Practical Stabilization of Integrator Switched Systems?

Xuping Xu *, Panos J. Antsaklis **
* Dept. of Electr. and Comp. Eng., Penn State Erie, Erie, PA 16563 USA - Xupi ng- Xu@su. edu
** Dept. of Electr. Eng., University of Notre Dame, Notre Dame, IN 46556 USA - ant sakl i s. 1@d. edu

Abstract

In this paper, practical stabilization problemsfor integra-
tor switched systems are studied. In such class of switched
systems, no subsystem has an equilibrium. However, the
system can still exhibit interesting behaviors around a given
point under appropriate switching laws. Such behaviors are
similar to those of a conventional stable system near an equi-
librium. We introduce some practical stability notions to
define such behaviors. In particular, a necessary and suffi-
cient condition for practical stabilizability of such systems
is given. Moreover, for practically stabilizable systems, we
develop aminimum dwell time switching law which can eas-
ily be implemented. Finally, as an application, we apply the
switching law to a batch process example.

1 Introduction

A switched system is a particular kind of hybrid system
that consists of several subsystems and a switching law or-
chestrating the active subsystem at each time instant. Many
results on stability analysis and stabilization of switched sys-
tems have been reported in the literature (see [1, 6] and
the references therein). Most of the available results are on
switched systems whose subsystems share a common equi-
librium. Methods based on single or multiple Lyapunov
functions have been reported for the stability analysisand de-
sign of such systems. Methods based on geometric properties
of the subsystem vector fields have also been reported [8].

In our recent research, we observed that the assumption
that all subsystems share a common equilibrium may not
hold for all switched systems and may limit the applicability
of stahility results. When subsystems have different equilib-
ria or no equilibrium, a system can still exhibit interesting
behaviors under appropriate switching laws. Such behaviors
are similar to those of a conventional stable system near an
equilibrium point. In this paper, we introduce some practical
stability notions to define such behaviors for switched sys-
tems. Such notions are extensions of the traditional practical
stability concepts|[3, 4].

In this paper, we focus on practical stabilization prob-
lems for a simple yet important class of switched systems
— integrator switched systems. Many real-world processes
including chemical processes [5, 7] can be modeled as such
systems. After introducing some practical stability notions,
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we propose a hecessary and sufficient condition for the prac-
tical stabilizability of such systems (Theorem 3.1). Addi-
tional feasible ways of checking the condition are also pro-
posed. Moreover, for practically stabilizable systems, we de-
velop a minimum dwell time switching law which achieves
e-practically asymptotic stability. The switching law is then
applied to a three tank problem in chemical batch processto
illustrate its effectiveness.

2 Practical Stability Notionsfor Switched Systems

2.1 Switched Systems
A switched systemis a dynamic system which consists of
subsystems
x=fi(x), i:R" > R", iel={1--- M} (2.1
and a switching law orchestrating the active subsystem at
each instant. The state trajectory of such a system is deter-
mined by the initial state and the timed sequence of active

subsystems. A switching sequence defined below regulates
the timed sequence of active subsystems.

Definition 2.1 (Switching Sequence) A switching sequence
oin [to,ts] isdefined as

o= ((to,io),(tl,il),--- ,(tK,iK)) (2.2
where 0 < K < o, tg <t <-.- <tx <t¢, and ix € | for
k=0,1,---,K. We also define Zp, 1,; = {switching sequence
o’'sin [to,tf]}. m|

o indicatesthat subsystemiy isactivein [y, tx41) (subsys-
temik in [tk,ts]). For aswitched system to be well-behaved,
we only consider nonZeno sequences which switch at most
a finite number of times in any finite interval [to,t¢], though
different sequences may have different numbers of switch-
ings. The feature distinguishing a switched system from a
genera hybrid system is that its continuous state does not
exhibit jumps at switching instants.

Switching sequences as defined above are usually gener-
ated by switching laws which are defined below.

