proves the above
stated basic theorem of polynomial interpolation .

There are several approaches to generalize this result to the polynomial matrix case
and a number of these are discussed later in this section. It is shown that they are special
cases of the basic polynomial matrix interpolation theorem that follows:

[by, ..

Let S(s) := blk diag{[ 1, s, ....99'} where ¢ i = 1, m are non-negative integers;
let g # 0 and p denote (mx1) and (px1) complex vectors respectively andnsplex
scalars.

Theorem 2.1: Given interpolation (points) tripletg € bj) j = 1, | and nonnegative
integers gdwith | =3 di + m such that the(d; + m)xL matrix

= [S(s)ay...., S(pal] (2.2)
has full rank, there exists a unique (pxm) polynomial matrix Q(s), with ith column degree
equalto d i=1, mforwhich

Qg)a=h =11 (2.3)

Proof: Since the column degrees of Q(s) ar€(s) can be written as

Q(s) = QS(s) (2.4)
where Q (px§ di + m)) contains the coefficients of the polynomial entries. Substituting in
(2.3), Q must satisfy

QS =B (2.5)
where B := [by, ..., B]. Since $ is nonsingular, Q and therefore Q(s) are uniquely
determined.
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It should be noted that when p = m = 1 and=d - 1 = n this theorem reduces to the
polynomial interpolation theorem. To see this, note that in this case the nonzero sgalars a
=1, I, can be taken to be equal to 1, in which case\&the well known Vandermonde

matrix; V is nonsingular if and only if $= 1, | are distinct.

Example 2.1: Let Q(s) be a 1x2 (=pxm) polynomial matrix and let | = 3 interpolation points
or triplets be specified:

{(sj, 3. ) =1, 23 ={(1[1, 0], 0), (0,[-1, 1], 0), (1, [0, 1], 1)}-

In view of Theorem 2.1, Q(s) is uniquely specified wheamd & are chosen so that 1(=3)
=>di+m=(d+d)+20rd+ d =1assuming thatzhas full rank. Clearly there are
more than one choices fof dnd @; the resulting Q(s) depends on the particular choice for
the column degrees dnd different combinations of @ill result to different matrices Q(s).

In particular:

() Letdy =1, and d =0. Then S(s) = blk diag{[1,s]',1} and (2.5) becomes:

1-10
Q%:QE@%$®%$®@=Q§%23 =[0,0, 1] =B

[ |

from which Q =[1, 1, 1] and Q(s) = QS(s) = [s+1, 1].

(i) Letd1 =0, d =1. Then S(s) = blk diag{1, [1, s]'} and (2.5) gives Q =[O0, 0, 1] from
which Q(s) = [0, s], clearly different from (i) above. _
Discussion of the Interpolation Theorem

Representations of Q(s)

Theorem 2.1 provides an alternative way to represent a polynomial matrix, or a
polynomial, other than by its coefficients and degree of each entry. More specifically:

A polynomial q(s) is specified uniquely by its degree, say, n and its n+1 ordered
coefficients. Alternatively, in view of (2.1) thephirs (g, 1) j = 1, luniquely specify the
nth degree polynomial q(s) provided thatih+1 and the scalargare distinct.

Similarly, a polynomial matrix Q(s) is specified uniquely by its dimensions pxm, its
column degrees;jdi = 1, m and the;étl coefficients in each entry of column i. In view of
Theorem 2.1, given the dimensions pxm, the polynomial matrix Q(s) is uniquely specified
by its column degrees d = 1, m and the | tripletsj(s3, Iy) j = 1, | provided that | = di;

+ m and (g g) are so thatSin (2.2) has full rank. Notice that when p = m = 1 these
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conditions reduce to the well known polynomial interpolation conditions described above,
namely thatjsmust be distinct.

Number of Interpolation Points

It is of interest to examine what happens when the number of interpolation points |,
in Theorem 2.1, is different from the required number determined by the number of
columns m and the desired column degrees of Qs),=d1, m. That is what happens
when £ d + m:
The equation of interest is @S By in (2.5). A solution Q (pX{d; + m)) of this equation
exists if and only if

rank[gll] =rank $

This implies that there exists a solution Q for anyf Bnd only if rank (9 =, that is if
and only if $, a ¢ di + m)xL matrix has full column rank.
() When I > di + m, the system of equations in (2.5) is over specified; there are more
equations than unknowns asisSa ¢ d; + m)xl matrix. If now the additional (I >(d; +
m)) equations are linearly dependent upon the previpus £ m) ones, then a Q(s) with
column degreesjd = 1, m is uniquely determined provided thatd; + m) interpolation
triplets (s, g, Iy) satisfy the conditions of Theorem 2.1. Otherwise there is no matrix of
column degreesjdi = 1, m which satisfies these interpolation constraints. In this case
these interpolation points represent a matrix of column degrees greatgr.than d
(i) When | <> di + m, then Q(s) with column degrees d= 1, m is not uniquely
specified, since there are more unknowns than equations in (2.5). That is, in this case
there are many (pxm) matrices Q(s) with the same column degretsct satisfy the |
interpolation constraints (2.3) and therefore can be represented by these | interpolation

triplets (s, g, by).

Additional Constraints

This additional freedom (in (ii) above) can be exploited so that Q(s) satisfies
additional constraints. In particular, k :¥ @ + m) - | additional linear constraints,
expressed in terms of the coefficients of Q(s) (in Q), can be satisfied in general. The
equations describing the constraints can be used to augment the equations in (2.5). Thisis
a very useful characteristic and it is used extensively in later sections. In this case the
eqguations to be solved become

Q[S,C]=[B, D] (2.6)
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where QC = D represent k :5 (@ + m) - | linear constraints imposed on the coefficients
Q; C and D are matrices (real or complex) with k columns each. The following examples
illustrate the above.

Example 2.2 (i) Consider a 1x2 polynomial matrix Q(s) and | = 3 interpolation points:

{(Sj’ q’ Q) J = 1! 21 3} = { (_1’[1! O]I’ 0)! (0,[-1, 1]'! 0)! (1’ [01 1]'! 1)}

as in Example 2.1. Letidk 1, & = 0. It was shown in Example 2.1 (i) that the above
uniquely represent Q(s) = [s+1, 1]. Suppose now that an additional interpolation point (s

a4, bg) = (1, [1, O], 2) is specified. Here | = 4>>dj + m = 1+2 = 3 and
nl-101

Q$=Q@zl1 00 1%:[0,0, 1,2]=8
0o 1 1 ol

Notice however that the last equation Q[1 1 0]' = 2 can be obtained frgm B$ by a
postmultiplication of [-1 -2 2]'. Clearly the additional interpolation point does not impose
any additional constraints on Q(s) as it does not contain any new information about Q(s).
If now the new interpolation point is taken to bg @, bg) = [1, [1, O], 3) then, as it can

be easily verified, there is no Q(s) with  d> = 1 which satisfies all 4 interpolation
constraints. In this case one should consider Q(s) with higher column degrees, namely d

+p = 2.

(if) Consider again a 1x2 polynomial matrix Q(s) but with | = 2 interpolation points:
{(Sj1 Q! t%)J = 1! 2} = { (_11[1’ O]" O), (0!['11 1]'! 0)}

from Example 2.1. Letid=1, & =0. Herel=2<di +m =1+2 = 3. Inthis case itis
possible, in general, to satisfyd; + m) - | = 1 additional (linear) constraint. In particular

Dl -1 o] 0
Q[S2, C]=QG1 0 ¢ =10, 0, d] =[B, D]
00 1 g U

where Q[g c2 c3]' = d is the additional constraint on the coefficients Q of

_ _ iy
Q(s) = QS(s) = [aaz QS]% %

For example, if it is desired that the coefficientg2, this can be enforced by taking=
cz3=0andg=1,d=2. ThenQ =[2 2 2] and Q(s) = [2s+2 2] satisfies all requirements.

The additional constraints on Q(s) (or Q) do not have of course to be linear. They
can be described for example by nonlinear algebraic equations or inequalities. However, in
contrast to the linear constrains, it is difficult in this case to show general results.
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Determination of the Leading Coefficients

It is well known that if the leading coefficient of an nth degree polynomial is given,
then n, not n+1, distinct points suffice to uniquely determine this polynomial. A
corresponding result is true in the polynomial matrix case:
Let C. denote the matrix with ith column entries the coefficientsdgfirsthe ith column of
Q(s); that is the leading matrix coefficient (with respect to columns) of Q(s). Letjalso S
blk diag{[1, s, ..., -1} i =1, m where the assumption thatisigreater than zero is
made for $ to be well defined. Note that this assumption is relaxed in the alternative
expression of these results discussed immediately following the Corollary.

Corollary 2.2: Given {s3g, byj) j = 1, land nonnegative integerswiith | =3 d; such that
the ¢ d)xl matrix S := [S1(s1) &,..., S(§)a] has full rank, there exists a unique (pxm)
polynomial matrix Q(s), with ith column degreg @nd a given leading coefficient matrix
Cc which satisfies (2.3).

Proof: Q(s) = @D(s) + QSi(s) with D(s) := diag[&] for some coefficient p3{d;) matrix
Q1. (2.3) implies
QS =B -C[D(sda , ..., D(9)a] (2.7)
which has a unique solution;@ince ) is nonsingular. Q(s) is therefore uniquely
determined. _
Note that here the givenc@rovides the additional m constraints (for a totap df+m)
needed to uniquely determine Q(s) in view of Theorem 2.1. It is also easy to see that when
p = m =1, the corollary reduces to the polynomial interpolation result mentioned above.

The results in Corollary 2.2 can be seen in view of our previous discussion for the
case when only | §d; + m interpolation points are given. In that case it was possible to
satisfy, in general k :=( d; + m) - | additional constraints. Here, the requirement that the
leading coefficients should be €an be written as

QS Cl=[BL, Cl (2.8)
where C is chosen to extract the leading coefficients from Q. Sigé@sk = m columns,
| =Y d interpolation points will suffice to generajed, + m equations witly dj + m
unknowns, to uniquely determine Q(S).
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Example 2.3 Consider a 1x2 polynomial matrix Q(s) with column degfees, db = 0.
Assume that the interpolation point (Ixd; = 1) is (g, a, b1) = (-1, [1, 0], 0) and the
desired leading coefficient iSs& [c1, ¢2]. Then

O

10
QS Cl=Qrl 1
0o

0
g 0=[0c ¢ =[B1, CJ

U
from which Q =[g, ¢1, ¢o] and Q(s) = [¢+c1S, ©).

Interpolation Constraints with|B O
Often the interpolation constraints (2.3) are of the form

Qg)g=0 j=1,1 (2.9)
leading to a system of equations
QS =0 (2.10)

where $ is a { di + m)xI matrix; see Theorem 2.1. In this case, if the conditions of
Theorem 2.1 are satisfied then the unique Q(s) which is described by thed = M)
interpolation points is Q(s) = 0. It is perhaps instructive to point out what this result means
in the polynomial case. In the polynomial case this result simply states that the only nth
degree polynomial with n+1 distinct roofsisthe zero polynomial, a rather well known
fact. Itis useful to determine nonzero solutions of Q of (2.10). One way to achieve this is
to use:

Q[S.C]=[0, D] (2.11)
where again Sis a §§ di + m)xl matrix but the number of interpolation points taken to
be I <>di + m. In this way Q(S) is not necessarily equal to a zero matrix. The matrices C
and D each have k :5(d; + m) - | columns, so that Q(s) can satisfy in general k
additional constraints; see Example 2.3.

Eigenvalues and Eigenvectors
An interesting result is derived when Corollary 2.2 is applied to an (nxn) matrix
Q(s)=sl-A. Inthiscasge 1, i=1,n. g=1,S(s)=land Q=A;alsol=n, $,=
[a1, ..., @] and (2.7) can be written as:
A [ay, ..., @] = Bn - [a, ..., @] diag[s] (2.12)
When [hy, ..., ] = Bh = 0 then in view of (2.12) and Corollary 2.2 the following is true:

Corollary 2.3: Given (s g) j = 1, n such that the (nxn) matrix$= [ay, ..., &] has full
rank, there exists a unique nxn polynomial matrix Q(s) with column degrees all equal to 1
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and a leading coefficient matrix equal to | which satisfies (2.3) with allp that is Q(35

=(sl-A)g=0.

The above corollary simply says that A is uniquely determined by its n eigenviadnes s
the n corresponding linearly independent eigenvecfpesveell-known result from matrix
algebra. Here this result was derived from our polynomial matrix interpolation theorem,
thus pointing to &trong connection between the polynomial matrix interpolation theory
developed here and the classical eigenvalue eigenvector matrix algebra results

Choice of Interpolation Points

The main condition of Theorem 2.1 is that Sa ¢ di + m)xlI matrix, has full
(column) rank I. This guarantees that the solution Q in (2.5) exists for jaaydBt is
unique. In the polynomial casg¢ 8an be taken to be a Vandermonde matrix which has full
rank if and only if g j = 1, | are distinct, and this has already been pointed out. In general
however, in the matrix casg, § = 1, Ido not have to be distinatepeated values foy s
coupled with appropriate choices forill still produce full rank in $in many instances,
as it can be easily verified by example. This is a property unique to matrix case.

Example 2.4 Consider a 1x2 polynomial matrix Q(s) withed, = 0 (as in Example
2.1). Suppose that | = 3 interpolation points are given:
{(sj, g, b5)j=1,2 3 ={(0[1, 0], 1), (0,0, 1], 1), (1, [1, OT, 2)}.
Here S(s) = blk diag{[1, s], 1} and
0l O

QS$=QO0 0
0o 1
from which Q(s) = QS(s) = [1 1 1]S(s) = [s+1, 1]. Note that the first two columnsg of S
are S(0)[1 O] and S(0)[0 1]. They correspond to the samdsj = 1, 2 and they are

linearly independent.

1n
10=11,1,2]=8
00

If s; j=1, | are taken to be distinct, then there always ep#sOasuch that Shas
full rank. An obvious choice igsa e forj=1, a4 +1,3 =eforj=ch +2,...,d +
+ 2 etc, where the entries of column veciare zero except the ith entry which is 1; in this
way, § is block diagonal with m Vandermonde matrices of dimensigns Y x (d + 1)
i =1, m on the diagonal, which has full rank singare distinct (in fact we only need
groups of g+ 1 values ofjgo be distinct).
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Example 2.5 In Example 2.4 (Q(s) 1x2, | = 3,41, & = 0) take 3, , and g distinct
andleta=a=¢e =[1 0'andg=e =[0 1]. Thenin Q%= Bg,

110g

S3=0s1 82 0
o 0 10

which has a block diagonal form with 2(=m) Vandermonde matrices on the diagonal.
Clearly $ has full rank sinceisand $ are distinct; so there is a unique solution Q for any
Bs. _
It is also important to know, especially in applications, what happens to the rank of
S for given q It turns out that Shas full rank for almost any choice gfvehen § are
distinct. In particular:

Lemma 2.4: Letjsj =1, | with I< 3 di + m be distinct complex scalars. Then thel; (+
m)xl matrix § in (2.2) has full column rank | for almost any set of nonzgno=ai, |

Proof: First note that|$as at least as many rows @ + m) as columns (l). The structure

of S(s) together with the fact that#a0 and gdistinct imply that the Ith order minors of S

are nonzero multivariate polynomials iy ¢he entries ofjaj = 1, . These minors become
zero only for values ofijgon a hypersurface in the parameter space. Furthermore note that
there always exists a set gf(aee above) for which at least one Ith order minor is nonzero.
This implies that rank|S- | for almost any set of & 0.

