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Abstract: In this chapter, a classof discretetime uncertainlinear hybrid systems,
affectedby bothparametervariationsandexterior disturbances,is considered.The
main questionis whetherthereexists a controllersuchthat the closedloop system
exhibits desiredbehavior underdynamicuncertaintyandexterior disturbances.The
notion of attainability is introducedto refer to the specifiedbehavior that can be
forcedto theplantby acontrolmechanism.Wegiveamethodfor attainabilitycheck-
ing that employs the predecessoroperatorandbackward reachabilityanalysis,and
a procedurefor controllerdesignthatusesfinite automataandlinear programming
techniques.Finally, NetworkedControlSystems(NCS)areproposedasapromising
applicationareaof the resultsandtoolsdevelopedhere,andthe ultimatebounded-
nesscontrolproblemfor theNCSwith uncertaindelay, packagedropoutandquanti-
zationeffectsis formulatedasaregulationproblemfor anuncertainhybridsystem.�
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4.1 Intr oduction

HybridSystemsareheterogeneousdynamicalsystemsof whichthebehavior is deter-
minedby interactingcontinuous-variableanddiscrete-eventdynamics[2, 26]. The
lastdecadehasseenconsiderableresearchactivities in modeling,analysisandsyn-
thesisof hybridsystemsinvolving researchersfrom anumberof traditionallydistinct
fields.Ononehand,computerscientistsextendtheircomputationalmodelsandveri-
ficationmethodsfrom discretesystemsto hybridsystemsby embeddingthecontinu-
ousdynamicsinto their discretemodels.Typically theseapproachesareableto deal
with complex discretedynamicsdescribedby finite automataandemphasizeanal-
ysis results(verification)andsimulationmethodologies.Fromthis perspective, the
safetyor invariancepropertieshave gainedthemostattention[3, 23]. Otherproper-
ties investigatedincludethequalitative temporalnotionsof liveness,non-blocking,
fairnessalong infinite trajectoriesand qualitative orderingof eventsalong trajec-
tories [24]. Oneof the main formal methodsis symbolicmodelchecking,which
is basedon thecomputationof reachablesetsfor hybrid systems[1]. As a result,a
gooddealof researcheffort hasbeenfocusedondevelopingsophisticatedtechniques
drawn from optimalcontrol,gametheory, andcomputationalgeometryto calculate
or approximatethereachablesetsfor variousclassesof hybridsystems[9, 3]. How-
ever, thereachability(henceverification)problemis undecidablefor mostinteresting
classesof systems[1]. Working in parallel,researchersfrom theareasof dynamical
systemsandcontroltheoryhaveviewedhybridsystemsascollectionsof differential/
differenceequationswith discontinuousor multivaluedright-handsides[7, 19, 4].
In theseapproaches,the modelsandmethodologiesfor continues-valuedvariables
which aredescribedby ordinarydifferential/differenceequationswereextendedto
includediscretevariablesthatexhibit jumpsor extendresultsto switchingsystems.
Typically theseapproachesareableto dealwith complex continuousdynamicsand
mainlyconcernstability[19, 10], robustness[15, 10] andsynthesisissues[7, 19, 10].
However, therehasbeenlittle work onintegratingtheseconcernswithin aframework
for formalmethods.Perhapsbecauseformalmethodstraditionallylie in therealmof
discretemathematics,while theseconcernsfrom control theorylie separatelyin the
realmof continuousmathematics.In this chapter, we will attemptto integratethese
concernswithin a framework for formalmethods.

Themodeluncertaintyandrobustcontrolof hybrid systemsis anunder-explored
andhighly promisingfield [15, 24]. Reachabilityanalysisfor uncertainhybrid sys-
temshasappearedin [17, 21], andthereis alsosomework onanalyzingtheinduced
gainof switchedsystems[14, 29,30]. In [29], the ��� gainof continuous-timelinear
switchedsystemsis studiedby an averagedwell time approachincorporatedwith
a piecewise linearLyapunov function,andtheresultsareextendedto discrete-time
casein [30]. In [14], theroot-mean-square(RMS)gainof acontinuoustimeswitched
linear systemis computedin termsof the solution to a differentialRiccatti equa-
tion whenthe interval betweenconsecutive switchingsis large. In [24], theauthors
giveanabstractalgorithm,basedon modallogic formalism,to designtheswitching
mechanismamonga finite numberof continuoussystems,andtheclosed-loopsys-
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tem forms a hybrid automataandsatisfiesthe specifications.In [13], the problem
of controlling a poorly modeledcontinuous-timelinear systemis addressed.The
proposedapproachis to employ logic-basedswitchingamonga family of candidate
controllers.Note thatmostof the existing methodsfor synthesizinghybrid control
systemseithermanuallydecouplethesynthesisof thecontinuouscontrollaw andthe
designof thediscreteeventcontrolsignal,or only designtheswitchingmechanism.
Consideringthe fact that the continuousdynamicsanddiscretedynamicsareinter-
acting(coupling)tightly in hybridsystems,we believe thatthesynthesisproblemof
hybrid systemshasnot beensolvedin a satisfactoryway. In this chapterwe attempt
to presentan integratedframework thatdirectly addressessynthesisissuesfor both
thecontinuousanddiscretepartsof thehybridcontrolsystems.

In this chapter, we concentrateon a classof uncertainhybrid systemswith poly-
topic uncertaincontinuousdynamics,calleddiscretetime polytopicuncertainlinear
hybrid systems.Themotivationfor introducinguncertaintyinto thehybrid dynam-
ical systems’modelcanbedescribedasfollows. First, uncertaintyof theplantand
environmentis oneof themainchallengesto controltheoryandengineering.There-
fore,it is very importantfor thecontrollerdesignstageto ensurethatthedesiredper-
formancesarepreservedevenundertheeffect of uncertainties.Thesystemparam-
etersareoftensubjectto unknown, possiblytime-varying,perturbations.Moreover,
the realprocessesareoftenaffectedby disturbancesandit is necessaryto consider
themin controldesign.Anotherchallengeto control theoryandengineeringis the
nonlinearityof the real world dynamics,sinceno generalmethodologiesthat deal
effectively with nonlinearsystemsexist asyet. In order to avoid dealingdirectly
with a setof nonlinearequationsonemaychooseto work with setsof simplerequa-
tions(e.g.,linear)andswitchamongthesesimplermodels.This is a rathercommon
approachin modelingphysicalphenomena.In control,switchingamongsimplerdy-
namicalsystemshasbeenusedsuccessfullyin practicefor many decades.Recent
efforts in hybridsystemsresearchalongtheselinestypically concentrateontheanal-
ysisof thedynamicbehaviorsandaimto designcontrollerswith guaranteedstability
andperformance,seefor example[28, 16, 5, 18] andthereferencestherein.

Uncertainsystemswith strongnonlinearitiesareoftenof interest.If we useordi-
narypiecewiselinearsystemsto approximateandstudysuchnonlinearsystems,we
have to shrink the operatingregion of the linearization. And this resultsin a large
numberof linearizedmodelswhich makes the subsequentanalysisand synthesis
computationallyexpensiveor evenintractable.Sowe proposeto introducea bundle
of linearization,whoseconvex hull cover the original (maybeuncertain)nonlinear
dynamics,insteadof approximatingwith just singlelinearization. In this way, we
maykeeptheoperatingregion from shrinking,andsowe maystudyuncertainnon-
linearsystemsin a systematicway andwith lesscomputationalburden(seeFigure
4.1.1).

Our controlobjective is for theclosedloop systemto exhibit certaindesiredbe-
havior despitetheuncertaintyanddisturbance.Specifically, givenfinite numberof
regions ���	��
���
�
�������
������ in thestatespace,ourgoalis for theclosedloopsystem
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Figure4.1.1: Piecewise linearapproximationanduncertainpiecewise linearcover-
age.

trajectories,startingfrom thegiveninitial region � � , to go throughthesequenceof
finite numberof regions � 
 
�� � 
�������
	� � in thedesiredorderandfinally to reach
the final region � � and then remainin � � . This kind of specificationis analo-
gousto the ordinary tracking and regulationproblemin pure continuousvariable
dynamicalcontrol systems.In addition, it also reflectsthe qualitative orderingof
event requirementsalong trajectories. One of the main questionsis to determine
whetherthereexist admissiblecontrol law suchthattheregion-sequencecanbefol-
lowed. If thereexists suchadmissiblecontrol law, the region-sequencespecifica-
tion ���	��
���
�
�������
������ is calledattainable. The attainabilitycheckingis based
on backwardreachabilityanalysisandsymbolicmodelcheckingmethod.Thenext
questionis how to designanadmissiblecontrollaw in orderto satisfytheclosedloop
specification.An optimizationbasedmethodis givenin this chapterto designsuch
admissiblecontrollaw � .