Definition 2.2 (Switching Law) For switched system (2.1),
a switching law S is defined to be a mapping S : R" x R —
Ut, Zfto,0) that specifies a switching sequence o = a(xo,to) €
Zpt,,0) for any initial point xo and any initial time to. O

Remark 2.1 S is quite often described by some rules or al-
gorithms rather than mathematical formulae. Such rules or
algorithms describe how to generate a switching sequence
given xp and to. In this paper, we will specify our switching
laws using such descriptions. m|
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Remark 2.2 Sometimeswe are only interested in the behav-
ior of a switched system in afinite time duration [to,ts]. In
such cases, we can use the same definition of switching law
as the one above but only pay attention to the subsequences
of a(xo,to) in [to,tf]. m|

2.2 Some Practical Stability Notions

In most of the literature results on stability analysis and
stabilization of switched systems, it is assumed that a com-
mon equilibrium exists for all subsystems. However, this as-
sumption may not be true and may limit the applicability of
switched systems. In fact, when subsystems have different
equilibria or no equilibrium, a system can till exhibit in-
teresting behaviors around a given point under appropriate
switching laws. The behaviors are similar to those of a con-
ventional stable system near an equilibrium. The following
exampleillustrates such behaviors.

Example 2.1 Consider a switched system consisting of:
subsystem 1: x = [—3, 2.5]7; subsystem 2: x=[-2.5, —3]T;
subsystem 3: x = [3, —2.5]T; subsystem 4: x = [2.5, 3]T. If
we apply the switching rule which makes subsystem 1 active
in quadrant 1, subsystem 2 active in quadrant 11, subsystem
3 active in quadrant 111, and subsystem 4 active in quadrant
1V, the system will exhibit “ convergent behaviors’ around the
origin. Figure 1 shows atrajectory from xo = [2, 1|7 under
this switching rule in afinite time duration. a

3

Figure 1: A sample trajectory starting from xo = [2, 1] for Ex-
ample 2.1.

In Example 2.1, under the given switching rule, the ori-
gin exhibits behaviors similar to those of an asymptotically
stable system. However, as the trajectory becomes closer
and closer to the origin, the system needs to switch faster
and faster. This violates the nonZenoness requirement for
valid switching sequences. In practice, alower bound for the
time between switchings will usually be imposed that pre-
vents Zenoness. Such a lower bound is called the minimum
dwell time [2] and its value may be different given different
application objectives. If we incorporate a minimum dwell
timeinto the switching rulein Example 2.1, trgjectories start-
ing from any point in R? will be attracted toward the origin
and eventually oscillate near the origin within certain bound.

The concept of bringing the trajectory to be within a
given bound is quite useful in practice. For example, in tem-
perature control systems, usually we are more interested in
keeping the temperature within certain bounds, rather than
stabilizing the system asymptatically to a set-point. In fact,
such concept has been formally termed practical stability in
[3, 4] for ordinary differential equations. Inthefollowing, we
adapt and expand some practical stability notionsto switched
systems and formally define the notion of practical stabiliz-
ability. Without loss of generality, we only discuss the case
of the origin below.

Definition 2.3 (e-Practical Stability) Assume a switching
law S is given for the switched system (2.1). Given € > 0,
the systemis said to be e-practically stable around the origin
under the switching law S if there exists 5 = d(g) > 0 such
that x(t) < € whenever x(0) = xg satisfies ||Xo|| < 8. m|

Definition 2.4 (e-Attractivity) Assume a switchinglawS$ is
given for the switched system (2.1). Given € > 0, the origin
is said to be e-attractive if there exists n = n(g) > 0 such
that for every x(0) = Xp satisfying ||xo|| < N, thereexists T =
T(Xo) > Osuchthat ||x(t)|| < € for anyt > T. Moreover, the
originissaid to be globally e-attractiveif n can be chosen to
be co, |

Definition 2.5 (e-Practically Asymptotic Stability) As
sumea switching law S isgiven for the switched system (2.1).
Given € > 0, the systemis said to be e-practically asymptoti-
cally stable around the origin under the switching law S ifitis
e-practically stable and the origin is e-attractive. The system
is said to be globally e-practically asymptotically stable if it
is e-practically stable and the origin is globally e-attractive.
m|

Remark 2.3 Inthedefinition of e-practically asymptotic sta-
bility, we require not only e-attractivity but also e-practical
stability. e-attractivity does not imply e-practical stability. It
is possible that for any & < €, atrajectory exists that starts at
x(0) with ||x(0)|| < & and violates ||x(t)|| < € for some time
and finally settles down with ||x(t)|| < €. This still satisfies
g-attractivity; however, e-practical stability isnot satisfied. O