Example 2.6 Let S(s) = blk diag{[1, s]', 1} and take=s0, = 1 (distinct). Then
(11 a12]
Sz = [S(s)au, S()ag] =00 a2
1az

where a = [a11, @1]' and & = [a12, a&2]' (# 0). Rank Swill be less than 2 (=I) for
values of g which make zero all the second order mino{sag, 11802 - &1281, a12321.
Such a case is, for example, whenaa 2 = 0. _
Alternative Bases

Note that alternative polynomial bases, other than [£, s..}5 which might offer
computational advantages in determining Q(s) from interpolation equations (2.5) can of
course be used. Choices include Chebychev polynomials, among others, and they are
discussed further later in this paper in relation to applications of the interpolation results.
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Alternative Approaches to Matrix Interpolation
(i) Dual Version :In Theorem 2.1,;are column vectors which postmultiply Q(# (2.3)
to obtain the interpolation constraints Qds= by ; lj are also column vectors. It is clear
that one could also have interpolation constraints of the form

§Q@g=b j=11 (2.13)
where g; andb; are row vectors. (2.13) gives rise to an alternative ("dual”) matrix
interpolation result which we include here for completeness.

Let S(s) = blk diag {[1,s, ...,%]} whered; i = 1, p are non-negative integers; de¥ 0
andb; denote (1xp) and (1xm) complex vectors respectively goahgplex scalars.

Corollary 2.5: Given ($g, bj) j = 1, | and nonnegative integedswith | =y d; + p

such that the IX{d; +p) matrix
Eﬁ(&) H

" HiwH

has full rank, there exists a unique (pxm) polynomial matrix Q(s), with ith row degree
equal tod; i =1, p, for which (2.13) is true.

(2.14)

Proof: Similar to the proof of Theorem 2.1: Q(s) can be written as

Q(s) =S(sR (2.15)
whereQ (5.di + p) x m) contains the coefficients of the polynomial entries of Q(s).
Substituting in (2.8) where|B=[h, ..., Ql ', Q must satisfy

S Q=B (2.16)

Since§ is nonsingularQ and therefore Q(s) are uniquely determined.

Example 2.7 Let Q(s) be a 1x2 (=pxm) polynomial matrix and let | = 2 interpolation points
be specified: {(s g, b)) j =1, 2} ={(-1,1,[0 1]), (0,1,[1 1])}. Herel=23di +p

from whichd; = 1; that is a matrix of row degree 1 may be uniquely determined. Note that
S(s) =[1, s]. Then

sa-[} Jo [ ]

from which
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o=

and Q(s) =5(sR = [s+1, 1]

(i) Q(s) as a matrix polynomial The relation between representation (2.4) used in
Theorem 2.1 and an alternative, also commonly used, representation of Q(s) is now
shown, namely:

Q) =By(s) = Q@ + ... + Q1 (2.17)
where g(s) := [I, ..., I$]" a m(d+1)xm matrix with d = max{d i = 1, m and & [Qo,
..., @] the (pxm(d+1)) coefficient matrix. Notice that S(s) = where K (§di + m)
x m(d + 1)) describes the appropriate interchange of rowg(s) 8eeded to extract S(s)
(of Theorem 2.1). Representation (2.17) can be used in matrix interpolation as the
following corollary shows:

Corollary 2.6: Given (sg, Iy) j = 1, | and nonnegative integemath | =m(d+1) such
that the m(d+1)xI matrix
Sl = [Sd(s1) &, Su(s)al (2.18)
has full rank, there exists a unique (pxm) polynomial matrix Q(s) with highest degree d
which satisfies (2.3).

Proof: Consider Theorem 2.1 with=ld; then

QSu=B (2.19)
is to be solved. The result immediately follows in view of S(s) g(KSwhich implies
that § is nonsingular, since here K is nonsingular. _
Notice that in order to uniquely represent a matrix Q(s) with column degreesd m,
Corollary 2.6 requires more interpolation points & by) than Theorem 2.1 since nad
>di . This is, however, to be expected as in this case less information about the matrix
Q(s) is used (only the highest degree d), than in the case of the theorem where the
individual column degrees are supposed to be known=dL, m).

Example 2.8 Let Q(s) be 1x2 ( = pxm), d = 1 and let the | = m(d+1) = 4 interpolation
points ($ g, ly) be as follows: let the first 3 be the same as in Example 2.1 and the fourth
be (2, [0, 1], 1). The equation (2.19) now becomes
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-10
11
00

(D01 2]

from which Q= [1, 1, 1, 0] and Q(s) = &(s) = Qis + @ = [ s+1, 1] as in Example 2.1

(). If the fourth interpolation point is taken to be equal to (2, [0, 1], 2) then[® O, 1,

2] while & remains the same. Ther=Q0, 0, 0, 1] and Q(s) = &(s) = [ 0, s] as in

Example 2.1(ii)

n=a

e i it

QSwa=0Q =[0,0,1,1]=8

Similarly to the case of Theorem 2.1, if the number of interpolation points | <
m(d+1) then Q(s) of degree d is not uniquely specified. In this case one could satisfy in
general k ;= m(d+1) - | additional linear constraints by solving

Q[Sai, C] =[BL, D] (2.20)
where @ = D represent the k linear constraints imposed on the coefficients Q. Constraints
on Q other than linear can of course be imposed in the same way as in the case of Theorem
2.1.

(iii) Constraints of the form (zR¢) k = 1, q: Interpolation constraints of the form

Qz) =R« k=19 (2.21)
have also appeared in the literature. These conditions are but a special case of (2.3). In
fact for each k, (2.21) represents m special conditions of the forngsy j =1, Lin
(2.3). To see this, consider (2.3) and blocks of m interpolation points whkeze $= 1,
m with 3 =g, Sn+ = 22 i = 1, m with a,+j = g and so on, where the entries phee zero
except the ith entry which is 1; then &f (2.21) above is R=[by, ..., bn], R2 = [bm+1,
..., lpm] and so on. In this casg¢ sare not distinct but they are m-multiple. This is
illustrated in Example 2.9 below where: m = 2 apg$ = 0 with 3 = [1, 0], & =[O,
11"and R =[bg, bp] = [1,1]; also 3 = =1 with & =[1,0]',a =10, 1] and R =
[b3, bs] = [2,1].

A simple comparison of the constraints (2.21) to the polynomial constraints (2.1)
seems to suggest that this is an attempt to directly generalize the scalar results to the matrix
case. As in the polynomial caseg, k = 1, q therefore should perhaps be distinct for Q(s)
to be uniquely determined. Indeed this is the case as it is shown in the proof of the
following corollary:

Corollary 2.7: Given (%, Rk) k = 1, g with g = d + 1, andpxm, such that the
m(d+1)xmq matrix

Sk: = [Sd(z1),---, H(zK)] (2.22)
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has full rank, there exists a unique (pxm) polynomial matrix Q(s) with highest degree d
which satisfies (2.21).

Proof: Direct in view of Corollary 2.6; there are mq interpolation points. Notice that
here Jk (after some reordering of rows and columns) is a block diagonal Vandermonde
type matrix, and it is nonsingular if and only jifare distinct.

Example 2.9 Let Q(s) be 1x2 (=pxm), d = 1 and let the g = d+1 = 2 interpolation points be
{zk, R k=1,2}={(0, [1, 1]), (1, [2, 1])}. In view of Q(s) = Qu(s) = (Qs + Q)

Q[Sd(z1), Su(z2)] = [R1, Ro] or
Q o= (112 1]
1J

from which Q((Qo, @1) =) =[1, 1, 1, 0] and Q(s) = &(s) = [s+1, 1] as in Examples
2.1 and 2.8.

I
QOO
oOOoOr o
OrOr

Note that if, instead of the degree d, the column degrees @, m of Q(s) are
known, then a result similar to Corollary 2.7 but based directly on Theorem 2.1 can be
derived and used to determine Q(s) which satisfies (2.21) gikeR ek = 1, q. In this
case, for a unique solution, g is selected so that (}qd; + m) .

In Corollaries 2.6 and 2.7 above, it is clear that the dual interpolation results of
Corollary 2.5, instead of Theorem 2.1, could have been used to derive dual versions.
These dual versions involve the row dimension p instead of m and they could lead in
certain cases to requirements for fewer interpolation points, depending on the relative size
of p and m. These alternative versions of the Corollaries can be easily derived and they are
not presented here.

(iv) Using Derivatives In the polynomial case, there are interpolation constraints which
involve derivatives of q(s) with respect to s. In this way, one could use repeated yalues s
and still have linearly independent equations to work with. In the matrix case it is not
necessary to have derivatives to allow some repeated valugssiacs the key condition

in Theorem 2.1 is |Sf (2.2) to be of full rank which, in general, does not imply that s
must be distinct; see Example 2.4 and Corollary 2.7 above. Nevertheless it is quite easy to
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introduce derivatives of Q(S) in interpolation constraints and this is now done for generality
and completeness.

Notice that thekth derivative of S(s) := blk diag {[ 1, s, ..9iB} i = 1, m with
respect to s, denoted bykgs), is easily determined using the formul)®) = ¢ (d;
-1)...(d - k +1)dli-k for k less or equal tojcand (§i)(K) = 0 for k larger thanid The
interpolation constraints Q& = b in (2.3) now have a more general form

Qk(s)aj=hj k=0,1,.. (2.23)
for each distinct valug s Clearly, Q(s) = QS(s) implieskXs) = QSK)(s) and
QSK)(s )aq = by (2.24)

in view of (2.23). There is a total of | relations of this type which can be written|as QS
BL , as in (2.5). To be able to uniquely determine Q(s), the new matriwt8ch now
contains columns of the forrr(kéiq )&, must have full (column) rank. In particular, the
following result can be shown:

Theorem 2.8: Consider interpolation triplets, &, bxj) where g j = 1,0 distinct
complex scalars anggja 0 (mx1), kyj (px1) complex vectors. If k =(,41, let the total
number of interpolation points be | = \I\sufl)j). For nonnegative integers d= 1, m
and | =y di + m assume that thg ¢ + m)xl matrix $ with columns of the form
Sk)(s) a; j=1,0,k=0,]|- 1 namely

S = [SO)(spaoy, -.., Sl D(sp)a, 11, -, $O(sg)aog, -] (2.25)
has full column rank. Then there exists a unique pxm polynomial matrix Q(s) which
satisfies (2.23).

Proof Similar to Theorem 2.1. Solve (3SB) to derive the unique Q and Q(s) = QS(s).

Example 2.10: Consider a 1x2 polynomial matrix Q with=dL, & = 0 and let the | 3 d;
+ m = 3 interpolation points {s &1, bo1), (s1, &1, b11), (S, @2, bo2)}= {(-1,[1

01,0),(-1,[1 0]'1), (0,0 1J',1)} satisfy Qf¥ap1 = bp1, Q)(sp)ar1 = by and Q(s)ap>
o
=bgo. Herec =2, =2, bzlandlz% lj = 3. Now

10
QSs = Q[I(sp)a01, S(sp)ans, SO s2)a02] = Q %01 é H [011] = [wg, br1, bog] = B3
from which Q =[1 1 1] and Q(s) = QS(s) = [s+1, 1].

[l SOLUTION OF POLYNOMIAL MATRIX EQUATIONS
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In this section equations of the form M(s)L(s) = Q(s) are studied. The main result
is Theorem 3.1 where it is shown that all solutions M(s) of degree r can be derived by
solving an equation M$= B, derived using interpolation. In this way, all solutions of
degree r of the polynomial equation, if they exist, are characterized. The existence and
uniqueness of solutions is discussed, as well as methods to impose constraints on the
solutions. Alternative bases are examined in numerical considerations. The Diophantine
equation is an important special case and it is examined at length. Lemma 3.2 and
Corollary 3.3 establish some technical results necessary to prove the main result in
Theorem 3.4 that shows the conditions under which a solution to the Diophantine equation
of degree r does exist; a method based on the interpolation results to find all such solutions
is also given. Using this method, it is quite easy to impose additional constraints the
solutions must satisfy and this is shown.

Consider the equation

M(s)L(s) = Q(s) (3.1)
where L(s) (txm) and Q(s) (kxm) are given polynomial matrices. The polynomial matrix
interpolation theory developed above will now be used to solve this equation and determine
the polynomial matrix solutions M(s) (kxt) when one exists.

First consider the left hand side of equation (3.1). Let

M(s) :=Mg + ... + & (3.2)
where r is a non-negative integer, and Jetdlegi[L(s)] i =1, m. If
R Q(s) := M(s)L(s) (3.3)
then deg[Q(s)] = d + r for i =1, m. According to the basic polynomial matrix

interpolation Theorem 2.1, the matr/i\)(s{))can be uniquely specified usirg(di+r) + m =
> di + m(r+1) interpolation points. Therefore considertérpolation points {sg, k) |
=1, | where

=5 di + m(r+1) (3.4)
Let S(s) := blk diag{[1, s, ...,%"'} and assume that the @ + m(r+1))xI matrix
S = [S(sy) &, S(s)al (3.5)

has full rank; that is the assumptions in Theorem 2.1 are satisfied. Note that in view of
Lemma 2.2, for distinct;sS will have full column rank for almost any set of nonzgro a
Now in view of Theorem 2.1 @) which satisfies

As)a=h j=1,1 (3.6)
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is uniquely specified given these | interpolation pointsgsky). To solve (3.1), these
interpolation points must be appropriately chosen so that the equation
(Ag(s) (= M(s)L(s)) = Q(s) is satisfied:
Write (3.1) as

ML(s) = Q(s) (3.7)
where

M := Mo, ., Md (kxt(r+1))

Le(s) :=[L(S), ..., SL(S)] (t(r+1)xm).

Let s = g and postmultiply (3.7) byjaj = 1, I; note thatjsand @ j = 1, | must be so that
S above has full rank. Define

bj:=Q(g)g j=1,1 (3.8)
and combine the equations to obtain
MLy =B, (3.9

where
Lri = [Le(s1) &,..., Le(s)a] (t(r+1)xI)
B := [b1, ..., h] (kx)).

Theorem 3.1: Given L(s), Q(s) in (3.1), letd degi[L(s)] i = 1, m and select r to satisfy
degi[Q(s)]<di+r i=1,m (3.10)

Then a solution M(s) of degree r exists if and only if a solution M of (3.9) does exist;
furthermore, M(s) = M[l, sl, ...,’§ .

Proof: First note that (3.10) is a necessary condition for a solution M(s) in (3.1) of degree
r to exist, since degM(s)L(s)] = d + r. Assume that such a solution does exist; clearly
(3.9) also has a solution M. That is, all solutions of (3.1) of degree r map into solutions of
(3.9). Suppose now that a solution to (3. 9) does exist. Notice that the left hand side of
(3.9) MLy = QSH where QS) = M(s)L(s) = @&(s). Furthermore, the right hand side of
(3.9) B = QSy, in view of (3.8); also note that Q(s) is uniquely represented by the |
interpolation pomts {sg, Iy) in V|ew of (3.10) and the interpolation theorem. Therefore
(3.9) implies that Q= QS orQ Q, since gis nonsingular, or that M(s)L(s) (Q =

Q(s); that is M(s) = M+ ..., + Ms' = M[l, sI, ..., $I] is a solution of (3.1).
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Alternative Expression
It is not difficult to show that solving (3.9) is equivalent to solving

M(sj)gg=h j=1,1 (3.11)
where

G =L(§)g, b :=Q(g)g j=1,I (3.12)
In view now of Corollary 2.6, the matrices M(s) which satisfy (3.11) are obtained by
solving

MSy = B (3.13)

where § = [S(s1)c1,..., S(s)c] (t(r+1)xI), with §(s) := I, sl, ..., 8] (t(r+1)xt)
and B := [by, ..., ] (kxI); M(s) is then M(s) = M[l, sl, ...,'s 'where M (kxt(r+1))
satisfies (3.13). Solving (3.13) is an alternative to solving (3.9).

Discussion

Theorem 3.1 shows that there is a one-to-one mapping between the solutions of
degree r of the polynomial matrix equation (3.1) and the solutions of the linear system of
equations (3.9) (or of (3.13)). In other words, using (3.9) (or (3.13)), we can characterize
all solutions of degree r of (3.1). Note that the conditions (3.10) of the theorem are not
restrictive as they are necessary conditions for a solution M(s) in (3.1) of degree r to exist;
that is, all solutions of M(s)L(s) = Q(s) of any degree can be found using Theorem 3.1.
Also note that no assumptions were made regarding the polynomial matrices in (3.1), that
is Theorem 3.1 is valid for any matrices L(s), Q(s) of appropriate dimensions.

