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Robust Regulation of Polytopic
Uncertain Linear Hybrid
Systemswith Networked
Control SystemApplications*
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Abstract: In this chapter a classof discretetime uncertainlinear hybrid systems,
affectedby both parametewariationsandexterior disturbancesis considered.The
main questionis whetherthereexists a controllersuchthatthe closedloop system
exhibits desiredbehaior underdynamicuncertaintyandexterior disturbancesThe
notion of attainability is introducedto refer to the specifiedbehaior that can be
forcedto the plantby acontrolmechanismWe give amethodfor attainabilitycheck-
ing thatemploys the predecessooperatorand backward reachabilityanalysis,and
a procedurefor controllerdesignthat usesfinite automataandlinear programming
techniquesFinally, Networked Control SystemgNCS)areproposedisa promising
applicationareaof the resultsandtools developedhere,andthe ultimate bounded-
nesscontrol problemfor the NCSwith uncertaindelay packagedropoutandquanti-
zationeffectsis formulatedasaregulationproblemfor anuncertainhybrid system.

*This work was supportedin part by the National ScienceFoundation(ECS99-12458& CCRO01-
13131),andby the DARPA/IT O-NESTProgram(AF-F30602-01-2-0526).
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4.1 Intr oduction

Hybrid Systemsareheterogeneoutynamicakystem®f whichthebehaior is deter
minedby interactingcontinuous-ariableanddiscrete-gentdynamicg[2, 26]. The
lastdecadéhasseenconsiderableesearclhactvities in modeling,analysisandsyn-
thesisof hybrid systemsnvolving researcherBom anumberof traditionallydistinct
fields. On onehand,computerscientistsxtendtheir computationamodelsandveri-
ficationmethoddrom discretesystemgo hybrid systemsy embeddinghe continu-
ousdynamicsinto their discretemodels.Typically theseapproacheareableto deal
with complex discretedynamicsdescribedy finite automateand emphasizeanal-
ysis results(verification)and simulationmethodologies From this perspectie, the
safetyor invariancepropertieshave gainedthe mostattention[3, 23]. Otherproper
ties investigatednclude the qualitatve temporalnotionsof livenessnon-blocking,
fairnessalong infinite trajectoriesand qualitatve orderingof eventsalong trajec-
tories[24]. One of the main formal methodsis symbolic model checking,which
is basedon the computatiornof reachablesetsfor hybrid systemq1]. As aresult,a
gooddealof researcleffort hasbeenfocusedon developingsophisticatedechniques
drawn from optimal control, gametheory and computationajeometryto calculate
or approximatehereachablesetsfor variousclasse®f hybrid systemg9, 3]. How-
ever, thereachability(henceverification)problemis undecidabléor mostinteresting
classe®of systemgq1]. Working in parallel,researcherom the areasof dynamical
systemsandcontroltheoryhave viewedhybrid systemsascollectionsof differential/
differenceequationswith discontinuousor multivaluedright-handsides[7, 19, 4].
In theseapproachesthe modelsand methodologiedor continues-aluedvariables
which aredescribedy ordinarydifferential/differenceequationsvere extendedto
includediscretevariablesthat exhibit jumpsor extendresultsto switchingsystems.
Typically theseapproachesreableto dealwith complex continuousdynamicsand
mainly concerrstability [19, 10], robustnes$15, 10] andsynthesisssueqd7, 19, 10].
However, therehasbeenlittle work onintegratingtheseconcernsvithin aframework
for formalmethods Perhapdecauséormal methodgraditionallylie in therealmof
discretemathematicsyhile theseconcerndrom controltheorylie separatelyn the
realmof continuousmathematicsin this chapteywe will attemptto integratethese
concerngvithin aframeawork for formal methods.

Themodeluncertaintyandrobustcontrol of hybrid systemss anunderexplored
andhighly promisingfield [15, 24]. Reachabilityanalysisfor uncertainhybrid sys-
temshasappearedn [17, 21], andthereis alsosomework on analyzingtheinduced
gainof switchedsystemg14, 29,30]. In [29], the £, gainof continuous-timdinear
switchedsystemss studiedby an averagedwell time approachincorporatedwith
a piecawise linear Lyapuna function, andthe resultsare extendedto discrete-time
casan [30]. In[14], theroot-mean-squar@&MS)gainof acontinuougime switched
linear systemis computedin termsof the solutionto a differential Riccatti equa-
tion whentheinterval betweernconsecutre switchingsis large. In [24], the authors
give anabstractlgorithm,basedon modallogic formalism,to designthe switching
mechanisnmamonga finite numberof continuoussystemsandthe closed-loopsys-
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tem forms a hybrid automataand satisfiesthe specifications.In [13], the problem
of controlling a poorly modeledcontinuous-timdinear systemis addressed.The
proposedapproachs to employ logic-basedswitchingamonga family of candidate
controllers. Note that mostof the existing methodsfor synthesizinghybrid control
systemsithermanuallydecouplehesynthesiof thecontinuousontrollaw andthe
designof the discreteeventcontrolsignal,or only designthe switchingmechanism.
Consideringthe fact that the continuousdynamicsand discretedynamicsareinter-
acting(coupling)tightly in hybrid systemswe believe thatthe synthesigproblemof
hybrid systemsasnot beensolvedin a satishctoryway. In this chaptewe attempt
to presentan integratedframework that directly addressesynthesisssuesfor both
thecontinuousanddiscretepartsof the hybrid controlsystems.

In this chapteywe concentraten a classof uncertainhybrid systemswith poly-
topic uncertaincontinuousdynamics calleddiscretetime polytopicuncertaininear
hybrid systems.The motivationfor introducinguncertaintyinto the hybrid dynam-
ical systems'modelcanbe describedasfollows. First, uncertaintyof the plantand
ervironmentis oneof themainchallengego controltheoryandengineeringThere-
fore, it is veryimportantfor thecontrollerdesignstageto ensurehatthedesiredoer
formancesare preseredeven underthe effect of uncertainties.The systemparam-
etersareoften subjectto unknawn, possiblytime-varying, perturbationsMoreover,
the real processesire often affectedby disturbancesndit is necessaryo consider
themin control design. Anotherchallengeto control theoryandengineerings the
nonlinearity of the real world dynamics,sinceno generalmethodologieghat deal
effectively with nonlinearsystemsexist asyet. In orderto avoid dealingdirectly
with a setof nonlinearequationsonemay chooseo work with setsof simplerequa-
tions(e.g.,linear)andswitchamongthesesimplermodels.This is arathercommon
approachn modelingphysicalphenomenaln control,switchingamongsimplerdy-
namicalsystemshasbeenusedsuccessfullyin practicefor mary decades.Recent
effortsin hybrid systemgesearctalongthesdinestypically concentrat®ntheanal-
ysisof thedynamicbehaiors andaimto designcontrollerswith guaranteedtability
andperformanceseefor example[28, 16, 5, 18] andthereferencesherein.