The organizationof the chapteris asfollows. Section4.2 definespolytopicun-
certainlinearhybrid systems,andformulatesthe trackingandregulationproblems.
Then,a robustone-steppredecessoroperatorfor theuncertainlinearhybridsystems
is studiedin Section4.3,which servesasthebasictool for analysisthat follows. In
Section4.4, the necessaryandsufficient conditionsfor checkingthe safety, reach-
ability andattainabilityaregiven. The robust controllersynthesisproblemfor the
polytopicuncertainlinearhybrid systemsis studiednext. Thecontrolproblemcon-
sideredis eventsequencetracking(servo) controlor regulation,andit is formulated
andsolved in Section4.5. Networked Control Systems(NCS) are proposedas a
possibleapplicationfield of the theoreticresultsandtools developedhere,andthe
ultimateboundednesscontrolfor NCSis formulatedasa regulationproblemfor un-
certainhybridsystemsstudiedin thischapter. Finally, concludingremarksaremade.�

This chapteris an extensionof our group’s previous work [18] to uncertainsystemsand to more
generalcases.Earlierwork appearedin [21, 22].
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4.2 ProblemFormulation

Weareinterestedin thefollowingdiscrete-timeuncertainhybriddynamicalsystems:

Definition 4.2.1. Thediscrete-timePolytopicUncertainLinearHybrid Systemsare
definedby ���! �"$#�%'& ()+*-,/.10 �2�1 3%�"4(5 *-,/.1076 �1 3%�"98 *:,/.10<; �1 3% (4.2.1)=>�! �"$#�%'& ?>�@=>�1 3% 
BA �1�2�1 3%3% 
BCED �1 3% 
BCGF �! 3%3% (4.2.2)

where =IHKJL& � = 
 
 = � 
�������
 =�M � and J is thecollectionof discretestates(modes);��HONQPSRUT and N standsfor thecontinuousstatespace. For mode= , thecontinu-
ouscontrol

6 HWV * PSRUX , andthecontinuousdisturbance
; HIY * PZR�[ , where V * ,Y * are boundedconvex polyhedral sets.DenoteV\&4]*:^`_ V * 
 Ya&b]*-^`_ Y * 


andcb() * HZRUTGdeT , (5 * HSR2TEd>X , and 8 * HZRUTGdf[ are the systemmatricesfor the
discrete state = . The entriesin () * and (5 * are unknown,and maybetime-
variant, but g () * 
 (5 *-h are containedin a convex hull in RUTGdeTjikRUTGd>X , that
is

g () * 
 (5 *lh &nmUop q r 
2s q g )
q * 
 5 q* h 
 s qutjv 
 m2op q r 
2s q &w#c Ayx N{znN}|�8�~ partitionsthecontinuousstatespaceNnPZRUT into polyhedral

equivalenceclasses.c�=>�! f"k#�%�H����: �� A �!���! 3%3%3% , where ���: x N}|�8 ~ z�� _ definestheactivemodeset,c�? x J�iON}|�8 ~ i�� D i�� F z4J is thediscretestatetransitionfunction.HereC D Hk� D denotesa controllable eventand � F thecollectionof uncontrollable
events.c The guard � �!= 
 =���% of the transition �!= 
 =���% is definedas the set of all con-
tinuousstates� such that = 
 =���H��f�� �� A �1�2�1 3%B%3% and there exist controllable
event CGD H�� D such that =��G&�?>�!= 
3A �!�E% 
BCGD�
BC�F % for everyuncontrollableeventCGF HZ� F . Theguard of the transitiondescribesthe region of the continuous
statespacewhere the transitioncanbe forcedto take placeindependentlyof
thedisturbancesgeneratedby theenvironment.
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Remark: Notethatin theabovedefinition,we do not consider“statejumps” (reset)
for continuousstate� explicitly. However, theresetfunctioncanbeeasilyincluded
in our modelby addingsomeauxiliarymodes.

In thefollowing weassumetheexistenceof thesolutionfor suchuncertainhybrid
systemsundergiveninitial conditions.And weassumethatexactstatemeasurement�!= 
 �E% is available. An admissiblecontrol input (or law) is onewhich satisfiesthe
input constraints��� D 
 V * % . The elementsof an allowabledisturbancesequenceare
containedin ��� F 
 Y * % .

Weconsiderspecificationsthataredescribedwith respectto regionsof thehybrid
statespace.Considera finite numberof regions ���	�`
���
�
�������
������ P�J�i�N ,
where � q &��@� q 
l� q % areregionsin thehybrid statespace.Note that thecontinuous
part � q doesnot necessarilycoincidewith thepartitionsof A in Definition4.2.1,and
this givesusmoreflexibility . However, it is requiredthat thefollowing consistency
conditionholds. � q P��*��7^����� `¡�¢ �!= q % (4.2.3)

where  `¡�¢ �!= q %�& � ��H�N x = q HO���: �� A �1�£%3% �f¤ `¡�¢ �!= q % is similar to theconceptof invariantsetof mode = q in hybrid automata.

Our controlobjective is for theclosedloop systemtrajectoriesto follow a given
sequenceof regions ��� � 
2� 
 
�������
U� � � P$J\i¥N , despitetheuncertaintyanddis-
turbance.Oneof themainquestionsis to checkwhetherthereexistsanadmissible
control law, CGD¦g =>�1 3% 
 ���! 3% h H�� D and

6 g =>�1 3% 
 �2�1 3% h HOV *-,/.10 , suchthat thehybrid state
trajectory �!=>�! 3% 
 ���1 3%B% goesthroughtheregions, � � 
l� 
 
l� � 
������ , in thespecifiedor-
der andthe closedloop systemsatisfiessomedesiredrequirements.This involves
sequencingof eventsandeventualexecutionof actions. If thereexist admissible
controllawssuchthattheregion-sequencestartingfrom �	� canbefollowed,wecall
thesequenceof regionsspecification���	�§
���
�
�������
������ PwJ¨i�N attainable.In
orderto checktheattainabilityfor a sequenceof regionsspecification,two different
kindsof propertiesshouldbechecked,that is thedirectreachabilityfrom region � q
to � qª© 
 for

v�«Z¬®­$¯
andthesafety(or controlledinvariance)for region � � . The

analysisproblemsfor safetyanddirectreachabilityareformulatedasfollows.c Safety:Givenaregion � PZJ�iON , determinewhetherthereexist admissible
controllawssuchthattheevolution of thesystemstartingfrom � will remain
inside the region for all time, despitethe presenceof dynamicuncertainties
anddisturbances.c Reachability:Giventwo regions � 
 
�� � PwJ¨i�N , determinewhetherthere
exist admissiblecontrol laws suchthatall the statesin � 
 canbedriven into� � in finite numberstepswithout enteringa third region.
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The safety, reachabilityand attainability checkingare all basedon backward
reachabilityanalysisandsymbolicmodelcheckingmethod.In thenext section,we
will briefly discussthe backward reachabilityanalysis,which servesasoneof the
basictools for the analysisthat follows. After answeringhow to checkthe attain-
ability of a specification,we will designthe admissiblecontrol law, C D g =>�! 3% 
 ���1 3% h
and

6 g =>�! 3% 
 �2�1 3% h , suchthat the hybrid statetrajectory �@=>�1 3% 
 ���! 3%3% goesthroughthe
regions, � � 
-� 
 
������ , in thespecifiedorderandsuchthattheclosedloop systemsat-
isfiessomedesiredrequirements.

4.3 Robust One-StepPredecessorSet

Thebasicbuilding block to beusedfor backwardreachabilityanalysisis the robust
predecessoroperator, which is definedbelow.

Definition 4.3.1. Therobustone-steppredecessorset, °G±�² � � % , is thesetof statesinJ¨i�N for which anadmissiblecontrol input existsandguaranteesthat thesystem
will be driven to � in onestep,for all allowabledisturbancesanddynamicuncer-
tainties,i.e.,°�±�² � � %®& � �@=>�1 3% 
 ���! 3%3%�H�J�iINZ³ ´ C�F H�� F�
 ; �! 3%µHIY *:,/.10 
¶ CED H�� D�
 6 �1 3%	H¥V *:,/.10 
u·`¤  ¤ ()+*-,/.10 �2�1 3%�" (5 *-,/.1076 �1 3%�"98 *:,/.10<; �1 3%3%�H ���
where g ()+*-,/.10 
 (5 *:,/.10 h H�¸y¹ ¡�¢ m2oq r 
 g ) q *:,/.10 
 5 q*:,/.10 h ¤
Thepredecessoroperatorhasthefollowing properties.