To solve (3.1), first determine the column degrges=dL, m of L(s) and select r to
satisfy (3.10). Choosej(sg) j =1, | with =3 di + m(r+1), so that $:= [S(s1)
ai,..., §(s)a] has full rank; note that in view of Lemma 2.2, fpdsstinct § will have
full rank for almost any;a Calculate p:= Q(s)g (Bj) and Ly in (3.9), or $in (3.13).
Solving (3.9) (or (3.13)) is equivalent to solving (3.1) for solutions M(s) of degree
M(s) = M[I, sI, ..., 8l]". When applying this approach, it is not necessary to determine in
advance a lower bound for r; it suffices to use a large enough r. Theorem 3.1 provides the
theoretical guarantee that in this way all solutions of (3.1) can be obtained. Searching for
solutions is straightforward in view of the availability of computer software packages to
solve linear system of equations. Even when an exact solution does not exist, it can be
approximated using, for example, least squares approximation.
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Existence and Uniqueness of Solutions
A solution M(s) of degree& r might not exist or, if it exists, might not be unique.
A solution M to (3.9) exists if and only if
rank[lérll] = rank L (3.14)

If rank Ly = [, full column rank, (3.14) is satisfied for any, Bvhich implies that the
polynomial equation (3.1) has a solution for any Q(s) such that (3.10) is satisfied. Such
would be the case, for example, when L(s) is unimodular (real or complex scalar in the
polynomial case). In the case whandoes not have full column rank, a solution M exists
only when there is a similar column dependenceis8e (3.14)), which implies certain
relationship between L(s) and Q(s) for a solution to exist. Such would be the case, for
example, when L(s) is a (right) factor of Q(s). A necessary conditionyfeo bave full
column rank is that it must have at least as many rows t(r+1), as columns | =
S di + m(r+1). It can be easily seen that & i, this is impossible to happen. This
implies that if L(s) has more columns that rows, solutions M(s) exist only under certain
conditions on L(s) and Q(s), a known fact. For example, when #.(sf{=m), solution

exists if and only if, L(s) is unimodular. When t > m, more rows than columns in L(s), a
necessary condition foriLto have full column rank is:

ydi-1 (3.15)

>
2% - m

In this case if (3.9) has a solution, then it has more than one solutions. Similar results can
be derived if (3.13) is considered. This is the case in solving the Diophantine equation,
which is considered in detail later in this section.

Example 3.1 Consider the polynomial equation
M(s)L(s) = M(s)(s+1) = Q(s)
Here m=1 andd=deg L(s) = 1. Then|¥d; + m(r+1) = 2 + r interpolation points will
be taken where r is to be decided upon. Note that since =1, and § will have full
rank if § are taken to be distinct. Suppose Q(s)?2=+s3s + 2, a second degree
polynomial. In view of Theorem 3.1, deg Q(s) =<2d; + r = 1 + r from which
r=1,2,... Letr=1, and takej{$= 1, 2, 3} = {0, 1, 2}. Then from (3.9)
MLy = [Mo, M1] [L /0), L(1), L(2)]
=[Mo. M1l [ § 5

=[Q(0). Q(1), R(AI =12, 6,12] =R
Here rank[ly', B|']' = rank Ly = 2 so a solution exists. It is also uniquep[M;] = [2,
1]. That is M(s) = (s+2) is the unique solution of M(s)(s+1¥ = 8s + 2.
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It is perhaps of interest at this point to demonstrate the conditions for existence of
solutions in the polynomial equation M(s)(s+1) = Q(s) via (3.9) and the discussion above;
note that the polynomial equation has a solution if and only if Q(s)/(s+1) is a polynomial or
equivalently Q(-1) = 0. From the above system of equations (r=1), for a solution to exist
Q(2) = -3Q(0) + 3Q(1) ord= p + dy if Q(S) = bs? + diS + ah. But this is exactly the
condition for Q(-1) = 0 as it should be. Similarly it can be shown that Q(-1) = 0 must be
true forr = 2,3, ....

If now degQ(s) = 0 or 1 then r = O satisfies degQ(d) + r and | = 2 interpolation
points are needed. Letj{$=1,2}={0, 1}. Then

MLy = [Mo, My] [LK(0), Lr(1)]
= [Mo, M4][1, 2] = [Q(0), Q(1)] = B..
Clearly a solution exists only when Q(1) = 2Q(0). That is for degQ(s) = 1, and Q(s) =d
+ dp a solution exists only when & dg = 2ch or di = dg or when Q(s) =g{s+1) in which
case M(s) =gl For degQ(s) = 0 and Q(s) g, @ constant, it is impossible to satisfy Q(1)
= 2Q(0), that is a solution does not exist in this case. _

It was demonstrated in the example that using the interpolation results in Theorem
3.1 one can derive the conditions for existence of solutions in polynomial equations.
However the main use of Theorem 3.1 is in finding all solutions of polynomial matrix
eqguation of certain degree when they exist.

Example 3.2 Consider

MEILE) =M(s] 7 ] =Is+1 1= Q)
Herem=2, d=1andd=0;I=>di+ m(r+1) =1 + 2(r+1) =3 + 2r. To selectr,
consider the conditions of Theorem 3.1 :
deq Q(s)=1<dy+r=1+r
dep Q(s)=0<do+r=0+r
sor=0,1, .. satisfy the conditions. Letr =0, then | = 3; takg{s = 1, 2, 3} = {(0,
[1, O]), (O, [0, 1]), (1, [1, O])} and note that; Sloes have full rank. Then

MLy = Mo[L(0)ay, L(0)2, L(1)ag] = Mo -01 11 a

=[Q(0)a, Q(1)2a, Q(2)a]
=[1,1,2]=8B.
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This has a unique solution M(s) =M [2, -1]. Note that here L(s) is unimodular and in
fact the equation has a unique solution for any (1x2) Q(s). _
Constraints on Solutions
When there are more unknowns (t(r+1)) than equations¥b=+ m(r+1)) in

(3.9) or (3.13), this additional freedom can be exploited so that M(s) satisfies additional
constraints. In particular, k := t(r+1) - | additional linear constraints, expressed in terms of
the coefficients of M(s) (in M), can be satisfied in general. The equations describing the
constraints can be used to augment the equations in (3.9). In this case the equations to be
solved become

M[Ln , C]=[BI, D] (3.16)
where MC = D represents k := t(r+1) - | linear constraints imposed on the coefficients M;
C and D are matrices (real or complex) with k columns each. Similarly, if (3.13) is the
eguation to be solved, then to satisfy additional linear constraints one solves

M[S, C] =[B|, D] (3.17)
This formulation for additional constraints is used extensively in the following to obtain
solutions of the Diophantine equation which have certain properties. It should also be
noted that additional constraints on solutions which cannot be expressed as linear algebraic
eguations on the coefficients M can of course be handled directly. One could, for example,
impose the condition that coefficients in M must minimize some suitable performance
index.

Numerical Considerations

In MLy = B (3.9), the matrix ki (t(r+1)xl) is constructed from s) = [L(S), ...,
gL(s)] and ($ ) j =1, 1. The choice of the interpolation pointg € certainly affects
the condition number ofl. Typically, a random choice suffices to guarantee an adequate
condition number. This condition number can many times be improved by using an
alternative ( other than [1, s, ... ]) polynomial basis such as Chebychev polynomials.
Similar comments apply to equation MSB; (3.13). It is shown below how (3.9) and
(3.13) change in this case.

Let [po, ..., p]l = T[L,s, ..., § where p(s) are the elements of the new
polynomial basis and T =jjfti,j = 1, r + 1 is the transformation matrix.

Then M(s) = M[l, sl, ...,4]" = M[pgl, ..., pl]’ from which

M= M[TOIl] (3.18)
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whereld denotes the Kronecker product. M afdah of course the representation of M(s)
with respect to the different bases. (3.9) now becomes

ML= B (3.19)
where Ly involves L(s) = [wL(s), ..., pL(s)] instead of k(s). Here

L= [TOl]Ly (3.20)
where Ly will have improved condition number ovey Eor appropriate choices of(p) or
T. Similarly, (3.13) becomes in this case

MS= B (3.21)
where
S = [TOIJS (3.22)

The Diophantine Equation
An important case of (3.1) is the Diophantine equation:

X(s)D(s) + Y(s)N(s) = Q(s) (3.23)
where the polynomial matrices D(s), N(s) and Q(s) are given and X(s), Y(s) are to be

found. Rewrite as
nP(s)g
[X(s), Y(s)] O 0= M(s)L(s) = Q(s) (3.24)
UN(s)H

from which it is immediately clear that the Diophantine equation is a polynomial equation of
the form (3.1) with
0Py
M(s) = [X(s), Y(s)I, L(s)=0 OO0
UN(s)H
and all the previous results do apply. That is, Theorem 3.1 guarantees that all solutions of
(3.24) of degree r are found by solving (3.9) (or (3.13)). In the theory of Systems and
Control the Diophantine equation used involves a matrix L(s) = [D'(s), N'(s)]' which has
rather specific properties. These now will be exploited to solve the Diophantine equation
and to derive results beyond the results of Theorem 3.1. In particular conditions are

(3.25)

derived which, if satisfied, a solution to (3.24) of degree r does exist.
Consider N(s) (pxm) and D(s) (mxm) with |D@®)P; N(s)D1(s) = H(s) a proper
transfer matrix, that is
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SI'ianH(s) < oo

Then L(s) ((p+m)xm) in (3.25) has full column rank and, as it is known, the
Diophantine equation (3.24) has a solution if and only if a greatest right divisor (grd) of the
columns of L(s) is a right divisor (rd) of Q(s). Let (N,D) be right coprime (rc), a typical
case. This implies that a solution M = [X, Y] of some degree r always exists. We shall
now establish lower bounds for r, in addition to (3.10), for the system of linear equations
(3.9) (or equivalently (3.13)) to have a solution for amytigat is, in view of (3.14) we are
interested in the conditions under which ((p+m)(r+1)xl) has full column rankl. Clearly
these equations can be used to search for solutions for lower degree than r, if desirable.
Such solutions M(s) may exist for particular L(s) and Q(s), as discussed above;
approximate solutions of certain degree may also be obtained using this approach.

L(s) in (3.7) has column degregsd = 1,m and it can be written as
Li(s) = LiSi(s) (3.26)
where $(s) := blk diag[1, s, ...,.%'". It will be shown that under certain conditions L

m
((p+m)(r+1)x[§ di + m(r+1)]) has full column rank. Then in view of

Lr = [Li(s1) a,..., Li(s)a]
=Ly [Sr(s1) &,..., S(s)a] = LiSn (3.27)

and the Sylvester's inequality it will be shown that({p+m)(r+1)xl) also has full column
rank, thus guaranteeing that a solution toMLB (3.9) does exist.

N(s), D(s) are right coprime with N(s)s) = H a proper transfer matrix. Lebe
the observability index and n := deg|D(s)|, the order of this system. Assume that D(s) is
column reduced (column proper); note thatgleégs)) = d = deg;iD(s) since the transfer
matrix is proper. Then n >d; .

Lemma 3.2 : Rankd=n + m(r+1) for=v -1.

Proof : First note thatLhas more rows than columns wheam/p -1. Itis now known
that the observability index satisfies> n/p. Therefore, fore v - 1 L, has more rows
than columns and full column rank is possible. Forw =1, rank Iy = n +mv =n +
m(r+1), since kin this case is the eliminant matrix in (Wolovich 74) which has full rank
when N, D are coprime. Let now rn=and consider the system defined by(sY := Ly.-

1(8), Dg(8) := ¢ D(s) with Hy(s) = Nx(s)De(s)L. It can be quite easily shown that &hd

De are right coprime anddds column reduced; furthermore, the observability index of this
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system isve= 1. This is because there are n+ monzero observability indices1 since
L-1, the output map of a state space realization of H(s), haswird@pendent rows; in
view of the fact that the order of the system is ddg(s)| = n + mv, all these indices must

be equal to 1. Now

DNe(S)D |:| LV'].(S) |:| Lesv( )
U =0 0= S
UDe(s)U  0s¥ D(s)O

and rank le = n + nv + m since N, De satisfy all the requirements of the eliminant matrix
theorem (Wolovich 74). This implies that for v=rank L, = n +nmv + m, since kKs) =
[Ne(s)', De(s), ¢ N(s)T and addition of rows tod-to obtain ly , does not affect its full
column rank. A similar proof can be used to show, in general, that if amk & m(r+1)
forsomer=1>v -1thenitis also true for r 3 k1. In view of the fact that it is also true
forr=v -1 (alsor =v ), the statement of the lemma is true, by induction. _

The following corollary of the Lemma is now obtained. Assume thag)sare
selected to satisfy the assumptions of Theorem 3.1iylBScolumn rank, and let D(s) be
column reduced:

Corollary 3.3 : Rank =rank § =1<>d; + m(r+1) for r=v -1.
Proof : In (3.27), i = LySy where Ly ((p+m)(r+1)xI ), Lr ((p+m)(r+1)x[>di +m(r+1)].
Applying Sylvester's inequality,

rank Ly + rank - [ di + m(r+1)]< rank Ly < min [rank L, rank $].
Forr>v -1, rank Lk = n + m(r+1) with n =y dj (D(s) column reduced) in view of Lemma
3.2. Therefore rank.= rank $ which equals the number of columns |, as it is assumed
in Theorem 3.1.

The main result of this section can now be stated: Consider the Diophantine
equation of (3.24) where N(s)(pxm), D(s)(mxm) right coprime and H(s) = N{g)Da
proper transfer matrix. Let be the observability index of the system and let D(s) be
column reduced with;d= deg;jD(s). Let|=}d; + m(r+1) interpolation points(s3, ) |
=1, | be taken such that &as full rank (condition of Theorem 3.1). Then

Theorem 3.4 : Let r satisfy
degi[Q(s)]<sdi+r i=1, mandev -1 (3.28)
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Then the Diophantine equation (3.23) has solutions of degree r, which can be found by
solving MLy = By (3.9) (or (3.13)).

Proof : In view of Theorem 3.1 all solutions of degree r, if such solutions exist, can be
found by solving (3.9). If, in addition* v -1, in view of Corollary 3.3 k has full
column rank which implies that a solution exists for anyd that a solution of the
Diophantine of degree r exists for any Q(s).

The theorem basically says that if the degree r of a solution to be found is taken
large enough, in particulaerv - 1, then such a solution to the Diophantine does exist. All
such solutions of degree r can be found by using the polynomial matrix interpolation results
in Theorem 3.1 and solving (3.9) (or (3.13)). The fact that a solution of degre€l.r
exists when D(s) is column reduced and certain constraints on the degrees of Q(s) has been
known (see for example Theorem 9.17 in (Chen 84)). This same result was derived here
using a novel formulation and a proof based on interpolation results.