Uncertainsystemsawith strongnonlinearitiesareoften of interest.If we useordi-
nary piecavise linear systemgo approximateandstudysuchnonlinearsystemswe
have to shrink the operatingregion of the linearization. And this resultsin a large
numberof linearizedmodelswhich makes the subsequenanalysisand synthesis
computationallyexpensie or evenintractable.Sowe proposeo introducea bundle
of linearization,whosecorvex hull cover the original (maybeuncertain)nonlinear
dynamics,insteadof approximatingwith just singlelinearization. In this way, we
may keepthe operatingregion from shrinking,andsowe may studyuncertainnon-
linear systemdn a systematiovay andwith lesscomputationaburden(seeFigure
4.1.1).

Our control objectie is for the closedloop systemto exhibit certaindesiredbe-
havior despitethe uncertaintyanddisturbance.Specifically givenfinite numberof
regions{Qo, Q1,---, O} in thestatespacepurgoalis for theclosedoop system
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Figure4.1.1: Pieceavise linear approximationand uncertainpiecavise linear cover
age.

trajectoriesstartingfrom the giveninitial region Qg, to go throughthe sequencef
finite numberof regionsQ;, Q,,---, Qu in thedesiredorderandfinally to reach
the final region Qj, andthenremainin Q,,. This kind of specificationis analo-
gousto the ordinary tracking and regulation problemin pure continuousvariable
dynamicalcontrol systems. In addition, it alsoreflectsthe qualitative ordering of
event requirementsalong trajectories. One of the main questionsis to determine
whetherthereexist admissiblecontrollaw suchthattheregion-sequenceanbefol-
lowed. If thereexists suchadmissiblecontrol law, the region-sequencespecifica-
tion {Qo, Q1,---, Qu} is calledattainable The attainability checkingis based
on backward reachabilityanalysisand symbolicmodelcheckingmethod. The next
guestions how to designanadmissiblecontrollaw in orderto satisfytheclosedoop
specification.An optimizationbasedmethodis givenin this chapterto designsuch
admissiblecontrollaw?.

The organizationof the chapteris asfollows. Section4.2 definespolytopic un-
certainlinear hybrid systemsandformulatesthe trackingandregulationproblems.
Then,arobustone-stefpredecessasperatorfor the uncertaininearhybrid systems
is studiedin Section4.3, which senesasthe basictool for analysisthatfollows. In
Section4.4, the necessarandsufficient conditionsfor checkingthe safety reach-
ability and attainability are given. The robust controller synthesisproblemfor the
polytopicuncertaininear hybrid systemds studiednext. The control problemcon-
sideredis eventsequencéracking(seno) control or regulation,andit is formulated
andsolvedin Section4.5. Networked Control Systems(NCS) are proposedas a
possibleapplicationfield of the theoreticresultsandtools developedhere,andthe
ultimateboundednessontrolfor NCSis formulatedasa regulationproblemfor un-
certainhybrid systemsstudiedin this chapter Finally, concludingremarksaremade.

T This chapteris an extensionof our groups previous work [18] to uncertainsystemsand to more
generakasesEarlierwork appearedn [21, 22).
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4.2 ProblemFormulation

We areinterestedn thefollowing discrete-timaincertairhybrid dynamicalsystems:

Definition 4.2.1. Thediscrete-timePolytopicUncertainLinear Hybrid Systemsare
definedby

z(t+1) = /Iq(t):v(t) + Bq(t)u(t) + Eq(t)d(t) (4.2.1)
qt+1) = 6(q(t),m(x(t)),0c(t),0u(t)) 4.2.2)
wheegq € Q = {q1,42,--- ,¢s} andQ is thecollectionof discretestates(modes);

z € X C R" and X standsfor the continuousstatespace For modeg, the continu-
ouscontml v € U, C R™, andthecontinuoudisturbanced € D, C R?, wherel{,,
D, are boundedcorvex polyhedal sets.Denote

u=\Ju, o=J 0,

q€Q q€Q

and

o A, € R B, € R"™™ andE, € R"*? are the systenmatricesfor the
discrete stateq. Theentriesin A, and B, are unknown,and maybetime-

variant, but [4,, B,] are containedin a corvex hull in R**" x R**™  that
is

N, N,
[AQJBQ] :ZAZ[AZJB(Z]]’ )‘z Zoaz)\z:]-
i=1 i=1

o m: X — X/E, partitionsthecontinuousstatespaceX C R" into polyhedal
equivalenceslasses.

e q(t+1) € act(n(z(t))), wheeact: X/E, — 2% definegheactivemodeset,

e §:Q x X/E,; x ¥, x ¥, = Q isthediscretestatetransitionfunction.Here
o. € Y. denotesa contollable eventand X, the collectionof uncontollable
events.

e TheguardG(q,¢') of the transition (g, ¢") is definedas the setof all con-
tinuousstatesz suc thatg,q' € act(w(z(t))) and thete exist contmollable
evento, € X, sudthatq’ = d(q, 7(z), 0., 0,) for everyuncontollable event
o, € ¥,. Theguad of the transitiondescribeghe region of the continuous
statespacewhele the transitioncan be forcedto take placeindependentlypf
thedisturbancegeneatedby theervironment.
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Remark: Notethatin theabove definition,we do not consider‘statejumps” (reset)
for continuousstatex explicitly. However, theresetfunctioncanbe easilyincluded
in our modelby addingsomeauxiliary modes.

In thefollowing we assumeheexistenceof thesolutionfor suchuncertairhybrid
systemaindergiveninitial conditions.And we assumehatexactstatemeasurement
(¢, ) is available. An admissiblecontrol input (or law) is onewhich satisfiesthe
input constrainty X., ;). The elementwof an allowabledisturbancesequenceaire
containedn (2, D,).

We considerspecificationshataredescribedvith respecto regionsof the hybrid
statespace. Considera finite numberof regions{Qg, Q1, -+, Qu} C Q x X,
where2; = (q;, P;) areregionsin the hybrid statespace.Note thatthe continuous
part P; doesnot necessarilgoincidewith thepartitionsof 7 in Definition4.2.1,and
this givesus moreflexibility . However, it is requiredthatthe following consisteng
conditionholds.

P; C m Inv(g;) (4.2.3)
q: €9q;

where
Inv(g;) = {z € X: ¢; € act(n(z))}.

Inw(g;) is similarto the concepbf invariantsetof modeg; in hybrid automata.