Definition 2.6 (Practical Stabilizability) The switched sys-
tem (2.1) is said to be practically stabilizableif for any € > 0,
there exists a switching law S = S(¢) such that the system
is e-practically asymptotically stable around the origin un-
der S. It issaid to be globally practically stabilizable if for
any € > 0, S = S(€) exists such that the system is globally
e-practically asymptotically stable around the origin under
S. O

Remark 2.4 In the definition of practical stabilizability, €
can be varied as opposed to the fixed € in the previous sev-
eral definitions. Hence a practically stabilizable system has
the property that, for any given bounded ball centered at the
origin, avalid switching law can be found that drivesthe sys-
tem trgjectory into the ball and then keepsitintheball. O
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3 Practical Stabilization Resultsfor Integrator Switched
Systems

In the sequel, we will focus on a special class of switched
systems — integrator switched systems, which consist of
subsystems

x=a,iel={1--- M} (3.1
wherea; € R" (a # 0), i € | are constant vectors. Such class
of systems receives particular attention due to the following
reasons. First, they can model many real world processes,
such as batch processes [5, 7]. Second, the simple structure
of such systems makes possible rigorous anaysis that |eads
to nice theoretical and practical results. Third, the complete
exploration of such systemsis thefirst step toward the study
of practical stability of general nonlinear switched systems.

3.1 Resultson Practical Stabilizability

For an integrator switched system, practical stabilizabil-
ity is equivalent to globally practical stabilizability. In the
following, with the help of some convex analysis notions and
results (see Appendix A of [9]), we propose some necessary
and sufficient conditions for globally practical stabilizability
of system (3.1). The main result is Theorem 3.1 which pro-
vides a necessary and sufficient condition for practical stabi-
lizability. Lemma 3.1 provides a feasible way of verifying
the condition in Theorem 3.1. Then Theorem 3.2 and three
corollaries are proposed that illustrate some implications of
the necessary and sufficient condition and emphasize more
on systems with n+ 1 subsystems in R". Due to the space
limitation, we do not provide the proofs of these results here.
Interested readers are referred to Appendix B of [9]) for all
the proofs.

Theorem 3.1 (Necessary and Sufficient Condition) Anin-
tegrator switched system (3.1) in R" is globally practically
stabilizableif and only if C = R", where C is the convex cone
C={xM:NaA1>0,+ v >0}.

Proof: See Appendix B of [9]. |

In order to apply Theorem 3.1, we need to verify the
vaidity of the condition C = R". Exhaustively checking
whether x € C for any x € R" isimpossible due to the infinite
number of x to check. The lemma below provides a neces-
sary and sufficient condition which is equivalent to C = R"
and computationally feasible to verify.

Lemma3.l1 C = R" if and only if there exists a subset

{a,,"--,&,} of {ay,--,aw} that satisfies the following con-
ditions:

(a). span{a,, - ,a, } = R" and

(b). thereexist Aj >0, j =1,--- |, suchthat 3_; Aja;, = 0.
Proof: See Appendix B of [9]. |

Remark 3.1 Lemma 3.1 provides a feasible way of check-
ing whether C = R". By exhaustively checking all possible
subsets of {ay,---,am} for the validity of conditions (a) and
(b), we can determine whether a given system is practically
stabilizable. Because there are at most 2V subsets and we
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only need to check condition (b) for the O point, the compu-
tation can be donewithin finite time and thereforeis feasible.
]

Furthermore, from Lemma 3.1, we can immediately con-
clude that the number of subsystemsin aglobally practically
stabilizable system should be no lessthan n+ 1. The follow-
ing theorem confirmsiit.

Theorem 3.2
(a). If anintegrator switched system (3.1) in R" is globally
practically stabilizable, then there are at least n+ 1
subsystems.
(b). Moreover, there exists an integrator switched system
consisting of n+ 1 subsystems which is globally prac-
tically stabilizable.

Proof: See Appendix B of [9]. |

The case of n+ 1 subsystems that form a globally practi-
cally stabilizable system isimportant, becausein many stabi-
lizable systems such n+ 1 subsystems do exist. The follow-
ing three corollariesrelated to such case can beinferred from
the above theorems and lemma.

Corollary 3.1 An integrator switched system (3.1) in
R" consisting n + 1 subsystems with vector fields
ai,---,anc1 1S globally practically stabilizable if and
only if span{as,---,an+1} = R" and there exist Aj > 0,
i=1,---,n+lsuchthat 1 Aig =0.