Example 3.3 : Let

_0s?2 00 _[ s+1
D(s)—Dl _S+1DN(S)—[ 1 1Sl,and

08+ 2L -3s-5 -5s - 5 ]
Q)"0 o2-55-4 .2-3s-2

Here D(s) is column reduced with & 2, & = 1 andv = 2. According to Theorem 3.1,
deqi[Q(s)]<d +r i=1,2, implies X2 +rand X 1 + r from which = 1; | =\I\su(1,m,

di + m) (r+1) =5 + 2r interpolation points. For such r, all solutions of degree r are given
by (3.9) or (3.13). Herex v -1 = 1, therefore in view of Theorem 3.4 a solution of

degree r = 1 does exist. All such solutions are found using #B (3.9) or (3.13). For
r=1,$=-3,-2,-1,0,1, 2, 3 and

a=[a] [2]- [ [ [4]- [ [

a solution is
s+ 5 5 -3s -1
M(s) = [X(s), Y(S)]:[ 2 s+ 4 -4s -2 -6 -

If in D(s) the column reduced assumption is relaxed then:

Corollary 3.5 : Rank }y =rank Ly = n + m(r+1) for | =5 dj + m(r+1) and 2 v - 1.
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Proof : First note that,Sin this case is square and nonsingular which in view of (3.27)
implies that rank i = rank Ly . Since D(s) is not column reduced then fd;. In
general in this case, forxv - 1 rank L= n +m(r+1)< >di + m(r+1) (with equality
holding when D(s) is column reduced); that is n + m(r+1) is the highest raré&nL
achieve. This can be shown by reducing D(s) to a column reduced matrix by unimodular
multiplication and using Sylvester's inequality together with Lemma 3.2. _
When D(s) is not column reduced, then, in view of Corollary 35nLML | = B
(3.9) will not have full column rank | but rank|l=n + m(r+1) <3d; + m(r+1) = 1. In
view of (3.14), solution will exist in this case if Q(S) is such that the rank condition in
(3.14) is satisfied; this will happen when only n+m(r+1) equations in (3.9), out of | , are
independent. If ris chosen larger in this case, that is if it is selected to SagghQ + m
< n + m(r+l) orddegiQ < n + mr, instead o de@;iQ < >d;i + mr as required by
Theorem 3.4, then in view to Theorem 2.1, there are tle¢:;Q + m) more interpolation
equations than needed to uniquely specify Q(s) and these additional colunmmnsllib&
linearly dependent on the previous ones. If similar dependence exists between the
corresponding columns ofjlthen (3.14) is satisfied and a solution exigtsother words,
if r is taken to be large enough, then the conditions of Theorem 3.4 on r will always be
satisfied in this case (after D(s) is reduced to column reduced form by a multiplication of
the Diophantine equation by an appropriate unimodular matrix). It should also be stressed
at this point that numerically it is straightforward to try different values for r in solving
MLy =B (3.9).

Constraints on Solutions

In the equation Ml = B (3.9) there are at each row t(r+1) = (p+m)(r+1)
unknowns (number of columns of M = B\..., M¢] = [(Xo0, Y0), ..., (%, Yp)]) and | =
>di + m(r+1) linearly independent equations (number of columngpf Cherefore, for r
sufficiently large, there are p(r+1}pd; more unknowns than equations and it is possible
to satisfy, in general, an equal number of additional constraints on the coefficients M of
M(s) = [X(s), Y(s)]. These constraints can be accommodated by selecting larger values for
r and they are exceptionally easy to handle in this setting when they are linear. Then, the
eqguation to be solved becomes

M[Ln, C] = [By, D] (3.29)
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where M C = D are the, say klesired constraints on the coefficients of the solution; the
matrices C and D haveglcolumns each. The degree of the solution r should then be
chosen so that

p(r+l1) ->di =kq (3.30)
in addition to satisfying the conditions of Theorem 3.4.

Typically, we want solutions of the Diophantine with [X@)pP. This can be
satisfied by requiring for example that X | (or any other nonsingular matrix) which, in
addition guarantees thats)Y(s) will be proper. Note that to guarantee that X one
needs to use m linear equations, that is in this case the number of columns of C and D will
be at least m.

To gain some insight into this important technique, consider the scalar case which
has been studied by a variety of methods. In particular, consider the polynomial
Diophantine where p = m = 1. Letddeg D(s) = n, fi= degQ(s) and note that= n.
Therefore r, according to Theorem 3.4, must be chosen to satisfy+nand = n -1.
Select Q(s) so thayy+ 2n - 1 then B n -1 satisfies all conditions, as it is well known. In
view of the above, to guarantee thatX will be proper, one needs to set an additional
constraint such asp 1 (m = 1), which in view of (3.30) implies thats)Y(s) proper
can be guaranteed if r is chosen to satistyr. In the case when N(s)Ys)is strictly
proper (instead of proper), however, this additional constraint is not neededLés)d ($)
proper can be obtained foern - 1. This is because in this case a solution withk B
leading perhaps to a nonpropert{§)Y(s) is not possible. Notice that for r = n - 1 the
solution is unique.

Example 3.4:

Consider Example 3.3, p(r+1)>d; = 2(1+1) - (2+1) = 1. From (3.30), one can
add one extra constraint on the solution in the form of (3.16) or (3.17). Assume that in
addition to solve for [X(s), Y(s)] in Example 3.3, it is desirable that X(s) has a zero at
s=-10 and X(-10)[1 2]'=[0 O]'. This can be easily incorporated as an extra interpolation
triplet using (3.17). The solution obtained is

s-10 10 12s -15(s+1
M(s) = [X(s), YOI = | 16 -s-18 -18s-2 16((s+1 :
Note that X(s) has a zero at -10 and [X(s), Y(s)] is a solution of the Diophantine equation
(3.23) with the D(s), N(s) and Q(s) given in Example 3.3.

Example 3.5: Let
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o©)=[ 57 No=[ T ] and o {5 ]

From which d=dy = 1; degiQ(s) =0, i=1, 2; and | = 2 + 2(r+1)

Forr=1,$=-2,-1,0,1, 2,3 and

a=[3]. [&l- [ [5] [ [

a solution is
S -1 -S s+1
M(s) = [X(s), Y()I = | 173 1/3 0 -1/3s+2/] :

Example 3.6: Let
D(s) = [ SO'ZSﬂl , N(s) :[ S‘l'l ﬂ , and Q(s) 1[8 gl

From which d = dr = 1; degiQ(s) = 0, i=1, 2; and | = 2 + 2(r+1)

Forr=1,$=-2,-1,0,1, 2,3 and

a=[1][d [ [o] - [2]- [

a solution is

M(s) =[X(s), Y(s)]
_[-.4665s-.2954 .3805 .46655+.2085 -.3805(s+
~ | .3401s-.4040.0320  -.3401s+.7761 -.0320(s}1)

Note that, in this example, the rows of §MM1] forms the basis for the left null space of

i _
Note that in Example 3.5 and 3.6 we solved the problem

7X(s) Y(S)D[D(s))] :[(I)]

GN(s) D(s)OLN(s
separately, where X(s) and Y(s) are the solution of the Bezout identity-Afs)NDs) =
N(s)D1(s) gives the left coprime factorization.
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IV. CHARACTERISTIC VALUES AND VECTORS

When all the n zeros of an nth degree polynomial q(s) are given, then q(s) is
specified within a nonzero constant. In contrast, the zeros of the determinant of a
polynomial matrix Q(s) do not adequately characterize Q(s); information about the structure
of Q(s) is also necessary. This additional information is contained in the characteristic
vectors of Q(s), which must also be given, together with the characteristic values, to
characterize Q(s). The characteristic values and vectors of Q(s) are studied in this section.

We are interested in cases where the complex numbgrs &, | used in
interpolation, have special meaning. In particular, we are interested in casesjwhere s
the roots of the nontrivial polynomial entries of the Smith form of the polynomial matrix
Q(s) or, equivalently, roots of the minors of Q(s), or roots of the invariant polynomials of
Q(s) (see Appendix A). Such results are useful in addressing a variety of control problems
as it is shown later in this and the following sections. Here we first specialize certain
interpolation results from Section Il to the case whgiinbthe interpolation constraints
(2.3), are zero and we derive Corollary 4.1. This corollary characterizes the structure of all
nonsingular Q(s) if all of the roots of |Q(s)| together with their associated directions, i.e.
(S, 8), are given. We then concentrate on the characteristic values and vectors of Q(s) and
in Theorems 4.2, 4.3, 4.7 and in Appendix A, we completely characterize all matrices with
given such characteristic values and vectors.

Note that here only the right characteristic vectors are discussegia(@(8);
similar results are of course valid for left characteristic vecgrQ(s) = 0; see also
Corollary 2.5) and they can be easily derived in a manner completely analogous to the
derivations of the results presented in this and the following sections. These dual results
are omitted here.

Consider the interpolation constraints (2.3) witk I0; that is

Q(s)g =0 j=1,I (4.1)
In this case one solves (2.5) with8B0; that is
QS=B=0 (4.2)

where $= [S(9)ay, ..., S(®a] (5di + m)xland Q (pxpd; + m)). This case, B= 0,

was briefly discussed in Section Il, see (2.11); see also the discussion on eigenvalues and
eigenvectors. We shall now start with the case when Q(s) is nonsingular. The following
corollary is a direct consequence of Corollary 2.2:
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Corollary 4.1: Let Q(s) be (mxm) and nonsingular with n = deg|Q(s)|. jlLet &, m be
its column degrees and [gt = n. If (s, ) j = 1, | with I = n are given and they are such
that §) has full rank, then a Q(s) which satisfies (4.1) is uniquely specified within a
premultiplication by an (mxm) nonsingular leading coefficient matgix C
Proof: Since deg|Q(s)| = n ¥d; the leading coefficient matrix Lof Q(s) must be
nonsingular. The rest follows directly from (2.7). _
This corollary says that if all the n zerqso$ the determinant of Q(s) are given
together with the corresponding vectorswehich satisfy (4.1) then, under certain
assumptions (£ full rank), Q(s) is uniquely determined within a nonsingular leading
coefficient matrix @ provided that its column degregdgiven) satisfy> d; = n. If d are
not specified, there are many such matrices. One could relax some of the assumytions (S
full rank) and further extend some of the results of Section Il by using derivatives of Q(s)
and Theorem 2.8. Instead, we start a new line of inquiry which concentrates on the
meaning of (s ) when they satisfy relations such as (4.1). We return to Corollary 4.1
later on in this section.

If a complex scalar z and vector a satisfy Q(z) a = 0, where Q(S) is a pxm matrix
and the vector & 0, then under certain conditions z and a are celiadhcteristic value and
vector of Q(syespectively. This is of course an extension of the well known concepts in
the special case when Q(s) = sl-A; then z and a are an eigenvalue and the corresponding
eigenvector of A respectively. Note that in the general matrix case, the fact that z and a
satisfy Q(z) a = 0 does not necessarily imply that they do have special meaning; for
example, for Q(s) =[1 0] and a = [0 1], Q(z) a = 0 for any scalar z. On the other hand if
Q(s) is square and nonsingular, Q(z) a = 0 would imply that z is a root of the determinant
of Q(s); in fact in this case z and a are indeed characteristic value and vector of Q(s).
Conditions of the form Q(z) a = 0 imposed so that to force Q(s) to have certain
characteristic values and vectors are very important in applications. The definitions of
characteristic values and vectors are given below.

Given a pxm polynomial matrix Q(s), its Smith form is uniquely defined; see
Appendix A. The characteristic values (or zeroes) of Q(s) are defined using the invariant
polynomials €; (s) of Q(s).
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Definition 4.1: Thecharacteristic values of Q(gre the roots of the invariant polynomials
of Q(s) taken all together. If a complex scajas & characteristic value of Q(s), the mx1
complex nonzero vectoy which satisfies

Q)5 =0 (4.3)

is the correspondingharacteristic vector of Q(s)

Q(s) may have repeated characteristic values and the algebraic and a geometric
multiplicity of 5 are defined below for Q(s) square and nonsingular; it is straightforward to
extend these definitions to a pxm Q(s). In the case of a real matrix A, if some of the
eigenvalues are repeated one may have to use generalized eigenvectors. Here generalized
characteristic vectors of Q(s) are also defined. The general definition involves derivatives
of Q(s) and it is treated in the Appendix. In the results below, only characteristic vectors
that satisfy relation (4.1), which does not contain derivatives of Q(s), are considered for
reasons of simplicity and clarity; a general version of these results can be found in the
Appendix A.

Let Q(s) be an (mxm) nonsingular matrix. jIfis a zero of |Q(s)| repeatgdimes,
define i to be thealgebraic multiplicityof §; define also thgeometric multiplicityof 5 as
the quantity (m - rank Q9.

Theorem 4.2: There exist complex scalaarsd | nonzero linearly independent (mx1)
vectors g i =1, | which satisfy

Q(g)aj =0 (4.4)

if and only if § is a zero of |Q(s)| with algebraic multiplicity (¥& I and geometric
multiplicity (= m - rankQ(g) = |;.
Proof: This is a special case of the Theorem A.1 of Appendix Ajferki=1, ] .

The complex values and vectorsjpare characteristic values and vectors of Q(s).
In the case when ¥ 1, the theorem simply states thaissa zero of |Q(s)| if and only if
rankQ(s) < m, an obvious and well known result. The conditions of Theorem 4.2 imply
certain structure for the Smith form of Q(s), as it is shown in Corollary A.3 in Appendix A.
In particular, if the conditions of Theorem 4.2 are satisfied then the Smith form of Q(s)
contains the factor (s j)sn |; separate locations on the diagonal.
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In the following it is assumed that n = deg|Q(s)| is known and the matrices Q(s)
with given characteristic values and vectgraisd g are characterized.

Theorem 4.3: Let n = deg|Q(s)|. There emislistinct complex scalars and (mx1)

o
nonzero vectorsja = 1, | j=1,0 with %Ij =nand i =1, | linearly independent which

satisfy (4.4) if and only if the zeros of |Q(s)| havdistinct values;sj = 1,0, each with
algebraic multiplicity (=) =I; and geometric multiplicity (= m - rank Q(s= |;.

Proof: This is a special case of the Theorem A.4 in the Appendix. _

Note that the independence condition on the mx1 veciprsaa , ...,gj implies
that | <m; that is no characteristic value is repeated more that m times. One should use the
general Theorem A.4 if this is not sufficient.

The following corollary of Theorem 4.3 formalizes the most familiar case:

Corollary 4.4: Let n = deg [Q(s)|]. There exist n distinct complex scalasds(mx1)
nonzero vectorsja = 1, n which satisfy (4.1) if and only if the zeros of |Q(s)| have n
distinct valuesjs _

If a matrix Q(s) satisfies the conditions of Theorem 4.3, its Smith form contains the
factor (s - g in exactly | different locations on the diagonal; see Corollary A.5 and (A.4).
This is true for each distinct valugjs= 1,0. In view of the divisibility properties of the
diagonal entries of the Smith form, this information specifies uniquely the Smith form; that
is:

Corollary 4.5: All Q(s) which satisfy the conditions of Theorem 4.3 have the same Smith
form. _

If a Smith form with factors (s {)ii kij # 1 in certain location is desired, one then
must use Theorem A.4 and Corollary A.5 that utilize the derivatives of Q(S).

Example 4.1: Suppose for some Q(s), deg |Q(s)| = n = 2 anhjH9P is satisfied fors
=landa;=[1,0]'and a1 =[O0, 1]. Herejl=11=2. Sinced =2 =n, Theorem 3.3
implies thato = 1, or that $= 1 is the only distinct root of |Q(s)| and it has an algebraic
multiplicity (=n) = 2 = k and geometric multiplicity =2 3 Its Smith form hass- 1ia |

= 2 locations on the diagonal and it is uniquely determined. Itis
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E0) =[5 o

(See also Example A.1).

Additional structural information about matrices Q(s) which satisfy the conditions
of Theorem 4.3 is given by applying Corollary 4.1. Corollary 4.1 has the condition that
S11 must have full (column) rank. Notice that the repeated vajigdgesrise tojllinearly
independent columns $)@; i = 1, | in S becausejp i =1, | are linearly independent;
therefore g has full rank for almost any set of,(gj) of Theorem 4.3. Corollary 4.1
then implies that the matrices Q(s) which satisfy the conditions of Theorem 4.3 are
uniquely specified within a premultiplication by a nonsingular matgxf@e column
degrees dare given and they satispyd; = n; note that it is not possible to hgve; < n
since n = deg|Q(s)|. It should be pointed out that this result does not contradict the fact that
if the eigenvalues and the eigenvectors of a matrix A are known, then sl-A = Q(s) is
uniquely determined, since in this case the additional factsijthal d= 1,n and €= 1 are
being used; see Corollary 2.3. Jtl; > n then Q(s) is underdefined and there are many
such matrices Q(s) (note thag 1S singular in this case). To obtain such matrices in this
case pd; > n) one could select a Q(s) withd; = n and then premultiply Q(s) by an
arbitrary unimodular matrix U(s); note that |Q(s)| and |U(s)Q(s)| have exactly the same
zeros. Therefore, the conditions of Theorem 4.3 specify Q(s) within a unimodular
premultiplication.