Our control objectve is for the closedloop systemtrajectoriego follow a given
sequencef regions{Qq, Q1,---, O} C @ x X, despitethe uncertaintyanddis-
turbance.Oneof the main questionds to checkwhetherthereexists an admissible
controllaw, o.[q(t), z(t)] € X, andu[q(t), z(t)] € Uy, suchthatthe hybrid state
trajectory(q(t), z(t)) goesthroughtheregions,Qg, 1, s, - - -, in the specifiedor-
der andthe closedloop systemsatisfiessomedesiredrequirements.This involves
sequencingf eventsand eventualexecutionof actions. If thereexist admissible
controllaws suchthattheregion-sequencstartingfrom Qg canbefollowed,we call
the sequencef regionsspecification{g, Qy,---, O} C @ x X attainable.In
orderto checkthe attainabilityfor a sequencef regionsspecificationtwo different
kinds of propertiesshouldbe checled, thatis the directreachabilityfrom region €2;
to ;41 for 0 < i < M andthesafety(or controlledinvariancefor regionQ . The
analysisproblemsfor safetyanddirectreachabilityareformulatedasfollows.

e Safety:GivenaregionQ) C @ x X, determinewvhetherthereexist admissible
controllaws suchthatthe evolution of the systemstartingfrom Q will remain
inside the region for all time, despitethe presenceof dynamicuncertainties
anddisturbances.

e Reachability:Giventwo regionsQ;, Qs C @ x X, determinewhetherthere
exist admissiblecontrol laws suchthat all the statesn 2; canbedriveninto
Qs in finite numberstepswithout enteringathird region.
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The safety reachabilityand attainability checkingare all basedon backward
reachabilityanalysisandsymbolicmodelcheckingmethod.In the next section,we
will briefly discussthe backward reachabilityanalysis,which senesasone of the
basictools for the analysisthat follows. After answeringhow to checkthe attain-
ability of a specificationwe will designthe admissiblecontrol law, o.[g(t), z(t)]
andu[q(t), z(t)], suchthatthe hybrid statetrajectory(q(t), z(¢)) goesthroughthe
regions,Qg, 1, - - -, in the specifiedorderandsuchthatthe closedlioop systemsat-
isfiessomedesiredrequirements.

4.3 Robust One-StepPredecessofSet

The basicbuilding block to be usedfor backwardreachabilityanalysisis the robust
predecessooperator, whichis definedbelow.

Definition 4.3.1. Therobustone-stepredecessoset pre(2), is the setof statesn
@ x X for which anadmissiblecontrolinput exists andguaranteethatthe system
will bedrivento €2 in onestep,for all allowable disturbancesand dynamicuncer
tainties,i.e.,

pre(Q) = {(q(t),z(t)) € Q x X|Vou € Ty, d(t) € Dy,
Jdo. € X, u(t) € Uy) s-1. Aq(t)a:'(t) + Bq(t)u(t) + Eq(t)d(t)) € N}

where
i B Ny rypi i
[Agt), By(n] € Conv; 2y [Af ), Byyl-

The predecessavperatorhasthefollowing properties.

Proposition4.3.1. For all ; andQs, Q1 C Qs = pre(Qy) C pre(Qs). If Qis
givenbytheunion,Q = | J, Q;, thenpre(Q?) = |, pre(£;).

Next, let's assumehat a region of the statespaceis definedasQ = (q, P) C
@ x X,whereP is apiecaviselinearset. Withoutlossof generalitywe assumehat
P is corvex andcanberepresentetty P = {z € X |Gz < w}, whereG € RV*",
w € RY. Herea < b meansthatall entriesin the vector (¢ — b) areall non-
positive. If P is noncorex, thenit is known thatnoncorvex piecaviselinearset P
canbewritten asfinite union of corvex piecaviselinearsetp;, thatis P = U, P;
[27]. And @ = ;% = U,(q, P;). Becauseof the above proposition,we have
pre()) = U, pre(Q;). Similarly, without loss of generalitywe assumethat the
discretepartof Q containsonly onemode thatis |[q| = 1 orq = {q}.

We areinterestedn computingthe setof all the stateghatcanbedrivento 2 =
(g,{Gz < w}) by both continuousand discretetransitionsdespitethe presence
of dynamicuncertaintiesand disturbancesTo calculatepre(f), we first calculate
the predecessasetfor  eitherpurely by discretetransition,preq(2), or purely by
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continuougransitionatmodeg, prel(f2). Thenanalgorithmis givenfor pre(Q2) by
consideringhe couplingbetweerpre,(2) andprel ().

4.3.1 Discrete Transitions

The predecessooperatorfor discretetransitionsis denotedoy preg: 29X —
2@xX “andit is usedto computethe setof stateghatcanbedrivento theregion by
adiscreteinstantaneousransitiong’ — g which canbeforcedby the controllerfor
ary uncontrollableavent. The predecessasperatoiin this cases definedasfollows:

pred(Q) = {(qlax) S Q X P|EIUC S EC,VUU € Eu; q= (5((_]’,1‘,0’6,0“)}

For every discretetransitionthatcanbe forcedby a controllableeventwe have that

prea(@) = |J {¢d}x(G(d,9)NP)

q' €act(P)
whereG(q', q) is theguardsetof transitiong’ — q.
4.3.2 Continuous Transitions

In the caseof continuoudransitions we definethe continuougpredecessasper
atorundermodeq asprel: 2@*X — 29xX |t computeghe setof statesor which
thereexistsa controlinput sothatthe continuousstatewill bedriveninto the setP
for every disturbancenduncertaintywhile thesystenis atthediscretenodeg. The
actionof the operatotis describedy

pred(Q) = {q} x {z € X|3u € Uy, Vd € Dy, ¥[A,, B,] € Convis, ([AL, Bi)),
s.t. fqu + Bqu +Ede P}

4.3.3 Computation of the PredecessoOperator

As it was explainedabove, the predecessooperatorfor discretetransitionsis
given by the union of the guardsof thosetransitionsthat are feasibleand can be
forcedby a controlmechanism Sincethe guardsareregionsof the statespacethat
areincludedin thedescriptionof the model,we concentrat®n predecessasperator
for thecontinuoudransitions.

Letusdenotepre? ;(2) thecontinuougpredecessametof thei-th vertex [A}, Bi]
for1 <i < N,. Thatis

pre! (Q) = {z € X|Fu € Uy,Vd € Dy, s.t. Aix + Biu+ E,d € P}

)

Becausaf linearity andcorvexity, we canderivetherelationshimetweerpregvi(Q)
andprel () asthefollowing proposition.