Proof: See Appendix B of [9]. |

Corollary 3.2 An integrator switched system (3.1) in R"
with n+ 1 subsystems with vector fieldsay, - - - ,an+1 is glob-
ally practically stabilizable if and only if any n vectorsin the
set {a1, -+ ,an+1} are linearly independent and there exist
Ai>0,i=1--,n+1notall zerosuchthat s Ajg =0.

Proof: See Appendix B of [9]. |

Inmany cases, we can find n+ 1 subsystemswhich can be
used for determining the practical stabilizability of the sys-
tem. The following corollary provides a sufficient condition
for doing so.

Coroallary 3.3 (A Sufficient Condition) An integrator
switched system (3.1) in R" with M (M > n+ 1) subsystems
is globally practically stabilizable if there exists a subset of
n+ 1 subsystems which, if regarded as a switched system
with n+ 1 subsystems, is globally practically stabilizable.

Proof: See Appendix B of [9]. |

3.2 A Minimum Dwell Time Switching Law

Now we construct a switching law that is easy to imple-
ment and makes a system globally e-practically asymptoti-
caly stableif it is determined to be globally practically sta-
bilizable by the conditions proposed above. We will mainly
focus on integrator switched systemsin R" with n+ 1 sub-
systemsthat are globally practically stabilizable and propose
a valid minimum dwell time switching law. As mentioned
in Section 3.1, the case of n+ 1 subsystems is important be-
cause in many stabilizable systems such n+ 1 subsystems do
exist. Hence the switching law proposed here can actually
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be applied to many switched systems with more than n+ 1
subsystems.

Let usfirst illustrate the idea of our switching law by the
following example.

Example 3.1 Consider a switched system in R? consisting
of: subsystem 1. x=a; = [1, 0.5]T; subsystem 2: x=ap =
[—1, 1.5]T; subsystem 3: x = ag = [-0.5, —1]" (seefigure
2(a)). It can be verified by Corollary 3.2 that it is globally
practically stabilizable.

X2 X 2
a
2
_a3
a
1 C,
0 X1 0 c, X1
ags Y
Cs
_a2

(a (b)

Figure 2: Example 3.1: (a) Vector fields aj, ap, ag. (b) Convex
conesCq, Cy, Cs.

For agiven € > 0, we now develop avalid switching law
to achieve e- practically asymptotic stability. We first denote
by C; the convex cone generated by the vectors —a», —as; by
C, the convex cone generated by —aj, —ag; by Cs the convex
cone generated by —a1, —ap (seefigure 2(b)). Note that Cy,
Cy, and C3 have mutually digointinteriorsandC; UC, UC3 =
R?.

A minimum dwell time switching law: Let subsystem 2
beactivein Int(Cy), subsystem 3 beactivein Int(C5), subsys-
tem 1 be active in Int(C3). When the state is on the common
boundary of any two convex cones, choose the active sub-
system to be the one corresponding to the convex cone that
thetrajectory hasthe potential to enter next, if the system still
evolves according to the current active subsystem. For exam-
ple, if x evolvesin C; (following subsystem 2) and intersects
the ray in the same direction as —ag, then subsystem 3 will
become active. Moreover, in order to eliminate the Zenoness
phenomenon near the origin, besides the aboverules, we also
impose a minimum dwell time T (i.e., the minimum time du-
ration that any subsystem must be active before the system
can switch again).

The choice of a minimum dwell time 1: In general, the
smaller the T is, the smaller the € can be, so that the sys-
tem can be made e-practicaly asymptoticaly stable. As
T — 0, wefind that € can also go to 0. However when t = 0,
Zenoness problemwill occur, therefore T cannot be infinitely
small either. For this examplein R?, some geometric obser-
vations suggest that we can choose a T satisfying the follow-
ing inequality

rgmm{”a—llu(a—w%lz),ga—lzu(a—v%za), 32)
L(E_'L)v_viai}a .
llasll sinBa1 /7 lay |l flaz]] * Tlag]]

where 81, is the angle extended by 11 and |2 (0 < 812 < T).
Similar definitions apply for 823 and 631. The d in (3.2) cor-
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responds to the & in Definition 2.3 and can be chosen to be a
value that satisfies

3 < min{esin62,esiNB23,€sNB31 }. (3.3)

Note that the details of the derivation of (3.2) and (3.3) are
givenin Appendix.