Lemma 4.6: Theorem 4.3 is satisfied by a matrix Q(s) if and only if it is satisfied by

U(s)Q(s) where U(s) is any unimodular matrix.

Proof: Straight forward. Note that (4.3) is satisfied if and only if it is satisfied for

U(s)Q(s) with the samg and g; this is because Ujss nonsingular. _
It is of interest at this point to briefly summarize the results so far. Assume that, for

an (mxm) polynomial matrix Q(s) yet to be chosen, we have decided upon the degree of

[Q(s)Jas well as its zero locations - that is abouj ansl the algebraic multiplicitieg.n

Clearly there are many matrices that satisfy these requirements; consider for example all the

diagonal matrices that satisfy these requirements. If we specify the geometric multiplicities

ljas well, then this implies that the matrices Q(s) must satisfy certain structural

requirements so that m-rankQ(s |j is satisfied; in our example the diagonal matrix, the

factors (s-9 must be appropriately distributed on the diagonal,j ke also chosen to be

equal to 1 as it is the case studied here (see Appendix foLk then the Smith form of
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Q(s) is completely defined, that is Q(s) is defined within pre and post unimodular matrix
multiplications. Note that this is equivalent to imposing the restriction that Q(s) must
satisfy n relations of type (4.4), as in Theorem 4.3, without fixing the vec]@rs Ifin

addition % are completely specified then Q(s) is determined within a unimodular

premultiplication; see Lemma 4.6.

If an (mxm) nonsingular polynomial matrix Q(s) satisfies all conditions of Theorem
4.3 with the exception that deg|Q(s)| is not specified, then in view of Theorem 3.2 the
following can be shown.
Corollary 4.7: Let |Q(s} 0. There exist distinct complex scalarg and (mx1) nonzero

o
vectors gi=1,} j=1,0 with %Ij =nand g i=1,} linearly independent which satisfy

(4.4) if and only if = deg|Q(s}t n with § j = 1,0 roots of |Q(s)|, and with algebraic and
geometric multiplicity of sin Q(s)= ;. _

In view of this corollary, it can now be shown that the conditions of Theorem 4.3,
with the exception that the deg|Q(s)| is not given, specify Q(s) within a premultiplication by
a polynomial matrix. That is:

o
Corollary 4.8: Let |Q(s} O and let (4.4) be satisfied fo,(g;)) i =1, j=1,0 with %Ij

=nwith g; i =1, linearly independent ang $= 1,0 distinct. Then Q(s) is specified
within a premultiplication by a polynomial matrix. This polynomial matrix is unimodular if
deg|Q(s)[ = n. _

Note that if n= n, then the conditions of Corollary 4.7 are same as the ones in
Theorem 4.3 and the fact that Q(s) is specified within a premultiplication by a unimodular
matrix in Corollary 4.8 agrees with Lemma 4.6. Corollary 4.8 also agrees with Corollary
4.1 when it is applied with d; > n (see discussion following Example 4.1).

The above Theorems and Corollaries show that the existence of appropragle (s
which satisfy (4.4) implies (and it is implied by) the occurrence of certain roots in |Q(S)|
and certain directions associated with these roots. How does one go about selecting such
aj and how does one go about finding an appropriate Q(s)? This can of course be done by
Corollary 4.1. (g gj) are chosen so thaSas full rank as it was discussed following
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Example 4.1. Note that in view of Lemma 2.4, jifase distinct the corresponding
(nonzero) acan be chosen almost arbitrarily as in this cagevll have full rank for
almost any set of nonzerg arherefore if one is interested in determining a polynomial
matrix Q(s) with |Q(s)| having n distinct zeros, one could (almost) arbitrarily choose n
nonzero vectors jaand apply Corollary 4.1 to determine such Q(s). If additional
requirements are imposed, such as certain algebraic and geometric multiplicities for the
zeros, then the results in this section and in the Appendix should be utilized.

In the following, the results in Corollaries 4.7 and 4.8 derived for Q(s) square and
nonsingular are extended to the nonsquare case.

Given (mxm) Q(s), let n = deg|Q(s)| and assume that

Q(g)aj =0 (4.5)

is satisfied foro distinct §j = 1,0 with gj i = 1, |j linearly independent angl; = n. That
is assume thaj and g and Q(s) satisfy Theorem 4.3.

Theorem 4.9: Q(s) is a right divisor (rd) of an (rxm) polynomial matrix M(s) if and only if
M(s) satisfies
M(sj)aj = 0 (4.6)

with the same (sg;) as in (4.5) above.

Proof: Necessity: If Qisardof M, M =@ Premultiply (4.5) by '\Msj) to obtain (4.6).
Sufficiency: Let M(s) satisfy (4.6) and let G(s) be a greatest rd of M and Q: Then there
exist a unimodular matrix U such tha[ﬁ] = [O . This implies that G satisfies the

same n relations as Q(s) and M(s) in (4.5) and (4.6) respectively. Therefore deghG(s)|
in view of Corollary 4.6. Since G is a rd of Q, Q ZG@hich implies that"Qis
unimodular since deg|Q| = n. Therefore M6 M (MO1)Q, thatis Q is a rd of M.

Theorem 4.9 is very important; a more general version is given in Theorem A.7 in
the Appendix. From the theoretical point of view, it generalizes the characteristic value and
vector results to the nonsquare, nonfull rank case. In addition, from the practical point of
view it provides a convenient way to impose the restriction on a rxm M(s) that can be
written as
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M = WQ (4.7)

where the square and nonsingular Q has specific characteristic values and vectors and W is
a " do not care" polynomial matrix.

In the polynomial case, Theorem 4.9 states that the polynomial m(s) has a factor
q(s) if the (distinct) roots of q(s) are also roots of m(s). For repeated roots one should use
Theorem A.7 in the Appendix.

In view of the above, it should be now clear that n relations of the formgvi<0
j =1, nwith $ distinct and pnonzero (mx1) vectors will guarantee that the (rxm) M(s) has
a rd Q(s) which has n distinct zeros of |Q(s)| equa]. tdssich M(s) can be determined
using Corollary 4.1.

Corollary 4.10: An rxm polynomial matrix M(s) has a rd Q(s) with the property that the
zeros of |Q(s)| are equal to the n distinct valyes 4,n if and only if there exist nonzero
vectors asuch that

M(s)g=0 j=1,n (4.8)

Proof: There exists an mxm Q(s) with deg|Q(s)| = n which satisfigsG(®. Then in
view of Theorem 4.9, the result follows.

V. POLE PLACEMENT AND OTHER APPLICATIONS

The results developed in the previous section on the characteristic values and
vectors of a polynomial matrix Q(s) are useful in a wide range of problems in Systems and
Control. Several of these problems and their solutions using interpolation are discussed in
this section. The pole placement or pole assignment problem is discussed first.

Pole or eigenvalue assignment is a problem studied extensively in the literature. In
the following it is shown how this problem can be addressed using interpolation, in a way
which is perhaps more natural and effective. Dynamic (and static) output feedback is used
first to arbitrarily shift the closed loop eigenvalues (also known as the poles of the system).
Then state feedback is studied.

Output Feedback - Diophantine Equation
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Dynamic Output Feedback

Here all proper output controllers of degree r (of order mr) that assign all the closed
loop eigenvalues to arbitrary locations are characterized in a convenient way. This has not
been done before.

We are interested in solutions [X(s), Y(s)] (mx(p+m)) of the Diophantine equation

X(s) D(s) + Y(s)N(s) = Q(s) (5.1)

where only the roots of |Q(s)| are specified; furthermoi¢s)y(s) should exist and be
proper. This problem is known as the pole placement (eigenvalue assignment) problem
where N(s)BY(s) (pxm) is a description of the plant to be controlled and Cls)Y (s)

(mxp) is the desired controller which assigns the closed-loop poles (eigenvalues) at desired
locations.

Note the difference between the problem studied in Section IIl, where Q(s) is
known, and the problem studied here where only the rooi® @) J(or [Q(s)Jwithin
multiplication by some nonzero real scalar) are given. It is clear, especially in view of
Section 1V, that there are many (in fact an infinite number) of Q(s) with the desired roots in
[Q(s)J So if one selects in advance a Q(s) with desired rodi®(gs)Jthat does not
satisfy any other design criteria (and there are usually additional control goals to be
accomplished) as it is typically done, then one really solves a more restrictive problem than
the eigenvalue assignment problem. In fact in this case one solves a problem where the
methods of Section Il are appropriate, as in this case Q(S) is given; note that this approach
to the problem is closer to the characteristic value and vector assignment problem
(eigenvalue / eigenvector problem) discussed below, than just the pole assignment
problem. In the scalar polynomial case if Q(S) is selected so that the roQisfare the
desired ones then one really arbitrarily selects in addition only the leading coefficient of
Q(s), which is not really restrictive. This perhaps explains the tendency to do something
analogous in the multivariable case; this however clearly changes and restricts the original
problem. It is shown here that one does not have to select Q(s) in advance. For the pole
placement problem it is more natural to use the interpolation approach of Section IV, where
the flexibility in selecting Q(s) is expressed in terms of selecting the characteristic vectors of
Q(s); in general for almost any choice for the characteristic vectors, subject to some rather
mild rank conditions (see Section IV) the pole assignment is accomplished. These vectors
can then be seen as design parameters and they can be selected almost arbitrarily to satisfy
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requirements in addition to pole assignment. Note that this design approach is rather well
known in the state feedback case as it is discussed later in this section.

Consider now the Diophantine equation (5.1). The results of Sections Il and IV
will be used to solve the pole assignment problem.

The Diophantine equation (5.1) has been studied at length in Section Ill and the
notation developed there will also be used in this section. In particular, let
M(s) = [X(s), Y(s)] and L(s) := [D'(s), N'(s)]' then (5.1) becomes M(s) L(s) = Q(s).
This equation can be written as M&) = Q(s) (3.7) where M := [y .. M,] a real matrix
with M(s) := Mg + ... + Ms" and L«(s) :=[L(s), ..., $L(s)] . Ifnow | := Q(3)g j=1,
| and B :=[by, ..., ] then the equation to be solved,(see (3.9)) is

MLj=B =0 (5.2)

where Ly ;= [L(s1) a,..., L(8)a] (p+m)(r+1)xI) (see also (3.37)); the unknown matrix
M is mx(p+m)(r+1).

If the the column degrees of L(s) = [D'(s), N'(s)]' aramd the degree of M(s) =
[X(s), Y(s)] is r, then deg|X(s) D(s) + Y(s)N(s)| = deg|M(s)L£s3]d; + mr ; the equality
is satisfied when X(s) D(s) + Y(S)N(s) is column reduced. In Corollary 3.3 the conditions
under which Iy has full column rank were derived: if(§) are selected to satisfy the
assumptions of Theorem 3.1, that jst8& have full column rank, then rank & rank $ =
I <5di + m(r+1) for r= v -1, wherev is the observability index [10] of the system; note

that Ly := [L¢(S1) a1,..., Le(S)a] =L [S(s1) a1,..., S(s))a] = LSy where $(s) := blk
diag[1, s, ..., 4*7". That is, under mild conditions on;(g) and for r=v -1, Ly has
full column rank 1.
Suppose now that X(s) D(s) + Y(S)N(s) is forced to satisfy
M[Ln, C]=10, D] (5.3)

where | =5 d; + mr. Note that Ml = 0 imposes the condition that

(X(sj) D(§) + Y(§)N(g))g =0 j=1,I
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(=>d; + mr); that is theé d; + mr roots of |[X(s) D(s) + Y(s)N(s)| are to take on the values
5 j =1, 1 (see Corollary 4.8 and Theorem 4.9 for the proof of this claim) . Hewg) (s
must be such thatySabove has full column rank(dee Corollaries 3.3, 3.5 and the
discussion above); note that this is true for almost amfhan gare distinct (Lemma 2.4).
For Ly also to have full column rank I, we needlv-1 as it was shown in Corollary 3.3.

In the case when N(s)&s) is proper with |D(s)| = n, n insteadXd; may be
used in which case | = n+ mr poles are assigned. Note that n must be used when D(s) is
not column reduced, as in this case deg |X(s) D(s) + Y(s)N(s)| = deg |X( Bs)pr <
S di + mr since X.(s)Y(s) is also proper; Corollary 3.5 shows that rankln+mr in this
case and Corollary 4.8 shows that |X(s) D(s) + Y(s)N(s)| will have the desired roots.

The equations MC = D can guarantee that the leading coefficient of X(s) is
nonsingular so that ¥(s) exists and X(s)Y(s) is proper. This will add m more equations
(or columns of C and D) for a total §fd; + m(r+1) equations. Thus the following
theorem has been shown:

Let N(s)D1(s) be proper with N, D right coprime and |D(s)| = n.

Theorem 5.1 Letev-1. Then (X(s), Y(s)) exists such that all the n+mr zeros of
[X(s) D(s) + Y(s)N(s)| are arbitrarily assigned and(XY(s) is proper. It is obtained by
solving (5.3).

In (5.3) there are (at each row) (p+m)(r+1) unknowns and n+m(r+1) equations; the
fact that r= v-1 implies that there are more unknowns than independent equationz as p
n. Note that the Theorem was proved for the case whae slistinct or more generally
the case when(sg) exist so that $ has full rank. The general case, where the desired
values gand their multiplicities are not considered in Section IV, can be studied using the
results in the Appendix which involve derivatives of the polynomial matrices and similar
results can be derived.

Notice that the order of the compensator C(sHY(s) is mr with minimum
order my-1). By reducing the system to a single input controllable system and by using, if
necessary, dual results it can be shown that the minimum order of the pole assigning
compensator C(s) using this method is npirl(v-1), whereu andv are the controllability
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and observability indices of the system respectively. This agrees with the well known
results in (Brash and Pearson 70). Furthermore, in certain cases lower order compensators
which assign the desired poles can be determined. Our method makes it possible to easily
search for such lower order compensators.

Example 5.1: Let D(s) 2s 1, N(s) = s+2 and |Q(s)| = (s+1)(s-1+j1)(s-1-j1), from which
n=v=2;r>1and deg|Q(s)| =2+r. Forr=17sl, Fjlanda =g =a=1. Here
2-1 -1+j2 -1-j
|:Fs+2 L] ﬁ 3+j1 3]%
)D Ln =

s+2m Li(s) = 21 -3+j1 -3-j1O
((s+2)D & 2+j4 2-jd0

L(s) =

Notice that Ly is a complex matrix. To solve (5.2) only the real part @hkeds to be
considered. A solution is M =[4 -1 -3 -1], that is X(s) = -3s+4 and Y(s) = -(s+1), where
X-1(s)Y(s) is proper.

Example 5.2: Let
D(s) :[362 Sgil N(s) :[sl-l
with n = deg|D(s)| = 2. Here there are deg|X(s)D(s) + Y(S)N(s)| = n + mr = 2 + 2r number
of closed-loop poles to be assigned. Notetkatr 1 =1-1=0.
i) Forr=0and {(g §), j = 1,2} = {(-1, [1 0]), (-2, [0 1])},

$-2 0p 73 0p
0 s 0o
L(5) = L(s) =5 OE and 1y = ) 015
01 210 U1 10
and a solution of (5.2) is
20 -3
021
For this case, M = M(s) = [X(s) Y(s)].

i) Forr=1, and
{(sj, g).i= 124} {(-1,[20T"), (-2, [0 1T), (-3, [10]T) (-4, [0 -1])}

SN aTE
Dsi. 1|:| D%.l-l -1|:|

Lr(S)"B(sz) 0o L= 8 015
0 s(s+l 2 0 1

.(sl) o ] [E 012

a solution of (5.2) yields

X©) YOI =[5 614 6o1d

Note that X(s)LY(s) exists and it is proper.
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Example 5.3: Consider the same problem in Example 5.2. Now we'd like to add the
following two constraints. First, that the leading coefficient matrix of X(s) must be an
identity matrix; second, that the first column of Y(s) must be zero, that is, only the second
output is used in the feedback loop.