Proposition4.3.2. pre?(Q) = {¢} x ﬂf;*l pred ;(Q).
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Remark: The significanceof the propositionis that the calculationfor the contin-
uous predecessofor the polytopic uncertainlinear hybrid systemscan be boiled
down to thefinite intersectionof continuouspredecessosetscorrespondindo the
dynamicmatrix polytopevertices,which have deterministiccontinuousdynamics.
And the predecessaretunderdeterministiocontinuousdynamics;oreii(Q), canbe
computedby FourierMotzkin elimination[25] andlinearprogrammingechniques,
whichis givenin [18].

In thefollowing, we describeanalgorithmfor calculatingthe robustpredecessor
setpre(f2) underboth discreteand continuoustransitions. Considerthe uncertain
hybrid systemsof Definition 4.2.1and a region = (q,P). We denote{P]"}
(¢ =1,---,N) thepartition of the continuousstatespaceX by themapn asgiven
in Definition 4.2.1. The following algorithm computesall the statesof the hybrid
systemthatcanbedrivento 2 in onetime-step.

Algorithm 4.3.1. Predecessofperator
INPUT: Q = (q,P), S = 0;
fori=1,---,N,
Q;=PnNPr
if Qi #0
for ¢' € act(Pf)
S{ =Gld 9N Qi
if ST #0
V=X
forj=1,---, Ny
V= Vﬂpregjj(q’ x S;”)
end
ifvV#0
S=SU({g}IxV)
endif
end if
end
end if
end
OUTPUT: pre(2) = S

Remark: Notethatpre! ;(2) is piecaviselinearandpieceviselinearsetsareclosed
underfinite intersectionsso % preg ;(Q) is alsopiecaviselinear set. Piecavise
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linearsetsarerelatively easyto be calculatedandefficiently representeéh comput-
ers.

Let usseeannumericalexamplefor the predecessasperator

Example 4.3.1(PREDECESSOR OPERATOR). Consideranuncertainhybrid system
with two modesgg andq;. Thecontinuousdynamicsaredescribedy:

z(t+1) = { Aoz(t) + Bou(t) + Eod(t), ¢=qo
Alx(t) + Blu(t) + Eld(t), q=q-
where
0.9568 0.1730 0.2523 1.0934 0.3721 0.5367
A} = (05226 09797 0.8757 |, A2 = [0.5343 1.2785 1.3450
0.8801 0.2714 0.7373 1.7740 0.9329 0.8021
0.9883 1.5038 0.2259
By = |0.5828],B3=09167 ), E, = [ 0.5798
0.4235 0.8564 0.7604
0.1509 0.8600 0.4966 0.2154 0.8942 0.5500
Al = (06979 0.8537 0.8998 |, A? = [ 0.7797 0.8826 0.9725
0.3784 0.5936 0.8216 0.4444 0.6277 0.8526
0.8385 0.9088 0.6946
B} = |[05681 |, B}=106227], E;, = | 0.6213
0.3704 0.4149 0.7948

The partition of the statespaceis obtainedby consideringhe following hyperplane
hl(.'L') =1z — 5, hg(.’L’) = 9 — 9, hg(l') =13 — 5, h4($) = I, hs(m) = I and
he(z) = x3. Assumeu € U = [-1,1],d € D = [-0.1,0.1]. Herewe assumehat

X =R? andG% = G¥ = X. ConsiderregionQ = ({qo, ¢}, P), whereP is

thetubewith edge5. In orderto calculatepre(€2), we first calculatethe continuous
predecessasetsprel (P), prel (P NGL), prelt (P) andprel (P NGE). It turns
outthatprel* (PNGi) = prel (P), whichis shavnin theleft partof Figure4.3.1,

andprel' (P N G¥) = prel (P) asshovn in theright partof Figure4.3.1. The

predecessaoperatolis givenby

pre(Q) = (qo, prel* (P)) U (g1, pref* (P)).

4.4 Safety, Reachability and Attainability

In this section,we first preseninecessargndsufficient conditionsfor checkingthe
safetyfor agivenregion ) C @ x X andthedirectreachabilitypbetweertwo given
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Figure4.3.1:lllustrationfor the predecessasets.

regionsQ; and(2,. Thena necessarandsuficient conditionfor checkingthe at-
tainability of a givenspecificatioris presented.

4.4.1 Safety

The following is an important, well-known geometriccondition for a setto be
safe(controlledinvariant).

Theorem4.4.1. Theset(l is safeif andonly if Q C pre(f2).

Theprooffollowsimmediatelyfrom thedefinition of the predecessmetpre(12).
Testingfor safetyneedto: computepre(?), which canbe efficiently doneby the
predecessooperatoralgorithmdescribedn the former section;testwhetherQ C
pre(Q), this canbe doneby a feasibility of a linear programmingproblem. Sothis
conditioncanbe efficiently testedby solving a finite numberof linearprogramming
problemsthatdepend®nthe numberof regionsanddiscretestatesof the system.

4.4.2 Reachability

Considerthe reachabilityproblemfor uncertainlinear hybrid systemsn Defini-
tion 4.2.1. It shouldbe emphasizedhat we are interestedonly in the casewhen
reachabilitybetweentwo regionsQ; and(Q; is definedsothatthe stateis drivento
Q- directly from the region ; in finite stepswithout enteringa third region. This
is a problemof practicalimportancen hybrid systemssinceit is often desirableto
drive the stateto a targetregion of the statespacewhile satisfyingconstraintson the
stateandinput duringthe operationof the system.

The problemof decidingwhethera region €25 is directly reachabldrom Q; can
be solved by recursvely computingall the stateghat canbe drivento Q5 from
usingthe predecessaoperator Given); and(,, define N-stepdirectly reachable
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setfrom 2; to Q»,

PREg1 () = Z)re(- sepre(pre(Q) N Q) NQy -+ ),
Nt;rrnes

assumdDRE?21 () = Q1 N Q2. With theintroductionof thedirectly reachableset
from Q; to Q4 by takingunionof all thefinite stepdirectly reachablesetfrom Q; to
5, thatis

CRq, (%) = | J PRES, (%),
N=0
thegeometricconditionto checkthe directreachabilitycanbe givenasfollows.

Theorem4.4.2. Consideran uncertainhybrid systemslescribecby Definition4.2.1
andtheregions; and{2;. Theregion (s is directlyreadablefrom(; if andonly
if Q1 C CRq, (Q2).

In general,the reachabilityproblemfor hybrid systemss undecidable.So the
above procedurds semi-decidablgl], becauseahe terminationof the procedurds
not guaranteedIn orderto formulatea constructve procedureor reachability two
approachemaybeemployed. First,we consideranupperboundon thetime horizon
andwe examinethe reachabilityonly for the predeterminedinite horizon. Second,
we formulatea terminationconditionfor thereachabilityalgorithmbasedon a grid-
basedapproximatiorof the piecaviselinearregionsof the statespacd18].