Equipped with the switching law and (3.2), we return to
our example. We choose € = 0.3, and 6 = 0.1 which satisfies
(3.3), it can then be determined from (3.2) that T < 0.0555
will lead to a valid switching law that makes the system ¢-
practically asymptotically stable. Figure 3 shows atrajectory
starting from [1, 1]T with T = 0.05. Figure 4 shows x;(t)
and xz(t). Note that when time becomes large, the maximum
deviation from 0 is —0.1165 for x1, and 0.075 for x2. So
the state is actually within aball with radius 0.1386 whichis
smaller than 0.3. The requirement is therefore satisfied. O

Figure4: Example 3.1: x1(t) and xx(t).

The switching law proposed in Example 3.1 can be ex-
tended to the case of practically stabilizable systems in R"
with n+ 1 subsystems. We denote by Cy the convex cone
generated by the vectors —au, - -+, —ak-1, —8+1, "+, —an+1
(if k= n+ 1 then regard subsystem 1 as subsystem k + 1)
foral 1 <k<n+1. It can beshownthat Cq,--- ,Cpny1 have
mutually digoint interiorsand CyU--- UCpy1 = R".
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A minimum dwell time switching law: Let subsystem k +
1 be active whenever the state isin Int(Cy), 1 <k < n+ 1.
When the state is on the common boundary of convex cones,
we choose the active subsystem to be the one corresponding
to the convex conethat the trajectory hasthe potential to enter
next, if the system still evolvesaccording to the current active
subsystem. In order to eliminate the Zenoness phenomenon
near the origin, besides the above rules, we also impose a
minimum dwell timeT.

The choiceof aminimumdwell timeT: For systemsinR",
geometric observations as those in Example 3.1 are currently
still under research, since direct extensions of results R? into
R" are not readily available. However, given any € > 0,
the above switching law will make the system e-practically
asymptoticaly stable if T is chosen to be small enough. In
practice, we usually specify an € and then reduce the value
of T and test the resulting trajectory until the e-practically
asymptotic stability is achieved.

4 A ThreeTank Example

Now we apply the results developed in Section 3 to a
chemical batch process example.

Valve0
Vavel
Tank 1
Valve 2
Tank 2
Valve3
Tank 3

Figure5: Example4.1: The three tanks system.

Example4.1 (A Three Tank Example) Consider the three
tanks system in figure 5. All tanks are identical and all
flows cause the tank-levelsto rise or decrease by 0.1 unit/sec.
There are four allowable operating modes. Mode 1. Valve 0
on, Valves 1,2,3 off, the corresponding dynamics X = a1 =
[0.1, 0.1, 0.1]T; Mode 2: Valve 1 on, Valves 0,2,3 off, the
dynamics x = ap = [-0.1, 0.1, 0]"; Mode 3: Valve 2 on,
Valves 0,1,3 off, the dynamics x = az = [0, —0.1, 0.1]T;
Mode 4: Vave 3 on, Vaves0,1,2 off, the dynamicsx = a4 =
[0, 0, —0.1]". We want to develop a switching law such that
the water levels in the tanks are driven toward the desired
value [80, 50, 70] and each tank level is then kept within
[—2,+2] range around the desired level.

Using Corollary 3.2, we can show this system with 4
subsystems in R3 is practically stabilizable. We can choose
€ = 2 and apply the switching law proposed in Section 3.2 to
make the system e-practically asymptotically stable around
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the point [80, 50, 70]T (although the point is not the origin,
but with state shift, the stabilization result can be applied).
We choose T = 5 sec. Figure 6 shows the three tank levels
starting from [90, 45, 75]T. When time becomes large, the
maximum deviations from the desired point are 0.4999 for
X1, 0.9999 for xp, and 1.4999 for x3. They satisfy the re-
quirements. |

90

85
—
x

80

75 I I
0 50 100

I I I I I I I
150 200 250 300 350 400 450 500
t

60

55

~
x

50 e e NI NIV NIV NP Sie NV

45 L L L L L L L L L
0 50 100 150 200 250 300 350 400 450 500
t

85

T
80 T

< 75%
70F

65
0

L L L L L L L L L
50 100 150 200 250 300 350 400 450 500
t

Figure 6: Example 4.1: The three tank levels starting from
[90, 45, 75].