Forr=1, let X(s) = ¥+ Xis and Y(s) = ¥ + Y1S. From the above constraints,
X1 =1 and the first columns ofrand Y; are zero vectors. Here M =¢XYo, X1, Y1]
and (5.2) is the same as

-

0 5
1 0
0 4 0
Eﬁ 11 -1
MLp = [Xo, Yo, X1, Yal —3 ¢ -1
Do 2
[E 0-12 0
1 -2 3 4

To find the solution M that satisfies the two extra constraintss first partitioned as

305
0-10 L _[30-15 OJ L _[2 0 -12
2 04027102 0 -14 '-27L-1-2 3
01 1-1 -1
Since X =1, the above equation can be rewritten as
L
To zero the first columns ofgvand Yi, two additional columns are added to the equation

[Xo, Yo, Y4l [Lr13, C] =[ L2, D]
0
I
where lyj13 = [t::l , C= SD and D :[8 a
% :
o]

Solving the last equation yields
M_[1-5051001
L1 602010 -1
s+l -5 0 5(s+1

X@©) = [*1" s1d - and Yes) = [ 2e5)
Clearly X1(s)Y(s) is proper.

O
i 0
Ln= grlz where Ly =
Tyat H

or,
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Q(s) = W(S)R(s)

There are cases when the equation to be solved has the form

X(s)D(s) + Y(s)N(s) = W(s)R(s) (5.4)

where R(S) is a given mxm nonsingular matrix and W(s) is not specified; D(s), N(s) are
right coprime. It is necessary to preserve the freedom in W(s) since X(s), Y(s) must
satisfy additional constraints. An instance where this type of equation appears is the
regulator problem with internal stability when the measured plant outputs may be different
from the regulated outputs; in that case X(s),Y(s) must also satisfy another Diophantine
equation (5.1) for pole assignment. The problem here in (5.4) is to select X(s), Y(s) so
that R(s) is a right divisor of X(s)D(s) + Y(s)N(s). This problem can be easily solved
using the approach presented here. The approach is based on Corollary 4.8 (Theorem 4.9
for the nonsquare case) and it is illustrated below:

Example 5.4 Let

D) =% S AN =[*1" ]

L -s+10

Solve (5.4) with
s+1 O
RS = [*0" s+

To solve (5.4), determine first the appropriatge &g). In this case, deg|R(s)| = 2 and
s1=-1,a1=[10], 21=[0 1]. Note that R{}g; = 0 and the problem is reduced to

solving (5.2) with | =2 and r = 1. A solution can be found as
X(s) = [s+3/2 1/2 Y(s) = [s+lﬂ
(8) = | s+1/2 s+1/2 YO = | s

where X1(s)Y(s) is proper and
_ F+3s+3 1 (g
W)= Vapois+3 -25+3] -
H(s) = N(s)D(s)

In the pole assignment problem, if the desired closed loop poles are different than
the open loop poles (that is the poles of H(s) = N{HD) then it is not necessary to use a
coprime factorization D(s), N(s) as the transfer function matrix can be used directly. In
particular, (5.1) can be written as X(s) + Y(s)N(S)(B) = Q(s)D1(s). Substituting jsand
postmultiplying by pone obtains the equation to be solved

(X(s)) +Y(s)H(S))g=0 j=1,I (5.5)
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Notice that the characteristic vector correspondingiois this case B(s ) g.

Example 5.5 Let the open loop tranfer function be

_S+2
1) =91
and |Q(s)| = s(s+2)(s+3)(s+4). |f=s-2, -3, -4, 0 andja= 1 i = 1,4, then a solution of

(5.5) is
X()=2+9s+14 and Y(s)=13s+7

Example 5.6Let the open loop transfer funtion matrix be

%% o[
Hs)= [” 1 L and |Q(s)| = s(s+2)(s+3)(s+4)(s+5).
[d2 s+l
If {si, a} = {(-2, [1 O]), (-3, [0 1]), (-4, [-1 Q]), (-5, [0 -1]), (O, [1 -1])}, then a

solution is
X(s) = 77.25s+1 s v _[-8ls+437s+1
(8)=] 76.255 s+1 ' Y(8) = | -80s+44 65+1

Note that X1(s)Y(s) is proper.
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Static Output Feedback

This is a special case of the dynamic output feedback discussed above.
Interpolation was first used to assign closed loop poles using static output feedback in
(Antsaklis 77, Antsaklis and Wolovich 77). It offers a convenient way to assign at least
some of the poles arbitrarily and study the locations of the remaining poles. The equations
to be solved here are

(D(s) + KN(s))g =0 j=1,1 (5.6)

where K is a real matrix, the static output feedback gain matrix. Equivalently, it can also be
written as

(I+KH(s))g =0 j=1,I (5.6a)
The example below illustrates the approach.

Example 5.7 Let the open loop transfer matrix be

+1 s+2
wo-0F per:
S 242
and the desired poles arg=s-1, -2 with a = [-26.456 92.16], [-0.4432 1]. From
(5.6a), KH(s)g = -g. That is,
K[H(s1)a1, H()a2] = -[a1, &].

The solution is
K = [-157.08 73.39
- 321.30 -150.4

Note that by choosing; appropriately other poles can be affected as well. The above
solution places the other two poles at -3 and -4. For details, see (Antsaklis and Wolovich
77).

State Feedback

Given a state space descriptios YAx + Bu, the linear state feedback control law
is defined by u=Fx. Itis now known that if (A,B) is controllable then there exists F such
that all the closed loop eigenvalues, that is the zeros of |sl - (A+BF)| are arbitrarily
assigned. It will now be shown that F which arbitrarily assigns all closed loop
eigenvalures can be determined using interpolation.
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Let A, B, F be nxn, nxm, mxn real matrices respectively. Note that |s| - (A+BF)|
= |sl -Al|ln - (sI-AY1BF| = |sl -A{lm - F(sI-Ay1B|. If now the desired closed-loop
eigenvaluesjsare different from the eigenvalues of A, then F will assign all n desired
closed loop eigenvaluegitand only if

FI(s1-A)1Bg]=g j=1.n (5.7)
The mx1 vectorsjare selected so tha}I(A)'qu j = 1,n are linearly independent vectors.

Alternatively one could approach the problem as follows: let M(s) (nxm) D(s)
(mxm) be right coprime polynomial matrices such that

[sI-A, B] '\E')((Ss) (5.8)

That is (sI-A)1B = M(s)Di(s). An internal representation equivalent'te= Ax + Bu in
polynomial matrix form is Dz = u with x = Mz. The eigenvalue assignment problem is then
to assign all the roots of |D(s) - FM(s)|; or to determine F so that

FM(s)g =D(g)g j=1.n (5.9)
Relation (5.9) was originally used in [6] to determine F. Note that this formulation does
not require thatjsbe different from the eigenvalues of A as in (5.7). The mx1 vegtors a
are selected so that Mg j = 1,n are independent. Note that M(sas the same column
rank as S{$ = block diag{[1,s,...4"1]'} where d are the controllability indices of (A,B)
(Wolovich 74, Kailath 80). Therefore, it is possible to selecathat M(pg j = 1,n are
independent even whepese repeated. (see Section Il; choice of interpolation points)

In general, there is great flexibility in selecting the nonzero vecjordNate for
example that wher are distinct, a very common casgcan almost be arbitrarily selected
in view of Lemma 2.4. For all the appropriate choicesjdM{(sj)g j = 1,n linearly
independent), the n eigenvalues of the closed-loop system will be at the desired Igcations s
j = 1,n. Different acorrespond to different F (via(5.9)) that produce, in general, different
system behavior; this is a phenomenom unique to the multivariable case. This can be
explained by the fact that the vectoreme selects in (5.9) are related to the eigenvectors of
the closed-loop system and although the closed-loop eigenvalures;artoatferent a
one assigns different eigenvectors, which lead to different behavior in closed-loop system.

The exact relation of the eigenvectors to thean be found as follows:

[sjl - (A+BF)]M(sj)g = (5 -A)M(sj)g - BFM(s)g = BD(s)g - BD(5)g =0
where (5.8) and (5.9) were used. Thereforej)d(s v; are the closed-loop eigenvectors
corresponding tojs
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It is not difficult to see that the results in the Appedix can be used to assign
generalized closed-loop eigenvectors and Jordan forms of certain type using this approach.
This is of course related to the assignment of invariant polynomials of sl - (A+BF) using
state feedback, a problem originally studied by Rosenbrock. One may pelg&.9) to
impose constraints on the gajnif F. For example one may selecsathat a column of
F is zero (take the corresponding row of alicabe nonzero), or an elements ofjf=f0.

This point is not elaborated further here.

In the next subsection on Assignment of Characteristic Values and Vectors, the
problem of selectingjato achieve additional objective, beyond pole assignment is
discussed. Now the relation to a similar approach for eigenvalues assignment via state
feedback (Moore 76) is shown; note that this approach was developed in parallel but
independently to the interpolation method described above:

Consider g - (A+BF) and postmultiply by the corresponding right eigenvegtor v
to obtain

[SI-A, B][_Evi] =0 (5.10)
In view of this, determine a basis for the right Kernel of [sI-A, B] (Moore 76), namely
[SI-A, B][_'V'DJJ -0 (5.11)

where the basis has m (independent) columns; note that rank[sl-A, B] = n since (A,B) is
controllable. Since it is a basis, there exists mx1 vectw that Mg = v; and Qg = FV.
Combining, we obtain

FM;g = Djg (5.12)
which, for j=1,n determines F (for appropriafe éNote the similarity with (5.9); they are
exactly the same in fact if we take §)(s M; in (5.8) and (5.11). The difference between
the two approaches in (Antsaklis 77) and (Moore 76) is that in (Antsaklis 77) a polynomial
basis for the kernel of [sI-A, B] is found first and then it is evaluated gtwhite (Moore
76) a basis for the kernel oflf#\, B] is determined without involving polynomial bases
and right factorizations.

Example 5.8
Consider
100 0
010 % 0
A= 1 20 -2 = 2
00O 0
0 3 -4 1 1
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and let the desired elgenvalues pe 0.1, -0.2, -2, -#j1. Take
[ 1. 264E§| [ 1. 677415 [ ]] [ -116] [ 7+Jl
0.339 0.1507 8+j10] ' L 8-j10
Then the state feedback matrix that assigns the eigenvalues of (sl-(A+BK)) to the desired

locations is obtained by solving (5.7)
K = 1.16 0.6417.769.44 6.
~L-0.08 -1.32-8.88 -3.22 -3, -

Assignment of Characteristic Values and Vectors

In view of the discussion above on state feedback, the characteristic vgotors a
(D(s) - FM(s)) or the eigenvectors ¥ M(s)g of sl - (A+BF) can be assigned so that
additional design goals are attained, beyond the pole assignmgnf atls n. Two
examples of such assignment follow:
Optimal Control: It is possible to select, @) so that the closed-loop system satisfies some
optimality criteria. In fact it is straightforward to selegt @) so that the resulting F
calculated using the above interpolation method, is the unique solution of a Linear
Quadratic Regulator (LQR) problem; see for example (Kailath 80).
Unobservalble eigenvalues:
It is possible under certain conditions to selegtgkso that sbecome an unobservable
eigenvalue in the closed loop system. Suppose Ax + Bu, y = Cx is equivalent to
D(9)z = u, Y = N(q)z; H(s) = C(sl - AYB = N(s)D'(s). Let M(s) be such that

(sl-A)M(s) = BD(s)

is satisfied, or,

M(s)D-1(s) = (sl-A)1B.
Assume that it is possible to selegt & so that CM(gg = N(S)g = 0. Now if (§, g) is
used in (5.9) or (5.12) to determine F, thgnwdl be an unobservable closed-loop
eigenvalue. This is because of the fact that its eigenvectopmMeisfies CM(9g = 0;
see PBH test below. This can be used to derive solutions for problems such as diagonal
decoupling and disturbance decoupling, among others.

Example 5.9

Let H(s) = N(s)DL(s) 232-:+2' and the corresponding state space model is

a=[% 2] B=101,andc=111]
Here, CM(s) = N(s) = s+1 and CM(-1) = 0. Obviously, if a desired closed-loop pole is
chosen at -1, it will be unobservable. Indeed, if the desired closed-loop poles are -1 and
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-2, a solution of (5.7) is F = [0 -1], which makes the eigenvalues of (A+BF) =
{-1, -2}. The closed-loop transfer function is, however, 1/(s+2). Clearly, the eigenvalue
at -1 is unobservable.

Characteristic Value / Vector Tests for Controllability and Observability -
PBH Test

It is known that pis an uncontrollable eigenvalue if and only if ragikfs B] <
rank[sl-A, B] or if and only if there exists a nonzero row vegfauch thatj[sjl - A, B]
= 0 (PBH controllability test (Kailath 80)). The dual result is also true, namely; tiszrs
unobservable eigenvalue if and only if ranki®)’, C'l <rank[(sl-A)', C'] or if and only
if there exists a nonzero column vectgr such that [(g - A)', C']' vj = 0 (PBH
observability test). These tests can be rather confusing when there are multiple eigenvalues
in A; as it is not really clear which one of the multiple eigenvalues is the one that is
uncontrollable or unobservable. So instead, many times the uncontrollable eigenvalues are
defined by the roots of the determinant of a greatest left divisor of the polynomial matrices
sl - A and B; this definition is applicable to polynomial matrix descriptions as well [9-11].
The exact relation between these two different approaches can now be derived. In
particular, in view of the results in Section 1V,j(§) that satisfy [(H - A)', C'T vj =0
define a square and nonsingular polynomial matrix that is a right divisor of the columns in
[(s] - A)', CT (see Theorem 4.9); one may have to use the results in the Appendix when
the multiplicities of the eigenvalues in question cannot be handled by the results in Section
IV. Based on this one can handle now cases of multiple eigenvalues using
eigenvalue/eigenvector tests (characteristicvalue/vector tegts)A)5 C' vj = 0 without
confusion or difficulty.

Choosing an appropriate closed loop transfer function matrix

One of the challenging problems in practical control design is to choose an
appropriate closed loop transfer function matrix that satisfies all the control specifications
such as disturbance rejection, command following, etc. which can be obtained from the
given plant by applying an internally stable feedback loop. For example, in the SISO
system control design, if the plant has a RHP zero, then the desired close loop transfer
function must have the same RHP zero, otherwise, the closed loop system will be
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internally unstable. Selecting appropriate closed loop transfer matrices is even more
difficult for MIMO systems; note that in this case it is possible to have both a pole and a
zero at the same location without cancelling each other. To prevent cancelling of the RHP
zeros and to guarantee the internal stability of feedback control systems, both locations and
directions of the RHP zeros must be considered. This can be best explained in the context
of the Stable Model Matching Problem (Gao and Antsaklis 89):

Given proper rational matrices H(s) (pxm) and T(s) (pxq), find a proper and stable
rational matrix M(s) such that the equation
H(s)M(s) = T(s) (5.13)
holds. It is known that a stable solution for (5.13) exists if and only if T(s) has as it zeros
all the RHP zeros of H(s) together with their directions. Let the coprime fraction
representations of H(s) and T(s) be H(s) = N(&}§) and T(s) = hd(s)D'Tl(s). The

direction associated with a zero of H(s).iZ given by the vector, ahich satisfies

aN(s) = 0. (5.14)
Furthermore, T(s) will have the same zerotagether with its direction if T(s) satisfies
gNTt(s) = 0. (5.15)

Thus, (5.15) must be taken into consideration when T(s) is selected.