4.4.3 Attainability

Givenfinite numberof regions {2, Q1,---, Qu} C Q x X, the attainability
for this sequence®f regions specificationis equivalentto the following two differ-
entkinds of properties,thatis the direct reachabilityfrom region ; to Q;, for
0 < i < M andthesafety(or controlledinvariance)or region ;. Thereforethe
attainabilitycheckingcanbe expressedasfollows.

Theorem4.4.3. The specification{Q, Q1,---, Qp} C @ x X is attainableif
andonly if thefollowing conditionshold: First, 2, is safe;andsecondltheregion
Q;4+1 is directlyreacdhablefrom(;, fori = 0,1,--- , M — 1.

4.5 Hybrid Regulation

The hybrid regulationproblemconsideredn this sectionis to designthe admissi-
ble controllaw, o.[q(t), z(t)] andu[g(t), z(t)], suchthatthe hybrid statetrajectory
(q(t),z(t)) goesthroughtheregions, g, 1, Q9, - - -, in the specifiedorderandso
that the closedloop systemsatisfiessomedesiredrequirements.The requirements
includesequencingf eventsand eventualexecutionof actions.In Section4.4, we
have specifiecthe conditionsfor the existenceof suchcontrollaws sothattheclosed
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loop systemsatisfieghe specificationslik e safety reachabilityandattainability A
regulatoris designedasa dynamicalsystemto implementthe desiredcontrolpolicy.
Herewe designsuchcontrollaws basedon optimizationtechniques.Fromthe dis-
cussionin the previous section,the attainability regulation problemcanbe divided
into two basicproblemsthatis safetyregulationanddirectreachabilityregulation.
Thetwo basicregulationproblemsareformulatedasfollows.

¢ SafetyRegulation: GivenasafesetQ) C @ x X, determingheadmissiblecontrol
laws suchthatthe evolution of the systemstartingfrom Q will remaininsidethe set
for all time, despitethe presenc®f dynamicuncertaintieanddisturbances.

¢ ReachabilityRegulation: Giventwo regionsQy, Q2 C @ x X, where), is directly
reachabldrom ,, determinethe admissiblecontrollaws suchthatall the statesn
), canbedriveninto €, in finite numberstepswithout enteringa third region.

In the following we presenta systematigprocedurefor the regulator designfor
thesetwo basiccasedasen optimizationtechniquesThenaprocedurdor attain-
ability regulationis given.

4.5.1 Safety Regulator

First, we considetterminatingsafetyregulationfor theterminatingregion, Qs =
(am, Pu), of the statespace. Let's assumehat Py = {z: Guz < wap}. We
definethecostfunctional Jps: @ x [0,1]Ve x Uy, — R

N,

Tu(@ A ) = IGar Y [Nl \iBi] (5((:))) loe

i=1

where||- ||« Standdor theinfinite norm. Thecontrolsignalis selectedsthesolution
to the following minmaxoptimizationproblem:

min max J A u
uelly Ac[0.1]Va M(Q) ) )

Gu[Alz(t) + Blu(t)

GulAdz(t) + Blu(t)
St ......

Gul[AY z(t) + By u(t)] <wy — 6

u € Uy

]SUJM—(S
| <wyp—96

whereé is a vectorwhosecomponentsare given by §; = maxgep, ngEqd, and
gJT is the j-th row of matrix Gs. The optimal actionof the controlleris onethat
tries to minimize the maximum cost, andtry to counteractthe worst disturbance
andtheworstmodeluncertainty This kind of solutionis referredto as Stadkelberg
solution Theabove minmaxoptimizationproblemcanbe equialentlytransformed
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to the following semi-infiniteprogrammingproblem[6],

min z
u€EUq

JM(q7A7u) <z

GulAjx(t) + Byu(t)] < wpy — 6

ot Gul[AZx(t) + Bju(t)] < wy — 6

In addition,becaus®f thespeciaform of J,,, theabove optimizationproblemscan
bereducedo thefollowing form:

min z
u€Uy

st.{ Gul[Alz(t)

The above problemcanbe solved very efficiently by solving a linear programming
problemfor eachpossiblediscretemode. Thefollowing algorithmdescribethe pro-
cedurefor the synthesisof safetyregulatorfor an given initial condition (go, o)
containingin aspecifiedregion Qs = (qur, Pur).

Algorithm 4.5.1. SafetyRegulator

INPUT: QM = (qM,PM), (qO,.'L'o);
if min, maxy Ja(qo, Zo, A, u) feasible
u* = arg min, Jar(qo, To, A, u)
" =qo
else
fori = 17"'1 |qM|,
¢ = qum (i)
if 2o € GI
Jﬁ}: minu maxy JM(Qia Zo, )\, u)
end
end
q* =arg mMing; eqy, J]({/II
u* = argmin, Jij
end
OUTPUT: u*, ¢*
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In the procedurewe first try to remainthe modeand avoid switching, simply
becauseswitchingmaybecostly However, stickingto modeg, may be not a good
choice,andtheremay not exist feasiblecontrol signal. Sothe procedurery to take
possiblemodeswitchingsinto consideratiorandchoosehe modethatcanmalke the
next continuousstatefarthesfrom theboundary It is claimedthattheremustexist at
leastonemodeg € qas suchthatthe above optimizationproblemis feasible.Other
wise, it leadsto acontradictiorto thesafetyof theregion Q5 = (qur, Par). Hereg*
standdor themodethatcorresponds$o the minimumcostvalue J,,, thenthe candi-
datecontrolinputis selectedas (o, (t), u* (t)) whereg* = §(q(t), 7(z(t)), oc(t),€)
andu* is the solutionof theabove optimizationprocedureln a formal way we can
expresst asthefollowing proposition.

Proposition4.5.1. If theregion Q3, = (qur, Pu) is safe thenthe procedue de-
scribedin algorithm(4.5.1)cansolvethe safetyproblem.

4.5.2 Reachability Regulator

Next, we considerthe reachabilityspecificationbetweerthe regionsQ, = (qx,
Py) andQ4+1 = (qx+1, Prs+1). Thecontrolobjective is to drive every statein €y,
to Qx41. Letthecorvex polyhedralsetP, = {z: Gz < w}. For apair of modes
ar € qi andg), € qy4+1, assumehe intersectiorof the guardsetfor (g, g}), Gar,
with thecommonregion of P, and P41, is notempty Let's denotethis polytopeas
Péq’“’q’“) = P, N Pyy1 NGYE = {z: Goz < we}. We definethe costfunctional,
Jo: Q x Q x [0,1]Nu x U, - R

Ng,

i i t
Jo(ans g M) = 6o 3y 4B (56 ) e

i=1

The controlsignalis selectedasthe solutionto the following minmaxoptimization
problem:

. !
min  max Jo(qk, @iy A, )
u€Uq;, Ag[0,1]N ek

G[A}, z(t) + B u(t)] < w

G[A;, x(t) + Bj u(t)] < w —
S-t- ......