5 Conclusion

This paper reports some results for practical stabilization
problems of integrator switched systems. Some practical sta-
bility notions are introduced, and a necessary and sufficient
condition for practical stabilizability of integrator switched
systems is then given. Moreover, a minimum dwell time
switching law for practically stabilizable systemsin R" con-
sisting of N+ 1 subsystems is proposed that can be used to
achieve e-practically asymptotic stability. A more detailed
version of the paper can be found in [9]. The research in
this paper is afirst step toward the studies of genera nonlin-
ear subsystems. Future research includes the estimation of
bound for minimum dwell time for systemsin R", and exten-
sions of the results to switched systems with nonintegrator
subsystems.

Appendix: Some Geometric Observationsfor Choosing t
in Example 3.1

Given an € > 0, we can choose T based on the following
reasonings. Figure 7 helps our reasonings bel ow.

First, consider e-practical stability. From Definition 2.3,
we need to have a closed ball B[O; 8] such that any trajectory
starting in this ball will remain in the open ball B(0;€). Fig-
ure 7 depicts the two balls. |i’s are the rays corresponding
to —a’s. Assume that subsystem 3 is active and the state
isin B[0,8] NC,. Also assume that the points P, Q; are
on the line tangent to B[O; 8] and parallel to I3, P ison |,
and |P1Q1| = ||ag||T. Moreover, assume the points O, Py,
Q1, and Ry form a parallelogram. Now we note that for
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Figure 7: Geometric observations for choosing T for Example 3.1.

any point in B[0; 5] N Cy, when subsystem 3 is active and
the system follows the minimum dwell time switching law
proposed in Example 3.1, the trajectory will either intersect
I1 and switch to subsystem 1 immediately (when the time
elapsed is no less than 1), or it will enter 0P,Q1R; and then
switch to subsystem 1 (when time elapsed is equal to T). The
importance of OP;Q1R; lies in the fact that for trajectories
starting from B[0; 8] NC, and following subsystem 3, al tra-
jectories will switch to subsystem 1in OP1Q1R;. Aslong as
the line segment OR; is in B[0; 9], by following subsystem
1, the trgjectory will eventualy intersect OR; and hence be
in B[0;0] NC3. Similar arguments can be applied to show
that the trajectories starting in B[0; 8] N Cz will switch in the
parallelogram OP2Q2R, and then enter into B[O; 8] NCy; and
the trajectories starting in B[0; 8] NCy will switch in the par-
allelogram OP3Q3R3 and then enter into B[0; 8] NCz. Now
in order to achieve e-practical stability, a sufficient condition
is to require that the farthest point Q1 of the parallelogram
0P1Q1R; beinside B(0;€). A sufficient condition for thisis
|OPy| + |P1Q1| < € which can also be written as

o)
— < Al
llag||t+ Sn6y =& (A1)
where 83, is the angle extended by I3 and 11 (0 < 831 < ).
Also note from our above discussion, we require that OR1 be
in B[O; d], which is equivalent to
l|lag|[t < d. (A2)
Similarly, we can obtain the inequalities

- < A.3
||a1||T+ S|n912 S & ( )
lait < & (A4)
- < A.5
||a2||T+ Sn923 S & ( )
lazllt < o (A.6)
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From (A.1)-(A.6), we find that if we choose

: 1 S 1 S
TSm|n{j‘w(8_§Sneu)7g|a_2H(§_ggGZS)a (A?)
T (&~ 5°030)> Taall> Tl Taal

then the switching law with 1 satisfying (A.7) will lead to
e-practical stability. Note that the & in (A.7) corresponds to
the & in Definition 2.3 and can be chosen by the designer,
however it must satisfy the following condition

3 < min{esin62,esin623,esiNB31 }, (A.8)

sothatthetin(A.1), (A.3), (A.4) cantakepositivevalue. Be-
sides the constraint (A.8), we can freely choose & to achieve
different bounds for 1.

We claim that the switching law in Example 3.1 with t
satisfying (A.7) also achieves g-attractiveness. This is be-
cause any trajectory starting in C, following subsystem 3 will
enter into the band formed by |1, ORy, and the ray r; which
emits from Ry and is in the direction of R1Q; (see figure 7)
and then switch to subsystem 1. Therefore, after one switch-
ing from subsystem 3 to 1, all trgjectories starting in C» can
then intersect ORy, which is in B[0;8]. Then by the above
arguments for e-practical stability, the tragjectory will always
beinB(0,¢).
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