Example 5.10
Consider a diagonal T(s); that is the control specificaitons demand diagonal decoupling of

the system. Let

1o =ge1[ 7 1
with a zero at s=1. Then aH(1)=0 gives a=[1 0] and T(s) must satisfy aT(1)=[1 0]T(1)=0.
Since T(s) must be diagonai 1) = O; that is the RHP zero of the plant should appear in
the (1,1) entry of T(s) only. Certainly T(s) can be chosen to have 1 as a zero in both
diagonal entries. However, the RHP zeros are undesirable in control and the minimum
possible number should be included in T.

VI. RATIONAL MATRIX INTERPOLATION - THEORY AND
APPLICATIONS

In this section the results on polynomial matrix interpolation derived in previous
sections are used to study rational matrix interpolation. In the first part, on theory, it is
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shown that rational matrix interpolation can be seen as a special case of polynomial matrix
interpolation. This result is shown in Theorem 6.1, where the conditions under which a

rational matrix H(s) is uniquely represented by interpolation triplets are derived. Theorem

6.1 is the rational interpolation theorem that corresponds to the main interpolation Theorem
2.1. Constraints are incorporated in (6.5) and an alternative form of the theorem is
presented in Corollary 6.2. Theorem 6.3 shows the conditions under which the

denominator of H(s) can be specified arbitrarily. These results are applied to rational
matrix equations and results analogous to the results on polynomial matrix equations
derived in the previous sections are obtained.

Theory

Similarly to the polynomial matrix case, the problem here is to represent a (pxm)
rational matrix H(s) by interpolation triplets or points & by) j = 1, | which satisfy

His)g=h j=1,1 (6.1)
where gare complex scalars ang#0, i complex (mx1), (px1) vectors respectively.

It is now shown that interpolation of rational matrices can be studied via the
polynomial matrix interpolation results developed above. In fact it is shown below that the
rational matrix interpolation problem reduces to a special case of polynomial matrix
interpolation.

Write H(s) = D1(s)N(s) where s) and Ns) are (pxp) and (pxm) polynomial
matrices respectively. Then (6.1) can be Writteﬁ(ajs@\l: f)(s,)bj or as

M), D[] =Q@=0i=11 (62

That is the rational matrix interpolation problem for a pxm rational matrix H(s) can be seen
as a polynomial interpolation problem for a px(p+m) polynomial matrix Q(s) :=
[N(s). -DXs)] with interpolation points (sg. 0) = (. [g'. ], 0)j =1, 1. There is also

the additional constraint that Hs) exists. It should be pointed out here that this is a
problem similar to the pole assignment problem studied in Section V, where the
characteristic values and vectors of Q(s) defined in Section IV were used; the difference
here is that Q(s) is not square and nonsingular, however results appropriate for such Q(s)
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have also been developed above, in Section IV. We shall now apply polynomial
interpolation results to (6.2).

Let the column degrees of Q(s) =(§), -IXs)] be ¢ i = 1, p+m. By Corollary 2.2
| = > dj interpolation points {s[g', '], 0) j = 1, | together with a given px(p+m) leading
coefficient matrix G uniquely specify Q(s). It is assumed here, (see Corollary 2.2) that the
matrix S has full rank. Since Js chosen, the columns which corresponds (&) Ban
of course be arbitrarily selected; for example, they could be taken to be any pxp
nonsingular matrix or simply the identitythus guaranteeing that10s) exists.

Alternatively, as it was done in (2.11);(B 0 case) the additional constraints to be
satisfied can be expressed as

[N, -D] [SI, C] = [0, D] (6.3)
where [Ns), -Ds)] = [N, -D] S(s) with S(s) = blk diag{[1, s, ...9§} i = 1, p+m
S = [S(g)ca, - S(Pel]. (6.4)

Here ¢ =[g', '] and (§, g) are so that 93 d; + (p+m))xI has full rank | (see Theorem
2.1). Equations [N-D]C = D express the k additional constraints on the coefficients; k is
the number of columns of C or D and it is taken to be Xdf ¢ (p+m)) - I. Furthermore

C is selected so that rank [E€] = [; in this way a unique solution exists for any D. Since
D(s) is a pxp matrix, it is possible to guarantee that the leading coefficient matii)aD

say, p by using p equations (p columns of C). So the number | of interpolation points can
be I =>d; + m. These | interpolation points, together with the p constraints to guarantee
that D(s) exists uniquely define [i§), -D(s)] and therefore H(s), assuming that, [S]

has full rank; note that full rank can always be attained ifaS full column rank. The
following theorem has been shown.

Theorem 6.1: Assume that interpolation triplefsgsly) j = 1, | and nonnegative integers

di i =1, p+rm with | =>d; + m are given such that §d; + (p+m))xl in (6.4) has full
column rank. There exists a unique (pxm) rational matrix H(s) of the form
H(s) = D1(s)N(s) where the column degrees of the polynomial matr{g)]ND(s)] are ¢

i = 1, p+m, with the leading coefficient matrix of<) being b (nonsingular), which
satisfies (6.1).
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When the number of interpolation constraints | on H(s) is less Jltar m,
additional constraints can be used to impose other properties on H(s). For example,
additional linear equations of the form P¢g = 0 can be added in (6.3) so that H(s) has
poles in certain locations. Similarly for zeros of H(s) (see Example 6.2 below). In view of
Corollary 2.6 an alternative form for (6.3) is

QSdi, Cdl = [0, Dd] (6.5)

where d is the degree of (8, -D(s)]; see Corollary 2.6 and related discussion for details.
Here g is a ((p+m)(d+1)xI ) matrix. Similarly to the above, it is possible with p equations
(p columns in @ or Dy) to guarantee that-fs) exists. Therefore one could have | =
(p+m)d + m interpolation constraints together with the p additional equations to uniquely
determine Qn (6.5) and therefore H(s). So, the following Corollary has been shown:

Corollary 6.2 Assume that interpolation triplets & Iy) j = 1, | and nonnegative integers
dwith | = (p+m)d + m are given such tha§ $(p+m)(d+1)xl) in (6.5) has full column
rank. There exists a unique (pxm) rational matrix H(s) of the form
H(s) = D1(s)N(s) where the degree of the polynomial matrixg)\ -IXs)] is d, with the
leading coefficient matrix of (3) being b (nonsingular), which satisfies (6.1).

Example 6.1: Consider a scalar rational H(s) (p=m=1) with first degree numerator and

denominator (d=1). Here we can have up to | = (p+m)d + m = 2d + 1 = 3 interpolation

constraints and still guarantee that the denominator exists and it is of degree 1. Let
{(sj,g.0)j=1,23={01h), (1,1,p),(-1,1,ks)}

Also let H(s) = DL(s)N(s) = @1s +ag)1(B1s +Po). Here

G B & % o
[N(s), -BXs)] = [N, -B] S(s) = Bo, B1, 00, 1] § 1
[0

=[] &= [ 0] - &= [ ] )

m 1 1n

[N, -D] Si = [0, B1. 0, 01l 3, by pa =100 0]

[0 by -b3l

and
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A fourth equation representing additional constraints can be added (see (6.5)) to guarantee,
say,a1=1. This is equivalent to solving

i 1 1g
] y T 1 - :0 = f hh
[Bo, B1 0(0]%81 o b;E [0 by -bg] from whic

[Bo, B1, 00l = 55~ 1y <y [P1(03 - Do), Zobirba(b+b), borbo)

Example 6.2: Consider only the first two interpolation constraints of the previous example
and require that1(-3) +ag= 0 or that H(s) has a pole at -3 and= 1. Then

10 0
[Bo. B, 0. a1l 5y 1 o= [0001]
(D by -3 -101
from which
[Bo. B1, -0o] = [3by, -3by+4bp, -3]
That is

H(s) = ( 3b1+§'bi)s3+ 3h

satisfies all constraints. Namely, H(0) § bl(1) = b and the denominator of H(s) has a
zero at -3 (pole of H(s)) with leading coefficient equal to 1.

Example 6.3: Consider a 2x2 rational matrix H(s) H§N(s). Let Q(s) = [Xs), -D(s)]

and degQ(s) ={1 0 1 1}. For a solution Q(s) to exists, one need§ dli+p+m =3 + 4

= 7 interpolation triplets (sg, byj) j = 1, I. Suppose that two interpolation triplets of the
form in (6.2) are given as: {(1, [0 1 1 O], [0 O]), (2,[1 1 4/3 -1/12]', [0 O])}. In
addition, it is required that H(s) has a zero at s=0 and poles at s=-1 and s=-2 with the their
directions specified as (B)[1 0]' = [0 O], T{-1)[1 -1]' = [0 0] and ©-2)[0 1] = [0 O].

These constraints can be equivalently expressed as interpolation triplets: {(0, [1 0 0 O], [0
o), (-1, [0 0 1 -1], [0 O]), (-2, [0 O O 1], [0 O]'}. Now the problem becomes a
standard polynomial interpolation problem, i.e. to determine Q(s) sjicX% = [0, O]
forj=1,5. LetSJ=1{g ..., %}, Ci=][c1, ..., G], B =[by, ..., B]. Then QS = Bs

(2.5) is to be solved where

$01o 1g
oooo 001 1
SJ={2-101234}, B= 0031 G=0 1014 /3%

1-100-1/12
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The orthonormal basis of the left null space ©isSound to be

Na| = 0.0000 0.3173 0.2522 0.0650 -0.3173 0.7646 0.3823
SI=10.0000-0.2726 -0.7151 0.4425 0.2726 0.3396 0.1698

Note that in general § is a (0 di+m)-rank{S}) x (> di+m) matrix and all solutions of
(2.5) with B = 0 can be characterized as Q = M| MWhere M is any px{dj+m)-
rank{S}) real matrix. In this example M can be simply chosen as identity matrix, that is
Q = Ng, since (p di+m)-rank{S}) =7 - 5 =2 = p. Therefore,

_ 0.3173s 0.25220.3173s+0.0650 0.3823s+0.7846
Q(s) = QS(S){ [0.27265.0.71510.27265+0.4425 0.16985+0. 3795 [N(S), -DXS)]

It can be easily verified that the resulting transfer matrix H(s)4sIN(s) has a zero at
s=0 and poles at s=-1, -2.

To uniquely determine Q(s) in this example, two additional constraints in the form
of (6.3): {(3,[0100],[21]), (4,[0111],[-3-6])} are imposed which lead to

%010 1 o%
_ J0O0O0002 _®001 1 1
SJ={2-101234} ﬁ_[000001- : C7—@ 1014/3 010

1-100-1/1201

by solving (2.5),

therefore,

v =[5 -0 o s g _
D72 D) Ew2]

If it is desired that the denominator of H(s) be completely determined in advance,
then this can be expressed in terms of equations (6.3) or (6.5). It is also possible to
directly show this result based on Theorem 2.1. In particular

Theorem 6.3: Assume that interpolation tripletsj (s, Iy) j= 1,1 ¢# 0 and m
nonnegative integers;j d= 1, m with | =>d; + m are given together with an (mxm)
polynomial matrix D(s), | D(¥|# 0, such that the;Smatrix in (2.2) with p:= [ D(q)]'1 G
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has full rank. Then there exists a unique (pxm) rational matrix H(s) of the form H(s) =
N(s)D(s)1, where the polynomial matrix N(s) has column degreegitg)] = d, i = 1,
m for which

H(s)g = i=1,1 (6.6)

Proof: Let N(s) = NS(s) as in Theorem 2.1. The proof is similar also. Notice that (6.6)
implies NS = B with g = [ D(q)]'1 G in § of (2.2). _

The mxm denominator matrix D(s) is arbitrarily chosen subject only tg||BG.
This offers great flexibility in rational interpolation. It should be pointed out that the matrix
denominator D(s) is much more general than the commonly used scalar one d(s), since D(s)
=d(s)l is clearly a special case of matrices D(s) with desired zeros of determinant; note that
in this case |D(s)| = d{8)hat is, the zeros of |D(s)| are all the zeros of d(s) each repeated m
times.

As it was shown above, rational matrix interpolation results are directly derived
from corresponding polynomial matrix interpolation results and all results of Section Il
(Sections Il - V) can therefore be extended to the rational matrix case. One could of course
use the results of Corollaries 2.5 to 2.7 and 2.8 to obtain alternative approaches to rational
matrix interpolation.

Example 6.4: Consider the scalar rational example discussed above. HeleHm =1
+1=2and S(s) =[1 s]. Consider interpolation points (¢)&ahd (1,1,b) as above
and let the desired denominator be D(s) = s + 3. Thenx(0)a = 1/3, @ = D'1(1)ap =

1/4 and

NSt = [Bo. 1] [SQ)cr, Sl = [Bo. Bal[ o> 174 = [br, bol = B

from which Bo, B1] = [3b1, -3by + 4kp]. That is

H(s) = ('3b1+§'b-2l_)53+ 3b

satisfies all the constraints. Note that it is the same H(s) as in Example 6.2 even though the
constraints were imposed via different approaches.

Applications - Rational Matrix Equations



62

Now let's consider the rational matrix equation:
M(s)L(s) = Q(s) (6.7)

where L(s) (txm) and Q(s) (kxm) are given rational matrices. The polynomial matrix
interpolation theory developed above will now be used to solve this equation and determine
the rational matrix solutions M(s) (kxt). Let M(s) =1{5)N(s), a polynomial fraction form

of M(s) to be determined. Then equation (6.7) can be written as:

e Bl Ro (6.8)
S -UUS .
1Q(sy]

Note that instead of solving (6.8) one could equivalently solve

_ _ _otee)g
N(s) -DXs)]0l =0 6.9
[N(s) -IXs)] S0y(s)0 (6.9)

where [Ly(s)' Qy(S)T = [L(s)' Q(s)¥(s) a polynomial matrix withy(s) the least common
denominator of all entries of L(s) and Q(S); in genep@) could be any denominator in a
right fractional representation of [L(s)', Q(s)']. The problem to be solved is now (3.1), a
polynomial matrix equation, where L(s) =dls)' Q(s)] and Q(s) = 0. Therefore,
Theorem 3.1 does apply and all solutiongs)ND(s)] of degree r can be determined by
solving (3.9) or (3.13). Let s 5 and postmultiply (6.9) by;aj = 1, | with 3 and |
chosen properly (see below). Define

Lp(s)
-H° %e} j=1,1 (6.10)

G =01
DQp(s)D

The problem now is to find a polynomial matrix(B) -DXs)] which satisfies

IN(S) -D(s)lcj=0 j=1,I (6.11)

asin (6.2). Infact (6.11) is of the form of (3.11) withrLD.

Note that restrictions on the solutions can be easily imposed to guaranted ¢t D
exists and/or that M(s) =(s)N(s) is proper; see also above in this section, also Sections
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IV and V. The existence of solutions of (6.7) and their causality depends on the given

rational matrices L(s) and Q(s) (see for example Chen 84, Gao and Antsaklis 89) and
references therein). Our approach here will find a proper rational matrix of order r when

such solution exists. Additional interpolation type constraints can be added so the solution
satisfies additional specifications.

Example 6.5: This is an example of solving the Model Matching Problem (Gao and
Antsaklis 89) using matrix interpolation techniques. Here L(s) and Q(s) are given as:
S s+1
543 -

1 1
30 - n s
& 1H sz~ s+3ld

The monic least common denominator of all entrie§(&® = s(s+1)(s+3) and therefore

H(s+3) (s+1)(s+3) B

0 -25(s+1)(s+

[Q ((2) EJSZ(S+3) s(s+1)(s+3)D

i Qz(sﬂ) s(s+1¥% D

2(s+1) -(3s+7)(s+1)

L(s) =

Let
{di = degiQ(s)} = {0, 0, 1, 1, O},
| = >di+t+k =2 + 5 =7,
{sj,j=1,5}=1{4,-21, 2, 3},
{aj, j = 1, 5} ={[0.1]', [1,0], [1.1], [O,-1], [-1,0]}
{b;=[00],j=1, 5}
from which ¢ j=1, 5 are obtained

3 -2

4 0 -16 60 O
[c1, ... ] = A2 -
0 4-2278 3
Assume two additional constraints are introduced in the form gfs{s= {4, 5}, {C s,
c7}={[01000],[00010]%}and {B, b7} = {[1 O], [-1, -8]}. Now, solving the
polynomial matrix interpolation problem: (5) -I5(s1)]cj =h j=1, 7, we obtained
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[N(s) -Ds)] = 8 01-(521) -(é‘l*i”)_

which gives
M(s) = [s+l 0 0 (s+1] -

VIl. CONCLUDING REMARKS

Some of the concepts and ideas presented here have appeared elsewhere. It is the
first time however that the theory of polynomial and rational matrix interpolation in its
complete form has appeared in the literature. The algorithms have been implemented in
Matlab and are available upon request.