G[Ag™ x(t) + By u(t)] < w —§

u € Uy,

Similarly, the abose minmaxoptimizationproblemcanbe equialentlytransformed



96 Lin andAntsaklis

to the following linear programmingproblem:

min z
u€Uq,,

([ Go[AL z(t) + BL u(t)
GolA2 2(t) + B2 u(t)

s.t.{ G[A! z(t) + B%ku(t)] <w
G[A;, z(t) + B u(t)] <w —
GIAN™ z(t) + Bo™ u(t)] < w — 6
u € Uy,

\

Thefollowing algorithmdesignthe regulatorto guarante¢he directreachability
Algorithm 4.5.2. Reachability Regulator

INPUT: Q1 = (qk, Pr), Qrt1 = (Ar+1, Prs1), (qo, To), feasibility = 0;
forj = 1:" ] |qk+1||

¢j = dr+1(4)

if min, maxy Jo(qo, ¢}, To, A, u) feasible

JéQOy‘Ii) = min,, maxy JC(QO: q;-, Zo, /\7 U)

feasibility = 1
end
end
if feasibility == 1

. . (1107‘1;)
ind = argming eq, ., Jo

. jind
u* = arg min, J((;qo ind)

" =qo
else
fori=1,---, |axl,
gi = qx(7)
if zg € Ggg
forj = 15"'1 |qk+1|1
(I} = A1 ()
Jéqi’qj) = min,, maxy JC(qi; q;'aan /\a U)
end
end
end
J(Qi’Q})

[¢",4¢'] = arg Ming, eqysql€arss Jm
u* = argmin, Ji;

end

OUTPUT: u*, ¢*
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Similarly, we have thefollowing proposition.

Proposition4.5.2. If the region Q4 = (qy, Pk) is directly reacdhableto Q41 =
(ak+1, Pr+1), thentheprocedue describedn algorithm(4.5.2)cansolvethereac-
ability problem.

4.5.3 Attainability Regulator

Thefollowing algorithmdesigntheregulatorto guarante¢hedirectly attainability
for the specificatiordescribedy {Qo, Q1,-- -, Qar}.

Algorithm 4.5.3. Attainability Regulator

INPUT: {Q]_, s ,QM}, (CIO; :1:0),

forn=1,.-.- ,M-1,
while zg € Q,, and 2o ¢ Q41
Design Reachability Regulator from €2, to Qpn41
end

end

Design Safety Regulator for Oy

OUTPUT: u*, ¢*

FromTheorem.4.3andtheprevioustwo propositionn safetyanddirectreach-
ability regulation,lt isimmediateto concludethefollowing proposition.

Proposition4.5.3. If theregionsequencdQg, 1, - - - , Q7 } is attainable thenthe
procedue describedn algorithm(4.5.3)cansolvethe attainability problem.

Let usturnto anexampleto illustratethe regulationmethod.

Example 4.5.1(TEMPERATURE CONTROL SYSTEM). Thesystentonsistofafur-
nacethat canbe switchedon and off. Thecontml objectiveis to control thetemper
ature at a point of the systenby applyingthe heatinput at a differentpoint. So,the
discrete modeonly containstwo states,which are the furnaceis “of f”, ¢¢, andthe
furnaceis “on”, ¢;. Thecontinuousdynamicsare describedoy *

%Ox(t) + Bou(t) + Eod(t), q=qo

z(t+1) = { Az(t) + Blu(t) + Ed(t), g=q1-

fusingzero-ordethold samplingwith T' = 1s.
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whee

0.825 0.135 42 — 1 0.35
0.68 1 > 707 10.068 0.555

. B2 19 _ (0.0387
Bo = (0 06) (0.08) » Bo = (0.3772)

—0.664 0.199 A2 = —-0.7 0.32
0.199 0.264 171032 044

1 0.8 2 0.9 0.1369
B = (0.1)’ Br = (0.2) y B = (0.5363)'

Thestatespacss partitionedbythefollowinghyperplanéi; (z) = 1 —20, ha(z) =
x2—5, ha(x) = z2 andhy(z) = 1. Assumes € U = [-1,1],d € D = [-0.1,0.1].
Considerregion Q; = ({qo,¢1}, P1) andQ2 = ({qo,q1}, P2), whee P, = {z €
R?|(0 <21 <20)A(-20< 22 < 0)},andP, = {2z € R2|(0 < 71 <20)A (0 <
z2 < 5)}. Our contol objectis that for everyinitial sate(qo, zo) within region £;
there existcontol v € U ando. € X, sothatfrom (g, zo) thestatecanbedrivento
Q5 withoutenteringa third region, thenthe statewill stayinside(2,, no matterwhat
the dynamicuncertainty continuousand discrete disturbancesare. Let's ched the
attainability. We first calculatepre(£2,), which cover the region 5, so 2, is safe
By recussivelyusingpre(.), wefind that 2; canbedrivento 2, in threesteps,i.e.
Q> reachablefromQ;. Sothe attainability of the specifications satisfied.Then,we
designtheregulator andplot the simulationresultfor nominalplant (here wechoose
the epicenterof the statematrix, i.e. %(A; + Ag)). in Figure 4.5.1.Alsothe control
signaloutput(c., u) of theregulator is plottedin Figure 4.5.1.