Proposition4.3.1. For all ��
 and �µ� , ��
Oº��µ�I»¼°G±�² � ��
 % º½°�±�² � �µ� % . If � is
givenby theunion, � &�¾ q � q , then°G±�² � � %®&¿¾ q °G±�² � � q % .

Next, let’s assumethat a region of the statespaceis definedas � &À�@� 
B� %}PJÁiÂN , where� is apiecewiselinearset.Without lossof generality, weassumethat� is convex andcanberepresentedby � & � �KHÃNj³ � � «¿Ä � , where � HkRUÅ d>T ,
Ä HÆR Å . Here � «bÇ

meansthat all entriesin the vector �@��È Ç % are all non-
positive. If � is nonconvex, thenit is known thatnonconvex piecewiselinearset �
canbewritten asfinite unionof convex piecewiselinearset � q , thatis � &wÉUXq r 
 � q
[27]. And � &Q¾ q � q &n¾ q �@� 
B� q % . Becauseof the above proposition,we have°�±�² � � %�& ¾ q °G±�² � � q % . Similarly, without loss of generalitywe assumethat the
discretepartof � containsonly onemode,thatis ³ �®³§&�# or ��& � = � .

We areinterestedin computingthesetof all thestatesthatcanbedrivento � &�!= 
��¦� � «ÀÄ � % by both continuousand discretetransitionsdespitethe presence
of dynamicuncertaintiesanddisturbances.To calculate°�±�² � � % , we first calculate
thepredecessorsetfor � eitherpurelyby discretetransition,°�±�²�Ê � � % , or purelyby
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continuoustransitionatmode = , °�±�² *D � � % . Thenanalgorithmis givenfor °G±�² � � % by
consideringthecouplingbetween°�±�² Ê � � % and°�±�² *D � � % .
4.3.1 DiscreteTransitions

The predecessoroperatorfor discretetransitionsis denotedby °G±�²�Ê�x � _ deË�z� _ d>Ë , andit is usedto computethesetof statesthatcanbedrivento theregion � by
a discreteinstantaneoustransition =���zÌ= which canbeforcedby thecontrollerfor
any uncontrollableevent.Thepredecessoroperatorin thiscaseis definedasfollows:°�±�² Ê � � %�& � �!= � 
 �£%µH�JLi � ³ ¶ C D H�� D 
 ´ C F H�� F 
 =Í&Á?>�!= � 
 � 
BC D 
lC F % �
For everydiscretetransitionthatcanbeforcedby a controllableeventwe havethat°�±�²�Ê � � %�& ]*<Î!^§Ï D .�,ªÐ�0 � = � � ik� � �!= � 
 =�%�Ñ � %
where � �!= � 
 =�% is theguardsetof transition = � zÀ= .
4.3.2 Continuous Transitions

In thecaseof continuoustransitions,we definethecontinuouspredecessoroper-
atorundermode= as°�±�² *D x � _ deË¿z4� _ d>Ë . It computesthesetof statesfor which
thereexistsa control input sothat thecontinuousstatewill bedriveninto theset �
for everydisturbanceanduncertainty, while thesystemis atthediscretemode= . The
actionof theoperatoris describedby°�±�² *D � � %®& � = � i � ��HINj³ ¶ 6 H¥V * 
 ´ ; HOY * 
 ´ g () * 
 (5 *-h H�¸y¹ ¡�¢ m oq r 
 � g ) q * 
 5 q* h % 
·§¤  ¤ () * ��"4(5 * 6 "98 * ; H ���
4.3.3 Computation of the PredecessorOperator

As it was explainedabove, the predecessoroperatorfor discretetransitionsis
given by the union of the guardsof thosetransitionsthat are feasibleandcan be
forcedby a controlmechanism.Sincetheguardsareregionsof thestatespacethat
areincludedin thedescriptionof themodel,weconcentrateonpredecessoroperator
for thecontinuoustransitions.

Let usdenote°�±�² *DBÒ q � � % thecontinuouspredecessorsetof the

¬
-th vertex g ) q * 
 5 q* h

for # «Z¬®«SÓ * . Thatis°�±�² *DBÒ q � � %�& � ��H�Nj³ ¶ 6 HÔV * 
 ´ ; HOY * 
�·`¤  ¤ ) q * ��" 5 q* 6 "98 * ; H ���
Becauseof linearityandconvexity, wecanderivetherelationshipbetween°G±�² *DBÒ q � � %
and°�±�² *D � � % asthefollowing proposition.

Proposition4.3.2. °G±�² *D � � %�& � = � i�Õ m oq r 
 °�±�² *DBÒ q � � % .
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Remark: The significanceof the propositionis that the calculationfor the contin-
uouspredecessorfor the polytopic uncertainlinear hybrid systemscan be boiled
down to the finite intersectionof continuouspredecessorsetscorrespondingto the
dynamicmatrix polytopevertices,which have deterministiccontinuousdynamics.
And thepredecessorsetunderdeterministiccontinuousdynamics,°�±�² *DBÒ q � � % , canbe
computedby Fourier-Motzkin elimination[25] andlinearprogrammingtechniques,
which is givenin [18].

In thefollowing, we describeanalgorithmfor calculatingtherobustpredecessor
set °�±�² � � % underboth discreteandcontinuoustransitions. Considerthe uncertain
hybrid systemsof Definition 4.2.1 and a region � &Ö�!� 
l� % . We denote ��� ~q �
(

¬ &¨# 
������£
 Ó ) thepartitionof thecontinuousstatespaceN by themap A asgiven
in Definition 4.2.1. The following algorithmcomputesall the statesof the hybrid
systemthatcanbedrivento � in onetime-step.

Algorithm 4.3.1. PredecessorOperator

INPUT: � &\�!� 
l� % , × &¿Ø ;
for

¬ &�# 
�������
 Ó ,J q & � Ñ � ~q
if J q	Ù&ÁØ

for =���H����: �� � ~q %× * Îq & � �!=�� 
 =�%�Ñ�J q
if × * Îq Ù&¿ØÚ &ÁN

for Û &w# 
�������
 Ó * ÎÚ & Ú Ñ °G±�² * ÎDBÒ Ü �!=���i × * Îq %
end

if
Ú Ù&ÁØ× & × ÉÃ� � =�� � i V)

end if

end if

end

end if

end

OUTPUT: °G±�² � � %�& ×
Remark: Notethat °�±�² *DBÒ q � � % is piecewiselinearandpiecewiselinearsetsareclosed

underfinite intersections,so Õ m oq r 
 °�±�² *DBÒ q � � % is alsopiecewiselinearset. Piecewise
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linearsetsarerelatively easyto becalculatedandefficiently representedin comput-
ers.

Let usseeannumericalexamplefor thepredecessoroperator.

Example4.3.1(PREDECESSOR OPERATOR). Consideranuncertainhybrid system
with two modes,= � and = 
 . Thecontinuousdynamicsaredescribedby:�2�1 �"Á#¦%®&�Ý () � �2�1 3%�"4(5 � 6 �! 3%�"98 � ; �1 3% 
 =y&Á= �() 
 �2�1 3%�"4(5 
 6 �! 3%�"98 
 ; �1 3% 
 =y&Á= 
�¤
where) 
� & Þß v ¤ àfá�â`ã v ¤ #�ä�å v v ¤ � á ��åv ¤ á �`� â v ¤ à ä à ä v ¤ ã ä á äv ¤ ã§ã v # v ¤ �§ä>#�æ v ¤ ä�å�ä�åµçè 
 ) �� &bÞß # ¤ v à å�æ v ¤ åfä��e# v ¤ á å â äv ¤éá å`æ§å # ¤ �§ä ãfá # ¤ å`æ á v# ¤ ä`ä�æ vêv ¤ à å§� à v ¤ ã v �e#uçè5 
� & Þß v ¤ à§ã`ã åv ¤ á`ã � ãv ¤ æ���å á çè 
 5 �� & Þß # ¤éá v å ãv ¤ à # â äv ¤ ã§á`â æ�çè 
 8 � & Þß v ¤ �§� á`àv ¤ á ä à§ãv ¤ ä â v æ�çè) 

 & Þß v ¤ # á v à v ¤ ã`â v`v v ¤ æ à§â`âv ¤ â§à ä à v ¤ ã§á åfä v ¤ ã`à§à`ãv ¤ å�ä ã æ v ¤éá�à å â v ¤ ã �e# â çè 
 ) � 
 &bÞß v ¤ �># á æ v ¤ ã`à æ�� v ¤ á§á v§vv ¤ ä`ä à ä v ¤ ã`ã � â v ¤ à ä�� áv ¤ æ`æ§æ`æ v ¤ â �§ä§ä v ¤ ãfá � â çè5 