Interpolation is a very general and flexible way to deal with problems involving
polynomial and rational matrices and the results presented here provide an appropriate
theoretical setting and algorithms to deal effectively with such problems. At the same time
it is also felt that the results presented here have only opened the way, as there are many
more results that can and need be developed to handle the wide range of problems possible
to study via polynomial and rational matrix interpolation theory.

Finally it should be noted that the rational interpolation results presented here
compliment results that have appeared in the literature. The exact relationship is under
investigation and new insight into the theory are certainly possible.

APPENDIX A

In this Appendix, the general versions of the results in Section IV that are valid for
repeated values of,svith multiplicities beyond those handled in Section IV, are stated.
Detailed proofs of these results can be found in our main reference for characteristic values
and vectors (Antsaklis 80).

Let Q(s) be an (mxm) nonsingular matrix and Iéf)@) denote the kth derivative
of Q(s) evaluated at s 7. 4f 5; is a zero of |Q(s)| repeatedtimes, define nto be the
algebraic multiplicity of g define also the geometric multiplicity gfas the quantity (m-

rank Q(§)).
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I.
Theorem A.1 (Antsaklis 80, Theorem 1): There exist complex sqaﬂad_szllkij mx1
1=

nonzero vectors&aqzj, eﬁ.” i =1, | which satisfy

Qg)g = 0
2 _ 1
Q(g)gj = - M(s)a;

(A.1)
Qg)ay’ = - QNI + . +U<”1_1)!Q<ku-l>(s1)q%]

with aij, aéj, Gifjj linearly independent if and only if s a zero of |Q(s)| with algebraic

multiplicity (=nj) = ,Zjlkij and geometric multiplicity (=(m-rank Qfp = |;.
1=

It is of interest to note that there arehains of (generalized) characteristic vectors
corresponding tojs each of length jk Notice that Theorem 4.2 is a special case of this
theorem; it involves only the top equation in (A.1) and it does not involve derivatives of
Q(s). The proof of Theorem A.1 is based on the following lemma:

Lemma A.2 (Antsaklis 80, Lemma 2): Theorem A.1 is satisfied for given Qéﬂ)d#jj
if and only if it is satisfied for U(s)Q(s); and %j where U(s) is any unimodular matrix

(that is |U(s)| =1, a nonzero scalar). _

This lemma allows one to carry on the proof of Theorem A.1 with a matrix Q(Ss)
which is column proper (reduced). The proof of Theorem A.1 is rather involved and it
involves the generalized eigenvectors of a real matrix associated with Q(s); it can of course
be found in (Antsaklis 80).

Given Q(s), if pand %j satisfy the conditions of Theorem A.1, then this implies

certain structure for the Smith form of Q(s). First, let us define the (unique) Smith form of
a polynomial matrix.
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Smith Form of M(sfRosenbrock 70, Kailath 80)
Given a pxm polynomial matrix M(s) with rankM(s) = r, there exist unimodular
matrices 4 , Uz such that W(s)M(s)Ux(s) = E(s) where

ES) =) T A@) = diagka(s), e2(s), . £x(s)] (A.2)

Each g i =1, r is a unigue monic polynomial satisfyirgg(s)_Ej+1 (S) i = 1, r-1 where
p2l0p1 means that there exists polynomiglguch that p= pp p3; that isgj dividesgj+1 .
E(s) is theSmith form of M(s@andgj (s) are thenvariant polynomials of M(s) It can be
shown that

gi(s)=D(s)/Da(s)i=1r (A.3)
where [ (s) is the monic greatest common divisor of all the ith order minors of M(s); note
that Dy (s) = 0. DQ(s) are theleterminantal divisors of M(s)

Corollary A.3 : (Antsaklis 80, Corollary 3) Given Q(s), there exist a sgatadsnonzero
vectors % qzj éfj” i = 1, | which satisfy the conditions of Theorem A.1 if and only if

the Smith form of Q(s) contains the factors (g'ﬂisi =1, | in | separate locations on the
diagonal; that is (s ]-)é‘ii is a factor injldistinct invariant polynomials of Q(s).

Theorem A.1 and Corollary A.3 refer to the valyeasroot of |Q(s)| which is
|.
] : . . : .
kjj times. Ifo distinct valuesjsare given then the following result is
1

repeated at leas
|

derived. Note that the deg|Q(s)| is assumed to be known.

Theorem A.4(Antsaklis 80,, Theorem 4): Let n = deg|Q(s)|. There exidistinct
complex scalarsjgnd n nonzero vectors a\g), a\se,ij), ..., a\skj.ij) i=1,4§, j= 1,
o |
o with
ng i=
j = 1,0 that satisfy (A.1) if and only if the zeros of |Q(s)| hawdistinct valuesj§ = 1,0
I.

1kij = n with each of thes sets {%j, aéj, quj} linearly independent for

each with algebraic multiplicity ( $n= _lekij and geometric multiplicity (= m -
1=

rankQ(s)) = |;. _
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Note that to each distinct characteristic vajubere correspond {i? aﬁ éLlJ }

1 Kljj .. . i _ .
. a|jj, 312” qjj } characteristic vectors; there age(II:m rankQ(p=geometric
multiplicity) chains of length ¥, koj, ..., kjj for a total of 3 kjj characteristic vectors
i=1

equal to the algebraic multiplicity.n

Corollary A.5: (Antsaklis 80, Corollary 5). Given Q(s) with n = deg|Q(s)|, thereexist
distinct complex scalars and vectorsifa i=1, k=1,k j=1,0 which satisfy the

conditions of Theorem A.4 if and only the Smith form of Q(s) consists of factor@'(% -s
i=1,linl; separate locations on the diagongat (1, 0).

Note that in view of the divisibility property of the invariant factors of Q(s), if the
conditions of Corollary A.5 or similarly of Theorem A.4 are satisfied, the Smith form of
Q(s) is uniquely determined. In particular, fay X ko;j <...< kjjj , the Smith form of Q(s)
in this case has the form

E(s) = diag €1(s),---.€m(s) )

em(s) = (s- 9N (.)em-1(8) = (- B (L )me(j-n)(8) = (5-p*U () (A4)

with gm-j (s) = ...=€1(s) = 1. This is repeated for each distinct valug gfs1,c until
the Smith form is completely determined.

Example A.1 To illustrate the above results consider

_[¥ -10
Q) =10 sp

Notice that
Q=[5 ] =[5 e©=0rf0rk>2
Forg =0 (j = 1), relations (A.1) become:

Let i=1. Q(O)%ll = 0 implies «‘%1 = %% (a #0); Note that no other linearly independent
qll exists, sojl= 1.

Q(0)d, = - QV(0)ay, implies §, = %@(B 2 0)
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Q)11 = - [QU(0)E, + (:ZL)!Q(Z)(O)ail] implies &, = %@(ay % 0).

It can be verified that‘llq etc are zero. Sok= 3. Note that m-rankQ(0) =2-1=1 7,1

that is the geometric multiplicity ofis 0 is 1 and so no other chain of characteristic
vectors associated with s 0 exists.

Assume that Q(s) is not known and it is given that § and 51 k=123

satisfy (A.1). Then according to Theorem A.1, the algebraic multiplicity ef&is at
least 3 (=k1) and the geometric multiplicity is at least 14(=I Furthermore, in view of
Corollary A.3 the factor¥= (s-g)K11) appears in 1 (3) location in the Smith form of

Q(s).

Assume now that n = deg|Q(s)| = 3 is also given together yatiDsand %1 k=1,

2, 3 which satisfy (A.1). Notice that hefied 1, ki1 = 3 (see above) sa k= 3 = n which
implies thato = 1, or g = 0 is the only distinct root of |Q(s)|. Theorem A.4 can now be
applied to show that s= 0 has algebraic multiplicity exactly equal tg k 3 and geometric
multiplicity exactly equal toll= 1. These can be easily verified from the given Q(s). In

view of Corollary A.5 and (A.4) the Smith form of Q(s) is

1 Og
0 s30

which can also be derived from Q(s) via pre and post multiplication by unimodular
matrices. _

The following lemma highlights the fact that the conditions of Theorem A.4 specify
Q(s) within a unimodular premultiplication; see also Lemma 4.6.

Lemma A.6: Theorem A.4 is satisfied by a matrix Q(s) if and only if it is satisfied by
U(s)Q(s) where U(s) is any unimodular matrix. _
It is important at this point to briefly discuss and illustrate the results so far:
Assume that, for an (mxm) polynomial matrix Q(s) yet to be chosen, we have decided upon
the degree oflQ(s)Jas well as its zero locations - that is about; ansl the algebraic
multiplicities r). Clearly there are many matrices that satisfy these requirements; consider
for example all the diagonal matrices that satisfy these requirements. If we specify the
geometric multiplicitiesjlas well, then this implies that the matrices Q(s) must satisfy
certain structural requirements so that m-ranR{(4j is satisfied; in our example the
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diagonal matrix, the factors (g-snust be appropriately distributed on the diagonalj If k

are also chosen, then the Smith form of Q(s) is completely defined, that is Q(s) is defined
within pre and post unimodular matrix multiplications. Note that this is equivalent to
imposing the restriction that Q(s) must satisfy n relations of type (A.1), as in Theorem A.4,
without fixing the vectors ﬁa(see Example A.1). If in additiorﬁ.aare completely

specified then Q(s) is determined within a unimodular premultiplication; see Lemma A.6.

Given (mxm) Q(s), let n = deg|Q(s)| and assume that Q(s)jad}jﬂtisfy the
conditions of Theorem A.4; that is they satisfy (A.1)datistinct $j = 1,0.

Theorem A.7(Antsaklis 80,, Theorem 6): Q(s) is a right divisor (rd) of an (rxm)
polynomial matrix M(s) if and only if M(s) satisfies the conditions of Theorem A.4 with the
same gand # ; that is M(s) also satisfies the conditions (A.1) with the sqmé}sfor o
distinctgj=10.

Proof: Necessity: If Q is a rd of M, M étlyl then it can be shown directly that (A.1) are
also satisfied by M(s) with the sameand # . Sufficiency: Same as the sufficiency proof

of Theorem 4.9. _

In the proof of Theorem A.1 (Antsaklis 80), the Jordan form of a real matrix A
derived from Q(s) was used. Later in the Appendix results concerning the Smith form of
Q(s) were described. It is of interest to outline here the exact relations between the Jordan
form of A and the Smith form of sI-A and of Q(s). This is done in the following:

Relations Between The Smith and Jordan Forms
Given an mxm nonsingular polynomial matrix Q(s) and a real nxn matrix A,
assume that there exist matrices B (nxm) and S(s) (nxm) so that
(sl-A) S(s) =B Q(s) (A.5)
where (sl-A), B are left and S(s), Q(s) right coprime. Then there is a direct relation
between the Smith forms of (sI-A) and Q(s) as it will be shown. First the relation between
the Jordan form of A and the Smith form of (sl-A) is described.

Let A (nxn) haveo distinct eigenvalues gach repeated times ¢ nj = n); n is the
algebraic multiplicityof . The geometric multiplicity ofjs |;, is defined as;jl= n-
rank(sl-A), that is thereduction in rank in sI-A when s = sThere exists a similarity
transformation matrix P such that PA = JP where J is the Jordan canonical form of A.



J = diag[{l, J = diag[J] (A.6)
where J (njxn;) j = 1, 0 is the block diagonal matrix associated withJshas | (<nj)
matrices ) (kjjxkijj) i = 1, on the diagonal each of the form

le...
@Sjl...o
0

Jj = =

B0

(A7)

|.
WhereJ kKij =n.

The structure of J is determined by the generalized eigenve%tmrfsA/, they are

used to construct P. To each distinct eigenvglu@sespond;lchains of generalized
eigenvectors eachof length) k=1, | for a total of plinearly independent generaliezed
eigenvectors.

Note that the characteristic polynomial ofcXs), is
O- .
a(s) =M (s-9)W  (=Isl-Al)
1=

0 - -
while the minimal polynomial of Aqam(s), is[] (s-§)™ where = max k;j, that is the
i |

i=
dimension of the largest block in J associated with s
The Smith form of a polynomial matrix was defined above. It is not difficult to
show the following result about the Smith form of sl-Ay(E) [1]: Without loss of
generality, assume thaijkkpi<.. <kjjj (=n), see also (A.4). If K(s) = diaggi(s), €2(s),
..., €r(8)], then
en() = (5 - X (- ).&n-1(8) = (5-PMlew; (- )rntn(j-1)(8) = (50 () (AB)
with €n.j (S) = ...=€1(s) = 1. That is thejrfactor (s-p are factors of thg linvariant
polynomialsen-(jj -1) (S), ...,&n(S); the exponents;jjlof (s-g) are the dimensions of the

matrices j i = 1,} of the Jordan canonical form, or equivalently they are the lengths of the

chains of the generalized eigenvectors of A corresponding tdlse relations in (A.8) are
of course repeated for each distinct valuejgf=s1, o until the Smith form [x(s) is

completely determined.

Example A.2 Let
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A:J:[Jljz] = %JllJqu E=§
e

thatisg=-3, m=3,h =2withk1=2,k1=1; 9=-1,
(A.8), the Smith form of sI-A is

Ea(s) = El(S) €2(s) s) H:
€3(S
H i E4(5)H

Herea(s) = |sl - A| = (s-3(s-1) andum(s) = (s-3¥(s-1).

=lp=ki2=1. In view of

=

s-3
(5-3)2(8-1)%

mmjun

It is can be shown (Rosenbrock 1974, Wolovich 1974, Kailath 1980) that if slI-A
and Q(s) satisfy relation (A.5), then the matrlces

0
[52 8] 5" 0(s) Il
0o -S(s) ou

are unimodularly equivalent and they have the same Smith forms. Thatd¢s)fi&the
Smith form of Q(s), then
En® =[5 egts) (A9)

It is now easy to show that Q(s) haslistinct roots jsof |Q(s)| each repeategdtimes (=
algebraic multiplicity as defined before Theorem A.1); the geometric multiplicity of s
defined by m - rank Qfsequalsjlsince j = m - rank k(s). If

Eq(s) = diag £1(S), -...em(S)), then (see also (A.4)) forijks kpj< ... < kjj (=n)
Em(S) = (5 - $Xi (. ).Em-1(8) = (- BMlgwi (- )vnsEmei-1) () = (- KU () (A.20)
with enjj (s) = ...=€1(s) = 1. Compare with the Smith form\ ) in (A.8). Itis clear
that Ey(s) and R (s) or Q(s) and (sl-A) have the same nonunity invariant polynomials as it

is of course clear in view of (A.9). Note that the characteristic polynomial of Q(s) is in this

)
cased(s) = |Q(s)| :_rH(s - )" (= a(s) = |sI-A]) while the minimal polynomial of Q(s) is
J:

o
Om(s) = |Q(s)| ?[!L(S - §)N (= am(s))-
J_

1

'8 2 .1 i1
Example A.3 Let A :% 0 17and Q(s 432 - Note that if S(s 5 (Qand

B = % ;)O@ Then, (sl-A)S(s) = BQ(s) as in (A.5) with (sl- A), B left coprime and S(s),
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Q(s) right coprime. Notice that A is already in Jordan canonical form. Infact, A¥J=1J
with =0, h =1, ki1 =3 and n = 3. The Smith form of sl-A is then (A.8)

5. 0
= B

In view of (A.10), the Smith form of Q(s) is

Eos) = 5§ o7

Note that this Q(s) was also studied in Example A.1

Ea(s) =
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