(2) The continuous control input u(t)

7777777777777777777777777777777777777

Figure4.5.1: Left: Simulationfor closeloop nominalplant (assumingd = 0). Right: The
controlsignalsoutput(u, a.) of the Regulator

4.6 Networked Control Systems

By Networked Control SystemgNCS), we meanfeedbackcontrol systemswvhere
networks, typically digital band-limitedserialcommunicatiorchannelsareusedfor
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the connectionsetweenspatially distributed systemcomponentdike sensorsand
actuatorgo controllers. And thesechannelanay be sharedby otherfeedbackcon-
trol loops. In traditional feedbackcontrol systemstheseconnectionsare through
point-to-pointcables. Comparedwith the point-to-pointcables thereare mary at-
tractive advantage®f introducingserialcommunicatiometworks, lik e high system
testabilityandresourceutilization, aswell aslow weight, space power andwiring
requirements.Theseadwantagesnake the useof networksin control systemscon-
nectingsensors/actuatots controllersmoreandmorepopularin mary applications,
including traffic control, satelliteclusters,mobile roboticsetc. Recentlymodeling
and control of networked control systemswith limited communicationcapability
hasemegedasatopic of significantinterestto controlcommunity

In NCS, thereal-timerequirements critical, andtime delayusuallyhasnegative
effects on the NCS stability and performance.There are several situationswhere
time delaymay arise. First, transmissiordelayis causedy the limited bit rate of
the communicationchannels. Secondly the channelin NCS is usually sharedby
multiple sourcesof data,andthe channelis usually multiplexed by time-diision
method. Therefore thereare delayscausedby a nodewaiting to sendout a mes-
sagethrougha busy channelwhich is usually calledaccessinglelayandsenesas
themainsourceof delaysin NCS. Therearealsosomedelayscausedy processing
andpropagationwhich areusuallynegligible for NCS. Anotherinterestingproblem
in NCSis the package-dropoussue. Becausef the uncertaintieandnoisein the
communicatiorchannelstheremayexist unavoidableerrorsin thetransmittecpack-
ageor evenloss. If this happensthe corruptedpackagds droppedandthereceiver
(controlleror actuator)usesthe packagethatit receved mostrecently In addition,
package-dropouhay occurwhenonepackagesaysampledvaluesfrom the sensor
reacheshedestinatiorlaterthanits successordn suchsituation,the old packages
dropped,andits successie packagds usedinstead.Finally, accordingto thefinite
bit rate constrain,only quantizedsignalscan be transmittedthroughnetwork. So
guantizatiorschemeandits effectshave to be consideredn real NCS. The primary
objective of NCSiis to efficiently usethe finite channelcapacitywhile maintaining
goodclosedloop controlsystemperformanceincluding stability, disturbancetten-
uation,rising time, overshootandotherdesigncriteria. Therefore quantizatiorand
limited bit rate issueshave attractedmary researchersattention,seefor example
[8, 12, 11]. In this section,we will formulatea NCS with uncertaintime delay
package-dropowtndquantizatioreffectsinto the frameawork of polytopic uncertain
hybrid (switched)systems.Thenthe methodsdevelopedhereandexisting methods
for hybrid (switched)systemsanbe employedto studyNCS.

4.6.1 The Delay and Package-Diopout

TheNCSmodeldiscussedh this sectionis shovn in Figure4.6.1.For simplicity,
but without loss of generality we may combineall the time delay and package-
dropouteffectsinto the sensotto controllerpathandassumehe controlleractuator
communicategdeally.
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dik o “ | sampler | =
oY ' —| Sampler —
x()=Ax+Eu+E ey Ts
u—(tl z(t) = Cx(t) i(g Sampler L[ﬂ
Time Driven
.

Event Driven

| | Dropout

Digital Controller ‘;/,,,,\
P

¢ : x[K] - ulk]

Figure4.6.1: The networkedcontrolsystemsmodel.

We assuméhattheplantcanbemodeledasacontinuous-timéineartime-invariant
systemdescribedy

{ #(t) = A°x(t) + Bu(t) + E°d(t)
z(t) = C°x(t)

wherez(t) € R" is the statevariable,and z(t) € RP is the controlled output.
u(t) € R™ is controlinput. The disturbancenput d(t) is containedin D C R".
Ac e R**™ B¢ € R**™ andE° € R**" arestatematricesandC® € RP*" is the
outputmatrix.

It is assumedhat the sensorswvork in a time-driven fashion. After eachclock
cycle (samplingtime T5), the outputnode(sensorjattemptso senda packagecon-
tainingthemostrecentstate(output)samples!f thecommunicatiorbusisidle, then
the packagewill be transmittedto the controller Else,if the busis busy, thenthe
outputnodewill wait for, sayw < T, andtry again. After several attemptsor
time elapsesif the transmissiorstill cannot be completedthenthe packages dis-
carded.The controllerandactuatorareeventdrivenandwork in asimplerway. The
controller, asarecever, hasa receving buffer which containsthe mostrecentlyre-
ceiveddatapackagdrom thesensorgtheoverflow of thebuffer maybe dealtwith as
package-dropout)The controllerreadsthe buffer periodicallyat a higherfrequeny
thanthe samplingfrequeng, sayevery Tﬁ for someintegerN largeenough.When-
everthereis new datain the buffer, thenthe controllerwill calculatethe new control
signalandtransmitit to the actuatorsnstantly Uponthe new controlsignalarrival,
theactuatorsupdatethe outputof the zeroorderholder(ZOH) to the new value.

4.6.2 Modelsfor NCS

In this section,we will considerthe sampled-datanodelof the plant. Because
we do not assumesynchronizatiorbetweenthe samplerand the digital controller,
the controlsignalis nolongerof constanwaluewithin a samplingperiod. Therefore
the controlsignalwithin a samplingperiodhasto be dividedinto subinteralscorre-
spondingo the controller's readingbuffer period, T = % Within eachsubintenal,
the control signalis constantin view of the assumptionsn the previous section.
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Hencethecontinuous-timglantmaybediscretizednto thefollowing sampled-data
systemusinglifting method.

u'[K]
afk+1) = Aa[k]+ [BB ---B] | Wy Ed[K] (4.6.1)
S—— .
N uN[k]

Ts c c
whereA = AT, B = [ ¥ ¢A1Bedp andE = [)* eA1Edy. Note thatfor
lineartime-invariantplantandconstant-periodisampling thematrices4, B andE
areconstant.

During eachsamplingperiod, several differentcasesnay arise. They arelisted
below.

a) DelayT = h x TW whereh = 0,1,2,---, Dpa,. For this caseul[k] =
u?k] = ---ul[k] = u[k — 1], uh k] = " 2[k] = ---uN[k] = u[k], and
Equation(4.6.1)canbewritten as:

ulk —1] ]

u[k— 1]

ok +1] = Aalk]+[BB --B] | " |+ Bdlk]

= Ax[k] + h-Bulk — 1]+ (N — h) - Bu[k] + Ed[k]

If weletz[k] = [ u[];[;]l] ],thentheaboleequations:anbewritten as:

Bk +1] = [ o g]i[k]—’_[(N—Ih)B ]u[k]+[27]d[k]

whereh = 0,1,2,- -+, Dpyq,. Notethath = 0 impliesT = 0, which corre-
spondgo the“no delay” case And the controlledoutputz[k] is givenby

zk]=[0 C ]&[k]
whereC = C°.
b) Inthecaseof package-dropoutiueto corruptedoackagerdelayr > D, 40 X

%, the actuatorwill implementthe previous control signal, i.e. u![k] =
u?[k] = ---uN[k] = ulk — 1]. The statetransitionequation(4.6.1)for this
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casecanbewritten asfollows.

ulk — 1]
ulk — 1]
z[k+1] = Az[k]+[BB ---B] : + Ed[k]

= Ax[k]+ N - Bu[k — 1] + Ed[k]
By introducingnew statevariables,

:ﬁ[k+1]=[]\?B g]f[k]+[é]u[k]+{g]d[k]

Thecontrolledoutputz[k] is givenby
zk]=[0 C ]&[k]

whereC = C°.