 & Þß v ¤ ã å ãfáv ¤ á`â`ã #v ¤ å�ä v æ�çè 
 5 �
 &bÞß v ¤ à v ã§ãv ¤ â �`�fäv ¤ æG#�æ à çè 
 8 
 &ëÞß v ¤ â§à æ âv ¤ â �>#¦åv ¤ ä à æ ã çè
Thepartitionof thestatespaceis obtainedby consideringthefollowing hyperplaneì 
 �1�£%�&a� 
 È á , ì � �!�E%�&a� � È á , ì�í �1�£%�&�� í È á , ì�î �!�E%�&a� 
 , ìGï �!�E%�&�� � andì�ð �1�£%µ&w� í . Assume

6 HOVa& g Èñ# 
 # h , ; H�YÆ& g È v ¤ # 
 v ¤ # h . Herewe assumethatNò&ÆR í , and � *<ó*�ô & � *�ô*<ó &õN . Considerregion � &ö� � = � 
 = 
 �§
B� % , where � is
thetubewith edge5. In orderto calculate°�±�² � � % , we first calculatethecontinuous
predecessorsets°G±�² * ôD � � % , °�±�² * ôD � � Ñ � * ó* ô % , °G±�² * óD � � % and°�±�² * óD � � Ñ � * ô* ó % . It turns
out that °�±�² * ôD � � Ñ � * ó* ô %®& °�±�² * ôD � � % , which is shown in theleft partof Figure4.3.1,
and °G±�² * óD � � Ñ � * ô* ó %W& °G±�² * óD � � % asshown in the right part of Figure4.3.1. The
predecessoroperatoris givenby°G±�² � � %�&��@= � 
!°�±�² *�ôD � � %3%�É��@= 
 
!°�±�² *<óD � � %3% ¤
4.4 Safety, Reachability and Attainability

In this section,we first presentnecessaryandsufficient conditionsfor checkingthe
safetyfor a givenregion � P�JLiIN andthedirectreachabilitybetweentwo given
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Figure4.3.1: Illustrationfor thepredecessorsets.

regions ��
 and �µ� . Thena necessaryandsufficient conditionfor checkingthe at-
tainabilityof a givenspecificationis presented.

4.4.1 Safety

The following is an important,well-known geometriccondition for a set to be
safe(controlledinvariant).

Theorem4.4.1. Theset � is safeif andonly if ��º�°G±�² � � % .
Theproof follows immediatelyfrom thedefinitionof thepredecessorset°�±�² � � % .

Testingfor safetyneedto: compute°�±�² � � % , which canbe efficiently doneby the
predecessoroperatoralgorithmdescribedin the former section;testwhether ��º°�±�² � � % , this canbedoneby a feasibility of a linearprogrammingproblem.Sothis
conditioncanbeefficiently testedby solvinga finite numberof linearprogramming
problemsthatdependson thenumberof regionsanddiscretestatesof thesystem.

4.4.2 Reachability

Considerthe reachabilityproblemfor uncertainlinearhybrid systemsin Defini-
tion 4.2.1. It shouldbe emphasizedthat we are interestedonly in the casewhen
reachabilitybetweentwo regions � 
 and � � is definedso that thestateis drivento� � directly from the region � 
 in finite stepswithout enteringa third region. This
is a problemof practicalimportancein hybrid systemssinceit is oftendesirableto
drive thestateto a targetregionof thestatespacewhile satisfyingconstraintson the
stateandinputduringtheoperationof thesystem.

Theproblemof decidingwhethera region � � is directly reachablefrom � 
 can
besolvedby recursively computingall the statesthat canbe drivento � � from � 

usingthepredecessoroperator. Given � 
 and � � , define

Ó
-stepdirectly reachable
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setfrom ��
 to �µ� ,�ñ÷ 8 mø ó � � � %�& °G±�² � �����@°G±�² � °�±�² � � � %�Ñ � 
 %�Ñ � 
 ����� %ù ú:û üm . q Xµý M
assume�ñ÷ 8 �ø ó � � � %®& � 
 Ñ � � . With theintroductionof thedirectly reachableset
from � 
 to � � by takingunionof all thefinite stepdirectly reachablesetfrom � 
 to�µ� , thatis ¸ ÷ ø ó � � � %®&ÿþ]m r � �ñ÷ 8 mø ó � � � % 
thegeometricconditionto checkthedirectreachabilitycanbegivenasfollows.

Theorem4.4.2. ConsideranuncertainhybridsystemsdescribedbyDefinition4.2.1
andtheregions � 
 and � � . Theregion � � is directlyreachablefrom � 
 if andonly
if � 
 º ¸ ÷ ø ó � � � % .

In general,the reachabilityproblemfor hybrid systemsis undecidable.So the
above procedureis semi-decidable[1], becausethe terminationof the procedureis
not guaranteed.In orderto formulatea constructiveprocedurefor reachability, two
approachesmaybeemployed.First,weconsideranupperboundonthetimehorizon
andwe examinethereachabilityonly for thepredeterminedfinite horizon. Second,
we formulatea terminationconditionfor thereachabilityalgorithmbasedon a grid-
basedapproximationof thepiecewiselinearregionsof thestatespace[18].

4.4.3 Attainability

Givenfinite numberof regions ��� � 
�� 
 
�������
�� � � P�J¨i�N , theattainability
for this sequenceof regionsspecificationis equivalentto the following two differ-
ent kinds of properties,that is the direct reachabilityfrom region � q to � q�© 
 for
v�«w¬�­�¯

andthesafety(or controlledinvariance)for region � � . Thereforethe
attainabilitycheckingcanbeexpressedasfollows.

Theorem4.4.3. Thespecification��� � 
�� 
 
�������
�� � � P J�iÃN is attainableif
andonly if thefollowingconditionshold: First, � � is safe;andsecondlytheregion� qª© 
 is directlyreachablefrom � q , for

¬ & v 
 # 
�������
 ¯ ÈZ# .
4.5 Hybrid Regulation

The hybrid regulationproblemconsideredin this sectionis to designthe admissi-
ble control law, C D g =>�! 3% 
 ���1 3% h and

6 g =>�! 3% 
 ���1 3% h , suchthat thehybrid statetrajectory�!=>�! 3% 
 �2�1 3%B% goesthroughtheregions, � � 
l� 
 
l� � 
������ , in thespecifiedorderandso
that the closedloop systemsatisfiessomedesiredrequirements.The requirements
includesequencingof eventsandeventualexecutionof actions.In Section4.4,we
havespecifiedtheconditionsfor theexistenceof suchcontrollawssothattheclosed
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loop systemsatisfiesthespecifications,like safety, reachabilityandattainability. A
regulator is designedasadynamicalsystemto implementthedesiredcontrolpolicy.
Herewe designsuchcontrol laws basedon optimizationtechniques.Fromthedis-
cussionin the previoussection,the attainabilityregulationproblemcanbe divided
into two basicproblems,that is safetyregulationanddirect reachabilityregulation.
Thetwo basicregulationproblemsareformulatedasfollows.c SafetyRegulation:Givenasafeset � PSJaiIN , determinetheadmissiblecontrol
laws suchthattheevolution of thesystemstartingfrom � will remaininsidetheset
for all time,despitethepresenceof dynamicuncertaintiesanddisturbances.c ReachabilityRegulation:Giventwo regions � 
 
�� � P$JkiµN , where� � is directly
reachablefrom � 
 , determinetheadmissiblecontrol laws suchthatall thestatesin� 
 canbedriveninto � � in finite numberstepswithoutenteringa third region.

In the following we presenta systematicprocedurefor the regulatordesignfor
thesetwo basiccasesbasedonoptimizationtechniques.Thenaprocedurefor attain-
ability regulationis given.

4.5.1 SafetyRegulator

First,weconsiderterminatingsafetyregulationfor theterminatingregion, ��� &�!� � 
B� � % , of the statespace.Let’s assumethat � � & � � x�� � � «õÄ � � . We
definethecostfunctional

� � x JLi g v 
 # h mUo iÔV * z4R
� � �!= 
 s 
 6 %®&�� � � mUop q r 
 g s q )

q * 
 s q 5
q* h�� ���1 3%6 �! 3%�� � þ

where � � � þ standsfor theinfinite norm.Thecontrolsignalis selectedasthesolution
to thefollowing minmaxoptimizationproblem:�
	��F ^�
 o �
���� ^�� � Ò 
���� o � � �!= 
 s 
 6 %

·§¤  ¤
������ ����� �Í�kg

) 
* �2�1 3%�" 5 
* 6 �! 3% h «ZÄ � È�?� � g ) � * �2�1 3%�" 5 �* 6 �! 3% h «ZÄ � È�?������������ � g ) m o* ���! 3%�" 5 m o* 6 �! 3% h «ZÄ � È�?6 H¥V *
where ? is a vectorwhosecomponentsare given by ? Ü &��
��� Ê ^�� o �"!Ü 8 * ; , and�"!Ü is the Û -th row of matrix � � . The optimal actionof the controller is onethat
tries to minimize the maximumcost, and try to counteractthe worst disturbance
andtheworstmodeluncertainty. This kind of solutionis referredto asStackelberg
solution. Theaboveminmaxoptimizationproblemcanbeequivalentlytransformed
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to thefollowing semi-infiniteprogrammingproblem[6],�
	��F ^�
 o�#
·§¤  ¤

�������� �������
� � �!= 
 s 
 6 % « #�Í�kg ) 
* �2�1 3%�" 5 
* 6 �! 3% h «ZÄ � È�?�Í�kg ) �* �2�1 3%�" 5 �* 6 �! 3% h «ZÄ � È�?������������ � g ) m o* ���! 3%�" 5 m o* 6 �! 3% h «ZÄ � È�?6 H¥V * ¤

In addition,becauseof thespecialform of
� � , theaboveoptimizationproblemscan

bereducedto thefollowing form:�
	��F ^�
 o�#
·§¤  ¤

�������������� �������������

� � g ) 
* �2�1 3%�" 5 
* 6 �! 3% h « #�Í�kg ) �* �2�1 3%�" 5 �* 6 �! 3% h « #������������Í�kg ) m2o* ���! 3%�" 5 m2o* 6 �! 3% h « #�Í�kg ) 
* �2�1 3%�" 5 
* 6 �! 3% h «ZÄ � È�?� � g ) � * �2�1 3%�" 5 �* 6 �! 3% h «ZÄ � È�?������������ � g ) m o* ���! 3%�" 5 m o* 6 �! 3% h «ZÄ � È�?6 H¥V * ¤
Theabove problemcanbesolvedvery efficiently by solvinga linearprogramming
problemfor eachpossiblediscretemode.Thefollowing algorithmdescribethepro-
cedurefor the synthesisof safetyregulator for an given initial condition �!= �`
 � � %
containingin aspecifiedregion � � &a�!� � 
l� � % .
Algorithm 4.5.1. SafetyRegulator

INPUT: � � &a�!� � 
B� � % , �!= � 
 � � % ;
if �
	$� F �%�&� � � � �!= �§
 � �§
 s 
 6 %�')(*�,+-	�.0/�(6�1 &Á� ± � �2	�� F � � �!= �`
 � �§
 s 
 6 %= 1 &Á= �
else

for

¬ &\# 
������ , ³ � � ³ ,= q &$� � � ¬ %
if � � H � * �* ô� * �� = �
	$� F �%�&� � � � �@= q 
 � �`
 s 
 6 %end

end= 1 &Á� ± � �
	�� * � ^��43 � * ��6�1 &Á� ± � �2	�� F � * ��end
OUTPUT:

6�1
, = 1
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In the procedure,we first try to remainthe modeandavoid switching, simply
becauseswitchingmaybecostly. However, sticking to mode = � maybenot a good
choice,andtheremaynot exist feasiblecontrolsignal. Sotheproceduretry to take
possiblemodeswitchingsinto considerationandchoosethemodethatcanmake the
next continuousstatefarthestfrom theboundary. It is claimedthattheremustexist at
leastonemode=ÂH�� � suchthattheaboveoptimizationproblemis feasible.Other-
wise,it leadsto acontradictionto thesafetyof theregion � � &a�!� � 
B� � % . Here = 1
standsfor themodethatcorrespondsto theminimumcostvalue

� � , thenthecandi-
datecontrol input is selectedas � CED �! 3% 
 651 �1 3%B% where = 1 &\?>�!=>�1 3% 
3A �!���1 3%B% 
lCGD �! 3% 
-6 %
and

6�1
is thesolutionof theabove optimizationprocedure.In a formal way we can

expressit asthefollowing proposition.

Proposition4.5.1. If the region ��� &À�!� �Ã
B�U� % is safe, thenthe procedure de-
scribedin algorithm(4.5.1)cansolvethesafetyproblem.

4.5.2 Reachability Regulator

Next, we considerthe reachabilityspecificationbetweentheregions �87 &��@� 7>
��7 % and �87 © 
 &��!� 7 © 
 
l��7 © 
 % . Thecontrolobjective is to drive every statein �87
to �87 © 
 . Let the convex polyhedralset �97 & � � xE� � «�Ä � . For a pair of modes= 7 HK� 7 and =��7 HK� 7 © 
 , assumethe intersectionof theguardsetfor �!= 7�
 =��7 % , � * Î:* : ,
with thecommonregionof ��7 and ��7 © 
 , is notempty. Let’sdenotethispolytopeas� ,�* : Ò * Î: 0; & � 7 Ñ � 7 © 
 Ñ � * Î:* : & � � xE� ; � «\Ä ; � . We definethecostfunctional,� ; x J�i�Jai g v 
 # h m o :¥iÔV * : zÀR

� ; �!= 7 
 = �7 
 s 
 6 %®&<� � ; mUo :p q r 
 g s q )
q * :>
 s q 5

q* : h � ���! 3%6 �! 3%�� � þ ¤
Thecontrolsignalis selectedasthesolutionto thefollowing minmaxoptimization
problem: �
	$�F ^�
 o : �%�&�� ^�� � Ò 
�� � o : � ; �!= 7�
 = �7 
 s 
 6 %

·§¤  ¤
������ �����
�Wg ) 
* : �2�1 3%�" 5 
* : 6 �! 3% h «ZÄ Èk?�Wg ) � * : �2�1 3%�" 5 �* : 6 �! 3% h «ZÄ Èk?������������Wg ) m o :* : ���! 3%�" 5 m o :* : 6 �1 3% h «jÄ È�?6 HWV * : ¤

Similarly, theaboveminmaxoptimizationproblemcanbeequivalentlytransformed
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to thefollowing linearprogrammingproblem:�
	��F ^�
 o : #
·§¤  ¤

��������������� ��������������

� ; g ) 
* : ���! 3%�" 5 
* : 6 �1 3% h « #� ; g ) � * : ���! 3%�" 5 �* : 6 �1 3% h « #������������ ; g ) m o :* : ���! 3%�" 5 m o :* : 6 �! 3% h « #�Wg ) 
* : ���! 3%�" 5 
* : 6 �1 3% h «9Ä È�?�Wg ) � * : ���! 3%�" 5 �* : 6 �1 3% h «9Ä È�?������������Wg ) m o :* : ���1 3%�" 5 m o :* : 6 �! 3% h «ZÄ Èk?6 HWV * : ¤
Thefollowing algorithmdesigntheregulatorto guaranteethedirectreachability.

Algorithm 4.5.2. Reachability Regulator

INPUT: �87 &��@� 7>
B�97 % , �87 © 
 &a�!� 7 © 
 
B�97 © 
 % , �@= � 
 � � % , ')(*�4+=	�.0	$/�	$>@?W& v ;
for Û &\# 
������ , ³ � 7 © 
 ³ ,=��Ü &�� 7 © 
 � Û %

if �
	$� F �%�&� � � ; �!= � 
 =��Ü 
 � � 
 s 
 6 %�')(*�4+=	�.0/$(� ,�* ô Ò * Î� 0; &A�
	$� F �%�&� � � ; �!= �§
 =��Ü 
 � �§
 s 
 6 %')(*�,+-	�.0	�/$	$>@?¥&\#
end

end
if ')(*�,+-	�.0	�/$	$>@?¥&ñ&\#¬ ¡ ; &Á� ± � �
	$� * ÎB ^�� :-C ó � ,�* ô Ò * ÎB 0;6�1 &Á� ± � �2	�� F � ,�*�ô Ò

q T Ê 0;= 1 &Á= �
else

for

¬ &\# 
������ , ³ � 7 ³ ,= q &$� 7 � ¬ %
if � � H � * �* ô

for Û &w# 
������ , ³ � 7 © 
 ³ ,=��Ü &�� 7 © 
 � Û %� ,�* � Ò * ÎB 0; &A�
	$� F �%�&� � � ; �!= q 
 = �Ü 
 � �§
 s 
 6 %end
end

endg = 1 
 =�� h &$� ± � �
	�� *���^�� :*D * ÎB ^�� :-C ó � , * � Ò * ÎB 0�6�1 &Á� ± � �2	�� F � * ��end
OUTPUT:

6�1
, = 1
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Similarly, wehave thefollowing proposition.