4.6.3 NCS Hybrid Model

In this section,we reformulatethe NCS problem of the previous sectionas a
hybrid (switched)systemwith D, + 2 differentmodes.In particular

ik +1] = Apz[k] + Brulk] + Epd[k]
where 4;, = [hOB fl] B, = (N—Ih)B ] E, = [1013 andCy, =

[0 C]forh = 0,1,2,--- Dpas, N. And the setof modes@Q is given by
Q =4{0,1,2,- -+ Dpyqeqs, N}. Notethath = 0 impliesT = 0, which corresponds
to the “no delay” case,while h = N correspondso the “package-dropouttase.
The discretedynamics(switchingsignal)may be modeledasa finite statemachine
(FSM), whosediscretestatescorrespondo the D, + 2 modesof NCS. Thedis-
cretetransitionrule of the FSM shouldreflectthedelayandpackageadropoutpattern
of theNCS,andit maybeeitherspecifiedn averagedwell-timesenser in stochastic
sense.

Thereis anotheimportantissuewhichis notconsideredn theabore NCSmodel,
thatis the quantizatioreffect. With finite bit-rateconstraintsguantizatiorhasto be
taken into consideratiorin NCS. It hasbeenknown that an exponentialdatarep-
resentatiorschemeis mostefficient [8, 12]. Here we focus on the floating point
representationFloating point quantizationcanbe viewed asa nonlinearoperation
describedby a time variantsectorgain,i.e. Q(z) = k(z), k € [1 — ¢, 1], with
€ dependingon the mantissdength,andfor this reasonthe quantizationeffect can
be dealtwith asmodel parameteuncertainties.Now we canmodelthe NCS with
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guantizatioreffectsasa switchedsystemwith parameteuncertaintywhichis aspe-
cific subclasof the polytopic uncertainhybrid systemsdefinedin Section4.2. In
particular

2k + 1] = Ap#[k] + Brulk] + Epd[k]

wherethe parametemuncertaintyin A, and B, reflectthe quantizationeffectsin

NCS. Next we considerthe robuststabilizationproblemfor the NCS basedon such
hybrid model. Becauseof the parametemuncertaintiesn the NCS hybrid model
andexteriorsdisturbancesthe corvergenceof all the closedloop trajectorieso the
origin (assumedo bethe equilibrium) may not be achiezable. Instead we consider
the corvergenceto a small region containingthe origin, andit is requiredthat the
closedloop trajectoriesof NCS be drivento a small region containingthe origin

for all boundedinitial conditions. This is usually calledin the literature ultimate
boundednessontrol or practicalstability problem. In the following, we will shov

that the ultimate boundednessontrol problemfor the NCS with uncertaindelay

packageadropoutandquantizatioreffectsmaybeformulatedasaregulationproblem
for theuncertairhybrid (switched)systems.

Figure4.6.2: The networked controlsystemsuiltimateboundednessontrolasareg-
ulationproblem.

Considerthe semiglobalasymptoticpracticalstabilizationproblemby assuming
boundedinitial states.If we outerapproximatethe boundedregion containingall
theinitial conditionswith a polytope()y, andinnerapproximatethe small region
containingtheorigin with anothempolytope(?; asillustratedin Figure4.6.2,thenthe
ultimateboundednesgsroblemof NCScanbetransformednto aregulationproblem.
And the ultimateboundednessf NCS canbe checled by checkingthe attainability
of theappropriatelychosen{€y, ; }. Theultimateboundednessontrollaw maybe
designedy solving the optimizationbasedregulator synthesigproblemdeveloped
in the previoussection.
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4.7 Conclusions

In this chaptertheregulationproblemfor the polytopic uncertaininearhybrid sys-
temswasformulatedandsolved. Usingthe optimizationbasedegulatorintroduced,
the closedloop systemexhibits the desiredbehaior underdynamicuncertainties,
continuousdisturbancesnd uncontrollableevents. The existenceof a controller
suchthatthe closedloop systemfollows desiredsequencef regionsunderuncer
tainty anddisturbancewvasstudiedfirst. Then,basedon the novel notion of attain-
ability for the desiredbehaior of piecavise linear hybrid systemswe presentec
systematigorocedurdor controllerdesignby usingfinite automataandlinear pro-
grammingtechniques. The designproceduremay be seenas a one-stepmaving
horizon optimal control. Our future work is intendedto generalizethe procedure
into finite N-stepmoving horizon optimal control, andthe mainissuefor this gen-
eralizationis thefeasibility of the optimizationproblems.The predecessaoperatoy
attainability checkingandrobustregulatordesignmethodshave beenimplemented
in aMatlabtoolboxcalledHyStar[20].

The proceduregiven in this chapterfor checkingthe reachabilityand attain-
ability, which werebasedon the backwardreachabilityanalysis,aresemi-decidable
andtheir terminationis not guaranteed Futurework includesspecifyingthe class
of polytopic uncertainlinear hybrid systemsavhich makesthe proceduredecidable.
Oneway to obtainsuchdecidableclassis to simplify the continuousdynamics,see
for example[1]. However, this approachmay not be attractive to control applica-
tions, wheresimple continuousdynamicsmay not be adequateo capturethe sys-
tem’s dynamics. Alternatively, one may simplify the discretedynamicsinsteadof
the continuousdynamicsonwhich our currentresearcteffort is focused.

Finally, we proposedNetworked Control SystemgNCS)asoneof the promising
applicationareasof the methodsdevelopedin this chapter A NCS hybrid model
wasdevelopedandthe ultimateboundednessontrol problemfor NCS wasformu-
latedasa hybrid regulationproblem. The advantagefrom formulatingthe ultimate
boundednessontrol problemof NCS with uncertaindelay packagedropoutand
guantizationeffectsasa regulation problemfor uncertainhybrid switchedsystems
comesfrom the systematianethodsdevelopedin this chapterandthe existenceof
rich resultsin the field of hybrid (switched)systemsjump linear systemsetc. Our
futurework includesresearchemto otherpromisingapplicationareador the hybrid
regulation methodsdevelopedhere, suchas network congestioncontrol, chemical
industrialprocessontrol, traffic managementnanugcturingsystemsandrobotics.
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