Proposition4.5.2. If the region �87 &¼�!� 7>
B�97 % is directly reachable to �87 © 
 &�!� 7 © 
 
l��7 © 
 % , thentheproceduredescribedin algorithm(4.5.2)cansolvethereach-
ability problem.

4.5.3 Attainability Regulator

Thefollowingalgorithmdesigntheregulatorto guaranteethedirectlyattainability
for thespecificationdescribedby ��� � 
-� 
 
�������
-� � � .
Algorithm 4.5.3. Attainability Regulator

INPUT: ����
�
�������
l����� , �!= �f
 � � % ;
for n =1, ����� ,M-1,

while � � H � T ���FEÍ� � |H � T © 
G (*+=	�H4�JIK(*�4LNM ��.0	�/$	$>@?OI8(PH,Q0/R�&>=S,TU')TVS4� �XW >VS �XW © 

end

endG (Y+-	�H4�
Z��&')(P>@?[I8(PH,Q0/R�&>=S,T�')S,T �]\
OUTPUT:

6�1
, = 1

FromTheorem4.4.3andtheprevioustwo propositionsonsafetyanddirectreach-
ability regulation,It is immediateto concludethefollowing proposition.

Proposition4.5.3. If theregionsequence��� � 
l� 
 
�������
l� � � is attainable, thenthe
proceduredescribedin algorithm(4.5.3)cansolvetheattainabilityproblem.

Let usturn to anexampleto illustratetheregulationmethod.

Example4.5.1(TEMPERATURE CONTROL SYSTEM). Thesystemconsistsof a fur-
nacethat canbeswitchedon andoff. Thecontrol objectiveis to control thetemper-
ature at a point of thesystemby applyingtheheatinput at a differentpoint. So,the
discretemodeonly containstwo states,which are the furnaceis “of f”, = � , and the
furnaceis “on”, = 
 . Thecontinuousdynamicsaredescribedby ^�2�1 �"Á#¦%®&�Ý () � �2�1 3%�"4(5 � 6 �! 3%�"98 � ; �1 3% 
 =y&Á= �() 
 �2�1 3%�" (5 
 6 �! 3%�"98 
 ; �1 3% 
 =y&Á= 
 ¤_

usingzero-orderhold samplingwith `badc s.
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where ) 
� & � v ¤ ã � á v ¤ #¦å áv ¤ â`ã #e� 
 ) �� & � # v ¤ å áv ¤ v â`ã v ¤éá`á§á �5 
� & � # ¤ äv ¤ v â � 
 5 �� & � # ¤ àv ¤ v ã � 
 8 � & � v ¤ v å ã äv ¤ åfä`ä`�X�) 

 & � È v ¤ â`â æ v ¤ # à`àv ¤ # à`à v ¤ � â æK� 
 ) � 
 & � È v ¤ ä v ¤ åf�v ¤ å§� v ¤ æ§æK�5 

 & � v ¤ ãv ¤ #f� 
 5 �
 & � v ¤ àv ¤ �]� 
 8 
 & � v ¤ #�å â`àv ¤éá å â å]� ¤
Thestatespaceis partitionedbythefollowinghyperplane

ì 
 �1�£%�&Á� 
 È � v , ì � �1�£%�&� � È á , ì�í �1�E%�&$� � and
ìeî �1�£%�&$� 
 . Assume

6 HWVw& g Èñ# 
 # h , ; H}YL& g È v ¤ # 
 v ¤ # h .
Considerregion � 
 &{� � = � 
 = 
 �f
B� 
 % and � � & � � = � 
 = 
 �f
B� � % , where � 
 & � �$HR � ³ª� v}« � 
 « � v %5g��<È�� vÔ« � � «Áv % � , and � � & � ��H�R � ³ª� v}« � 
 « � v %5g�� vW«� � « á % � . Our control objectis that for every initial sate �!= � 
 � � % within region � 

thereexistcontrol

6 HÔV and C D H�� D sothat from �!= �§
 � � % thestatecanbedrivento�µ� withoutenteringa third region, thenthestatewill stayinside �µ� , nomatterwhat
thedynamicuncertainty, continuousanddiscretedisturbancesare. Let’s check the
attainability. We first calculate°�±�² � �µ� % , which cover the region �µ� , so �µ� is safe.
By recursivelyusing °�±�² � ¤ % , wefind that ��
 canbedrivento �µ� in threesteps,i.e.� � reachablefrom � 
 . Sotheattainability of thespecificationis satisfied.Then,we
designtheregulatorandplot thesimulationresultfor nominalplant (herewechoose
theepicenterof thestatematrix , i.e.


� � ) 
* " ) � * % ). in Figure4.5.1.Alsothecontrol
signaloutput( CGD , 6 ) of theregulator is plottedin Figure4.5.1.
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Figure4.5.1: Left: Simulationfor closeloop nominalplant (assumingh = 0). Right: The
controlsignalsoutput( i , j"k ) of theRegulator.

4.6 Networked Control Systems

By Networked Control Systems(NCS),we meanfeedbackcontrol systemswhere
networks,typically digital band-limitedserialcommunicationchannels,areusedfor
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the connectionsbetweenspatiallydistributedsystemcomponentslike sensorsand
actuatorsto controllers.And thesechannelsmaybesharedby otherfeedbackcon-
trol loops. In traditional feedbackcontrol systemstheseconnectionsare through
point-to-pointcables.Comparedwith the point-to-pointcables,therearemany at-
tractive advantagesof introducingserialcommunicationnetworks,like high system
testabilityandresourceutilization, aswell aslow weight,space,power andwiring
requirements.Theseadvantagesmake the useof networks in control systemscon-
nectingsensors/actuatorsto controllersmoreandmorepopularin many applications,
including traffic control, satelliteclusters,mobile roboticsetc. Recentlymodeling
and control of networked control systemswith limited communicationcapability
hasemergedasa topic of significantinterestto controlcommunity.

In NCS,thereal-timerequirementis critical, andtimedelayusuallyhasnegative
effectson the NCS stability andperformance.Thereareseveral situationswhere
time delaymay arise. First, transmissiondelayis causedby the limited bit rateof
the communicationchannels.Secondly, the channelin NCS is usually sharedby
multiple sourcesof data,and the channelis usually multiplexed by time-division
method. Therefore,therearedelayscausedby a nodewaiting to sendout a mes-
sagethrougha busychannel,which is usuallycalledaccessingdelayandservesas
themainsourceof delaysin NCS.Therearealsosomedelayscausedby processing
andpropagation,whichareusuallynegligible for NCS.Anotherinterestingproblem
in NCSis thepackage-dropoutissue.Becauseof theuncertaintiesandnoisein the
communicationchannels,theremayexist unavoidableerrorsin thetransmittedpack-
ageor evenloss. If this happens,thecorruptedpackageis droppedandthereceiver
(controlleror actuator)usesthepackagethat it receivedmostrecently. In addition,
package-dropoutmayoccurwhenonepackage,saysampledvaluesfrom thesensor,
reachesthedestinationlaterthanits successors.In suchsituation,theold packageis
dropped,andits successive packageis usedinstead.Finally, accordingto thefinite
bit rateconstrain,only quantizedsignalscanbe transmittedthroughnetwork. So
quantizationschemeandits effectshave to beconsideredin realNCS.Theprimary
objective of NCS is to efficiently usethe finite channelcapacitywhile maintaining
goodclosedloop controlsystemperformance,includingstability, disturbanceatten-
uation,rising time, overshootandotherdesigncriteria. Therefore,quantizationand
limited bit rate issueshave attractedmany researchers’attention,seefor example
[8, 12, 11]. In this section,we will formulatea NCS with uncertaintime delay,
package-dropoutandquantizationeffectsinto theframework of polytopicuncertain
hybrid (switched)systems.Thenthemethodsdevelopedhereandexisting methods
for hybrid (switched)systemscanbeemployedto studyNCS.

4.6.1 The Delayand Package-Dropout

TheNCSmodeldiscussedin thissectionis shown in Figure4.6.1.For simplicity,
but without loss of generality, we may combineall the time delay and package-
dropouteffectsinto thesensorto controllerpathandassumethecontroller-actuator
communicatesideally.
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Figure4.6.1:Thenetworkedcontrolsystems’model.

Weassumethattheplantcanbemodeledasacontinuous-timelineartime-invariant
systemdescribedbyÝwv���! 3%�& ) D ���! 3%�" 5 D 6 �! 3%�"�8 D ; �1 3%# �1 3%®&Á¸ D �2�1 3%
where ���! 3%jH RUT is the statevariable,and # �1 3%9HõR�[ is the controlledoutput.6 �! 3%IH¿R X is control input. The disturbanceinput

; �! 3% is containedin Y¼P R9x .) D H�R2TEd>T ,
5 D H�R2TEd>X and 8 D H�RUTGd x arestatematrices,and ¸ D H�R�[�deT is the

outputmatrix.

It is assumedthat the sensorswork in a time-driven fashion. After eachclock
cycle (samplingtime y M ), theoutputnode(sensor)attemptsto senda packagecon-
tainingthemostrecentstate(output)samples.If thecommunicationbusis idle, then
the packagewill be transmittedto the controller. Else, if the bus is busy, thenthe
output nodewill wait for, say z ­ y M , and try again. After several attemptsor
time elapses,if the transmissionstill cannot becompleted,thenthepackageis dis-
carded.Thecontrollerandactuatorareeventdrivenandwork in a simplerway. The
controller, asa receiver, hasa receiving buffer which containsthemostrecentlyre-
ceiveddatapackagefrom thesensors(theoverflow of thebuffer maybedealtwith as
package-dropout).Thecontrollerreadsthebuffer periodicallyat a higherfrequency
thanthesamplingfrequency, sayevery !&{m for someintegerN largeenough.When-
ever thereis new datain thebuffer, thenthecontrollerwill calculatethenew control
signalandtransmitit to theactuatorsinstantly. Uponthenew controlsignalarrival,
theactuatorsupdatetheoutputof thezeroorderholder(ZOH) to thenew value.

4.6.2 Models for NCS

In this section,we will considerthe sampled-datamodelof the plant. Because
we do not assumesynchronizationbetweenthe samplerand the digital controller,
thecontrolsignalis no longerof constantvaluewithin asamplingperiod.Therefore
thecontrolsignalwithin asamplingperiodhasto bedividedinto subintervalscorre-
spondingto thecontroller’s readingbuffer period, y & !�{m . Within eachsubinterval,
the control signal is constantin view of the assumptionsin the previous section.
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Hencethecontinuous-timeplantmaybediscretizedinto thefollowing sampled-data
systemusinglifting method.

� g | "$# h & ) � g | h " g 5½5 ����� 5 hù ú:û üm
}~~~� 6 
 g | h6 � g | h

...6 m g | h
������ "98 ; g | h (4.6.1)

where
) & ²���� !&{ , 5 &��O� {�� ²������ 5 D ;,� and 84&�� ! {� ²������ 8 D ;4� . Note that for

lineartime-invariantplantandconstant-periodicsampling,thematrices
)

,
5

and 8
areconstant.

During eachsamplingperiod,several differentcasesmay arise. They arelisted
below.

a) Delay � & ì i !&{m , where
ì & v 
 # 
 � 
������E
V� X Ï�� . For this case

6 
 g | h &6 � g | h & ����� 6�� g | h & 6 g | È$# h , 65� © 
 g | h & 6�� © � g | h & ����� 6 m g | h & 6 g | h , and
Equation(4.6.1)canbewrittenas:

� g | "Á# h & ) � g | h " g 5½5 ����� 5 h
}~~~~~~~~�
6 g | ÈZ# h

...6 g | ÈZ# h6 g | h

...6 g | h
����������� "�8 ; g | h& ) � g | h " ì � 5 6 g | ÈZ# h "Á� Ó È ì % � 5 6 g | h "j8 ; g | h

If we let �� g | h &�� 6 g | Èj# h� g | h � , thentheaboveequationscanbewrittenas:

�� g | "Á# h & � v vì 5 ) � �� g | h " �  � Ó È ì % 5 � 6 g | h " � v8 � ; g | h
where

ì & v 
 # 
 � 
������E
=� X Ï�� . Note that
ì & v implies � & v , which corre-

spondsto the“no delay” case.And thecontrolledoutput # g | h is givenby

# g | h &�� v ¸�� �� g | h
where ¸w&�¸ D .

b) In thecaseof package-dropout,dueto corruptedpackageordelay����� X Ï�� i!&{m , the actuatorwill implementthe previous control signal, i.e.
6 
 g | h &6 � g | h & ����� 6 m g | h & 6 g | È�# h . The statetransitionequation(4.6.1)for this
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casecanbewrittenasfollows.

� g | "Á# h & ) � g | h " g 5½5 ����� 5 h }~~~� 6 g | ÈZ# h6 g | ÈZ# h
...6 g | ÈZ# h

������ "98 ; g | h& ) � g | h " Ó � 5 6 g | ÈZ# h "98 ; g | h
By introducingnew statevariables,�� g | "$# h &�� v vÓ 5 ) � �� g | h "��   v � 6 g | h "�� v8 � ; g | h
Thecontrolledoutput # g | h is givenby

# g | h &�� v ¸�� �� g | h
where ¸w&�¸ D .

4.6.3 NCSHybrid Model

In this section,we reformulatethe NCS problemof the previous sectionas a
hybrid (switched)systemwith � X Ï�� "j� differentmodes.In particular,Ý �� g | "$# h & ) � �� g | h " 5 � 6 g | h "98 � ; g | h# g | h & ¸ � �� g | h (4.6.2)

where
) � & � v  ì 5 ) � ,

5 � & �  � Ó È ì % 5 � , 8 � & � v8 � and ¸ � &� v ¸�� for
ì & v 
 # 
 � 
������[� X Ï�� 
 Ó . And the set of modes J is given byJ & � v 
 # 
 � 
������f� X Ï�� 
 Ó � . Note that

ì & v implies � & v , which corresponds
to the “no delay” case,while

ì & Ó correspondsto the “package-dropout”case.
Thediscretedynamics(switchingsignal)maybemodeledasa finite statemachine
(FSM), whosediscretestatescorrespondto the � X Ï�� "Á� modesof NCS.Thedis-
cretetransitionruleof theFSMshouldreflectthedelayandpackagedropoutpattern
of theNCS,andit maybeeitherspecifiedin averagedwell-timesenseor in stochastic
sense.

Thereis anotherimportantissuewhichis notconsideredin theaboveNCSmodel,
that is thequantizationeffect. With finite bit-rateconstraints,quantizationhasto be
taken into considerationin NCS. It hasbeenknown that an exponentialdatarep-
resentationschemeis most efficient [8, 12]. Here we focus on the floating point
representation.Floatingpoint quantizationcanbe viewed asa nonlinearoperation
describedby a time variant sectorgain, i.e. JW�!�E%�& | �!�E% , | H g #ÂÈA� 
 # h , with� dependingon the mantissalength,andfor this reasonthe quantizationeffect can
be dealtwith asmodelparameteruncertainties.Now we canmodelthe NCS with
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quantizationeffectsasaswitchedsystemwith parameteruncertainty, which is aspe-
cific subclassof the polytopic uncertainhybrid systemsdefinedin Section4.2. In
particular, �� g | "$# h & () � �� g | h "�(5 � 6 g | h "98 � ; g | h
wherethe parameteruncertaintyin () � and (5 � reflect the quantizationeffects in
NCS.Next we considertherobuststabilizationproblemfor theNCSbasedon such
hybrid model. Becauseof the parameteruncertaintiesin the NCS hybrid model
andexteriorsdisturbances,theconvergenceof all theclosedloop trajectoriesto the
origin (assumedto betheequilibrium)maynot beachievable. Instead,we consider
the convergenceto a small region containingthe origin, and it is requiredthat the
closedloop trajectoriesof NCS be driven to a small region containingthe origin
for all boundedinitial conditions. This is usuallycalled in the literatureultimate
boundednesscontrol or practicalstability problem. In the following, we will show
that the ultimate boundednesscontrol problemfor the NCS with uncertaindelay,
packagedropoutandquantizationeffectsmaybeformulatedasaregulationproblem
for theuncertainhybrid (switched)systems.

Ω0

Ω
�

1 x1

x2

Figure4.6.2:Thenetworkedcontrolsystemsultimateboundednesscontrolasa reg-
ulationproblem.

Considerthesemiglobalasymptoticpracticalstabilizationproblemby assuming
boundedinitial states. If we outer-approximatethe boundedregion containingall
the initial conditionswith a polytope �	� , and inner-approximatethe small region
containingtheorigin with anotherpolytope��
 asillustratedin Figure4.6.2,thenthe
ultimateboundednessproblemof NCScanbetransformedinto aregulationproblem.
And theultimateboundednessof NCScanbecheckedby checkingtheattainability
of theappropriatelychosen��� � 
-� 
 � . Theultimateboundednesscontrollaw maybe
designedby solving the optimizationbasedregulatorsynthesisproblemdeveloped
in theprevioussection.
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4.7 Conclusions

In this chapter, theregulationproblemfor thepolytopicuncertainlinearhybrid sys-
temswasformulatedandsolved.Usingtheoptimizationbasedregulatorintroduced,
the closedloop systemexhibits the desiredbehavior underdynamicuncertainties,
continuousdisturbancesand uncontrollableevents. The existenceof a controller
suchthat the closedloop systemfollows desiredsequenceof regionsunderuncer-
tainty anddisturbancewasstudiedfirst. Then,basedon thenovel notion of attain-
ability for the desiredbehavior of piecewise linear hybrid systems,we presenteda
systematicprocedurefor controllerdesignby usingfinite automataandlinear pro-
grammingtechniques. The designproceduremay be seenas a one-stepmoving
horizonoptimal control. Our future work is intendedto generalizethe procedure
into finite N-stepmoving horizonoptimal control,andthe main issuefor this gen-
eralizationis thefeasibility of theoptimizationproblems.Thepredecessoroperator,
attainabilitycheckingandrobust regulatordesignmethodshave beenimplemented
in a MatlabtoolboxcalledHyStar[20].

The proceduresgiven in this chapterfor checkingthe reachabilityand attain-
ability, which werebasedon thebackwardreachabilityanalysis,aresemi-decidable
andtheir terminationis not guaranteed.Futurework includesspecifyingthe class
of polytopicuncertainlinearhybrid systemswhich makestheproceduredecidable.
Oneway to obtainsuchdecidableclassis to simplify thecontinuousdynamics,see
for example[1]. However, this approachmay not be attractive to control applica-
tions, wheresimplecontinuousdynamicsmay not be adequateto capturethe sys-
tem’s dynamics. Alternatively, onemay simplify the discretedynamicsinsteadof
thecontinuousdynamics,on which ourcurrentresearcheffort is focused.

Finally, weproposedNetworkedControlSystems(NCS)asoneof thepromising
applicationareasof the methodsdevelopedin this chapter. A NCS hybrid model
wasdevelopedandthe ultimateboundednesscontrolproblemfor NCSwasformu-
latedasa hybrid regulationproblem. Theadvantagefrom formulatingtheultimate
boundednesscontrol problemof NCS with uncertaindelay, packagedropoutand
quantizationeffectsasa regulationproblemfor uncertainhybrid switchedsystems
comesfrom the systematicmethodsdevelopedin this chapterandthe existenceof
rich resultsin thefield of hybrid (switched)systems,jump linearsystemsetc. Our
futurework includesresearchesinto otherpromisingapplicationareasfor thehybrid
regulationmethodsdevelopedhere,suchasnetwork congestioncontrol, chemical
industrialprocesscontrol,traffic management,manufacturingsystemsandrobotics.

Bibliography

[1] R. Alur, TomHenzinger, GerardoLafferriere,andGeorgeJ.Pappas,“Discrete
abstractionsof hybridsystems,” in [2]: 971–984,July2000.



Chapter4. RobustRegulationof LinearHybrid Systems 105

[2] P. Antsaklis,Ed.,Proceedingsof theIEEE, SpecialIssueon Hybrid Systems:
TheoryandApplications,vol. 88 (7), July 2000.

[3] E. Asarin,O. Maler, andA. Pnueli,“Reachabilityanalysisof dynamicalsys-
temshaving piecewise-constantderivatives,” Theoretical ComputerScience,
138: 35–65,1995.

[4] A. Bemporad,andM. Morari, “Control of systemsintegratinglogic,dynamics,
andconstraints,” Automatica, vol. 35 (3): 407–427,1999.

[5] A. Bemporad,G. Ferrari-Trecate,andM. Morari, “Observability andcontrol-
lability of piecewiseaffine andhybrid systems,” IEEE Transactionson Auto-
maticControl, vol. 45 (10): 1864–1876,2000.

[6] D. P. Bertsekas,NonlinearProgramming, 2ndedition,AthenaScientific,1999.

[7] M. S.Branicky, V. S.Borkar, andS.K. Mitter, “A unifiedframework for hybrid
control: Model andoptimalcontrol theory,” IEEE Transactionson Automatic
Control, vol. 43 (1): 31–45,1998.

[8] R. W. Brockett, andD. Liberzon,“Quantizedfeedbackstabilizationof linear
systems,” IEEE Transactionson AutomaticControl, vol. 45 (7): 1279–1289,
2000.

[9] A. Chotinan,andB. H. Krogh, “Verificationof infinite-statedynamicsystems
usingapproximatequotienttransitionsystems,” IEEE Transactionson Auto-
maticControl, vol. 46 (9): 1401–1410,2001.

[10] R.A. Decarlo,M. S.Branicky, S.Pettersson,andB. Lennartson,“Perspectives
andresultsonthestabilityandstabilizabilityof hybridsystems,” in [2]: 1069–
1082,July2000.

[11] D. F. Delchamps,“Stabilizing a linearsystemwith quantizedstatefeedback,”
IEEE TransactionsonAutomaticControl, vol. 35 (8): 916–924,1990.

[12] N. Elia, andS. K. Mitter, “Stabilizationof linear systemswith limited infor-
mation,” IEEE Transactionson AutomaticControl, vol. 46 (9): 1384–1400,
2001.

[13] J. Hespanha,D. Liberzon,A. S. Morse,B. D. O. Anderson,T. S. Brinsmead,
andF. De Bruyne,“Multiple modeladaptive control.Part 2: Switching,” In-
ternationalJournal of Robust and NonlinearControl, vol. 11 (5): 479–496,
2001.

[14] J.P. Hespanha,“Computationof Root-Mean-SquareGainsof SwitchedLinear
Systems,” HSCC2002,pp.239–252,2002.

[15] C. Horn, andP. J. Ramadge,“Robustnessissuesfor hybrid systems,” in Pro-
ceedingsof the34thCDC, pp.1467–1472,1995.

[16] M. Johansson,PiecewiseLinearControl Systems, Ph.D.Thesis,LundInstitute
of Technology, Sweden,1999.



106 Lin andAntsaklis

[17] U. T. Jönsson,“On ReachabilityAnalysisof UncertainHybrid Systems,” in
Proceedingsof the41thCDC, 2397–2402,2002.

[18] X. D. Koutsoukos,andP. J.Antsaklis,“HierarchicalControlof PiecewiseLin-
earHybrid DynamicalSystemsBasedon DiscreteAbstractions,” ISISTechni-
cal Report, ISIS-2001-001,Feb. 2001.

[19] D. Liberzon, and A. S. Morse, “Basic problemsin stability and designof
switchedsystems,” IEEE Control SystemsMagazine, vol. 19 (15): 59–70,
1999.

[20] H. Lin, X. D. Koutsoukos,andP. J. Antsaklis,“HySTAR: A Toolbox for Hi-
erarchicalControl of Piecewise Linear Hybrid DynamicalSystems,” in Pro-
ceedingsof the2002ACC, Anchorage,Alaska,2002.

[21] H. Lin, X. D. Koutsoukos, and P. J. Antsaklis, “Hierarchical Control of a
classUncertainPiecewise Linear Hybrid DynamicalSystems,” IFAC’2002,
Barcelona,Spain,July2002.

[22] H. Lin, and P. J. Antsaklis, “Controller Synthesisfor a classof Uncertain
Piecewise Linear Hybrid DynamicalSystems,” in Proceedingsof the 41th
CDC, 2002.

[23] J. Lygeros,C. Tomlin, andS. Sastry, “Controllers for reachabilityspecifica-
tionsfor hybridsystems,” Automatica, vol. 35 (3): 349–370,1999.

[24] T. Moor, andJ. M. Davoren,“Robustcontrollersynthesisfor hybrid systems
usingmodallogic,” HSCC2001,pp.433–446,2001.

[25] T. Motzkin, Thetheoryof linear inequalities, RandCorp.,SantaMonica,CA,
1952.

[26] A. vanderSchaft,andH. Schumacher, An Introductionto Hybrid Dynamical
Systems, Springer, 2000.

[27] E. Sontag,“Remarkson piecewise-linearalgebra,” Pacific Journal of Mathe-
matics, 92 (1): 183–210,1982.

[28] E. Sontag,“Interconnectedautomataandlinearsystems:A theoreticalframe-
work in discrete-time,” Hybrid SystemsIII , volume1066of LectureNotesin
ComputerScience,pp.436–448.Springer, 1996.

[29] G. Zhai,B. Hu, K. Yasuda,andA. N. Michel, “Disturbanceattenuationprop-
ertiesof time controlledswitchedsystems,” Journal of theFranklin Institute,
338: 765–779,2001.

[30] G.Zhai,B. Hu, K. Yasuda,andA. N. Michel, “Qualitativeanalysisof discrete-
time switchedsystems,” in Proceedingsof the2002ACC, vol. 3: 1880–1885,
2002.


